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Full Length Article

Efficient and stable ride-pooling through a multi-level coalition 
formation game

Yaotian Tan a , Shuyue Qian a , Aoyong Li a,* , Haiyang Yu a , Jie Gao b

a State Key Lab of Intelligent Transportation System, School of Transportation Science and Engineering, Beihang University, Beijing, 100191, China 
b Department of Transport & Planning, TU Delft, Delft, 2628 CN, the Netherlands
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A B S T R A C T

Ride-pooling has the potential to offer a sustainable solution for urban mobility by reducing vehicle use and 
emissions through shared trips. However, its adoption remains limited due to poor matching performance. Many 
requests fail to form feasible pools, and even successful matches often involve long detours or minimal cost 
savings. These inefficiencies largely arise from fragmented market structures: most operators act independently, 
restricting matching to their own request pools and limiting the formation of beneficial coalitions. Aggregation 
platforms improve efficiency by integrating regional operators through unified dispatch systems, but raise 
concerns over long-term stability. Differences in operator cost structures and market shares may incentivize 
deviation, at the same time, passengers may reject assigned payments if more attractive alternatives exist. To 
address these challenges, we propose a multi-level coalition formation game that jointly models operator and 
passenger collaboration. At the upper level, operators play a non-cooperative game to decide coalition partners. 
At the lower level, passengers are grouped into shared trips through a cooperative game that ensures individually 
rational payments. The two layers are coupled via constraint propagation, forming a unified decision-making 
process. We evaluate our framework using real-world data from three Chinese regions—Chengdu, Haikou, 
and the Ningxia Hui Autonomous Region—chosen to reflect diverse urban and regional contexts. Compared to 
independent operations, our approach increases vehicle occupancy by 14%–28%, reduces total costs by 10%– 
15%, and shortens average travel distances by 4%–5%. The system maintains stable coalition structures with 
operator deviation rates below 6.81% and near-zero passenger deviation rates.

1. Introduction

Ride-pooling has emerged as a promising mode of on-demand 
mobility, offering an efficient and sustainable solution for urban trans-
portation. Unlike traditional ridesharing programs such as carpooling or 
dial-a-ride, which rely on non-dedicated drivers following personal trip 
plans, ride-pooling services are managed by centralized platforms and 
fulfilled by full-time drivers. Well-known examples include UberPool, 
Lyft Line, GrabShare, and DiDi Express Pool (Ke et al., 2020). These 
services match multiple passengers with similar trips to share a vehicle 
and divide the cost, resulting in what is referred to in game-theoretic 
terms as a passenger coalition (Bistaffa et al., 2017). By increasing 
vehicle utilization, ride-pooling is expected to ease traffic congestion 
and decrease emissions. In a simulation based on DiDi's operational 
data, Zhu and Mo (2022) estimated that large-scale ride-pooling in

Haikou could reduce vehicle kilometers traveled (VKT) by over 8%, 
saving more than 1.2 million L of fuel and 3300 t of CO 2 annually. 

Despite its many advantages, ride-pooling adoption remains low, 
accounting for less than 30% of ride-hailing trips in many cities (Li et al., 
2019). A key barrier is the limited effectiveness of matching: Many re-
quests fail to form feasible passenger coalitions, and even successful 
ones often involve long detours and suboptimal routing, weakening the 
cost advantage of ride-pooling (Ke et al., 2020). These problems are 
largely driven by the fragmented and competitive ride-pooling market 
structure. By October 2024, a total of 362 ride-hailing operators in China 
had obtained official licenses, many of which provide both solo and 
pooling services (Feng et al., 2024; MOT, 2024). However, these oper-
ators typically act independently and restrict matching within their own 
request pools (Liu et al., 2023; Zhou et al., 2022), limiting the space of 
feasible coalitions and reducing the potential for efficient pooling. 
Despite adequate demand in many areas, the lack of coordination 
fragments the matching process. Passengers may experience long

* Corresponding author.
E-mail address: liaoyong@buaa.edu.cn (A. Li).

Contents lists available at ScienceDirect

Communications in Transportation Research

journal homepage: www.journals.elsevier.com/communications-in-transportation-research

https://doi.org/10.1016/j.commtr.2025.100220
Received 4 June 2025; Received in revised form 2 September 2025; Accepted 3 September 2025
Available online 15 November 2025
2772-4247/© 2025 The Authors. Published by Elsevier Ltd on behalf of Tsinghua University Press. This is an open access article under the CC BY license (http:// 
creativecommons.org/licenses/by/4.0/).

Communications in Transportation Research 5 (2025) 100220

http://creativecommons.org/licenses/by/4.0/
mailto:liaoyong@buaa.edu.cn
http://crossmark.crossref.org/dialog/?doi=10.1016/j.commtr.2025.100220&domain=pdf
www.sciencedirect.com/science/journal/27724247
http://www.journals.elsevier.com/communications-in-transportation-research
https://doi.org/10.1016/j.commtr.2025.100220
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.commtr.2025.100220


waiting times and unsatisfactory matches, with circuitous routes and 
only limited cost savings. Such inefficiencies reduce user satisfaction 
and make ride-pooling less attractive over time.

A natural solution is to enable cross-operator pooling through coa-
lition formation. Aggregation platforms such as Amap have begun to 
explore this possibility. By integrating regional operators (e.g., 6 in 
Beijing and up to 26 in Chongqing), Amap has established a unified 
dispatch platform where participating operators jointly serve incoming 
requests, regardless of the submission channel (Hou et al., 2025a; Liu 
et al., 2024; Ma et al., 2025). Unlike ride-hailing services, where pas-
sengers may choose a preferred operator, ride-pooling platforms typi-
cally do not offer such options. This corresponds to a grand coalition 
structure, where all operators form a unified coalition to jointly process 
all requests. While this arrangement improves overall efficiency, it raises 
concerns about long-term stability. Differences in operator size, market 
share, and cost structure make it difficult to ensure that all participants 
continue to benefit. If an operator finds it more profitable to act inde-
pendently or within a smaller coalition, it may choose to deviate, 
undermining the stability of the grand coalition structure (Liu et al., 
2024). For example, Baidu's ride-pooling platform initially integrated 
multiple operators but now works exclusively with Didi.

At the same time, stability concerns also arise on the passenger side. 
Compared to users of ride-hailing services, ride-pooling passengers are 
generally more sensitive to their assigned payments (Alonso-Gonz�alez 
et al., 2020). Passengers with more attractive alternatives may expect 
lower payments and reject pooling options that do not reflect their 
perceived bargaining power. While this issue has been widely studied in 
recent years (Bistaffa et al., 2017; Lu and Quadrifoglio, 2019; Wang 
et al., 2018), it becomes even more pronounced under aggregation

modes, where operator coalitions expand the range of feasible passenger 
coalitions and increase the likelihood that passengers perceive more 
attractive alternatives.

To address these challenges, we propose a multi-level game frame-
work that focuses on two core tasks: operator coalition formation and 
passenger coalition formation. Guided by differences in coalition au-
tonomy and utility transferability, we model operator coalition forma-
tion as a non-cooperative game and passenger coalition formation as a 
cooperative game. At the upper level, operators decide whether and 
with whom to collaborate through a shared dispatch platform for 
pooling services. At the lower level, passengers are grouped into shared 
trips based on routing feasibility and cost-effectiveness. The two layers 
are coupled: Operator coalitions determine the space of feasible pas-
senger coalitions, while the resulting passenger coalitions influence 
operator revenues and coalition incentives. In both layers, stability is 
ensured through utility allocation, which distributes total revenue 
among participating operators and assigns individual payments to pas-
sengers in a fair and stable manner.

Specifically, the contributions of this study are as follows:

• We propose a dynamic coalition formation method that enables op-
erators to form coalitions based on real-time travel requests, as 
opposed to static scenarios of full competition or full cooperation. 
This method adapts to changing conditions and ensures both effi-
ciency and stability in ride-pooling systems.

• We introduce a multi-level game framework that separately models 
the decision-making processes of both operators and passengers in 
ride-pooling matching, achieving stable outcomes for both parties. 
To the best of our knowledge, this is the first work to address the 
stability of operator and passenger matchings simultaneously.

• We propose a series of algorithms to address the combinatorial ex-
plosion in coalition formation, and validate the proposed framework 
through experiments conducted in three representative regions in 
China. The results demonstrate significant improvements in vehicle 
occupancy, total costs, and average travel distances, with operator 
deviation rates maintained below 6.81% and near-zero passenger 
deviations.

The remainder of this paper is structured as follows. Section 2 re-
views the related literature. Section 3 defines the problem and proposes 
the formal framework. Section 4 develops the coalition formation al-
gorithms, followed by the utility allocation algorithms proposed in 
Section 5. Section 6 presents a case study. Finally, Section 7 summarizes 
the findings and potential future work.

2. Literature review

Passenger matching has been extensively studied in both ridesharing 
and ride-pooling contexts. In ridesharing, where drivers are non-
dedicated and follow personal trip plans, the focus is typically on pair-
ing passengers with suitable drivers. In contrast, ride-pooling services 
are managed by centralized platforms and rely on full-time drivers. 
Matching in this setting occurs primarily among passengers, who are 
more concerned about whom they share the ride with, as well as the 
resulting detour and payment.

A common strategy in both contexts is optimal matching, which aims 
to maximize system efficiency and resource utilization (Li et al., 2024; 
Liu et al., 2022; Wei et al., 2022). However, this approach often assumes 
full passenger compliance, which rarely holds in practice (Hou et al., 
2025b). Passengers may reject assigned matches if they find them 

inconvenient or inequitable (Wang et al., 2018), underscoring the need 
for stability. Existing studies address this issue from two perspectives. 
One is preference-based stability, which accounts for individual factors 
such as gender, privacy concerns, and ride history (Cui et al., 2020; Gao 
et al., 2022; Tang et al., 2022; Zhang and Zhao, 2019). The other is 
payment-based stability, which is also the focus of our study and ensures

Nomenclature

Notation Definition

Set
N, N o , N p Sets of all agents, operators, and passengers
C, C o , C p Coalition, operator coalition, and passenger coalition
CS;CS o ;CS p Coalition structure, operator coalition structure, and passenger

coalition structure
VC Set of valid passenger coalitions
VR Set of valid routes
DG Set of deviation groups
Utility
x i Utility allocated to operator i (revenue)
y i Utility allocated to passenger i (negative payment)
s ij Surplus of passenger i over j
u(C o ) Operator coalition utility
u(C p ) Passenger coalition utility
g(C o ) Deviation gain of operator coalition C o

δ(C p ) Maximum surplus difference of passenger coalition C p

Graph
G p = (N p ,
E p )

Passenger graph

G g = (N g , E g ) Geographical graph
n σi ;n ωi Pick-up and drop-off points of passenger i
R Vehicle route
d(R) Travel distance of route R
c(R) Operating cost of route R
Parameter
λ Vehicle capacity excluding the driver (pax/veh) 
ρ Profit parameter (CNY/km)
γ Cooperative benefit parameter (pax/veh) 
ϵ Convergence tolerance of CRP–CFSS
τ Time limit in CRP–CFOS (s)
w i Investment weight of operator i
c f , c e , c d Fuel, employment and depreciation cost (CNY/km) 
Abbreviation 
CRP Coalitional ride-pooling program
CSG Coalition structure generation
GCCF Graph-constrained coalition formation
CFSS Coalition formation with sparse synergies 
CFOS Coalition formation for operator stability 
PK Payments in the kernel
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that no passenger has an incentive to deviate under a given payment 
(Bistaffa et al., 2017; Lu and Quadrifoglio, 2019; Yao and Bekhor, 2023). 

