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Abstract

The Quantum Approximate Optimization Algorithm (QAOA) is one of the promising near-term algorithms
designed to find approximate solutions for combinatorial optimization problems. The algorithm prepares a
parametrized state that is aimed to maximize the expectation value of the objective function of the prob-
lem. The circuit for QAOA consists of p layers, and it depends on 2p parameters, the determination of which
can be carried out using a variational quantum eigensolver (VQE) subroutine. This is a variational approach
for finding optimal parameters, where the quantum state is prepared with a quantum computer, and a clas-
sical computer is used for calculating the corresponding objective function value and performing an outer
loop optimization routine in order to find optimal parameters. Earlier work on the algorithm has shown
that QAOA is closely related to the Quantum Adiabatic Algorithm, which results in noticeable patterns in the
optimal parameters. To this purpose, two methods, INTERP and FOURIER, were proposed to exploit this
structure by Zhou et al. [63]. In this thesis I extend upon these results by examining the effectiveness of
one of their methods, the INTERP method, on the Max-Cut problem from graph theory. The performance
of QAOA using this method was studied on several classes of graphs and benchmarked against the currently
best-known classical algorithm Goemans-Williamson, which achieves an approximation ratio of p = 0.878
on arbitrary graphs. The classes of graphs examined include cyclic, weighted and unweighted 3-regular, and
Erd6s-Rényi graphs with edge probabilities of 0.5 and 0.75 and graph sizes ranging from 4 to 16. Moreover, it
was investigated if the INTERP method offers an advantage compared to random initialization of parameters
and whether or not the method is polynomial in p. It was found that different graph classes lead to similar but
different parameter patterns. Furthermore, the performance of QAOA using the INTERP method was depen-
dent on the graph class considered. For the small graphs investigated it was found that QAOA outperforms
Goemans-Williamson on ER-0.50, ER-0.75 and weighted 3-regular graphs from p = 7 and beyond with respect
to how well the expectation of the objective function approximates the optimal value, while for unweighted
3-regular graphs p = 6 suffices. However, the calculation of the parameters is costly and requires a number
of function evaluations that is on the order of the number of possible bipartitions of small graph with sizes
n < 16. Moreover, the numerical results suggested that indeed the method is polynomial in p advocating
that the algorithm might be a strong alternative to Goemans-Williamson for large graph sizes, once hardware
allows it.






Contents

1 Introduction 1
2 Combinatorial Optimization and Max-Cut 3
2.1 Combinatorial Optimization Problems . . . . . . . . . . ... .. ... ... .. .. ..... 3
2.1.1 Max-Sat . . . ... e e e e e e e 3

212 Max-Cut . . . . . . ..o e e e e 3

2.2 Approximation algorithmsandratios. . . . . . . . . . .. ... L Lo Lo oL 5
2.2.1 Bounds on the approximationratioof Max-Cut . . . . . . . ... ... ... ...... 5

2.3 Classical AlgorithmsforMax-Cut . . . . . . . . . . . .. . 0 0 i i 5
2.3.1 Greedyapproach. . . . . . . . . . L e e 5

2.3.2 Randompartition . . . . . . . . .. Lo e e e e e 6

2.3.3 Goemans-Williamson . . . . . . . ... L. L 6

2.4 Applicationsof Max-Cut . . . . . . . . . L. Lo e 7
24.1 IsingModel . . . . . . . L 7

3 The Quantum Approximate Optimization Algorithm 9
3.1 GeneralSetup. . . . . . . e e e e e e e e e e e e 9
3.2 Applying QACAtoMax-Cut. . . . . . . . . L v i i e e e e e e e 12
3.2.1 Quantumcircuitdesign . . . . . . . .. L L Lo e e e 12

3.2.2 Maximizing the expectationvalue . . . . . . . . .. ... Lo Lo 14

3.2.3 Expectationlandscapes . . . . . . . . . ..o e e e e e e e e e e 15

3.2.4 Adiabatic Theorem and thelimitp—oo. . . . . . . . .. ... ... L. 17

325 Concentration . . . . . . . . . ..o oo e e e e e e e e e e 17

3.3 Findingoptimal parameters . . . . . . . . . . .. oL e e e e e e e 17
3.3.1 Variational Quantum Eigensolver . . . . . . . . .. ... Lo Lo oL 17

3.4 Relation to the Quantum Adiabatic Algorithm . . . . . . . . .. ... ... ... ... 19

4 TImplementation 23
4.1 Patternsinthe optimal parameters . . . . . . . . . . .. L Lo e e e 23

4.2 Proposed methodbyZhouetal. . . . . . . ... . ... .. 24
421 INTERP . . . . . 24

4.3 Numberofsamples. . . . . . . . . . . e e e e e e e 25

4.4 ImplementationinPython . . . . . . . . . . . L L L 26
4.4.1 QAOA and Goemans-Williamson . . . . . . . .. . ... ... 0. 26

