Regional gravity field modelling
with radial basis functions

Tobias Wittwer



T.F. Wittwer

Regional gravity field modelling with radial basis functgon

Delft Institute of Earth Observation and Space Systemdt Delversity of Technology
Copyright ©2009 by Tobias Wittwer

This dissertation is published under the same title in thiese

Publications on Geodesy 72, Netherlands Geodetic CommnisBelft, the Netherlands
ISBN 978 906132 3150

More information: info@ncg.knaw.nl, http://www.ncg.knal

Typeset by the author using tHEX Documentation System ang/X
All plots were made using the Generic Mapping Tools
Global maps use the Robinson projection

Printed by Optima Grafische Communicatie, Rotterdam, Thbétands



Regional gravity field modelling
with radial basis functions

PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Technische Universiteit Delft,
op gezag van de Rector Magnificus prof. dr. ir. J.T. Fokkema,
voorzitter van het College voor Promoties,
in het openbaar te verdedigen op woensdag 9 december 2002.8uur

door Tobias Florian WITTWER

Diplom-Ingenieur fir Geodasie und Geoinformatik
Universitat Stuttgart, Duitsland

geboren te Ostfildern/Ruit, Duitsland



Dit proefschrift is goedgekeurd door de promotor:
Prof. Dr.-Ing. habil. R.A.P. Klees

Samenstelling promotiecommissie:

Rector Magnificus voorzitter

Prof. Dr.-Ing. habil. R.A.P. Klees Technische Univergif2elft, promotor
Prof. dr. ir. R.F. Hanssen Technische Universiteit Delft

Prof. ir. B.A.C. Ambrosius Technische Universiteit Delft

Prof. Dr.-Ing. habil. J. Kusche Universitat Bonn

Prof. W. Featherstone Curtin University of Technology
Prof. Dr. W. Keller Universitat Stuttgart

Prof. Dr.-Ing. habil. B. Heck Universitat Karlsruhe



Acknowledgements

This PhD thesis and the underlying research would not haga pessible without the
help of many people. First and foremost | want to thank my stiger and promotor,
Prof. Roland Klees, for his help and guidance during the feary of research. He was
always available regardless of his busy schedule, and nedriadgkeep me on track while
giving me the freedom to pursue my own ideas.

Valuable input came from the other scientific staff membeeasel Ditmar, Jirgen Kusche,
Brian Gunter, and David Lavalle. Invaluable help was preditby the "global GRACE
people”, Xianglin Liu and Christian Siemes, who also sharedom with me and were
always good company. Other colleagues contributed, tomddis Slobbe, Bas Alberts,
Jasper van Loon, Elena Revtova, Riccardo Riva, and MarkeWilansen. Ward Stolk
did important work on mass balance estimates for Greenladdatarctica in the course
of his MSc thesis. Administrative tasks were handled adohray our management as-
sistants Relly van Wingaarden, Miranda van Haagen, ancaHagnman.

ICESat data has kindly been provided by Dr. Tim Urban of thRCBe PCR-GLOBWB

hydrological model was used courtesy of Rens van Beek and Biarkens at the Uni-

versity of Utrecht. Computing time on the national superpaters Teras, Aster, and
Huygens was provided by Stichting Nationale Computer Raitén (NCF) under grant

SG-027.

My wife Baukje was always there with whatever support | neledeind words to calm
me down after a particular stressfull day or the proverbiek kn the rear to keep me
going. She, my parents and my parents-in-law, motivated yr&hbwing keen interest
in my work. It is important that we are able to explain our ggsé in layman’s terms.



Acknowledgements



Contents

Summary Vil
Samenvatting Xi
Zusammenfassung XV
Nomenclature XiX
1 Introduction 1
1.1 Background . . . . . . .. ... 1
1.2 Motivation. . . . . . . . e 2

1.2.1 Regional modelling from satellitedata . . . . .. ... ...

1.2.2 Regional modelling from terrestrialdata . . . . . .. .. ..

1.2.3 Combined modelling of satellite and terrestrial data. . . . . 4
1.2.4 Radial basisfunctions . . ... ... .. ... ......... 4
1.3 Prior research on radial basis functions . . . . . .. ... ... .. 5
1.4 Researchobjectives . . . . . . ... .. ... ... ... . 6
1.5 Outlineofthesis. . . . .. .. ... ... ... 7
2 Radial basis functions 9
2.1 Gravity field representations . . . . .. .. ... .. ... ... ... 9
2.1.1 Sphericalharmonics . . .. .. ... ... ... ........ 9
2.1.2 Radialbasisfunctions . . ... ... ... ........... 10
2.2 RBF types and behaviour in the spectral domain . . . . . . . ... 11
2.3 Behaviourinthe spatialdomain . . .. .. ... ... ... ..... 17
2.4 Relation of RBFs to a spherical harmonic representation. . . . . . 18
2.5 Choice of RBF characteristics . . . . . ... ... ... ....... 20

2.5.1 Choiceofthekernel . . . ... .. ... ... ... ... ... 21



CONTENTS

2.5.2 Bandwidthselection . .. .. .. ... ... .. ........ 21
2.6 RBFnetworkdesign . .. ... ... ... ... .. .. .. .. ... 23
26.1 Grids . ... .. 24
2.6.2 Adaptationtodata . . ... ... .. ... ... 26
2.6.3 Localrefinement . ... .. ... ... .. .. ... ... 27
2.7 Multi-scalemodelling . . . . ... ... ... o oL 03
27.1 Introduction. . . . . . . . . ... 30
2.7.2 Methodology . . .. .. .. ... .. ... .. 30
27.3 Filtering. . . . . . . ... 31
Mathematical model and estimation principle 37
3.1 Functionalmodel . . ... ... .. ... . ... ... 37
3.2 Stochasticmodel . . ... ... ... ... ... 37
3.3 Least-squares estimation and regularisation . . . . ... ... .. 38
3.4 Solutionstrategies . . . . . . . ... 9 3
3.4.1 Cholesky factorisation . . . ... ... ............. 39
3.4.2 Conjugategradients . . .. ... ... ... ... .. .. ... 39
3.5 \Variance componentestimation . . . . . .. .. ... 40
3.5.1 Normalequations . . .. .. .. .. ... ... .. ....... 40
3.5.2 Variance componentestimation . . ... ... .. .. ..... 40
3.5.3 Stochastic trace estimation . . . . .. ... ... ... ... 1 4
Numerical aspects 43
4.1 Numerical optimisation . . . . . .. ... ... ... .. ... ..... 4 4
4.1.1 Constant expressionsin“do™loops . . ... .. .. .. ... 44
4.1.2 Computation of the design matrix . . .. ... ......... 44
4.1.3 Normalisationof coordinates . . . . .. .. ... ........ 5 4
4.1.4 Normalisation of basis functions . . . . . ... .. ... ... 45
4.2 Fastsynthesis . . . . . . . . . 45
4.3 Parallelisation . . . . . ... 47
4.3.1 Problemdescription . . . ... ... .. .. ... ... 47
4.3.2 Parallel computer architectures . . . . . . ... ... .. ... 48
4.3.3 Parallelisation for shared memory computers . . . . ... 49
4.3.4 Parallelisation for distributed memory computers...... . . . 50
4.3.5 Hybrid parallelisation. . . . ... .. ... ... ........ 52
4.3.6 Results of parallelisation . . . .. .. .............. 35
4.4 Summary andconclusions . . .. ... ... ... .. ... .. ... 56



CONTENTS v

5 Gravity field modelling from satellite data 57

5.1 Functionalmodel . . ... ... ... ... ... ... ... 59
5.1.1 Three-point range combinationapproach . . . ... .. ... 59
5.1.2 Residual accelerations . . . ... ... ... ... ....... 60
5.1.3 Equivalentwaterheights . . .. .. .. ... .......... 62
5.1.4 Trend and signal amplitude estimation . . . . . . .. .. .... 62

5.2 Stochasticmodel . . . ... .. ... ... .. 62

5.3 Optimalfiltering. . . . . . . . . .. . .. 63
531 Introduction. . .. .. .. ... ... 63
5.3.2 Signal covariance matrix computation . . . . .. .. .. ... . 65
5.3.3 Noiselevelestimation . . ... ................. 69

5.4 RBFnetworkdesign . ... ... ... . ... .. .. ... ... ... 71
54.1 Gridchoice . . ... . ... . ... 71
5.4.2 Data-adaptivity and local refinement . . . . . . ... .. ... 84
543 Parametrisedarea . . . . .. .. ... ... .. 0L 84

5.5 Bandwidthselection. . . . . . ... ... .. ... .. .. .. ... .. 88

56 Results. . . . . .. . . e 92
5.6.1 Comparison of unfiltered RBF and spherical harmorligism . 92
5.6.2 Modelsusedforcomparison . . . ... ............. 95
5.6.3 Recovery of ice mass loss in Greenland and Antarctica . . 96
5.6.4 Recovery of terrestrial water storage variations ...... . . . 111

5.7 Summaryandconclusions . ... .. ... ... ... ... ... 125

6 Local gravity field modelling from terrestrial data 129

6.1 Functionalmodel . . . ... ... ... .. .. .. 130
6.1.1 Functional model for gravity disturbances . . . . . . ...... 130
6.1.2 Functional model for gravity anomalies . . . . .. ... ... 131
6.1.3 Functional model for height anomalies. . . . . . .. .. ... 132

6.2 RBF networkdesign . .. .. .. ... ... .. .. .. ... ..., 132
6.2.1 Gridchoice . . . . .. .. .. ... 132
6.2.2 Data-adaptivity and local refinement . . . . . .. ... ... 132
6.2.3 Parametrisedarea . . . . .. .. ... ... . 0L 133

6.3 Bandwidthselection. . . . . . .. .. ... ... ... ... .. ..., 413

6.4 Results. . . . . . .. . . 135
6.4.1 NortheasternUSA . . . . . . . . ... . ... ... .. ..., 135
6.42 Canada ... ... ... . ... 145

6.5 Summaryandconclusions . ... ... .. .. ... .. .. .. ... . 153



Vi

7 Combined modelling of satellite and terrestrial data
7.1 Combination strategies
7.1.1 Remove-restore approach

7.1.2 High-pass filtering

7.1.3 Direct combination

7.1.4 Combination with satellite-only solution . . . . . .. .. ..

7.2 RBF network design and bandwidth selection . . . . ... . . .. .

7.3 Results

7.4 Summary and conclusions

8 Summary, conclusions and recommendations
8.1 Summary and conclusions

8.2 Recommendations for furtherresearch . . . . . . .. ... . ...

Bibliography

Curriculum Vitae

7.3.1 Global test
7.3.2 Regional test

CONTENTS



Summary

Regional gravity field modelling with radial basis func-
tions

Terrestrial gravimetry, airborne gravimetry, and the rtagedicated satellite gravity
missions Challenging Minisatellite Payload (CHAMP), Gtg\Recovery and Climate
Experiment (GRACE), and Gravity and Ocean Circulation Bxgl (GOCE) provide us
with high-quality, high-resolution gravity data, whickearsed in many application areas
such as

1. the computation of global static gravity fields, in sugpmdprecise orbit determi-
nation of many Earth observation satellites;

2. the quantification and interpretation of mass transpothe Earth system such
as the shrinking of ice sheets, the shifting of ocean cusreamtd water storage
variations;

3. the computation of high resolution regional and localiyafields in support of
height system realisation and the modelling of reservaitsgeophysical features.

Traditionally, for each data set (satellite, airbornerdsirial) dedicated data processing
schemes have been developed using different estimatiogiples, parametrisations,
etc. The optimal combination of different data sets woulddfi of a methodology that
can be used for any type of data. Elements of this methodatogyprise a uniform
parametrisation, estimation principle, data weightinigesoe, regularisation, and error
propagation.

In the framework of this thesis, such a methodology is degdo It uses radial basis
functions (RBFs) as parametrisation. They have param#tatsallow us to tune their
approximation properties as function of the data coveragedsstribution and the signal
variations. This makes them equally well suited for globad éocal parametrisation.
Moreover, there exists an analytical relationship betwaespherical harmonic represen-
tation and a radial basis function representation, whildwal the latter to be transformed
into the former, without any approximation error. Amonge this has the advantage
that one can make use of existing processing tools, sucheatrapanalysis.

Although radial basis functions are not new in gravity fielddelling, there are many
important issues which have not yet been addressed or eefyuther research. The

vii



vili SUMMARY

main research question underlying this thesis is: "Arealdolasis functions a suitable
parametrisation for global and regional models of the mewhtane-variable gravity
field, and if so, how do they perform compared with spherieaihionic solutions?" Di-
rectly related to this is the question: "Are there situagiovhere radial basis functions
models outperform spherical harmonic solutions?" The ansaboth questions is pos-
itive as will be shown in this thesis.

There are two important aspects that determine the qudléygeavity field model based
on radial basis functions: 1) the spatial distribution of tladial basis functions, i.e.
the basis function network design, and 2) the choice of thelwalths of the radial
basis functions. For both problems, semi-automatic algms have been developed.
Data-adaptive network design and local refinement avoides/ely over- and under-
parametrisation by fine-tuning the basis function netwagda on the data. The basis
function bandwidth is determined by optimising the fit to tta¢a including control data.

The computation of regional gravity fields constitutes astd@rable numerical work-

load, especially since the methodology presented here wiatesse an iterative nor-

mal equation solver (e.g., the preconditioned conjugadelignt method). Instead, a
Cholesky solver is used, which requires the assembly of dhgpéete normal equation
system. For this purpose the program is numerically opgchend fully parallelised for

hybrid high performance computer architectures. This guiaes optimal performance
on all types of parallel computers and handles the memonyinements.

The modelling of satellite data with radial basis functismswvestigated using real data
of the GRACE satellites collected over the period 2003-2006 optimal Wiener filter
has been developed for radial basis functions in line wighdptimal Wiener filter ap-
proach previously developed at DEOS for spherical harm@presentations. Monthly
GRACE gravity models computed using radial basis functima@mpared to spheri-
cal harmonic models, and validated using independent dataded by the Ice Cloud
and Land Elevation Satellite (ICESat), radar altimetryeli#es, and the global hydro-
logical model PCR-GLOBWB. Two applications were considerg) mass variations
over Greenland and Antarctica and 2) water storage vansiio river basins. The re-
sults show that the radial basis function approach yieltigisos that are of at least the
same quality as global models using spherical harmonicsreTis evidence that radial
basis functions may provide better spatial resolution aldennealistic amplitudes in
particular in high-latitude areas. For instance, it willds®wn that radial basis function
solutions detected signal that could not be seen in sphé&acmonic solutions.

Two test areas are used for regional gravity field modellsiggireal terrestrial data: An
area in the northeastern USA and a larger area in eastermi@&anhe results show that
the data-adaptivity and local refinement algorithms dgwadioin the framework of this
thesis provide good solutions of constant quality regagite the initially chosen grid
spacing. The models are compared to the official regionatigeodels GEOID03 and
CGGO05, respectively. In both cases, rms errors of sevendiilnsetres remain, which are
attributed to different input data and processing strategi

The combination of satellite and terrestrial data is testeidg simulated global and
regional data sets. It is shown that a joint inversion of tixe data sets yields combined
solutions which are significantly better than a solutiomgsihe traditional remove-
restore approach. The addition of satellite data with threesponding stochastic model



compensates the reduced quality of the terrestrial datmmgtwavelengths.

The examples show that the regional modelling methodolaggented here is a very
flexible approach that can be applied to all types of gravtachnd data distributions,
regardless of application, data source, and area size. Udiayqof the solutions is at
least equal to the solutions developed for the stand-aloversion of individual data
sets, while radial basis functions offer numerical benefits a result, this approach is
already used for marine geoid modelling, and recommendethéomodelling of air-
borne gravity data and data of the GOCE satellite, and fojoinginversion of satellite,
airborne and ground-based gravity data.
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Samenvatting

Regionale zwaartekrachtmodellering met radiale basisfuo-
ties

Terrestrische gravimetrie, vliegtuiggravimetrie en deerde specifieke satelliet-
zwaartekrachtmissies Challenging Minisatellite Payl(@HAMP), Gravity Recovery
and Climate Experiment (GRACE) en Gravity and Ocean CitauteExplorer (GOCE)
leveren data van hoge kwaliteit en hoge resolutie, die veet toepassingen gebruikt
worden, zoals:

1. De berekening van mondiale statische zwaartekraclgmetdr ondersteuning van
de nauwkeurige baanbepaling van vele aardobservatiesiatie]

2. Het kwantificeren en de interpretatie van massatranspdret systeem aarde,
zoals het afsmelten van de ijskappen, het verplaatsen \@amaostromingen en
variaties in wateropslag;

3. De berekening van regionale en lokale zwaartekrachdweidet hoge resolutie,
ter ondersteuning van de realisatie van hoogtesystemere enodellering van
reservoirs en geofysische kenmerken.

Voor elk data set (satelliet, vliegtuig, terrestrischnzpecifieke verwerkingsschema’s
ontwikkeld die gebruik maken van verschillende schatjmggipes en parametrisaties
etc. De optimale combinatie van verschillende data setpmaiiteren van een method-
iek die voor elke data set gebruikt kan worden. Onderdelareea dergelijke methodiek
bevatten een uniforme parametrisatie, schattingspeneethode van data weging en
foutvoortplanting.

In het kader van dit proefschrift wordt een dergelijke melie& ontwikkeld. Zij gebruikt
radiale basisfuncties (RBFs) als parametrisatie.

Radiale basisfuncties hebben parameters die het mogetifemhun approximatie-
eigenschappen aan te passen als functie van de bedekkirgdsling van de waarne-
mingen en de signaalvariatie. Dit maakt ze geschikt vooretemondiale als ook voor
regionale parametrisaties. Verder bestaat een analgtretdtie tussen een sferisch har-
monische representatie en een representatie in radialefuragies, die het mogelijk
maakt de laatste, zonder approximatiefouten, in de eezst@msformeren. Dit heeft

Xi



Xii SAMENVATTING

onder andere het voordeel dat men gebruik kan maken varebestéools, zoals spec-
traalanalyse.

Ondanks het feit dat radiale basisfuncties niet nieuw rijde zwaartekrachtmodeller-
ing, zijn er vele belangrijke aspecten die tot nu toe nietaneleld zijn of die dieper

onderzocht moeten worden. De hoofdonderzoeksvraag didedasis van dit proef-

schrift staat is: "Zijn radiale basisfuncties een gesehjdrametrisatie voor mondiale
en regionale modellen van het gemiddelde en tijdvariabsbarekrachtveld, en zo ja,
hoe presteren zij vergeleken met sferisch harmonischessipigen?” Direct gerelateerd
hieraan is deze vraag: "Zijn er situaties waarin modellenals parametrisatie radi-
ale basisfunctie gebruiken, beter presteren dan sferasehdnische oplossingen?” Het
antwoord op beide vragen is positief, zoals in dit proeféchangetoond zal worden.

Er zijn twee belangrijke aspecten die de kwaliteit van eemartekrachtsveldmodel
gebaseerd op radiale basisfuncties bepalen: 1) het onwwaerpet netwerk van basis-
functies 2) de keuze van de bandbreedtes van de radialéumasies. Voor beide prob-
lemen werden semiautomatische algoritmen ontwikkeld. dag¢a-adaptief netwerkon-
twerp en locale verfijning voorkomen respectievelijk ovan-onderparametrisatie door
het netwerk van basisfuncties aan te passen op de verdelimdeswaarnemingen. De
bandbreedte van de basisfuncties wordt bepaald door data van de data fit in-
clusief controledata.

De berekening van regionale zwaartekrachtvelden vereistbehoorlijke numerieke
werklast Dit wordt versterkt doordat de hier gepresenteardthode geen gebruik maakt
van een iteratieve normaalvergelijkings-oplosser (log/preconditioned conjugate gra-
dient methode). In plaats daarvan wordt een Cholesky oplagsbruikt, die de op-
bouw van het gehele systeem van normaalvergelijkingenstergoor dit doel is het
programma numeriek geoptimaliseerd en geheel gepaisdiett! voor hybride high-
performance computer architecturen. Dit waarborgt ofdemeaestaties op alle soorten
parallelle computers en voldoet aan de geheugeneisen.

Het modelleren van satellietdata met behulp van radialstossties wordt onderzocht
met gebruik van echte data van de GRACE satellieten, veldaimele periode 2003-
2006. Een optimale Wiener filter werd ontwikkeld voor radibasisfuncties in overeen-
stemming met de optimale Wiener filter aanpak eerder onslikiij DEOS voor sferisch
harmonische representaties. Maandelijkse GRACE oplgssinberekent met radiale
basisfuncties, worden vergeleken met sferisch harmoaistbdellen, en gevalideerd
met gebruik van externe data geleverd door de Ice Cloud and Edevation Satel-
liet (ICESat), radar-altimetrie satellieten en een moaldigydrologisch model. Twee
toepassingen werden beschouwd: 1) massavariaties bowemi@nd en Antarctica en
2) wateropslagvariates in rivierbasins. De resultatericaaan dat de aanpak met radiale
basisfuncties oplossingen levert die van tenminste di#zddivaliteit zijn als mondiale
modellen berekent met behulp van sferisch harmonischenijrEindicaties dat radiale
basisfuncties mogelijk een betere spatiéle resolutie @istischere amplitudes leveren,
vooral in gebieden dicht bij de polen. Wij zullen bijv. aamém dat de oplossingen met
radiale basisfuncties een sighaal gedetecteerd hebbemeataichtbaar is in een sferisch
harmonische oplossing.

Twee testgebieden worden gebruikt voor regionale zwaatbkmodellering met echte
terrestrische data: Een gebied in het noordoosten van den\&Rm groter gebied in
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het oosten van Canada. De resultaten tonen aan dat de mlgontoor data-adaptief

netwerkontwerp en lokale verfijning goede oplossingenr@veonafhankelijk van de in

eerste instantie gekozen gridafstand. De modellen wordegeleken met de officiéle

geoides GEOID03 en CGGO05. In beide gevallen was het kwadhatiemiddelde van

de afwijkingen meerdere centimetres, die aan verschélelada en verwerkingsmethod-
ieken toegekend worden.

De combinatie van satelliet- en terrestrische data worttisgenet gesimuleerde mon-
diale en regionale data sets. Het wordt aangetoond dat eemdpneerde inversie van
de twee data sets oplossingen levert die significant bgtedan een oplossing die ge-
bruik maakt van de traditionele remove-restore aanpak.oBekeging van satellietdata
met het bijbehorende stochastische model compenseergédee lawaliteit van de ter-

restrische data in de lange golflengtes.

De voorbeelden laten zien dat de hier gepresenteerde nekheabr regionale mod-

ellering een zeer flexibele aanpak is die voor alle soortemarigkrachtdata en
dataverdelingen toegepast kan worden, ongeacht de taepadatabron en gebieds-
grootte. De kwaliteit van de oplossingen is tenminste gelan de oplossingen on-
twikkeld voor stand-alone inversies van de individueleadsgts, terwijl radiale basis-
functies numerieke voordelen bieden. Als resultaat hrewardt deze aanpak al ge-
bruikt voor het modelleren van een marine geoide, en wojdddribevolen voor het
modelleren van vliegtuiggravimetriedata en data van de 5Q@@telliet, en voor de

gecombineerde inversie van satelliet-, vliegtuig- eregrische zwaartekrachtdata.
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Zusammenfassung

Regionale Schwerefeldmodellierung mit radialen Basis-
funktionen

Terrestrische Gravimetrie, Flugzeuggravimetrie und diguellen Schwerefelds-
Satellitenmissionen Challenging Minisatellite Paylo@tH@AMP), Gravity Recovery and
Climate Experiment (GRACE) und Gravity and Ocean CircolatExplorer (GOCE)
liefern uns Schweredaten von hoher Qualitat und hoher Aufigsdie fr viele Anwen-
dungen benutzt werden, zum Beispiel

1. die Berechnung von globalen statischen SchwerefelderrUnterstitzung der
genauen Bahnberechnung vieler Erdbeobachtungssatgllite

2. die Quantifizierung und Interpretation von Massentrartsm System Erde, wie
das Schrumpfen von Eisfeldern, die Verschiebung von Organangen, und
Variationen von Wasserspeichern;

3. die Berechnung hochauflésender regionaler und lokalew&efelder zur Real-
isierung von Hohensystemen und zur Modellierung von Rdtsgteichern und
geophysischen Merkmalen.

Traditionell wurde fir jeden Datensatz (Satelliet, Flugge terrestrisch) spez-
ifische Prozessierungsmethoden entwickelt, unter Verwegeh verschiedener
Schatzprinzipen, Parametrisierungen etc. Die optimalenlination verschiedener
Datensatze wirde von einer Methodik profitieren, die migralDatentypen verwen-
det werden kann. Teile solch einer Methodik sind eine etfibleeé Parametrisierung,
Schatzprinzip, Datengewichtung, Regularisierung unddfgrtpflanzung.

Im Rahmen dieser Dissertation wird eine derartige Methedikvickelt. Sie verwendet
radiale Basisfunktionen (RBFs) als Parametrisierung.

Diese kennen Parameter die es méglich machen ihre Apprtixinsgigenschaften auf
Datenbedeckung, Datenverteilung und Signalvariatioreustimmen. Dadurch sind
sie in gleicher Weise geeignet flur globale und lokale Patasmerungen. Weiterhin

besteht eine analytische Beziehung zwischen einer Diansgein spharisch Harmonis-
chen und einer Darstellung in radialen Basisfunktionea,edi mdglich macht letztere
in erstere ohne Naherungsfehler zu transformieren. Unider@m hat dies den Vorteil,
dass existierende Prozessierungstools, z.B. Spekthasandenitzt werden kdnnen.

XV



XVi ZUSAMMENFASSUNG

Obwonhl radiale Basisfunktionen nicht neu sind in der Sclefeédmodellierung, gibt
es viele wichtige Themen die bisher nicht untersucht wuralder weitere Forschung
bendtigen. Die Hauptfrage an der Basis dieser DissertaiotSind radiale Basisfunk-
tionen eine geeignete Parametrisierung fur globale uniomage Modelle des mittleren
und zeitvariablen Schwerefelds, und wenn ja, wie gut fuurkéren sie verglichen mit
Ldsungen in spharisch Harmonischen?" Direkt verwandiahiést ist die Frage: "Gibt
es Situationen in denen Modelle in radialen Basisfunktiobesser sind als Lésungen
in spharisch Harmonischen?" Die Antwort auf beide Fragémpasitiv, was in dieser
Dissertation gezeigt wird.

Es gibt zwei wichtige Aspekte die die Qualitat eines Schigddenodells in radialen

Basisfunktionen bestimmen: 1) die rdumliche Verteilungraelialen Basisfunktionen,
der Netzwerkentwurf und 2) die Wahl der Bandbreiten deraladi Basisfunktionen.
Fur beide Probleme wurden semiautomatische Algorithméniekelt. Datenadaptiver
Netzwerkentwurf und lokale Verfeinerung verhindern Uherd Unterparametrisierung
durch Feinabstimmung des Basisfunktionsnetzwerks autBias Daten. Die Bandbre-
ite der Basisfunktionen wird durch den Datenfit, einschigtXontrolldaten, bestimmt.

Die Berechnung regionaler Schwerefelder formt eine neswerte numerische Last,
unter anderem weil die hier vorgestellte Methodik keineerativen Loser (z.B.
die vorkonditionierte konjugierte Gradientenmethodeliet. Stattdessen wird ein
Cholesky-Loser verwendet, der das Aufstellen des konmgriditormalgleichungssys-
tems erfordert. Fur diesen Zweck ist das Programm numeoisttiniert und vollstandig
fur hybride Hochleistungsrechnerarchitekturen paiailett. Dies garantiert optimale
Leistung auf allen Typen Hochleistungsrechner und auseeid Hauptspeicher.

Die Modellierung von Satellitendaten wird untersucht améi&on echten Daten der
GRACE Satelliten, die im Zeitraum 2003-2006 gesammelt wnrd Ein optimaler
Wiener Filter wurde fur die radialen Basisfunktionen emieit, ibereinstimmend mit
dem vorher bei DEOS fur die Darstellung in spharisch Harsren entwickelten Fil-
ter. Monatliche GRACE Lésungen werden verglichen mit Méatein sphérisch Har-
monischen, und validiert unter Verwendung von unabhamgizen vom Ice Cloud and
Land Elevation Satellite (ICESat), Radaraltimetriedaésl und einem globalen hydrol-
ogischen Modell. Zwei Anwendungen werden betrachtet: 199daveranderungen tber
Gronland und der Antarktis und 2) Wasserspeicherschwaggtum Flussbecken. Die
Ergebnisse zeigen, dass der Ansatz mit radialen Basisturgkt mindestens die gleiche
Qualitat liefert wie globale Modelle mit Verwendung von gpisch Harmonischen. Es
gibt Hinweise, dass die radialen Basisfunktionen bessemaliche Auflésung und real-
istischere Signalamplituden liefern, besonders in Regjidroher geographischer Breite.
Zum Beispiel wird gezeigt, dass die radialen Basisfunldio8ignal detektiert haben das
in den Losungen mit spharisch Harmonischen nicht zu sehen is

Zwei Testgebiete werden fir die regionale Schwerefelditiedeng mit echten ter-
restrischen Daten verwendet: Ein Gebiet im Nordosten deh USd ein grosseres
Gebiet im Osten von Kanada. Die Ergebnisse zeigen, dassldaithmen zur Date-
nadaption und lokalen Verfeinerung, die im Rahmen diesss®tation entwickelt wur-
den, unabhangig vom anfanglich gewéahlten Rasterabstaad gaungen von konstanter
Qualitat liefern. Die Modelle werden mit den offiziellen Gaéen GEOID03 und CGGO05
verglichen. In beiden Fallen blieben gemittelte Fehler woghreren Zentimetern, die
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unterschiedlichen Eingangsdaten und Prozessierungsdestlzugerechnet werden.

Die Kombination von Satellitendaten und terrestrischeteDavird mit simulierten glob-
alen und regionalen Datenséatzen getestet. Es wird gedeigs, die kombinierte Inver-
sion beider Datensatze kombinierte Losungen liefert, igieifikant besser sind als eine
Losung die den traditionellen remove-restore Ansatz vadee Das Zufligen von Satel-
litendaten und des entsprechenden stochastischen M&oetisensiert die reduzierte
Genauigkeit der terrestrischen Daten bei langen Wellg@én

Die Beispiele zeigen, dass die hier vorgestellte Methodeegionalen Schwerefeld-

modellierung ein flexibler Ansatz ist, der fur alle Typen ®ehhedaten und Daten-
verteilungen verwendet werden kann, unabhéngig von AnwegdDatenquelle und

Gebietsgrof3e. Die Qualitat der Losungen ist mindestergdeiehbar zu den Losungen
aus den Methoden zur eigenstandigen Inversion des jeerillatensatzes, wobei ra-
diale Basisfunktionen numerische \Vorteile bieten. Darassiltiert, dass dieser Ansatz
bereits fur die Modellierung des Marineschwerefeldes eset wird, und empfohlen

wird fur die Modellierung von Flugzeuggravimetriedateratén des GOCE Satelliten,
und die gemeinsame Inversion von Satelliten-, Flugzeugd-tarrestrischen Schwere-
daten.
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Nomenclature

Acronyms

CHAMP Challenging Minisatellite Payload

CG
CRF
CSR
DAND
DEOS
DMT-1
EWH
FW
GCvV
GIA
GOCE
GPS
GRACE
ICESat
LoS
LR
MC
PCCG
PGR
RBF
SH
SHA
SHS
TRF
VCE

Conjugate Gradient method

Celestial Reference Frame

Center for Space Research, University of Texas
Data-Adaptive Network Design

Delft Institute for Earth Observation and Space System
DEOS Mass Transport model 1

Equivalent Water Height

Frequency-dependent data Weighting
Generalised Cross Validation
Glacial Isostatic Adjustment

Grauvity field and steady-state Ocean Circulation Engplo
Global Positioning System

Gravity field and Climate Explorer

Ice, Cloud, and land Elevation Satellite
Line of Sight

Local Refinement

Monte Carlo simulation

Pre-Conditioned Conjugate Gradient method
Post-Glacial Rebound

Radial Basis Function

Spherical Harmonics

Spherical Harmonic Analysis

Spherical Harmonic Synthesis

Terrestrial Reference Frame

Variance Component Estimation
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Notation and symbols

Scalars
Cm spherical harmonic coefficient
G gravitational constant
I degree of spherical harmonics
m  order of spherical harmonics
M  mass of the Earth
n  order of a basis function
N  geoid undulation
r spherical radius
rj  partial redundancy
R  radius of the Bjerhammar sphere
Re mean Earth radius
t time
T  disturbing potential
o  regularisation parameter
a; radial basis function coefficient
y  gridlevel
dg gravity disturbance
Ag gravity anomaly
A spherical longitude
¢  spherical latitude
Yy Legendre coefficient
p inter-satellite range
0? variance
o? variance component
o? degree variance
d  spherical co-latitude
{ height anomaly
Functions
RA(X) Legendre polynomial

FTm(x) fully normalised associated Legendre function

Wi(x)

radial basis function
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Matrices and vectors

design matrix

right-hand-side vector
covariance matrix of vector
signal covariance matrix
vector of residuals

unit vector

identity matrix

normal matrix

weight matrix

inter-satellite range vector
inter-satellite acceleration vector
regularisation matrix

vector of unknown parameters
least-squares estimate

vector of observations

vector of random numbers
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Operators and mathematical notations

A1 inverse ofA

AT transpose oA
E{-} expectation

D{-} dispersion

|| absolute value

Il norm

B normalised vector
mean value
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Chapter 1

Introduction

1.1 Background

Geodesy (from Greekewdaioia, “division of the Earth”) is traditionally the science
of measuring the size and shape of the Earth. This includesuni@g the Earth’s ge-
ometry as well as the gravity field and its variation in timeheTEarth’s gravity field
is often represented by the geoid, a surface of equal grpeityntial (figure 1.1). The
geoid coincides with the mean surface of the sea at rest.

e — I
-100 -80 -60 -40 -20 O 20 40 60 80 100

Figure 1.1: Geoid heights computed from EIGEN-GLO04C up tgrde 360 (Foerste et
al., 2008).