In Sections 2.1 and 2.2, we review relevant cooperative and non-
cooperative game approaches for designing payment-stable matchings. 
To further extend the matching problem from passengers to operators, 
we examine inter-operator dynamics in aggregation platforms and the 
corresponding coalition formation mechanisms in Section 2.3.

2.1. Stable matching based on cooperative games

The cooperative game paradigm follows a “match first, then price” 
strategy, where the optimal matching scheme is determined first, and 
solution concepts from cooperative game theory (e.g., core, kernel, 
nucleolus, and Shapley value) are subsequently applied to ensure stable 
payments. Bistaffa et al. (2015a, 2015b, 2017) developed a coalition 
formation model constrained by social networks and proposed a method 
for computing kernel-stable payments. Lu and Quadrifoglio (2019) and 
Tae et al. (2020) minimized the maximum passenger dissatisfaction by 
computing the nucleolus, demonstrating its feasibility under non-empty 
core conditions. Chremos and Malikopoulos (2021) analyzed 
passenger-vehicle assignment and stable profit allocation using binary 
linear programming, showing that core-based schemes ensure individ-
ual rationality. In the context of dynamic matching, Ke et al. (2025) 
incorporated the concepts of core, nucleolus, and Shapley values into a 
rolling decision framework to improve stability over time.

While the core is widely used, it does not always exist and is 
computationally intractable in large-scale settings. The nucleolus gua-
rantees fairness but depends on a non-empty core and requires solving a 
sequence of linear programs. The Shapley value ensures uniqueness but 
may violate individual rationality in decentralized environments. In this 
study, we adopt the concept of the kernel to define passenger-level 
stability. Compared to other notions, the kernel captures pairwise bar-
gaining dynamics and offers a better balance between stability and 
computational efficiency, making it well suited for real-world ride-
pooling systems (Chalkiadakis et al., 2016; Davis and Maschler, 1965; 
Wooldridge, 2011).

2.2. Stable matching based on non-cooperative games

In the non-cooperative game paradigm, matching and pricing occur 
simultaneously. Each matching scheme corresponds to a payment 
arrangement defined by a payment-splitting mechanism (e.g., static 
protocols and dynamic auctions), with stability achieved at equilibrium. 
These approaches can be categorized into centralized and decentralized 
methods. Centralized methods achieve equilibrium through unified de-
cision making. Wang et al. (2018) employed mathematical program-
ming to obtain nearly stable matches under incomplete and dynamic 
information settings. Peng et al. (2020) proposed a stable ridesharing 
model based on the deferred acceptance algorithm, minimizing 
commuting costs while ensuring fair incentives. Fielbaum et al. (2022) 
developed novel cost-sharing protocols that transform the optimal 
matching solution into equilibrium, addressing the inherent trade-off 
between efficiency and individual rationality. In contrast, decentral-
ized methods allow participants to make decisions based on local in-
teractions and information. Nourinejad and Roorda (2016) introduced 
an agent-based dynamic auction mechanism to achieve near-optimal 
and stable matching with reduced computational complexity. Chau 
et al. (2022) designed a decentralized ridesharing scheme with fair cost 
splitting, ensuring stability without centralized coordination.

Most existing models are built upon the concept of Nash Equilibrium 

(NE), which only guards against unilateral deviations. However, in 
settings where operators can cooperate, such a notion is insufficient. To 
better capture coalition-level incentives, we adopt the concept of Strong 
Nash Equilibrium (SNE) to define operator-level stability. Unlike the 
standard version, SNE prevents coordinated deviations by any subset of 
operators, making it particularly suited for modeling cooperative

behaviors in multi-operator systems (Fielbaum et al., 2022).

2.3. Operator relationships on aggregation platforms

The rise of aggregation platforms has reshaped the competitive and 
cooperative relationships among ride-pooling operators. Liu et al. 
(2024) found that user single-homing and multi-homing significantly 
influence platform competition, with price signaling potentially trig-
gering asymmetric market dynamics. Cai et al. (2024) demonstrated that 
strategic adjustments in prices and commissions could lead to a dynamic 
equilibrium in ride-pooling markets. These studies provide valuable 
insights into operator interactions within an aggregation framework. 
While this setting improves resource utilization, Ma et al. (2025) 
revealed its inherent instability: smaller operators face marginalization 
due to imbalanced revenue allocation, and operators may deviate if 
equilibrium is not achieved. To address these challenges, we propose a 
dynamic coalition formation mechanism that selectively partitions op-
erators into coalitions based on real-time travel requests. This mecha-
nism mitigates the “winner-takes-all” effect observed in grand coalition 
systems while preserving high matching efficiency.

To summarize, existing literature has advanced passenger-level sta-
ble matching with robust game-theoretic frameworks. However, while 
research on aggregation platforms has examined both competitive and 
cooperative dynamics, it has not addressed how to sustain stable coop-
eration among operators—a critical gap given the risk of deviations 
under imbalanced allocations. Moreover, operator collaboration ex-
pands feasible passenger coalitions via cross-operator pooling, 
increasing passengers’ access to alternatives and amplifying passenger 
stability challenges. Our work fills these gaps by jointly modeling sta-
bility dynamics at both the operator and passenger layers.

3. Problem formulation

3.1. Basic definitions

In game theory, a coalition C ⊆ N is a subset of agents that cooperate 
to achieve greater utility, where N denotes the set of all agents. A coa-
lition structure CS = {C 1 ;C 2 ; …;C K } is a partition of N, where K ∈ ℤ + 

denotes the total number of coalitions. Each subset C k ∈ CS (with k = 1,
2, …, K) denotes a coalition and satisfies ∀k ∕= l : 

⋃ K
k=1C k = N ∧ C k ∩

C l = ∅, which ensures all agents are included and no agent belongs to 
multiple coalitions. The function u(C) : 2 N →ℝ quantifies the total utility 
of coalition C, where 2 N includes all possible coalitions, and ℝ denotes 
the real field. Building upon these foundations, we introduce the rele-
vant concepts of ride-pooling at the operator and passenger level, 
respectively.

3.1.1. Operator level

Definition 1. (Operator coalition) An operator coalition C o ⊆ N o is a 
group of operators that jointly serve a shared pool of travel requests, 
where N o denotes the set of all operators. The utility of C o , denoted u(C o ), 
refers to the total revenue it generates and is allocated among members 
such that u(C o ) = 

∑ 
i∈C o x i , where x i is the share received by operator i ∈

C o .

The operator coalition structure is denoted as CS o , with utility 
u(CS o ) = 

∑ 
C o ∈CS o u(C o ). The number of such possible structures equals

the Bell number B |N o | , which is defined by the recursive formula B |N o | =

∑ |N o |− 1 
k=0

( 
|N o |− 1

k

) 

B k with the base case B 0 = 1 (Berend and Tassa, 2010).

This results in an exponential growth in the number of possible coalition 
structures as the number of operators |N o | increases, leading to a 
combinatorial explosion that significantly raises computational 
complexity.
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To capture the emergence of such structures in decentralized envi-
ronments, we model the coalition formation process as a non-
cooperative game. Although operators collaborate within each coali-
tion, their decisions are made independently—each operator selects 
potential partners without relying on centralized coordination. Once a 
coalition is formed, its total utility is divided among members based on 
individual attributes, following a predetermined rule shared across the 
system. As this allocation is fixed and exogenous to the coalition for-
mation process, utilities are considered non-transferable among mem-
bers, as formally stated in Assumption 1.

Assumption 1. (Utilities among operators are non-transferable) 
Given a coalition structure CS o , the utility allocation X = (x 1 ; x 2 ; …; 

x |N o | ) is determined by a certain fixed protocol (see Section 5.1) and is 
not transferable among operators.

Given the non-transferable nature of utilities, some coalitions may 
have incentives to deviate and regroup for higher individual utilities, 
which motivates the concept of stable operator coalition structure.

Definition 2. (Stable operator coalition structure) An operator
coalition structure CS o is said to be stable (denoted as CS o st) if the cor-
responding allocation X = {x i } i∈N o satisfies the following condition:
∑ 

i∈C ob

x i ≥ u 
( 
C o b
)
; ∀C ob ⊆ N o; C ob ∕= ∅ (1)

where Co
b denotes any potential subset (coalition) of operators, and

u 
( 
C ob
) 
is the total utility that coalition C ob can generate by operating

independently. To illustrate, consider three operators N o = {1, 2, 3} 
with a coalition structure CS o = {{1; 2}; {3}} and allocation X = (x 1 = 4, 
x 2 = 4, x 3 = 4). Suppose a potential deviating coalition {1, 3} can 
generate utility u({1, 3}) = 9. Since x 1 + x 3 = 8 < 9, the structure is 
unstable as {1, 3} would deviate.

Definition 2 adopts the concept of Strong Nash Equilibrium (SNE), 
which ensures group-level stability: no group of operators has an 
incentive to deviate and form a separate coalition. As a direct implica-
tion, such a stable structure also satisfies individual rationality, meaning 
that each operator receives at least as much utility as they could secure 
on their own. This condition ensures that participation in the coalition is 
voluntary and beneficial for every operator.

Proposition 1. Any stable operator coalition structure CS ost satisfies indi-
vidual rationality. That is, for each operator i ∈ N o , we have

x i ≥ u({i}) (2)

where x i denotes the utility that operator i receives under the coalition 
structure, and u({i}) is the utility that operator i can achieve when operating 
independently. Notice that a SNE does not always exist, and verifying 
its existence is computationally challenging (Fielbaum et al., 2022). In 
cases where no SNE exists, the structure that minimizes the total

deviation gain is regarded as approximately stable, with details provided 
in Section 4.2.

3.1.2. Passenger level
The operator coalition structure CS o directly influences the space of 

passenger matching. To illustrate this, consider a passenger graph G p = 

(N p , E p ), where N p represents all passengers, and E p ⊆ N p × N p indicates 
potential pooling relationships. Specifically, passengers i and j can share 
a vehicle, i.e., (i, j) ∈ E p , if and only if the operators they select belong to 
the same operator coalition. Fig. 1 provides an example of the passenger 
graph.

Definition 3. (Passenger coalition) A passenger coalition C p ⊆ N p is a
group of passengers sharing a vehicle, where N p denotes the set of all 
passengers. The set of valid passenger coalitions VC(CS o ; λ) includes all 
C p satisfying

• Capacity constraint: 1 ≤ |C p | ≤ λ, where λ is vehicle capacity 
excluding the driver.

• Operator constraint: The induced subgraph G p (C p ) is complete, i.e.,
∀i, j ∈ C p : (i, j) ∈ E p .

The utility of C p , denoted u(C p ), refers to the total cost savings ach-
ieved through pooling, and satisfies u(C p ) = 

∑ 
i∈C p 
( 
c soloi − p i 

) 
, where

c soloi is the solo travel cost and p i is the pooling payment. As c soloi is fixed
and independent of coalition formation, we simplify u(C p ) = − 

∑ 
i∈C p p i . 

This utility is allocated among members such that u(C p ) = 
∑ 

i∈C p y i , 
where y i is the utility assigned to passenger i, equal to the negative of 
their payment.

The passenger coalition structure is denoted as CS p , which satisfies
∀C p ∈ CS p : C p ∈ VC, and has utility u(CS p ) = 

∑ 
C p ∈CS p u(C p ). Unlike op-

erators, passengers have limited autonomy in forming coalitions. Their 
grouping is determined by operators aiming to minimize total operating 
costs, leading to the identification of the optimal passenger coalition 
structure:

CS p* = arg max 
CS p

∑

C p ∈CS p
u(C p ) (3)

Each operator coalition structure CS o uniquely determines a corre-
sponding optimal passenger coalition structure CS p*, with two induced
mappings:

• f →p;o : CS
p
*→CS 

o is surjective but not injective, mapping each passen-
ger coalition C p to the operator coalition C o that serves it;

• f →o;p : CS o →CS p* is bijective, mapping each operator coalition C o to the
set of passenger coalitions it serves.

