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Abstract We introduce computable actions of computable groups and prove the fol-
lowing versions of effective Birkhoff’s ergodic theorem. Let I" be a computable
amenable group, then there always exists a canonically computable tempered two-
sided Fglner sequence (F}),>1 in I". For a computable, measure-preserving, ergodic
action of I" on a Cantor space {0, 1} endowed with a computable probability mea-
sure [, it is shown that for every bounded lower semicomputable function f on
{0, 1}Y and for every Martin-Lof random w € {0, 13N the equality

1
Jin 3 s o) = [ rau
Pl 2

holds, where the averages are taken with respect to a canonically computable tem-
pered two-sided Fglner sequence (F},),>1. We also prove the same identity for all
lower semicomputable f’s in the special case when I” is a computable group of poly-
nomial growth and F,, := B(n) is the Fglner sequence of balls around the neutral
element of I".
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1 Introduction

A classical ergodic theorem of Birkhoff asserts that, if ¢ : X — X is an ergodic
measure-preserving transformation on a probability space (X, ), then for every f €
L'(X) we have

N I

Jim 23 ) = [ rau (1)
i=

for u-a.e. x € X. Werefer, e.g., to [4, Chapter 11] for the proof. A celebrated result of

Lindenstrauss [9] gives a generalization of Birkhoff’s ergodic theorem for measure-

preserving actions of amenable groups and ergodic averages, taken along tempered

Fglner sequences.

One may also wonder if the averages in (1.1) converge for every Martin-Lof ran-
dom x and every computable f. An affirmative answer was given by V’yugin in
[14] for computable f’s. Later, it was proved in [2] that the ergodic averages in (1.1)
converge for every lower semi-computable f and every Martin-L6f random x.

In so far, the effective ergodic theorems have only been proved for actions of Z,
and it is a natural question if one can generalize effective Birkhoff’s ergodic theo-
rem for measure-preserving actions of more general groups (for instance, the groups
74, groups of polynomial growth and so on). However, one must first define com-
putable actions of groups appropriately. In this article we define computable actions
of computable groups in a natural way in Section 2.5, which agrees with the ‘clas-
sical’ definition in the case of Z-actions, and obtain the following generalizations of
the results from [2]. First of all, we derive a generalization of Kucera’s theorem in
Section 3.1, which is the main technical tool of the article.

Theorem Let I' be a computable amenable group and ({0, 1}Y, u, I') be a com-
putable ergodic T'-system. Let U C {0, 1} be an effectively open subset such that

uU) < 1. Let
U= (g 'U
gerl’

be the set of all points w € {0, 1} whose orbit remains in U. Then U* is an
effectively null set.

Using this generalization of Kucera’s theorem and the results of Lindenstrauss, we
derive the first main theorem in Section 3.2. To simplify the notation, we denote the

averages by Eoer := |—}‘ >
geF

Theorem Let I be a computable amenable group with a canonically computable
tempered two-sided Folner sequence (F,),>1. Suppose that ({0, LN, w, I') is a com-
putable ergodic I'-system. For every bounded lower semicomputable f and for every
Martin-Lof random o € {0, 1}N the equality

ngrgoEganf(g~w)=/fdu

holds.
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In a special case, when I" is a computable group of polynomial growth, we are
able to remove the boundedness assumption on f and prove the following version of
effective Birkhoff’s ergodic theorem.

Theorem Let I be a computable group of polynomial growth with the Fglner
sequence of balls around e € I' given by

Fo={gel:|gl<n} forn>1

Suppose that ({0, 1}N, w, I') is a computable ergodic I'-system. For every lower
semicomputable f and for every Martin-Lif random o € {0, 1} the equality

Jim Eer, £(g-0) = [ fd

holds.

2 Preliminaries
2.1 Computable Amenable Groups

In this section we will remind the reader of the classical notion of amenability and
state some results from ergodic theory of amenable group actions. We stress that all
the groups that we consider are discrete and countably infinite.

Let I" be a group with the counting measure |-|. A sequence of finite subsets
(Fy)n>1 of I' is called

1) aleft Fglner sequence (resp. right Fglner sequence) if for every g € I" one has

| Fn Ag Fy ( | Fn AFy gl )
— 2 " 50 resp. —— — 0 ;
[ Frl [ Frl

2) a(C-)tempered sequence if there is a constant C such that for every j one has

\JF'Fi| < CIF;L.
i<j

A group is called amenable if it has a left Fglner sequence. A sequence of finite
subsets (Fy,)n>1 of I is called a two-sided Fglner sequence if it is a left and a right
Fglner sequence simultaneously.