Knowledge of the shape of the geoid is of major importancefany applications (Rum-
mel et al., 2002). The geoid serves as a height referencacgysvith the knowledge of
the geoid, ellipsoidal heights measured by GPS can be tnansti into gravity-related

1
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heights and augment traditional levelling, a time-inteasechnique with increasing er-
ror budget over long distances. Since the geoid represertiag mean sea surface, it
is required for all applications that need to determine dyigssea surface topography
from altimetry measurements. Precise orbit determinatfosatellites, particularly for
low-orbiting satellites, also requires accurate gravigdfimodels. The static gravity
field reflects the internal structure of the Earth and can lael ig constrain dynamic
models of processes in the Earth’s interior, and can helperekploration of mineral
and hydrocarbon reservoirs.

The Earth’s gravity field is not constant in time. It changesesult of mass redistribu-
tion, ocean and atmospheric circulation, water flux betwemestrial water storages, ice
melting, basin discharges into the oceans, and convectiveifiside the Earth’s man-
tle are mass transport processes that constantly redigtnbass in the atmosphere, on
the Earth’s surface, and inside the Earth. All these pra&sesgeract in various ways
on differing time and spatial scales. This makes it difficaldevelop realistic models
for accurate predictions. The new gravity satellite migsiand resulting gravity field
models make it possible for the first time to monitor theseswansport processes on a
global scale and with high temporal resolution. This allmsgdo investigate the causes
and build a basis for the prediction of future changes. Thresights are essential for the
understanding of the global water cycle, and accurate gieds of the future effects of
climate change.

1.2 Motivation

1.2.1 Regional modelling from satellite data

Satellites provide global or almost-global (in non-poldrits) data coverage. Spherical
harmonics, as global basis function, are usually used fateitiog gravity fields from
satellite data. While past satellite missions only alloi@dthe computation of models
of the static gravity field, the recent GRACE (Gravity fieldda@limate Experiment)
mission has made it possible to produce gravity field sohstior each month or even
shorter time spans. This makes it possible for the first tion@onitor mass variations
worldwide (Tapley et al., 2004).

The two largest mass variation signals that can be detegt€dRACE are the melting of
polar ice caps and water storage variations. Both signelam@alysed at the large basin
scale, not globally.

GRACE does not provide the same data quality everywhere enltthe. Figure 1.2
shows the locations of GRACE A over the Northern Hemispheredbruary 2006, at
a 5-second interval (the sampling used for data collectié)higher latitudes, orbits
are more tightly spaced. Whether this increased data saghgdin be exploited to pro-
duce higher-quality gravity fields at higher latitudes tlaaound the equator needs to be
investigated.

Spherical harmonic (SH) solutions that try to capture @hai at higher latitudes will
overparametrise at lower latitudes. This may lead to nurakmstabilities and require



1.2. MOTIVATION 3

regularisation. Noise at lower latitudes will be modelledidhave to be treated by
smoothing, which introduces a bias by reducing the signalredional solution can
be fine-tuned to the specific region of interest.

270°

o

Figure 1.2: Orbit of GRACE A, February 2006, at 5s interval.

The GOCE mission, launched in March 2009, aims at generakitg that makes it
possible to compute accurate static gravity fields withadtiéwice the spatial resolution
obtainable from GRACE. This increased resolution requiresmilar increase in the
number of gravity field parameters and leads to a correspgridcrease in numerical
complexity. Not everywhere will the same resolution be regfli- the gravity field is

much smoother over the parts of the oceans, with strongtgraignals from trenches
and sea mounts. This motivates the use of regional modelfidgefinement techniques.

Using spherical harmonics for regional solutions, the nucaécomplexity will be much
higher compared to a regional parametrisation. Achievimgsalution of 0.5 degrees
requires a spherical harmonic representation up to déggee 360, more than 130,000
spherical harmonic coefficients. The number of radial bfasistions (RBFs) required
to achieve the same resolution depends on the area sizengtance, 400 functions are
sufficient for an area of 10 by 10 degrees.

1.2.2 Regional modelling from terrestrial data

Terrestrial data are collected for comparatively smalioeg, i.e. the territory of a coun-
try. Compared to satellite data, the data are spaced mudtetjgand a gravity field of
much higher resolution can be computed from them. Teregstaita contain signals with
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shortest wavelengths of a few kilometres, which would reisud maximum spherical
harmonic degree necessary for modelling that is impostitandle in a least-squares
adjustment.

Terrestrial data are also inhomogeneously distributedta Daps may exist e.g. due
to the inaccessibility of an area. Areas of rugged terraioymtains) feature stronger
signal gradients and require more tightly-spaced funsetifmm a good approximation
than areas of smooth topography. This requires adaptatitre dasis function network
and the basis functions’ approximation characteristichéodata’s spatial distribution
and spectral signal content, something that can be achiewiedRBFs.

1.2.3 Combined modelling of satellite and terrestrial data

Satellite data are accurate at long wavelengths, but ldnitetheir spatial resolution.
The resolution that can be obtained from terrestrial dataush higher, but the quality
at long wavelengths is not as good as the quality of sateléita. A combination of both
data sources is required for the computation of accuratet@golution regional gravity
fields.

Up to now, combination of these two data sources has almeokisxely been achieved
by a remove-restore approach using Stokes’s integral ¢Stok849; Heiskanen and
Moritz, 1967). A global field is subtracted from the terredtdata before the grav-
ity field estimation to remove long-wavelength signal ardliee edge effects. This does
however not take the stochasticity of either data set intoaat. This motivates research
into better combination strategies.

1.2.4 Radial basis functions

While other techniques for regional gravity field modelliexjst, e.g. techniques based
on Stokes’s integral (Stokes, 1849) and least-squaresoatibn (Moritz, 1980), a choice
has been made to use RBFs as gravity field representation.

Both the spatial distribution and the approximation chemastics of RBFs can be ad-
justed. This makes it possible to use them for all kinds chdats. Inhomogeneous data
distributions and varying spectral data content can beesded by carefully choosing
the locations of the basis functions and their bandwidth.

An approach using RBFs offers numerical advantages. Theéauof basis functions

required depends only the resolution that can be achieviddtié data set and on the
size of the problem area. The number of observations doediradtly influence the

number of basis functions.

Radial basis functions can be related to spherical harmofiibis makes it possible to
transform a gravity field solution computed with RBFs into Seefficients. Existing
processing tools and techniques for spherical harmonitshes still be used.

Overall, RBFs are a flexible presentation that can be usedliftypes of gravity field
modelling. For this reason they have been chosen for theadelbgy described here.
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1.3 Prior research on radial basis functions

The use of RBFs in gravity field modelling is not new. Over tleans, several attempts
to find a methodology have been made. So far, no “standardiadetogy has been es-
tablished, and none of the methodologies tested so far ltaszed the whole spectrum
of gravity field modelling.

The use of point masses as an alternative representati@#ésical harmonics can be
traced back to Weightman (1965). The use of several sphdaigers of point masses
for gravity anomaly recovery has been described in Reilly ldarbrechtsmeier (1978).
An approach for automatic positioning of point masses wagldped by Barthelmes
(1986). Point masses were used by Vermeer (1984, 1989, 180@@gional gravity
field modelling in Finland and the Baltic. With exceptionsck as Antunes et al. (2003),
point masses have now been replaced by other types of RBFs.

Least-squares collocation (Moritz, 1980) uses the aut@itance function of the data as
kernel function. It has long been used for gravity field mbdgl(Forsberg and Kenyon,
1994; Marchenko et al., 2001). Challenges are the propepuatation of the covariance
function (Alberts, 2009) and the associated numerical dexily.

At Kaiserslautern University, Germany, the use of RBFs geescal wavelets has been
investigated for a long time, mostly focusing on multisa@presentations. Recent ap-
plications to gravity field modelling where the computatairihe multi-scale geopoten-
tial model SWITCH-03 from CHAMP data (Fengler et al., 200#)d the modelling of
regional and temporal gravity variations from GRACE (Femgt al., 2007). In the first
case, so called?- splines and the Abel-Poisson kernel were used, while tier lased
cubic polynomials (CuP) as scaling functions.

Another approach to multi-scale wavelet methodology hankseveloped at DGFI,
Munich, Germany. The methodology uses wavelets with Shaand Blackman scaling
functions. Recently, the method has been applied to rejammaputations of potential
field from a combination of CHAMP and terrestrial data, aslasltemporal variations
from GRACE (Schmidt et al., 2007).

Marchenko (1998) and Marchenko et al. (2001) have focusdteunse of radial multi-
poles for local gravity field modelling. The parameters @& tadial multipoles are deter-
mined by the signal covariance function. This approachireqa very small number of
basis functions in order to obtain a good solution, but figdive multipole parameters is
very time consuming. It has been applied to airborne gralata modelling (Marchenko
et al., 2001), and compared to the approach presented hiees(&t al., 2005).

At Bonn University, Germany, a methodology using so-cahadmonic splines as ker-
nels in an otherwise conventional RBF approach has beerapeee The kernels are
fine-tuned to the signal characteristics. The methodol@gyldieen employed for a vari-
ety of applications, such as regional refinement of globtlisz-derived gravity fields,

and the combination of GRACE and altimetry data. A detailesicdiption of the appli-

cation of this methodology to the local refinement of statRAEE gravity models can

be found in Eicker (2008).
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1.4 Research objectives

The goal of the research presented here is the developmanitrofied methodology for
regional gravity field modelling using RBFs. Unified impliget there is no limitation
to a specific data source or application, instead the aineisi¢évelopment of a method-
ology suitable for modelling of satellite data, terredtdata, or a combination of both.
It should be possible to include other data types, such beraie gravity measurements.
Radial basis functions are used because of their flexipdiiaptability, and relation to
spherical harmonics. The unknown RBF coefficients are eséichby least squares.

To achieve this goal, it has been further subdivided intéag@important aspects that
have to be investigated.

Network design

To avoid numerical instabilities due to overparametragatand poor data approximation
due to underparametrisation, the number and location dRBIes needs to be governed
by the data distribution. Network design involves 1) chagsa suitable grid type and
grid spacing for basis function placement, and 2) algorgtar locally adapting and
refining the RBF network to observation density and signateat (section 2.6).

Bandwidth estimation

An RBF’s bandwidth describes its approximation charasties. In order to achieve a
good solution, an optimal bandwidth needs to be used for leasis function on a given
network. An algorithm for estimation of the optimal basiadtion bandwidth out of the
data or a reference model will be described in section 2.5.2.

Numerical efficiency

Regional gravity field modelling with RBFs routinely dealgwhundreds of thousands
of observations and tens of thousands of unknown gravitgt fiekameters. These pa-
rameters are estimated by least-squares. The resultingriaatheffort for the construc-
tion and solution of the linear equation system requiresnlgfeicient numerical imple-
mentation and 2) parallelisation (chapter 4).

Modelling of satellite data

The main application of the methodology presented heresietimputation of regional

gravity fields using data collected by the GRACE satellitesian. The functional model

and optimal filtering approach developed at the Delft lngtifor Earth Observation and
Space Systems (DEOS) are to be used. Network design and ioltinéatimation as they

relate to satellite data are investigated. The approachls validated by comparing the
results obtained with the RBF approach to other GRACE madedexternal data, using
real-world applications, in chapter 5.
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Modelling of terrestrial data

The second application is the computation of local grav?ydB using terrestrial data.
This requires proper bandwidth estimation and a networkithadapted to the hetero-
geneous data distribution, for which the data-adaptatimhacal refinement algorithms
are used. The methodology is to be tested using real datarsgtsompared to official
gravity fields for the computation areas (chapter 6).

Combined modelling of satellite and terrestrial data

Finally, strategies for the combination of satellite armgdstrial data beyond the remove-
restore approach are to be investigated. This includegiited$e choice of RBF distri-
bution and bandwidth, and the incorporation of the stoathgsbperties of both data
sets. The strategies are tested in a controlled simulatecbament in chapter 7.

1.5 Outline of thesis

This thesis is outlined as follows. Chapter 2 describesbfit types of RBFs, their
behaviour in the spectral and the spatial domain, and howrdate to spherical har-
monics. An overview of the use of RBFs for gravity field modwgllis given. The three
main choices that need to be made for gravity field modellirgexplained: kernel
choice, RBF centre location, and bandwidth. Chapter 2 dedua short description of
an approach to multi-scale modelling.

The mathematical model and estimation principle used herexplained in chapter 3.
Functional and stochastic model are described. Leastasj@atimation, regularisation
and solution strategies are mentioned, including the usardnce component estima-
tion for data weighting and regularisation parameter esion.

Chapter 4 addresses numerical issues. These include mahgptimisation and a fast
synthesis scheme for the computation of the design mattig.fdcus is on the descrip-
tion of the parallelisation of the program used here. Thgmming techniques used
for parallelisation for hybrid high performance computechétectures are explained,
and the resulting speed increase is shown.

Results of modelling data collected by the GRACE satelliigsmon with RBFs are given
in chapter 5. The functional and stochastic model used aseritbed. Included is a
detailed explanation of the application of the optimal fiipproach developed at DEOS
to RBF solutions. The issues of network design and bandwisithey apply to GRACE
modelling are also covered. The results focus on two apics: the recovery of ice
mass loss in Greenland and Antarctica, and the monitorimydfological signals. The
former includes a comparison with ICESat, while the latteesia hydrological model
and satellite radar altimetry for evaluation.

Local gravity field modelling, using terrestrial data asuhps covered in chapter 6. This
once again includes the description of functional moddiyoek design, and bandwidth
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choice. Results are shown for two test areas and data setf)° A 10° area in the
northeastern USA, and a larger area in eastern Canada. Hrcases, a comparison to
the official geoid models for these areas was made.

Chapter 7 describes strategies for the combination oflgatahd terrestrial data for the
joint computation of an accurate high-resolution regiagravity field model. A global
and a regional setting using simulated data are used fontlestigation of the possible
combination strategies.

This thesis concludes with chapter 8, in which the researeBgmted here is briefly
summarised. Recommendations are given concerning prshleah still need to be in-
vestigated and possible future research topics and redgiglctations.



Chapter 2

Radial basis functions

This chapter introduces RBFs and discusses issued thanpmtant for their use for
gravity field modelling. First, the properties of RBFs boththe spectral and spatial
domain are described and the relation to spherical harmmaiestablished.

Three attributes of RBFs need to be addressed in the corftgravaty field modelling.
These items, kernel choice (section 2.5.1), bandwidtltgele(section 2.5.2), and RBF
centre location (section 2.6) are described in detail. Tragpter concludes with a link to
multi-scale modelling.

2.1 Gravity field representations

2.1.1 Spherical harmonics

The disturbing potential is usually represented using spéleharmonics, essentially a
Fourier expansion on the sphere:

eM e 41 | _
CimPAm . 2.1
— %(|X|) 5 Gufin(sing) (2.1)

wherex is a point with the spherical coordinatas¢,r. FTm(sinqb) are the fully nor-
malised associated Legendre functions of degraed ordem. G is the gravitational
constantM is the mass of the Earth aff its mean equatorial radius,, are the fully
normalised spherical harmonic geopotential coefficients.

Spherical harmonics are global basis functions, as is aviftem figure 2.1, which
shows a spherical harmonic function of degree 10 and ordeBgherical harmonics
provide, as the name implies, a harmonic set of functionddbally describe a certain
field, in our case the gravity potential. A full spherical imamnic representation of degree
lmax Makes use o¢|max)2 +1 functions.

Due to their global nature, spherical harmonics are a nlathace for global methods,
such as computing global gravity fields from satellite dathe spectral representation

9
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Figure 2.2: A radial basis function in the spatial domain.

makes it easy to apply filters in the frequency domain and &dyae the spectral be-
haviour of the signal. Translation into the spatial domaiac¢complished by spherical
harmonic synthesis (SHS).

2.1.2 Radial basis functions

Radial basis functions, also named spherical basis fume{ie.g. Narcowich and Ward
(1996)), spherical radial basis functions, localising®&sctions, are radial-symmetric
functions which are localising in space (figure 2.2), i.e st their energy is confined
to a local area. They have either global or local support.bAHis functions described
here have global support and do not differ from sphericamoaics in that respect.
Wendland (1995, 2005) has proposed locally supported bastsions which are often
used in science and engineering. This leads to a reducedrizaineomplexity due
to sparse linear equations systems. They may however nosdxk for gravity field
modelling because the trace of a harmonic function on thergptan never have local
support.

or denotes the surface of the sphere of radRus/hich is located completely inside the
topographic masses (Bjerhammar spheo)= {(x1,%2,X3) : X2 +x3+x5 = R?}. Int
or denotes the interior and Exir denotes the exterior. Two poinksy € R3, y £ 0,
with x = (X1,X2,X3)T € Ext og andy = (yl,yz,yg)T € Int or with unit vectorsk = ﬁ
y= % are considered. The exterior RBF at centre locaioevaluated ax is defined

through

00 I+1
Wilxyi)=> i ( R) R(X"9i), (2.2)
=

|
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with ¢ being the Legendre coefficients of the basis function kearelR the Legendre
polynomial of degre¢. The kernel determines both the spectral and spatial ctesrac
istics of the basis function. The exterior RBF is a harmonicction in Extor. It is
restricted to the sphere rotationally symmetric aroundythgis.

A function T harmonic outside a sphere of radRgan be written as an infinite sum of
RBFs according to

GM &

T(x) = g_;aiwi (X.¥i), (2.3)

whereaq; are the basis function coefficients.

In practice, only a finite number of RBFs is being used to regméthe disturbing poten-
tial T. The unknown RBF coefficients; are estimated by least-squares as described in
chapter 3.

2.2 RBF types and behaviour in the spectral domain

The behavior of the basis functions in the spectral domaidetermined by the choice of
the basis function kernel and its Legendre coefficigitsMany different kernels have
been employed for RBFs. This section presents some of thepopslar kernels used
so far in gravity field modelling and their spectrum.

Point mass kernel

The point mass kernel has long been used in gravity field ningé¢Heikkinen, 1981;
Vermeer, 1984, 1989, 1990; Barthelmes, 1986). Its analytepresentation is

(2.4)

LP(X7y) = ‘X—y| :

When using the expansion of the reciprocal distance in ggddrarmonics, it can easily
be shown that the point mass kernel’'s Legendre coefficieatekdees et al., 2007)

|

Y= —éﬂl (2.5)
The spectral behaviour of the kernel is only dependenprihe radial distance of the
basis function from the centre of the Bjerhammar sphereghvisi equivalent to

d=R—lyl, (2.6)

its depth below the Bjerhammar sphere. Figure 2.3 showsea$idting spectrum for
three different depths. It can be seen that the point massekacts as low-pass fil-
ter. Placing the basis functions at shallower depths ise®the kernel’s sensitivity for
higher degrees of spherical harmonics.
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Figure 2.3: Normalised spectrum of point mass kernel of @800 km (solid), 1000
km (dashed), and 500 km (dotted).

Radial multipole

The radial multipole has been used by Marchenko et al. (2fadXggional gravity field
modelling. Its analytical representation is

1/ 9 \" 1
"’“y):ﬁ(W) Xy @7

Its Legendre coefficients are given as (Klees et al., 2007)

|—n
Y= ( l‘ ) |Z7|'[R2 (2.8)

There are two different parameters that determine the sbipiee radial multipole:
The radial distancéy| and related depth, and the order The resulting spectra for
three different depths and order= 3 are shown in figure 2.4. The radial multipole is
not a truly band-limited function (the Legendre coefficeeate never 0), but it has the
characteristics of a band-pass filter. The shallower théhdépe higher the frequencies
covered (and the wider the spectrum).

The spectra for a fixed depth of 1000 km and various orderg shown in figure 2.6.

Poisson kernel

The analytical representation of the Poisson kernel (Kée@d., 2008a) is given as

1 x*=ly?
WYXy =-——5. 2.9
The corresponding Legendre coefficients are (Klees et@D.7R
_@+1)
=" Yl (2.10)
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Figure 2.4: Normalised spectrum of radial multipole of ar@eand depth 2000 km
(solid), 1000 km (dashed), and 500 km (dotted).
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Figure 2.5: Normalised spectrum of radial multipole of def000 km and order 1
(solid), order 2 (dashed), and order 3 (dotted).

The resulting spectrum (figure 2.6) also exhibits band-phasgacteristics. At the same
depth, the maximum of the Poisson kernel is shifted more ridsvehe lower degrees
compared to the radial multipole of order 3.

Poisson wavelet

The Poisson “wavelet” was introduced by Holschneider €2&l03). A slightly modified
(removal of terms that are eliminated by normalisation)dmguivalent definition used in
(Klees et al., 2008a) is

21 +1
Y= m'an ) (2.11)

with the radial distancéy| and the orden as free parameters. The spectrumricr 3
and three different depths is given in figure 2.7. It is quiteilar to the spectrum of the
radial multipole of the same order and depth. With O, the Poisson kernel is obtained.
The Poisson wavelet also has band-pass filter charaatsristi
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Figure 2.6: Normalised spectrum of Poisson kernel of dep0Zm (solid), 2000 km
(dashed), and 500 km (dotted).
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Figure 2.7: Normalised spectrum of Poisson wavelets ofroBdand depth 2000 km
(solid), 1000 km (dashed), and 500 km (dotted).

The spectrum for a fixed depth of 1000 km and three differeshtian is shown in figure
2.8. Changing the ordar has a similar effect to changing the depth, but higher-order
Poisson wavelets exhibit stronger gradients than lowaemPoisson wavelets of similar
bandwidth (compare the order 3, depth 2000 km curve in figutéd2the order 1, depth
1000 km curve in figure 2.8).

The corresponding analytical representation has beewvedeais (Klees et al., 2007)

_ 1
W(X.Y) = 772 (2Xn+11+ Xn) (2.12)

Xn= <|Y| ﬁ)nw

Since the Poisson wavelet is the type of kernel used for atiprgations described here,
the analytical kernel will be covered in more detail.

Klees et al. (2007) have shown that the functigpgan be computed recursively by

n .
Xn=2ly/" b1+ Zan,i y|'by (2.13)
i=
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Figure 2.8: Normalised spectrum of Poisson wavelets oftdép00 km and order 1
(solid), 2 (dashed), and 3 (dotted).

forn>1. Forn=0,

Xo = 2]y|b1+bo (2.14)
holds.
Theb,, have been derived as (Klees et al., 2007)
bn = (2n—1) |x — y| bibn_1 — (n—1)?b3by_o, (2.15)

which can be recursively computed with

1 b — ly| — || cosd

bo = ,b1 =
X —Y]| x—y|?

: (2.16)

whered is the angle betweexandy.
The factorgBzj, i =1,2,3arefiz1 = 3,332 =17, andBz 3 = 13.
Blackman wavelets

The Blackman wavelets have been used for multi-scale ghnthkegional gravity field
modelling, e.g. Schmidt et al. (2007). They are defined as

1- (0.42-05cosf! +0.08co™) | =1y...21 -1
| = s .
v 0.42—05cosf +0.08cost | =lp...2,—1 @10
0 elsewhere

with two free parameterly andl,, which determine the bandwidth. Between degrees
liandl,, the Blackman wavelets are larger than 0. They are equal &ividen 2, and



16 RADIAL BASIS FUNCTIONS

I, — 1. They gradually increase betwegrand 21, and decrease betwekrand 2, — 1.
Hence, the Blackman wavelets are a bandlimited functioh wmooth cut-off (figure
2.9). Sharp cut-offs are undesirable, as they result ifllagons in the spatial domain
(ringing or Gibbs effect).

1.0
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0.0 . +
0 10 20 30 40 50 60 70 80 90

SH degree

Figure 2.9: Normalised spectrum of Blackman wavelets With5, |,= 15 (solid),l;=
10,1,= 30 (dashed), anld= 20, 1,= 60 (dotted).

Harmonic splines

The Harmonic splines, as used by Eicker (2008), use the ldegaefficients

¢ = o7, (2.18)

whereal2 are the SH degree variances of the gravity field to be modeiadte the true
degree variances are not known, the expected frequencyibeh&as to be used. This
can be derived from an existing gravity field model, or usingeaisting model of the
spectral behaviour such as Kaula’s rule of thumb:

0
Y = (2 +1)1|i41. (2.19)

Kaula’s rule of thumb is shown in figure 2.10. When a referemoglel of degreémax

is subtracted from the input data, the Legendre coefficiar@anodified to ensure that
they match the expected signal behaviour. This is achietieerdy also subtracting the
reference model’s signal degree variances from the coaitis]

2_ g2 | <1
th{ O~ OiRef> = mex (2.20)

or by replacing the degree variances in the part covered dyaterence model by the
reference model’s error degree variances,

2
o ;1 <lmax
Y = { engRef ~ ) (2.21)
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Figure 2.10: Spectrum of a harmonic spline when Kaula’s ofithumb is used.

2.3 Behaviour in the spatial domain

The behaviour of RBFs in the spatial domain is determinechkychoice of the kernel
and its Legendre coefficengs. The more power at the lower degrees the wider the basis
function is. Figure 2.11 shows Poisson wavelets of orderatigepths of 2000km, 1000
km, and 500 km in the space domain, the associated spectrubecseen in figure 2.7.

Figure 2.11: Poisson wavelet of order 3 and of depth 2000kit) (ILOOOkm (centre),
and 500km (right) in the spatial domain.

The spectrum plots already showed that different kerndhaee differently in the fre-
guency domain. This behaviour propagates into the spaceaidomis is evident from
figure 2.12, which shows the six kernels described in se&ig@rin the space domain.
We can detect the characteristics that were already visililee spectrum. At the same
depth of 500 km, the point mass kernel and the Poisson keonekntrate more energy
at lower frequencies than the radial multipoles and thedeoisvavelets of order 3. As
a result, the point mass and Poisson kernel have a much wigeog in the spatial
domain. The radial multipole’s and Poisson wavelet's ssamfpectra lead to similar
characteristics in space, too. It should be noted that ti& ptass kernel and Poisson
kernel are always positive.

The Blackman wavelet's band-pass characteristics antiveiasharp cut-off in the
frequency domain causes strong oscillations in the spatiadain. These oscillations
can be reduced by spacing the paramdteasidl, further apart. The Harmonic spline’s
behaviour in space is governed by the chosen degree varnaodel.

When computing RBFs using their series expansion, it is maob not to truncate the
summation too early. Figure 2.13 shows the spatial plotsoiég®n wavelets with a
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Figure 2.12: Kernels in the space domain. From left to rigitt Bop to bottom: Point
mass kernel at 500 km depth; radial multipole of order 3 atsfi@epth; Poisson kernel
at 500 km depth; Poisson wavelet of order 3 at 500 km deptltkiBtan wavelet,; = 20,
I> = 60; harmonic spline using Kaula’s rule of thumb betweenréeg@0 and 2004 =0
for | < 20 and > 200).

depth of 500 km. The series expansion has been truncatedyeded800 and degree
30, respectively. The basis function truncated at degrees 3@t only much wider,
but also oscillates quite strongly. This will lead to nursatiinstabilities. Where the
summation can be truncated depends on the bandwidth of giefoaction - the wider
the bandwidth, the earlier the series can be truncated.

For shallow basis functions (small bandwidth), the seridshave to be evaluated to
a very high degree, with considerable numerical effort. @mag to avoid this is the
use of analytical expressions for the basis functions (segas 2.2). If no analytical
expression is available, a fast synthesis scheme can bernmepted (see section 4.2).

2.4 Relation of RBFs to a spherical harmonic represen-
tation

Suppose we have a representation of a harmonic function byta §et of RBFs and
want to convert it into an equivalent spherical harmonicespntation. A potential field
is represented by RBFs according to
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Figure 2.13: Poisson wavelet of depth 500 km truncated atege800 (left) and 30
(right) in the spatial domain.

T(x) (;':l ia.‘v. (X,¥i), (2.22)

whereq; is the coefficient of basis functianandW¥; as in eq. (2.2).

Using the addition theorem for Legendre functions (e.g skkemen and Moritz, 1967),

R (X)) =5—= 5 Am(®)PAm(), (2.23)

eq. (2.22) can be written as

T00 = W5a5e(R) " 25 Snfm®) An()

(2.24)
+
— st (8) 575 aRm) Am(%).
A representation in spherical harmonics is given by
S GM I R\ o
= (—) S Gnfin(X). (2.25)
‘X‘ m=—I
When comparing eq. (2.25) to eq. (2.24), it can be seen that
= U= Y aifim(§1) (2.26)
m_w|2|+li; iFm(Yi)- .

Eq. (2.26) allows the computation of spherical harmonicffe@ents out of a given
representation in RBFs. Eq. (2.26) can also be written iriraaector form as

XsH = AXRBF, (2.27)

where
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Coo

XH = : , (2.28)
Clrmaxlmax

az
XRBF = I (2.29)

Qn

WoPoo(y1) e WoPoo(yn)
A= 2 2 : (2.30)
w'maxﬁp'mx'max(y].) Wlmﬁﬁmmx(yn)

If Cxrer IS the covariance matrix of the estimated RBF coefficientsygropagation is
then achieved by computing

Cxgy = ACxeer AT, (2.31)

whereCyg, is the resulting covariance matrix of the spherical harmaoéefficients.

The ability to transform an RBF solution into an equivaleett sf spherical harmonic
coefficients is useful for two applications:

1. It allows for the computation of the power spectrum of aepttl field in RBFs
and spectral analysis.

2. Since spherical harmonics are the most-used repreentaany post-processing
tools, such as spectral analysis or spectral filters, expidatoefficients as input.
The transformation makes it possible to use these tools. edexy a very high
maximum degreé may be necessary to get an accurate representatiqgofin
terms of spherical harmonics.

2.5 Choice of RBF characteristics

For gravity field modelling, three choices with regard to Ri&Fs used need to be made
in order to achieve a good approximation quality.

1. The choice of the kernel. Section 2.2 has introduced a eumbkernels that
might be used for gravity field modelling. Of course, in preetthere may be
many more.

2. The bandwidth of the RBFs. We have seen that the choicerahviidth of the
RBFs affects their spectral and spatial characteristiddfauns their approximation
properties. These must be chosen appropriately in ordéstioroa good potential
field approximation.
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3. The location of the basis function centres (network designlike spherical har-
monics, which have global support, RBFs are localising ecep As a result, the
locations of the RBF centres need to be selected approriate

2.5.1 Choice of the kernel

The first choice that needs to be made when RBFs are used iitygiiald modelling
is the kernel that is to be used. Section 2.2 has listed a nuailpossible kernels for
regional gravity field modelling using RBFs and their asataxi spectral and spatial
characteristics. A comparison conducted using the poirsisrkarnel, the radial multi-
pole, the Poisson kernel, and the Poisson wavelet has slhayridr the test data set, all
four kernels yield similar results if the bandwidth is choserrectly (Tenzer and Klees,
2008). This means that if a bandwidth selection scheme asilded in section 2.5.2 is
implemented, any one of the kernels can be used. Additigrthké four kernels used
in the comparison have a desirable analytical expressibithican significantly reduce
the computational load. Whether there are other RBFs tedietter suited for potential
field modelling has not been investigated.

The Blackman wavelets are easily fine-tuned to a certaintigddzands, but oscillate

strongly in space due to their sharp frequency cut-off. Téweyprobably best used in a
wavelet analysis. The Harmonic spline approach of diractlyg the expected spectrum
as kernel is quite elegant, but requires knowledge abouwsigreal when designing the

kernel. A disadvantage is that no analytical expressiothiekernel is available.