Since utility allocation among passengers essentially determines

Fig. 1. Example of passenger graph. Passengers first submit requests to their preferred operators. Given the operator coalition structure CS o = {{o 1 ; o 2 }; {o 3 }}, 
passengers p 1 , p 2 , p 3 , p 5 are served by coalition {o 1 , o 2 } and passengers p 4 , p 6 by {o 3 }.
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their payments and is managed by operators, we adopt the following 
assumption.

Assumption 2. (Utilities among passengers are transferable) Given
a passenger coalition structure CS p , the utility of each coalition C p ∈ CS p

can be freely transferred among its members.

Assumption 2 allows us to maintain stability through internal real-
locations within coalitions without altering CS p*, aligning with the
cooperative game paradigm. As passengers only compare their allocated 
utilities with others in the same coalition, it is sufficient to ensure sta-
bility within each individual coalition. We adopt the ϵ-kernel condition 
to capture this internal stability: it limits dissatisfaction among members 
and provides a relaxed yet practical alternative to core stability, which is 
often too stringent in real-world pooling (Deng and Papadimitriou, 
1994; Greco et al., 2011; Klusch and Shehory, 1996).

Definition 4. (Stable passenger coalition structure) A passenger
coalition structure CS p is said to be stable (denoted as CS pst) if there exists
an allocation Y = 

{ 
y i 
} 
i∈N p such that, for any C 

p ∈ CS p , the following 
condition holds

δ(C p )
|u(CS p)| 

≤ ϵ (4)

where

δ(C p ) = max 
i;j∈C p

( 
s ij − s ji 

) 
(5)

s ij = max
C pb∈VC

⎧ 
⎨ 

⎩
u(Cp

b) − 
∑

k∈C pb

y k

⃒
⃒
⃒
⃒
⃒
⃒
i ∈ C pb; j ∕∈ C 

p
b

⎫ 
⎬ 

⎭
(6) 

To illustrate, consider three passengers N p = {1, 2, 3} forming C p = 

{1, 2, 3} with u(C p ) = − 15 and allocation Y = (− 2, − 5, − 8). Suppose u 
({1}) = − 3, u({3}) = − 5, u({2, 3}) = − 11, u({1, 2}) = − 9. For the pair 
(3, 1), s 31 = max{u({3}) − y 3 , u({2, 3}) − (y 2 + y 3 )} = 3, and s 13 = max 
{u({1}) − y 1 , u({1, 2}) − (y 1 + y 2 )} = − 1. Hence δ(C p ) ≥ s 31 − s 13 = 4. 
With ϵ = 0.1, δ(C p )/|u(C p )|≥ 4/15 ≈ 0.27 > 0.1, so the coalition is not 
ϵ-kernel stable.

Remark. (Connection to ϵ-kernel stability) The stability condition 
in Definition 4 is inspired by the ϵ-kernel concept in cooperative game 
theory (Klusch and Shehory, 1996), which bounds internal surplus im-
balances among agents to ensure approximate core stability. Here, we 
adopt a similar approach to limit relative dissatisfaction within each

coalition. This relaxed form of stability is particularly suitable for 
centralized ride-pooling platforms, where passengers do not engage in 
active negotiation but implicitly assess fairness based on assigned utility.

We have defined stability separately for operators and passengers. 
For passengers, limited autonomy and transferable utilities enable 
modeling via cooperative game theory, where platforms first identify 
cost-minimizing optimal coalition structures (ensuring collective ratio-
nality), then allocate costs via utility transfers to set payments that 
prevent passenger deviations (ensuring individual rationality). For op-
erators, autonomy and non-transferable revenues necessitate non-
cooperative game theory, where revenue allocations are tied to spe-
cific coalition structures. Here, optimal coalition structures cannot be 
pre-guaranteed; instead, stability is achieved by adjusting structures to 
ensure allocations meet individual rationality. We now proceed to Sec-
tion 3.2, which presents a practical framework based on these concepts.

3.2. Formal framework

In this section, we introduce the coalitional ride-pooling program 

(CRP), a framework designed to promote efficient and stable ride-
pooling through multi-level games. In practice, this framework could 
be managed by an aggregation platform, referred to as the CRP Hub. 

As shown in Fig. 2, passengers can submit their travel requests either 
through the official app of their preferred operators or directly through 
the CRP Hub. If submitted via operator apps, passengers can explicitly 
indicate whether they wish to join CRP. Requests with such intent are 
forwarded to the CRP Hub, while others are handled by operators
independently. For requests submitted directly to the CRP Hub, pas-
sengers may specify their preferred operator and are automatically 
enrolled in CRP. At the same time, vehicles report real-time statuses to 
their affiliated operators, which are also collected by the CRP Hub. 

After gathering these inputs, the CRP Hub performs coalition for-
mation to determine partnership groups for operators and passengers, 
respectively. During this process, coalition utilities are allocated within 
each coalition—this allocation guides the formation of coalitions by 
ensuring stable structures, with no operator or passenger incentivized to 
deviate (see Section 4.1 for details on coalition utility). Based on this 
process, the CRP Hub generates orders, each containing two types of 
menus directed to different parties:

• Operator menu, which includes a stable operator coalition structure
CS o st and the corresponding allocation X = (x 1 ; x 2 ; …; x |N o | ). These
specify which operators form temporary cooperation and how rev-
enue is allocated, respectively.

Fig. 2. Overview of the CRP framework. In this example, Operators A and B form coalition Co1 and dispatch the nearest vehicle for passenger coalition C p1, while
Operators C and D form C o2 for Cp2 .
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• Passenger menu, which includes the optimal passenger coalition
structure CSp* constrained by CS ost and an allocation Y = (y 1 ; y 2 ; …;

y |N p | ) ensuring CSp* = CS pst. These specify which passengers share
rides and how they split the payment, respectively.

Once an order is generated, the operator menu is sent to the corre-
sponding operators for vehicle dispatching, while the passenger menu is 
sent to the corresponding passengers for order confirmation. There are 
four types of entities in CRP, i.e., operators, passengers, vehicles, and the 
CRP Hub. Fig. 3 illustrates how these entities interact under the coor-
dination of the CRP Hub. Specifically, the CRP Hub generates orders 
through the following batch-processing steps:

1) Initialize iteration counter t = 0.
2) Generate current operator coalition structure CS o (t) (initial 

structure for t = 0; adjusted structure for t ≥ 1).
3) Determine the set of valid passenger coalitions VC(CS o (t); λ) 

based on CS o (t) and vehicle capacity λ.
4) Compute optimal passenger coalition structure CSp*(t) under
VC(CS o (t); λ). The time for single execution shall not exceed τ; 
output the best current approximate solution if timeout occurs. 
This step involves solving vehicle routing problems to determine 
utilities u(C p ) for each passenger coalition C p ∈ VC.

5) Calculate utilities u(C o ) for each operator coalition C o ∈ CS o (t) 
based on u(C p ) and mapping relationship f→ 

o;p .
6) Allocate operator utilities according to the predefined protocol, 

obtaining X(t) = {x i } i∈N o .
7) Check stability of CS o (t): if not satisfied, set t = t + 1 and return to 

Step 2; if satisfied, proceed to Step 8 and denote the stable
structure as CS o st = CS o (t).

8) Compute exact optimal passenger coalition structure CSp* under
VC 
(
CS o st; λ 

) 
without τ constraint.

9) Iteratively compute ϵ-kernel stable utility allocation Y = 
{ 
y i 
} 
i∈N p

within passenger coalitions to ensure CS pst = CSp* .
10) Output the final order containing CS o st, X, CS 

p
st, and Y.

Several challenges remain unresolved in the above steps, including:

• How to define coalition utility in a way that accurately represents 
practical conditions and incentives? Given that calculating coalition 
utility involves vehicle routing, how can this optimization be 
simplified?

• How to adjust operator coalitions to ensure rapid convergence to 
stability, and how to design fair and practical allocation protocols for 
operators?

• How to quickly identify the optimal passenger coalition structure, 
and how to transfer utilities among passengers to achieve rapid 
convergence to stability?

These issues are addressed in Sections 4 and 5.

4. Coalition formation

4.1. Coalition utility definition

In game theory, coalition utility plays a foundational role in guiding 
coalition formation—serving as the core metric that drives agents’ de-
cisions to collaborate or deviate. Specifically, it determines whether a 
coalition structure can remain stable: if the allocated utilities satisfy all 
agents, the structure is deemed stable. For passenger i ∈ N p , the pick-up
and drop-off points are denoted as n σi and n ωi , respectively. We define the
traffic network as a geographical graph G g = (N g , E g ), where N g repre-
sents the set of pick-up and drop-off points, i.e., N g = 

{ 
n σi ; n ωi

⃒ 
⃒ i ∈ N p 

} 
,

and E g ⊆ N g × N g denotes edges representing the shortest distance 
connections between these points. Each edge (i, j) ∈ E g has a weight d ij , 
indicating the distance.

Definition 5. (Route) A route R is defined as a sequence of points, i.e., 
R = (n 1 , n 2 , …, n m ), where each point n i ∈ N g is a pick-up or drop-off 
point.

Following Ke et al. (2021), we define the set of valid routes as 
follows.

Definition 6. (Set of valid routes) For a given passenger coalition 
C p ∈ VC, the set of valid routes VR(C p ) includes routes satisfying the 
following conditions:

Fig. 3. Interactions and order generation process in CRP.
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• Each point in the route must be a pick-up or drop-off point of pas-
sengers in C p , i.e., ∀k ∈ 1; 2; …; m : R[k] ∈ 

{ 
n σi ;n ωi

⃒ 
⃒ i ∈ C p 

} 
.

• The route must include both pick-up and drop-off points for all 
passengers in C p , with each passenger's pick-up point preceding their
drop-off point, i.e., ∀i ∈ C p ; ∃k 1 ;k 2 ∈ 1;2;…;m : R[k 1 ] = n σi ;R[k 2 ] =
n ωi ;k 1 < k 2 .

• For at least two distinct passengers i, j ∈ C p (i ∕= j), the pick-up point of 
j precedes the drop-off point of i, i.e., ∃k 1 ;k 2 ∈ {1;2;…;m} : R[k 1 ] =
n σj ;R[k 2 ] = n ωi ;k 1 < k 2 .

R ∈ VR(C p ) denotes a valid route for the vehicle that serves C p , and 
examples of such routes are provided in Fig. 4. Assuming sufficient 
vehicle availability within the service area, Definition 6 simplifies 
vehicle routing by disregarding vehicle travel from its current position 
to R[1]. Specifically, with operator cooperation, a nearby vehicle can 
always be dispatched to the first point in the route, making this 
assumption practical.

Definition 7. (Optimal route) The optimal route R*
C p for passenger

coalition C p is the route R ∈ VR(C p ) that minimizes operating cost, i.e.,

R*
C p = arg min

R∈VR(C p )
c(R) (7)

Following Bistaffa et al. (2017), we define the operating cost as c(R)
= (c f + c e + c d )d(R), with d(R) = 

∑ |R|− 1 
k=1 d R[k];R[k+1] . Here, c f , c e , and c d

represent the fuel cost, employment cost, and depreciation cost 
parameter, respectively. Since the operating cost directly depends on 
distance, we simplify the optimal route problem to a shortest route
problem, i.e., R *C p = argmin R∈VR(C p ) d(R), which can be solved efficiently.

