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 A B S T R A C T

Cardiac muscle tissue exhibits highly non-linear hyperelastic and orthotropic material behavior 
during passive deformation. Traditional constitutive identification protocols therefore combine 
multiple loading modes and typically require multiple specimens and substantial handling. In 
soft living tissues, such protocols are challenged by inter- and intra-sample variability and by 
manipulation-induced alterations of mechanical response, which can bias inverse calibration. 
In this work we exploit spatially heterogeneous full-field kinematics as an information-rich 
alternative to multimodal testing. We recast EUCLID, an unsupervised method for the automated 
discovery of constitutive models, towards Bayesian parameter inference for highly nonlinear, 
orthotropic constitutive models. Using synthetic myocardial tissue slabs, we demonstrate that a 
single heterogeneous biaxial experiment, combined with sparse reaction-force measurements, 
enables robust recovery of Holzapfel–Ogden parameters with quantified uncertainty, across 
multiple noise levels. The inferred responses agree closely with ground-truth simulations 
and yield credible intervals that reflect the impact of measurement noise on orthotropic 
material model inference. Our work supports single-shot, uncertainty-aware characterization 
of nonlinear orthotropic material models from a single biaxial test, reducing sample demand 
and experimental manipulation.

1. Introduction

Soft biological tissues exhibit complex mechanical responses due to their fibrous, anisotropic microstructure. Accurately 
characterizing this behavior is essential for constructing predictive constitutive models that support simulation-driven design, 
diagnostics, and treatment planning [1,2]. However, unlike engineered materials, soft tissues are subject to considerable biological 
variability, both within a patient, across a patient cohort, and across experimental studies [3–7]. This intra- and inter-sample 
variability is even more pronounced in the myocardium, where strong spatial gradients in myofiber orientation and laminar 
architecture govern regional mechanical function [8,9]. Here, we investigate the impact that the underlying microstructural organization 
variability has on the mechanical behavior of a single sample.

Traditional approaches to constitutive modeling of such tissues typically rely on multiple mechanical tests across different 
deformation modes including uniaxial tension or compression, biaxial tension, or shear testing [10–12]. These protocols often require 
combining data from different specimens and, as such, ignore and smooth out intrinsic intra- and inter-sample variability into an 
average response [13]. Moreover, these protocols involve strong assumptions, such as spatially homogeneous stress and strain fields 
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within the region of interest [14–16]. Such assumptions are problematic for living tissues, where spatial heterogeneity is the norm, 
and the mechanical response may depend on subtle differences in fiber orientation, geometry, inter-sample variable stiffness, or 
mounting. In addition, invasive sample manipulations, such as cutting, clamping, and gluing, can alter the intrinsic mechanical 
behavior that these tests seek to measure [17–19].

These challenges have prompted the development of single-sample, single-experiment methodologies that aim to infer full 
constitutive behavior from a single loading protocol. This shift has been enabled by advances in full-field deformation measurements, 
such as digital image correlation and imaging-based 3D kinematics [20–22]. When applied to samples undergoing spatially 
heterogeneous deformation, such data enable the inference of multiple material parameters simultaneously, reducing the need for 
multiple loading modes. Indeed, unsupervised identification techniques, such as the virtual fields method (VFM) [23,24], finite 
element model updating (FEMU) [25–27], variational systems identification [20], the equilibrium gap method (EGM) [28,29], 
and EUCLID [30–33], demonstrate that heterogeneous strain states, once seen as a nuisance, can be leveraged as rich sources of 
information, obviating the need for homogenizing assumptions. In this study, we assess the extent to which a simple biaxial tensile 
testing protocol on a single myocardial tissue slab can support identification of the underlying orthotropic behavior.

Yet, a key limitation persists in most current workflows: the lack of uncertainty quantification. Material parameters are frequently 
reported as point estimates, with little accounting for the inherent measurement noise or biological variability. In the context of 
myocardial modeling, where even adjacent samples can differ markedly in stiffness and fiber orientation [10,34], such deterministic 
inference may be misleading [35]. Recent work has begun to address this gap through Bayesian approaches to inverse modeling, 
which offer not only best-fit estimates but also posterior distributions reflecting uncertainty in data and model form [32,36–41]. 
Within the unsupervised setting, Bayesian-EUCLID forms an interesting contribution towards the inference of myocardial tissue 
behavior from full-field displacement fields and force measurements. In prior work, Joshi et al. demonstrated the feasibility of using 
Gibbs sampling for full-field inference in two-dimensional problems [32], where the material response could be inferred from a 
linear system of equations for the unknown material parameters in a rich constitutive feature library.

In contrast, the setting of this study involves two distinct and compounding challenges. First, the underlying constitutive models 
are highly nonlinear [14,16,42], with strongly cross-correlated parameters [15,43] that give rise to complex posterior landscapes. 
Second, we transition to three-dimensional full-field data. While the latter provides richer information, it also substantially increases 
the computational cost of evaluating the likelihood function. These factors independently and jointly limit the practical utility of 
Markov Chain Monte Carlo (MCMC) methods, including Gibbs sampling, due to the high cost of repeated likelihood evaluations and 
the poor mixing behavior in high-dimensional, correlated spaces. These limitations motivate adapting the Bayesian EUCLID framework 
with more scalable inference strategies, such as Stochastic Variational Inference (SVI), which approximates posterior distributions through 
optimization rather than sampling, enabling tractable inference in settings with both complex models and large data volumes.

Towards these goals, this study presents an extensive numerical study using an unsupervised, full-field, Bayesian framework 
for the inference of orthotropic hyperelastic material parameters from a single synthetic heterogeneous biaxial tensile test. Our 
approach builds on the Bayesian-EUCLID framework [32], extended via SVI to capture parametric uncertainty in a highly nonlinear, 
a priori chosen constitutive model form. The myocardium is modeled using the well-established Holzapfel–Ogden constitutive 
law [14,44], and heterogeneity in the deformation field is introduced either through microstructural variation (i.e., intrinsic fiber-
sheet-interlaminar architectural heterogeneity), geometric tissue sample modification, or both. We demonstrate that the spatial 
richness of the synthetic heterogeneous displacement field combined with reaction force data enables robust parameter inference 
with uncertainty quantification from a single test. We additionally validate the inferred material models using unseen invariant 
values and assess sensitivity to displacement noise. Finally, we restrict attention to a controlled numerical setting, which allows us 
to isolate the effects of noise, heterogeneity, and model nonlinearity on inference performance, factors that are typically confounded 
in experimental data. Overall, this work highlights the potential of full-field, unsupervised, and uncertainty-aware approaches to redefine 
how we efficiently characterize complex biological tissues, taking into account minimal tissue availability and minimizing tissue manipulation.

2. Unsupervised stochastic variational constitutive parameter inference

Conventional approaches for characterizing myocardial material behavior typically rely on spatially averaged measurements and 
simplifying assumptions of spatially homogeneous microstructural organization. However, this intrinsic homogenization obscures 
the spatial heterogeneity present within a tissue sample. To address this, we infer the constitutive parameter vector in an unsu-
pervised setting from experimentally accessible data: (i) global reaction forces, (ii) full-field deformation, and (iii) microstructural 
organization across the slab. In this work, we assume digital volume correlation (DVC) data derived from concomitant through-
thickness imaging, such as ultrasound [45], Magnetic Resonance Imaging [46], or X-ray Imaging [47] to obtain three-dimensional 
deformation fields. In parallel, microstructural maps can be obtained via SHG or micro-CT [12,48,49]. Among established inverse 
constitutive identification strategies such as FEMU, VFM, and EGM, we adopt an FE-based weak-form residual formulation building 
on EUCLID [30,32]. In contrast to FEMU, which requires repeated finite element solves for each parameter update and load step, 
we evaluate the weak form of momentum balance directly from the measured displacement field (see Section 2.1), thereby avoiding 
repeated forward equilibrium solves and suggesting an expected computational advantage, particularly for high-dimensional or 
highly nonlinear problems. The present formulation is related in spirit to both VFM and EGM as full-field alternatives to FEMU. It 
differs from classical VFM in that it uses the Bubnov–Galerkin finite-element test space induced by the reconstruction mesh rather 
than a reduced set of hand-crafted or parameter-specific virtual fields, and from EGM in that it relies on the weak rather than strong 
form of momentum balance, thereby reducing sensitivity to noise in the measured kinematics. Building on this residual formulation, 
we extend the method to a fully three-dimensional setting with nonlinear orthotropic materials and recast the classic deterministic 
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Fig. 1. Schematic overview of our unsupervised full-field stochastic variational inference framework for orthotropic hyperelastic tissue 
behavior. Quantification of the tissue’s microstructural organization, such as spatially varying fiber orientations, provides essential architectural 
information across the sample domain. In parallel, point-wise measurements of displacements 𝒖 and reaction forces 𝑹 are acquired under quasi-
static biaxial loading using digital volume correlation. The sample geometry is discretized into a finite element mesh, enabling reconstruction of 
continuous deformation fields 𝑭  from the measured data. A nonlinear orthotropic constitutive model 𝜓 , parameterized by a set of cross correlated 
material parameters 𝜽, serves as the mechanistic basis for inference. Given the reconstructed deformation and microstructural organization 
fields, the model predicts stress responses at the element level, which are used to compute internal and external nodal forces. Residuals 
are formulated through the weak form of the conservation of linear momentum, minimized pointwise for unconstrained degrees of freedom 
and in aggregate at boundaries with known reaction forces. The inverse problem is cast as a stochastic variational inference task, where 
a variational guide distribution 𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠) approximates the true posterior 𝜋

(

𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹
) by minimizing the Kullback–Leibler divergence 

KL
(

𝑞𝜱
(

𝜽, 𝜎2, 𝑣𝑠
)

∥ 𝜋
(

𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹
))

. Our physics-informed constitutive inference framework enables efficient and scalable inference from 
complex high dimensional full-field deformation datasets, accommodating nonlinear material behaviors and cross-correlated parameter effects.

parameter optimization into an unsupervised Bayesian inference problem. Leveraging Stochastic Variational Inference (SVI), we 
infer posterior distributions over the constitutive parameters while accounting for uncertainty in the equilibrium residuals induced 
by noisy displacement and reaction-force measurements. We identify orthotropic hyperelastic parameters from a single biaxial test; 
the overall workflow is summarized in Fig.  1 and detailed in Section 2.2.

2.1. EUCLID preliminaries

We first define the kinematic and force data available from a single experiment, and then derive the equilibrium residuals that 
underpin deterministic parameter identification. Consider a myocardial tissue specimen undergoing quasi-static deformation in a 
three-dimensional reference domain 𝛺 ⊂ R3. Depending on the tissue slab’s extraction orientation protocol (see Section 3), the 
underlying myocardial microstructure variation induces diverse and heterogeneous strain states. In this work, this heterogeneity 
enters through spatially varying structural fields, while the constitutive parameter vector 𝜽 is assumed to be spatially homogeneous 
and thus constant over 𝛺. This separation attributes spatial variability to the structural inputs while keeping the inverse problem 
focused on a single parameter vector. Optionally, additional tissue manipulations, e.g., cutting a hole in the tissue slab or local 
cardiac ablation, can further promote a highly heterogeneous deformation state during biaxial tensile testing.