All computations presented here were done using Poissoeletavof order three as
kernel for the basis functions. This is a somewhat arbitcdrgice from the class of
RBFs with known analytical expressions.

2.5.2 Bandwidth selection

The bandwidth of an RBF affects its approximation charasties. RBFs with large
bandwidths cover a lower-frequency part of the spectrumlengmall bandwidths are
required for modelling high-frequency signal.

There is no single definition for a basis function’s bandwidtNarcowich and Ward
(1996) introduced a basis function’s variance as measurié&bandwidth. Here, the
bandwidth is considered to be the basis function’s coimldength,9ps. The band-
width is defined as the spherical angle where the basis famdsi half its maximum
value, and is determined by the type of basis function chasérthe associated param-
eters. In the case of the Poisson wavelets of order 3, theAbdtidis determined by the
radial distancey| and thus the deptth = R— |y|.

It is of utmost importance that the bandwidth is chosen migp®©therwise, the basis
functions will not have the optimal approximation charast&ecs. Too narrow band-
widths might lead to a good approximation of the data and &eeglditioned normal

equation system, but a poor quality of the solution betwéendata points. A band-
width that is chosen too large will result in an ill-condiied normal equation system,
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may lead to a solution that is too smooth, and might resuleakdge since the basis
functions cannot represent the spectral content contamibe signal.

Choosing the bandwidth is a problem of model identificatlence many methods can
be used. Possible methods are computing the signal’'s emwa&rifunction and mod-
ifying the basis functions’ parameters to fit it (Marchenkaoak, 2001), or using the
expected signal spectrum as spectrum for the basis fuiscfitioker, 2008). As part of
the methodology presented here, a different approach leasdb@sen: The bandwidth is
selected by minimising a functional computed out of the datd in the approximation.

The simplest functional is the root mean square (rms) ofehsttsquares residuals and

thus the best fit to the data:
1 . 2
1trms: HHAX_VH . (2-32)

Use of the residual rms has drawbacks. It can be made ailyitsanall by increasing
the number of RBFs. It is minimised when all observationsagreroximated exactly,
thus interpolated. This includes the modelling of all n@isatained in the observations.
Nevertheless, if used with care and with a number of basigtimms significantly smaller
than the number of observations, minimising the obsermatsidual rms can yield a
smooth, good solution.

The over-fit can be avoided by using generalised cross Vaditdbased on the leave-
one-out idea (e.g. Picard and Cook , 1984). Solutignare computed leaving out
a different observationy in each estimation, and predicting the observatipmsing
the solutionk,. A well-selected bandwidth would lead to small errors in pinedicted
observations. General Cross Validation (GCV, Golub etl#®70)), aims at minimising
the functional (Kusche and Klees, 2002)

_ n||A%—y]|?
fecv = (n—u+al)?
(2.33)
o = trace(L (ATPA+aR)_1LT)

whereL is the lower triangular matrix resulting from the Choleslecdmposition of the
regularisation matriR. If more observations are available than necessary fordtie e
mation (oversampling), some observations can be left cditlaen be used as criterion
for minimising the rms.

Sometimes, information about the signal to be recoveredaadle, for example when
computing a new gravity field model for an area where an oldedehor reference
model is available. A smooth solution can then be obtainemioymising the difference
between the reference and the new model, instead of therdatarrGCV. This method
has to be used with caution, as the new model will inevitaldybased towards the
reference model.

A smooth solution is obtained by placing the basis functidesp rather than shallow.
There is a limit to how deep the basis functions can be pladdaen placed too deep,
they overlap too much, resulting in an ill-conditioned nairmatrix. Looking at the
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condition number of the normal matrix can help in estimatopgimal depths. This
approach most however used with caution as it may lead tptibal results, but has
been used successfully when modelling satellite data.

2.6 RBF network design

RBF network design addresses the issues of how many RBFs beeused in the esti-
mation process and their horizontal position. There aregdly two possible choices
for the network design:

1. Placing the RBFs on a grid, with grid type and spacing angséably.

2. Scattered RBF positioning, guided by the location of theeovations (data-adaptive).

Grids are a straightforward approach. Grid type and gridqup@ters (spacing, level)
determine the positions of the basis functions. Howevere gnd parameters need to
be chosen carefully to avoid under- and overparametrisatérids are well-suited for
use with homogeneous data distributions. They can alsodxtfos heterogeneous data
distributions to get an initial solution that may then bemnedl in a two-step approach
(Klees et al., 2008a). Data-adaptivity may be required tmdaeverparametrisation in
the initial step.

Scattered RBF positioning does not make use of grids, bunggas the RBF centre lo-
cations based on the characteristics of the data. Leaat&sgjaollocation (Moritz, 1980)
places one basis function under each observation. Whéertbkes the RBF centre loca-
tion easy, it will lead to an unnecessarily high numericahptexity and stability issues
for an RBF solution in the case of signal oversampling by @ .dAdditionally, it may
lead to modelling of noise and not yield the desired smooliti®m. In practice, RBFs
are not placed below every observation. There exists hawevebjective criterion for
leaving out RBFs, the decision is up to the experience of see.u

Barthelmes (1986) designed an algorithm for use with poiasses. It solves a non-
linear optimisation problem with four parameters per ponass, three 3D position co-
ordinates and one parameter to fix the magnitude. The assdciamerical complexity
might be the reason that this approach has not gained wideptance.

An alternative approach has been developed by Marchenl@Bj1®8archenko et al.
(2001) for the use with radial multipoles. The sequentialtipale algorithm places
basis functions under the largest (residual) observatam$at the same time determines
order and depth of the multipole. The latter two parameterdiged using the gravity
anomaly covariance function in the vicinity of the data polhhas been proven that this
approach leads to a significantly reduced number of basdditums compared to simpler
approaches (Klees et al., 2005) while maintaining a highlityusolution. The network
optimisation procedure is however quite complex and timesaming.

Here, another route has been taken. An adaptive approaskds but to reduce the nu-
merical complexity each solution is first computed usingid gf basis functions, with
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all basis functions located on a sphere inside the Bjerhanspizere. Individual grid
points may be omitted in a data-adaptive manner in order sorena stable solution.
If the resulting approximation quality is not consideredfisient, the RBF network is
locally refined in a second step and a joint solution then adeth This leads to good
approximations with a relatively small number of basis tiots, while avoiding a com-
plicated optimisation procedure.

2.6.1 Grids
When using grids for the placement of basis functions, twaads need to be made:

1. The type of the grid. Mentioned here are equi-angularsgmgids based on the
subdivision of an Icosahedron, and Reuter grids. Many ahdrtypes exist and
are viable choices (Eicker, 2008).

2. The grid spacing. The grid spacing needs to be chosen im &weay that the
spectral data content can be recovered with RBFs of suitasdwidth. Signals
with large gradients and high-frequency content requiesssd grids, while coarse
grids are sufficient for smooth signals.

A natural grid choice is a grid with equiangular spacing indaudinal @) and latitudi-
nal (¢) direction, respectively. An example of such a grid is shawfigure 2.14.

Figure 2.14: Global equiangular grid.

An advantage of such a grid is that it can easily be tailored gpecific purpose by
choosing the proper spacing in both directions. A majordliaatage is visible in figure
2.15. At higher latitudes, the grid becomes increasinghsdan longitudinal direction,
leading to overparametrisation and thus numerical inktiaisi Use of an equi-angular
grid should thus be avoided for high-latitude areas.

One solution to this problem is using a grid derived from suldéhg a polyhedron (Saff
and Kuijlaars, 1997; Freeden, 1999). A very popular cha@adhe icosahedron, a poly-
hedron with 20 faces. The number of faces increases fodmah each subdivision, so
a levely icosahedron grid has

n=20-4"1 (2.34)
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Figure 2.15: Equiangular grid at high latitudes.

points. Figures 2.16 and 2.17 show icosahedron grids of levd. The grid has been
computed with DOME, available fromttp: //www.senecass. com/software.html.
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o0 / / \\

Figure 2.16: Global icosahedron grid of leyel 4.

The icosahedron grid shows an almost equidistant poinilgigion at high latitudes. A
disadvantage is the four-fold increase in the number oftgdnom level to level. This
can make it difficult to find the correct level for a given applion, as slight in- or
decreases in the number of grid points and thus the resolatenot possible.

An interesting alternative that does not have this disatiggnis the Reuter grid (Reuter,
1982). It was originally designed for numerical integratiapproximation and interpo-

lation on the sphere with harmonic splines. A Reuter gricegély is constructed in the
following way:

(1) 309 =0, Ap1 = 0(North Pole)

(i) AS =y

(iii) Ji=iA9,1<i<y-1

(iv) v =2m/arccoq (cosAd —cog ;) /sirt 9)
(v) Aij=(i—3)@m/y),1<j<y

(vi) dy = m, A1 = 0(South Pole)
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Figure 2.17: Icosahedron grid of lewet 4 at high latitudes.

A level y Reuter grid has a number of grid points which can be estimated

nm2+%y2. (2.35)

Figures 2.18 and 2.19 show a Reuter grid of lgwel 30. Like the icosahedron grid,
it provides an almost equidistant point distribution. Thivantage of the Reuter grid
over the icosahedron grid is that the number of points on ddReuid increases more
slowly, with y? instead of 4, making it easier to find an optimal point distribution for
a given application. Furthermore, as will be shown in chaptehe Reuter grid level
y is approximately equal to the maximum spherical harmongrel .« that can be
modelled with a RBF representation using this grid.

Most computations presented here make use of the Reutefogride mentioned rea-
sons. It has to be noted that Reuter grids have one drawbdwy dxhibit gaps near
longitude 0° at certain degrees of latitude, depending erctiosen grid levey. They
are evident in figure 2.18, e.g. at 30 and 60 degrees of latitlitiese gaps can cause
small errors due to unmodelled signal. It is suggested toaedthese errors by rotating
the grid in a way that the gaps fall in areas of little signahisTcan be achieved by
rotating the grid by 180 degrees of longitude, thus pladmeggaps in the Pacific ocean.

2.6.2 Adaptation to data

With the methodology presented here, an initial computatibvays places all basis
functions on a grid at the same depth. In the case of heteeogsrdata distributions,
which are often encountered when dealing with terrestriality data, this grid will not
be optimal. Even if the grid spacing is chosen carefullyreh@ay be areas with very
sparse data coverage. Placing an excessive number of basi®hs in such an area will
lead to overparametrisation and an unstable normal equsystem. This can either be
addressed by regularisation (section 3.3), or by adaptiegtid to the data distribution
(data-adaptive network design, DAND) (Klees et al., 2008a)
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Figure 2.19: Reuter grid of levgl= 30 at high latitudes.

Here, the data adaption is achieved by using only RBFs that h&= 1 observations
within their influence radius (Klees and Wittwer, 200§)s usually set to 1, but should
be larger in the case of significant oversampling of the digna

The influence radius is a function of the correlation lendtthe basis function:

R =a-Jdos, (2.36)
wherea € Rt an arbitrary factor.a is usually set to one, but sometimes smaller to
avoid overparametrisation. Additionally, it is possibte dnly consider observations
with a (residual) signal amplitude exceeding a certainstoéd, e.g.o. This way, the
modelling of noise can be reduced.

2.6.3 Local refinement

In gravity field recovery, one has to deal with signal thatesstrongly depending on
the geographic location. The signal is quite smooth ovelotdeans and in areas with
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little changing topography (such as plains), while therelarge variations (gradients)
in mountaineous areas or at plate boundaries. A set of RB#tshdited on a coarse
grid will usually not be able to model all signal in areas wdlge variations if the grid

is designed in such a way not to lead to over-parametrisatitime areas with smooth
signal, and may lead to leakage that may corrupt the solutibis thus necessary to
locally refine the coarse grid solution in order to recoverftil signal.

Such a local refinement algorithm should place additionalsbunctions in areas of
large signal variations, where the coarse grid solutionals not sufficient. The goal
is to capture more usable signal while at the same time awpidverparametrisation,
numerical instabilities, and the modelling of noise. Thelementation used here is
shown in figure 2.20. The starting point is a coarse grid smufT he algorithm performs
the following steps:

1. The observation with the largest residual is chosen adidate location for a local
refinement basis function.

2. The optimal depth of the new basis function is determingdnimimising the
residual when estimating the basis function’s coefficiesmg observations in the
vicinity of the data point.

3. The contribution of the RBF to the observations is sulbém the vicinity.

This process continues with the next largest residual] notresidual above a chosen
threshold can be found. The threshold should depend onghalsioise level, to avoid
modelling of noise instead of signal, while making sure #eatuch signal as possible
is being recovered. Additionally, the mean value of all etagagons within the vicinity
of the considered observation should exceed some thresbadoid the modelling of
outliers. Itis also important that the distance betweerb#ses function exceeds a certain
minimum, otherwise numerical instabilities will occur.

A full readjustment is then performed, using the basis fiemst on the coarse grid, as
well as all basis functions found during the local refinemerith their respective depths,
to compute the final solution (Klees et al., 2008a).

A variety of parameters have to be chosen in the local refineadgorithm:

1. The threshold used for selection of observations.

2. The threshold for the mean value of all observations iwitiaity (vicinity thresh-
old). This threshold avoids placement of basis functiordeumsolated large resid-
uals, which are likely to be outliers.

3. The radius of the vicinity in which observations are usadetimating the basis
functions (selection vicinity).

4. The radius of the vicinity in which the contribution of tleeal refinement basis
function is subtracted (update vicinity).
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Figure 2.20: flowchart of the local refinement algorithm

5. The minimum distance between basis functions. This ptsveumerical instabil-
ities.

It is difficult to give definitive numbers for these paramsteas the optimal values will
depend on the test case. From many numerical tests invallifegent data sets, it can
be said that

1. the threshold should be related to the expected noiseeidata, with & being a
good starting value;

2. the vicinity threshold is very difficult to select, somgeximentation is required
to find a good value, which is usually quite small (threshold);

3. the observation selection vicinity should be chosen ahsumanner that several,
but not too many, observations are chosen;

4. the update vicinity should be larger than the selectiemity, with three times as
large being a good starting value;
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5. the minimum RBF distance should be around half the coaiglesgacing; if a
tighter spacing delivers a better solution, it might be adble to increase the
number of coarse grid RBFs by using a tighter grid spacing.

2.7 Multi-scale modelling

2.7.1 Introduction

Multi-scale modelling, sometimes called multiresolutrondelling, describes a method
where the signal is decomposed into different spectral faodscales. The signal is
represented by a smoothed version and several detail I&vustsmotivation behind this

is the feasibility to compute the different scales indestly from different input data

with different spectral behaviour, such as satellite amcestrial data. The ability to

look at different spectral bands also aims at easier ideatifin of certain geophysical
features.

Wavelets have successfully been used for multi-scale tyravodelling (Fengler et al.,

2007; Schmidt et al., 2007). Wavelet methods estimate theifnal using some scal-
ing function (which is in fact a radial basis function), aigén compute the individual
detail scales using filter operations in a top-down fashinrihe context of the research
described here, a different method working bottom-up waeldeed and analysed.

2.7.2 Methodology

The idea behind a bottom-up algorithm is that only parts oégian will have high-
frequency signal, while others will feature a rather smagimal. With heterogeneous
data sets, some areas will have sparse data coverage, makimgossible to use a
tight spacing of basis functions. By starting at a coarsées¢he long wavelengths
contained in the data will be modelled. Subtracting thenmftbe original input data
should leave only high-frequency signal remaining, whidlhtven be modelled by the
next higher scale, with basis functions placed shalloweat denser grid. An algorithm
working in such a manner may be able to completely model t@asi while using less
basis functions than a single-scale algorithm when dealily data of heterogeneous
distribution and/or spectral content.

Let Xs denote the least-squares estimate of the single-scaliosolu

y+es=AgXs (2.37)

which models the potential field (in vector notation)

T =xIWs. (2.38)

using the vector of single-scale basis functitihs Let X; denote a solution at levgl
= Imin, .., jmax With
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y+ej =AjX;. (2.39)

A flowchart showing the multi-scale algorithm is shown in figi2.21. The minimum
and maximum scal@nin and jmax have to be chosen, depending on the expected spectral
content of the available data. Estimation starts with s¢ale The scalg is chosen as
icosahedron grid level and thus determines the spacingedbakis functions. For each
level, the data-adaptive algorithm is applied, as well &sdptimal bandwidth/depth
estimation. Once the optimal depth has been found, theisolki is computed and its
contribution is subtracted from the observations:

The observation equations for levedre thus

i1
Yn=Y— > AjXj=AiXi i€ jmin, .-, Jmax. (2.41)

J=]Jmin

The scale is then increased by one, and the process stamisfagthe new scale and
solutionX; 1. The highest level should be chosen in such a manner thatateusignal
remains after the estimation of the highest level. The sahaltion is then

T=5 %Y (2.42)

It is hoped that|Ts— T|| is small and that the number of basis functions for all leyels
is smaller than the number of basis functions used for thglesiscale solutiofs.

Note that the methodology does not make use of the local reéne algorithm as

described in section 2.6.3. The combination of the bott@rapproach with data-
adaptivity and thresholding essentially leads to locahesfient, with the exception that
all “refinement” basis functions of one scale are locatethatsame depth. Unlike with
the local refinement method, there is no joint estimationlbbasis functions. Each

scale is estimated independently, and no readjustmentfisrped.

2.7.3 Filtering

While initial results using this methodology looked promgs(Klees and Wittwer, 2007),
further research showed that a multi-scale representatimputed in such a manner was
of lower quality than a single-scale solution. Testing sedwhat high-frequency signal
that cannot be modelled by the lowest scgl@ leaked into and corrupted the estimated
coarse-scale RBF coefficiemtg,;,. Hence, the residuals— A ; Xj.., contain a long-
wavelength error that can not be modelled by higher levetsd&al with the leakage
problem, it is necessary to low-pass filter the input datdlerower scales.

Applying a filterF; for leveli leads to the observation equations
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Figure 2.21: flowchart of multi-scale algorithm

i—1
Fi(y — . Z Aij) = AiXi, i € jmin; .-, Jmex andFj,, =1. (2.43)

J=Jmin

The observation equations for a two-scale solution arediuen by

Fiy1 = A1X1
: 2.44
Y2 =Yy1—A1x1 =AX2 (2.44)
wherex; andx, are estimated by least-squares. The total solution is then
T= )?1W1+>?2W2. (2.45)

Fi must be adapted to the basis function ve&tpof the same level, i.e. the half-width
of the filter must correspond to the correlation length oftibeis functions.

Filtering and filter parameter choice is a well-known, conmpzoblem. In order to
investigate the effectiveness of filtering in the contexthed multi-scale methodology
described here, several possible filters were examinedstAvi@s done using noise-free
data computed from EIGEN-GLO04C (Foerste et al., 2008) up tdegree 70. Gravity
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disturbances were synthesised on a grid with 2 degree gpaesulting in 16,200 ob-
servations. Using these data, the following single-scatéraulti-scale solutions were
computed:

1. A single-scale solution using Poisson wavelets at a defp8)0km on a level 6
icosahedron grid, resulting in 12,400 RBFs.

2. Multi-scale solutions using Poisson wavelets at twolaepb, 100 RBFs on a level
5 icosahedron grid at a depth of 1,600km, and 12,400 RBFs eveh® icosahe-
dron grid at a depth of 800km. Various low-pass filters wengliad to the input
data for the level 5 solution.

While a single-scale solution resulted in an rms error ob0xn compared to a true
signal computed from the same set of SH coefficients, a solutsing RBFs on a level
5 and 6 icosahedron grid and the methodology described ipréwous section yielded
an rms error of 5.5 cm. The correlation length of the RBFs aenlekrel 5 grid was 500
km. The input data for the level 5 estimation was subsequétidred with

1. a Gauss filter with a correlation length of 500 km, resgltman rms error of 0.42
mm;

2. a Blackman filter with the filter parameter= 25 (correlation length 496 km),
resulting in an rms error of 0.35 mm.

In both cases, the correlation length had been chosen amtleé torrelation length of
the level 5 basis functions. Previous testing had showrthieayielded the smallest error
rms.

The cumulative degree errors for the single-scale as wehaswo filtered solutions
are shown in figure 2.22. The single-scale solution used0D2RBFs, the multi-scale
solution required an additional 5,100 or 41% more basistfans.

A multi-scale solution constructed in such a way can thuselethe same quality as a
single-scale solution. Unfortunately, the goal of redgdime number of basis functions
required could not be achieved with the chosen test casbalgpavity recovery. In-
stead, the number of basis functions required for a mudiessolution is 30-40% larger
than with a single-scale solution. Because of this, the irsalile approach was aban-
doned and all solutions shown in later chapters are sirgesolutions. Nevertheless,
the methodology described here is a viable approach if ai+scdie representation is
desired. A multi-scale solution using two scales to mod€EN-GL04C up to degree
70 is shown in figure 2.23.
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Figure 2.22: Cumulative errors [mm] for single-scale solui{blue), Blackman-filtered
solution (green), and Gauss-filtered solution (red).
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Chapter 3

Mathematical model and estimation
principle

This chapter describes the mathematical model and the astimprinciple used for
computing gravity field models with RBFs. Functional moggbchastic model, estima-
tion principle, regularisation, data weighting, and solntstrategies are all addressed.

3.1 Functional model

The functional model for gravity field modelling with RBFsf,(ceq. (2.3)) may be
written as standard Gauss-Markov model

y=AX+e, (3.1)

wherey is then x 1 vector of observationg is then x 1 vector of residuals, anx is
theu x 1 vector of unknown coefficients;. Then x u design matrixA describes the
functional relations betweenandy.

3.2 Stochastic model

The stochastic properties of the residuals are describéadostochastic model

E{e} =0,E{e€ } =D{e} =C, (3.2)

whereE {-} denotes the expectation operator, &l } the dispersion operator. The
noise in the observations is described by the varianceri@nae matrix ofe, which is
denotedC.

37
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3.3 Least-squares estimation and regularisation

The coefficients of the RBFs are estimated using least-squahe quadratic functional

d(x)=e'Cle (3.3)

is minimised, wheree is the vector of least-squares residuals &b the covariance
matrix of the observations. The minimum is obtained by cotimgu

x=N"1b, (3.4)
with the normal matrix
J 1 .
N = ,-Zla_,-zA" PiA (3.5)
and the right-hand side vector
1 .
b= j;a—jzAj Pjy; (3.6)

with A; the design matrix of observation groypthe weight matrixP; = %Cj‘l, Cj
]

being the covariance matrix of observation grouwith variance factorajz, and the
observation vectoy;.

The least-squares estimates of the observation vectohanttor of residuals are given
as

J =A%, (3.7)

e=y-y. (3.8)

It is possible that the normal equation mathxis ill-conditioned. Then, some sort
of stabilisation is needed to make the computation of a mwlytossible. This can be
achieved by Tikhonov regularisation

X=(N+aR) b, (3.9)

whereR is the regularisation matrix aral is the regularisation parameter. In this thesis
R =1 is used (zero-order Tikhonov regularisation). The choicR affects the quality
of the solution (Kusche and Klees, 2002; Ditmar et al., 2Q008kbhough some studies
(e.g. llk (1993)) have concluded that the choiceRofs of secondary importance. In
the research presented here, regularisation is only nestkdsed with terrestrial data
(chapter 6).
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There are several methods for choosing the regularisatcanpeterr (e.g. Ditmar et
al., 2003b). It can be chosen manually by looking at the dormnumber of the normal
equation matriXN or the smoothness of the solution, which will yield a regsiation
parameter as small as possible for a stable normal equattens. More desirable is an
“automatic” optimal estimation, which can be achieved bgegalised cross-validation
or variance component estimation (see section 3.5).

3.4 Solution strategies

For regional gravity field modelling, we often have to deahnd large number of obser-
vations and unknown parameters. As a result, the numernisilto computéN and its
inverse are very large. Two strategies can be used to hamelleumerical complexity.
In addition, a parallel implementation is required to dedhwnemory requirements and
to reduce computing times. Parallelisation is treated atice 4.3.

3.4.1 Cholesky factorisation

Since the normal matriX (or N+ R in the case thall is ill-conditioned) is a symmetric
positive-definite matrix with real entries, it can be decasgd as (e.g. Golub and van
Loan, 1996)

N=GG', (3.10)

whereG is a lower triangular matrix with positive diagonal entriasadG' denotes the
conjugate transpose &. The decomposition in eq. (3.10) is called Cholesky fastori
tion. It can be used for the numerical solution of a lineatexysof equation®x = b by
first computing the Cholesky decomposition, then solvirgaystenGp = b for p, and
finally solvingGTx = p to obtain the solutiom.

The assembly oN requires the computation of the dense matrix-matrix prodlue-
ATPA, a numerically intensive operation. Luckily, efficient kel routines for both the
computation olN and the Cholesky decomposition in eq. (3.10) exist.

3.4.2 Conjugate gradients

The system of normal equations can be solved using the catgjggadients (CG) method
(Hestenes and Stiefel, 1952), an iterative solver. Thersipe assembly dfl is not re-
quired for the CG method. Keeping the whole design marix memory can also be
avoided, which drastically lowers the memory requirement.

In order to achieve an acceptable convergence rate, thallsa-@re-conditioned con-
jugate gradients (PCCG) method needs to be used. The cemeergate is strongly
affected by the choice of the pre-conditiofer\While a suitable preconditioner is easily
found for spherical harmonics, resulting in estimatioret tonverge within a few iter-
ations (Wittwer, 2006), no effort was made to find a suitalskcpnditioner for RBFs.
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Therefore, all computations presented here were perfomida parallel solver mak-
ing use of Cholesky factorisation. Furthermore, assemkilgeonormal matrixXN makes
it easy to compute the covariance matfix= N~1 of the estimated coefficients.

3.5 Variance component estimation

3.5.1 Normal equations

If more than one observation group is used, each obsengtiup j has to be introduced
with its proper weighting factor. The normal equations are

J 1 - J 1 -
—AiPjAj | X= ) —A;Pjyj, (3.11)

or, in the case of regularisation,

J J
1 1
—ATPA; | +aR |x=S SATP}y;, (3.12)
((l.;o.? J ) ) jz of

J =1

with ajz being the variance factors of the observation groups. Tindaesation parame-
tera can be interpreted as inverse variance factor of the obs@mgroupe; 1 +VYji1 =
xwhereD{ej;1} = %R—l = 0ZR~L. Then,a can be interpreted as the inverse variance
factor of the unknown parameters.

3.5.2 Variance component estimation

The variance factors of the observation groups are estinetieg variance component

estimation (VCE). If regularisation is applied, VCE cancdt®e used to estimate the reg-

ularisation parameter, i.e. the variance factor of the omknparameters. The variance
factors for the observation groups are, according to Kugzte?3),

TP A

2§ Pig

of =
j r

(3.13)

with the residuals
& =AjX—yj (3.14)

and the partial redundancies

1 T -1
r :nj—?tr(Aj PjA;N ), (3.15)
J
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wheren; denotes the number of observations in observation gjoup

The variance factor for the unknown parameters is, in the oéR = |, obtained from

62 = 2% (3.16)
Ix
with
1.1
ry=u—tr O—%N , (3.17)

andu being the number of unknown parameters (Koch and Kusche)200

3.5.3 Stochastic trace estimation

The computation of the partial redundandigss defined in eq. (3.15), is difficult, as the
inverse of the normal equation matiik ! is required, which may not be available if an
iterative method is used to compute the least-squaresi@olitand time-consuming,
because the matrix produst] PjAjN~* needs to be computed. The solution of this
problem is the use of Monte-Carlo methods for stochasteetestimation.

According to Hutchinson (1990),

E(z'Bz) =trB, (3.18)

holds, wherdB denotes a symmetritx n matrix andz ann x 1 vector ofn independent
samples from a random variabfewith E(Z) =0 andD(Z) = 1. If Z is a discrete
random variable which takes with probability 1/2 the valtkesind +1, therz' Bz is an
unbiased estimator of & with minimum variance. For large-scale problems, itis ligua
sufficient to employ only one realisation b{Kusche and Klees, 2002).

Partial redundancies, unweighted case

In the case oPj =1, eq. (3.15) may be rewritten as
1
ri=n;— —tr(AjN"1AT). 3.19
j =N o? (Aj i) (3.19)
Inserting eq. (3.18) yields
1 7 15T
ri=nj——z AiN A z. 3.20
j j sz j j ( )

Computing the produdﬂ—lAsz can be replaced by solving the linear equation system
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B =Né&j, Bj=Alz (3.21)
This results in the following equation for the partial redancies:

1 T z
rj:nj—?z Ajé; (3.22)
]

Partial redundancies, weighted case

If P; #1, arearrangement as in eq. (3.19) is not possible. Instgptiyiag eq. (3.18)
directly to eq. (3.15) yields

1 raT -1
rj:nj—?z AjPjAjN""z. (3.23)
J

The further computation is similar to the unweighted casth the computation o ~1z
being replaced by solving the linear equation sysfgrs N¢&;. The partial redundancies
are then computed as

1 7.1 g
rj:nj—gz AjPjA¢;. (3.24)
J

Partial redundancies, unknown parameters

For the variance factor of the unknown parameters, the emsatire somewhat simpler.
Inserting eq. (3.18) into eq. (3.17) yields

155, (3.25)

1

Tn—1
fhk=U——-Z N "Z2=u— —
X 2 o2

Ox

Wheref = N~1z. The variance factor can then be computed according to et6)(3



Chapter 4

Numerical aspects

The computations performed in the context of the researeBegmted here use large
numbers of observations and unknown coefficients. Thissléadignificant numerical
costs in terms of runtime and memory. Three areas of numerigaplexity can be
identified:

* The computation of the design mati#x This consists of many small operations
that are memory intensive. A numerically optimised implatagon is necessary.
Interpolation schemes (see section 4.2) allow for a fastprdation of the design
matrix elements even when a series expansion of the RBFs heée used.

» The largest computational effort is required for the cotapan of the normal
equation matrix by dense matrix-matrix multiplicatioth= ATPA. Luckily, this
is a well-understood operation for which efficient paraltaitines exist.

» The solution of the normal equation system is relativelicker to compute, but
can also benefit from parallel routines.

To get an idea of the numerical complexity, GRACE is taken m&x@ample. When
computing an optimally filtered GRACE four-year time sertbss requires the assembly
and solution of 48 monthly solutions. Each monthly solutigpically uses 500,000
observations to estimate 10,000 unknown coefficients. lildvoequire approximately
4 hours of computation time on a single 3 GHz CPU if memory taings were not
an issue. In fact, since optimal filtering requires itenat{see section 5.3), this time
would be required not 48 times for a 4-year time series, bQtt4Bes in the case of 10
iterations, for a total of 1,920 hours or 80 days. It is obgithat a numerically efficient
and parallel implementation is necessary in order to perttie computations within an
acceptable time frame.

This chapter starts with some numerical optimisation issGection 4.2 describes a fast
synthesis scheme that can be used to accelerate the commputithe design matrix.
The actual parallelisation of the program used here is destiin section 4.3. The
chapter ends with a summary.
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4.1 Numerical optimisation

4.1.1 Constant expressions in “do”-loops

When dealing with spectral representations of RBFs, fretjyseries expansions like

Imax R\
B(x) :|;)(2l +1) (—) a(x,l), (4.1)

x|

have to be evaluated, often up to a very high maximum delgtgee.g. when com-
puting the series expansion of an RBF (see section 2.3). Iystie series has to be
computed several times with slightly different factoréx, | ), the rest of the expression

|
remaining constant. The computation of the expreséﬁé@ alone might use as many

2 . . . :
as'maﬁ'fmax+1 floating point operations, due to the recursive nature optheer compu-
tation.

The computation of several series can be accelerated seymify if the constant ex-

X|
Even if the series is computed only once, the costly expaaisor can be avoided by

|
pression2l +1) <E) is computed beforehand for each dedreed stored in a vector.

| )
computing(%) recursively as(%) (ﬁ) . Only about gy floating point operations
are then required.

Smaller expressions, Iik%, that are frequently reused will often be optimised by the
compiler, by computing them only once and storing them. &ihere is no guarantee
that this is done, based on the complexity of the expressidritee availability of regis-
ters, it is advisable to do this manually (by computing themeoand storing them in a
variable) if a significant reduction in computational war&dl is expected. It will require
additional storage, but today storage is usually a smaitdslpm than computing power.

4.1.2 Computation of the design matrix

A typical example of the repeated evaluation of the samesé&ithe computation of the
design matrixA. Forn observations and basis functions, the series

limex I+1
Wi (Xj,yi) = l;wu (%) R (X]9i), (4.2)

I+1
has to be evaluatad utimes, wher % is the same in each series belonging to the
same observation ¢ ; is the same for all basis functionsvith the same parameters,

such as depth. This means that the series depends only amglecb@tween observation

1+1
Xj and basis functiory;. By computing the constant expressiafis <‘X—R") only
J
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once for each observation, and only the teéf ijyi) for each pair of observation and
basis function, a significant acceleration can be achieved.