Based on the optimal route, the utility of a passenger coalition C p ∈
VC is defined as

u(C p ) = −

⎛

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜
⎜
⎝ 

c 
(
R *Cp 

) 

⏟̅̅̅ ⏞⏞̅̅̅ ⏟
operating ​ cost

+ ρ 
∑

i∈C p
d n σi n ωi

⏟̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅ ⏟
profit ​ part

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
payment

⎞ 

⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎠

(8) 

Here, the coalition utility equals the negative of total passenger pay-
ments (reflecting cost savings from pooling). In addition to covering the

operating cost c 
( 
R*
Cp 
) 
for the optimal route, the payment includes an

additional profit for operators: ρ 
∑ 

i∈C p d n σ i n ωi , where ρ denotes the oper-
ator's profit parameter per unit distance.

The utility of the operator coalition C o ⊆ N is defined as 

u(C o ) = − 
∑ 

C p ∈f→o;p(C o ) 

u(C p ) 
(

1 + 
γ 
( 
D single − D coop 

)

D single

)

= − 
∑

C p ∈f→o;p(C o )

u(C p ) 

⏟̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
total ​ payment

− 
∑

C p ∈f→o;p(C o )

u(C p ) 
γ 
( 
D single − D coop 

)

D single
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟ 

cooperative ​ benefit
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟

revenue

(9)

Here, the operator coalition utility represents the total revenue and 
comprises two main components:

• Total payment. The term − 
∑ 

C p ∈f→o;p(C o ) u(C 
p ) indicates the total pas-

senger payments served by C o , which form the short-term base rev-
enue directly derived from current trips.

• Cooperative benefit. The term − 
∑ 

C p ∈f→o;p(C o ) u(C 
p )

γ ( D single − D coop )
D single

quantifies the long-term revenue potential from improved service 
quality (e.g., reduced travel distances), which reflects increased de-
mand and sustained earnings growth over time.

where D single = 
∑ 

i∈C o 
∑ 

C p ∈f→o;p({i}) d 
( 
R*
Cp 
) 
is the total travel distance when 

operators in C o serve passengers independently, and D coop =
∑ 

C p ∈f→o;p(C o ) 
d 
( 
R *Cp 
) 
is the distance when they cooperate. The parameter γ 

denotes the cooperative benefit per unit of relative distance reduction. 
The cooperative benefit quantifies the long-term revenue potential 

from service quality improvements driven by cooperation, such as 
reduced travel distances. This value reflects the potential demand 
growth and sustained earnings growth that arise from enhanced service 
experiences. It also naturally promotes the superadditivity of u(⋅) (as
defined in Definition 8), supporting coalition formation. Notably, while
the operator utility integrates both components to guide coalition for-
mation, the actual monetary distribution among operators (their short-
term earnings) is derived solely from the total payment component. 
The cooperative benefit influences which coalitions are formed but does 
not directly contribute to the monetary allocations.

Fig. 4. Examples of valid and invalid routes for the vehicle that serves the passenger coalition {p 1 , p 2 }. (b) Four types of invalid routes: (1) visiting a non-member's 
point; (2) missing pick-up or drop-off points of a member; (3) visiting a drop-off point before the corresponding pick-up; (4) serving requests sequentially 
without pooling.
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Definition 8. (Superadditivity) For any two coalitions C 1 and C 2 with
C 1 ∩ C 2 = ∅, the function u(⋅) is superadditive if u(C 1 ∪ C 2 ) ≥ u(C 1 ) + u
(C 2 ).

In general, the utility function u(⋅) exhibits superadditivity. For 
passengers, enlarging the matching space usually results in lower pay-
ments and higher utility, while for operators, we introduce cooperative 
benefits to encourage greater cooperation. However, we do not assume 
strict superadditivity of u(⋅), as expanding the matching space may 
sometimes lead to detours, which reduces utility. Therefore, we propose 
a relaxed property for passenger coalition utility u(C p ): monotonicity. 

Proposition 2. The passenger coalition utility u(C p ) satisfies monotonicity:
for any two coalitions C p1 ⊆ C p2, it holds that

u(Cp
1) ≥ u(C p2) (10)

Proof. See Appendix A.
Proposition 2 indicates that if a certain passenger coalition expands 

further, the payment will increase or stay the same, while its utility will 
decrease or remain unchanged. This proposition is straightforward and will 
help to identify the optimal passenger coalition structure in Section 4.3.

4.2. Operator coalition formation

Identifying the stable operator coalition structure CS ost presents sig-
nificant computational challenges. First, the number of possible coali-
tion structures grows combinatorially with the number of operators, as 
quantified by the Bell number B |N o | , making full enumeration infeasible. 
Second, each potential structure requires solving the optimal passenger
coalition structure CSp* as a downstream task—a computationally
intensive process. To address these challenges, we propose an iterative 
algorithm named CRP-CFOS (CRP-coalition formation for operator sta-
bility). This approach avoids enumerating all possible structures and 
reduces iteration counts, efficiently converging to CS ost .

4.2.1. Structure initialization
CRP-CFOS begins by assigning all operators to a single coalition, i.e.,

CS o (t = 0) = {N o } (11) 

The utility u(C o ) for each operator coalition C o ∈ CS o (t) is computed 
using Eq. (9), and subsequently, the utility x i (t) for each operator i ∈ C o is 
determined according to the predefined protocol.

4.2.2. Deviation assessment
For each possible group of operators C ob ⊆ N o , the deviation gain is

defined as

g 
(
C ob
) 
= u 
(
C ob
) 
− 
∑ 

i∈C ob

x i(t); ∀C ob ⊆ N o (12)

where the deviation gain g 
( 
Co
b
) 
represents the additional utility gained

by operators in C ob if they form a new coalition.
To reduce iterations, CRP-CFOS adjusts multiple groups simulta-

neously, rather than a single group at a time. Specifically, it searches for 
a set of deviation groups DG defined as

DG = 
{ 
C ob ⊆ N o 

⃒ 
⃒
⃒ C ob;1 ∩ C 

o
b;2 = ∅; ∀C ob;1; C 

o
b;2 ∈ DG 

} 
(13)

such that the total deviation gain is maximized, i.e., 

DG max = arg max
DG⊆2 N o

∑

C ob∈DG

g 
(
C ob
) 

(14)

4.2.3. Structure adjustment
If the total deviation gain g(CS o ) = 

∑ 
Cob∈DG max 

g 
( 
C ob
) 
≤ 0, the struc-

ture is stable. Otherwise, the coalition structure is updated as

CS o (t + 1) = 

(

CS o (t) ⊖ 
⋃

C ob∈DG max

C ob

) 

∪ DG max (15)

where the operation ⊖ is defined as follows.

Definition 9. (⊖) Let CS be a set-cluster and C be a set, then the 
operation CS ⊖ C is defined as

CS ⊖ C = {A ́ |A ́ = A\(A ∩ C); A ∈ CS; A ́ ∕= ∅} (16)

where A represents any element (a set) in the set-cluster CS, and A ́ is the 
resulting set after removing the intersection of A and C. This operation 
effectively removes elements of C from each set in CS and only retains 
non-empty sets.

4.2.4. Stopping criterion
Since a Strong Nash Equilibrium may not always exist, we define an 

additional stopping criterion. If the newly formed coalition structure
CS o (t +1) has been explored before, the algorithm considers the next-
best set of deviation groups with positive gains. This process repeats 
until no new coalition structure emerges. Then the structure that mini-
mizes the total deviation gain g(CS o ) is regarded as approximately sta-
ble, as no other explored structure exhibits a lower deviation gain.

4.3. Passenger coalition formation

In this section, we identify the optimal passenger coalition structure, 
which corresponds to the coalition structure generation (CSG) problem 

in cooperative game theory (Sandholm et al., 1999)—specifically, a 
graph-constrained coalition formation (GCCF) problem due to the con-
straints outlined in Definition 3. Unlike operator coalition structures, 
valid passenger coalitions follow a constrained Bell number due to these 
constraints. Despite these constraints, computational challenges are far 
more acute for passengers: their numbers are orders of magnitude larger 
than operators, making even constrained combinatorial growth intrac-
table (e.g., 20 passengers with standard capacity limits yield over 10 9 

valid partitions). In addition, utility calculation for each coalition re-
quires solving a vehicle routing problem.

Coalition formation with sparse synergies (CFSS) is the state-of-the-
art algorithm to solve the GCCF problem (Bistaffa et al., 2014). How-
ever, applying CFSS to CRP is infeasible due to two reasons: first, CFSS is 
designed for sparse graph constraints, and second, it requires super-
additivity of coalition utilities for pruning. Since coalition utilities in 
CRP do not always satisfy superadditivity, we propose CRP-CFSS, an 
adapted version of CFSS that refines the graph constraints and compu-
tation to better align with CRP requirements.

4.3.1. Graph constraint
As described in Section 3.1, valid passenger coalitions are con-

strained by the operator coalition structure, which forms the passenger 
graph G p = (N p , E p ). As shown in Fig. 5, G p can be decomposed into 
multiple subgraphs, i.e.,

G p = 
⋃m

k=1
Gp

k (17)

where each subgraph Gp
k = 

(
N pk;E 

p
k
) 
satisfies the following properties:

• Disjoint, i.e., ∀k; k ́∈ {1;2;…;m};k ∕= k ́ : N pk ∩ N 
p 
kʹ = ∅.

• Complete, i.e., ∀i; j ∈ N p k : (i; j) ∈ E pk .
• All passengers in N p k are served by the operator coalition C ok, i.e.,
∀i ∈ N p k : i ∈ f →o;p

( 
C ok
) 
.

To avoid repeatedly verifying operator constraints, we restrict the
search to each subgraph G pk. Thus, the optimal passenger coalition
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structure CSp* is the union of the optimal substructures CSpk;*, given by

CS p* = 
⋃m

k=1
CS pk;* (18) 

This decomposition reduces the complexity from O 
( 
2 |N p | 

)
to

O 
( ∑m

k=12 | 
N pk| 
) 
, significantly improving search efficiency, particularly

when the number of subgraphs m is large.

4.3.2. Structure initialization
As shown in Fig. 6, all edges within each subgraph Gp

k are initially 
marked green, indicating that passengers connected by these edges can 
potentially form coalitions. The initial passenger coalition structure is 
defined as

CS p (t = 0) = {{i}|i ∈ Np
k} (19)

where each passenger initially forms their own coalition. This structure 
serves as the root node (t = 0) of the search tree, and its utility 
u(CS p (0)) = 

∑ 
C p ∈CS p (0) u(C p ) is set as the initial optimal value.

4.3.3. Branching

Definition 10. (Edge contraction) As shown in Fig. 7, for an edge (i;
j) ∈ E p k, edge contraction refers to merging the two coalitions C pi and C

p
j ,

connected by this edge, into a single coalition.

Starting from the current node t with structure CSpk(t), the algorithm 

selects a green edge (i, j) and evaluates whether contracting it satisfies 
the capacity constraint. If violated, the edge is marked red to indicate it 
cannot be contracted. Otherwise, the edge is contracted and then 
marked red to prevent redundant explorations. The resulting structure is 
given by

CS pk(t + 1) = 
( 
CS

p
k(t)\ 

{ 
C pi ; C 

p
j
}) 

∪ 
{ 
Cp

i ∪ C 
p
j
} 

(20)

The utility u 
( 
CS

p
k(t +1) 

) 
is then compared with the current optimal 

value, and the optimal value is updated if u 
( 
CS pk(t +1) 

) 
is greater.