Boundary conditions are applied such that Dirichlet conditions are enforced on 𝜕𝛺𝑢 ⊂ 𝜕𝛺 and Neumann conditions on the 
remainder, 𝜕𝛺𝑡 = 𝜕𝛺 ⧵ 𝜕𝛺𝑢. For simplicity, our analysis focuses on displacement-controlled loading (i.e., Dirichlet boundary 
conditions), while noting that applied forces in load-controlled scenarios are equivalent to reaction forces under displacement 
control. The dataset comprises 𝑛𝑡 snapshots of displacement measurements, 

{

𝒖𝑎,𝑡 ∈ R3 ∶ 𝑎 = 1,… , 𝑛𝑛; 𝑡 = 1,… , 𝑛𝑡
}

, (1)
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recorded at 𝑛𝑛 reference points comprising the measurement node set: 
{

𝑿𝑎 ∈ 𝛺 ∶ 𝑎 = 1,… , 𝑛𝑛
}

. (2)

Additionally, for each snapshot, 𝑛𝛽 reaction forces 
{

𝑅𝛽,𝑡 ∈ R ∶ 𝛽 = 1,… , 𝑛𝛽 ; 𝑡 = 1,… , 𝑛𝑡
}

(3)

are measured at selected Dirichlet boundaries (e.g., using load cells). Since 𝑛𝛽 ≪ 𝑛𝑛, the reaction force data are sparse compared 
to the dense displacement field. For brevity, the superscript (⋅)𝑡 is omitted in the subsequent discussion, although the numerical 
procedure is applied independently to every snapshot. Given {𝒖𝑎} and {𝑅𝛽}, our goal is to infer the parameter set 𝜽 of an a priori 
assumed constitutive model 𝜓(𝑭 ,𝜽).

To connect the measurements to equilibrium, we first reconstruct a continuous kinematic field and its deformation gradient. 
The reference domain 𝛺 is discretized using linear tetrahedral elements, evaluated with a single quadrature point at its barycenter, 
yielding 

𝒖(𝑿) =
𝑛𝑛
∑

𝑎=1
𝑁𝑎(𝑿) 𝒖𝑎. (4)

Here, 𝑁𝑎 ∶ 𝛺 → R represents the shape function associated with the measurement node 𝑿𝑎. We subsequently approximate the 
corresponding deformation gradient field as 

𝑭 (𝑿) = 𝑰 +
𝑛𝑛
∑

𝑎=1
𝒖𝑎 ⊗ ∇𝑁𝑎(𝑿), (5)

where 𝑰 is the identity matrix, and ∇ represents the gradient operator with respect to the reference coordinates 𝑿.
Assuming hyperelasticity, i.e., no dissipative energy losses within the material, the first Piola Kirchhoff stress follows as 

𝑷 (𝑭 ) =
𝜕𝜓(𝑭 ,𝜽)
𝜕𝑭

(6)

as the constitutive relation between the first Piola Kirchhoff stress 𝑷  and the deformation gradient 𝑭  defined through the free energy 
function 𝜓 and parameterized using the constitutive parameter set 𝜽 [50–52]. In particular, 𝑷  depends on the unknown parameters 
through 𝜓(𝑭 ,𝜽).

We leverage the conservation of linear momentum to guide the learning of the constitutive model parameter set, which eliminates 
the need for stress labels [30,31]. Assuming quasi-static loading conditions and negligible body forces, the weak form of the linear 
momentum balance in our reference domain 𝛺 is given by 

∫𝛺
𝑷 (𝑭 ,𝜽) ∶ ∇𝒗 d𝑉 − ∫𝜕𝛺𝑡

𝒕̄ ⋅ 𝒗 d𝑆 = 0 ∀ admissible 𝒗 , (7)

where 𝒕̄ denotes the prescribed traction acting on 𝜕𝛺𝑡 per unit reference area and 𝒗 is a test function that is sufficiently regular 
and vanishes on the Dirichlet boundary 𝜕𝛺𝑢. We prefer the weak formulation over the strong form, as it avoids the need for second 
order derivatives with respect to the displacement field, which are sensitive to measurement noise. In our displacement-controlled 
setting, non-instrumented free surfaces are typically traction free (so ̄𝒕 = 0 there). Measured boundary forces enter through reactions 
on 𝜕𝛺𝑢, which we incorporate below.

Let  = {(𝑎, 𝑖) ∶ 𝑎 = 1,… , 𝑛𝑛; 𝑖 = 1, 2, 3} denote all the displacement degrees of freedom in our domain 𝛺, which we partition 
into free, the unconstrained degrees of freedom, and fix

𝛽  (with 𝛽 = 1,… , 𝑛𝛽) denoting the degrees of freedom under Dirichlet 
constraints that contribute to the observed reaction force 𝑅𝛽 . Using a Bubnov–Galerkin discretization, we approximate the admissible 
test function 𝒗 as 

𝒗(𝑿) =
𝑛𝑛
∑

𝑎=1
𝑁𝑎(𝑿) 𝒗𝑎, with 𝑣𝑎𝑖 = 0 ∀ (𝑎, 𝑖) ∈

𝑛𝛽
⋃

𝛽=1
fix
𝛽 , (8)

and introducing our constitutive relation (6), our weak form (7) reduces to 
𝑛𝑛
∑

𝑎=1
𝑣𝑎𝑖 𝑓

𝑎
𝑖 = 0 , with 𝑓 𝑎𝑖 = ∫𝛺

𝑃𝑖𝑗 ∇𝑗𝑁𝑎 d𝑉
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

internal force

−∫𝜕𝛺𝑡
𝑡𝑖𝑁

𝑎 d𝑆

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
external force

. (9)

The integrals are evaluated by numerical quadrature on the same discretization as (4). Since the test functions are arbitrary on free, 
the force residual must vanish at every unconstrained degree of freedom, 

𝑓 𝑎𝑖 = 0 ∀ (𝑎, 𝑖) ∈ free . (10)

At the fixed degrees of freedom, the internal and external forces are counteracted by the reaction force imposed by the Dirichlet 
constraints. Because point-wise reactions are not accessible experimentally, we treat them as unavailable. Instead, we use the 
measured reaction forces integrated over instrumented boundary segments, which yields the global balance constraint 

∑

(𝑎,𝑖)∈fix𝛽

𝑓 𝑎𝑖 = 𝑅𝛽 ∀ 𝛽 = 1,… , 𝑛𝛽 , (11)
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where the summation is carried out over all point-wise forces associated with the degrees of freedom in the 𝛽th Dirichlet constraint, 
denoted as fix

𝛽 .
Together, (10) and (11) constitute a system of equations that defines the inverse problem of constitutive model inference [30,

31,33]. We deterministically solve for 𝜽⋆ by minimizing the equilibrium residuals over all snapshots: 

𝜽⋆ ← argmin
𝜽

𝑛𝑡
∑

𝑡=1

[

∑

(𝑎,𝑖) ∈ free

(

𝑓 𝑎,𝑡𝑖
)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
free degrees of freedom

+
𝑛𝛽
∑

𝛽=1

(

𝜆𝑟𝑅
𝛽,𝑡 −

∑

(𝑎,𝑖) ∈ fix𝛽

𝜆𝑟𝑓
𝑎,𝑡
𝑖

)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
fixed degrees of freedom

]

, (12)

such that the displacement and reaction force data satisfy the physics-based constraints (10) and (11).

2.2. Stochastic variational inference

In this study, we assume an a priori known constitutive law (33) and aim to infer 𝜋 (𝜽, 𝜎2, 𝑣𝑠 | 𝒖,𝑹
)

, i.e. the posterior distribution 
of the constitutive parameter set 𝜽 given the data {𝒖,𝑹}. Leveraging Bayes’ theorem, we combine prior beliefs about 𝜽 with a 
likelihood model that accounts for the impact of measurement noise on the physics-based residual constraints conditioned on the 
displacement and reaction force data.

We recast the deterministic optimization problem in (12) within a Bayesian inference framework by introducing the forward 
model 𝒈, a convenient and vectorized form of 𝑓 𝑎𝑖  from (9), and define the measured set of reaction forces, 𝑹, as 

𝒈𝑡(𝜽) =
⎡

⎢

⎢

⎢

⎣

{

𝑓 𝑎,𝑡𝑖
}

(𝑎,𝑖)∈free
{

𝜆𝑟
∑

(𝑎,𝑖)∈fix𝛽
𝑓 𝑎,𝑡𝑖

}𝑛𝛽

𝛽=1

⎤

⎥

⎥

⎥

⎦

, 𝑹𝑡 =

[

{0}
{

𝜆𝑟𝑅𝛽,𝑡
}𝑛𝛽
𝛽=1

]

, (13)

for a given snapshot 𝑡 = 1,… , 𝑛𝑡. We stack all predicted snapshots and measured forces into two global vectors 

𝒈(𝜽) =
⎡

⎢

⎢

⎣

𝒈1(𝜽)
⋮

𝒈𝑛𝑡 (𝜽)

⎤

⎥

⎥

⎦

, 𝑹 =
⎡

⎢

⎢

⎣

𝑹1

⋮
𝑹𝑛𝑡

⎤

⎥

⎥

⎦

(14)

This construction removes the need to carry superscript (⋅)𝑡 in the subsequent probabilistic expressions while still retaining the 
multi-snapshot information. Note that 𝒈(𝜽) implicitly depends on observed displacements through the constitutive response leading 
to the predicted forces in 𝑓 𝑎𝑖 .

We assume that the difference between the predicted and measured forces follow a multivariate normal distribution with zero 
mean and isotropic variance, reflecting the assumption of additive Gaussian noise: 

𝑹 = 𝒈(𝜽) + 𝝐, 𝝐 ∼  (𝟎, 𝜎2𝑰) (15)

which yields the likelihood 

𝜋
(

𝑹 ∣ 𝜽, 𝜎2, 𝒖
)

∝ exp
(

− 1
2𝜎2

‖ 𝒈(𝜽) −𝑹 ‖

2
)

(16)

In our case, both displacement field and reaction force measurements are affected by sensor noise, and we treat 𝜎2 as an effective 
residual variance that captures this combined uncertainty. Given that displacement propagates in a nonlinear fashion to the force 
residuals, we expect the residual variance to be dominated by displacement noise. We note here that the noise model adopted in 
the likelihood is an assumption, in accordance with related studies [32,53]. In practice, the true residual noise distribution could 
exhibit a more complex structure. 

Next, we place priors on the residual noise variance 𝜎2 and the parameter vector 𝜽. Typically, such variance is interpreted as 
a measurement error, but it can also consist of solver tolerance or discretization error especially when no measurement errors are 
assumed. Since the variance of the measurement noise 𝜎2 is unknown and must be inferred, we assign an inverse-gamma prior: 

𝜎2 ∼ 
(

𝛼𝜎 , 𝛽𝜎
)

(17)

Concomitantly, we enforce physical constraints on the parameters by requiring them to be positive and therefore enforce a truncated 
normal distribution for the prior (truncated on the left at zero). Here, we introduce a scaling hyperprior 𝑣𝑠 to decouple the overall 
measurement residual noise variance 𝜎2 from the underlying parameter prior variance: 

𝜽 ∼ +
(

𝟎, 𝑣𝑠 𝜎2𝑰
)

(18)

We place an inverse-gamma hyperprior on 𝑣𝑠: 
𝑣𝑠 ∼ 

(

𝛼𝑣𝑠 , 𝛽𝑣𝑠
)

(19)

The hierarchical structure [32,53,54] of our prior distributions is showcased in Fig.  2.
Combining the prior distributions (17)–(19) with the likelihood (16) yields the posterior: 

𝜋
(

𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹
)

=
𝜋
(

𝒖,𝑹,𝜽, 𝜎2, 𝑣𝑠
)

𝜋 (𝒖,𝑹)
=
𝜋
(

𝑹 ∣ 𝜽, 𝜎2, 𝒖
)

𝜋
(

𝜽 ∣ 𝜎2, 𝑣𝑠
)

𝜋
(

𝜎2
)

𝜋
(

𝑣𝑠
)

𝜋 (𝒖,𝑹)
, (20)
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Fig. 2. Schematic of the hierarchical inference model. This hierarchical Bayesian model places priors on both the residual variance in the 
likelihood and the constitutive model parameters. The red circular distributions represent hyperpriors for 𝑣𝑠 and 𝜎2, the light-blue circular 
distribution represents the prior on the material model parameters, and the black rectangular distribution represents the likelihood induced by 
the linear momentum balance residuals. The black arrows denote hierarchical dependencies. The hyperpriors are inverse-gamma distributed, the 
constitutive parameters are distributed according to a truncated multivariate normal distribution, and the likelihood is assumed to be normally 
distributed.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

This posterior can, in principle, be approximated using sampling-based inference or variational inference. In simpler inference 
problems, sampling-based methods such as MCMC can often be relied on to approximate the posterior distribution. For example, 
Gibbs sampling has been successfully applied to two-dimensional full-field problems, where the material response could be inferred 
by solving a linear system of equations on a library of constitutive features [32]. In those cases, the constitutive models were 
potentially nonlinear in input but remained linear in their parameters, which keeps the posterior geometry relatively tractable for 
MCMC. In our setting, however, the constitutive models are nonlinear in both inputs and parameters, which induces strong parameter 
interactions and complex (often multimodal) posteriors. Together with the cost of evaluating data-heavy 3D full-field likelihoods, 
this makes conventional MCMC-based posterior exploration computationally unattractive in practice.