When using analytical expressions, the resulting speetbivepent will be much smaller.
Still, computing constant expressions only once per olagenv will accelerate the com-
putations.

4.1.3 Normalisation of coordinates

Normalised coordinates of basis functions and observaaoa frequently required dur-
ing the assembly of the design matrix, as well as during thee-ddaptive network design
and local refinement steps. They are used for computing tijle &etween observation
j and basis functionby means of the scalar produﬁf,yi with X = ﬁ andy = @f—‘ Inthe
computation of the design matrix, this angle has to be coagutu times. Computing
a normalised coordinate is performed by

AR (4.3)

X~ 2 w22
. VX1t X+ X3

which requires three multiplications, two additions, #hdivisions, and a very costly
square root operation. A significant acceleration can tieusdhieved by computing the
normalised coordinates just once and storing them.

4.1.4 Normalisation of basis functions

The values attained by the basis functions can be very largerp small. In the interest
of numerical stability, it is better to work with normalis&BFs:

Wi
Wrorm = 4.4
norm ||LIJ||| 9 ( )

A suitable normalisation factgf¥;|| can be computed by

|Wil| = W(r = rmean. ¥ =0), (4.5)

I.e. the basis function with spherical angle= 0 between basis function and observation
and the observation radiusequal to the mean observation radius. It is advisable to
compute the normalisation factor only once per program nghstore it.

4.2 Fast synthesis

It has been shown in section 2.3 that it is necessary to eeatha series expansion of
the basis functions to a sufficiently high degree. Dependimghe maximum degree
(which is governed by the depth of the basis function, seéme.3), this poses a
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Figure 4.1: Basis function of 500km depth for various anglesnd radiir.

considerable numerical effort, as the series will have te\wuated for every pair of
basis functions and observations, even if the numericatigetions in section 4.1 are
used. If no analytical expression for the basis functionavailable, a fast synthesis
scheme allows for the quick computation of the basis fumstiol his scheme is based
on the idea developed for the fast synthesis for sphericatdwaics by Ditmar and Klees
(2002).

The basis functio®¥ is a function of two parameters: The spherical anglbetween
the centre of the basis function and the observation, andathi@l distance of the
observation from the center of the Earth, assuming thaeaildfunctions are located on
the same sphere. Since the functiorffadindr is quite smooth (fig. 4.1), it is possible to
interpolate between values to compute the basis functitimswifficient accuracy.

As a first step (the synthesis step), the basis functionshaile to be computed at a
sufficiently dense grid, which will be used for interpolatioGrid spacings of 1104
rad at 16 different radii have been proven to be sufficientliteat cases.

The second step is interpolating the desired values usidgn2nsional Overhauser
splines (Ditmar and Klees, 2002). For the interpolationnt@es are required: 4 nodes
at 4 different altitudes each. With these 16 nodes, value®eanterpolated for the area
between the 4 centre points (the shaded area in fig. 4.2).

The interpolated value is calculated by

Su,v) = _gwi(U,V) fi, (4.6)

wheref; is the function value at point The 16 two-dimensional shape functiomsare
the product of four one-dimensional shape functiby{s) andby(v) with t € [0, 1]:
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Figure 4.2: Node setup for Overhauser spline interpolation

by(t) = t(l 2t+12)
bo(t) = 1— 3t2 4 3t3

ba(t) 2t(1+4t 32) (4.7)
ba(t) = — 2t2(1 z)

Thew; are then given byv; (u,v) = by (u)ba(v), wip(u,v) = ba(u)by(v) etc. (see fig.
4.2). The parameters v are defined as follows:

u= 252 v= 150 @8)

Eq. 4.7 and 4.8 only hold for a grid of synthesised points thaguidistant both i
and inr direction. As all points need to be in the centre area, withgwnthesised points
each to the left, the right, the top, and the bottom, the simeled to be constructed such
that all data points are between the second and the secdast&pherical shell.

4.3 Parallelisation

4.3.1 Problem description

The estimation of a gravity field model requires the asserabty/solution of the normal
equationdNx = b, whereN = ATC A orN=ATC 1A+ aRandb =ATCly.

Three main areas of computational effort have previousgnhbdentified:

1. the computation of the design matAx
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2. the dense matrix-matrix multiplicatio= ATC~1A,

3. the inversioN—1, which is usually replaced by solving the linear equatiostem
NX = b.

The method described here involves other areas, of coadildecomputational effort,
such as data-adaptive network design (section 2.6.2) aatifefinement (section 2.6.3).

The subject of parallelisation can be treated here only imp@dicial manner. A much
more detailed description is given in Wittwer (2006).

4.3.2 Parallel computer architectures

For the purpose of parallel programming, we need to diffeaés between two kinds

of parallel computer architectures: shared memory andildiséd memory. Figure 4.3

gives a schematic view of a shared memory parallel compAte€PUs are connected

to all memory banks by some sort of interconnect. If all CPagehequal access to all
memory, we speak of SMP (symmetric multiprocessing). Ifabeess to some memory
banks is slower than to others, we call this NUMA (non-unifieeimory access).

Shared memory systems are easy to program, as all CPUs essdlee whole memory.
The distribution of data is not of importance, good perfanoecan simply be reached
by distributing the workload in a clever way. The downsidsl@red memory systems
is their limited maximum size, as the interconnect becomeseasingly complex with
larger numbers of CPUs and memory banks. This puts a prhlatnceon the maximum
number of CPUs. These days, true SMP systems are rarely feithdnore than 16
CPUs.

connection

Figure 4.3: Schematic of a shared memory parallel computer.

A schematic of a distributed memory system is shown in figude Each CPU has its

own memory. The CPUs are connected by some sort of networkceShe connec-

tion between the CPUs can have a considerably lower bankhaitd latency than the

connection between CPUs and memory, this interconnecteanuch simpler than the

interconnect in shared memory systems. In PC-based dustezn simple (and cheap)
Ethernetis used. As aresult, distributed memory systembeanuch larger than shared
memory systems. Indeed, systems with tens of thousandeoégsors are not uncom-
mon.
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While distributed memory computers are easier to exparel, #dmre more difficult to
use. Each CPU has only access to its own memory, so the adaats®omemory and
communication between CPUs has to be done by explicitly axgimg data. This is
called message passing. It is thus necessary to distribei@etta in a smart way, as data
exchange over the interconnect is slow. Communicationlghmeiavoided as much as
possible.

connection

Figure 4.4: Schematic of a distributed memory parallel cotep

Today, most high performance computers are of a hybrid tyieay are usually con-
structed as a cluster of SMP nodes. Each node forms its owedin@emory system,
which in turn communicates with other nodes over a commtioicanetwork in the
manner of a distributed memory system.

4.3.3 Parallelisation for shared memory computers

Shared-memory parallelisation usually makes usauwfi-threading. Computations are
split up in several threads, which are executed by diffe@Pts. The easiest way to
write multi-threaded programs is the use of OpenMP (OpenROP2) for loop paral-
lelisation. OpenMP needs to be supported by the compiler.

Design matrix computation

The design matriXA containsn x u elements fon observations and unknown param-
eters. The entries depend on the location of observatipar(d basis functiony(, as
well as the observation’s type and the associated fundtimapdel. It is thus natural to
arrange the design matrix computation as loop over the vagens and basis functions:

do i=1,n (loop over observations)
do j=1,u (loop over basis functions)
Ajj = P(x;,yj,type)

end do

end do

Sincex and observation type are constant for one line of the desagrnxnand a number

of expressions evaluated in the computation are constathtidsis functions are located
at the same depth, it is numerically more efficient to compiltelements for one line at
once (see 4.1.2):
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do i=1,n
Ai: - q)(xi7Y:7typa)
end do

Different lines of the design matrix can be computed indéeatly from each other.
This makes distributing the observations over the threaustaral choice for paralleli-
sation. It can be achieved with a single OpenMP statement:

1$0MP PARALLEL DO

do i=1,n
Ai: == (D(Xlayvtypa>
end do

!$0MP END PARALLEL DO

Distribution of the loop iterations is done automatically by the operating system’s
scheduler. The number of threads used can be set witiP&zP_NUM_THREADS envi-
ronment variable. It should be set to the number of CPUsécofréhe parallel computer
system.

Computation of normal equation matrix and solution of normal equations

The computation of the normal equation matkx= ATA or N = ATPA is performed
using the DSYRK or DGEMM routines of BLAS (basic linear algalsubprograms,
Lawson et al. (1979)). BLAS contains routines for vectoctee (level 1), matrix-vector
(level 2) and matrix-matrix (level 3) operations. It is thargdard for these linear algebra
operations and available in many different implementatiadigh performance imple-
mentations, such as the Goto BLAS (Goto and van de Geijn,)2004D’s ACML
(AMD Core Math Library) and Intel's MKL (Math Kernel Librajyare multi-threaded.
Using one of these libraries will automatically lead to andfigant acceleration on multi-
CPU systems. As a side effect, these libraries are also mgtithand much faster than
the BLAS reference implementation, even on single-CPUesgst

Solving the linear equation systeNk = b is done using the DPOSV routine of LA-
PACK (linear algebra package) (Anderson et al., 1999). LBRAlefines a set of stan-
dards for routines such as solving linear equation systemd®menvalue computation.
Like BLAS, several implementations are available. It makss of BLAS routines, and
the performance is directly affected by the performanc@é®BLAS library used. Thus,
using an optimised multi-threaded BLAS library like the abmentioned Goto BLAS,
or the AMD ACML and Intel MKL (which contain, besides BLAS sal LAPACK func-
tionality) results in the desired acceleration.

4.3.4 Parallelisation for distributed memory computers

While parallelisation for shared memory computers is camapeely easy, due to OpenMP
and multi-threaded numeric libraries, distributed memuaayallelisation is much more
of a challenge. Explicit communication (message passiatyyéen the processes is re-
quired. Parallelising the design matrix computation irs thiay is straightforward (by
distributing the computations of rows over the procesdms)distributing matrices and
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doing the resulting distributed computations in an efficieranner is difficult. Luck-
ily, for linear algebra, the distributed memory library 88#ACK (Scalable LAPACK)
(Blackford et al., 1997) can do this.

ScaLAPACK

ScalLAPACK is a distributed memory implementation of a stibs¢éhe LAPACK func-
tionality. It also contains the PBLAS (parallel BLAS), a @lisuted memory version
of BLAS. Both make use of BLACS (basic linear algebra commation subroutines),
a wrapper for the actual MPI (message passing interfaceydt @arallel virtual ma-
chine) communication subroutines. MPIl and PVM are two staasifor communication
on distributed memory systems. ScaLAPACK is designed inyatvat programs using
BLAS and LAPACK can be modified for distributed memory syssemith reasonable
effort. Much of the message passing is hidden from the userha does not have to
deal with the intricate details of matrix distribution anshemunication.

Vectors and matrices are distributed among the notes inckialpclic manner. Figure
4.5 shows how a matrix is distributed on a 4x4 process grid.

Po | P1 | P2 | P3| Po| P1| P2] P3| Po
P4 | Ps | Pe | P7 | Pa | Ps | Pes | P7 | P4
Ps | Po | Pio| P11 | P8 | Po | Pio| P11 | P8
P12 | P13 | P14 | P15 | P12 | P13 | P14 | P15 | P12
Po | P1 | P2 | P3| Po| P1| P2] P3| Po
P4 | Ps | Pe | P7 | P4 | Ps | Ps | P7 | Pa
Pgs | Po | Pio| P11 | Ps | P9 | Pio| P11 | Ps
P12 | P13 | P14 | P15 | P12 | P13 | P14 | P15 | P12
Po | P1 | P2 | P3| Po| P1| P2]| P3| P3

Figure 4.5: Distribution of matrix on 4x4 process grid.

Design matrix computation

The computation of the design matrix remains mostly unchdngith ScaLAPACK,
except that each process only computes the matrix elenwants parts of the distributed
matrix. Assuming process hasr rows andc columns ofA, and the routinéndx12g is
used to get the global indicesandmfor the local indices and j, the computation looks
like:

do i=1,r

n = idx12g(p,i)

do j=1,cC

m = idx12g(p, j)
Aij = ®(Xn,Ym,typen)
end do

end do
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Computation of normal equation matrix and solution of normal equations

The computation of the normal equation matrix and solvirglihear equation system
is changed little from the shared memory version shown abdvee BLAS routines
DSYRK and DGEMM are replaced by the PDSYRK and PDGEMM from RBL
These routines take care of all communication required uiee does have not to worry
about an efficient implementation of a distributed matriatrix multiplication.

For solving, the PDPOSV routine is used. It replaces the DP@8tine of LAPACK.
All PBLAS and ScalLAPACK routines make use of BLAS routines, ScalL APACK
performance is governed by the underlying BLAS library, adl\as the speed of the
communication library (usually an MPI implementation) aredwork used.

4.3.5 Hybrid parallelisation

The combination of the methods described for shared andhiittgd memory paral-
lelisation is known as hybrid parallelisation. Since madstaalay’s high performance
computers are of a hybrid nature (interconnected sharedamyenodes), hybrid paral-
lelisation offers a number of benefits over parallelisatimty for distributed memory,
i.e. without the use of OpenMP.

» Multi-threading on shared memory nodes does not requéeexiplicit communi-
cation by message passing involved in distributed memorgllgéisation, and is
thus potentially faster. Message passing is only requietaiéen different nodes,
not CPUs on the same node.

» With distributed memory parallelisation, there is oneqass per CPU. Each pro-
cess may need a full set of certain data, such as observatghen processing
a year of GRACE data (about 6 million observation epochsedtan a 320 byte
structure per epoch), this amounts to a total 1.8 GB. Using fzocesses on a
four CPU node would thus already require 7.2 GB for obsemwegtorage, leaving
insufficient memory available on a node equipped with 8 GB AMR(as used
in the research presented here). Using only one multi-tleeé@rocess per node
severely cuts down memory use, while still allowing the @it utilisation of all
four CPUs.

* In the case of relatively small numbers of unknowns, astsofhe case with re-
gional models, distributing the unknowns over all the psses requires very small
block sizes. Small block sizes result in inefficient comneation. Using fewer
processes by employing multi-threading makes it possiblese larger blocks,
while still being able to distribute them over all nodes.

Since hybrid programming offers a number of benefits, andeshaemory parallelisa-
tion is much easier than distributed memory parallelisaflly means of OpenMP and
multi-threaded libraries), it is advisable to combine tive tin order to get a flexible
program that can achieve high performance on differenegystrchitectures.
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4.3.6 Results of parallelisation
System description

The computations presented here were performed on two feigbrmance computing
systemsCleopatrais the DEOS Physical and Space Geodesy group’s computisggciu
It consists of 33 compute nodes, each equipped with two clua@-AMD Opteron 280
processors clocked at 2.4 GHz, and 8 GB of RAM. The nodes &eeconnected by a
fast Infiniband network. Total theoretical peak performeaisc633 GFLOPS.

Huygens is the Netherland’s national supercomputer. It has 104 sioel@ach with 16
dual-core IBM Power 6 processors (4.7 GHz) and 128 GB or 256@B!. It also uses
Infiniband as node interconnect. The total theoretical geatormance is 60 TFLOPS.
Both systems use the Linux operating system.

Memory requirement

A parallel computer is required not only to shorten programtimes, but also to fulfill
the memory requirements resulting from using a Choleslkyesplvhich requires assem-
bling both the design matriA and the normal equation matrk Table 4.1 shows the
memory requirements for three typical test cases.

| problem | # of observations # of unknowns| size ofA | size ofN |
monthly GRACE solution 500,000 1,500 5.6 GB 17 MB
yearly GRACE solution 6,000,000 5,000 223.5GB| 191 MB
typical terrestrial data set 300,000 10,000 22.4GB | 763 MB

Table 4.1: Memory requirements for various problem sizes.

It is obvious that the storage of the design makixs the bigger challenge. Even with
10,000 unknowns, the size bfis less than a Gigabyte. For a one-year global GRACE
solution, keepindA in memory can be difficult. It would require the full memory28
nodes ofCleopatra, not taking into account memory required for other data.t@gking

2.5 GB from the available memory per node (the observatitmreaequire 1.8 GB), 41
nodes would be required, whereas only 33 are available. dhluaigns to this problem
are possible:

1. Build A in blocks (e.g. only for one month), and compNe= ZAiTAi/N =
s ATPiA;. This requires the recomputation Afif it is required more than once.

2. Use an out-of-core approach, where parts of the matristared on hard disks.
Since the out-of-core approach was more difficult to progrand it is questionable

whether the slow disk access would provide a speed benefittioeayuite quick (re-)
computation ofA, the block-wise build was implemented.
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number of processessetup ofA | N=A"A | solving | total runtime
T

4 200 101 1 316
8 107 59 2 175
16 49 53 1 120
32 28 47 1 97
64 17 42 4 91

Table 4.2: Runtimes [S]leopatra, GRACE monthly solution.

Monthly GRACE solution

To show the benefits of parallelisation, a monthly global @REAsolution (April 2004)
was computed using various numbers of processes, botblempatra and Huygens.
518,400 observations and 1,543 RBFs were used. The timeeddar the setup of the
design matrixA, the matrix-matrix multiplicatioN = ATA, the solving of the linear
equation system, and the total program runtime are usedlgejthe effect of paralleli-
sation.

Table 4.2 shows the runtimes fGteopatra. The time required for the setup Afscales
linearly from 4 to 16 processes. Beyond that, the improvensemlittle smaller, but still
very good. The matrix-matrix multiplication does not behsignificantly from more
than 8 processes due to the small sizdlotnlike the setup oA, more communication
is required when more processes are used, resulting in tlreederformance dropoff.
The same is true for the solution of the system of linear egoat- it is a relatively
cheap operation and does not benefit from more processessbudoes not contribute
significantly to the total program runtime. The total rurgim governed by the first two
operations. As a result, a significant runtime improvemei@ from 4 to 8 processes
can be seen, with smaller improvements beyond that.

The runtimes for the same test bluygens are listed in table 4.3. The time required
for the setup ofA scales almost linearly up to 64 processes. Once again, tredibfor
the matrix-matrix multiplication is smaller, with almost benefit for the solution of the
system of linear equations. The total runtime improvemgohice again a combination
of the two, with a almost linear improvement going from 4 tor@qesses, and less
beyond that.

Comparing the results Gleopatra, we see that

» The setup ofA requires about the same amount of timeHuygens as onCleopa-
tra, while the matrix matrix multiplication is faster dtuygens, a consequence of
the processors used;

» The matrix-matrix multiplication otduygens benefits more from more processes
than onCleopatra, an indication thaHuygens offers faster inter-process commu-
nication.
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number of processessetup ofA | N=A"'A | solving | total runtime
T

4 172 48 1 237
8 87 26 1 135
16 46 16 1 83
32 26 12 1 60
64 14 14 1 50

Table 4.3: Runtimes [s] oHuygens, GRACE monthly solution.

| number of processegssetup ofA | N=ATA | solving | total runtime|

8 180 459 14 742
16 83 247 6 387
32 44 171 4 258
64 22 157 7 220

Table 4.4: Runtime€leopatra, terrestrial data, in seconds.

Terrestrial data

Another test was done using a terrestrial data set. Thestaaledata requires more
RBFs, resulting in a higher number of unknown parameterspeved to the above-
mentioned GRACE case, which leads to a greater importaniteeqierformance of the
matrix-matrix multiplication. The test was done with theé eeCanadian gravity data
(320,000 observations) described in section 6.4.2, and B4dis functions.

The runtimes foiCleopatra are given in table 4.4. The results are very similar to the
previous test case. The runtimes for the setug\amprove almost linearly with an
increasing number of processes, while the improvementerairgy the matrix-matrix
multiplication is less pronounced, and best going from 8@gfdocesses. Having four
times the number of unknowns leads to longer runtimes fotitlear equation solver,
with an associated larger benefit from using more proce€seabined, the total runtime
scales better than in the previous case, with of course tigebt improvement going
from 4 to 8 processes.

Table 4.5 lists the results fdtuygens. The results are comparable to the previous test
case, with almost linear scaling of thesetup, a little less improvement for the matrix-
matrix multiplication, and little to no improvement of thelger runtime. The total
runtime drops significantly, even when going from 32 to 64cpsses.

| number of processegssetup ofA | N=ATA | solving | total runtime|

8 166 232 7 442
16 84 119 3 229
32 49 79 2 145
64 27 54 2 94

Table 4.5: Runtimebluygens, terrestrial data, in seconds.
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4.4 Summary and conclusions

This chapter has discussed the most important numericedssassociated with the soft-
ware developed within the research presented here. A nuaibermerical optimisa-
tions have been applied to decrease the required programmeinMost important of
all, parallelisation was employed to decrease the runtimeasceptable levels.

Hybrid parallelisation, using OpenMP, optimised numdriitaries, and ScaLAPACK
has been employed, resulting in a program that delivers geotbrmance on shared
memory, distributed memory, and hybrid high performanceoter architectures. Even
larger computations, involving hundreds of thousands skolmtions and thousands of
unknown basis functions, can be performed in a matter of tagion these machines.



Chapter 5

Gravity field modelling from satellite
data

Global gravity field modelling relies on satellites, as osatellite missions can provide
global data coverage. Satellite geodesy was born in 193vthét launch of Sputnik 1.
Measurements of Sputnik’s orbit allowed the computatiothefflattening of the Earth.
Other missions like PAGEOS (passive geodynamic satetiel) later LAGEOS (laser
geodynamic satellite) made it possible to determine theSbizoefficients of the Earth’s
gravity field, using optical and laser measurements to deter the satellite orbits. An
improvement was provided by radar altimetry missions swglaosat. Geosat was
launched in 1986, and Geosat and ERS-1 data were used fmaésti of the EGM96
gravity field model (Lemoine et al., 1998). Altimetry proeslhigh resolution, but is of
course limited to measurements over sea.

A major step forward was the CHAMP (challenging minisatelipayload) satellite,
launched in 2000. A flight altitude of approx. 450 km, GPSduobherbit determina-
tion and an onboard accelerometer made it possible to useMiHi#® compute static
gravity fields complete to spherical harmonic degree 70gB&iet al., 2002; Han et al.,
2003; Gerlach et al., 2003; Ditmar et al., 2006).

Currently, research focuses on the GRACE (gravity recoaeny climate experiment)
satellite mission. GRACE is a formation-flying mission cisting of two identical
satellites in the same near-polar orbit spaced approx. 22@part at 500 km alti-
tude (fig. 5.1). The satellites were launched in 2002. BeasliEng equipped with
GPS receivers and accelerometers, the inter-satellitendis is continuously measured
with a microwave (k-band) link, down to micrometer accuratlis yields a significant
improvement in terms of resolution and accuracy of the @erigravity field models
(Tapley et al., 2004).

Static GRACE gravity fields have been computed by GFZ Potstiath GRACE-only
(Reigber et al., 2005) and combined fields that also made utsrestrial data (Fo-
erste et al., 2008,b), and by CSR (Tapley et al., 2005). SGRACE-only gravity
fields have been computed up to degree 180 (Mayer-Gurr, 2BRACE had an even
higher impact on modelling and understanding the timeaimlity of gravity. Monthly
GRACE solutions are computed by CSR (Bettadpur, 2007), Glethtner, 2007), and
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Figure 5.1: Artist’'s impression of the GRACE satellitesuB8m®: NASA

JPL (Watkins and Yuan, 2007). DEOS optimally filtered moptBRACE gravity fields
are computed up to degree 120 (Liu, 2008; Klees et al., 20@Bbnputing 10-day so-
lutions is possible and regularly done by CNES, albeit atlomesolution (Biancale et
al., 2007).

Global satellite-based gravity field modelling will makeotimer step forward with the
GOCE (gravity field and steady-state ocean circulationaep) mission. An advanced
spacecratft, flying at only 250 km altitude and using an iori@tp counter atmospheric
drag, it will use a highly accurate gradiometer to measua®ityr gradients. The mea-
surements are expected to make it possible to accuratelputenstatic gravity models
up to degree 200 and beyond. GOCE was launched in March 20009.

The methodology described here can be applied to all datgitavity missions. The
results presented here focuses exclusively on the GRACEianisas it provides the
best data currently available. GRACE makes it possibleHerfirst time to compute
monthly high-resolution gravity fields that clearly show seavariations in the Earth
system, which yield new insights into mass transport peeesit a global scale. The
computations presented here will also show monthly sahgtexclusively, and use these
monthly solutions to derive mass transport quantities.

The chapter starts with a description of the functional nhoded for gravity recovery
from GRACE. Section 5.2 describes the stochastic modemMbatused for some of the
computations. The extension of the optimal filtering altfoni developed at DEOS to
RBF solutions is explained in section 5.3. Network desigihlaandwidth estimation are
addressed in sections 5.4 and 5.5, respectively.

Results of GRACE gravity field modelling are presented iniead.6. Two main appli-
cations of GRACE monthly models are used as representatara@es:

1. The estimation of ice mass loss in Greenland and Antardticluding a compar-
ison of GRACE and ICESat results.

2. The estimation of water storage variations at river basale. Time-series for
several river basins are shown. Comparisons are made bewaeeus monthly
GRACE models as well as between GRACE and the PCR-GLOBW Bdhygiical
model. A comparison to radar altimetry is made for Lake Mietan Africa.
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GRACEB ~ GRACE A

/" GRACE B GRACE A \

Figure 5.2: Unit vectors of LoS directions at three suceesspochs.

5.1 Functional model

5.1.1 Three-point range combination approach

All GRACE gravity field models were computed using the DEOfo#at range combi-
nation approach. This allows the direct comparison of SHRB#& solutions that use
identical processing except for the parametrisation. fpaach is sketched here. For
more details, the reader should refer to Liu (2008).

GRACE provides biased inter-satellite rangessing the k-band link. These ranges can
be related to the gravity potential gradient. Using a tipet scheme, the inter-satellite
range vectors of three epochig, 1, rij, andrjican be used to compute the average 3D
inter-satellite acceleration:

o Tl —2r+rig

I (At)2 9 (51)

whereAt is the sampling interval. Sinag = e- px, with k=i —1,i,i+ 1 andg the line
of sight (LoS) unit vectors at epodh

Mk
=—. 5.2
&= (5.2)
Eq. (5.1) can be written as

e 6-1-P-1—268-Pi+6411-Pit1

5.3
I (At)2 ( )
By projecting both sides of eq. (5.3) onto the unit ve&omwe obtain
- i a1 — 2 . + R . N:
6= &i1-Pi-1— 201+ &1 p|+17 (5.4)

(Bt)*

whereéi_1 =¢-g_1andé.1 =g .1, see figure 5.2.

In the actual computation, residual quantities are useay Tollow from eq. (5.3) by
linearisation:
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(5.5)
opi = Pi—Pc
- i_1c-0pi_1—200i + & - OO
8- O = éi—1c-0pi—1 Pi+&it1c-OPi+1 (5.6)

(At?) ’

with ¢, pe, &.c Si—1c, andéi 1 being reference quantities computed from precise
reference orbitse, andpx cannot be obtained from the k-band measurements, but need

to be computed from orbits instead. The use of small resiguahtities reduces errors
in the functional model. The static EIGEN-GL04C model (steret al., 2008) up to
degree 150 has been been used as background gravity field foottee computation
of the reference orbits.

5.1.2 Residual accelerations

Analytical expressions for the radial base functions usaé have been derived as

W(X,Y) = gz (2Xns1+Xn)
_ o \" 1 (5.7)
Xn= (Y| ayl) Tyl

The xn can be computed by

n .
Xn=21y|" oni1+ zlﬁn,i lyl'by (5.8)
i=

forn>1.
Theb, have been derived as
b = (2n—1) [x—y| b1bn_1 — (n—1)?b3bn_2, (5.9)

which can be computed recursively with

1 _ lyl=Ix|cosy

b0: 5 —
x—y T x—yPF

: (5.10)

wherey is the angle betweexandy.

The residual accelerations in eq. (5.6) are related to th@tgrpotential gradient. The
gradient is defined as

oT 0T oT
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To compute the gradient of the RBF in eq. (5.7), we need thigapderivatives of the
coefficientsb, with respect to the RBFs. Applying the product rule to eg9)5we find

o (2n—1) % bibn_1+(2n—1) [x —y| d—xibn,1+b1 o
ob obn_
i 1\2 0 24N
(n—1) <2b°—d>q b2+ D551 ) (5.12)

The partial derivative E’(:ﬁ, X = (X1,X2,X3) are required:

dbg Xi — Vi
—_— — 5-13
% [x—yf 53
and
oby  3(xi—y)lyl 1 Vi XTy(X — Vi)
o = s Tyl 53— ), (5.14)
X —y| Y\ x=Y| X~y
as well as
dIX—=y| XY
— . 5.15
0% X =Y 5-19)

Using eq. (5.7) to (5.15), the point-wise design matriégg A for satellite A andA g
for satellite B are computed. The design matrices compuiekis manner are defined
in the terrestrial reference frame (TRF)»fndy. The observation in eq. (5.6) is the
averaged residual acceleration in the LoS direction batwiee two satellites. The final
design matrix is

A =Ry (pr,B —prA) ’ (5-16)

with R being the transformation matrix that links the point-wiseelerations in the
TRF to the averaged observations in the LoS frame. The fatigwansformation steps
are required:

1. Arotation from the TRF to the celestial reference framBRFEE
2. Three-point averaging, since averaged accelerati@engsad.
3. Arotation from the CRF to the LoS between the satellites.

R|; can be thus written as

R|| — R(C*}LOSX)ER(THC), (517)

whereR(T—C) is the rotation matrix from TRF to CRF, ariR(C—95%) is the matrix
that projects a 3D-vector defined in the CRF onto the x-axte®1L0S vector, which is
directed along the line-of-sight (LoS) (Liu, 2008).is the averaging filter that computes
the averaged three-point accelerations (Ditmar and vanZx).



62 GRAVITY FIELD MODELLING FROM SATELLITE DATA

5.1.3 Equivalent water heights

Spatial plots of GRACE monthly gravity models and assodiat@ss balances are usu-
ally not provided in terms of potential, but in terms of equent water height (EWH),
also known as equivalent water layer thickness (Wahr e1298).

A representation in terms of EWH is computed from a sphehaamonic expansion by

2+1_

(X 3pw.20mz 11 Orim(). (5.18)

whereRg is the Earth’s mean radiuge is the Earth’s mean density (5,5#@), pw is the

density of water (1,00%%), andk,' are the load Love numbers. Inserting eq. (2.26) into
eg. (5.18) and using eq. (2.23), we find

Sh ii' 1y Z AKTS). (5.19)

It is not possible to use the analytical representationshferasis functions, as only a
spectral representation of the functional model for edaivawater heights can easily
be used. Luckily, the necessary maximum summation ddgeequite low. Load Love
numbers up to degree 1024 were used (Petrov and Boy, 200#h wehsufficient for
the deeply based RBFs used for satellite gravity field modgllf runtimes become an
issue, an interpolation scheme as described in sectiora#.Beused.

5.1.4 Trend and signal amplitude estimation

This chapter uses not only single solutions, but also tremtyaarly signal amplitude
estimates from time series of solutions. The functional ehdar the trend and annual
signal amplitude estimate is

oh(t) =a-+ bt +csin2nt +dcos 2, (5.20)

wheredh(t) is the mass variation at poihin time (measured in yearsy,is the biasp
is the linear yearly trend, andc? + d? is the amplitude of the annual signal.

Trends and signal amplitudes can be estimated for basimgegr but also per point.
The latter yields a spatial map of linear mass changes antyywaass variations.

5.2 Stochastic model

It is assumed that the noise in GRACE range observationsite whd Gaussian. Hence,
the noise in the three-point range combinations is colqured frequency dependent.
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Most of the noise energy is concentrated at the high freqasncThe frequency be-
haviour of the noise can be approximated by a model (Ditmat.e007), which ap-
proximates the square root of the noise power spectral tyan(di):

Vu(f)= 203 (1—cos(ZHfAt)+ (§>2> , (5.21)
(At)2 f

whereo is the standard deviation of the k-band rangisis the sampling rate, and
is the filter halfwidth. For the computation of the DEOS glbimadels, the values used
wereo = 40um, At = 5s, andt = 30s (Liu, 2008).

It has been shown by Liu (2008) that in the case of the 3-painge combination ap-

proach, use of the stochastic model in eq. (5.21), insteadeohssumption of white

noise, does not lead to significant differences up to spalehniarmonic degree 40, and
small differences (about 5%) up to degree 120. Neverthedggdication of the stochas-
tic model may be desirable or necessary to get realistimastis for the noise covariance
matrix Cyx = N1 and the a-posteriori varian@ = %TTFE, especially in the context of

optimal filtering, as discussed in section 5.3.3.