We refer the reader, e.g., to [13] for the standard notions of a computable function
and a computable/enumerable set, which will appear in this article. A sequence of
finite subsets (Fy),>1 of N is called canonically computable if there is an algorithm
that, given n, prints the set F,, and halts. Formally speaking, for a finite set A =

k

{x1,x2, ..., xx} C N, we call the number I(A) := > 2% the canonical index of
i=1
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A. Hence a sequence (F,),> of finite subsets of N is canonically computable if and
only if the (total) function n — I(F},) is computable.

A group I with the composition operation o is called a computable group if,
as a set, I" is a computable subset of N and the total function o : I x I’ — [ is
computable. It is easy to show that in a computable group I the inversion operation
g + g~ !is a total computable function. We refer the reader to [12] for more details.

Any discrete amenable group /" admits a two-sided Fglner sequence. Furthermore,
if the group is computable, then there exists a canonically computable two-sided
Fglner sequence. To prove that we will need the following result.

Lemma 2.1 Given a discrete amenable group I, for any finite symmetric set K C I”
such that e € I' and any ¢ > 0 there exists a finite subset F C I such that

|IKFK|— |F| <¢|F]. 2.1
We refer the reader to [10, 1.§1, Proposition 2] for the proof.

Lemma 2.2 Let I" be a computable amenable group. Then there exists a canonically
computable two-sided Fplner sequence (F),>1.

Proof First of all, observe that given K C I, ¢ > 0 as in Lemma 2.1 and a finite set
F C I' satisfying (2.1), we have

wF\Flfg
|F|

and

IFg\FISE
|F|

forall g € K. Let K, be the finite set of the first n elements of the computable group
I'. Then, foreveryn = 1,2, ... we apply Lemma 2.1 to the set K,, U Kn’1 U {e} and
&y := 1/n and find the finite set F,, with the smallest canonical index I(F;,) satisfying
(2.1). It is easy to see that (F},),>1 is indeed a two-sided Fglner sequence. ]

Every Fglner sequence has a tempered Fglner subsequence. Furthermore, the con-
struction of a tempered Fglner subsequence from a given canonically computable
Fglner sequence is ‘algorithmic’. The proof is essentially contained in [9, Proposition
1.4], but we provide it for reader’s convenience below.

Proposition 2.1 Let (F,),>1 be a canonically computable Fglner sequence in

a computable group I'. Then there is a computable function i +> n; s.t. the
subsequence (Fy,)i>1 is a canonically computable tempered Foglner subsequence.
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Proof We define n; ~inductively as follows. Let ny := 1. If ny, ..., n; have been
determined, we set F; := |J Fj, ;- Take for n;4 the first integer greater than i + 1
J<i
such that .
F”H—I AFFIFH:‘H ==

|Fi]

The function i — n; is total computable. It follows that

UFn_leﬂi+1 = 2 ’Fﬂiﬂ ’

J<i
hence the sequence (Fy;);>1 is 2-tempered. Since the Fglner sequence (F;),>1 is
canonically computable and the function i — n; is computable, the Fglner sequence

(Fy;)i>1 s canonically computable and tempered. ]

Let us state an immediate corollary.

Corollary 2.1 Let I' be a computable amenable group. Then there exists a canoni-
cally computable, tempered two-sided Fglner sequence (Fy),>1 in I.

The following result tells us that the lim sup of averages of bounded functions on
a group with a right Fglner sequence is translation-invariant.

Lemma 2.3 (Limsup invariance) Let I" be a discrete group with a right Fglner
sequence (Fy)y>1 and f € £° (I, R) be a bounded function on I'. Then

lim supEgcr, f(g) = limsupEgcr, f(gh).

n—oo n— 00

Proof A direct computation shows that for all n > 1

1 Zf(g)_ Z f(g) < |FnAFnh|'||f||oo

F, F,
Rl | 2 G |l

and the statement of the lemma follows since (Fy),>1 is a right Fglner sequence. [J

Remark 2.1 The statement of Lemma 2.3 does not hold for general amenable groups
and unbounded nonnegative functions. As a counterexample, take I" := Z with the
tempered two-sided Fglner sequence

F,=[-2"...,2"] forn>1

and define f : I" — N to be zero everywhere, except for points of the form 2 + 1,
where we let
f@ +1):=2F forallk > 0.