We therefore adopt stochastic variational inference (SVI) to approximate the posterior efficiently using gradient-based optimiza-
tion. SVI has been shown to substantially accelerate inference relative to MCMC in related settings [53,55].

More specifically, in SVI we approximate the posterior 𝜋(𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹) using a parametric guide family 𝑞𝜱
(

𝜽, 𝜎2, 𝑣𝑠
)

. To 
determine the best approximation within this variational family, we minimize the Kullback–Leibler (KL) divergence [56,57] between 
both distributions, i.e., 

𝜱⋆ ← argmin
𝜱

KL
(

𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠) ∥ 𝜋(𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹)
)

. (21)

Direct minimization of (21) is intractable because the posterior density depends on the marginal likelihood 𝜋 (𝒖,𝑹), as shown in 
(20). Applying the definition of the KL divergence gives 

KL
(

𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠) ∥ 𝜋(𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹)
)

= E𝑞𝜱

[

log
𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠)

𝜋(𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹)

]

. (22)

Substituting the posterior from (20) and separating numerator and denominator inside the logarithm yields 
KL

(

𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠) ∥ 𝜋(𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹)
)

= −(𝜱) + log𝜋(𝒖,𝑹), (23)

where 
(𝜱) ∶= E𝑞𝜱

[

log𝜋(𝒖,𝑹,𝜽, 𝑣𝑠, 𝜎2) − log 𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠)
]

. (24)

is the evidence lower bound (ELBO). This reformulation is useful because the marginal likelihood 𝜋 (𝒖,𝑹), i.e. the evidence, no 
longer appears inside the optimization objective: it is constant with respect to 𝜱. As a result, minimizing the KL divergence in (21) 
is equivalent to maximizing the ELBO, 

𝜱⋆ ← argmax
𝜱

(𝜱). (25)

Equivalently, and using that the KL divergence is non-negative, 
log𝜋(𝒖,𝑹) = (𝜱) + KL

(

𝑞𝜱(𝜽, 𝜎2, 𝑣𝑠) ∥ 𝜋(𝜽, 𝜎2, 𝑣𝑠 ∣ 𝒖,𝑹)
)

, (26)

which shows that (𝜱) is indeed a lower bound on the log-evidence. In practice, this converts an intractable posterior-divergence 
minimization into a tractable variational optimization problem, since (𝜱) depends only on the joint density 𝜋 (𝒖,𝑹,𝜽, 𝑣𝑠, 𝜎2

) and 
the chosen guide distribution 𝑞𝜱

(

𝜽, 𝜎2, 𝑣𝑠
)

.
What remains is to choose a suitable guide distribution to approximate the posterior. We employ a mean-field variational family 

𝑞𝜱 [58,59], which assumes statistical independence between the quantities of interest, 

𝑞𝜱
(

𝜽, 𝜎2, 𝑣𝑠
)

= 𝑞 (𝜽) 𝑞
(

𝜎2
)

𝑞
(

𝑣𝑠
)

(27)
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Table 1
Hyperparameters and simulation settings used in the stochastic variational inference framework and synthetic tissue 
slab data generation. The upper rows list optimization settings and hierarchical Bayesian prior parameters used for 
the SVI guide distributions and model priors. The bottom rows summarize the geometry and loading conditions for 
the training and validation slab specimens, respectively.
 Parameter Notation Value  
 SVI hyperparameters:  
  Weight for reaction force balance 𝜆𝑟 10  
  Optimizer – Adam  
  Number of epochs 𝑛𝑇 20,000  
  Learning rate scheduler – Exponential  
  Base learning rate 𝑟0 0.01  
  Learning decay rate 𝛾 0.1  
 SVI guide hyperparameters:  
  Initial mean of + distribution 𝜇𝜃 10−2 + 𝜖2 × {1,… , 1}, 𝜖 ∼  (0, 0.1) 
   Initial variance of + distribution 𝜎2𝜃 10−18 × {1,… , 1}  
   Initial scale parameter for 𝑣𝑠 𝛼𝑣𝑠 104  
   Initial rate parameter for 𝑣𝑠 𝛽𝑣𝑠 104  
   Initial scale parameter for 𝜎2 𝑎𝜎2 104  
   Initial rate parameter for 𝜎2 𝑏𝜎2 104  
 SVI model prior hyperparameters:  
  Prior mean of + distribution 𝜇𝜃 10−10 × {1,… , 1}  
   prior variance of + distribution 𝜎2𝜃 {1,… , 1}  
   prior scale parameter for 𝑣𝑠 𝛼𝑣𝑠 1  
   prior rate parameter for 𝑣𝑠 𝛽𝑣𝑠 1  
   prior scale parameter for 𝜎2 𝛼𝜎2 1  
   prior rate parameter for 𝜎2 𝛽𝜎2 1  
 Training slab specimen:  
   Number of nodes in mesh for FEM-based data generation – 16,856  
   Number of reaction force constraints 𝑛𝛽 5  
   Number of data snapshots 𝑛𝑡 2  
   Loading parameter 𝛿 {0.5 × 𝑡 ∶ 𝑡 = 2, 3}  
   Loading ratios – {(1 ∶ 2), (1 ∶ 1), (2 ∶ 1)}  
 Ground-truth material model parameters 𝜽𝑔𝑡:  
   Linear scaling parameters 𝑎⋆ [MPa] 𝑎, 𝑎𝑓 , 𝑎𝑛 , 𝑎𝑓𝑠 {0.809, 1.911, 0.227, 0.547} × 10−3  
   Exponential scaling parameters 𝑏⋆ [–] 𝑏, 𝑏𝑓 , 𝑏𝑛 , 𝑏𝑓𝑠 {7.474, 22.063, 34.802, 5.691}  
   Bulk modulus [MPa] 𝐾 0.1  

with factors:
𝑞 (𝜽) = + (𝝁𝑞 ,𝜮𝑞◦𝑰) (28)

𝑞
(

𝜎2
)

= 
(

𝛼𝑞
𝜎2
, 𝛽𝑞
𝜎2

)

(29)

𝑞
(

𝑣𝑠
)

= 
(

𝛼𝑞𝑣𝑠 , 𝛽
𝑞
𝑣𝑠

)

, (30)

where ◦ denotes the element-wise Hadamard product. The full set of variational parameters is denoted by 𝜱 =
{

𝝁𝑞 ,𝜮𝑞 , 𝛼𝑞
𝜎2
, 𝛽𝑞
𝜎2
, 𝛼𝑞𝑣𝑠 ,

𝛽𝑞𝑣𝑠
}

, and hyperparameters are reported in Table  1. We specifically highlight 𝝁𝑞 , and 𝜮𝑞 to be the location and scale parameters of 
the truncated normal distribution. These correspond to the mean and standard deviation of the underlying and untruncated normal 
distribution used in the definition of +.

The entire inference pipeline is implemented in NumPyro [60], enabling automatic differentiation and stochastic optimization 
with ADAM [61,62]. Doing so, we alleviate the need to explicitly define the minimization procedure as was done in Thorat et al. [53]. 
We initialize the optimizer with a learning rate of 𝑟0 = 0.01, and apply an exponential learning rate decay 𝛾, i.e. 𝑟𝑖 = 𝑟0𝛾 𝑖∕𝑛𝑇  at epoch 
i with 𝑛𝑇  denoting the total number of epochs. The parameter 𝜆𝑟 was heuristically set to 10 after preliminary checks indicated stable 
parameter fitting behavior. A sensitivity study indicated that increasing the number of snapshots 𝑛𝑡 beyond two did not improve 
validation performance (see Appendix H).

3. Synthetic data generation

To assess our Bayesian inference framework under controlled conditions, we generate synthetic biaxial tensile testing data from 
high-resolution simulations of varying microstructurally and geometrically heterogeneous myocardial tissue slabs.

3.1. Myofiber architecture and tissue slab slicing

Informed by prior histological characterizations of myocardial tissue [8,9,14], we model our studied specimens as a layered 
orthotropic material in which cardiomyocytes align along main myofiber directions, packed by endomysial collagen into sheets, 
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Fig. 3. Specimen slicing and microstructural organization. Top: Schematic of the left ventricle and three considered slicing orientations 
to extract myocardial tissue slabs: circumferential–longitudinal (circ-long), circumferential–radial (circ-rad), and a rotated variant of the latter 
(rad-heli). Bottom: Each slicing orientation leads to a distinct microstructural configuration within the specimen. In circ-long slabs, the fiber 
direction lies in-plane and the sheet direction spans the through-thickness. Circ-rad slabs display a transmural fiber rotation from epicardium to 
endocardium, with the sheet direction aligned in the radial plane. The rad-heli orientation rotates the slab around the radial axis, aligning all 
three microstructural directions approximately within the plane of the specimen. Fiber directions (𝒇 ) are shown in red, sheet directions (𝒔) in 
pink, and normal directions (𝒏) in brown.  (For interpretation of the references to color in this figure legend, the reader is referred to the web 
version of this article.)

and connected via perimysial collagen. This organization defines three locally orthogonal directions: the fiber direction 𝒇 , the 
sheet direction 𝒔, and the sheet-normal direction 𝒏. To investigate the role of heterogeneity in unsupervised constitutive parameter 
identifiability, we simulate myocardial tissue slabs that exhibit both microstructure-induced and geometry-induced heterogeneity.

Leveraging the intrinsic spatially varying myofiber architecture in the human heart [63], we extract three microstructurally 
distinct synthetic tissue slabs from the left ventricular free wall. All samples are assumed to be 10×10×1 mm3 in size, representative 
of slabs from a healthy human left ventricular wall. These slab dimensions should be interpreted as an idealized benchmark geometry 
for controlled 3D full-field constitutive inference. We further detail the sample geometry and applied boundary conditions in 
Appendix A.

Fig.  3 showcases the microstructural variability across the slab domain, with directional fiber 𝒇 , sheet 𝒔 and normal 𝒏 vectors 
discretized element-wise, and their spatial distribution depends on the chosen slicing orientation:

• circ-long: sections aligned with the ventricular circumferential–longitudinal plane. The in-plane 𝒇 orientation and through-
thickness 𝒔 direction enable near-planar fiber alignment. We consider both aligned and off-axis variants depending on their 
angular deviation from the square edge. This slab specimen type aligns with the biaxial tension testing slabs studied by [11].

• circ-rad: sections cut in the circumferential–radial plane. These samples exhibit a transmural fiber rotation from approximately 
−60◦ at the epicardium to +60◦ at the endocardium, while the sheet direction 𝒔 remains in-plane and radially aligned.