Figure 5.3 shows the differences between solutions cordpaith and without this
frequency-dependent weighting. A monthly solution withdanithout frequency-
dependent weighting can show significant differences itaceareas. Point differences
are below one cm for yearly signal amplitudes and yearlydseit can be concluded that
frequency-dependent weighting will have little to no impaben computing trends and
yearly signal amplitudes, but may significantly affect ntoypsolutions. When comput-
ing basin averages, differences will be even smaller as ea®én in section 5.6.

Using frequency-dependent weighting leads to a consiteeiabrease in the required
computation time, so it is best disabled for large compaietithat need to be made
quickly.

5.3 Optimal filtering

5.3.1 Introduction

As will be seen in section 5.4, GRACE solutions are stronffigcéed by noise. Due to
the GRACE orbit and its resulting high sensitivity to unaacted for effects in the north-
south directions, noise appears as north-south “stripdsthods to reduce this noise are
the truncation of the spherical harmonic expansion at alegryglegree, simple Gaussian
smoothing of the GRACE models (Wahr et al., 1998), or “d@Bstg” techniques, which
are often combined with Gaussian smoothing (Swenson and,\2@06).

None of these methods are entirely satisfactory, leadidgtoeases in spatial resolution
and loss of signal. Another approach is the use of so-calbgdirhal” filters, which
require information about the signal. Such an optimal fiti@s been developed in Klees
et al. (2008b). The optimal filter is a Wiener filter, i.e. itmmises the global mean of the
mean square difference between the unfiltered and filtegedhkilt is both anisotropic
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Figure 5.3: Differences between level 35 solutions (RBF$G&0km depth) with and
without frequency-dependent weighting; April 2005 (topgarly trend (centre), and
yearly signal amplitude (bottom), in EWH. Note differentarbar scales.
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and non-symmetric and thus capable of removing noise etdifz arbitrary shape, such
as stripes.

The filter can either be applied as post-processing filtes oegularisation-type filter. In
the latter case, application of the filter is done by

%= (N+D1) b, (5.22)

whereD is the signal covariance matrik, is the normal matrix, and is the right-hand-
side vector. The inverse signal covariance matrix is thypti@ghas regularisation matrix.
This means that

* strong regularisation, resulting in a smooth field, willdggplied in areas of small
signal to noise ratio;

» weak regularisation will be applied in areas of large sigonaoise ratio.

5.3.2 Signal covariance matrix computation

An important factor governing the performance of a filterstouncted as in eq. (5.22) is
the signal covariance matrix which is used as regularisatiatrix. It would be possible
to construct the signal covariance matrix based on an aipniodel, such as a global
hydrological model, but such a matrix would be biased towdhids model. Instead,
the DEOS approach computes the signal covariance matrix iteeative way using no
a-priori model (Klees et al., 2008b).

The signal covariance matriR; is defined in space, in units of EWH. Variances of
pointsy; on an equidistant Reuter grid (section 2.6.1) are computadyn realisations
t (monthly solutions)

o7 (yi) = (fe(y) —Fvi))° (5.23)

M:

1
n—14%&

with the signal in EWH
fi = BX;. (5.24)
Signal correlations at the grid points are omitted, leading diagonal matriX ¢, which

needs to be transformed into the RBF domain. SiBoeannot be inverted (it is not
square), the pseudoinverse

r=(8"8) BT (5.25)

is used. The transformation is then computed by

Dy =ID;IT. (5.26)
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The iterative computation of the signal covariance mdigxin the RBF basis is shown
in figure 5.4.

1. Aninitial signal covariance matriR¢ is constructed using some arbitrary starting
values, e.g. a signal variance of @52 at each grid point.

2. At the start of each iteration, the signal covariance m&¥ is transformed into
the domain of the RBFs (RBF analysis).

3. Regularised solutions are computed for the whole available GRACE time series.

4. The resulting signal in terms of EWH is computed on the saquadistant Reuter
grid as used in step 1, By= B%; (RBF synthesis).

5. The signal variance in each point is computed (eq. 5.2@uaed to populat®¢
for the next iteration.

6. The computation is stopped as soon as some stoppingamiteuch as sufficiently
small difference (e.g<3 cm) between the signal covariance matrices of two itera-
tions, is reached. In all computations, not more than teatitens were sufficient.

It has been shown by Klees et al. (2008b) that the spectruheddiggnal computed from
the signal covariance matrR¢ has almost constant signal degree variances. This was
overcome by dividing the degree variances by the spheraahbnic degre¢?, which

can be written as the application of an additional scalingyimn&:

Dgi =SIDsI'S. (5.27)

Sis diagonal with diagonal elemen%s Applying spectral scaling in this way is however
not possible with RBFs. For the RBFs, the scaling has to b&epm the functional
model for EWHSs (eq. 5.28) when computing the design mdarix

21+1 AT
Oy scaled (X % I Jr/LM Z aiR (X" 9). (5.28)

Note that scaling is performed wittinstead oft, sincel is the inverse oB.

Figure 5.5 shows the signal amplitudes (the square rooteosignal variances iD+)

in the space domain after 10 iterations computed using &4 %v&BF solution. Large
signal variations are detected in areas such as the Amazembasin, Alaska, Green-
land, and parts of Antarctica. These are due to seasonablogilral signals or ice
melting. Two spots are visible in the ocean around Indonéséss displacement due to
the Sumatra Earthquake in December of 2004 (Chen et al.)2007

The diagonal elements of the regularisation maljx- can be plotted in space, at the
location of their respective RBF. Such a plot the signal cevee matrix in figure 5.5
is shown in figure 5.6. It shows an inverted image comparedgiardi 5.5. Strong
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Figure 5.4: Flowchart of iterativB; computation
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Figure 5.5: Signal amplitudes in units of EWH. These are the&ge root of the signal
variances irDs.
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Figure 5.6: Diagonal elements of the regularisation madgx in the space domain.

regularisation is applied in regions of small signal to Bo&tio, and weak regularisation
in areas that have been identified as area of large signaide retio.

The iterative computation of the optimally filtered solutsoconstitutes a considerable
numerical effort, because

* the design matriXA requires the spectral representation of the basis furgtion
eg. (5.28);

* the computation of andD, requires several matrix-matrix multiplications;

* the normal matriXN has to be built for each month and iteration, if it is not stbre

A major acceleration can be achieved when using the follgwtheme:
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1. Normal matricedN and right-hand side vectoks are computed once for every
month, using no regularisation, and stored on disk. Eachgsostores only its
part ofN andb, preferably on a fast (local) disk.

2. The transformation matrixis computed only once at the beginning of the iterative
computation, and kept in memory.

3. The design matriA, required for synthesis of the signal on the spatial grid|ss
computed only once and kept in memory.

4. The signal covariance matriX, is computed once at the beginning of each itera-
tion.

5. Each regularised monthly solution is then computed bglinggN andb, applying
D4, and solving(N + Dg4 )X = b, which is a very fast operation, i.e. takes only
seconds.

In this manner, computing one iteration takes (for a typpsmetrisation, depending
on the number of processors used) only a few minutes insfessyeral hours. The time-
consuming operation of building design matrices for EWHn$/a@xecuted once, and
matrix-matrix multiplications are necessary only once ipenation. For each monthly
solution, operations are limited to reading a very small pga matrix from disk, adding

D¢, and solving the regularised normal equations.

5.3.3 Noise level estimation

The inverse signal covariance matrix is applied as regdtidn matrix (eq. 5.22). In
order to get correct results, proper relative scaling ohmadrequation matriXN and
regularisation matrixD;?! is required. Sincé\ = AT%PA, this means that the correct
weight matrixP and the proper noise level of the observations needs to be taken into
account. Too large values ofwill result in too much smoothing and the loss of signal,
too small values o& result in insufficient smoothing and the modelling of noise.

When frequency-dependent observation weighting (seei$.23ed, the noise level is
set using theo of the k-band ranges in eq. (5.21). Initially,= 40um as with the
DMT-1 model (Klees et al., 2008b) was used. Comparing theaimoise level of the
observations to the noise level obtained from the postditals, a value off = 18um
was obtained and used for all computations. Monthly sofuticth o = 40um, o =
18um, ando = 13um) are shown in figure 5.7. As can be expected, solutions cagdput
with a smallero show more noise, but also more signal and apparently imdrepatial
resolution.

Comparing a-priori and a-posteriori noise levels is notsgds when no frequency-
dependent weighting is used, thus when white noise is askuriide computed a-
posteriori noise levels are then dominated by high-frequemise and would lead to
much too large values af. Instead, other methods of determining the noise level are
required:
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Figure 5.7: Level 90 @ 700 km monthly solutions for April 200&h frequency-
dependent weighting, in EWH; k-band range noise-level veass 40 um (top), 18
pm (centre), and 13im (bottom).
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An unscientific approach is “guesstimating” the proper etésel by looking at plots of
solutions and judging, based on the noisiness of the pldtstiver the chosen noise level
was correct. A better method is the validation by some eatenfiormation. Used here
as described in Stolk (2009) was the signal above the nagita@on zone in eastern
Antarctica . The noise level was chosen in such a mannerttaagesulting signal above
this signal-free area corresponded to the noise level Hrabe expected from GRACE
(Liu et al., 2009).

Working with and without frequency-dependent weightinglgs different results. Both
methods use different ways of computiagand result in different covariance matrices
C. Figure 5.8 shows the differences in terms of a monthly smtyearly trends, and
yearly signal amplitudes. Significant differences do exsit are restricted to certain
geographic areas. It is difficult to say which solution isttbg without taking a closer
look, which will be done in section 5.6.

5.4 RBF network design

5.4.1 Grid choice

Satellite-derived observations contain mostly low-wawnelth information. It it thus not

necessary to use a very dense grid of basis functions toeetimg information. Since

satellite methods deliver essentially global data coverage often want to model the
gravity field globally. There are also regional applicatian high-latitude areas (e.g.
ice balance estimation for Antarctica and Greenland). Bdtthese require a uniform

basis function distribution over the whole globe. A gridhwihcreasingly dense spac-
ing at high latitudes has to be avoided to prevent overpar&ésagon and numerical

instabilites. Possible grid candidates were discusseddhion 2.6. All computations

presented in this chapter make use of the Reuter grid.

Unfiltered solutions

The residual GRACE quantities used as observations aramamated by strong high-
frequency noise. This severely limits the amount of usatiermation that can be re-
trieved from an unfiltered monthly solution. From numeriegberiments, it can be said
that a Reuter grid of level 35 is very suitable for the compataof monthly models
without filtering. Higher-level grids model too much noigéis is visible in figure 5.9.
The same observations were used for both solutions. Thes@irstion was computed
using basis function on a level 35 grid at a depth of 1,600 kimJeathe second solu-
tion used a level 45 grid and a depth of 1,100 km. The depths ¥eemd using the
algorithm described in section 2.5.2. The higher-levelisoh contains no usable extra
information, but is distorted by stripes, which is an indiica that too much noise is
modelled.

This behaviour also holds for trends (fig. 5.10) and yeaxynai amplitudes (fig. 5.11)
computed from a four-year time series (2003-2006). Thd Wysolution shows little to
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Figure 5.8: Differences between level 90 @ 700 km solutionth \wend without
frequency-dependent weighting, in EWH; April 2005 (topg¢ayly trend (centre), and
yearly signal amplitude (bottom).



5.4. RBF NETWORK DESIGN 73

¢ M h)og'Sk f
L § P" f \:/ i ’ ij&?”!"

T ):» '
,t ’

Figure 5.9: Unfiltered monthly solutions, level 35 @ 1,600 &op) and level 45 @
1,100 km (bottom), in EWH.

no extra information, just more noise. It is visible thabesrdecrease at higher latitudes.
Grid levels higher than 35 may thus be of interest when feguein high-latitude areas
such as Greenland and Antarctica.
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Figure 5.10: Yearly trends (2003-2006) computed from |8&(@ 1,600 km solution
(top) and level 45 @ 1,100 km solution (bottom), in EWH.
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Figure 5.11: Yearly signal amplitudes (2003-2006) comgditem level 35 @ 1,600 km

solution (top) and level 45 @ 1,100 km solution (bottom), \WH.
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Dependence on area of interest - unfiltered solutions

The GRACE ground tracks are spaced tighter at higher lagud his leads to an in-
creased observation density and usually an improved stgrabise ratio. This allows

for increased spatial resolution, but requires an adapteldsgacing and related band-
width. Hence, the optimal grid spacing depends on the aredekst, and the latitudes
covered by the area of interest.

To demonstrate the effect of various grid spacings and &gsdcoptimal bandwidths,
figure 5.12 shows nine unfiltered gravity fields solutions@eenland computed with
Reuter grid levels from 20 to 60. The results are shown adyeass variations, com-
puted as difference between the October 2003 and Octobé&r &flQtion. If the grid
level is chosen too small (i.e. underparametrisation}tjalr@solution is lost and signal
is smeared out. If the grid level is chosen too high (i.e. paeametrisation), too much
noise is modelled. The level 45 solution seems to be theisalutith the best trade-off
between spatial resolution and noise level.

The same results (yearly mass variation as difference leetvidetober 2003 and 2006)
for Antarctica are shown in figure 5.13. Here, the noise igidigng at lower grid levels
already, and the level 35 solution seems to be the highestvithean acceptable noise
level.

By contrast, smaller grid levels are required when comjusiolutions for equatorial
regions. Monthly solutions for Africa in October 2006, usigrid levels from 20 to 60,
are shown in figure 5.14. The solutions from level 45 onwaeddarminated by stripes.
The level 25 solution already has a stripe propagating imoSahara desert, a region
where little to no rainfall occurs, and no signal should tbespresent. Higher levels
show more noise, but also allow for better localisation ohedeatures. The level 35
solution has signal over Madagascar, which is smeared twthe ocean in the lower-
resolution solutions.

Further insight can be gained by comparing the regionalismido a global spherical
harmonic solution. Figure 5.15 shows the level 20 and 25tieols next to the DEOS
global solution, which has been destriped and smoothedavt®0 km Gaussian filter.
The SH solution is even smoother than the level 20 solutiorthe level 20 solution
might be considered the optimal solution here when tryingnédch the SH solution.

It can be summarised that level 20 to 30 and the related RBEhslgield reasonable
solutions at equatorial latitudes when no optimal filteligsed. A higher resolution in
certain areas (level 35, Madagascar) is offset by more naéisgher spatial resolution
can indeed be achieved at higher latitudes, where level 85 tye valid choices.
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Figure 5.12: Yearly mass variation in terms of EWH computednf three-year differ-
ence (October 2006 - October 2003) from various grid lewe EWH. From left to right:
20, 25, 30 (top row); 35, 40, 45 (centre row); 50, 55, 60 (battow)
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Figure 5.13: Yearly mass variation in terms of EWH computexinf three-year differ-

ence (October 2006 - October 2003) from various grid leweBWH. From left to right:
20, 25, 30 (top row); 35, 40, 45 (centre row); 50, 55, 60 (battow)
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Figure 5.14: Unfiltered GRACE solutions for October 2006 sadous grid levels, in
EWH. From left to right: 20, 25, 30 (top row); 35, 40, 45 (centow); 50, 55, 60 (bottom
row)
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Figure 5.15: Unfiltered GRACE solutions for October 2006EWH. RBF on level 20
Reuter grid (left), RBF on level 25 Reuter grid (centre), CEE@lobal model, destriping
and Gaussian 400 km smoothing applied (right)
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Optimally-filtered solutions

The solutions in thre previous subsection were computeldowtitoptimal filtering and

the findings are not applicable to optimally filtered soloioSolutions without optimal
filtering were shown because optimal filtering is a relayvedw technique that is not
yet part of the standard processing of GRACE solutions. Tgtenal filtering scheme

eliminates high-frequency noise and retains the usabiabids a result,

* much tighter grid spacings can be used and should be usettite the complete
signal;

* using a tighter grid spacing than required does not leadigyrsolutions.

Solutions for the whole time series were computed usingethliferent global grids,
with optimal depths as in table 5.2:

» Level 60 Reuter grid, 1,000 km depth, 4,582 basis functions
» Level 90 Reuter grid, 700 km depth, 10,312 basis functions;
» Level 120 Reuter grid, 500 km depth, 18,334 basis functions

Figure 5.16 shows the monthly solutions for April 2005. Fegh.17 shows the resulting
yearly trends, and the yearly signal amplitudes are showigume 5.18. All three grid
spacings yield similar results. Level 90 and 120 show dightger signal in Antarctica
in the April 2005 solution, and features like ice mass losAlaska and Greenland are
defined somewhat more sharply than in the level 60 solution.

Since the grid levels chosen are much higher than thoselwsigfiwunfiltered solutions,
they can be considered sufficient to retrieve all signalgit hatitudes. The optimal filter
scheme suppresses noise that would otherwise resultgi@pat equatorial latitudes.
Hence, no fine-tuning of the solution level to a specific arfgaterest is required. The
level 90 solution is considered sufficient and offers nuosradvantages over the level
120 solutions, and is used for all future optimally filteredults presented here.
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Figure 5.16: Optimally filtered monthly solutions (April @9) for level 60 @ 1,000 km
(top), 90 @ 700 km (centre), and 120 @ 500 km (bottom), in EWH.
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Figure 5.17: Yearly trends (2003-2006) for level 60 @ 1,080 (kop), 90 @ 700 km
(centre), and 120 @ 500 km (bottom), in EWH.
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Figure 5.18: Yearly signal amplitudes (2003-2006) for l&&@ 1,000 km (top), 90 @
700 km (centre), and 120 @ 500 km (bottom), in EWH.
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5.4.2 Data-adaptivity and local refinement

When using satellite data, we deal with a large amount of reaiens compared to a
rather small number of basis functions. A typical month of A&l data yields more
than 500,000 rather uniformly distributed observatiors atsecond interval, while only
a few thousand basis functions are used to recover the signgined in the observa-
tions. Combined with the large bandwidth of the basis fuondi(see next section), there
will be hundreds of observations within a basis functiomBuence radius. Adapting
the basis function network to the data distribution willshusually not be required. The
smooth, long-wavelength characteristic of the signal cameg to e.g. terrestrial data
also imply that local refinement is not required.

5.4.3 Parametrised area

In regional gravity field modelling, we are only interesteda small region, not the
whole Earth. It is thus not desirable to parametrise the wii@rth by placing basis
functions on a global grid. Instead, we want to confine theupa&trised area to our
region of interest. Unfortunately, parametrising only thgion of interest will lead to
edge effects. It is thus necessary to extend the paranceaisa.

To quantify the necessary extension, several test compugaising RBFs on a level 35
at 1,600 km depth were made. Two unfiltered solutions weregchaal:

1. A global reference solution using global data coverage;

2. aregional solution parametrising only the Northern Hgahere, once again using
global data coverage.

Figure 5.19 shows the resulting differences in the montlolutoon for April 2005.
Aside from the expected differences over the Southern Hamei® (which was not
parametrised by the regional solution), there are alscelamors over the Northern
Hemisphere. Apparently, leakage (errors caused by unieadsignal) affects the es-
timation. The large errors off the east coast of North Ameedce caused by a strong
signal in the Amazon river basin in the chosen month.

These leakage effects can be reduced by using only the aliegry over the
parametrised area. Figure 5.20 shows the same differentéApril 2005), but this
time using only observations over the Northern Hemispherdtfe regional solution.
One can see that the differences become smaller at a lagfande from the edge of
parametrisation (the equator). At about 30 degrees of Maonthatitude, differences do
not exceed two centimetres. It has to be noted that leakdiggesims to be an issue, and
is not confined to the border of the area, as can be seen byrijpessat high latitudes.
This is caused by the fact that the space-localising RBF3 lnsee have global support.

For the same scenario, the differences in terms of lineadtend yearly signal am-
plitudes are shown in figure 5.21. The yearly trend exhibég/\vsmall differences in
regions further than 20 degrees from the border of parasagivn. The yearly signal



5.4. RBF NETWORK DESIGN 85

W ...ﬂ;tu,ﬁ.qu? b 1..;
A ' T r— T

—-0.10-0.08- 006 004 002000 0.02 0.04 0.06 0.08 0.10

Figure 5.19: Differences between unfiltered solutions {{A2005) parametrising the
whole globe and only the Northern Hemisphere, in EWH; gladeth coverage was
used.
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Figure 5.20: Differences between unfiltered monthly sohai(April 2005) parametris-
ing the whole globe and only the Northern Hemisphere, in E\MHly observations over
the Northern Hemisphere were used for the regional solution

amplitudes suffer somewhat more from leakage out of the Amdoasin. Looking at
figure 5.21, about 30 degrees of distance from the edge auiredqo reduce edge
effects to below the centimetre-level.

The results for optimally filtered solutions are similargéiie 5.22 shows the differences
between a global solution and a solution covering only thetton Hemisphere, in
terms of a monthly solution and linear trends. The monthlytsan exhibits maximum
differences of approx. 2 cm beyond a 30 degree border, eivotbe linear trend are
below a centimetre.

It can be summarised that about 30 degrees of additionaingdriszed area are required
around the desired region of interest. In the test case®dfe of parametrisation was
located next to an area with large signals (the Amazon riesirt). This results in
leakage. Only observations over the parametrised areddshewsed.
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Figure 5.21: Differences between unfiltered solution pataising the whole globe and
only the Northern Hemisphere, in EWH: In terms of trend (tap)l yearly signal am-
plitudes (bottom). Only observations over the Northern isgimere were used for the
regional solution.
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Figure 5.22: Differences between optimally filtered salnos parametrising the whole
globe and only the Northern Hemisphere, in EWH; monthly sotufor April 2005 (top)
and yearly trend (2003-2006, bottom); only observatiores ¢tive Northern Hemisphere

were used for the regional solution.
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5.5 Bandwidth selection

Choosing the optimal bandwidth in order to get the optimaltsan is an integral part of
the method presented here (see section 2.5.2). The optandiridth is dependent on
the spectral content of the data and the density of the RB¥esisadirectly related to the
depth of the RBFs. It is thus necessary to compute the opteyth for each realisation
of an RBF network.

Table 5.1 lists the optimal depths and corresponding batttiwifor several Reuter
grid levels obtained while computing an unfiltered globalA&GFE monthly solution for
February 2006. These numbers can be used for other montisutgignificant impact
on the quality of the solution. Optimally filtered solutiommke use of basis functions
placed somewhat deeper, and can be computed up to highdeggld (table 5.2).

The effect of choosing a suboptimal depth has also beentiga#sd using numerical
experiments. Figure 5.23 shows the difference betweendweal B5 monthly solutions,
at 1,600 km at 2,400 km depth. In most areas, the differenes dot exceed a few cm
of EWH. Differences are even smaller in terms of trends aratlyesignal amplitudes.
When in doubt, it is better to place the basis functions dedper than shallow, as it
yields a smoother solution.

| level | depth | bandwidth|
20 | 2500 km| 920 km
30 | 1900 km| 660 km
35 | 1600 km| 550 km
40 | 1400 km| 470 km
50 | 1100 km| 360 km
60 | 900 km 290 km

Table 5.1: Optimal depth and resulting bandwidth for un@temonthly solutions de-
pending on Reuter grid level.

| level | depth | bandwidth|
60 | 1,000 km| 330km
90 700 km 230 km
120 | 500 km 160 km

Table 5.2: Optimal depth and resulting bandwidth for optiynltered monthly solu-
tions depending on Reuter grid level.

This also holds for optimally filtered solutions. Figure &2hows the differences be-
tween monthly solutions (April 2005) using an optimal depth700 km and a sub-
optimal depth of 600 km. Differences reach several centiseah certain areas, but are
on average below one centimetre. The red spots at highdastaround 175 degrees of
eastern longitude are a result of gaps in the Reuter grid (s&edsection 2.6.1).

Figure 5.25 shows the spectrum of the RBFs for depths of ZBQQ.,400 km, and 900
km. These are the optimal depths for Reuter grids of levelRQand 60, respectively.
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Figure 5.23: Difference between unfiltered level 35 @ 1,600dnd 35 @ 2,400 km
solutions for April 2005 in EWH.
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Figure 5.24: Difference between optimally filtered level@0600 km and 90 @ 700 km
solutions for April 2005 in EWH.

The degree variances of the resulting solutions are shovigure 5.26. As expected,
solutions generated with a higher-level grid of basis fioms located less deep contain
higher frequencies.
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Figure 5.25: Spectrum of Poisson Wavelets of degree 3 antth @800 km (red), 1400
km (green), and 900 km (blue)
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Figure 5.26: Degree variances of solutions with Reuter Igwel 20 (red), 40 (green),
60 (blue), as well as an SH solution (black).

The cumulative degree variances for the three solutionsglisas those of a solution in
terms of spherical harmonics up to degree 120, are shownurefty27. It is interesting
to see that the signal of a solution with a Reuter grid of lgvélas a signal content
equivalent to the spherical harmonic solution at degree
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Figure 5.27: Cumulative degree signal [m] of solutions viRguter grid level 20 (red),
40 (green), 60 (blue), as well as an SH solution (black).
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5.6 Results

5.6.1 Comparison of unfiltered RBF and spherical harmonic sh-
tion

Spherical harmonics are the standard parametrisationfasgtbbal gravity field mod-
elling. It is thus interesting to verify the methodology ngiRBFs by comparing it to
spherical harmonic solutions. In this section, it will b&estigated whether a global
RBF representation is capable of producing a solution thet @qual quality as a spher-
ical harmonic solution using the same data.

This test compared unfiltered monthly GRACE solutions corgusing spherical har-
monics and RBFs. The month chosen was April 2005, with 48BBRACE observ-

ables. A spherical harmonic solution was computed up toeded20, resulting in 14,641
spherical harmonic coefficients. An RBF solution was coragutith basis functions lo-
cated at a depth of 1,600 km on a Reuter grid of level 35, usipg2lbasis functions.

Figure 5.28 shows the degree variances for both solutidms sdlutions are almost iden-
tical up to degree 30, after which the degrees variance ddfgtherical harmonic solution
increase. These coefficients beyond degree 30 are domimatesise. The RBF solu-

tion contains no significant signal beyond degree 40 duedahimsen parametrisation.
Note that no hard cut-off at degree 35 is noticeable - a redulie Poisson wavelet's

spectral characteristics (see figure 2.8 and 5.25).
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Figure 5.28: Dimensionless degree variances, April 2008\GIR solution using RBFs
(solid) and spherical harmonics (dotted).

The corresponding cumulative degree variances are shofiguire 5.29. The spherical
harmonic solution contains a little less signal up to de@®ewhere the two curves
intersect. The signal contained in the SH solution beyoatlisimostly noise. This is
obvious when looking at the resulting EWH fields in figures05a8d 5.31.
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Figure 5.29: Cumulative degree variances [m], April 200546 solution using RBFs
(solid) and spherical harmonics (dotted).

Figure 5.30 shows the EWHs obtained when using the potesugfficients up to de-
gree 35, while figure 5.31 has been generated using the d¢eefiaup to degree 50. It
is obvious that going from degree 35 to 50 adds little or ndulseformation, while
distorting the model with stripe patterns.
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Figure 5.30: EWH resulting from spherical harmonic solatammputed up to degree
120, only degrees up to 35 are shown.
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Figure 5.31: EWH resulting from spherical harmonic solnte@mputed up to degree
120, only degrees up to 50 are shown.

The EWHs obtained from the RBF solution are shown in figur@ 5\8hen comparing
it to figure 5.30, the SH solution up to degree 35, the resplbear to be very similar.
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Figure 5.32: EWH resulting from level 35 @ 1,600 km RBF santi

The differences between the spherical harmonic solutiomctited at degree 35 and the
RBF solution in terms of EWH are shown in figure 5.33. The mdstaus difference
are the stripe patterns, which are stronger in the SH soluer the Pacific than in the
RBF solution. The RBF solution captures more signal of ehg. Sumatra earthquake
and hydrological features in South America and Africa. Tine of the difference is 3.3
cm in terms of EWH.

We can conclude that with monthly solutions, the use of RBfiwers a solution com-
parable to a solutions with SHs, although the spatial plotsved differences in certain
areas. These differences can however be attributed torlargws in the SH solution.
There is no evidence that an RBF solution is not as good as asvokbition.
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Figure 5.33: Difference between SH solution truncated gteke35 and level 35 @ 1600
km RBF solution, in EWH.

5.6.2 Models used for comparison

The next two sections make use of results obtained from ae@ERACE time-series.
These include the following RBF solutions:

» Unfiltered global RBF solutions computed on a level 35 Regtel at a depth
of 1,600 km. RBF 35 refers to the solution without frequency-dependent data
weighting, andRBF 35 FW refers to the solution with frequency-dependent data
weighting (the noise model, see section 5.2).

« Optimally filtered global RBF solutions computed on a |e9@IReuter grid at a
depth of 700 km. These are referred toRBF 90 (without frequency-dependent
data weighting) an®RBF 90 FW (with frequency-dependent data weighting).

» For Greenland and Antarctica, regional RBF solutions &e shown. Both were
computed using RBFs on a level 90 Reuter grid at a depth of @0@rid made use
of optimal filtering. For Greenland, the solution was conggutising only RBFs
in the Northern Hemisphere. Similarly, for Antarctica tlegjional solution was
computed using RBFs only in the Southern Hemisphere. In tasles only data
over the parametrised area was used. No frequency-depeatatamweighting was
applied. These solutions are referred tdR&F 90 REG.

To assess the performance of the RBFs, the RBF solutionsasenpared to global SH
solutions from three sources:

* Release 4 monthly solutions of the Centre for Space Ras€&S$R) (Bettadpur,
2007). These degree-60 solutions were destriped and sewaetith a 400 km
Gaussian filter, and are referred to@GSR DS400

* The monthly solution of DEOS (Liu, 2008). These degree-alQt®ons were also
destriped and smoothed with a 400 km Gaussian, and areegferrasDEOS
DS400
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* The optimally-filtered monthly DMT-1 models (Klees et é2008b). They are
referenced to aBMT-1.

The DEOS DS400 and DMT-1 spherical harmonic models were ot@dpusing the
same data, processing strategy, and functional model dfarsihe RBF solutions. The
DMT-1 models used the same optimal filter approach as theghmally-filtered RBF
solutions RBF 90, RBF 90 FW, and RBF 90 REG. Differences betweese models and
the RBF models are due to the different representation (diedeht observation weights
in the case of optimally filtered solutions) only and are tiuedl-suited to showcasing
the differences caused by the use RBFs instead of spheaigabimics. The CSR DS400
models are used as an external reference.

All comparisons were made using 46 monthly solutions, fieebruary 2003 to De-
cember 2006with the exception of June 2003. Using several regions @frést, the
results will be used to answer the following questions:

» Are RBFs capable of outperforming SHs for GRACE modelliagat least able
to produce solutions of comparable quality?

» Does frequency-dependent data weighting offer a beneéit the assumption of
white noise?

* What is the benefit resulting from the use of optimal filtgfin

Liu et al. (2009) have investigated the quality of the DMT-&dwls. Errors of 2 to 3 cm
are given for point-wise values and small basins of the oofldl0° km2, whereas the
error for mean mass estimates for larger basins are somewiadler, 1.5-2 cm. These
values will be used when judging the quality of the RBF GRAGKI80ONS.

5.6.3 Recovery of ice mass loss in Greenland and Antarctica

Climate change is an important matter of public concern. Gmesequence of climate
change with immediate repercussions is sea level changele$&l change can be ac-
curately measured with tide gauges and, after correctisitis,satellite radar altimetry.
Since they only provide information about the total sealletiange without being able
to discriminate between the contributors, other measunésrege needed to quantify the
factors contributing to sea level change. It is clear thatrttelting of polar ice due to
global warming is one such contributing factor, but the ¢xaagnitude of the contri-
bution is not known. It is thus important to actually measigeemass loss in order to
guantify its effect on global sea level change.

Due to the large areas involved, their remoteness, and tisa ageather conditions, only
satellite methods can provide estimates with a sufficienptaral and spatial resolution.
Terrestrial GPS measurements are restricted to a limitetbeuof points, and airborne
laser altimetry campaigns are too expensive and time-eoimguto execute them regu-
larly and with the desired area coverage. GRACE allows oowtiis ice mass monitor-
ing, and the results show good agreement with altimetry oreasents (Cazenave et al.,
2009).
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Comparison to ICESat

While GRACE measures gravity and gravity change, ICESat)dhed in January of

2003, is a laser altimetry satellite designed specificallyrieasuring ice surface heights.
It provides data of ice surface altitudes and altitude ckamigh almost global coverage

(the orbit inclination is 86°) and a high spatial resolutidne to the laser footprint of

only 50 metres at the Earth’s surface. Unfortunately, potd with the satellite’s lasers
(one of the three lasers failed almost immediately, and ptere aging of the others is a
concern) limits it to three 35-day measurement campaigry@ar. The computation of

ice mass loss from the altimetry measurements is also raagbtforward. Assumptions

about the snow density have to be made, and snow compactiphenaterpreted as ice

mass loss. Also, strong slopes, which are present in caastas, where rapid melting

occurs, may lead to inaccurate distance and thus altitu@dsunements (Slobbe et al.,
2008).