4.3.4. Pruning
To avoid unnecessary computations, we design a bounding function

ξ(⋅). If the bound for the current structure, ξ 
( 
CS pk

) 
, is lower than the

current optimal utility, the branch is pruned to prevent further

Fig. 5. Example of graph constraint processing.

Fig. 6. Schematic of CRP-CFSS algorithm. The vehicle capacity λ is set to 4.
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exploration of the subtree. Given the structure CSpk = 
{ 
C p1;C 

p
2; …;C p

| CS pk| 

}

where the coalitions are sorted in descending order of utility, i.e.,

u(Cp
1) ≥ u(C p2) ≥ ⋯ ≥ u 

(
C p 
|CS pk | 

) 
(21)

the bounding function ξ(⋅) is defined as

ξ(CSp
k) = 

∑⌈|N 
p
k |= λ ⌉

i=1
u(C pi ) (22)

where 
⌈⃒ 
⃒N pk
⃒
⃒ =λ 
⌉ 
is the minimum possible size of CSpk . 

Proposition 3. For any passenger coalition structure CSpk, the bounding
function ξ 

( 
CS pk

) 
provides an upper bound on the utility of any coalition

structure CSpb;k within its subtree ST 
( 
CS pk

) 
. Formally, ∀CS pb;k ∈ ST 

( 
CS pk

) 
:

ξ 
( 
CS

p
k
) 
≥ u 
( 
CS pb;k

) 
:

Proof. See Appendix B.
The bounding function ξ(⋅) is simple yet effective, significantly reducing 

the search space without sacrificing solution quality. Importantly, it relies 
only on monotonicity rather than superadditivity, making it well-suited for 
real-world applications.

5. Utility allocation

5.1. Operator utility allocation

Assumption 1 implies that, given an operator coalition structure CS o, 
each operator's utility depends on its own characteristics. These char-
acteristics are quantified and incorporated into predefined allocation 
protocols. To ensure computational efficiency and align with operator 
behaviors, we propose the following allocation protocols.

5.1.1. Equal allocation
Equal allocation is the simplest protocol, distributing the total coa-

lition utility evenly among operators, i.e.,

x i = 
u(C o )
|C o |

; ∀i ∈ C o (23)

This ensures equal shares regardless of individual contributions and 
is effective when operator bargaining powers are relatively balanced.

5.1.2. Investment-based allocation
A more realistic allocation considers operator investment, i.e.,

x i =
w i
∑ 

j∈C o
w j 
⋅u(C o ); ∀i ∈ C o (24)

where w i denotes the investment weight of operator i, quantified by 
financial contributions or determined through negotiation. This 
approach allocates utility proportionally to each operator's bargaining 
power, reflecting their relative status within the coalition.

5.1.3. Performance-based allocation 
Performance-based allocation distributes utility based on actual

operational performance, i.e.,

x i =

∑ 

r∈O i
d n σr n ωr + 

∑

v∈V i
d 
(
R *v
)

∑ 

j∈C o

(
∑

r∈O j
d n σr n ωr + 

∑

v∈V j
d 
(
R *v
) 
)⋅u(C o ); ∀i ∈ C o (25)

where O i ⊆ N p denotes the set of travel requests shared by operator i, and
V i ⊆ CS p* represents the set of passenger coalitions served by operator i's
vehicles. Operators with higher request values and longer operating 
distances receive larger utility shares, incentivizing operators to actively 
share requests and vehicles.

Different protocols may be adopted depending on specific objectives, 
and each protocol can lead to a stable structure. In Section 6.4.2, we 
further explore how these protocols influence the stability of operator 
coalition structures.

5.2. Passenger utility allocation

Definition 4 indicates that a stable passenger coalition structure is 
one with an ϵ-kernel stable utility allocation. To achieve this, we employ 
the PK (payments in the kernel) algorithm to determine each passenger's 
utility (Bistaffa et al., 2017).

5.2.1. Allocation initialization
Within each passenger coalition C p ∈ CSp*, we initialize the allocation 

based on each passenger's solo travel distance and detour distance, i.e.,

y i =
d solo i − d detour i

∑ 

j∈C p

(
d solo j − d detourj

)⋅u(C p ) (26)

where the solo travel distance is defined as dsoloi = d n σi n ωi , the ride-pooling

travel distance as d sharei = 
∑ l− 1 

k=rd R *C p [k];R*
Cp [k+1] , and the detour distance as

d detouri = d sharei − dsoloi .

5.2.2. Utility transfer
Starting from the initial allocation, utility is iteratively transferred 

between passenger pairs with the maximum surplus difference δ(C p )
until the stopping criterion δ(C p )=u 

( 
CS p*

) 
≤ ϵ is met. The maximum

surplus difference is defined as

δ(C p ) = max
i;j∈C p

( 
s ij − s ji 

) 
(27)

where s ij denotes the surplus defined in Section 3.1.2. The total surplus 
difference across all coalitions 

∑ 
C p ∈CS p δ(C p ) measures the overall sta-

bility of the passenger coalition structure.
In the original PK algorithm, the transfer amount is set as Δu = δ(C p )/ 

2, eliminating the current maximum surplus difference. However, this 
approach does not ensure that the resulting utility y j for passenger j 
remains above their individual utility when traveling alone. Thus, we

Fig. 7. Example of an edge contraction.
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modify the transfer amount to

Δu = min 
{
δ(C p )
2

; max 
{ 

0; y j − 
δ(C p )
2

− u 
( { 

p j 
}) 
} } 

(28)

Equation (28) guarantees that utility transfers occur only if the
resulting utility of passenger j remains at least equal to their standalone 
utility u({p j }). This modification prevents passengers from leaving the 
CRP due to inadequate utility allocations.

When multiple passenger pairs (i, j) exhibit the same maximum 

surplus difference δ(C p ), a deterministic selection rule is employed to 
avoid potential oscillations: pairs are selected according to a fixed pri-
ority (e.g., lexicographical order of passenger indices) to ensure a unique 
pair (i, j) is chosen for each transfer step.

Proposition 4. Given a passenger coalition structure CSp* and the corre-
sponding utility values {u(C p )} C p ∈CS p * , the modified PK algorithm produces an

allocation Y = 
{ 
y i 
} 
i∈N p after a finite number of steps that satisfies the 

following properties:

• ϵ-kernel stability, i.e., ∀C p ∈ CSp* : δ(C p )=|u 
( 
CS p*

) 
| ≤ ϵ

• Individual rationality, i.e., ∀i ∈ N p : y i ≥ u({p i })

Proof. See Appendix C.

6. Case study

6.1. Experimental setup

This study evaluates the proposed framework using real-world ride-

hailing data from three representative regions in China: Chengdu, Hai-
kou, and the Ningxia Hui Autonomous Region. Chengdu and Haikou 
represent typical urban environments, while the Ningxia Hui Autono-
mous Region, a provincial-level region, covers both intra-urban and 
intercity ride-pooling scenarios. For simplicity, “Ningxia” is used here-
after to refer to the Ningxia Hui Autonomous Region. The spatial dis-
tributions of travel requests’ origins and destinations are shown in 
Fig. 8. These regions are selected to reflect diverse regional and request 
characteristics, particularly variations in travel distance distributions, as 
illustrated in Fig. 9. Specifically, the Chengdu dataset mainly includes 
medium-distance trips, Haikou has a high proportion of short-distance 
trips, and Ningxia primarily features longer trips. Such diversity al-
lows for a comprehensive assessment of the proposed framework (see 
Fig. 10).

Due to limited real-world data on multiple operators within the same 
spatio-temporal window, operators are simulated for each region, with 
travel requests randomly assigned to them. To reflect market share 
differences, each operator is assigned a heterogeneous fleet size. Each 
operator's vehicles are distributed across road network nodes based on 
the historical distribution of travel requests, with allocation propor-
tional to these density weights. Minor random variations are added to 
reflect dynamic dispatching changes. For each passenger coalition C p ,
the nearest available vehicle from the operator coalition f→p;o(C p ) is
assigned to provide service. We conducted a sensitivity analysis on the 
travel request allocation rule to demonstrate that the random allocation 
method does not affect the conclusions of this study (see Appendix D). 

All experiments run on an Intel i5-12490F CPU (3.00 GHz) with 16 
GB RAM. The experimental parameters are summarized in Table 1. The 
cost parameters, including fuel cost c f , employment cost c e , depreciation

Fig. 8. Travel requests distribution (only 1000 requests are selected in each city for illustration).

Fig. 9. Travel distance distribution.
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cost c d , and profit parameter ρ, are based on average operating expenses 
and common pricing practices in China. Unless specified, operator 
utilities are allocated using the performance-based method. We set γ = 3 
(CNY/km), which represents the marginal utility of distance reduction, 
i.e., the monetary value passengers attach to each kilometer of pooled 
distance saved. Chen et al. (2024) calibrated passengers’ price and 
detour elasticity in nine Chinese cities, showing that when the detour is 
10%–20%, passengers generally require a 10%–20% fare discount. This 
implies that in a 10 km trip with a fare of 30 CNY, avoiding an additional
2 km detour (20%) corresponds to a willingness to pay of about 6 CNY, 
or roughly 3 CNY per kilometer saved. We set τ = 40 s to manage run-
time. The impacts of these settings are further analyzed in the sensitivity 
tests in Section 6.

6.2. Dynamic coalition formation method

This section evaluates the core contribution of the study, i.e., dy-
namic coalition formation method for operators. We focus on three types 
of coalition structures:

• Singleton coalition structure: full competition scenario among op-
erators, i.e., {{o i }∣o i ∈ N o }.

• Grand coalition structure: full cooperation strategy adopted by 
existing aggregation platforms, i.e., {N o }.

• Stable coalition structure: dynamic coalition formation approach, i. 
e., CS ost .

The results in Table 5 show that coalition formation improves 
operational efficiency. As the size of the operator coalition increases, the 
matching range between passenger demand and vehicle supply expands, 
which raises vehicle occupancy, reduces empty trips, and ultimately 
lowers total costs. Both the stable and grand coalition structures show

significant improvements over the singleton structure. For example, in 
Chengdu, the stable coalition structure increases vehicle occupancy by 
14.97% and reduces total costs by 10.68%, while the grand coalition 
structure increases occupancy by 28.05% and reduces costs by 14.83%. 
In Ningxia, similar trends are observed, while in Haikou, the stable 
coalition structure aligns with the singleton structure itself, resulting in 
identical metrics between the two.

However, the grand coalition structure faces significant stability 
challenges. Its deviation rate is notably high in Chengdu (48.31%), 
Haikou (89.85%), and Ningxia (10.31%), as shown in Table 2. This 
instability persists across all three payoff distribution schemes defined in 
Section 5.1. Under the equal split rule, large operators incur higher costs 
but receive the same allocation as small operators, giving them in-
centives to leave. Under the investment-based or performance-based 
rules, small operators often receive less than their standalone or sub-
coalition payoffs, discouraging participation. In other words, each 
allocation rule carries an inherent bias: equal split favors small opera-
tors, while investment- or performance-based schemes favor large ones. 
Therefore, the poor stability of the grand coalition is not a flaw of a 
particular allocation scheme, but the inevitable result of operator scale 
and cost heterogeneity.

By contrast, the stable coalition structure exhibits much lower de-
viation rates. This is because in the dynamic formation process, a coa-
lition survives only when all members are better off than acting alone, so 
groups with strong conflicts are filtered out. Moreover, once most of the 
cooperation gains have already been realized in the stable structure, any 
further deviation can bring only limited additional benefits, which 
weakens the incentive to deviate. These factors explain why the devia-
tion rates of the stable coalition remain low even though a SNE may not 
strictly exist.