• rad-heli: samples based on a radial-helical cut. Given the natural transmural variation of the myofiber angle 𝒇 from −60◦ in 
the sub-epicardium to +60◦ in the sub-endocardium [63], this configuration places all three microstructural directions (𝒇 , 𝒔,𝒏) 
approximately within the sample plane by rotating the sample an additional 45◦ along the radial axis. The resultant fiber 
orientation ranges from −15◦ up to 105◦, aligning the 𝒇 fiber in the sample plane near the bottom edge of the sample and 
aligning the 𝒏 fiber in the sample plane near the top edge.

To investigate the influence of geometric heterogeneity, we introduce a second set of specimens with a central circular occlusion 
with a radius of 1 mm, see Appendix A. These samples are expected to introduce additional deformation heterogeneity that we 
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hypothesize may improve constitutive parameter identifiability under limited data conditions, e.g., when inferring orthotropic 
behavior from a single biaxial tensile test.

3.2. Biaxial loading emulation

We simulate a digital volume correlation experiment by modeling a biaxial loading protocol on the microstructurally and 
geometrically homogeneous and heterogeneous tissue slabs described above using the finite element method (FEM) implemented in 
ABAQUS/Standard [64], see for example [26]. Our virtual tissue slabs are subjected to displacement-controlled symmetric biaxial 
loading, with loading ratios 𝜆1 ∶ 𝜆2 = (1 ∶ 2), (1 ∶ 1), (2 ∶ 1) defined in terms of the prescribed edge stretches along the two in-plane 
loading directions. The maximum stretch applied to the samples is 15% of the initial edge length, consistent with maximal values 
used in experiments [11]. We use linear tetrahedral elements to discretize the domain and record nodal displacements along with 
reaction forces for a sequence of 𝑛𝑡 load steps (see Figure A.1)

To define the constitutive response, we use the local volume change 𝐽 = det (𝑭 ) and multiplicatively decompose the deformation 
gradient 𝑭 (5) into its volumetric 𝑭 vol and isochoric 𝑭̄  parts [65], 

𝑭 = 𝑭 vol𝑭̄ with 𝑭 vol = 𝐽
1
3 𝑰 and 𝑭̄ = 𝐽− 1

3 𝑭 . (31)

We then introduce the following deformation (pseudo-)invariants [66,67]: 
𝐼1 = [𝑭̄ T𝑭̄ ] ∶ 𝑰

𝐼4ff = [𝑭̄ T𝑭̄ ] ∶ [𝒇 0 ⊗ 𝒇 0]

𝐼4nn = [𝑭̄ T𝑭̄ ] ∶ [𝒏0 ⊗ 𝒏0]

𝐼4fs = [𝑭̄ T𝑭̄ ] ∶ [𝒇 0 ⊗ 𝒔0]

(32)

where 𝒇 0, 𝒔0, 𝒏0 denote the local microstructure fiber, sheet, and normal unit vector orientations in the undeformed reference 
configuration. We adopt the orthotropic, compressible Holzapfel-Ogden (HO) material model [14,15] using the following strain 
energy density function: 

𝜓(𝑭 ,𝜽) = 𝑎
2𝑏

[

exp
(

𝑏(𝐼1 − 3)
)

− 1
]

+
∑

𝑖= 𝑓,𝑛

𝑎𝑖
2𝑏𝑖

[

exp
(

𝑏𝑖
⟨

𝐼4𝑖𝑖 − 1
⟩2

)

− 1
]

+
𝑎𝑓𝑠
2𝑏𝑓𝑠

[

exp
(

𝑏𝑓𝑠𝐼
2
4𝑓𝑠

)

− 1
]

+ 𝐾
2

(

𝐽 2 − 1
2

− ln 𝐽
) (33)

to compute the First Piola Kirchhoff stress tensor 𝑷  following (6). Note that this variation from Guan et al. relies on the invariant 𝐼4𝑛𝑛, 
whereas the original model used the invariant 𝐼4𝑠𝑠. This variation of the HO-model was implemented using the recently proposed 
universal user material subroutine in Abaqus [52].

In (33), 𝜽 = {𝑎, 𝑏, 𝑎𝑓 , 𝑏𝑓 , 𝑎𝑛, 𝑏𝑛, 𝑎𝑓𝑠, 𝑏𝑓𝑠, 𝐾} (see Table  1) denotes the to-be-inferred ground-truth material parameters. The 
Macaulay brackets ⟨𝑥⟩ ensure that fiber and sheet term strain energy contributions activate only under tension [52,68,69]. Lastly, 
a bulk modulus is chosen based on the distribution of 𝐽 in the circ-long-hom samples and common compressibility considerations of 
the myocardium [70,71] to limit volumetric strains while retaining numerical stability.

To quantify how microstructural and geometric heterogeneity enrich the deformation space relevant for inference, Figs.  4–5 
report the resulting distributions of the key invariants activated under biaxial loading, which motivates our single-test identification 
setup.

Fig.  4 presents the deformation response of geometrically homogeneous slabs with varying microstructural architectures. The 
qualitative results of the maximum principal stretch are shown for all loading conditions and homogeneous tissue samples. On the 
right side of the figure we show kernel density estimations of the biaxially activated invariants, truncated at 20 to visualize the 
spread of these invariants. The circ-long-hom configuration represents a classic homogenized myocardial sample, as excised by [11], 
with assumed uniform fiber-sheet-normal orientations. Under biaxial loading, this results in a uniform deformation pattern with 
isotropic invariants 𝐼1 ranging from 3.158 to 3.257 across the three loading protocols. Anisotropic contributions are moderate, with 
𝐼4𝑓𝑓  and 𝐼4𝑛𝑛 spanning ranges from 1.025 to 1.139 and 1.024 to 1.144 respectively. Fiber-sheet shear contributions remain negligible, 
with 𝐼4𝑓𝑠 limited to 0.000 up to machine precision. Introducing transmural fiber variation in the circ-rad-hom slab increases local 
deformation heterogeneity. The isotropic deformation invariant 𝐼1 expands to a broader range of 3.160 to 3.367, while 𝐼4𝑓𝑓  and 𝐼4𝑛𝑛
reach 1.194 and 1.252, respectively. Notably, fiber-sheet shear contributions increase, with 𝐼4𝑓𝑠 reaching up to 0.099. In the rad-
heli-hom specimen, which introduces a more asymmetric helical fiber distribution, deformation heterogeneity is further amplified. 
The isotropic invariant 𝐼1 ranges from 3.147 to 3.359, while 𝐼4𝑓𝑓  increases significantly, spanning up to 1.248. The 𝐼4𝑛𝑛 component 
reaches 1.251, and fiber-sheet shear contributions grow to 0.114. The distributions of invariants shown in the right column of 
Fig.  4 emphasize these trends. The circ-long-hom specimen exhibits single homogeneous singular values for 𝐼4𝑓𝑓  and 𝐼4𝑛𝑛, while 𝐼4𝑓𝑠
remains zero. In contrast, circ-rad-hom and rad-heli-hom configurations display broader distributions across all invariants, particularly 
for fiber-sheet shear deformations. Consistent with these observations, we note tissue bulging effects in the thickness direction. Circ-
rad configurations exhibit bulging centrally, whereas rad-heli configurations deform near the specimen edges. In particular, the
rad-heli-hom configuration shows noticeable thickness bulging coinciding with bands of reduced strain, where fibers align in-plane. 
Overall, microstructure-induced heterogeneity alone enriches the activated invariant space under a single biaxial protocol, which 
motivates using these slabs as training configurations in this study.
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Fig. 4. Deformation profiles of geometrically homogeneous tissue slabs with varying microstructural heterogeneity. Maximum principal 
stretches are shown for circ-long-hom (top row), circ-rad-hom (middle row), and rad-heli-hom (bottom row) specimens subjected to biaxial loading 
protocols (𝜆1 ∶ 𝜆2 = (1 ∶ 2), (1 ∶ 1), (2 ∶ 1)) up to 𝜆max = 1.15. Rightmost columns display distributions of invariants 𝐼1 − 3, 𝐼4𝑓𝑓 − 1, 𝐼4𝑛𝑛 − 1, 
and 𝐼4𝑓𝑠 for each specimen type respectively using approximated kernel density estimations denoted as KDE(𝐼∗). The kernel density estimation 
is truncated at an arbitrary level of 20 to show the spread of the invariants more clearly.

Fig.  5 illustrates the deformation response of geometrically heterogeneous slabs, where a central occlusion is combined with 
varying microstructural organization. In the circ-long-het specimen, geometric heterogeneity alone induces significant deformation 
diversity. The isotropic invariant 𝐼1 spans from 3.070 to 3.390, with 𝐼4𝑓𝑓  and 𝐼4𝑛𝑛 reaching up to 1.232 and 1.209, respectively. 
Fiber-sheet shear contributions, represented by 𝐼4𝑓𝑠, remain limited, peaking at 0.034. Adding microstructural heterogeneity in 
the circ-rad-het configuration further amplifies deformation heterogeneity. Here, 𝐼1 varies between 3.141 and 3.5477, while 𝐼4𝑓𝑓
and 𝐼4𝑛𝑛 attain maximum principal stretches of 1.218 and 1.243 respectively. Notably, fiber-sheet shear contributions increase 
substantially, with 𝐼4𝑓𝑠 rising to 0.4342. In the rad-heli-het specimen, characterized by asymmetric helical fiber variation and 
geometric heterogeneity, isotropic 𝐼1 deformation spans 3.136 to 3.518. Anisotropic contributions reach 1.242 for 𝐼4𝑓𝑓 , 1.241 
for 𝐼4𝑛𝑛, and 1.289 for the fiber-sheet shear term 𝐼4𝑓𝑠, which confirms this configuration as the most mechanically diverse. The 
distributions of invariants reflect these differences. The circ-long-het slab shows moderate spreading compared to its homogeneous 
counterpart, but fiber-sheet shearing remains limited. In contrast, the circ-rad-het and rad-heli-het configurations exhibit pronounced 
broadening in all invariants, particularly in 𝐼4𝑓𝑠, underscoring the synergistic effect of combined geometrical and microstructural 
heterogeneities. Similar to the homogeneous cases, bulging effects are evident. Circ-rad configurations exhibit central bulging, 
while rad-heli configurations deform near specimen edges. The rad-heli-het specimen shows the most pronounced bulging, exceeding 
initial thickness. Localized deformation bands with reduced strain are again visible, while regions surrounding the central occlusion 
display elevated strains, highlighting the amplification of local deformation due to geometric discontinuities. These observations 
reinforce the rationale for using such heterogeneous configurations as training specimens, enhancing parameter identifiability 
through enriched mechanical diversity.

4. Inference results and robustness to measurement noise

In this section, we assess the training and fitting performance of the method. We track the evolution of the fit over optimization 
epochs and compute error metrics from the inferred posterior. The convergence of the posterior standard deviations of the material 
parameters was verified, confirming that the uncertainty estimates stabilize prior to the final optimization epoch and for the results 
reported here. We then assess robustness under both spatially uncorrelated and spatially correlated displacement perturbations. 
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Fig. 5. Deformation profiles of geometrically and microstructurally heterogeneous tissue slabs. Maximum principal stretches circ-long-het
(top row), circ-rad-het (middle row), and rad-heli-het (bottom row) specimens under biaxial loading (𝜆1 ∶ 𝜆2 = (1 ∶ 2), (1 ∶ 1), (2 ∶ 1)). Invariant 
distributions of 𝐼1 − 3, 𝐼4𝑓𝑓 − 1, 𝐼4𝑛𝑛 − 1, and 𝐼4𝑓𝑠 are shown in the rightmost panels using approximated kernel density estimations denoted as 
KDE(𝐼∗). The kernel density estimation is truncated at an arbitrary level of 20 to show the spread of the invariants more clearly.