It is then easy to see that

lim SupEgeF,,f(g) # lim SUPEganf(g + D).

n—oo n—o0
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We will resolve this issue in the class of groups of polynomial growth in Lemma 2.5
in Section 2.2.

2.2 Computable Groups of Polynomial Growth

Let I" be a finitely generated discrete group and {y1, ..., yx} be a fixed generating
set. Each element y € I” can be written as a product y,”' y>* ... ;" for some indices
i1,02,...,0 € {l,..., k} and some integers p1, p2, ..., pi € Z. We define the norm

of an element y € I" by

I
Iyll=infy D ipil sy = Vflnfz--‘y,fl},
i=1

where the infinum is taken over all representations of y as a product of the generating
elements. The norm || - || on I” can, in general, depend on the generating set, but it is
easy to show [3, Corollary 6.4.2] that two different generating sets produce equivalent
norms. We will always say what generating set is used in the definition of a norm,
but we will omit an explicit reference to the generating set later on. Using this norm,
we define unit balls in I" as

B(n):={gerl: |gll <n} foralln>0.

We say that the group I" is of polynomial growth if there are constants C,d > 0
such that for all # > 1 we have

IB(n)| < Cn9.

Example 2.1 Consider the group 74 for d € N and let Vis-eos ¥d € 74 be the
standard basis elements of Z¢. That is, y; is defined by

vi()=8 (=1...,4d

foralli = 1,...,d. We consider the generating set given by elements » | (—1)%y;
kel
for all subsets I C [1,d] and all functions ¢. € {0, 1}1 . Then it is easy to see by

induction on dimension that B(n) = [—n, ..., n]d, hence
IBn) = 2n+ 1)? foralln e N
with respect to this generating set, i.e., Z¢ is a group of polynomial growth.

Let d € Z>o. We say that the group I” has polynomial growth of degree d if
there is a constant C > 0 such that

1y d
Cn <|B(n)| <Cn forall n € N.

It was shown in [1] that, if I" is a finitely generated nilpotent group, then I” has poly-
nomial growth of some degree d € Zp. Furthermore, one can show [3, Proposition
6.6.6] that if I" is a group and I’ < I is a finite index, finitely generated nilpotent
subgroup, having polynomial growth of degree d € Zp, then the group I" has poly-
nomial growth of degree d. The converse is true as well: it was proved in [7] that, if
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I' is a group of polynomial growth, then there exists a finite index, finitely generated
nilpotent subgroup I’ < I'. It follows that if I is a group of polynomial growth, then
there is a constant C > 0 and an integer d € Zxo, called the degree of polynomial
growth, such that

l d d
Cn <|B(n)| <Cn foralln € N.

An even stronger result was obtained in [11], where it is shown that, if I" is a group
of polynomial growth of degree d € Zx, then the limit

) IB(n)
cr = lim
n—oo nd

(2.2)

exists.

Lemma 2.4 Let I" be a group of polynomial growth. Then (B(n))n>1 is a tempered
two-sided Fgplner sequence in I'.

Proof We want to show that for every g € I"
|gB(n) AB(n)|
im ———— =
n=0  [B(n)]
Letm := | g|| € Z>o. Then gB(n) € B(n + m) and g 'B(n) € B(n + m), hence

IgBm)AB(m)| _ 2[B(n+m) \Bm)| _ 2(B( +m)| — [B(n)]

< < — 0,
|B(n)] |B|(n) |B(n)]

where we use the existence of the limit in (2.2). Similarly, we use the relation
B(n)g € B(n + m) to show that (B(n)),>1 is a right Fglner sequence. The sequence
(B(n))u>1 is tempered, since

IB(n — 1) -B(n)| < [BQ2n)| < C?27 [B(n)]
foralln > 1. O

As promised in Remark 2.1, we prove now that the lim sup of averages of arbitrary
nonnegative functions on a group of polynomial growth I” is translation invariant.