To provide corrections for these effects, and to fill the gagisveen ICESat measure-
ment campaigns, as well as to extend the measurements bEyB&at’s lifespan, the
GRACE satellites can be used. They measure gravity andtgretvange, which can
be translated into mass change. The mass estimates dewed3RACE are not af-
fected by assumptions about snow density or snow compagiidrthese are required
for discriminating between ice mass and firn variationsyi ean be computed contin-
uously since 2003. The combination of GRACE and ICESat cansked to determine
the magnitude of glacial-isostatic adjustment (GIA) effg®iva et al., 2009). Unfortu-
nately, the spatial resolution that can be achieved is fsognitly lower than what can be
achieved with ICESat. GRACE and GRACE model computatioo ks its own error
sources, such as leakage and striping.

Leakage

The computation of ice mass loss requires the integratien @aspecific area. Unfortu-
nately, the RBFs work as smoothing filter. As a result, theaigs “smeared out” over
a large area. This means that signal originating inside rtb& may leak out of the area,
and will thus not be considered when doing the integratiar tive original target area.
Signal from outside may also leak into the area of interegt@ntaken into account.

To assess the effect of leakage when RBFs are used, a siomuhedis done for Green-

land. Figure 5.34 shows mass loss for several basins in Gresederived from ICESat

measurements. The total mass loss according to ICESat asnouh45 Gigatons per

year (Slobbe et al., 2009a). It is visible that most of the sriass happens along the
coast.

The leakage effect was quantified using the ICEsat data satesignal. When com-
puting unfiltered monthly GRACE solutions, Poisson waehkdta depth of 1,100 km
on a level 45 Reuter grid are used. Using this parametris&tiapproximate the ICESat
data set causes the same leakage effect that is also exigtentusing GRACE mea-
surements, as the same smoothing of the signal occurs. $hkimg ice mass loss over
Greenland is computed as 84 Gigatons per year, only 58% adrtgmal input signal.

Baur et al. (2009) state that GRACE models retrieve only mdd0% of the actual mass
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Figure 5.34: Mass loss per basin [m] for Greenland derivechfiCESat, in EWH
(Slobbe et al., 2009a).

loss signal. As figure 5.35 shows, the large signal in sosteea Greenland has partly
leaked into the ocean.

One might be inclined to apply a scaling factor to compentatéhe mass loss due to
leakage (Velicogna and Wahr, 2005). It is however obvioas the leakage effect is
governed by the spatial distribution of the signal. A streignal in central Greenland
will not leak out into the ocean. Applying a constant scalfagtor will in this case
overcorrect and lead to overestimation of the signal. 8gdhctors should only be used
in the case of homogeneous mass distributions inside tgettarea, and if there is no
danger of signal outside of the area leaking into the area.

Instead, the integration area should be enlarged to alsoireapignal that has leaked
out. The Poisson wavelets at 1,100 km depth have a cornel@ingth of about 300 km.
Increasing the integration area by 300 km yields a mass ktgnae of 147 Gigatons
in the simulation. This is almost identical to the input sibaf 145 Gigatons. It has to
be noted that the use of this increased integration arealyspassible since no other
signals are present inside the 300 km area. Otherwise, Wadd falsely be taken into
account.

With optimally filtered solutions, a different paramettisa is used: RBFs on a level
90 Reuter grid at a depth of 700 km. These are narrower thaRB#es at 1,100 km
depth (figure 5.36), and the optimal filter leads to increaseatial resolution. As a
conseqguence, the area extension used is 200 km degreexlin$tbe 300 km used for
the unfiltered solutions.
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Figure 5.35: Signal recovered by RBFs [m] on level 45 Reutet @ 1100 km depth,
in EWH.

Greenland

Figure 5.37 shows time series of mass estimates as obtaiosdvarious GRACE
models. There is little difference between RBF solutionghwaind without frequency-
dependent weighting. The unfiltered and filtered RBF sohstiand the DMT-1 solution
show similar behaviour. The DEOS DS400 solution (i.e. withaptimal filtering) and
the CSR DS400 solution differ significantly for certain mosit This can be attributed to
different processing strategies (Klees et al., 2008c).

The resulting trend and annual signal estimates are shovabia 5.3. With the excep-
tion of the DEOS DS400 and CSR DS400 models, all solutionklyia yearly trend
between -139 and -150 Gt per year. Slobbe et al. (2008) astihaetrend of -147 Gt/yr
from ICESat data over a slightly longer time span (Febru@®@32 April 2007).

Besides time-series and trends for all of Greenland, itsig miteresting to look at spatial
plots of the trend. Figure 5.38 shows these plots in termsVéHHor the four models
computed without the use of optimal filtering. The two RBFusimins offer much better
estimation and localisation of the trend in southeastese@and than the two spherical
harmonic solutions. The RBF solutions are affected by nait&cts, and the signal in
northwest Greenland is shifted towards the ocean.

Likewise, plots for the optimally filtered solutions are shoin figure 5.39. All four
solutions produce similar plots. The RBF solution with fregcy-dependent weighting
(top left) shows stronger signals in northeast and north@esenland than the others.
The localisation of signal is better and almost no noise sshleé over the oceans com-
pared to the unfiltered solutions.

For comparison, figure 5.40 shows the yearly trend of akittitange as computed from
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Figure 5.36: RBFs at a depth of 1,1000 km (black) and 700 k) (neth correlation
lengths (dashed).

| model | trend | annual amplitudé

RBF 35 -150.2 Gtlyr 71.0 Gt
RBF 35 FW | -147.6 Gt/yr 73.7 Gt
DEOS DS400 -122.1 Gt/yr 46.4 Gt
CSR DS400 | -171.2 Gtlyr 60.7 Gt

RBF90 | -146.8 Gt/yr 76.6 Gt
RBF 90 FW | -138.7 Gtlyr 69.6 Gt
RBF 90 REG| -140.5 Gtlyr 44.9 Gt

DMT-1 | -139.0 Gtlyr 743Gt

Table 5.3: Yearly trends and signal amplitudes for Greahlanmputed from GRACE
time series over the February 2003-December 2006 time span.
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Figure 5.37: Time series [Gt] for Greenland for unfilteredusons (top) and filtered
solutions (bottom).
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Figure 5.38: Yearly trends, unfiltered solutions: RBF 3% (teft), RBF 35 FW (top
right), DEOS DS400 (bottom left), CSR DS400 (bottom right).
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Figure 5.39: Yearly trends, filtered solutions: RBF 90 (teft)l RBF 90 FW (top right),
RBF 90 regional (bottom left), DMT-1 (bottom right).
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ICESat data. It is difficult to compute accurate mass loss iGESat due to unknown
snow densities. ICESat yields however a much higher spasalution than GRACE,
and can be used to judge the spatial resolution of GRACE isakut It is evident that
most ice mass loss happens along the southeastern codsttlvehinass loss along the
northwestern coast that is detected by some of the GRACHE®dus also visible. ICE-
Sat shows a positive trend, snow accumulation, on the soutipeof Greenland. This
positive signal can not be found in GRACE plots. Some pasgignal is also visible in
northeastern Greenland where it is located especially &@RBF 90 FW solution.
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Figure 5.40: Yearly trend [m] of altitude change from ICESat
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Antarctica

A similar series of computations as has been made for Gneg hias also been made for
Antarctica. Figure 5.41 shows mass estimate time serieArftarctica. Several things
are noticeable from this plot:

 For the unfiltered level 35 solutions, whether or not fregpyedependent weight-
ing is used does not matter. The optimally-filtered level 8litsons for the first
time show significant differences between solutions witth aithout frequency-
dependent weighting. The solutions with frequency-depahdiata weighting
(RBF 90 FW) show considerably larger maximum amplitudes.

» The differences between the various models are quite,lar@d06 even between
the RBF 90 FW and DMT-1 solutions that produce very similauttes in other
regions (see Greenland and section 5.6.4). The differemogist be caused by
different stochastic models.

» The RBF regional solution (RBF 90 REG) shows significantedénces with re-
spect to the other RBF 90 solutions. The regional parana¢iiscauses a reduced
sensitivity to long wavelengths.

» A seasonal signal, as can be seen with Greenland and o#es, as not clearly
visible in most solutions. An exception are the CSR DS400RB# 90 regional
solution, which show annual signals three time as large leex giolutions, but on
the other hand result in much smaller trend estimates.

The yearly trends and annual signal amplitudes resultio fihe time series are listed
in table 5.4. These values have not been corrected for ¢iaostatic adjustment (GIA),
and thus show the total mass variation. Estimates vary leeté Gt/yr and 74 Gt/yr.
The optimally-filtered solutions are in the range of 44 to 38/Gwith the exception of
the regional solution that yields the overall smallest nges of all optimally-filtered
solutions (and thus the largest mass loss after correahioBifA).

GIA corrections for Antarctica differ depending on the miagged and amount to -107
Gt/yr with the 1305 model (lvins and James, 2005) and -149rGtith ICE-5G (Peltier,
2004), but are required when comparing mass balance essiftam GRACE and ICE-
Sat. Likely mass balance estimates from ICESat after GlAection vary between -55
and -85 Gt/yr (Gunter et al., 2009). The RBF 90, RBF 90 FW, aMIEl solutions fall
into this range after GIA correction, but the uncertainie®lved make it impossible to
use ICESat as validation for the GRACE mass balance estimate

Once again, spatial plots of the estimated trends have begle.mThe plots for the
unfiltered solutions are shown in figure 5.42. The two RBF 3&tgms show much
more signal than the SH solutions, at the cost of more noike.pbsitive signals along
the eastern coast lead to the largest positive trend estgodtll models presented here.

The plots for the optimally-filtered solutions are shown gufie 5.43. Itis clearly visible
that the spatial resolution is much higher and that noiseeit suppressed compared to
the unfiltered solutions. The three RBF solutions, esplgdiad regional solution, suffer
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Figure 5.41: Time series [Gt] for Antarctica for unfilterealigions (top) and filtered
solutions (bottom).

Table 5.4: Yearly trends and signal amplitudes for Antaegtcomputed from GRACE
time series over the February 2003-December 2006 time span.

| model | trend | annual amplitude

RBF 35 74.4 Gtlyr 23.1 Gt
RBF 35 FW | 72.0 Gt/yr 23.1 Gt
DEOS DS400 34.6 Gt/yr 17.8 Gt
CSR DS400 | 16.7 Gt/yr 145.0 Gt
RBF 90 43.8 Gtlyr 67.0 Gt
RBF 90 FW | 58.0 Gt/yr 49.9 Gt
RBF 90 REG | 19.6 Gt/yr 144.3 Gt
DMT-1 44.7 Gtlyr 52.0 Gt
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Figure 5.42: Yearly trends, unfiltered solutions: RBF 3% (teft), RBF 35 FW (top
right), DEOS DS400 (bottom left), CSR DS400 (bottom right).
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from some artifacts around the South Pole. These have b&&aially suppressed in

the computation of DMT-1 by assigning small signal variante very high latitudes,

gradually decreasing to a variance of 0 at the pole. Thektteoause is unknown; possi-
ble explanations are deficiencies in the stochastic mooelptimistic at high latitudes)
and a small polar gap, since GRACE's orbit inclination is exactly 90 degrees.

All four solutions clearly separate the positive signalrowest Antarctica into two dis-
tinct spots and see mass loss at the tip of the Antarcticanpela. This signal is stronger
in the RBF solutions than in the DMT-1 model. All four solut®also detect a positive
signal off the coast of west Antarctica. Only the RBF solnsidletect a very slight mass
loss at the coast at 0 degrees longitude (top of the plot).

More insight is gained by comparing the spatial plots to & pfanass change derived
from ICESat data, figure 5.44. The actual height change asuned by ICESat has

been multiplied with the presumed densities at the poinysatiol a plot of mass change.
Comparing this plot to figure 5.43, we see that most of theeldigatures seen by ICESat
are also visible in the optimally-filtered GRACE solutioi3nly the RBF solutions see
the negative signal at O degrees longitude. As a result, Bfe $®lutions exhibit higher

correlation to ICESat in space than the DMT-1 solution (sgeré 5.5). This indicates

that RBFs may provide better resolution at high latitudesthn SH solution.

| GRACE model| Correlation coefficient

RBF 90 0.81
RBF 90 REG 0.79
DMT-1 0.75
CSR DS400 0.78

Table 5.5: Spatial correlation coefficients between vai@BRACE solutions and ICESat
over Antarctica.
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Figure 5.43: Yearly trends, filtered solutions: RBF 90 (tefb)| RBF 90 FW (top right),
RBF 90 regional (bottom left), DMT-1 (bottom right).
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Figure 5.44: Yearly trend of mass variation computed frore 3@t data (Gunter et al.,
2009).



5.6. RESULTS 111

5.6.4 Recovery of terrestrial water storage variations

Besides ice mass loss, another mass transport procesanhzd monitored using GRACE
are water storage variations at river basin scale. GRACEemidkossible to detect these
worldwide and is not bound to terrestrial measurementsul®esom GRACE can be
used to understand hydrological cycles, to monitor changéydrology such as lake
levels and irregular events (extreme rainfalls, drauglesyl to validate and calibrate
hydrological models.

Using the GRACE monthly models described in section 5.608y-fear time series
(2003-2006) of mean monthly mass variations were computetbéir river basins (fig.
5.45):

» The Mississippi river basin (area: 2,980,000 km?), an #natis well-covered by
hydrology data;

* The Ob river basin (Siberia, 2,990,000 km?), where sndw$athe dominant
source of signal, and rapid melting occurs in spring;

* The Rhine river basin, a comparatively small area in céBueope (185,000 km?);
* The Rio de la Plata river basin (3,100,000 kmz?), an areaatier GRACE models

may be affected from leakage due to the proximity of the Amaager basin.

These time series are used for comparing the various GRACEeImamong each other
and for comparison with the PCR-GLOBWAB hydrological model.addition to these

four river basins, Lake Victoria in Africa is used for a compan to satellite radar

altimetry.

Comparison of RBF solutions to other GRACE models

Besides trend and annual amplitudes, this section alsotheeatkfference rms with re-
spect to a mean model as means of comparison:

n
rmsj = \/% Z ohj j — Adhmean;, (5.29)
i=

for each modelj andn months. The mean modéhean is the average of alll = 7
models used,

5hmean7i =

clE

u
Z oh; ;. (5.30)
=

Figure 5.46 shows the time series of monthly water storagati@ns for the Mississippi
river basin, and table 5.6 shows the related trends, andpktuand differences with
respect to the mean model. All models show similar behavid@mly the maximum
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Figure 5.45: River basins used in the comparison: 1) Miggigs2) Ob, 3) Rhine, 4)
Parana/Rio de la Plata.

amplitudes differ in some years, especially for the CSR Mlblutions (spring 2004
and 2006). The two unfiltered SH solutions (DEOS DS400 and BSRO0) estimate a
linear trend that differs by one centimetre with respech®dther solutions, and differ
the most from the mean model. RBF solutions with (RBF 35 FWFRB FW) and
without frequency-dependent weighting (RBF 35, RBF 90) lmaconsidered identical.
The RBF 90 and DMT-1 solutions are also almost identical,cwishould not come
as a surprise given that both use the same data, functiordelprend optimal filtering
approach.

Figure 5.47 shows the time series of monthly water storagati@ns for the Ob river
basin, and table 5.7 shows the related trends, amplitudésdifferences with respect
to the mean model. The DEOS DS400, DMT-1, and all RBF modedw/skery similar
behaviour. The CSR DS400 solutions result in slightly défé maximum amplitudes,
especially in the spring of 2006, with a much smaller maximagoumulation. This
results in a larger rms with respect to the mean model. Swistwith and without
frequency-dependent data weighting show no significafergifices.

The time series of monthly water storage variations for thenRriver basin is shown in
figure 5.48, with table 5.8 showing the related trends, aunidis, and differences with
respect to the mean model. The three optimally-filteredtswia result once again in
very similar time series. The DEOS DS400 and CSR DS400 soisitalso show the
same seasonal behaviour, but smaller signal amplitudege, ltee unfiltered level 35
RBF solutions show somewhat erratic behaviour and mucha@e Iminimum ampli-
tudes in the summers of 2003 and 2005. Obviously the chosamé#risation results in
a solution that is not smooth enough for this particular $arala, as oscillations are not
averaged over a large enough area. Interestingly, the amdelestimates are compara-
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Figure 5.46: Time series in EWH [m] of monthly water storageiations for the Mis-
sissippi river basin; unfiltered solutions (top) and filtei@lutions plus CSR DS400
(bottom).

ble to the three optimally-filtered solutions. Trends areifdee instead of negative, but
absolute differences in the trend estimate amount to ordyenfillimetres.

Finally, figure 5.49 shows the time series of monthly wateraje variations for the Rio

de la Plata river basin, and table 5.9 shows the relateddramadplitudes, and differences
with respect to the mean model. The four RBF solutions, th©@BBS400 models, and
DMT-1 result in very similar time series, with identical atibns regardless whether or
not frequency-dependent weighting is used. The CSR DS4@ists behave quite

differently and show a clear phase shift and even a reveessgbgal cycle, which leads
to a large rms with respect to the mean model. Klees et al.8§@0fave attributed the

different behaviour to different processing strategies.

A spatial plot of October 2005, a month exhibiting large @iéinces between different
GRACE solutions, is shown in figure 5.50. The CSR DS400 smtutinly barely cap-
tures the large positive signal modelled in the two RBF sohg. In addition to this, the
signal in the Amazon river basin is smeared out by the Ganssieothing, resulting in
leakage and a negative mass balance estimate for the CSROB8Wion instead of the
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| model | trend | annual amplitud¢ rms to mean model

RBF 35 -1.4 cmlyr 4.5cm 1.2cm
RBF 35 FW | -1.4 cml/yr 4.5cm l.1cm
DEOS DS400 -0.4 cm/yr 4.3cm 1.9cm
CSR DS400 | -0.6 cm/yr 4.2cm 2.6 cm
RBF 90 -1.5 cmlyr 3.9cm 1.3cm
RBF 90 FW | -1.5 cml/yr 4.3cm 1.0cm
DMT-1 -1.4 cmlyr 4.4cm 0.6 cm

Table 5.6: Yearly trends, signal amplitudes, and rms to nmeadel for the Mississippi
river basin in terms of EWH, computed from GRACE time serigerahe February
2003-December 2006 time span.

| model | trend | annual amplitud¢ rms to mean model

RBF 35 0.5 cmlyr 4.9cm 0.5cm
RBF 35 FW | 0.6 cm/yr 5.0cm 0.7 cm
DEOS DS400 0.4 cm/yr 5.3cm l.4cm
CSR DS400 | -0.2 cm/yr 5.1cm 1.7cm
RBF 90 0.5 cmlyr 4.7 cm 0.5cm
RBF 90 FW | 0.6 cm/yr 5.0cm 0.5cm
DMT-1 0.6 cml/yr 5.1cm 0.9cm

Table 5.7: Yearly trends, signal amplitudes, and rms to nmeaghe! for Ob river basin in
terms of EWH, computed from GRACE time series over the Falgrl@03-December
2006 time span.

strong positive signal seen in the other solutions.

Several conclusions can be drawn from the comparisons ofgheus GRACE solu-
tions:

* Whether or not frequency-dependent data weighting is deed not matter for
basin averages. The plots showed almost identical timessend amplitude esti-
mates differ only by 0% to 10%.

» The optimally filtered RBF 90 / RBF 90 FW and DMT-1 solutionslyg similar
to identical basin averages. Amplitude estimates are wighfew %, with the
exception of the Rhine river basin. For this small basin a 188@r amplitude
estimate results from the DMT-1 solution.

* For larger basins, the unfiltered level 35 RBF solutionggrar similar to other
solutions. With small basins, as could be seen with the Rb&sén, noise has too
much influence. In order to achieve a good mass estimate, besmgad level
(larger grid spacing) and corresponding wider bandwid#édrte be chosen.

» With the exception of the Rio de la Plata river basin, all RB&dels and DMT-1
showed generally similar behaviour to the CSR DS400 salstibut often result
in slightly larger signal amplitudes. For the Rio de la Platar basin, the CSR
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Figure 5.47: Time series in EWH [m] of monthly water storageations for the the Ob
river basin; unfiltered solutions (top) and filtered solo@lus CSR DS400 (bottom).

DS400 solution is clearly affected by leakage from the Ammazeer basin. This
leads to phase shifts with regard to both the filtered andtardid RBF solutions,
and DMT-1.
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Figure 5.48: Time series in EWH [m] of monthly water storageations for the Rhine
river basin; unfiltered solutions (top) and filtered solagd¢bottom).

| model | trend [ annual amplitude rms to mean modell

RBF 35 0.3 cmlyr 5.3cm 3.5cm
RBF 35 FW | 0.5 cm/yr 5.3cm 2.8cm
DEOS DS400 0.2 cm/yr 3.7cm 2.4cm
CSR DS400 | -0.5 cm/yr 3.6cm 5.2cm
RBF 90 -0.4 cmlyr 5.3cm 1.8cm
RBF 90 FW | -0.3 cml/yr 5.3cm 1.5cm
DMT-1 -0.6 cm/yr 4.5cm 1.6cm

Table 5.8: Yearly trends, signal amplitudes, and rms to nmeadel for the Rhine river
basin in terms of EWH, computed from GRACE time series overRbbruary 2003-
December 2006 time span.
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Figure 5.49: Time series [m] in EWH [m] of monthly water stgeavariations for the Rio
de la Plata river basin; unfiltered solutions (top) and ftesolutions plus CSR DS400
(bottom).

| model | trend [ annual amplitude rms to mean model

RBF 35 -0.5 cmlyr 3.1cm 1.2cm
RBF 35 FW | -0.5 cm/yr 3.2cm 1.3cm
DEOS DS400 -0.4 cm/yr 3.1cm 1l.1cm
CSR DS400 | -0.3 cm/yr 3.6cm 4.6 cm
RBF 90 -0.5 cmlyr 2.8cm 1.0cm
RBF 90 FW | -0.6 cm/yr 3.2cm 1.1cm
DMT-1 -0.6 cm/yr 3.1cm 0.9cm

Table 5.9: Yearly trends, signal amplitudes, and rms to nmeadel for the Rio de la
Plata river basin in terms of EWH, computed from GRACE tinréessover the February
2003-December 2006 time span.
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Figure 5.50: Monthly solutions for October 2005 over Southekica. RBF 35 (unfil-
tered, left), RBF 90 (optimally-filtered, centre), and CSB4DO0 (destriped and 400km
Gaussian smoothing, right).
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Figure 5.51: Time series in EWH [m] of monthly water storageiations for the Mis-
sissippi river basin, computed from GRACE and PCR-GLOBWB.

Comparison of GRACE solutions to the PCR-GLOBWB hydrological model

In addition to a comparison of different GRACE models, validn was attempted by
comparison to a hydrological model. The PCR-GLOBWB modah(Beek, 2007) was
used. PCR-GLOBWSB is assumed to be of higher quality thantaeyGLDAS (Rodell
et al., 2004)global hydrology model. It was compared to fhenaally filtered RBF level
90 solutions, the DMT-1, and the CSR DS400 (destriped, 40@laussian smoothing)
models, using the same four river basins as before.

| model | trend | annual amplitude rms |

RBF 90 -1.5 cmlyr 3.9cm 3.5cm

DMT-1 -1.4 cmlyr 4.4 cm 2.5cm

CSR DS400 | -0.6 cm/yr 4.2 cm 1.3cm
PCR-GLOBWB| -0.3 cm/yr 4.0 cm

Table 5.10: Yearly trends, signal amplitudes, and rms ¢a®CR-GLOBWB for the
Mississippi river basin in terms of EWH, computed from GRA&#&I PCR-GLOBWB
time series over the time span February 2003-December 2006.

Figure 5.51 shows the time series of monthly water storagati@ns for the Mississippi

river basin, the associated trend and amplitude estimaéehsted in table 5.10. All

models show similar behaviour. The maximum amplitudesdgbmewhat, especially
in the spring 2003 and autumn 2006, which also results irewdfit trend estimates.
These differences can be attributed to model deficiencidspaor rainfall data. The
CSR DS400 solutions exhibits the best fit to the hydrologicadiel.

The time series of monthly water storage variations for thei@er basin are shown in
figure 5.52, trend and amplitude estimates are shown in fable While the phases and
general behaviour are similar, differences in maximum aombés exist. Spring 2003
and spring 2006 show more signal in GRACE than in PCR-GLOBWi: RBF 90 and
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Figure 5.52: Time series in EWH [m] of monthly water storageiations for the Ob

river basin, computed from GRACE and PCR-GLOBWB.

| model | trend | annual amplitude rms |

RBF 90 0.5 cmlyr 4.7 cm 2.2cm

DMT-1 0.6 cmlyr 5.1cm 1.8cm

CSR DS400 | 0.4 cml/yr 5.3cm 3.3cm
PCR-GLOBWB| 0.0 cm/yr 4.3cm

Table 5.11: Yearly trends, signal amplitudes, and rms ¢orBICR-GLOBWB for the Ob
river basin in terms of EWH, computed from GRACE and PCR-GMIBtime series
over the February 2003-December 2006 time span.

DMT-1 models exhibit a significantly better fit to PCR-GLOBW&#an the CSR DS400

model.

| model trend | annual amplitude rms |
RBF 90 -0.4 cm/yr 5.3cm 1.8cm
DMT-1 -0.6 cm/yr 4.5cm 1.6cm
CSR DS400 | -0.5 cm/yr 3.6cm 5.7cm
PCR-GLOBWB| -0.4 cm/yr 4.8cm

Table 5.12: Yearly trends, signal amplitudes, and rms éad®@CR-GLOBWB for the
Rhine river basin in terms of EWH, computed from GRACE and FGRIFDBWB time
series over the February 2003-December 2006 time span.

Figure 5.53 shows the time series of monthly water storagati@ns for the Rhine river
basin, table 5.12 lists the trends and signal amplitudethemwinter of 2004/2005, PCR-
GLOBWSB yields a significantly larger maximum amplitude ththie GRACE models,
with the RBF solution exhibiting the smallest difference. the summer of 2005, the
CSR DS400 solution deviates from the other models. Thidtesua smaller amplitude
estimate for the CSR DS400 solution compared to the otheetapdnd a much larger
rms error with respect to PCR-GLOBWB.
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Figure 5.53: Time series in EWH [m] of monthly water storageations for the Rhine

river basin, computed from GRACE and PCR-GLOBWB.
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Figure 5.54: Time series in EWH [m] of monthly water storageiations for Rio de la
Plata river basin, computed from GRACE and PCR-GLOBWB.
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| model | trend | annual amplitude rms |

RBF 90 -0.5 cmlyr 2.8cm 8.4cm

DMT-1 -0.6 cm/yr 3.1cm 8.6 cm

CSR DS400 | -0.4 cmlyr 3.1cm 6.9cm
PCR-GLOBWB| 1.0 cm/yr 10.9cm

Table 5.13: Yearly trends, signal amplitudes, and rms eiwoPCR-GLOBWB for
the Rio de la Plata river basin in terms of EWH, computed froRAGE and PCR-
GLOBWSB time series over the February 2003-December 2006 sipan.

Finally, figure 5.54 shows the time series of monthly wateragie variations for the Rio
de la Plata river basin, the related trends and amplitudefisted in table 5.13. It has
previously been established that for this basin, the smigttomputed at DEOS behave
differently from those computed at CSR. In fact, it can bensimat the CSR DS400
solutions show a behaviour that more similar to the hydrokignodel (although with
much smaller amplitudes), while the RBF and DMT-1 modelsdygephase shift. One
example is October 2005, where the RBF and DMT-1 solutiosvsh large positive
signal, while the hydrological model produces a negativelaode. The CSR DS400
solution is somewhere in between.

It has been seen before in figure 5.50 that the CSR DS400 aadudiiffer significantly
for certain months as it is strongly affected by noise anddlasver spatial resolution. It
is more difficult to assess why the hydrological model yieddsh different results with
regard to the RBF 90 and DMT-1 solutions. It has been sugdé&st&lees et al. (2008c)
that GRACE solutions may be affected by leakage from the Amaer basin. Figure
5.50 shows that this is not the case for the RBF 90 soluticstead, the time series of the
PCR-GLOBWB model follows the general behaviour of the tirages of the Amazon
river basin with a slight phase shift (figure 5.55). This gi'ethe question whether the
hydrological model is accurate, since GRACE solutions sbpposite cycles in the Rio
de la Plata and Amazon river basins. The trustworthinestefiydrological model
for this particular area is further questioned by the langaa amplitudes computed
from PCR-GLOBWB, as Berbery and Barros (2002) state thatnveaations over de
la Plata river basin are small due to different precipitategimes within the basin. This
is supported by the RBF and DMT-1 GRACE models.

Overall, it can be summarised that, with the exception oRlwede la Plata river basin,
de RBF 90 and DMT-1 solutions show good agreement with the-BCRBWB hy-
drological model. The results obtained for the Rio de ladtater basin question the
reliability of the hydrological model for this particulares.
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Figure 5.55: Time series in EWH [m] of monthly water storageations for Amazon
and Rio de la Plata river basins, computed from the PCR-GLBBMWdrological model.
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| model | trend | annual amplitude
RBF 35 -5.9 cmlyr 1.2cm
RBF 35 FW | -6.0 cm/yr 1.0cm
DEOS DS400 -0.4 cmlyr 4.3cm
CSR DS400| -3.6 cm/yr 1.4cm
RBF 90 -5.5 cm/yr 0.9cm
RBF 90 FW | -6.6 cm/yr 0.8cm
DMT-1 -4.4 cmlyr 0.8cm

| altimetry | -35.1 cmlyr| 9.4cm |

Table 5.14: Yearly trends and signal amplitudes computed I6RACE time series and
radar altimetry over the February 2003-December 2006 tipam;sin terms of EWH
(GRACE) and lake surface level change (altimetry).

Comparison of GRACE solutions to radar altimetry - Lake Victoria

Satellite radar altimetry makes it possible to accuratebasure surface height changes
of water bodies (Berry et al., 2005). These height changedeaised for comparison
with EWH estimates obtained from GRACE. A suitable watenbfaat such a compari-
son is Lake Victoria (Awange, 2006):

1. The size of Lake Victoria is on the edge of the spatial tgsmh we get from
GRACE. Mass change is large enough to be detected by GRACE.

2. Itexhibits atrend that can be recovered by GRACE and #irabe used to estimate
scaling factors.

No leakage correction (see section 5.6.3) has been appkattage correction could be
applied by expanding the integration area as has been do@Gedenland and Antarctica,
but this might result in signal from outside the area of iegtbeing taken into account.

Figure 5.56 shows time series of mass variations for Lakéo¥ie obtained from the
same GRACE models used previously and described in secta2 Behaviour is sim-
ilar to what we have seen before: Little to no difference lestw solutions with and
without frequency dependent weighting and good agreenetmtden the optimally fil-

tered RBF and DMT-1 solutions. Like with the Rhine river lmashe integration area is
too small to average out noise in the RBF 35 solution, leatbragnoisy time series.

Table 5.14 lists linear yearly trends and signal amplituasesbtained from the GRACE
solutions and radar altimetry. All trends resulting from AEE solutions are signif-
icantly smaller than the trend observed by radar altimeffijze strongest trend of a
GRACE solution is retrieved from the RBF 90 FW solution. Evleough the RBF 90
FW time series plot looks very similar compared to the RBF@&Qtson (no frequency-
dependent data weighting), the trend estimate is differsrdstly due to the lower value
for November 2006 obtained from the RBF 90 FW solution.

Figure 5.57 shows the time series as measured by radar @itiamel the scaled GRACE
time series. The scaling factor was computed from the rati@GRACE to altimetry
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Figure 5.56: Time series in EWH [m] of monthly water storageiations for Lake
Victoria; unfiltered solutions (top) and filtered solutidib®ttom).

trend,s =

. The GRACE models clearly echo the seasonal behaviourgtstawn

al
in the altlmetry time series. Differences between the tIB&ACE time series shown

are small.

5.7 Summary and conclusions

This chapter displayed the use of RBFs for modelling graviyn data collected by the
GRACE satellite mission. For GRACE modelling, the funcabmodel and optimal fil-
tering approach developed at DEOS was used. Network desajhandwidth selection
as it relates to GRACE modelling was covered:

* For GRACE gravity field modelling, the RBFs need to be plage@n equidistant
grid. Reuter grids have this property; moreover, they adléar sufficiently fine
adjustments in the number of RBFs used by changing the le&dditionally,
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Figure 5.57: Altimetry time series and scaled GRACE timéesdm].

the Reuter grid level chosen is approximately equal to thgimmam spherical
harmonic degree of the solution.