4.1. Noise-free inference: identifiability gains from microstructural and geometrical heterogeneity

Figs.  6 and 7 summarize the inference performance of our framework in recovering the ground-truth HO parameter set 𝜽gt (Table 
1) based on combined full-field deformation and reaction force data. Each figure shows, from top to bottom: (i) the evolution of 
the inferred parameters’ guide location 𝜇𝜃 over optimization epochs, (ii) the corresponding absolute relative errors 𝑒𝜇𝜃 , (iii) final 
relative errors after convergence, and (iv) posterior distributions 𝜃, scaled to highlight skewness and relative spread. Here, we 
highlight posterior distributions in color when the unbiased skewness value |𝑠𝜃| is strictly greater than 0.5. We define the following 
four metrics: the relative point error metric 𝑒𝜃 between the mean of the underlying and untruncated normal distribution and the 
ground truth, and the relative error 𝑒𝜃 between samples from the posterior and the ground truth: 

𝑒𝜃 =
𝜇𝜃 − 𝜃gt
𝜃gt

𝑒𝜃 =
𝜃 − 𝜃gt
𝜃gt

(34)

Here, we define 𝜇𝜃 = 𝜇𝑞 as the mean of the underlying untruncated normal distribution used in the guide distribution. Furthermore, 
we define the unbiased skewness 𝑠𝜃 : 

𝑠𝜃 =

√

𝑁(𝑁 − 1)
𝑁 − 2

⋅
1
𝑁

∑𝑁
𝑛=1(𝜃𝑛 − 𝜇𝜃)

3

(

1
𝑁

∑𝑁
𝑛=1(𝜃𝑛 − 𝜇𝜃)2

)3∕2
with 𝜃 =

𝜃 − 𝜇𝜃
𝜇𝜃 (35)

with 𝜃 denoting the relative error between samples taken from the guide distribution and the scaled posterior, 𝜇𝜃 denoting the mean 
of the distribution 𝜃, and 𝑁 equaling the number of samples drawn from the posterior distribution. Unless stated otherwise, we draw 
𝑁 = 1000 samples from the inferred guide distribution shown in the bottom rows of Figs.  6 and 7, respectively, to visualize the 
shape, mean, and spread of the approximated posterior distribution. For completeness, the full set of converged parameter estimates, 
posterior scales (the standard deviation of the underlying and untruncated normal distribution), and relative errors for all six training 
specimens is reported in Appendix E (Tables E.3–E.4). In the main text, we therefore focus on the parameter groups that drive the 
qualitative differences between Figs.  6 and 7, and summarize the remaining terms compactly.

Focusing on the geometrically homogeneous specimens (Fig.  6), the plots show rapid convergence and narrow posteriors for the 
isotropic (𝑎, 𝑏, 𝐾) and primary anisotropic (𝑎𝑓 , 𝑏𝑓 , 𝑎𝑛, 𝑏𝑛) parameter groups across all three microstructural settings. Quantitatively, 
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Fig. 6. Noise-free parameter inference on geometrically homogeneous and microstructurally heterogeneous tissue slabs. From left to 
right: circ-long-hom, circ-rad-hom, and rad-heli-hom specimens. From top to bottom: (i) evolution of inferred material parameters 𝜃 over optimization 
epochs, (ii) evolution of absolute relative location parameter errors |𝑒𝜃 |, (iii) absolute relative errors |𝑒𝜃 | at the final epoch with corresponding 
95% credibility interval, and (iv) rescaled posterior distributions 𝜃 (drawn from the variational guide). The plots show rapid convergence and 
small final errors for most parameters across all three specimens, while the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠) display slower convergence 
and broader posteriors in several cases. Distributions are shown in grayscale when the absolute unbiased skewness satisfies |𝑠𝜃 | < 0.5.  (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

these parameters reach small final deviations, with the largest magnitudes remaining below 3.477 × 10−2 in this homogeneous-
geometry group (Table E.4). In contrast, the fiber–sheet shear-coupling terms (𝑎𝑓𝑠, 𝑏𝑓𝑠) are the dominant outliers. In the fully 
homogeneous circ-long-hom specimen, the shear-coupling terms remain poorly identified, with large final errors (𝑒𝑎𝑓𝑠 = −5.738 × 103

and 𝑒𝑏𝑓𝑠 = 4.279 × 10−1; Table E.4).
Introducing transmural and helical fiber variation improves identifiability of 𝑎𝑓𝑠 substantially (from (103) to (10−3−10−2); 

Table E.4), while 𝑏𝑓𝑠 remains the least accurate inferred parameter in the homogeneous-geometry group (e.g., 𝑒𝑏𝑓𝑠 = 1.354 × 10−1

for circ-rad-hom and 1.283 × 10−1 for rad-heli-hom). Notably, 𝑏𝑓𝑠 also converges more slowly than the remaining parameters: it 
stabilizes only after ∼14 000 epochs in circ-rad-hom, whereas most other parameters stabilize within ∼1000 epochs (rows (i)–(ii)). 
These trends are consistent with the broader and more skewed posteriors for (𝑎𝑓𝑠, 𝑏𝑓𝑠) in Fig.  6 (bottom row).

For the geometrically heterogeneous specimens (Fig.  7), the plots show stable convergence across parameter groups and generally 
narrower posterior spreads than in Fig.  6. For the isotropic and primary anisotropic parameters, final deviations remain small overall, 
with the largest magnitudes staying below 9.178 × 10−5 across the heterogeneous-geometry group (Table E.4). The most pronounced 
quantitative change occurs in the inferred shear-coupling parameters. With combined geometric heterogeneity and fiber rotation, 
both 𝑎𝑓𝑠 and 𝑏𝑓𝑠 converge to small final deviations: in circ-rad-het, 𝑒𝑎𝑓𝑠 = −1.459 × 10−3 and 𝑒𝑏𝑓𝑠 = −7.901 × 10−4, and in rad-heli-het, 
𝑒𝑎𝑓𝑠 = −1.505 × 10−3 and 𝑒𝑏𝑓𝑠 = 2.882 × 10−3 (Table E.4). In contrast, without fiber rotation (circ-long-het), 𝑏𝑓𝑠 remains comparatively 
inaccurate (𝑒𝑏𝑓𝑠 = 4.471 × 10−1), consistent with the broader posterior in the corresponding column of Fig.  7. Compared with the 
homogeneous-geometry cases in Fig.  6, the rotated-fiber heterogeneous specimens (circ-rad-het and rad-heli-het)  reach a stable 𝑏𝑓𝑠
trajectory with small final deviations within 1000 epochs, rather than requiring ∼14 000 epochs, consistent with the tighter posterior 
spreads in row (iv).
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Fig. 7. Noise-free parameter inference on geometrically and microstructurally heterogeneous tissue slabs. From left to right: circ-long-het,
circ-rad-het, and rad-heli-het specimens. From top to bottom: (i) evolution of inferred material parameters 𝜃 over optimization epochs, (ii) evolution 
of absolute relative location parameter errors |𝑒𝜃 |, (iii) absolute relative errors |𝑒𝜃 | at the final epoch with corresponding 95% credibility interval, 
and (iv) rescaled posterior distributions 𝜃 (drawn from the variational guide). The plots show stable convergence for all parameter groups 
across the three specimens, and the posterior samples indicate narrower spreads for the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠) compared with the 
homogeneous counterparts. Distributions are shown in grayscale when the absolute unbiased skewness satisfies |𝑠𝜃 | < 0.5.  (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version of this article.)

Across both Figs.  6 and 7, several parameters exhibit non-monotonic transients before converging. In particular, multiple traces 
(including 𝑏, 𝑏𝑓 , 𝑎𝑛, and 𝑎𝑓𝑠) show a decrease after roughly 102 epochs, followed by recovery towards their converged values by 
(103) epochs. Consistent excursions appear in the error plots over the same epoch range, reflecting epochs where the inferred 
trajectories pass through the ground-truth value (i.e., where the signed relative deviation changes sign) without immediately 
stabilizing. This behavior is consistent with strong parameter coupling and a nonconvex loss landscape in nonlinear orthotropic 
inference, where the optimizer can traverse multiple basins before stabilizing.

In Table E.2, we report the inferred hyperparameters of the inverse-gamma distributions associated with 𝑣𝑠 and 𝜎2 for the noise-
free experiments. Despite the absence of added displacement noise, the posterior mean of 𝜎2 is on the order of 4.0 × 10−6, which 
we attribute to residual numerical uncertainty in the forward and inference procedures. In contrast, the posterior mean of 𝑣𝑠 is 
several orders of magnitude larger (approximately 4.1× 106), indicating that, in this regime, uncertainty is predominantly governed 
by variability in the inferred material parameters rather than observational noise or numerical uncertainty.

4.2. Robustness to displacement noise: Gaussian white

We next assess robustness to displacement measurement noise by perturbing the measured full-field kinematics with additive 
Gaussian white noise at two levels, namely low (𝜎𝑢 = 1 × 10−4 mm) and high (𝜎𝑢 = 1 × 10−3 mm) [30–32,72]. No smoothing, 
stabilization, or displacement-field assimilation is applied prior to inference, such that the imposed perturbations act as a 
conservative stress test of the framework. We restrict attention to the geometrically heterogeneous training specimens, since these 
provided the most reliable baseline inference performance in the noise-free setting (Section 4.1).
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Fig. 8. Parameter inference on geometrically and microstructurally heterogeneous tissue slabs under low displacement measurement 
noise. From left to right: circ-long-het, circ-rad-het, and rad-heli-het specimens. From top to bottom: (i) evolution of inferred material parameters 
𝜃 over optimization epochs, (ii) evolution of absolute relative location parameter errors |𝑒𝜃 |, (iii) absolute relative errors |𝑒𝜃 | at the final epoch 
with corresponding 95% credibility interval, and (iv) rescaled posterior distributions 𝜃 (drawn from the variational guide). The plots show that 
most parameters maintain stable convergence under low noise, while 𝑎𝑓𝑠 and 𝑏𝑓𝑠 exhibit the largest variability across specimens, reflected by 
slower convergence and broader posteriors. Here, uncorrelated Gaussian white displacement noise with standard deviation 𝜎𝑢 = 10−4 mm is added 
to the full-field kinematics. Distributions are shown in grayscale when the absolute unbiased skewness satisfies |𝑠𝜃 | < 0.5.  (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig.  8 summarizes inference under low displacement noise for the three geometrically heterogeneous training specimens. Across 
all three microstructural settings, the trajectories in rows (i) and (ii) indicate that the low-noise setting largely preserves the 
convergence patterns of the noise-free heterogeneous baseline in Fig.  7, and differences emerge most clearly in the shear-coupling 
terms. For circ-long-het, final relative errors for isotropic and primary anisotropic parameters stay within a narrow band, with 
representative values between 10−4 and 5 × 10−3 (Table F.8). In contrast, the parameter trajectory for 𝑎𝑓𝑠 does not settle to a clear 
plateau in row (i), and 𝑏𝑓𝑠 exhibits increased stochasticity together with a mild downward drift. The corresponding relative errors 
for the shear-coupling terms are of order one, with |𝑒𝑎𝑓𝑠 | ≈ 1 and |𝑒𝑏𝑓𝑠 | ≈ 0.5. This behavior is mirrored in the posterior samples 
in row (iv), which show pronounced skewness and visible truncation for (𝑎𝑓𝑠, 𝑏𝑓𝑠), consistent with elevated uncertainty and weak 
practical identifiability under this noise level. Whereas in the noise-free heterogeneous setting (Fig.  7) the shear parameter 𝑎𝑓𝑠 could 
still be identified up to a relative error on the order of 10−2, the low-noise case now produces errors for both 𝑎𝑓𝑠 and 𝑏𝑓𝑠 of the same 
order of magnitude as their true values. In the helically distributed fiber specimens circ-rad-het and rad-heli-het, the posterior samples 
in row (iv) do not exhibit comparable skewness or truncation for the inferred parameters. Compared with the noise-free case, the 
final relative errors for isotropic and primary anisotropic parameters are slightly higher, remaining mostly between 5 × 10−3 and 
5 × 10−2 for circ-rad-het and between 3 × 10−4 and 5 × 10−2 for rad-heli-het (excluding 𝑎𝑓𝑠 and 𝑏𝑓𝑠), while the majority of parameters 
still converge to clearly defined plateaus in rows (i) and (ii). For the shear-coupling terms, the posterior shapes of (𝑎𝑓𝑠, 𝑏𝑓𝑠) become 
more regular in row (iv), yet their error traces in row (ii) plateau at comparatively elevated levels. In the noise-free case (Fig.  7), 
we achieved rotated-fiber shear-coupling errors |𝑒𝑎𝑓𝑠 | of order 10−3 and |𝑒𝑏𝑓𝑠 | of at most 10−3 in the circ-rad-het and rad-heli-het
specimens (Table E.4). Under low noise here, these errors increase to magnitudes between roughly 5 × 10−1 and order one, with 
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Fig. 9. Parameter inference on geometrically and microstructurally heterogeneous tissue slabs under high displacement measurement 
noise. From left to right: circ-long-het, circ-rad-het, and rad-heli-het specimens. From top to bottom: (i) evolution of inferred material parameters 𝜃
over optimization epochs, (ii) evolution of absolute relative location parameter errors |𝑒𝜃 |, (iii) absolute relative errors |𝑒𝜃 | at the final epoch with 
corresponding 95% credibility interval, and (iv) rescaled posterior distributions 𝜃 (drawn from the variational guide). The plots show increased 
variability and slower stabilization for several parameters compared with the low-noise case, with the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠) 
exhibiting the largest spread in the posterior samples across specimens. Here, displacement noise with standard deviation 𝜎 = 10−3 mm is added 
to the full-field kinematics. Distributions are shown in grayscale when the absolute unbiased skewness satisfies |𝑠𝜃 | < 0.5.  (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version of this article.)