Lemma 2.5 (Limsup invariance) Let I" be a group of polynomial growth and define
the Folner sequence of balls around e € I" by

F,={gerl:|gll <n} forn>1.
Let f : I' — Rxq be a nonnegative function on I'. Then

limsupEger, f(g) = limsupEecr, f(gh)
— 00

n—oo n

forallh e I'.

@ Springer



1276 Theory Comput Syst (2018) 62:1269-1287

Proof Let S C I' be the finite generating set, which is used in the definition of the
norm || - || on I". Since the statement of the lemma is ‘symmetric’ and since the set S
generates I, it suffices to prove that

lim supEgan f(g) = lim supEgan f(gh)

n—o00 n—o00

forallh € SUS™!. We fix an element & € SUS~!L. Itis clear that F,h C F, 41, hence

. . 1
lim supE,cr, f(gh) < limsup Z f(g).

F
e oo Il S8

But

. | Fyy1l
> f(g) =limsup Eeer,, f(8)

n+
F
g€ Fns1 n—oo | Ful

and |Fy,4+1|/ |Fu| — 1 as n — oo, which implies that

1
lim su
n%oop |Fn

. 1 .
lim sup Z f(g) =limsupEgcp, f(g),
n—o0 |Fn | n—o00
8€F+1
and the proof is complete. O

Whenever discussing computable groups of polynomial growth, we will always
assume that the generating set is known and fixed. We state the following lemma.

Lemma 2.6 Let I be a finitely generated group with a distinguished set of
generators {y1, ..., Yi}. Then the following assertions hold:

(@) The sequence of balls (B(n)),>1 is a canonically computable sequence of finite

sets;
(b) The growth function n — |B(n)|, Z>o — N is a total computable function;
(¢) Thenorm || - || : I' = Zx>o is a total computable function.

The proof of the lemma is straightforward.
2.3 Ergodic Theory

Let X = (X, B, 1) be a probability space. A measurable transformation ¢ : X — X
is called measure-preserving if

w(p Ay = pu(A) forall A € B.

A measure-preserving transformation ¢ : X — X is called an automorphism if
there exists a measure-preserving transformation ¢ : X — X such that

poY =vop=idy wn—ae.

We denote by Aut(X) the group of all automorphisms of the probability space X.
Given a discrete group I, a measure-preserving I"-system! is a probability space

I'To simplify the notation, the shorter term ‘I"-system’ will also be used.

@ Springer
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X = (X, B, ), endowed with an action of I" on X by automorphisms from Aut(X).
We denote a measure-preserving I”-system on a probability space (X, B, u) by a
triple (X, i, I") and we write g - x, where g € I', x € X, to denote the corresponding
action of I" on elements of X.

Let X = (X, u, I') be a measure-preserving I"-system on a probability space
(X, B, ). We say that X is ergodic (or that the measure x on X is ergodic) if, for all
A € B, the condition

u(y 'AAA) =0 forally e I’

implies that (A) = 0 or u(A) = 1. That is, X is ergodic if only the trivial sets are
essentially invariant under I".

The simplest ergodic theorem for amenable group actions is the mean ergodic
theorem, which we state below. For the proof we refer the reader to [6, Theorem
3.33].

Theorem 2.1 Let (X, i, I') be a measure-preserving, ergodic I"-system, where the
group I' is amenable and (F,),>1 is a left Fplner sequence. Then for every f €
L2(X) we have

lim Eyep, fog = / fdu,
n—o0
where the convergence is understood in L (X)-sense.

Pointwise convergence of ergodic averages is much more tricky, in particular,
pointwise ergodic averages do not necessarily converge, unless the Fglner sequence
satisfies some additional assumptions. The following important theorem was proved
by E. Lindenstrauss in [9].2
Theorem 2.2 Let X = (X, u, I') be an ergodic measure-preserving I -system,
where the group I is amenable and (Fy,),>1 is a tempered left Fglner sequence. Then
for every f € L1(X)

lim Becer, £(g ) = [ fau
n—oo
for p-a.e. x € X.
2.4 Computability on Cantor Space and Martin-Lo6f Randomness
In this section we remind the reader some standard notions of computability on Can-

tor space. All of these notions have analogs on computable metric spaces as well, and
we refer to [5, 8] for the details.