These findings highlight that while larger coalitions bring efficiency 
gains, heterogeneity in operator size and cost makes the grand coalition

Table 1
Parameter settings.

Notation Definition Value

c f Fuel cost per kilometer 0.2 (CNY/km)
c e Employment cost per kilometer 0.8 (CNY/km)
c d Depreciation cost per kilometer 0.2 (CNY/km)
ρ Profit per kilometer 0.5 (CNY/km)
γ Cooperative benefit parameter 3 (CNY/km)
λ Vehicle capacity excluding the driver 4 (pax/veh)
ϵ Convergence tolerance of CRP–CFSS 0.001
τ Time limit in CRP–CFOS 60 s
— Default allocation protocol for operators Performance-based allocation

Fig. 10. Operator deviation rate.
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intrinsically unstable. The stable coalition offers a practicable compro-
mise, retaining much of the efficiency benefit of cooperation while 
maintaining robustness in diverse operator environments.

6.3. Algorithm performance

In this section, we focus on validating the efficiency and robustness 
of the proposed algorithms for real-world applications. Since these ex-
periments depend on data scale rather than specific regions, we only 
report results based on one dataset in Sections 6.3 and 6.4, without loss 
of generality. We select Ningxia's dataset as it includes both standard 
ride-pooling orders and intercity ride-pooling scenarios, making it more 
representative of diverse real-world use cases.

6.3.1. Overall performance
We evaluate the proposed algorithms across nine instances, each 

involving different combinations of operators and passengers. Since 
CRP-CFOS, CRP-CFSS, and PK algorithms all require the utilities of 
passenger coalitions, we maintain a global cache to store computed 
utilities and prevent redundant calculations. The experimental results 
are summarized in Table 3, with key performance metrics such as CPU 
(Central Processing Unit) time and deviation rates shown in Fig. 11. 

At the operator level, CRP-CFOS consistently identifies stable coali-
tion structures, achieving a maximum deviation rate of 3.52% and 
perfect stability (0%) for instances with |N o | = 5. The number of possible

operator coalitions is B 5 = 52, and each coalition C o corresponds to a set
of passenger coalitions bounded by the restricted Bell number B̂ |P| ,
which grows exponentially (e.g., on the order of 10 100 for 106 passen-
gers). This combinatorial explosion underlies the computational chal-
lenge, but the use of a global cache and a time limit τ keeps runtime 
manageable. Section 6.3.2 confirms that the time limit does not affect 
the final operator coalition structure.

At the passenger level, CRP-CFSS efficiently identifies optimal 
structures, achieving a 0% optimality gap within 7 min even for sce-
narios with 106 passengers. This performance is enabled by parallel 
processing on disjoint subgraphs and the pruning strategy of the 
bounding function ξ(⋅). The PK algorithm also ensures passenger sta-
bility, with deviation rates consistently below 0.05%, though its runtime 
increases with passenger numbers because its iterative utility transfer 
requires repeated recalculation of surplus differences across many pairs. 

In summary, the proposed algorithms can efficiently handle hour-
ahead requests with up to 5 operators and 106 passengers. For shorter 
planning horizons, the framework can be adapted to minute-ahead re-
quests by reducing the batch size to around 30 passengers.

6.3.2. Sensitivity analysis of the time limit in CRP-CFOS
In each iteration t of CRP–CFOS, the computation of the optimal

passenger coalition structure CS p*(t) is constrained by a time limit τ. To
evaluate the impact of this constraint on the final operator coalition

Table 3
Performance metrics of different instances.

Algorithm Instance |N o | = 3 |N o | = 4 |N o | = 5

|N p | = 28 |N p | = 51 |N p | = 86 |N p | = 44 |N p | = 67 |N p | = 95 |N p | = 51 |N p | = 80 |N p | = 106

Operator level

CRP–CFOS Number of iterations 2 2 4 6 4 9 2 4 16
Number of operator coalitions 2 2 2 3 3 2 3 3 3
Total utility (CNY) 1385.46 2180.65 3565.62 2021.30 2833.48 4052.52 2425.67 3521.96 4623.95
Total deviation gain (CNY) 12.14 0.01 41.30 12.14 16.77 142.60 0.01 0.01 98.70
Operator deviation rate (%) 0.88 0.00 1.16 0.60 0.59 3.52 0.00 0.00 2.13
CPU time (s) 251.14 427.74 429.96 742.13 916.13 864.12 1656.38 1893.50 1817.22

Passenger level

CRP–CFSS Number of passenger coalitions 7 13 22 11 17 24 13 20 27
Total utility (CNY) − 1140.93 − 2013.98 − 3321.23 − 1805.32 − 2638.95 − 3664.82 − 2020.62 − 3061.76 − 3999.06
Optimality gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
CPU time (s) 122.27 244.34 244.00 244.96 366.38 244.08 366.27 366.44 366.67

PK Number of iterations 6.57 5.77 5.41 6.27 5.65 5.79 6.00 5.60 5.59
Total surplus difference (CNY) 0.54 0.68 0.52 0.54 0.92 0.62 0.52 0.75 0.86
Passenger deviation rate (%) 0.05 0.03 0.02 0.03 0.03 0.02 0.03 0.02 0.02
CPU time (s) 9.99 83.52 1883.32 14.32 84.85 1948.40 15.70 320.36 1160.14

Overall

CRP framework CPU time (s) 383.40 755.59 2557.28 1001.41 1367.36 3056.59 2038.34 2580.30 3344.02

Note: Operator deviation rate = total deviation gain/total utility × 100%; Optimality gap = (optimal solution - total utility)/|optimal solution| × 100%; Number of 
iterations = total iterations/number of passenger coalitions; Passenger deviation rate = total surplus difference/|total utility| × 100%.

Table 2
Results for different operator coalition formation methods.

Region CS o Efficiency Stability

Vehicle occupancy (%) Total cost (CNY) Number of deviation groups Operator deviation rate (%)

Chengdu Singleton 70.03 6810.38 7 8.88
Stable 85.00 6085.81 3 2.02
Grand 98.08 5800.64 23 48.31

Haikou Singleton 63.75 2095.58 5 4.34
Stable 63.75 2095.58 5 4.34
Grand 91.07 1573.08 19 89.85

Ningxia Singleton 91.07 4248.36 13 11.22
Stable 98.08 3899.93 4 2.40
Grand 98.08 3509.93 12 10.31

Note: Vehicle occupancy = total number of passengers/(number of passenger coalitions × vehicle capacity) × 100%; Number of deviation groups = 
⃒ 
⃒ 
{ 
i; j ∈ C p ;C p ∈

CS p *
⃒
⃒s ij − s ji > 0 

} ⃒ 
⃒ ; Operator deviation rate = total deviation gain/total utility × 100%.
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structure, we perform a sensitivity analysis on the parameter τ. The re-
sults for the instance with |N o | = 4, |N p | = 44 are shown in Table 4. 

Without a time limit (τ = ∞), CRP–CFOS requires 7592.14 s to
converge to the stable structure CS o st = {{1; 2}; {3}; {4}}. In contrast,
imposing a moderate time limit (τ = 60 s) yields the same structure 
within only 741.62 s. Thus, a carefully selected τ effectively balances 
computational efficiency and solution quality. The optimal choice of τ 
may vary with the number of operators and passengers.

During iterations, the time limit leads to approximate utility calcu-
lations, which could influence structural adjustments and iteration 
counts. Nevertheless, CRP–CFOS consistently converges to the same 
stable coalition structure across all tested instances, indicating that in-
termediate approximation errors introduced by the time limit do not
significantly affect the final outcome. Once CS ost is obtained, we
recompute the optimal passenger coalition structure CS p* without time
constraints, ensuring accurate final utilities and allocations.

6.3.3. Sensitivity analysis of the cooperative benefit parameter
The cooperative benefit parameter γ significantly influences the 

formation of operator coalitions. We perform sensitivity analyzes to 
evaluate its effect, as shown in Fig. 12. The results highlight a clear 
transition in utility as γ changes.

When γ ≤ 1, the deviation rate decreases as γ increases, indicating 
that the utility function u(⋅) exhibits subadditivity. This occurs because 
merging operator coalitions leads to lower passenger payments, thereby 
reducing operators’ incentives to cooperate. Consequently, operators 
prefer smaller coalitions, stabilizing at {{1}, {2}, {3}, {4}}. In contrast, 
when γ > 1, an increasing γ increases the deviation rate, reflecting

superadditivity in u(⋅). The cooperative benefit compensates for reduced 
payments, encouraging operators to form larger coalitions. For example, 
when γ = 1.5, the stable structure transitions to {{1, 2}, {3}, {4}}, with 
cooperative benefits contributing 93.71 CNY out of the total utility of 
1899.03 CNY. This finding highlights the importance of choosing an 
appropriate γ to align individual operator incentives with system-wide 
efficiency.

A notable observation is that within a suitable range of γ, the stable 
operator coalition structure remains consistent and the deviation rates 
remain consistently low (0.24%–1.85%). Nonetheless, the optimal γ 
should be calibrated based on specific operational contexts and real-
world data.

6.4. System benefit

6.4.1. Operator coalition formation
To evaluate the impact of the dynamic coalition formation mecha-

nism on system performance, we analyze various operator coalition 
structures CS o ⊆ N o in instances with |N o | = 3, |N p | = 28, |N o | = 4, |N p | = 

44, and |N o | = 5, |N p | = 51. Results are presented in Fig. 13, with detailed 
metrics for the instance |N o | = 4, |N p | = 44 summarized in Table 5.

As expected, operator cooperation promotes more extensive ride-
pooling, improving resource utilization and reducing operating costs. 
For example, the singleton coalition structure {{1}, {2}, {3}, {4}} has an 
average cost of 326.09 CNY, whereas the grand coalition structure {{1, 
2, 3, 4}} reduces this cost to 308.23 CNY. Meanwhile, the stable struc-
ture {{1, 2}, {3}, {4}} achieves an average cost of 315.64 CNY, a 3.2% 

reduction compared to the independent-operation case. Passenger

Fig. 11. CPU time and deviation rate of different instances. Small, medium, and large represent instances with small-scale, medium-scale, and large-scale passenger 
sizes, respectively.

Table 4
Sensitivity analysis of τ (|N o | = 4, |N p | = 44).

τ (s) Number of iteration CPU time of CRP-CFOS (s) CS ost

20 4 261.85 {{1, 2}, {3}, {4}}
30 2 386.98 {{2}, {1, 3}, {4}}
40 4 498.98 {{1, 2}, {3}, {4}}
50 6 626.29 {{1, 2}, {3}, {4}}
60 6 742.13 {{1, 2}, {3}, {4}}
120 6 1479.99 {{1, 2}, {3}, {4}}
180 6 2228.81 {{1, 2}, {3}, {4}}
240 6 2982.81 {{1, 2}, {3}, {4}}
∞ 6 7592.14 {{1, 2}, {3}, {4}}
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payments drop from 42.41 to 41.03 CNY (3.3% reduction), and average 
travel distance decreases from 91.87 km/pax to 87.41 km/pax (4.9% 

reduction). However, the relationship between cooperation rate and 
cost reduction is not strictly linear. The structure {{1, 2}, {3}, {4}} with 
a cooperation rate of 33.25% achieves a cost of 315.64 CNY, whereas 
{{2, 3}, {1, 4}} with a higher cooperation rate (50%) results in a higher 
cost of 323.17 CNY. This indicates that the specific composition of 
operator coalitions critically influences the system benefits. Costs are 
guaranteed to decrease or remain unchanged only when coalitions are 
formed by merging existing coalitions. Similar patterns are observed in 
passenger payments and vehicle occupancy.