the largest outlier observed for 𝑏𝑓𝑠 in rad-heli-het (Table F.8). Strikingly, the shear-coupling parameters stabilize in the circ-rad-het
and rad-heli-het configurations after roughly 1000 and 10 000 epochs respectively, even though their relative errors remain high. 
Combined with the lack of skewness and truncation in their posteriors, this pattern is consistent with the parameters having moved 
away from the prior and having settled in a suboptimal local minimum under low-noise conditions.

Fig.  9 assesses parameter inference under high displacement measurement noise (𝜎𝑢 = 10−3 mm) for the three geometrically 
heterogeneous specimens, using the same layout as in Fig.  8. Relative to the low-noise case, the trajectories in rows (i) and (ii) show 
a marked loss of stability and accuracy, most prominently in the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠). Across all three specimens, 
these shear terms no longer attain reliable plateaus, their estimates for 𝑎𝑓𝑠 collapse towards numerical near-zero values, and the 
corresponding relative errors remain of order one (Table F.8). In addition, the primary anisotropic sheet-direction parameters 
(𝑎𝑛, 𝑏𝑛) in the circ-rad-het specimen fail to settle to stable values and reach relative errors close to unity, indicating a breakdown 
of identifiability in this parameter group under high noise. By contrast, the isotropic and primary anisotropic parameters remain 
comparatively more robust in circ-long-het, where final relative errors for these parameters mostly lie between 10−3 and 3× 10−2. In 
the rad-heli-het specimen, these relative parameter errors fall between 2 × 10−2 and 10−1 (Table F.8). The circ-rad-het configuration 
clearly performs worst overall, with many isotropic and primary anisotropic parameters exhibiting relative errors in the range 
2 × 10−1 to 1, representing a sharp degradation compared with both the noise-free and low-noise cases. Similar to the low-noise 
setting, parameters that do stabilize under high noise typically do so around 1000 epochs for circ-long-het, circ-rad-het, and the
rad-heli-het. Appendix F provides the corresponding noisy hyperparameter and constitutive parameter estimates, together with their 
relative errors and posterior scale parameters (Tables F.6–F.8), which quantitatively underpin the trends observed in Figs.  7–9.
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Comparing Figs.  7, 8, and 9 show a clear, parameter-selective degradation of identifiability as displacement noise increases from 
zero to low to high levels. In the noise-free heterogeneous baseline (Fig.  7), isotropic and primary anisotropic parameters achieve 
small final deviations, with |𝑒𝜃| typically below 5 × 10−4, while the shear-coupling terms (𝑎𝑓𝑠, 𝑏𝑓𝑠) are already more sensitive in
circ-long-het but remain well identified in circ-rad-het and rad-heli-het (Table E.4). Under low noise (Fig.  8), these isotropic and 
primary anisotropic errors increase by roughly one to two orders of magnitude yet mostly remain below 10−1, whereas the shear-
coupling errors in circ-long-het, circ-rad-het, and rad-heli-het rise to order one or larger, consistent with the broadened and, in some 
cases, truncated posteriors for (𝑎𝑓𝑠, 𝑏𝑓𝑠). At high noise (Fig.  9), this trend intensifies: the shear-coupling parameters lose practical 
identifiability in all three specimens, with |𝑒𝑎𝑓𝑠 | and |𝑒𝑏𝑓𝑠 | remaining of order one and the corresponding posterior samples strongly 
skewed, while selected primary anisotropic parameters in circ-rad-het (notably 𝑎𝑓 , 𝑎𝑛, and 𝑏𝑛) also exhibit near-unity relative errors 
and non-stabilizing trajectories. By contrast, most isotropic parameters and the bulk modulus 𝐾 retain comparatively moderate 
deviations even at the highest noise level, particularly in circ-long-het and rad-heli-het, indicating a degree of robustness in the 
volumetric and baseline stiffness sector despite the pronounced degradation in shear-related and directional anisotropic terms.

Table F.6 summarizes the inferred hyperparameters for experiments with additive Gaussian white displacement noise. For low 
noise levels (𝜎𝑢 = 10−4), the posterior mean of 𝜎2 increases to approximately 1.3 × 10−5, while for higher noise levels (𝜎𝑢 = 10−3), 
it increases by roughly an order of magnitude. At the same time, the posterior mean of 𝑣𝑠 decreases from approximately 1.2 × 106

(low noise) to 1.1 × 105 (high noise). This trend indicates a progressive shift in the dominant source of uncertainty: as displacement 
noise increases, uncertainty associated with the likelihood (data noise) becomes more prominent relative to uncertainty attributed 
to the material model parameters. 

4.3. Robustness to displacement noise: spatially correlated

We next consider an additional robustness study with spatially correlated displacement noise to further reflect the structured 
nature of experimental full-field measurement errors. Implementation details of the noise model are provided in Appendix B.

In Fig.  10, we assess parameter inference under a spatially correlated displacement noise field 𝜎𝑢(𝐗) for the three geometrically 
heterogeneous specimens. The resulting degradation pattern is broadly similar to that observed under high Gaussian white noise, 
with the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠) again showing the strongest loss of identifiability across all specimens. Most clearly, in 
the circ-rad-het specimen, the parameters (𝑏𝑓 , 𝑎𝑛, 𝑏𝑛) also degrade substantially, with relative errors of order of magnitude (1). 
In the rad-heli-het specimen, 𝑏𝑛 deteriorates similarly, whereas 𝑎𝑛 still stabilizes but at a larger relative error of −1.516 × 101. 
In contrast, the circ-long-het specimen does not show additional parameter inference deterioration relative to the high Gaussian 
white-noise case, indicating that the impact of spatially correlated noise remains strongly specimen- and parameter-dependent. 
The posterior distributions in row (iv) reflect the same trend. Across all specimens, (𝑎𝑓𝑠, 𝑏𝑓𝑠) retain the broadest uncertainty and, in 
several cases, also exhibit pronounced skewness, consistent with asymmetric and weak practical constraint under the structured noise 
perturbation. The circ-rad-het specimen additionally shows increased uncertainty in 𝑏𝑓 , 𝑎𝑛, and 𝑏𝑛, while the rad-heli-het specimen 
shows a further broadening in 𝑏𝑛 relative to the spatially uncorrelated Gaussian high-noise case. Overall, isotropic and primary 
anisotropic parameters that remain practically identifiable still tend to stabilize after roughly 103 epochs. In contrast, 𝑎𝑓𝑠 shows 
persistent drift towards numerically near-zero values, whereas 𝑏𝑓𝑠 converges only much later, around 1.7 × 104 epochs.

In Table G.10, we present the corresponding results for spatially correlated displacement noise. In this case, the posterior mean 
of 𝜎2 increases further to approximately 1.0 × 10−4, representing an additional order-of-magnitude increase compared to the high 
Gaussian white noise setting. Concurrently, the posterior mean of 𝑣𝑠 decreases to (104). Consistent with the previous observations, 
these results indicate a continued shift in the uncertainty structure, with the likelihood term increasingly dominating the overall 
uncertainty as both the magnitude and spatial complexity of the noise increase.

5. Validation beyond training

We now assess how well parameter sets inferred from single-shot heterogeneous biaxial tests generalize beyond the specific 
training protocol. To this end, we first compare Cauchy stress responses of 1000 parameter samples drawn from the inferred 
posterior under classical homogeneous uni-modal deformation modes against the ground-truth parameterized Holzapfel–Ogden law. 
Subsequently, we probe more complex mixed-modal deformation states, sampled from a physiologically constrained invariant space, 
and compare the resulting strain energy between 1000 parameter samples drawn from the inferred posterior and ground-truth 
parameters to assess generalization under heterogeneous load paths. Finally, in the following subsections we exclusively evaluate 
the isochoric parameter misfit of the strain–energy model (33) in order to ascertain internal consistency.

5.1. Uni-modal deformation mode validation

We reproduce homogeneous, uni-modal loading protocols, i.e. classical incompressible biaxial tension and triaxial shear tests, 
following the experimental protocols of [10,11]. We consider incompressible biaxial tension, where 𝜆f  and 𝜆n are prescribed and 𝜆s
follows from incompressibility, and triaxial shear tests, where the principal stretches are fixed to unity and a single shear component 
is activated per test. The resulting stress expressions are summarized in Appendix C. Constitutive parameters inferred from our 
unsupervised single-shot heterogeneous biaxial protocol are then used to assess, in a controlled fashion, the predictive capability of 
the proposed framework relative to established multi-modal calibration pipelines for myocardial tissue [12,15,16,26].
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Fig. 10. Parameter inference on geometrically and microstructurally heterogeneous tissue slabs under spatially correlated displacement 
noise. From left to right: circ-long-het, circ-rad-het, and rad-heli-het specimens. From top to bottom: (i) evolution of inferred material parameters 
𝜃 over optimization epochs, (ii) evolution of absolute relative location parameter errors |𝑒𝜃 |, (iii) absolute relative errors |𝑒𝜃 | at the final epoch 
with corresponding 95% credibility interval, and (iv) rescaled posterior distributions 𝜃 (drawn from the variational guide). Here, a spatially 
varying and spatially correlated displacement noise field 𝜎𝑢(𝑿) is added to the full-field kinematics, as defined in Appendix B. The plots show 
increased variability and slower stabilization for several parameters, with the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠) again exhibiting the strongest 
loss of identifiability across all specimens. Notably, the structured nature of the noise induces additional degradation in primary anisotropic 
parameters (such as 𝑏𝑓 , 𝑎𝑛, and 𝑏𝑛) in the circ-rad-het and rad-heli-het specimens, while the circ-long-het specimen remains comparatively more 
robust. Distributions are shown in grayscale when the absolute unbiased skewness satisfies |𝑠𝜃 | < 0.5.  (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)