2In fact, a more general statement is proved there, but we only need the ergodic case in this work.
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Throughout the article we fix some enumeration of Q = {q1,¢2,q2,...}. We
use the standard notions of a computable real number and of a lower/upper semi-
computable real number. A sequence of real numbers (a,),>1 is called computable
uniformly in 7 if there exists an algorithm A : N x N — @ such that

|A(n,i) —ay| <2 foralln,i > 1.
We fix the lexicographic enumeration
{0, 1} = {wy, wa,...}

of the set of all finite binary words, where, firstly, appears the block of all words of
length 1 ordered lexicographically, then the block of all words of length 2 ordered
lexicographically and so on. Let

W] = {w: @ = wo' for some o’ € {0, 1}N} c {0, 1}V

be the cylinder set of all words that begin with a finite word w € {0, 1}*. A set
U < {0, 1}N is called effectively open if there is a recursively enumerable subset
E C N such that

U= Jiwil.

ieE
A sequence (U,),>1 of sets is called a uniformly effectively open sequence of sets
if there is a recursively enumerable set £ € N x N such that

U= | [w;] foralli> 1.
(i.))eE

A mapping ¢ : {0, N — {0, 1}V is called computable if ((p_l([wi]))izl is
uniformly effectively open, that is, there is a recursively enumerable set £, € N x N
such that

¢ ([wil) = U [w;j] foralli > 1.
(i,))€E,
A function £ : {0, 1}V — R> is called lower semicomputable if the sequence of
sets (£~ ((gn, 400)))n>1 is uniformly effectively open.
Let u be a Borel probability measure on {0, N, we say that u is a computable
measure’ if
p(wip TU [wip U - - U [wi 1)

is computable uniformly in iy, ..., i > 1.
Suppose that 4 is a computable probability measure on {0, 1}N. A Martin-Lof
p-test is a uniformly effectively open sequence of sets (U,),>1 such that

w(Uy,) <27 foralln > 1.

30ne can also restrict to the measures ([w]) of the cylinder sets and require uniform computability of
these only.

@ Springer



Theory Comput Syst (2018) 62:1269-1287 1279

Any subset of [ Uy, is called an effectively -null set. A point w € {0, 1}V is called
n>1
Martin-Lof random if it is not contained in any effectively u-null set.

2.5 Computable Dynamical Systems

Now, let I" € N be a computable group, which acts on {0, 1} by homeomorphisms.
We say that the action of I" is computable if there is a recursively enumerable subset
E C I' x N x N such that

y'(wid= |J [w;] foralli>1yer.
(v.i,J)EE

In general, checking the computability of the action of a computable group I”
on {0, 1}N can be trickier than checking computability of a single transformation.
Imagine a Z-action on {0, 1} with the generating element ¢ € Z. Can it happen
that both ¢ and ¢! act by computable transformations on {0, 1}, while the action
of Z on {0, 1} is not computable? Fortunately, the answer is ‘no’: the following
lemma tells us that for an action of a computable finitely generated group it suffices
to check computability of transformations in a finite symmetric generating set to
guarantee the computability of the action. The lemma also shows that the terminology
of computable group actions which we suggest in this article is compatible with the
classical case, when there is only one computable transformation.

Lemma 2.7 Let I" be a finitely generated computable group with a finite symmetric
generating set S C I'. Suppose that I" acts on {0, 1} by homeomorphisms, and,
furthermore, that for each y € S the transformation

y {0, 3N — (0, )"

is computable. Then the action of I" on {0, 1}Y is computable.

Proof Given a fixed finite symmetric generating set S = {y1, y2, ..., yn}, we will
denote by B(n) the corresponding balls around the neutral element e € I' with
respect to the norm determined by S. Since y1, 2, . .., ¥~ are computable endomor-
phisms of {0, I}N, there are recursively enumerable subsets Ey, E», ..., Ex such
that

v '(wih= [ J [w;] forallk=1,....,N,i>1
(i, J)€E}

We will describe an algorithm, which enumerates the set E. At stage n, the algo-
rithm first computes the finite set B(n) C I by computing all products of the
elements of S of length at most n. For each word

YirVip---Yie =¥ € B(n)
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we have forall i > 1
yHawa) = v v v awid =y vt U il

(i, jOEE;,
-1 -1 -1
=V Yy Vi U U [WjZ]

(i,jD€EEi; (j1,)2)€Ei,

U U U U [W;].