» Unfiltered GRACE solutions should make use of Reuter gnéle25 to 35; level
45 may be attempted for high-latitude areas such as Gragnlhiote that the
choice of the Reuter grid level implies implicitly a filtegrby parametrisation.

» Optimally filtered solutions can use much higher grid levelloise due to over-
parametrisation is not an issue, as this is suppressed bijténeFor the optimal
filter of Klees et al. (2008b), level 90 has proven to providepngood solutions.

» Data and parametrisation area should be larger than tipettmrea. Empirically it
was found than an area extension of 30° around the targenhasss be used to
suppress edge effects sufficiently well; only observatainsve this parametrised
area should be used.

* The RBFs need to be placed deep. Typical depths are 1,60@kin level 35
Reuter grid and 700 km for a level 90 Reuter grid when workinthwrder-3
Poisson wavelets. Empirical testing has shown that depttgdiiffer 10% (more
in the case of unfiltered solutions) from the optimal deptvetdtle adverse effect
on the solution.

The first test presented here compared an unfiltered RBH@ohatan unfiltered spher-
ical harmonic solution. This comparison showed that the $oution were approxi-
mately equal up to a spherical harmonic degree equal to theechReuter grid level.
The results focused on the comparison of various GRACE isolsifor two main appli-

cations: The detection and quantification of ice mass lo§aréenland and Antarctica,
and the monitoring of hydrological signals.

» The optimally-filtered solutions clearly outperform utdiled solutions, especially
in terms of spatial resolution. The unfiltered models in noastes yield compara-
ble time series behaviour, often with smaller maximum atagés. The level 35
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RBF solution is too noisy for mean mass estimates over snimkEns, as noise is
not averaged out over a larger area.

* In the case of unfiltered solutions, RBF representatioaklynuch better spatial
localisation of signals and higher amplitudes than spheharmonic representa-
tions.

» With the exception of Antarctica, whether or not frequexdependent data weight-
ing was used did not result in significant differences in thenthly mean mass
estimates.

» Mass loss estimates and trends for Greenland are simildrédRBF 90 and DMT-
1 solutions. This also holds for signal amplitudes and spptitterns.

» For Antarctica, there are significant differences betwdenSH and RBF solu-
tions. The RBF 90 solutions seem to yield a slightly bettatisp resolution and
show a mass loss at 0 degree longitude that is also evidentlE&Sat measure-
ments. As a result, the RBF 90 solutions feature higher taiioa coefficients
with regard to ICESat than DMT-1. This indicates that RBFs/rofier advan-
tages for GRACE modelling at high latitudes.

* For larger river basins, which are located at low- and niiiduales, the RBF 90
solutions and DMT-1 yield very similar results. This indiesithat RBF represen-
tations produce solutions of the same quality as SH reptaisens at equatorial
latitudes.

« Small differences exist between the RBF 90 and DMT-1 sohgior the relatively
small (185,000 kmz?, 15 times smaller than the large basied)Rhine river basin
(15% difference in annual amplitude) and Lake Victoria §aré68,800 km?); the
RBF 90 FW yielded the largest trend estimate (50% larger Didi-1) and was
thus closest to the trend observed by altimetry. This indx¢hat RBF represen-
tations may yield better mass storage estimates for verit aneas on the edge of
GRACE's spatial resolution.

» With the exception of the Rio de la Plata river basin, the RBFRitions (as well
as DMT-1) showed good agreement with the PCR-GLOBWB hydyickd model
(amplitude differencesc 10%). The discrepancies for the Rio de la Plata basin
question the reliability of the hydrological model for tlaisea.

Overall, it can be concluded that the use of RBFs for GRACHKityrdield modelling
results in solutions of at least equal quality compared hespal harmonic solutions. It

is difficult to assess whether RBFs can produce better saolsithan spherical harmon-
ics. There are some indications, such as the detection of toas in Antarctica at O
degree latitude that is not visible in DMT-1, and the strangend observed for Lake
Victoria. Note that the optimal filter applied to RBF solut®used a a noise covariance
matrix C with a variance factor o> = (18um)2, whereas the DMT-1 solutions used a
variance factor ob? = (40um)? (see section 5.3.3). It is thus not obvious whether the
improvements in certain areas are due to the regional parsaten or simply due to a
higher observation weight in the estimation using RBFs.
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For global optimally-filtered solutions, the numerical qaexity slightly lower for com-

puting RBF solutions (level 90: 10,000 unknowns) than fompating SH solutions
(Imax = 120: 14,600 unknowns). RBFs offer an advantage when regsmhations are

computed. Hence, RBFs are more flexible: They can be usedfogiobal and regional
solutions, whereas spherical harmonics are limited toajlsblutions.



Chapter 6

Local gravity field modelling from
terrestrial data

Radial basis functions are a natural candidate for the ctemipa of gravity fields from
terrestrial gravity data. Unlike satellite data, the dataecage is confined to a small
region. A regional parametrisation is thus a logical choiGerrestrial data are often
tightly spaced and make it possible to compute a high-résolgravity field, corre-
sponding to a very high degree of spherical harmonics. Cdimgsuch a field with
spherical harmonics would require a much larger numeritaiteéhan is necessary with
RBFs.

Terrestrial data are almost always of a heterogeneousendioth in terms of spatial
distribution and quality. Data density will be less in remand inaccessible areas such
as mountains, with much higher data density and possiblysavepling in flat areas.
This makes it necessary to fine-tune the RBF network, andeohdlee algorithms of
data-adaptivity (section 2.6.2) and local refinement {sec2.6.3) were motivated by
the use of terrestrial data.

This chapter establishes how the RBF approach can be usehkefdast computation
of accurate local gravity fields. This includes the propesich of RBF centres and
bandwidths. The main use of local gravity fields computednfterrestrial data is to
realise a height reference surface. The methodology piesddrere has already shown
its usefulness for this task in computing a height referenoéace for Germany (Klees
et al., 2007) and the Netherlands (Klees et al., 2008a).

The data are usually obtained during gravimetry campaitprgydevelling lines. These

measurement campaigns may have been executed decadesusipgrivarious instru-

ments and different post-processing procedures. Thidtsesudata that vary signifi-

cantly in quality, unlike satellite data that are assemh@tin a short time and usually
are of consistent quality. This variation in data qualitede to be taken into account
by proper weighting, desirably in a semi-automatic way sashvariance component
estimation (section 3.5).

The chapter starts with the derivation of the functional elddr the observation types
that are encountered when dealing with terrestrial datati®@es 6.2 and 6.3 cover the
aspects of network design and bandwidth choice as they dappbrrestial data. The

129
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approach is illustrated using two real data sets. One aoyem area in the northeast
of the USA (section 6.4.1), the other modelling a larger @amezastern Canada (section
6.4.2).

6.1 Functional model

The disturbing potentidl is represented in terms of RBFs according to

_ GM n

RE Zla. LIJ. , (6.1)
wheren is the number of basis functions;, is the coefficient of basis functianX = ﬁ
andy = i | are points on the unit sphere, and

I+1
=3 () RET). 62)

with ¢ being the Legendre coefficients of the basis funct®uhe radius of the Bjer-
hammar sphere, ariél the Legendre polynomial of degree

Throughout the computations presented here, the Poissazletsof order 3 have been
used as basis functions. Their Legendre coefficients are

21+1

Nl

Y=
For all computations, analytical expressions of the basistions have been employed.

For the Poisson wavelets used here, the analytical expressiave been derived as
(Klees et al., 2008a)

WxY) = 5o (2Xna(6Y)  Xn(X.Y)) (6.4)

with
1 L i
Xn(X,y) = 2|Y|n+ b1+ Zan,i MI bi. (6.5)
i=

6.1.1 Functional model for gravity disturbances

In spherical approximation, gravity disturbandegare related to the disturbing potential
T by
_ 9T
0g(x) = I (6.6)
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When we apply the operatmﬁ to eq. (6.2), we obtain

| +1 L
=3 e (57) RET). 67)

independent of the choice of the kernel and its Legendrdicusfts .

For the analytical expressions of the Poisson wavelets agd the radial derivates b
andby, eq. (5.10):

b |x|-lylcos

= ; (6.8)
91| x—y[®
db cosd 3
T~ oy~ ey 1089 1Y) (x| —ly|coss). (6.9)
The basis functions are then computed according to eq. \(6tH)
5 n1 9bni1 A i obi

6.1.2 Functional model for gravity anomalies

In spherical approximation, gravity anomali&g are related to the disturbing potential
T by

AQ(X) = — —T(X). (6.11)
(X) ax X (x)
For the spectral representation, it follows that
0 [ R 1+1 -
~an ¥ Wi (X,Yi) — (X, i) %w <|X|) A(RT9i). (6.12)

The analytical expressions are once again computed usin§.dg, with

_i N2 N nt19bni1 2 [7'b. 2
a‘x‘ Xn <X7y|) |X| Xn (X,Y|) - Z‘y‘ ‘0X| + I’H-l ZBI’H—l |y| ) ‘X‘ ‘X‘ bI .

(6.13)
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6.1.3 Functional model for height anomalies

Height anomalies are related to the disturbing poteiitiay

{(x)= : (6.14)

wherey is the normal gravity and’ is the point on the telluroid associated with the
surface poink by telluroid mapping.

6.2 RBF network design

6.2.1 Grid choice

When processing terrestrial data, usually a dense disivibaf observations over a rela-
tively small area has to be dealt with. This makes it possdt®mpute a high-resolution
gravity field. Since we only deal with small areas, a globa&l g8 not required. Over-
parametrisation due to increasingly dense basis funct@cement at higher latitudes
will usually also not be a problem, so often an equiangulat @ee section 2.6) will be
an adequate choice. At higher latitudes, an equidistadiige the Reuter grid will offer
advantages. In this chapter, both grid types have been used.

The grid spacing should be chosen in such a way that all sigtia¢ smoother areas can
be modelled. It is not advisable to use a grid spacing aimedcaivering all signal in
areas with high signal variation, as such a grid will leadierparametrisation in areas
with smoother signal characteristics.

As a rule of thumb, choosing a grid with an amount of basistions equal to one third
the number of observations is a good starting point. In cesermus oversampling, such
a grid will be too dense. An optimal grid should be constrddig trial-and-error, by
experimenting with various grid spacings and comparingstiiations obtained. When
in doubt, it is advisable to use the coarser grid. This regldice numerical complexity
and the danger of over-parametrisation, and unmodeledlsign be considered by local
refinement.

6.2.2 Data-adaptivity and local refinement

Point-wise terrestrial gravity measurements are usualtypmogeneously distributed.
Figure 6.1 shows gravity anomalies in the central UnitedeStaf America obtained
from the PACES databaset{tp: //paces.geo.utep.edu/gdrp/). Some areas have
very sparse data coverage, with very dense coverage owratas, and along levelling
lines.

Basis functions should only be used when there are obsengtiithin their bandwidth,
as a basis function without observations within its bandhigill lead to numerical in-
stability and require regularisation. To achieve this liasis function network should be
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Figure 6.1: Gravity anomalies in the central USA

adapted to the data distribution. This can be achieved Wéldata-adaptivity algorithm
discussed in section 2.6.2.

For test regions with heterogeneous signal content (irengtgradients in some areas
and smooth features in other area, as in figure 6.1), the RBFsgould be chosen
properly for areas of smooth signal variation, not the akedls high signal variation.
Choosing such a grid will lead to underparametrisation enléiter areas. This can be
addressed by using the local refinement algorithm desciibgelction 2.6.3.

6.2.3 Parametrised area

With satellite observations, the parametrised area ha@ targer than the target area,
in order to avoid edge effects. Terrestrial data, on theraoptcontain mostly high-
frequency signal after removal of a high-quality long-wlamgth model. As a result,
edge effects due to truncation of the area are much small&éenVén accurate global
reference model, such as EGM2008 (Pavlis et al., 2008) oEEK&L04C (Foerste et
al., 2008) is subtracted, edge effects can be limited to @a af at most one degree.

The parametrised area needs to be equal to the data areaselivabons covering an
area larger than the area of interest are available, thesbecased to reduce edge ef-
fects. Using a data area that is one degree larger than thetigerest is sufficient to
completely suppress edge effects.
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6.3 Bandwidth selection

Dealing with terrestrial measurements is very differeatrfrdealing with satellite obser-
vations. Unlike with satellite measurements, we do not faasanilar data distribution
and spectral signal content for every region of interesthEzse has its own data set
with specific characteristics in terms of spatial distribotand spectral content. Because
of this, no recommendation for basis function distributésmd associated depth / band-
width can be given. For each case, the optimal bandwidthldh@uestimated, using the
algorithm described in section 2.5.2.
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6.4 Results

6.4.1 Northeastern USA
Area of interest

A regional gravity field was computed for an area of 10 x 10 degtin the northeastern

United States and parts of Canada (fig. 6.2). The area incladenall part of ocean,

Lake Erie, Lake Ontario, Lake Huron, and the Appalachian Mauns.
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Figure 6.2: Topography of the test area in the northeast&m.U

Input data

As input data, surface gravity anomalies from three sounege used:
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» 129,466 pointwise values in the USA from the PACES dataliase: //paces.
geo.utep.edu/gdrp/),

» 12,002 pointwise values in Canada and over the Great Latesthe Geoscience
Data Repositoryi{ttp://gdrdap.agg.nrcan.gc.ca/geodap/index_e.html),

» 3,838 gridded values over the Atlantic ocean from the KM8@ga set {tp:
//ftp.spacecenter.dk/pub/GRAVITY/KMS02/).

Terrain corrections supplied with the data sets were appied EIGEN-GL04C up to
degree 150 was subtracted as reference model. The res@sidigial gravity anomalies,
as used for the computation, are shown in figure 6.3. Stiatie listed in table 6.1.

In addition to the gravity anomalies, 1,069 GPS-derivedjlhieanomalies were used
(bttp://www.ngs.noaa.gov/GEOID/GPSonBM03/). The results were compared against
the official American geoid, GEOID03 (Roman et al., 2004),clhs available from
http://www.ngs.noaa.gov/GEOID/GEQIDO3/. Figure 6.4 shows the geoid heights
from GEOIDO3 after the EIGEN-GL04C contribution up to degrb0 has been re-
moved.

| dataseff minimum | maximum | mean | standard deviatiof

USA | -63.3mGal| 123.1 mGal| -1.5 mGal 20.6 mGal
Canada| -33.0 mGal| 28.5 mGal | -0.5 mGal 9.2 mGal
KMSO02 | -56.5 mGal| 71.5 mGal | -5.4 mGal 21.2 mGal

Table 6.1: Statistics of residual gravity anomaly data &mtdJSA test area after the
subtraction of EIGEN-GLO04C up to degree 150.

Grid choice and basis function placement

A variety of grids were used, from a grid spacing of 30’ (apqmuately 55 km) up to 6’
(11 km). The optimal depths / bandwidths for all grids wertnested using the method
described in section 2.5.2. The resulting depths are showabie 6.2.

Data-adaptive network design was used in all cases. Resettscomputed both with
and without local refinement. For grid spacings below 24hrashold of 5 mGal was
used for the local refinement. For 24’ and 30’ grid spacing, tthreshold had to be
increased to 10 mGal, and the minimum basis function spdtaagto be increased to
avoid overparametrisation. The deep placement and widgeimtke radius of the basis
functions would otherwise lead to a singular normal equesigstem and require very
strong regularisation with adverse effects on the solution

Results

All computations were performed using regularisation. fidgilarisation parameter was
estimated using variance component estimation with saithatace estimation (MC-
VCE, see section 3.5). The MC-VCE was also employed to estimptimal weights
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| grid spacing| approximate point distangeoptimal depth|

30’ 55 km 220 km
24’ 44 km 170 km
18’ 33 km 100 km
12’ 22 km 70 km
6’ 11 km 30km

Table 6.2: Optimal depths for various grid spacings

for the three observation groups. The gravimetric field drel GPS/levelling height
anomalies were combined by means of a corrector surface.cdinector surface was
determined by approximating the differences between tighh@anomalies computed
from a gravity-only solution and the GPS/levelling-dedveeight anomalies with a ten-
sion spline interpolant, with a tension factor of 0.25. Twiss done with thesurface
command of GMT (Wessel and Smith, 1991). Figure 6.5 shows that gravimetric
solution and the corrector surface resulting from the smhuvith 12’ grid spacing and
local refinement.

The results of the computations are listed in table 6.3. dJsaitarger number of basis
functions reduces the data rms. Figure 6.6 shows the emworthé 12’ grid with and
without local refinement, with full statistics for these gomations shown in table 6.4.
The application of local refinement clearly reduces the iyanomaly errors, as more
signal gets modelled.

rms
grid | LR | #of RBFs| USA | Canada| KMS02 | GEOIDO3| 8°x8°
30" | no 441 9.6 mGal| 4.7 mGal| 11.0mGal| 14.9cm | 12.2cm
30’ | yes 705 7.9mGal| 4.2mGal| 7.8 mGal| 19.8cm | 9.0cm
24’ | no 676 8.4 mGal|l 4.1 mGal| 9.0mGal | 12.4cm | 9.3cm
24’ | yes 3592 5.0mGal| 3.4 mGal| 44mGal| 95cm | 7.1cm
18" | no 1156 7.1mGall 3.6 mGal| 7.2mGal| 9.7cm | 7.9cm
18’ | yes 7529 | 4.1mGall 2.5mGal| 2.8 mGal| 10.0cm | 7.2cm
12 | no 2599 6.1 mGal| 3.0 mGal| 5.3mGal| 87cm | 7.5cm
12’ | yes 8569 |4.0mGall 2.9 mGal| 29 mGal| 8.3cm | 7.2cm
6" | no 9710 4.6 mGal| 2.0 mGal| 3.0mGal| 9.0cm | 7.6cm
6’ |yes| 12073 |3.9mGall 2.0mGal| 1.9mGal| 9.6cm | 8.0cm

Table 6.3: Results for various grid spacings, with and withocal refinement (LR).
Number of basis functions used, rms error for the three d&tg and geoid height rms
error for the full area, and a sub-area of 8°x8° that is nacéd by edge effects.

The basis function network for a grid spacing of 12’ with Ibefinement is shown in
figure 6.7. Local refinement basis functions are placed iasatieat had large residuals
previous to local refinement.

Results are different concerning the geoid height errdrgrad spacings from 24’ to 12’
yielded a geoid height error of about 7 cm with local refinetnésr an area of 8°x8°
that does not suffer from edge effects. Taking edge effaettsaccount, the 12’ solution
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| dataset | minimum | maximum | mean | standard deviation
USA, no LR -51.1 mGal| 102.4 mGal| -0.5 mGal 6.1 mGal
Canada, no LR | -18.5 mGal| 19.5 mGal | -0.1 mGal 3.0 mGal
KMS02, no LR | -39.6 mGal| 24.0 mGal | -0.7 mGal 5.3 mGal
USA, with LR | -46.8 mGal| 73.5 mGal | -0.4 mGal 4.0 mGal
Canada, with LR| -18.7 mGal| 20.3 mGal | -0.1 mGal 2.9 mGal
KMS02, with LR | -42.3 mGal| 17.1 mGal | -0.3 mGal 2.9 mGal

Table 6.4: Statistics of gravity anomaly errors for 12’ gsigacing solution, with and
without local refinement (LR).

yields the best quality. The errors resulting from the 22’, &nd 6’ solutions are shown
in figure 6.8. The overall picture is the same. The solutioith tighter grid spacing
capture more signal, which reduces errors in some areasndreases errors in other
areas. This especially affects the 6’ solution. Apparemiby all signal that is contained
in the data is actually represented in GEOIDO03, or noise igetied. Furthermore,
specially computed terrain corrections that are not plypcailable have been used in
the computation of GEOIDOS3. It is thus difficult to assessdhality of the solutions
by comparing them to GEOID03. What is obvious is that the @utson suffers from
slightly larger edge effects (especially in the lower leftreer), and that the grid spacing
that can be used to get a good solution is quite variable cdlleefinement is applied.
This illustrates that the local refinement algorithm seitsedesired purpose.
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Figure 6.3: Residual gravity anomalies for the USA (top)le@anada (top right),
KMSO02 (bottom left), and residual GPS height anomaliest@fotright), after the sub-
traction of EIGEN-GLO04C up to degree 150.
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Figure 6.4: Residual GEOIDO03 geoid model after the subtracif EIGEN-GL0O4C up
to degree 150.
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Figure 6.5: Gravimetric solution (top) and corrector scefgdbottom), with 12’ grid
spacing and with local refinement.
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Figure 6.8: Differences between GEOID03 and RBF solutiomdy(ding corrector sur-
face) for a grid spacing of 24’ (top), 12’ (centre), and 6’ fiom), after the application
of local refinement.
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6.4.2 Canada

Area of interest

A regional gravity field was computed for an area of 40 by 20releg in Canada, be-
tween 110 to 70 degrees of western longitude, and 50 to 7@dgs@f northern latitude
(figure 6.9). The dominant geographic feature in this ar¢laeisHudson Bay.
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e —— s )|
~1500 -1000 500 0 500 1000 1500

Figure 6.9: Topography of the test area in Canada.

Input data

As input data, surface gravity anomalies from two sourcegweed:

» 112,628 pointwise values in Canada from the Geoscience Regpositoryttp:
//gdrdap.agg.nrcan.gc.ca/geodap/index_e.html), and

» 199,924 gridded values over the Hudson bay and other waigie® from the
Sandwell/Smith data set (Sandwell and Smith , 1997).

EIGEN-GLO4C (Foerste et al., 2008) up to degree 150 was asttiett as reference
model. The resulting gravity anomalies, as used for the caatipn, are shown in figure
6.10. Statistics for the data sets are listed in table 6.5.

The results were compared against the latest realisatitimecdfficial Canadian gravi-
metric geoid, CGGO05 (Véronneau and Huang, 2005). Figuré shbws the geoid
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| dataset | minimum | maximum| mean | standard deviation

Canada -59.9 mGal| 85.6 mGal| -2.0 mGal 11.1 mGal
Sandwell/Smith -47.9 mGal| 47.0 mGal| -1.7 mGal 11.2 mGal

Table 6.5: Statistics of reduced gravity anomaly data set€é&nada test area.

heights from CGGO05 after the EIGEN-GL04C contribution upglemree 150 has been
removed. To make a comparison between the quasi-geoid dethpy the approach
described here and the CGGO5 geoid, corrections betweesirgeaid and geoid were
computed according to Heiskanen and Moritz (1967):

A
(TN = ——2 e, (6.15)

whereAgg is the Bouguer anomaly is the height of the point, angis the Normal
gravity. The Bouguer anomalies were also retrieved fromG3hescience Data Reposi-
tory. All comparisons were then made on the basis of heighitreaties.

Grid choice and basis function placement

Due to the large area and high latitudes involved, an equiangrid is not well suited

to this case. Using this grid type would lead to overparaiseion at the higher lati-

tudes. Instead, Reuter grids of level 360, 540, and 720 wsed.uThe optimal depths
/ bandwidths for all grids were estimated using the methatideed in section 2.5.2,
using the rms fit to CGGO5 as the optimality criterion. Theuti#sg depths are shown
in table 6.6.

Data-adaptive network design was used in all cases. Reseitscomputed both with
and without local refinement. A threshold of 10 mGal was usedHe local refinement,
as using a 5 mGal threshold yielded a lower geoid accuracgeling the threshold for
the Sandwell / Smith data set to 100 mGal, no local refinemeasstapplied to this data
set. This was done in order to avoid overfitting to this vergsegridded data set.

| Reuter grid level approximate point distanceoptimal depth]

360 55 km 85 km
540 37 km 60 km
720 28 km 45 km

Table 6.6: Optimal depths for the used grid levels.

Results

The computations without local refinement were performetiovit regularisation. With
local refinement turned on, regularisation was applied te regularisation parameter
being estimated by VCE. VCE was not used for estimating wsifdr the two obser-
vation groups, as it proved unreliable due to the large nurobebservations in the
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Figure 6.10: EIGEN-GL0O4C (up to degree 150) reduced gramiymalies: Canadian
data (top) and Sandwell/Smith data (bottom).

Sandwell / Smith data set. Instead, a fixed weight of 5 for theadian terrestrial data
and unit weight for the Sandwell / Smith data was used, ag/teided better results.

Table 6.7 lists the results of the computations using theetldifferent grid levels, with
and without local refinement. The resulting error (rms) fothbdata sets, as well as the
height anomaly error relative to CGGO05 are given.

Without the application of local refinement, using a highed devel, and thus more
basis functions, results in a smaller gravity anomaly eifae geoid height error is also
smaller, but the percentage of the reduction is smallerhWital refinement turned on,
all three grid levels yield similar gravity anomaly errors.

Figure 6.12 shows the gravity anomaly residuals with antiout local refinement, for

Reuter grid level 540. Full error statistics are listed ibl¢e6.8. It can be seen that the
errors are reduced significantly by using local refinemeigjuie 6.13 shows the associ-
ated distribution of grid basis functions (red) and locéinement basis functions (blue).
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Figure 6.11: EIGEN-GLO4C (up to degree 150) reduced CGGa%ityrfield.

| grid | LR | # of RBFs| rms Canada rms Sa/Sm rms CGGO05|

360 | no 1636 6.8 mGal | 6.6 mGal 14.0cm
360 | yes 6703 3.8 mGal | 5.4 mGal 9.9cm
540 | no 3641 5.4mGal | 5.7 mGal 10.2cm
540 | yes 6885 3.7mGal | 5.2 mGal 9.0cm
720 | no 6447 4.7 mGal | 5.4 mGal 9.5cm
720 | yes 8931 3.5mGal | 5.1 mGal 9.0cm

Table 6.7: Results for various grid levels, with and withlmatl refinement (LR). Num-
ber of basis functions used, rms error for the Canadian an8amdwell/Smith data set,
and height anomaly rms error.

Local refinement basis functions were only placed in aredsrgke gravity anomaly
residuals.

The benefit of local refinement concerning the height anomealgr depends on the
initial grid level. The level 360 grid is clearly not sufficieto model the signal without

local refinement. With local refinement, the height anomalgredrops by approx. 30%.

For the level 540 grid, local refinement reduces the heigbitreaty error by 10%. Figure

6.14 shows the height anomaly errors before and after lefiaement. Differences are
evident in areas of previously large gravity anomaly errd¥ost significant are the

reduced errors on the north shore of Southampton Islandthenceduced edge effects
in the northeast corner of the computation area.

For the level 720 grid, local refinement does not signifigamtprove the solution.

With local refinement turned on, the level 540 and 720 sohgtideliver similar geoid
height errors. The level 360 solution’s error is about ondiogetre larger. Looking at
figure 6.15, we see that the level 360 solution produces tlumgrast error plot, albeit
with slightly larger errors in the north-east corner thaa ligvel 540 solution. The level
720 solution produces a few artifacts. These might be atre$alverparametrisation,
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Figure 6.12: Gravity anomaly errors with level 540 grid, watt (top) and with local
refinement (bottom).

or the solution captures more signal than contained in CG@@8&rall, all three local-
refinement solutions can be considered very similar.

Conclusions

From the results obtained with this test data set, it can beladed that the approxima-
tion quality for gravity anomalies and height anomalies rastly independent of the
initial grid choice, if the basis function depth (and thus\taidth) is correctly deter-
mined, local refinement is turned on, and overparametoisasi avoided. The resulting
number of basis functions, and thus the numerical complagitlso approximately the
same.

Height anomaly rms errors resulted to about 9 cm in all casslecal refinement, and
could not be eliminated using more basis functions. Two axgtions for these errors
can be given:
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\ data set \ minimum \ maximum \ mean \ standard deviatiorh
Canada, no LR -80.8 mGal| 56.4 mGal| -0.8 mGal 5.4 mGal
Sandwell/Smith, no LR| -39.8 mGal| 35.7 mGal| -0.2 mGal 5.7 mGal

Canada, with LR -36.2 mGal| 25.5 mGal| -0.7 mGal 3.7 mGal
Sandwell/Smith, with LR -51.2 mGal| 71.5 mGal| -0.0 mGal 5.2 mGal

Table 6.8: Statistics of gravity anomaly errors for leved%#id solution, with and with-
out local refinement (LR).

250° 260° 270° 280° 290°

50°
250° 260° 270° 280° 290°

Figure 6.13: Basis function placement, 3,641 level 540 firicttions (red) and 3,244
local refinement functions (blue).

* CGGO5 combined gravity anomalies from various sourceh wiglobal gravity
model (GGMO02C up to degree 200), while for the computatiaesented here,
only gravity anomalies from two sources where used.

» For the computation of CGGO05, specifically computed ter@rrections were
used. These are not identical to the publicly availableatercorrections from the
Canadian Geoscience Data Repository. Even though the aeebhere features
rather smooth topography, this may explain some of the frigdpdency errors.

» CGGO5 is also effected by data and processing errors aschtstierror-free.
Finally, slight edge effects can be noticed, especialljharortheast corner of the com-

putation area. Using a 38° x 18° sub-area for computing theneduces the rms by
about 1.5 cm.
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Figure 6.14: Geoid height errors with level 540 grid, with(top) and with local refine-
ment (bottom).
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Figure 6.15: Height anomaly errors for a level 360 grid (tdpyel 540 grid (centre),
and level 720 grid (bottom), after application of local refiment.
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6.5 Summary and conclusions

In this chapter, the computation of regional gravity fielddals from terrestrial gravity
data has been shown using two test areas, the northeastérandiSastern Canada. It
can be seen that the processing of large amounts of datatinaor800,000 observations
over an area of 40° x 20° in the case of Canada, can easily lwhdubby the software
developed in the course of the research presented here.

For the US data set, variance component estimation (VCH)d&s used for determining
the proper weights for observations from various sourasst@ble 6.3), as well as for the
determination of the regularisation parameter. A numédyiadficient implementation
using Monte Carlo techniques makes it possible to use VCh with the large data sets
encountered here.

The technique of local refinement has been implemented asddated with both data

sets. Together with the data-adaptive network design (DANHE use of local refine-

ment automatically leads to a good approximation regasdiéshe chosen coarse grid
resolution.

Combination with GPS/levelling-derived height anomalies achieved using a simple
corrector surface, computed with the Generic Mapping TEMsssel and Smith, 1991).

With both test cases it was not possible to exactly reprodiieereference solutions
GEOIDO03 and CGGO05. Reasons for this are:

» For the computations shown here, publicly available gyadata was used. Other
data were used in the computation of GEOID03 and CGGO05.

» No accurate terrain corrections could be used. Even thbatjhtest areas featured
mostly flat terrain, the approximation quality could be iiongd by using accurate
high-resolution terrain corrections that lead to smooieut data.

» The two official fields were computed with different methtmpes, which can
cause additional differences, and they have their own®rror
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Chapter 7

Combined modelling of satellite and
terrestrial data

Satellite and terrestrial data both have inherent linotadi Satellite data are available
globally at high quality, but can yield only low resolutioregity fields, unable to resolve
structures of sizes smaller than approx. 150 km in the ca&R#CE. Terrestrial data
allow higher resolution, but may be of heterogeneous qualtitl spatial distribution.

To overcome the limitations of either data source, they rteeloe combined to esti-
mate a high-quality gravity field. The traditional approdchcombined solutions uses
Stoke’s Integral (Stokes, 1849; Molodensky et al., 1962sknen and Moritz, 1967).
An overview of the related computational issues is given égtRerstone (2003).

This chapter investigates strategies for the combinatfidhese data sets to produce a
joint solution using the previously established RBF metitogy. Section 7.1 describes
possible combination strategies. Network design and batidwletermination are cov-
ered in section 7.2. The combination strategies are inyegstl using both a global and
a regional setting in section 7.3. Both settings make usénuilated data. This makes
it possible to compare the results to a true field for errofyemms

7.1 Combination strategies

The aim is the computation of a combined solutignusing the data setgs (satellite
data) and/t (terrestrial data) with their respective covariance nca8CgsandCr.
7.1.1 Remove-restore approach

In the remove-restore approach, the contribution of a lgateinly solutionxs is sub-
tracted from the terrestrial data to remove low frequenbedere the estimation:

YT.res =YT —AsXs. (7.1)

155
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This is done in order to reduce edge effects. The stochiystitihe satellite solution
Xs and thus the satellite daya is not taken into account. After the computation of the
solution

~ — -1 -
XT res = (A$ Cy 1AT) AT Cr 1YT,res (7.2)

the satellite contribution is added back, resulting in a lbimrad solution

)A(C = 5\(T,rem‘f‘ 5\(s (7-3)

with the covariance matrix

Cc = (ArC7IAT) . (7.4)

The covariance matrix of the SH coefficients of the sateBivdution is not used in
the standard remove-restore approach. This is sub-optmoral a statistical point of
view. An inadequate satellite model that is unable to remeweifficient amount of
low-frequency signal will also lead to edge effects.