For passengers, increased operator cooperation generally reduces 
payments, but does not always reduce individual travel distances. For 
example, the structure {{1, 2, 3}, {4}} with 50% cooperation yields an 
average travel distance of 87.26 km/pax, while the grand coalition 
structure {{1, 2, 3, 4}} increases the average slightly to 90.94 km/pax. 
This highlights a trade-off between overall system efficiency and indi-
vidual passenger convenience, as broader cooperation may require 
passengers to accept longer rides to benefit the system.

Deviation metrics further highlight the importance of dynamic coa-
lition formation. In particular, these metrics are not directly correlated 
with the cooperation rate. For example, the stable structure {{1, 2}, {3}, 
{4}} has a low deviation rate of 0.6%, whereas the grand coalition 
structure {{1, 2, 3, 4}} exhibits a significantly higher deviation rate of 
9.50%, with six operator groups incentivized to deviate.

6.4.2. Operator utility allocation
To assess the impact of operator utility allocation methods on system 

stability, we evaluate three allocation protocols (i.e., equal, investment-
based, and performance-based) under fair allocation and stable alloca-
tion methods.

The fair allocation method, based on the grand coalition structure 
({1, 2, 3, 4}), does not ensure stability. As shown in Table 6, the grand 
coalition structure results in significant deviation rates: 13.64% with the 
equal protocol, 27.10% with the investment-based protocol, and 8.72% 

with the performance-based protocol. This highlights the trade-off be-
tween fairness and stability, where simpler allocation methods tend to 
result in higher instability.

In contrast, the stable allocation method adjusts both the coalition 
structure and utilities iteratively to achieve stability. The coalition 
structure {{1, 2}, {3}, {4}} consistently emerges, with deviation rates as 
low as 0.60% under both the equal and performance-based protocols, 
and 5.01% under the investment-based protocol. This method effec-
tively minimizes deviation incentives, ensuring much lower instability 
compared to fair allocation. Although stable coalition structures may 
differ across protocols, the key point is that the choice of protocol is not

the focus of our study. Operators can negotiate their preferred protocol, 
and the approach guarantees convergence to a stable structure, ensuring 
satisfaction for all parties.

6.4.3. Passenger utility allocation
To evaluate passenger utility allocation methods, we similarly 

compare fair allocation and stable allocation. Both methods utilize the 
optimal passenger coalition structure but differ in utility distribution: 
fair allocation directly computes utilities using Eq. (26), whereas stable 
allocation iteratively seeks an ϵ-kernel stable distribution.

Results from Table 7 demonstrate that stable allocation substantially 
outperforms fair allocation in terms of stability. For example, in scenario
|N o | = 3, |N p | = 28, fair allocation yields a deviation rate of 10.97% 

involving 38 deviation groups, while stable allocation achieves a devi-
ation rate of just 0.05% with no deviation groups. Similar improvements 
are observed for other instances: deviation rates decrease from 11. 15% 

to 0. 03% for |N o | = 4, |N p | = 44 and from 9. 60% to 0. 03% for |N o | = 5,
|N p | = 51.

7. Conclusions

This study develops a multi-level game framework that addresses the 
long-standing stability challenge in ride-pooling systems, especially 
under emerging aggregation platforms. Rather than relying on fixed 
cooperation or static matching rules, our framework enables dynamic, 
demand-driven coalition formation among operators and passengers. 
Through the case study, we demonstrate that stable and efficient 
matching outcomes can be achieved even in competitive and fragmented 
markets.

Beyond technical contributions, our findings provide several prac-
tical insights. First, we show that dynamic coalition formation driven by 
deviation incentives can achieve significantly higher stability compared 
to the grand coalition structure. This suggests that aggregation platforms 
do not need to enforce global request sharing among all participants. 
Allowing flexible subgroup cooperation may better align with individual 
incentives and promote sustainable participation. Second, our results 
indicate that stable utility allocations often differ from fair or propor-
tional distributions. Platforms that focus solely on fairness may face high 
deviation risks. This highlights the need to distinguish between fairness 
and stability, and to design allocation rules that reflect actual contri-
butions and behavioral incentives.

A key challenge of this study lies in two aspects of practical appli-
cability. On one hand, the inherent combinatorial complexity of multi-
level coalition formation—where the number of feasible operator and 
passenger coalition structures grows exponentially with the number of 
participants (e.g., Bell numbers for operator coalitions)—imposes

Fig. 12. Sensitivity analysis of γ (|N o | = 4, |N p | = 44).
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fundamental limits on computational efficiency in large-scale scenarios. 
This complexity affects both coalition formation processes (such as CRP-
CFOS) and utility allocation methods (including the PK algorithm), as 
even optimized approaches must navigate an exponentially expanding 
solution space. On the other hand, a simplifying assumption is adopted 
herein: empty-ride segments (i.e., the distance from vehicles' initial 
positions to the first passenger's pickup point) are omitted when calcu-
lating route costs. While this omission is intended to avoid over-
complicating the core coalition formation logic, and is partially

mitigated by the coalition's expanded vehicle supply (which helps 
reduce average empty-ride distances), it may still create discrepancies 
between the model's cost calculations and real-world dispatching ex-
penses, particularly for short-distance ride-pooling trips.

Future work will focus on addressing these challenges to further 
enhance the framework's practical value: targeted approximation stra-
tegies and scalable heuristics will be developed to mitigate the combi-
natorial complexity of coalition formation; insights from studies 
exploring empty-ride distance distributions will be drawn upon to

Fig. 13. Benefit metrics of different cooperation rates. Error bars represent the range of data, with upper and lower bounds indicating the maximum and minimum 

values, respectively.

Y. Tan et al. Communications in Transportation Research 5 (2025) 100220

16



integrate empty-ride costs into the route cost function; extend the 
framework to dynamic environments with rolling horizons and vehicle 
movement; and incorporate behavioral models under bounded ratio-
nality. Additionally, given the current reliance on simulated operator 
data due to the unavailability of real-world multi-operator data, future 
research will prioritize integrating real multi-operator data to better 
capture actual competitive dynamics. Notably, within our framework, 
“approximate stability” identifies the most stable configuration that can 
be obtained when exact SNE does not exist. Future work may refine this 
analysis by explicitly defining more relaxed stability concepts that are 
better suited to practical coalition formation.
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Table 6
Benefit metrics of different operator utility allocation methods (|N o | = 4, |N p | = 44).

Allocation method Allocation protocol CS o Total utility (CNY) Utility allocation (CNY) Number of deviation groups Deviation rate (%)

Fair allocation Equal {{1,2,3,4}} 1906.59 (476.65, 476.65, 476.65, 476.65) 6 13.64
Investment-based {{1,2,3,4}} 1906.59 (953.30, 476.65, 357.49, 119.16) 6 27.10
Performance-based {{1,2,3,4}} 1906.59 (431.71, 470.55, 382.88, 621.46) 7 8.72

Stable allocation Equal {{1,2},{3},{4}} 2021.30 (527.05, 527.05, 331.37, 635.83) 2 0.60
Investment-based {{1,2},{3},{4}} 2021.30 (702.73, 351.37, 331.37, 635.83) 6 5.01
Performance-based {{1,2},{3},{4}} 2021.30 (566.35, 487.75, 331.37, 635.83) 2 0.60

Table 5
Benefit metrics of different operator coalition structures (|N o | = 4, |N p | = 44).

CS o Cooperation rate 
(%)

Operator level Passenger level

Average cost 
(CNY)

Number of deviation 
groups

Deviation rate 
(%)

Average payment 
(CNY)

Average travel distance 
(km/pax)

Vehicleoccupancy
(%)

{{1}, {2}, {3}, 
{4}}

0.00 326.09 8 8.98 42.41 91.87 91.67

{{1, 2}, {3}, 
{4}}

33.25 315.64 2 0.60 41.03 87.41 100.00

{{2}, {1, 3}, 
{4}}

33.25 323.31 5 7.29 42.05 91.12 91.67

{{2}, {3}, {1, 
4}}

33.25 325.86 9 10.22 42.38 92.38 91.67

{{1}, {2, 3}, 
{4}}

33.25 325.21 10 9.24 42.29 91.98 91.67

{{1}, {3}, {2, 
4}}

33.25 324.58 12 11.24 42.21 92.81 91.67

{{1}, {2}, {3, 
4}}

33.25 322.42 9 10.32 41.93 92.23 91.67

{{1, 2, 3}, {4}} 50.00 310.07 3 2.56 40.31 87.26 100.00
{{2, 3}, {1, 4}} 50.00 323.17 12 10.45 42.11 92.48 91.67
{{1, 3}, {2, 4}} 50.00 321.49 9 10.37 41.81 92.05 91.67
{{3}, {1, 2, 4}} 50.00 312.59 3 6.08 40.63 87.95 100.00
{{1, 2}, {3, 4}} 50.00 311.98 3 1.78 40.55 87.77 100.00
{{2}, {1, 3, 4}} 50.00 321.62 7 8.69 41.83 91.19 91.67
{{1}, {2, 3, 4}} 50.00 320.64 12 11.44 41.69 92.59 91.67

{{1, 2, 3, 4}} 100.00 308.23 6 9.50 40.05 90.94 100.00

Note: Cooperation rate = average coalition size/total number of operators × 100%, when the average coalition size equals 1, the cooperation rate is 0; Number of
deviation groups = 

⃒ 
⃒ 
{ 
Co
b ⊆ N o 

⃒ 
⃒ g 
( 
Cob
) 
> 0 

} ⃒ 
⃒ , where the deviation gain g 

( 
Cob
) 
= u 

( 
C ob
) 
− 
∑ 

i∈Cob
x i ; Vehicle occupancy = total number of passengers/(number of pas-

senger coalitions × vehicle capacity) × 100%.

Table 7
Benefit metrics of different passenger utility allocation methods.

Instance |N o | = 3, |N p | = 28 |N o | = 4, |N p | = 44 |N o | = 5, |N p | = 51

Allocation method Fair allocation Stable allocation Fair allocation Stable allocation Fair allocation Stable allocation

Total utility (CNY) − 1140.93 − 1140.93 − 1805.32 − 1776.77 − 2020.62 − 2020.83 
Number of deviation groups 38 0 57 0 53 0 
Deviation rate (%) 10.97 0.05 11.15 0.03 9.60 0.03

Note: Number of deviation groups = 
⃒ 
⃒ 
{ 
i; j ∈ C p ;C p ∈ CSp*

⃒
⃒s ij − s ji > 0 

} ⃒ 
⃒ .

Y. Tan et al. Communications in Transportation Research 5 (2025) 100220

17



Replication and data sharing

The data and codes used in this study are available at https://doi. 
org/10.26599/ETSD.2025.9190057.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence

the work reported in this paper.

Acknowledgements

This research has been supported by the Young Scientists Fund of the 
National Natural Science Foundation of China (No. 52202389), the 
National Natural Science Foundation of China (No. T2588101), and the 
Fundamental Research Funds for the Central Universities.