(i, JD€E; (j1.)2)€Eiy (j2./3)€Ei;  (jk—1.Jk)€E;

We compute the first n pairs (i, j1) € E;,, for each of these pairs we compute the
first n pairs (ji, j2) € E;, and so on up to the first n pairs (jix—1, jx) € E; (where
Jk—1 comes from the one but the last step). The algorithm prints all resulting triples
(y, 1, ji), and proceeds to the next word (or the next stage, if all words at the current
stage have been exhausted).

Since, at each stage n, we look through all products of length at most n, it is easy
to see that

ylawi = J Iwl
(r.i,j)€E

for all i > 1, and, furthermore, the set E is recursively enumerable. O]

A computable Cantor I” -system4 is a triple ({0, I}N, wu, I'), where u is a com-
putable measure on {0, 1} and I" acts computably on {0, 1} by measure-preserving
transformations.

Remark 2.2 The notion of a computable action of a computable group which we sug-
gest directly translates to arbitrary computable metric spaces. Furthermore, Lemma
2.7 remains valid in the more general setting.

To finish this section, we give a basic example of a computable Cantor system.

Example 2.2 Consider the group Z¢ and let 1 : Z¢ — N be a computable bijection
s.t. Z¢ is a computable group when viewed as a set 1(Z¢) = N. Z¢ acts on the

compact space {0, 1N = o, 1}’(Zd) by shift transformation:
g0 =wig+:'() forgeZ! yeN o0 1}

Fix a Bernoulli product measure on {0, 13N, Since the action of Z? on {0, 1}V
maps cylinder sets to cylinder sets with the same number of defining conditions, we
deduce that this action is measure-preserving. It remains to show that the action is
computable. Lemma 2.7 tells us that it is enough to show the computability of trans-
formations y; : > ¥; - @ for some symmetric generating set 1, .. ., y2q of Z¢. Fix

40r a computable I'-system for short, since we only consider dynamical systems on Cantor space in this
article.
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an arbitrary generator y. We want to find recursively enumerable set £, € N x N
such that

Y (wil) = U [w;] foralli > 1.

(i,j)€E,
Preimage of a cylinder set
(wl={x {0, )N :x; =wi,x0=wa, ..., xx = Wi}
is a cylinder set
yiwl={x e (0, 1N i xj = wi,xj, = wa, .o, X = Wi,
where the indexes ji, ja, ..., jr can be computed from the index of the word w €

{0, 1}*. Hence the set E, can be obtained as follows. At stage n > 1, we test the first
n indexes i and the first n indexes j. For a given pair (i, j), we check if the word w;
belongs to the cylinder set y_l [w;]. If it does, then the pair (i, j) is added to E,,.

3 Effective Birkhoff’s Theorem
3.1 Kucera’s Theorem

In this section we generalize Kucera’s theorem for computable actions of amenable
groups. In the proof we follow roughly the approach from [2], although the technical
details do differ.

Theorem 3.1 Let I" be a computable amenable group and ({0, 1N, u, I') be a
computable ergodic I'-system. Let U C X be an effectively open subset such that

uU) < 1. Let
U= (e 'U
gel’

be the set of all points w € {0, 1} whose orbit remains in U. Then U* is an
effectively null set.

Proof Let (Fy),>1 be a canonically computable two-sided Fglner sequence in I" and
n(U) < g < 1 be some fixed rational number. Let (/;);>; be the basis of cylinder
sets in ({0, 1}, p). Let

(i, k) n(, k), NxN-— N @3.1)

be some total computable function, which will be chosen later, and define a
computable function m by

m(i, k) :=|Fuip| forik>1.
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Since Uy := U is effectively open, there is a r.e. subset Eg € N such that Uy =

\J 7 is a union of disjoint cylinder sets. Since the action of I" is computable and
ieEy
since (Fy),>1 is canonically computable, the sequence

i~ L0 () & 'W
8E€Fu(i1

is a uniformly effectively open sequence of sets. Let

vi=J [0 ) '],

iEE() gEFn(l‘.l)

then, clearly, Uy C Uy is an effectively open set and U* C Uj. Since Uj is an

effectively open set, there is a r.e. subset E; € N such that Uy = [ I; is a union of
iEE]
disjoint cylinder sets. Suppose that

wlLin ﬂ g ') | <qup) +q-27" foralli > 1. (3.2)
8€Fui,1

The cylinder sets (I;);cE, are pairwise disjoint, hence u(Uy) < gu(Up) +q.
We want to apply the same procedure to U; and so on to obtain a sequence of
uniformly open sets with almost exponentially decaying measure. So, in general, let

k > 1 and suppose that Uy_; = |J I; is a disjoint union of cylinder sets for an r.e.
ieEr_
subset E;_;. We let