An RBF solution can attempt to suppress long-wavelengtirgthat remain after sub-
traction of an accurate reference model (i.e. long-wagteerrors in the terrestrial
data). This requires insensitivity of the RBFs to the lonye&angths by the choice of
the parametrisation. This insensitivity can be achievedl)placing basis function shal-
low rather than deep and 2) starting the summation in eq) §2 8degreéyn other than
0, preferably starting with degrégin = lmaxref + 1, Wherelpax ref iS the degree up to
which the reference model has been subtracted. In both,casess will not be totally
suppressed, but may affect the quality of the solution.

7.1.2 High-pass filtering

Low-frequency errors in the terrestrial data can be remdmetligh-pass filtering the
data (Hipkin and Hunegnaw, 2005). The actual combinaticaclseved by low-pass
filtering both satellite and terrestrial solutions and satting the low-pass filtered part
of the terrestrial solution:

Xc = X1+ f(Xs) — f(X7). (7.5)

If the filter is linear, eq. (7.5) is equivalent to

XC:RT+f(RS—RT). (7.6)
While such a solution is easy to compute, it faces two problem

1. The filter type and parameters need to be carefully chosen.

2. The stochasticity of both data sets is not taken into augdbe satellite data is
considered error-free.
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7.1.3 Direct combination

The direct combination estimates a combined solution usail data sets as input data
for a joint estimation:

_|Ys | Cs O
- [2]e-[S 2] o7
With the design matrix
_ | As
ao[ o] 79)
we obtain the solution
fc = (ATC,1A) *ATC, Yy
(7.9)

_ -1 _ _
= (ALCS'As+ATCT'AT) " (ALCslys+ATCTYyT)
with the covariance matrix
Cc = (ALCsAs+ATCTIAT) (7.10)

This solution takes the stochasticity of both data setsantmunt. Such a solution may
be difficult and time-intensive to compute due to the siz€©fThe effect of assuming
Cs = diag(Cs) will be investigated. Note that one parametrisation thatagproximate
both data sets is required.

7.1.4 Combination with satellite-only solution

Another approach is to combine a satellite-only solutkgnwith terrestrial datay,
which may be numerically easier to handle. The observatoas

o )’ZS o CXS O
y—[yT],Cy—{ 0 CT}' (7.11)

The satellite-only solutions must have been computed ubmgame basis functions that
are used for the combined solution (sequential adjustmeshich will usually require
regularisation. This yields the design matrix

A— {A'T } (7.12)

and the solution
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e = (ATC,1A) *ATC Yy
(7.13)
= (Gt +ATCHAT) T (CilRst ATCr ).
Since
1A _ _ -1 _ _
Cil%s = (ASCSMAs) (ASCSMAs) "ALCSys = ASCSlys (7.14)

we see that eq. (7.13) is equivalent to eq. (7.9) and bothisnhiare identical. This
also holds for the covariance matrix

1 1

Cc= (CA+ATCTAT) "= (ALCS'As+ATCTAT) . (7.15)

The effect of assuminGy, = diag(Cy,) will be investigated.

7.2 RBF network design and bandwidth selection

An RBF network for a combined solution must be able to modéh Isatellite and ter-
restrial data. The two logical network choices are:

1. Asingle-layer RBF network with RBFs that are capable ofleiling both satellite
and terrestrial data.

2. Two layers of RBFs, with each capable of modelling sdaéetlata and terrestrial
data, respectively.

At first, it was attempted to compute a combined global soiuthat used GRACE data
globally and terrestrial data regionally. No reference eloslas subtracted. Such a
solution requires at least two layers of basis functions:

1. A global layer of deep basis functions that model the GRAI@Ea on a coarse
grid.

2. Aregional layer of shallow basis functions that modeltdreestrial data on a fine
grid.

Two configurations of layers were attempted. Configuratioffigure 7.1) uses 1) a
global grid of deep basis functions and a 2) regional gridta@filew basis functions,
whose size is equal to the size of the terrestrial data arempQtations showed that
numerical instabilities produced by the overlapping basistions made it very difficult
to find a working network configuration.

Configuration 2 (figure 7.2) uses the same regional grid. Tdlead grid does not place
basis functions in the area covered by the regional grid deioto avoid the previously
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Figure 7.1: Two RBF layers, global (black) and regional yednfiguration 1.

Figure 7.2: Two RBF layers, global (black) and regional yednfiguration 2.

experienced numerical instabilities. This choice of RBRtoes generates oscillations
along the border of the two layers, which degrades the qualithe the gravity field
solution significantly.

All attempts at generating a network consisting of two |layteat could produce a good
solution failed. This led to the following conclusions:

1. Combined solutions will have to use only one layer of basiktions; the grid
spacing and depth of the basis functions will be governedhbyhigh-resolution)
terrestrial data.

2. The basis function network will have to be constrainedht® size of the area
covered by terrestrial data. Attempting to use this higtehation grid globally
would result in overparametrisation of the satellite datd a too large numerical
complexity.

3. As aresult of 2., since a regional solution will be compygesufficiently accurate
reference model will have to be removed from the input dataujgpress edge
effects.

Since we have to deal with terrestrial data, the networkge®llows the guidelines
described in section 6.2. Bandwidths are estimated asiedtln section 6.3.

7.3 Results

7.3.1 Global test

The first of two tests performed for testing various comhborastrategies uses a global
setting. A global test setup makes it possible to use spdlen@rmonic analysis for
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spectral analysis of input data and errors, and avoids eftlgee

Data

This test uses simulated GRACE and terrestrial data sets.allaws comparison with a
true model for error analysis. In this case, EGMO08 up to dedi#d (Pavlis et al., 2008)
was chosen as true model. The true model was used for genehaith satellite and
terrestrial data.

The simulated GRACE data consisted of the EGMO08 potentetficients up to degree
170. Coloured noise was added to the coefficients. The neaesationes was taken
from the covariance matri€grace of ITG-Grace03s (Mayer-Giirr, 2007):

es=Gz, (7.16)

whereCgrace = GG is the Cholesky decomposition (e.g. Golub and van Loan, 1996
andz is a vector of random numbers of the standard normal digtoibiio? = 1).

ys=EGMO& %+ es. (7.17)

For the terrestrial data set, gravity disturban@ap (vere synthesised from EGMO08 up to
degree 170 (with the GRS80 normal field subtracted to ob&ilisturbance quantities)
on a global equiangular 1°-spaced grid. White noise witlaadsdrd deviation of 2 mGal
was added as noise realisaten

yr = 69 (EGMOg"°) +er. (7.18)

Figure 7.3 shows the resulting noise spectra for both dasa $be simulated GRACE
data set is less noisy below approx. degree 130, while thetgidisturbances are bet-
ter beyond that. A combined solution should thus be able eé@ysmaller errors than
solutions using only one of the two data sets.
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Figure 7.3: Degree variances of EGMO08 errors (black), datogse realisation for
simulated GRACE coefficients (red), and simulated global gf gravity disturbances
(green).
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Reference solutions

All computations were performed using a level 175 Reutett gith Poisson wavelets
of order 3 placed at a depth of 600 km. This choice of grid lerel depth yielded a
good approximation. Three reference solutions were coatput

1. A solution using noise-free gravity disturbances as tingthis solution verifies
whether the choice of the RBF parametrisation is capableanfetting the input
data.

2. A solution using only the gravity disturbances with theit@moise realisation
as input. This solution shows the effect of the noise in theigy disturbances
on the estimated gravity field. The same errors would be ptesea gravity
disturbances-only solution.

3. A solution using only the GRACE potential coefficientstwebloured noise reali-
sation as input. This solution shows the quality that candtained for a GRACE-
only solution.

The potential errors resulting from a reference solutiangia global grid of noise-free
gravity disturbances is shown in figure 7.4. The standardhtien is 0.5 mGal, the rms
error with respect to EGMO08 geoid heights is 3 mm. The difiees are due to small
numerical errors, as data created from spherical harmoarusot be represented exactly
by RBFs.

— ——e— M2/
-0.10-0.08-0.06-0.04-0.02 0.00 0.02 0.04 0.06 0.08 0.10

Figure 7.4: Gravity potential error resulting from noised gravity disturbances.

A solution using the noisy gravity disturbances resultsnrapproximation error of 1.3
mGal and a rms geoid height error of 15.8 cm. The potentiarg@re shown in figure
7.5.

A GRACE-only solution using the noisy potential coefficiemésults in a rms geoid
height error of 24 cm. Regularisation was necessary in dodechieve a stable solution.
Figure 7.6 shows that the resulting errors are of a highueagy nature.
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Figure 7.5: Gravity potential error resulting from gravitigturbances with 2 mGal white
noise.
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Figure 7.6: Gravity potential error of the GRACE-only sadut

A combined solution should improve with respect to the gyadisturbance-only and
satellite-only solutions.

Combined solution |

A combined solution was computed using both the simulateA@Robservations (po-
tential coefficients with colored noise realisation) anavly disturbances as observa-
tions in a joint estimation according to eq. (7.9). Two scesawere considered:

1. Using only a diagonal covariance matrix for the GRACE obsigons.

2. Using the full GRACE covariance matrix.
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With both scenarios, the aforementioned parametrisatasused, with Poisson wavelets
of order 3 placed at a depth of 600 km on a level 175 Reuter ghig.shown, this
parametrisation is able to produce a good solution in theabess test case. The result-
ing geoid height errors are listed in table 7.1.

| scenario | rms geoid height errof
og only 15.8cm
GRACE only 24.0cm
0g + GRACE, diagonal covariance matrix 5.9cm
0g + GRACE, full covariance matrix 5.4cm

Table 7.1: Resulting geoid errors for different scenarios.

Using a combination of gravity disturbances and GRACEweripotential coefficients
significantly improves the quality of the solution. Geoiddt# errors drop from almost
16 cm in thedg-only-case to below 6 cm. Using the full covariance matesuits in a

10% improvement with respect to the use of a diagonal cavegianatrix.

The spectral distribution of the errors is shown in figure @l the cumulative errors are
shown in figure 7.8. It is obvious that the addition of GRACEetvations significantly

reduces the errors below degree 120. The slight increagedanteeyond degree 165 is
caused by regularisation. A spatial plot of the errors ofdbmmbined solution is shown
in figure 7.9.
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Figure 7.7: Dimensionless error degree variances of teiakslata solution (green),
satellite data solution (blue), combined solution withgtinal GRACE covariance ma-
trix (red), and combined solution with full GRACE covarianmatrix (black).

Combined solution Il
A second series of computations was performed to investiateffects of combining a

satellite-only RBF solution with terrestrial data, instex using the actual satellite data
as input data. The following input data sets are used:

1. The same terrestrial data set, gravity disturbances2nitiG al white noise.
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Figure 7.8: Cumulative geoid height degree errors [m] attgrial data solution (green),
satellite data solution (blue), combined solution withgtiaal GRACE covariance ma-
trix (red), and combined solution with full GRACE covarianmatrix (black).
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Figure 7.9: Gravity potential error resulting from gravigomalies with 2 mGal white
noise combined with GRACE potential coefficients, full GRACovariance matrix.

2. An RBF solution computed from the GRACE potential coediits that were pre-
viously used as observations.

The two data sets were combined according to eq. (7.13). $aamarios were tested
using these input data:

1. Combination of a) terrestrial data and b) RBFs estimatmah fsatellite data with
diagonal covariance matrix for GRACE; the diagonal covazeamatrix of the
RBFs is used.

2. Combination of a) terrestrial data and b) RBFs estimatah satellite data with
diagonal covariance matrix for GRACE; the full covariancatnx of the RBFs is
used.
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3. Combination of a) terrestrial data and b) RBFs estimateh satellite data with
full covariance matrix for GRACE; the diagonal covariancatrix of the RBFs is
used.

4. Combination of a) terrestrial data and b) RBFs estimata satellite data with
full covariance matrix for GRACE; the full covariance matof the RBFs is used.

Scenarios 2 and 4 follow eq. (7.13) and eq. (7.14) and thud g@utions identical to
those previously computed by direct combination of saesdind terrestrial observations.

Using only a diagonal covariance matrix for the RBFs (sdesat and 3) resulted in
solutions of poor quality. Figure 7.10 shows the error degraiances of scenario 1
(green), scenario 3 (red), and scenario 4 (black). Cunvelairors for these solutions
are shown in figure 7.11.
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Figure 7.10: Dimensionless error degree variances ofisolutith diagonal covariance
matrices for RBFs and GRACE (scenario 1, green), diagonar@ance matrix for RBFs
and full covariance matrix for GRACE (scenario 3, red), anldldovariance matrices for
RBFs and GRACE (scenario 4, black).

Using a diagonal covariance matrix for the input RBFs coragidtom GRACE results
in a poor solution because the dependence of the qualityeoRBF satellite solution
on the frequency is not taken into account. In order to aeheegood solution, it is
necessary to use the full covariance matrix of the input RBFs
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Figure 7.11: Cumulative geoid height degree errors [m] ¢fitsan with diagonal co-

variance matrices for RBFs and GRACE (scenario 1, greeaygothial covariance matrix
for RBFs and full covariance matrix for GRACE (scenario 3)reand full covariance
matrices for RBFs and GRACE (scenario 4, black).



7.3. RESULTS 167

7.3.2 Regional test

While the previous test showed that the combination of GRAG&terrestrial data does
indeed lead to an improved solution, it was not an entiredyisdc test. The terrestrial

data were only contaminated by white noise, which may notrealéstic assumption. In

reality, we know little about the actual noise in terresttiata sets. A good noise model
Is however necessary for achieving good results when cantpbaifferent data sets, i.e.
terrestrial and satellite data in this case.

This regional test has three goals:

1. Use a more realistic noise realisation for the terrdstiaga set, and quantify the
effects resulting from this noise realisation in a combisehlition.

2. Show other effects of a combination in a regional settsgecially edge effects.

3. Prove that a single-layer RBF parametrisation is capafabeodelling both satel-
lite data and terrestrial data of significantly higher rasioh.

Data

For this second test, EGMO08 is once again used as a true nindetler to obtain a more
realistic noise model for the gravity anomalies, the ddfere between the Canadian
gravity data used in section 6.4.2 and gravity anomaliethggised from EGMO08 up to
degree 720 was computed. The differences are shown in figii2e the rms difference
is 5.3 mGal.

Figure 7.12: Pointwise differences between Canadian dat&a&MO08 gravity anoma-
lies up to degree 720.
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The differences contain both high- and low-frequency no&iace we are interested in
the effect that the addition of GRACE data has, the noisedhe tontained to a part of
the spectrum where GRACE can contribute to the solution. chieae this, the differ-
ence between the Canadian and the EGMO08 gravity anomakesd®a smoothed with
a Gaussian filter with 200km correlation length (figure 7.18)s assumed that EGM08
is an accurate gravity field model especially at low freqiesic This low-frequency
error must be caused by errors in the Canadian gravity anesnaind is thus an accu-
rate noise model. A similar aprpoach has been used by Huaalg(008) to quantify
long-wavelength errors in North American gravity data.

Figure 7.13: Pointwise differences between Canadian detd&&MO08 gravity anoma-
lies up to degree 720, smoothed with a Gaussian filter witlk@0€orrelation length.

This difference is added as noise to synthetic gravity aties)aomputed from EGM08
up to degree 720. The resulting data set, with EGMO08 up toedetfs0 removed to avoid
edge effects, represents terrestrial data in the test.eldaa contains no high-frequency
errors since we are only interested in the effect of the caatimn with GRACE, which
does not contribute to the high frequencies.

yT = Ag (EGMO8[Z)) + fa0aum (Abcanada — A9 (EGMOE) ) . (7.19)

GRACE data are expressed using a set of EGMO08 potential ceeits up to degree 170
corrupted by a noise model. The noise model is describedciioser.3.1. EGMO08 up
to degree 150 is used as background model. Hence, the otisesvare given as

ys=EGMO08H 9+ es. (7.20)

The noise spectrum of the terrestrial data set was compytegroximating the noise
realisation with RBFs and translating the solution intoesjdal harmonics according to
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eq. (2.26). Figure 7.14 shows the spectra of the noise adialisfor both data sets. Both
lines intersect at degree 120, meaning that the GRACE datddmprove the solution
up to degree 120. It is interesting to note that the spectriithe noise realisation
for the terrestrial data is approximately flat. This mearat the use of white noise
in the previous test was a valid one, and that the assumpfiovhibe noise for the
stochastic model in this test should yield good solutiontheOreal terrestrial data sets
may however behave differently.
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Figure 7.14: Dimensionless degree variances of noiseseglns for simulated satellite
data (red) and simulated terrestrial gravity anomalies€qy.

Results will be compared to EGMO08 from degree 151 to degr@e 72

Reference solutions

All computations were performed using a level 900 Reutat gith Poisson wavelets of
order 3 placed at a depth of 120 km. This parametrisationdgaeh good approximation.
Three reference solutions were computed:

1. A solution using noise-free gravity anomalies as inp@ada&his solution verifies
whether the chosen RBF parametrisation is capable of modelie input data.

2. A solution using only the gravity anomalies with the whiteise realisation as
input data. This solution shows the effect of the noise ingifaity anomalies on
the estimated gravity field.

3. A solution using only the GRACE potential coefficientstwibloured noise reali-
sation as input. This solution shows the quality that candtained for a GRACE-
only gravity field.

The potential errors resulting from a reference solutiomgishe noise-free gravity
anomalies is shown in figure 7.15. The RBFs were placed at th aéd20 km. The
approximation error is 0.06 mGal, the rms with respect to EBB8Meoid heights is 2.9
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Figure 7.15: Gravity potential error using noise-free gsaanomalies.

cm. The errors are mostly due to edge effects (confined tamithof the edge), with
small errors visible in areas with data gaps.

The error rms of a solution computed from the gravity anoesationtaminated with the
chosen noise depends on the parametrisation chosen. bssgme level 900 @ 120
km depth solution, the rms geoid height errors amount to 50 @ime errors can be
reduced by using RBFs with decreased sensitivity to longaleggths. The rms error is
reduced to 17.6 cm by choosing 80 km as depth, and further7torb.by starting the
summation in eq. (6.7) at degrgg, =151. The potential errors for all three solutions
are shown in figure 7.16.

A GRACE-only solution using the potential coefficients withlored noise added results
in a rms geoid height error of 28.3 cm, using RBFs at 600 kmidepta level 180 grid.
Regularisation was necessary in order to achieve a staloliégoso The error plot (figure
7.6) shows that the resulting errors are of a high-frequeatyre.

Combined solutions should improve with respect to thesatisis.

Combined solution

A combined solution was computed by using both the simul&BACE observations
(potential coefficients with colored noise realisation)l gmavity anomalies as observa-
tions in a joint estimation according to eq. (7.9). Two sc@sawere considered:

1. Using only a diagonal covariance matrix for the GRACE obsigons.

2. Using the full GRACE covariance matrix.
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With both scenarios, the Poisson wavelets were placed gith o0& 120 km on a level
900 Reuter grid. This parametrisation was able to produasod golution in the noise-
less test case. The resulting geoid height errors are listedble 7.2. Error plots for the
two combined solutions are shown in figure 7.18.

| scenario | geoid height error rms
Ag only, level 900 @ depth 120 km 50.0cm
Ag only, level 900 @ depth 80 km 17.6 cm
Ag only, level 900 @ depth 80 ki, = 151 5.7cm
GRACE only 28.3cm
Ag + GRACE, diagonal covariance matrix 5.8cm
Ag + GRACE, full covariance matrix 6.0cm

Table 7.2: Resulting geoid errors for different scenarios.

Errors for the combined solution can be reduced by a few mnhbgsing 80 km instead
of 120 km as depth. While both solutions offer a significanpiavement over thé&g-
only solutions withl, = 0, they are of the same quality as thg-only solution at 80
km depth withlj, = 151. Suppressing the long-wavelength errors by pararagtrs
has in this case the same effect as adding more accurate/atices.

Using the full GRACE covariance matrix does lead to sligltisger errors than using

the diagonal covariance matrix. This is most probably cdibryean inaccurate stochastic
model for the terrestrial data, since the assumption ofeviise is only approximately

correct.

No combination with an RBF solution computed only from GRAG&a has been per-
formed as no new insights compared to section 7.3.1 wouldtrsem such a test: A
good solution can only be obtained by using the full covareamatrix for the RBF
coefficients, which lead to the identical solution as ushey$H coefficient.
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Figure 7.16: Gravity potential error of gravity anomalyipsolutions with noise real-
isation: 900 @ 120 km solution (top), 900 @ 80 km solution {eN 900 @ 80 km
solution withlyin = 151. Note the different scaling of the colorbars.
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Figure 7.17: Gravity potential error of the GRACE-only sada.
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Figure 7.18: Gravity potential error of the combined san$ with diagonal (top) and
full (bottom) covariance matrix for GRACE data.
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7.4 Summary and conclusions

This chapter investigated methods of combining satellié &rrestrial data into one
solution. It has been established that a remove-restom®agip only helps in suppress-
ing edge effects, but not in removing long-wavelength emnothe terrestrial data by
combination with more accurate satellite data.

A better combination was attempted by computing a combiokdien using both satel-
lite and terrestrial data as input in a joint estimation.slas performed using two test
cases: A global test case with a white noise realisatiorecomating the terrestrial data;
and a regional test case with simulated low-frequency ramsgaminating the terrestrial
data. In both cases, realistic noise computed from the IT&€&3s covariance ma-
trix (Mayer-Gurr, 2007) was applied to the satellite datay viBorking in a simulated
environment, comparisons to a true field could be made.

Both test cases showed that a combined solution computdadsmtanner results in
significantly improved quality compared to a remove-restmombination. Whether or
not the full covariance matrix was used for the GRACE datadrdyg a small impact on

the quality of the solution. Both cases also proved that glsilayer of RBFs is capable
of modelling the entire signal of both satellite and temiastata.

The global test case made use of white noise for the temedita. The regional test
case tried to use a more realistic low-frequency noisegatin, which also exhibited
white noise characteristics. As a result, the assumptionhatfe noise in the stochas-
tic model of the terrestrial data was sufficient in both casexe white noise was the
stochastic model used for the terrestrial data in the esittnmal he presence of coloured
noise could lead to a significantly worse quality of the camebli solution unless a more
accurate stochastic model for the terrestrial data is USedh a model could be applied
by making use of a frequency-dependent weighting approsdescribed in section 5.2.
The difficulty would lie in the estimation of the noise model.

For the global test case, the use of an RBF solution estin@tdfrom satellite data
as input for a joint estimation was investigated. A good iyalf the solution could
only be achieved when the full covariance matrix for the inRBFs was used. There
are indications that the correlations between RBF coeffisi@ are much stronger than
between SH coefficients,,. Hence, a data combination on the level of a RBF solution
needs to take the full covariance matrix into account. Thissdhot result in a reduced
numerical complexity compared to the use of SH potentiaffaeents, which can be
used with a diagonal covariance matrix.

The regional test case showed that a solution which supgséssg-wavelength errors
in the terrestrial data by the choice of the parametrisai@f comparable quality as a
joint solution making use of satellite data. The suppressgias achieved by placing the
basis functions shallow and starting the summation at amim degreéy,, that corre-
sponded to the truncation degree of the subtracted refereondel. Other data sets may
however lead to different results. When more energy is ¢oathin the low-frequency
errors than in the test case, leakage may occur and negatfiett the solution. This has
previously been experienced (in the other direction, wighrequency signal leaking
into the estimation) during the computation of multi-scadéutions (section 2.7).
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Chapter 8

Summary, conclusions and
recommendations

8.1 Summary and conclusions

The research presented here aimed at developing a metiggdoloregional gravity
field modelling. At the start of the research, a choice wasanadise RBFs as a repre-
sentation. Poisson wavelets of order 3 were chosen as Kematlon, after which two
main issues were identified that have to be optimised for éath set: RBF network
design and bandwidth.

Network and bandwidth selection

Testing with various grid types has proven that Reuter gaidswell suited for RBF
placement. An RBF solution obtained from a leydReuter grid is comparable to a SH
solution of degreg. If sufficient information about the data density and sp@ontent
is present, a choice of the Reuter grid level can be made ittithdxperimentation. Two
semi-automatic algorithms were developed to counter aued-underparametrisation:
Data adaptation and local refinement. Data adaptation resmBBFs that do not have
observations within their influence radius from the estioratLocal refinement places
additional basis functions in areas of large residualg aftenitial estimation, and yields
a good approximation regardless of the initial grid choice.

The optimal bandwidth is estimated using an optimalityecrdn. This can either be the
data fit or the fit to a reference model, if available. Smoothtgms are obtained when
the basis functions are placed deep, but at depths thaal&tilv for stable solutions for
the chosen network.

Parameter estimation

RBF coefficients are estimated by least-squares using a&e€kokolver. To handle the
large amounts of data that are encountered, the analy$igasefhas been numerically

177
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optimised and parallelised for hybrid high performance patar architectures. This
results in a program that can handle very large data sets éasonable amount, i.e.
minutes, of computing time. This is especially importamicei multiple program runs
may be required to find the optimal RBF network and bandwidth.

Modelling of satellite data

The RBF approach was used for gravity field modelling fromadatllected by the

GRACE satellite mission. It made use of the functional maaled data previously

developed at DEOS for use with spherical harmonics. Thikided the implementa-

tion of the optimal filter scheme of Klees et al. (2008b) foe tise with RBFs. The

approach was tested using two real-world applications: rEeevery of ice mass loss
in Greenland and Antarctica, and the monitoring of wateragje variations. For unfil-

tered solutions, it could be shown that RBF solutions odigper spherical harmonics,

especially in terms of spatial resolution, and that no aolaitl smoothing is required.

Optimally filtered solutions are of much higher quality thanfiltered ones, and reduce
the differences between spherical harmonic and RBF solsitiexcept for some minor
indications (a negative signal in Antarctica that is botbrsby ICESat and the RBF so-
lutions, but not by DMT-1; better trend estimate for Laketdita), no significant benefit

due to the use of RBFs instead of spherical harmonics couldurel, unless a reduced
numerical complexity by computing regional solutions isstainto account.

Modelling of terrestrial data

Besides satellite data, the RBFs were also employed for tuehing of terrestrial data.
Computations were performed using two data set, coveriagtntheastern USA and
eastern Canada. With both data sets it was proven that RBRsecased for computing
high-resolution gravity fields from large amounts of datdeTuse of the data adaptiv-
ity and local refinement algorithms yielded good solutioegardless of the grid spac-
ing chosen for RBF placement. The qualitative comparisoti¢otwo official geoids
GEOID03 and CGGO05 was not entirely satisfactory, which isdwe to the RBF ap-
proach, but can be attributed to different data and procgssiategies: rms errors of
several centimetres remained.

Combined modelling of satellite and terrestrial data

Finally, approaches for the combination of satellite andetdrial data where investi-

gated in both a global and a regional simulated setting. utccbe shown that a joint

estimation using satellite and terrestrial data and theesponding stochastic models
yielded a significantly better quality of the solution th&e remove-restore approach,
since at long wavelengths satellite data is of higher qudatan terrestrial data. The
combined solutions were computed using one layer of RBF$&hwis test computa-

tions showed was the only working parametrisation.

It can be summarised that RBFs can be considered as an siseablparametrisation
for both regional and global gravity field modelling. The hmedology developed with
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this research can be employed for all types of gravity dats, $®m local terrestrial
measurements to global satellite observations. A numirietiicient implementation
that can handle large data sets exists.

8.2 Recommendations for further research

During the course of the research presented here, addities@arch questions were
formulated that could not be dealt with in a timely manner arelsuggested for further
research.

General issues

The choice of the bandwidth of the RBFs is important for thaliqyiof the RBF solution.
The bandwidth estimation using a post-fit criterion may Hotags be satisfactory. It
should be investigated if it is possible to relate the oplibadwidth to the data’s auto-
covariance function; the bandwidth estimate could be usetktive the necessary grid
spacing.

Modelling of satellite data and optimal filtering

Here, GRACE modelling made use of the assumption of whiteeyar a frequency-
dependent weighting scheme (see section 5.2) using a simjde model. GRACE
modelling could benefit from an improved stochastic modat ik constructed from
post-fit residuals (Siemes and Liu, 2009). Basin averagksnest likely not be signifi-
cantly affected.

The determination of the observation accuracys a critical factor in the optimal fil-

tering scheme (see section 5.3.3), sifice (;N+D~*)~'h. Here, both an external
calibration and the post-adjustment noise level were u$ieid.suggested to look into
the possibility of using variance component estimationtfiis purpose; the noise level
should be individually estimated and applied for each month

Siemes et al. (2009) have developed an improved trend andlsigplitude estimation

algorithm. The full covariance matrix of each monthly sauatis used in the estima-
tion of the trend and amplitude parameters in eq. (5.20),usmfittered SH coefficients

are used as input. The resulting trend is then optimallyréitte This algorithm yields

improved spatial resolution and larger signal amplitud&€his approach needs to be
extended to RBF parametrisations.

Currently, the signal covariance matrix that is neededHerdptimal filter is computed
in the spatial domain (see section 5.3). Each monthly smiug used to synthesise a
spatial representation in EWH; the variance of each grichfpisi computed, and this
spatial signal covariance matrix is then transformed ineoRBF basis by RBF analysis.
Using above improved trend and signal amplitude estimatigarithm, it is possible to
compute the signal covariance matrix directly from the RBEfficients. This approach
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would eliminate the synthesis/analysis steps and woulti@glect correlations between
the coefficients.

A longer GRACE time series would make it possible to computeanly one signal
covariance matrix for the whole time span, but individuatmeas e.g. for each month.
This mightimprove the quality of the solution by allowing faore signal to be modelled
in months of strong signal variation.

It has proven difficult to compare and validate GRACE modeils @ a lack of accurate
reference data and models. This makes it difficult to compage SH and RBF solu-
tions and prove the benefits (or drawbacks) of RBF modellgre and higher quality
external data sets that can be used for validation are emtjtordefinitely assess whether
RBFs offer benefits over spherical harmonics in regard toityréield modelling from
GRACE.

Modelling of terrestrial data

Accurate terrain corrections might be required to smoothitiput data for terrestrial
gravity field modelling. This would lead to an improved approation quality in re-
gions of rugged topography (mountains). One method for edatjpn of terrain correc-
tions that can be used is the RTM (residual terrain modelpgroach by Forsberg and
Tscherning (1981). Using this approach might also requieg¢duction of satellite data
prior to computing a combined solution.

Combined solutions

So far, computing combined solutions using both satellité &rrestrial data with the
RBF approach has only been investigated using simulatedsé#s. The findings should
be verified using a suitable setting with real data sets. Aowebf computing an accu-
rate stochastic model of the terrestrial data set may bereztju

Other applications

Gravity field modelling with RBFs can now be considered aml@gthed and proven
methodology. It is suggested to use them for other apptinatthan those covered
here. All computations presented here made use of Poissaietsof order 3 as kernel
choice. These might not be a satisfactory choice for apjpbiea other than those pre-
sented here, in which case alternatives need to be invesdigh is then recommended
to try harmonic splines Eicker (2008) as representation.

RBFs can be used for the computation of static gravity fieldsnfseveral years of
GRACE data. They are a natural candidate for modelling GO@&ta, ceither for full
modelling or for regional refinement of lower-resolutiorhepcal harmonic models as
done by Eicker (2008).

Currently, all RBF models computed from GRACE data are staitddels, since the
signal is assumed to be constant over the time span of the dapa, i.e. one month.
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At DEOS, an approach has been implemented that takes tinabildy into account
(Siemes and Liu, 2009). While this approach makes use ofgahbarmonics, it could
easily be applied to RBFs.

At DEOS, RBFs are already employed for marine geoid modgllirsing a combina-
tion of radar altimetry and gravimetry data (Slobbe et @02b). The goal is the joint
estimation of the geoid and the mean dynamic topography.

While the research presented here has focused excluswahodelling of satellite and
terrestrial gravity data, a third method of gravity datalection is increasingly used:
Airborne gravimetry. Using aircraft as measurement ptatfallows for the gather-
ing of high-resolution data over larger areas than teiigstiethods in much shorter
amounts of time. Data gathering is not limited to areas atlkesby vehicle.

Much of the challenge in airborne gravity field modellingslisn the pre-processing
of the data. Alberts (2009) has developed a new methodolwgtycombines the pre-
processing steps and gravity field estimation, and perfasast equal compared to
traditional methods. The chosen gravity field represemtatiising fundamental solu-
tions of Laplace’s equation in Cartesian coordinates, isdver somewhat limited to

rectangular areas and homogeneous data distributionspdraicity of the represen-

tation also leads to edge effects. RBFs, employing the addgtive and local refinement
algorithms developed here, suffer no such limitation. feisommended to combine the
approach of Alberts (2009) with RBFs as gravity field repnéggon for airborne gravity

field modelling.
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