Fig.  11 reports noise-free validation across the three geometrically heterogeneous configurations: circ–long–het (left), circ–rad–het
(middle), and rad–heli–het (right). Each column compares Cauchy stresses from the ground-truth parameter set (tri markers) with 
predictions based on the noise-free single-shot full-field inference parameter sets (shaded 95% credible intervals) under classical 
biaxial tension and triaxial shear tests. Leveraging parameters inferred from the noise-free circ-long–het slab, the inferred biaxial 
stress–stretch curves match the ground-truth mechanical response of the tissue with 𝑅2 = 1.00 for both biaxial tension cases. The 
inferred nf -, sn-, and ns-shear responses are also indistinguishable from the ground-truth response, whereas the inferred cross-fiber 
shear behavior shows lower agreement with respect to the ground-truth model, with 𝑅2 = 0.89 and 𝑅2 = 0.77 for 𝜎fs and 𝜎sf
respectively. Aggregated over all tests in this configuration, the overall coefficient of determination amounts to 𝑅2 = 0.96. These 
deviations are consistent with the limited deformational excitation of the 𝐼4𝑓𝑠 shear-coupling invariant in the circ-long-het specimen 
(Fig.  5) and with the weaker identifiability of (𝑎𝑓𝑠, 𝑏𝑓𝑠) observed in the previous section. Leveraging the circ-rad-het slab, the inferred 
constitutive parameter sets perfectly reproduce the ground-truth stresses across all biaxial tension and shear tests with 𝑅2 = 1.00
in every panel. Posterior confidence intervals remain tight, indicating precise recovery of the underlying constitutive parameters 
for this orientation, including the shear-coupling response. Focusing on the rad-heli-het specimen, the inferred stress curves again 
overlay the ground-truth for all biaxial tensile and shear tests with 𝑅2 = 1.00. Overall, the noise-free within-model-class validation 
shows that single-shot full-field inference generalizes reliably across all three heterogeneous configurations, with slight deviations 
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Fig. 11. Noise-free single-shot inference validation under homogeneous uni-modal loading. Cauchy stresses predicted by the ground-
truth HO parameter set (tri markers) and by the inferred noise-free single-shot full-field posterior (shaded 95% credible intervals) for three 
heterogeneous configurations: circ–long–het (left), circ–rad–het (middle), and rad–heli–het (right). Rows correspond to classical incompressible 
biaxial tension and triaxial shear modes. Panel-wise 𝑅2 values quantify agreement between posterior mean predictions and ground-truth stresses. 
Noise-free inference generalizes perfectly across all modes for circ-rad-het and rad-heli-het (𝑅2 ≈ 1 throughout), while circ-long-het shows the 
largest deviations in cross-fiber shear (𝜎fs, 𝜎sf ).  (For interpretation of the references to color in this figure legend, the reader is referred to the 
web version of this article.)

confined to cross-fiber shear in the circ-long-het case, which is in agreement with the parameter-level identifiability analysis in Fig. 
7.

Fig.  12 reports high-noise (𝜎𝑢 = 10−3) validation for the same three heterogeneous single-shot slab specimens. Inferring from 
displacement and reaction force data in the circ–long–het specimen, the inferred biaxial tension behavior remains well aligned with 
the ground-truth, with panel-wise 𝑅2 values close to one. Similarly, the nf -, sn-, and ns-shear responses retain correct magnitude and 
slope. Noise primarily affects the inferred cross-fiber shear stresses 𝜎fs and 𝜎sf , where credible intervals widen and small systematic 
deviations between ground-truth and inferred curves appear. Aggregated over all tests in this configuration, the overall coefficient of 
determination remains high at 𝑅2 = 0.96. Leveraging the circ–rad–het slab, stresses computed from the high-noise inferred parameter 
sets no longer match the uni-modal ground-truth responses perfectly. Mean trends are preserved across biaxial and shear protocols, 
but panel-wise 𝑅2 values are lower than in the circ-long-het and rad-heli-het configurations, particularly in cross-fiber and sheet-
direction shear. Nevertheless, the aggregated coefficient of determination still reaches 𝑅2 = 0.73. Lastly, we note the best uni-modal 
predictive nature of the inferred parameter set from the high-noise rad-heli-het specimen, with all panel-wise 𝑅2-values greater than 
0.87 and an aggregated coefficient of determination of 𝑅2 = 0.94. Overall, at high displacement noise (𝜎𝑢 = 10−3) recovery of all 
HO-model parameters is no longer reliable as also reflected in the results in Section 4.2. Simultaneously, we observe that certain 
posterior-predictive quantities — specifically stress responses in selected loading modes — remain in reasonable agreement with 
the ground truth. The most notable of which are biaxial tension and non-cross-fiber triaxial shear. This indicates that, even when 
parameter identification breaks down, the inferred model can still provide informative predictions for specific deformation modes.

Lastly, Fig.  13 presents the uni-modal stress validation for the specimen-specific parameter sets inferred under spatially correlated 
displacement noise. For the circ-long-het specimen, the inferred biaxial tensile response remains well aligned with the ground truth, 
with panel-wise 𝑅2 values close to one. We observe increased uncertainty in the 𝜎𝑓𝑠 and 𝜎𝑠𝑓  stresses, together with a slight mismatch 
in shear behavior. For the circ-rad-het specimen, the predictive behavior degrades compared to the high Gaussian white-noise case. 
The panel-wise 𝑅2 values are lower than for circ-long-het, and now yield an aggregated coefficient of determination of 𝑅2 = 0.28, 
mainly due to the mismatch in the (𝑛𝑓 , 𝑠𝑛, 𝑓𝑛) shear directions. For the rad-heli-het specimen, performance also decreases, most 
clearly in the 𝜎𝑛𝑛 and 𝜎𝑛𝑓  directions, but it still attains an aggregated coefficient of determination of 𝑅2 = 0.86.

5.2. Mixed-modal deformation validation

To probe generalization under mixed deformation modes, we sample deformation states in invariant spaces between the 
homogeneous loading paths. We draw (𝐼1, 𝐼4𝑓𝑓 , 𝐼4𝑛𝑛, 𝐼4𝑓𝑠) uniformly within the minimum and maximum values induced by the 
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Fig. 12. High Gaussian white noise single-shot inference validation under homogeneous uni-modal loading. Cauchy stresses predicted 
by the ground-truth HO parameter set (tri markers) and by the inferred single-shot full-field posterior under Gaussian white displacement noise 
𝜎𝑢 = 10−3 mm (shaded 95% credible intervals) for circ–long–het (left), circ–rad–het (middle), and rad–heli–het (right). Rows correspond to the 
same biaxial tension and triaxial shear protocols as in Fig.  11. Panel-wise 𝑅2 values quantify agreement between posterior mean predictions and 
ground-truth stresses. High noise primarily degrades cross-fiber shear predictivity and widens credible intervals, most notably for circ-rad-het, 
while biaxial tension and non-cross-fiber shear modes remain well captured, particularly for circ-long-het and rad-heli-het.  (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version of this article.)

homogeneous protocols in the uni-modal deformation, see also (C.1), and retain only physiologically admissible states. Specifically, 
we accept samples that satisfy near-incompressibility 0.9999 ≤ 𝐽 ≤ 1.0001 and whose maximum principal Cauchy stress does not 
exceed 20.3 kPa, consistent with reported peak stresses for left-ventricular biaxial tests on human myocardial tissue [11]. The 
invariant-to-kinematics reconstruction and stress evaluation used for filtering are detailed in Appendix D. We repeat this procedure 
until 5000 admissible mixed-modal states are obtained. Fig.  14 illustrates the resulting invariant coverage. The thin sweeping colored 
arcs represent the uni-modal loading conditions from the previous section, highlighting that these tests excite the invariants along 
low-dimensional paths. In contrast, our randomly sampled deformation gradients populate the space between these arcs and thus 
correspond to more complex mixed-modal testing protocols. The accepted samples lie between 3 and 3.25 in 𝐼1, between 0.57 and 
1.32 for 𝐼4𝑓𝑓  and 𝐼4𝑛𝑛, and between −0.5 and 0.5 for 𝐼4𝑓𝑠, and they are spread out approximately uniformly within this constrained 
region. This construction supports the view that the resulting invariant set spans a physiologically relevant range of deformation 
states that is well suited for out-of-training validation of the inferred versus ground-truth constitutive parameter set.

More specifically, we compute strain energies using both the ground-truth parameter set and the inferred parameter sets obtained 
from both low and high displacement measurement noise-affected heterogeneous training experiments. The correlation between the 
strain energy predicted by the inferred parameter sets 𝛹 and the ground truth 𝛹GT is shown as a hexbin plot in Fig.  15. The black 
diagonal centerline indicates optimal behavior, i.e. the inferred mechanical response matches the expected ground-truth response 
perfectly. In line with our prior results for the weakest identifiability of the noise-affected circ-long–het specimen in the parameter 
inference and uni-modal stress inference analysis, this specimen also yields the lowest strain–energy agreement across the multi-
modal deformation modes with 𝑅2 = 0.91 in the low-noise setting and 𝑅2 = 0.931 in the high-noise setting. Across the three 
heterogeneous slabs tested, we observe larger deviations away from the diagonal, indicating that a subset of randomly sampled 
invariant combinations, together with corresponding posterior samples, lead to strain energies that differ more strongly from the 
ground-truth. The circ-rad-het specimen shows a very high coefficient of determination in the low-noise case (𝑅2 = 0.989), and its 
performance slightly degrades to 𝑅2 = 0.915 in the high-noise case. Despite this drop, circ-rad-het exhibits the tightest clustering 
of hexbin intensities around the diagonal, suggesting that most mixed-modal states are still well captured, with a relatively small 
number of outliers contributing to the 𝑅2 reduction. Lastly, the most consistent performing sample is the rad-heli-het with an 𝑅2

score of 0.962 in the low noise setting and 0.968 in the high noise setting.
Overall, the mixed-modal strain–energy validation indicates that, even though high displacement noise can substantially perturb 

individual parameter estimates — particularly the shear-coupling and some directional anisotropic terms — the inferred models 
retain strong predictive capability at the level of strain energy across a broad set of physiologically admissible deformation states 
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Fig. 13. Spatially correlated noise single-shot inference validation under homogeneous uni-modal loading. Cauchy stresses predicted by 
the ground-truth HO parameter set (tri markers) and by the inferred single-shot full-field posterior under displacement noise 𝜎𝑢(𝑿) (shaded 95% 
credible intervals) for circ–long–het (left), circ–rad–het (middle), and rad–heli–het (right). Rows correspond to the same biaxial tension and triaxial 
shear protocols as in Fig.  11. Panel-wise 𝑅2 values quantify agreement between posterior mean predictions and ground-truth stresses. Spatially 
correlated noise mainly introduces larger posterior stress uncertainty in the circ-long-het sample. It further introduces a mismatch in n-directional 
stress in biaxial tension for the circ-rad-het and rad-heli-het samples.  (For interpretation of the references to color in this figure legend, the reader 
is referred to the web version of this article.)

(all 𝑅2 ≥ 0.9). This finding complements the stress-based validation and suggests that the proposed single-shot full-field identification 
framework can retain strong predictive accuracy beyond the specific training protocol, provided that geometric and microstructural 
heterogeneity are sufficiently rich and measurement noise remains within a moderate range.