= [0 N '@ )= 60 ) U ¢ 'up

i€Er—1 8€Fu(in) i€Er_ 8€Fuikyj€EK—1
m(i,k)
-1
-UJ U Lo (e dio ],
P€EK—1j15- > Jm(i k) EEk—1 s=1
where gi 1, 8i2,..., 8 m(k 15 the list of all distinct elements of Fy ). The

sequence of sets

m(i,k)

-1
LN ﬂ 8isUj)
s=1 L J1seees Jm(i k)

is uniformly effectively open, so it follows that (Uy)x>1 is uniformly effectively open.
Clearly, U* C Uy C Uy forevery k > 1. If we show that

wlnn () ¢ ' W) | <qu)+4*-27" foralli > 1 3.3)
8€Fu(i K
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then (Ux) < qu(Us—1) + g* for every k, and so u(Uy) < (k + 1)g*, which would
imply that U* is an effectively null set. Observe that

wllin ﬂ g U= | = min M(Iiﬂg_l(Uk71)>
8€Fu(in
8€Fu(i K

< Byero it (1087 Wim)) = Egery i (81) N Ug-1)

= / (Byert, 11 ) 1y @)d.

If, for every i, k > 1, we find effectively a number 7 (i, k) such that
IEycrt 18- @) = u(la < q*-27", (34

then, due to Cauchy-Schwarz inequality, the computation above implies that

plhin () e W) | <quidy +4-27"
8€Fn(i k)

Mean ergodic theorem (Theorem 2.1) implies that a number n(i, k) satisfying (3.4)
always exists, since (F,fl)nz1 is a left Fglner sequence. To find the number n(i, k)
effectively we argue as follows.?

First, (g1;)ger,i>1 is a uniformly effectively open sequence of sets by definition
of computability of the action of I" on {0, I}N, solet E C I' x Nx N be anr.e. subset
such that

g(li) = U Ij forallgel,i>1
(8,0,/)€E

We claim that there exists a uniformly effectively open sequence of sets (Alg‘,’ De.iks

where each A’;, ; is the union of the first )A’; ; ‘ intervals in gI;, such that the function
(g,i,k) — ’A’;, l.‘ is total computable and that

g .22

" (g[l- \A’;i) < forallg € [ and i, k > 1. (3.5)

To do so, we use computability of the measure @ to find (uniformly in i, k and
effectively) a rational df‘ such that
PE

k
[ (1) —d,- | < T

foralli, k > 1.

STt was pointed out by the reviewer that the rest of the proof can be shortened by noticing that the integral
of a computable, bounded function with respect to a computable measure is computable.
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The set A';, ; is constructed as follows. Let A’;, ; = . Take the first interval I}, such

that (g, i, j1) € E, add it to the collection A’;, ; and compute its measure nig; with
e ’
precision *—z—. If

q2k .02

128
then we are done. Otherwise, we add the next interval /;, such that (g,i, jo) € E

to the collection A’; i compute the measure 7 g,i of the union of intervals in Ak

with precision £ 2526 and check the condition (3.6) once again and so on. The algo-
rithm eventually terminates, it is clear that it provides a uniformly effectively open
sequence of sets (A’g,’i) g,i,k» and a direct computation shows that condition (3.5) is
satisfied as well.

The number n (i, k) is defined as the smallest nonnegative integer such that

k_2—i

g >d — (3.6)

k q
”EgEFn(i.k)lA;i - d,' l2 < T’

2k. —2i .. . .
where the L?-norm is computed, say, with a 2526 -precision. Such n (i, k) exists due

to Mean Ergodic Theorem and our choice of the sets Ak Furthermore, it is com-

putable, since the sequence of sets (Ak -) is uniformly effectlvely open, the measure
W is computable and (F},),>1 is a computable Fglner sequence. O

3.2 Birkhoff’s Theorem

In this section we prove the main theorems of the article. Our main technical tools
are the generalization of Kucera’s theorem from the previous section, the result of
Lindenstrauss about pointwise convergence of ergodic averages and Lemmas 2.3,
2.5 about the invariance of limsup of averages. The strategy is in general similar to
[2]. First, we prove Birkhoff’s effective ergodic theorem for indicator functions of
effectively opens sets.