Appendix A

Proposition 2. For any two passenger coalitions Cp
1 and C

p
2 with C

p
1 ⊆ C p2, it holds that u 

( 
C p1
) 
≥ u 
( 
C p2
) 
:

Proof. Recall that

u(C p ) = − 

( 

c 
(
R *Cp 

) 
+ ρ⋅ 

∑ 

i∈C p
d n σi n ωi

) 

(A1)

where c 
( 
R *Cp 
) 
= 
( 
c f +c e +c d 

) 
⋅d 
( 
R *Cp 
) 
represents the total operating cost, and ρ > 0 denotes the profit parameter. By definition, the total operating cost 

c 
( 
R *Cp 
) 
is linearly proportional to route distance, i.e.,

∂c 
(
R *Cp 

)

∂d 
(
R *Cp 

) = c f + c e + c d ≥ 0 (A2)

When expanding a coalition from C p1 to C p2, the optimal route for Cp
2 remains the same as for Cp

1 or is extended to accommodate additional pas-
sengers, we have

Cp
1 ⊆ Cp

2⇒R * C p1 ⊆ R* 
C p2
⇒d 
( 
R* 

C p1

) 
≤ d 
( 
R* 

C p2

)
(A3)

Combining Eqs. (A2) and (A3), we have

c 
( 
R* 

C p2

) 
≥ c 
( 
R* 

C p1

) 
(A4)

The term ρ 
∑ 

i∈C p d n σ i n ωi also increases as passengers are added to the coalition, i.e., 

ρ 
∑ 

i∈C p2

d n σi n ωi = ρ

⎛

⎝
∑ 

i∈C p1

d n σi n ωi + 
∑

i∈C p2\C 
p
1

d n σi n ωi

⎞

⎠ ≥ ρ 
∑ 

i∈C p1

d n σi n ωi (A5)

Combining Eqs. (A4) and (A5), we have

u(Cp
1) = − c 

( 
R* 

C p1

) 
− ρ 
∑ 

i∈C p1

d n σi n ωi ≥ − c 
( 
R* 

C p2

) 
− ρ 
∑ 

i∈C p2

d n σi n ωi = u(Cp
2) (A6)

which completes the proof.

Appendix B

Proposition 3. For any passenger coalition structure CS pk, the bounding function ξ 
( 
CS pk

) 
provides an upper bound on the utility of any coalition structure CSpb;k

within its subtree ST 
( 
CS pk

) 
. Formally, ∀CSpb;k ∈ ST 

( 
CS pk

) 
: ξ 
( 
CS pk

) 
≥ u 
( 
CS

p
b;k

) 

Proof. Recall that

ξ(CSp
k) = 

∑
⌈ 
n k
λ ⌉

i=1
u 
(
C pi;k
) 

(B1)

where the coalitions are sorted in descending order of utility, i.e., u 
( 
Cp
1;k

) 
≥ u 
( 
Cp
2;k

) 
≥ … ≥ u 

( 
C p
|CS pk| ;k 

) 
. Suppose that CS pb;k ∈ ST 

( 
CS pk

) 
is also sorted in

descending order of utility, i.e., CSpb;k = 

{

̂ C 
p
1;k ;
̂ C 
p 
2;k ;…; ̂ C 

p ⃒ 
⃒CS pb;k

⃒ 
⃒ ;k 

} 

, where u 
(
̂ C 
p
1;k

) 
≥ u 
(
̂ C 
p
2;k

) 
≥ ⋯ ≥ u 

(
̂ C 
p 
|CS pk| ;k 

) 
. For any ̂  C

p
i;k ;
̂ C 
p 
j;k ∈ CS

p
b;k(i ∕= j); there

always exist Cp
r i ;k ;C 

p 
r j ;k ∈ CS

p
k; such that

̂ C 
p
i;k ⊇ C pr i ;k ; ̂ C 

p
j;k ⊇ C pr j ;k (B2)

with r i ∕= r j . In other words, each coalition ̂ C
p 
i;k in CS

p
b;k can be traced back to at least one distinct source coalition C 

p 
ri ;k in CS 

p
k. From Proposition 1, we
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have

u 
(
̂ C 

p
i;k

) 
≤ u 
( 
Cp

r i ;k

) 
; ∀i ∈ 

{ 
1; 2; ::; 

⃒ 
⃒ CSp

b;k

⃒
⃒ 
} 

(B3)

where |CSpb;k| ≥ ⌈n k λ ⌉. Then we have

∑ 
⌈ 
n k
λ ⌉

i=1
u 
(
̂ C 

p
i;k

) 
≤ 
∑
⌈ 
n k
λ ⌉

i=1
u 
(
C p ri ;k 

)
(B4)

Due to ∀i; j ∈ 
{ 
1; 2; ::;

⃒ 
⃒
⃒CS 

p
b;k

⃒ 
⃒ 
⃒ 
} 
∧ i ∕= j : r i ∕= r j , we have

∑ 
⌈ 
n k
λ ⌉

i=1
u 
(
C pi;k
) 
≥ 
∑
⌈ 
n k
λ ⌉

i=1
u 
(
C p ri ;k 

)
(B5)

Combining Eqs. (B4) and (B5), we have

ξ(CSp
k) = 

∑
⌈ 
n k
λ ⌉

i=1
u 
( 
Cp

i;k

) 
≥ 
∑
⌈ 
n k
λ ⌉

i=1
u 
( 
Cp

r i ;k 

) 
≥ 
∑
⌈ 
n k
λ ⌉

i=1
u 
(
̂ C 

p
i;k

) 
≥ 
∑

⃒
⃒CS pb;k

⃒
⃒ 

i=1
u 
(
̂ C 

p
i;k

) 
= u 
( 
CS

p
b;k

) 
(B6)

which completes the proof.

Appendix C

Proposition 4. Given a passenger coalition structure CSp* and the corresponding utility values {u(C 
p )} C p ∈CS p *

, the modified PK algorithm produces an allo-
cation Y = 

{ 
y i 
} 
i∈N p after a finite number of steps that satisfies the following properties:

• ϵ-kernel stability, i.e., ∀C p ∈ CSp* : δ(C p )=|u 
( 
CS p*

) 
| ≤ ϵ:

• Individual rationality, i.e., ∀i ∈ N p : y i ≥ u({p i }).

Proof. We prove the two properties in turn.

(1) ϵ-kernel stability

Recall that for any i, j ∈ C p , the perceived surplus difference is defined as

s ij = y i − u({p i }) − 
( 
y j − u 

( { 
p j 
})) 

(C1)

and the maximum surplus difference within coalition C p is

δ(C p ) = max 
i;j∈C p 

( 
s ij − s ji 

) 
(C2)

To avoid oscillations when multiple pairs have the maximum surplus difference, the algorithm employs a deterministic selection rule: when 
multiple (i, j) pairs satisfy s ij − s ji = δ(C p ), a unique pair (i*, j*) is selected via fixed priority (e.g., lexicographically smallest indices). Let δ k = δ(C p )
denote the maximum surplus difference at the k-th iteration, and let S k = {(i, j)∣s ij − s ji = δ k } be the set of pairs with maximum surplus difference at
iteration k.

For the selected pair (i*, j*) = σ(S k ), the transfer amount Δu k > 0 (positive by the transfer rule, as otherwise the algorithm would terminate) leads to

s i * j * (k + 1) − s j * i * (k + 1) = 
[ 
s i * j * (k) + Δu k 

] 
− 
[ 
s j * i * (k) − Δu k 

] 

= δ k − 2Δu k < δ k
(C3)

For other pairs (i, j) ∈ S k \{(i*, j*)}, their surplus difference remains δ k in this iteration, so the maximum surplus difference at iteration k + 1 satisfies

δ k+1 = max 
(i;j)

[ 
s ij (k + 1) − s ji (k + 1) 

]

= max{δ k ; δ k − 2Δu k } = δ k
(C4)

with S k+1 = S k \{(i*, j*)} since the adjusted pair is no longer in the maximum set.
Let the coalition size be n (finite), so the total number of feasible (i, j) pairs is bounded by n(n − 1), making |S k | finite for all k. If |S k | = 1, then S k+1 = 

∅, and

δ k+1 = max 
{ 
s ij (k + 1) − s ji(k + 1) 

⃒ 
⃒ (i; j) ∕∈ S k 

} 
< δ k (C5)

because the only pair with maximum surplus difference has been adjusted. If |S k | > 1, then |S k+1 | = |S k | − 1 as the selected pair is removed; repeating 
this process, after |S k | iterations, there exists k′ where |S k′ | = 1, leading to δ k′+1 < δ k′ .

Since {δ k } is a non-increasing sequence (remaining constant only finitely many times) with a lower bound of 0, and each strict decrease has a
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positive step size 2Δu k , there exists m such that δ m ≤ ϵ|u 
( 
CS

p
*
) 
|, ensuring the algorithm terminates without oscillations and satisfies ϵ–kernel stability.

(2) Individual rationality

Individual rationality is proven by induction. In the base case, the initial allocation (defined in Eq. (26)) satisfies y(0)i > 0 ≥ u({p i }) for all i ∈ C p , as
each y (0)i is proportional to individual savings and u(C p ) ≥ 0. Assume the allocation at step t satisfies y (t)i ≥ u({p i }) for all i ∈ C p . At step t + 1, the transfer
amount from j to i is 

Δu = min 
{
δ(C p )
2

; max 
{ 

0; y(t)j − 
δ(C p )
2

− u 
( { 

p j 
}) 
} } 

(C6)

so the updated allocations satisfy: 

y (t+1)
j = y(t)j − Δu ≥ y(t)j − 

( 

y(t)j − 
δ(C p )
2

− u 
( { 

p j 
}) 
)

= 
δ(C p )
2

+ u 
( { 

p j 
}) 

≥ u 
( { 

p j 
})

(C7)

y(t+1)
i = y(t)i + Δu ≥ y(t)i ≥ u({p i }) (C8)

By induction, individual rationality holds throughout the algorithm. Since the process terminates in finite steps, the final allocation satisfies all 
stated properties, which completes the proof.

Appendix D

To examine whether the random request-allocation assumption may overstate the benefits of cooperation, we conduct a biased allocation 
experiment on the Ningxia dataset. The study area is divided into 1 km × 1 km grids. Starting from the cell with the highest demand density, adjacent 
cells are added until the cumulative demand reaches a share α of the city total (here α ∈ [20%, 40%]). This defines the hotspot. In the biased scenarios, 
requests within the hotspot are allocated to Operator 1 with probability p (here p ∈ [60%, 90%]), while remaining requests are randomly allocated. 
Here, α denotes the share of requests contained in the hotspot relative to the whole area, and p denotes the probability that hotspot requests are 
preferentially allocated to Operator 1.

Table D1 reports the stable coalition structures and performance indicators under different allocation rules. As the bias increases, the stable 
coalition changes: under mild bias (B1) it remains the same as in the random case, while under stronger bias (B2–B4) Operator 1 tends to operate 
independently and the others are more likely to merge. Vehicle occupancy and total cost show only small fluctuations across scenarios. The number of 
deviation groups and the deviation rate rise as the bias becomes stronger, and the deviation rates remain at a relatively low level. Overall, cooperation 
still emerges under biased allocations and efficiency gains persist. The specific stable coalition structure, however, may differ depending on the 
competitive environment.

Table D1
Sensitivity analysis of request allocation rules.

Request allocation rule Stable coalition structure Vehicle occupancy (%) Total cost (CNY) Number of deviation groups Deviation rate (%)

Random (baseline) {{1, 2}, {3, 4}} 98.08 3899.93 4 2.40
Biased B1 (α = 20%, p = 60%) {{1, 2}, {3, 4}} 98.08 3912.47 5 2.75
Biased B2 (α = 30%, p = 70%) {{1}, {2, 3}, {4}} 97.15 3936.81 5 2.88
Biased B3 (α = 30%, p = 80%) {{1}, {2, 3, 4}} 96.94 3974.36 6 3.05
Biased B4 (α = 40%, p = 90%) {{1}, {2, 3, 4}} 96.43 4008.29 6 4.72
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