6. Discussion

The ability to infer complex orthotropic hyperelastic models from a single full-field biaxial tensile testing experiment represents 
an interesting avenue in biomechanical tissue characterization. Conventional constitutive identification workflows for complex 
orthotropic tissues such as the myocardium, typically rely on assumed microstructural homogeneity across the tissue specimen 
and leverage multiple specialized uni-modal loading protocols to identify constitutive parameter sets [10,11,73]. This reflects a 
broader challenge in calibrating orthotropic HO laws for the myocardium: parameter uniqueness is generally difficult to guarantee 
under limited excitation, motivating multi-modal protocols, sensitivity-informed reparameterizations, or model reduction [15,74–76] 
This work demonstrates that a single heterogeneous biaxial experiment, when combined with full-field kinematics and sparse 
reaction-force measurements, can support uncertainty-aware inference of a nonlinear orthotropic Holzapfel–Ogden (HO) parameter 
set using stochastic variational inference. Beyond the identifiability perspective, this single-shot strategy reduces experimental tissue 
manipulation and is particularly attractive for heterogeneous biological tissues, where sample availability or repeat testing is limited. 
Across the considered slab configurations, two consistent findings emerge: (i) identifiability is primarily governed by the degree to 
which the experiment excites the relevant invariant subspace, and (ii) even when individual HO parameters are not recovered 
accurately under varying levels of displacement measurement noise, the inferred models can remain highly predictive for stresses 
and strain energy over both uni-modal and mixed-modal deformation states. These observations clarify when single-shot full-field 
inference can be expected to recover the full parameter set, and when it should instead be interpreted as delivering a reliable 
posterior predictive constitutive response with quantified uncertainty.
Heterogeneity as an experimental design principle for orthotropic constitutive parameter inference. Dominant gains in 
constitutive parameter identifiability arise from deliberately enriching the deformation space within a single test. Microstructural 
heterogeneity, introduced through slab orientation and the associated transmural fiber rotation, and geometric heterogeneity, 
introduced through a central occlusion, both broaden the activated distributions of 𝐼1, 𝐼4𝑓𝑓 , 𝐼4𝑛𝑛, and 𝐼4𝑓𝑠 (Figs.  4–5). These 
experimental protocol choices increase the sensitivity of the equilibrium residuals to the full parameter vector 𝜽. In the noise-
free setting, this explains the contrast between homogeneous and heterogeneous specimens in Figs.  6–7. Most isotropic and 
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Fig. 14. Mixed-modal validation set construction in invariant space. Invariant trajectories induced by uni-modal biaxial and single-shear 
protocols (colored curves) compared with randomly sampled invariant combinations that satisfy (quasi-)incompressibility and a physiological 
bound on maximum principal stress detailed in Appendix D. The uni-modal protocols excite low-dimensional paths, whereas the accepted multi-
modal deformation modes populate the space between these uni-modal paths, yielding mixed-modal deformation states for further and richer 
out-of-training validation.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 
article.)

primary anisotropic parameters are inferred robustly across configurations, while the shear-coupling parameters (𝑎𝑓𝑠, 𝑏𝑓𝑠) become 
practically identifiable only when the single slab biaxial tension experiment produces appreciable 𝐼4𝑓𝑠 excitation. The circ-rad-
het and rad-heli-het slab configurations provide the most consistent recovery of these terms, reflecting the combined effect of 
geometry-induced strain gradients and orientation-driven multiaxial activation of the microstructure. In this sense, our results 
translate the multi-modal calibration message from prior myocardium studies into a single-shot setting: rather than combining 
separate stretch and shear protocols, we aim to excite the same (otherwise weakly constrained) coupling modes within one 
heterogeneous experiment [10,11,15]. These results further suggest that future protocols could deliberately combine geometrical 
and microstructural tailoring to maximize parameter observability within a single specimen.
Experimental displacement measurement noise selectively impacts constitutive parameter identifiability. Displacement noise 
degrades constitutive parameter identifiability selectively rather than uniformly. For low noise (𝜎𝑢 = 10−4mm), Fig.  8 shows 
stable convergence and comparatively narrow posteriors for the isotropic and primary anisotropic parameters. In contrast, (𝑎𝑓𝑠, 𝑏𝑓𝑠)
show the largest posterior broadening and, in some cases, pronounced skewness or truncation of the inferred posterior parameter 
distribution. For high noise (𝜎𝑢 = 10−3mm), Fig.  9 showcases how the shear-coupling terms lose practical identifiability across 
specimens, and additional degradation can appear in directional anisotropic parameters, most clearly in circ-rad-het. These results 
are consistent with global sensitivity and inverse uncertainty quantification studies of the underlying Holzapfel-Ogden constitutive 
model [43,76,77], which show that parameter sensitivity and practical identifiability depend strongly on the deformation modes 
and invariant support represented in the available data. Two implications follow. Full-field single-shot inference strongly benefits 
from experimental designs that amplify invariants associated with weaker energy modes. In addition, posterior-shape diagnostics 
such as truncation and skewness provide useful indicators of noise-driven practical non-identifiability and should be interpreted 
alongside point estimates.
Identifiability versus predictive capability. An important result is that imperfect recovery of ground-truth HO parameters does 
not necessarily imply poor constitutive prediction, as also noted in prior HO calibration and in vivo estimation studies [26,74]. 
Figs.  11–12 show that posterior predictive stresses under classical homogeneous uni-modal protocols remain accurate in aggregate, 
even at high noise. Fig.  15 shows strong strain–energy correlation across 5000 physiologically admissible mixed-modal deformation 
states, with all 𝑅2 ≥ 0.9. When viewed together with the parameter-level degradation in Figs.  8–9, these results indicate that 
distinct parameter combinations can yield near-indistinguishable macroscopic responses over the rich explored invariant deformation 
space [15,76]. In such cases, the posterior predictive response, together with its credible interval, becomes more relevant for 
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Fig. 15. Strain–energy generalization under mixed-modal deformations. Correlation between strain energy predicted by inferred parameter 
posteriors, 𝛹 , and the ground-truth strain energy, 𝛹GT, over 5000 accepted mixed-modal deformation states sampled in invariant space (Fig.  14). 
Results are shown for geometrically heterogeneous training specimens under low and high displacement measurement noise, i.e. 𝜎𝑢 = 10−4 and 
10−3 mm respectively, as well as for spatially correlated noise. Hexbin density emphasizes the dominant response region, and the black diagonal 
indicates perfect agreement. Despite noise-driven degradation of select parameter groups, predicted energies remain strongly correlated with the 
ground-truth across mixed-modal states (all 𝑅2 ≥ 0.9). The 95% confidence interval shows degrading scores as the noise level increases and as 
spatially correlated noise is added. Note that 𝑅2 denotes the median score for all samples from the posterior.

downstream simulation than any single best-fit parameter vector and is consistent with inference perspectives that emphasize 
parameter distributions rather than unique point estimates [32,35,41,78]. This perspective is particularly pertinent for soft tissues, 
where measurement noise, limited loading diversity, and intrinsic variability constrain practical identifiability.
Some heterogeneous configurations remain more predictive under noise. Our validation results also reveal slab-specific trends. 
The circ-rad-het configuration can be more sensitive to displacement noise in the uni-modal and mixed-modal validations, despite 
exhibiting a rich heterogeneous deformation profile in Fig.  5. This observation indicates that heterogeneity alone is not sufficient. 
Identifiability also depends on how displacement measurement noise perturbs the invariants that control weaker energy modes and 
how these perturbations propagate through the equilibrium residuals, which is consistent with the broader observation that the 
subset of HO terms supported by data depends on the deformation modes represented in the calibration dataset [15]. In contrast,
rad-heli-het exhibits the most consistent predictive performance across stress and energy validations in Figs.  11–15, making it a 
promising slicing orientation when a single-shot protocol is prioritized and robust in-plane excitation of multiple microstructural 
constituent contributions is feasible.
Outlook. The present findings should be interpreted as a controlled identifiability and robustness study rather than as a full 
experimental validation of the workflow. By construction, the synthetic setting assumes known boundary conditions, known 
microstructural fields, thin slices, and an a priori Holzapfel–Ogden model form, which allows us to isolate how heterogeneity, 
model nonlinearity, and displacement noise affect inference performance. From an inverse-identification perspective, the chosen 
slab thickness is conservative, since thicker specimens would in principle provide more internal kinematic information if measured 
reliably. Our noise studies should likewise be interpreted as deliberately conservative robustness tests. We intentionally did not apply 
smoothing, stabilization, or displacement-field assimilation prior to inference. We instead first considered spatially uncorrelated 
Gaussian white noise as a coarse worst-case perturbation of the full-field kinematics, with noise magnitudes chosen in line with 
prior inverse and Bayesian identification studies [30–32,72]. At the same time, realistic full-field displacement measurements are 
typically more structured, with spatial correlations and degradation near boundaries and interfaces. The added spatially correlated 
noise study therefore represents a first step towards a more experimentally realistic setting. Nevertheless, it remains an idealized 
robustness test rather than a complete model of DIC/DVC measurement error [29,79]. From an experimental perspective, these 
results suggest that successful application will depend not only on sufficiently rich invariant excitation within a single specimen, 
but also on careful treatment of boundary-condition uncertainty, missing near-boundary data, uncertainty or misregistration in 
the measured microstructural fields, and model form discrepancy. Automated model discovery frameworks provide an interesting 
avenue to address both practical non-identifiability and model form discrepancy in settings with complex loading patterns and 

Computer Methods in Applied Mechanics and Engineering 459 (2026) 119034 

22 



R.P. Krijnen et al.

varying amounts of measurement noise [16,30,32,33,53,80]. Complementary directions include explicit probabilistic models for 
displacement measurement error, experimental designs that target weakly activated invariants, and alternative variational weighting 
strategies to improve robustness under noisy full-field data [29,79,81]. Variational families that capture posterior dependencies 
more accurately, combined with posterior predictive checks tailored to equilibrium residuals, would further strengthen uncertainty 
quantification. Finally, the present study focused on spatially homogeneous material parameters with spatially varying structure 
fields. Extending the framework to spatially varying parameter fields with appropriate regularization could be valuable for truly 
heterogeneous tissues, while raising additional identifiability and experimental design challenges [82,83]. Overall, our results 
support single-shot, uncertainty-aware identification of nonlinear orthotropic constitutive behavior from a single heterogeneous 
biaxial test. Our main experimental design message is that the relevant invariant subspace must be sufficiently activated, with 
particular emphasis on the weak shear-coupling mode. At the same time, the validation results show that posterior predictive 
accuracy can remain high even when individual parameters are poorly identifiable due to noise.

7. Conclusion

We presented a physics-informed stochastic variational framework that recovers the full constitutive parameter set of a nonlinear 
orthotropic hyperelastic model from a single biaxial stretch experiment. By exploiting intrinsic microstructural heterogeneity, or 
introducing simple geometric heterogeneity when needed, the method identifies not only the dominant tensile parameters but also 
shear-coupling terms that are typically weakly excited in biaxial tension. Our results demonstrate that an effective balance between 
the underlying microstructure and biaxial loading improves identifiability, and that this balance can be set through slicing and tissue 
harvesting. Circumferential–radial slabs and rotated cuts that place both fiber and sheet directions in the loading plane enable the 
recovery of the full parameter set under noise-free conditions. Under realistic yet spatially stationary, displacement measurement 
noise levels, our framework yields stress responses and strain energies in close agreement with the ground-truth mechanical 
response and provides posterior uncertainty estimates for the underlying constitutive parameters. Isotropic and primary anisotropic 
parameters are generally robust, whereas shear-coupling parameters and selected sheet-direction terms are more susceptible to 
degradation under displacement noise, particularly for spatially varying and boundary amplified perturbation. Adding geometric 
heterogeneity, such as a central occlusion, systematically improves convergence and tightens posterior distributions, especially for 
shear-coupling parameters. These results indicate that slicing protocols and experimental design can be used deliberately to enhance 
observability in full-field inverse characterization. More broadly, the framework enables localized characterization of orthotropic 
nonlinear biological tissues from a single heterogeneous full-field experiment. As such, this work provides a controlled but important 
first step towards translating single-shot, uncertainty-aware constitutive inference to real full-field tissue experiments. This reduces 
experimental tissue manipulation, improves reproducibility, and supports studies where available tissue is limited.
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