Lemma 3.1 Let I" be a computable amenable group with a canonically computable
tempered two-sided Folner sequence (Fy,),>1. Suppose that ({0, I}N, w, I') is a com-
putable ergodic Cantor system and that U C {0, 1}N is an effectively open set. For
every Martin-Lif random w € {0, 1}N the equality

lim Eeep, 1y (g - w) = u(U)
n—oo
holds.

Proof First, let us show that

limsupE,er, 1y (g - w) < u(U)

n—0o0

for every Martin-Lo6f random w. Let

q > n)
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be some fixed rational number. Let
A= {x € {0, )N : supEgep, 1y (g - x) > g} fork > 1,
n>k

which is an effectively open set. Pointwise ergodic theorem (Theorem 2.2) implies

that w([) Ax) = 0, hence there is some k > 1 such that u(Ax) < 1. Let w € {0, 1}N
k>1

be an arbitrary Martin-L6f random point. It follows from Theorem 3.1 that w ¢ A7,

hence there exists gg € I" such that go - @ ¢ Ag. Hence

limsupEgcr, 1y (g - (g0 - @) < gq.

n>1

The function g +— 1y (g - w) on I" is bounded, thus we can use Lemma 2.3 to deduce
that

limsupEger, 1y (g - @) = limsupEger, 1y (g - (g0 - @) < q.

n>1 n>1
Since g > u(U) is an arbitrary rational, this implies that lim supEger, 1y (g - @) <
n>1

().

Secondly, if U = | JI; for an r.e. subset E C N, we let Ay € U be the union

icE

I;; U---Ul; of the first k intervals in U for every k > 1. Then Ay is a clopen subset,
and its complement Aj is an effectively open set. The preceding argument, applied
to Az, implies that

n>1

k
lim supEger, 14 (g - ) < w(Ap) =1—p [ [ J1;
j=1
Since k > 1 is arbitrary, it follows easily that
u(U) < liminfEyer, 1y (g - o)
n>
and the proof is complete. O

We proceed to the main theorems of the article.

Theorem 3.2 Let I" be a computable amenable group with a canonically computable
tempered two-sided Folner sequence (Fy,),>1. Suppose that ({0, I}N, w, I') is a com-
putable ergodic I"-system. For every bounded lower semicomputable f and for every
Martin-Lof random o € {0, 1}N the equality

lim Eger, (g - ) = / fdu
n—oo

holds.

Proof Firstly, the proof that

limsupEger, f(g- @) < / fdu

n—oo
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for every Martin-Lof random w is completely analogous to the first part of the proof
of Lemma 3.1 above. In particular, the argument about the translation-invariance of

limsupEgcr, f(g - @)
n>1

remains valid, since f is a bounded function and we can once again use Lemma 2.3.
Secondly, given an arbitrary ¢ > 0, let 0 < & < f be a finite linear combination
of indicator functions of effectively open sets such that

If=nhi <e.

An application of Lemma 3.1 yields that

liminfEger, /(g - @) = liminfEger, h(s - ) 2 / hdu > / fdu—e,
n> n>
which completes the proof, since & > 0 is arbitrary. O

Remark 3.1 Compared to [2], we make an additional assumption in Theorem 3.2 that
the observable is bounded. The reason for that is that the invariance of lim sup is only
in general guaranteed by Lemma 2.3 for bounded functions.

In a special case, when I" is a computable group of polynomial growth, we can
remove the additional assumption about the boundedness of f. The theorem below
is a generalization of [2, Theorem 8].

Theorem 3.3 Let I be a computable group of polynomial growth with the Fglner
sequence of balls around e € I" given by

F,={gel:lgl<n} forn>1

Suppose that ({0, 1}N, u, I') is a computable ergodic I'-system. For every lower
semicomputable f and for every Martin-Lif random w € {0, 1} the equality

ngrgolEganf(g-w)=/fdu

holds.

Proof The argument is identical to the reasoning in Theorem 3.2. We use Lemma 2.5
for the invariance of lim sup of averages, hence obtaining the proof for an arbitrary
lower semicomputable f. O
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