442 Graphs. . . . . . L 26

5 Results 27
5.1 3-regulargraphs . . . . . . . . . L e e e e 27
5.2 Erdods-Rényigraphs. . . . . . . . . . . . L e 30
5.3 Cyclicgraphs . . . . . . . . L e e e e 32

6 Conclusions and Future Work 35
Bibliography 37
A Parameter patterns 41
B Runtime 47
C Fractional errors 49
D Software and Python packages 53

iii






Introduction

Quantum computing is a radically different kind of computing that makes use of the quantum mechanical
nature of matter in order to process information. The two prominent applications of quantum computing
you will often read or hear about are Shor’s 1994 algorithm [49] and Grover’s 1996 algorithm [24], for prime
factorization and search problems respectively. However, in order to actually run these algorithms a relatively
large number qubits is required, on top of that, fault tolerant quantum computing is needed, requiring even
more qubits. As we are now entering the era of Noisy Intermediate-Scale Quantum (NISQ) technology, we
are unable to achieve these requirements at the moment. For this reason, we are interested in finding ap-
plications that are viable to execute on the devices that are presently available, or will be in the near future
[47]. In particular, we want to know if there are useful algorithms that can be run on the quantum computers
that are available in the short term. Hopefully, by exploring the possibilities, we will find new quantum algo-
rithms that exhibit quantum advantage or even quantum supremacy [3], meaning they offer a speed-up or
have capabilities beyond what is tractable on classical computers respectively.

One of the promising algorithms that can be implemented on NISQ devices is the Quantum Approximate
Optimization Algorithm, abbreviated QAOA, that was proposed by Farhi, Goldstone and Gutmann in 2014
[20]. The QAOA is an algorithm designed to find approximate solutions for combinatorial optimization prob-
lems. It is a hybrid quantum algorithm that makes use of both a classical processor as well as a quantum
processor. This approach can be advantageous, especially in NISQ devices, as the need for long coherence
times is avoided by only executing short calculations on a quantum computer.

The algorithm prepares a parametrized state after which the state is sampled to infer an approximate
solution for the problem. An obstacle for feasible use of the algorithm is the need to find good parameters.
Another topic of interest is the performance of QAOA beyond its lowest depth variant, as it is largely unknown.

In this thesis I will explore how QAOA applied to the NP-complete Max-Cut problem compares to currently
known classical algorithms, in particular the Goemans-Williamson algorithm [22], the best known classical
approximation algorithm. This will be done by using a heuristic technique proposed in [63], called INTERB,
for finding suitable, quasi-optimal parameters efficiently. In this work I will expand upon the results of [63] by
analyzing the performance of INTERP on different classes of graphs, namely cyclic graphs, 3-regular weighted
and unweighted graphs, and Erdds-Rényi graphs with edge probability 0.5 and 0.75. Moreover, the time com-
plexity of the algorithm will be investigated using numerical results of the parameter optimization runs.

Throughout this work I will assume basic knowledge of linear algebra and that the reader is comfortable
with terminology from quantum mechanics and quantum computing, such as qubit, superposition, inter-
ference and entanglement. For the interested reader without the necessary prerequisites I recommend the
canonical Quantum Computation and Quantum Information by Michael A. Nielsen and Isaac L. Chuang [44].
For a more gentle and accessible introduction I can highly recommend the website Quantum Country [39] by
Nielsen and Andy Matuschak. Other good resources I enjoyed reading are [28] and [5].

My thesis will be arranged as follows. I will start with a discussion of combinatorial optimization in Chap-
ter 2, with emphasis on the Max-Cut problem. This will be followed by an overview of QAOA, and previous
work done on the topic in Chapter 3. In Chapter 4 I will present a detailed discussion of the implementation
of QAOA proposed in [63], which is used to produce the results presented in Chapter 5. I will finalize this
thesis with my conclusions and recommendations for future work in Chapter 6.


https://quantum.country/qcvc




Combinatorial Optimization and Max-Cut

Combinatorial optimization is about finding the optimum (either a maximum or minimum) of an objective
function whose domain is discrete, but often very large. Examples of problems considered are the travel-
ling salesman problem [31] important in routing, and the knapsack problem [15, 38] that is a generalization
of the struggle you face when you pack your bags for your holiday. Many other problems from day-to-day
life, industry and science can be formulated as combinatorial optimization problems. However, exhaustive
searches of the domain are ordinarily not tractable. For example, when packing your bag with N items, you
have an exponential number of combinations to choose from, namely 2V. Hence we need smart approaches
if we want to tackle these problems. Sadly, even our smartest approaches are sometimes not enough to find
optimal solutions efficiently. Instead, we can use approximation algorithms that find good solutions instead.
These are algorithms that find for solutions that are as least as good as the optimum value times a certain
factor, called the approximation ratio. Sometimes a good solution is all we can ask for.

In this chapter I will show some relevant problems encountered in combinatorial optimization, and ex-
plain the need for approximation algorithms. Furthermore, I will explain the Max-Cut problem in more depth
together with its applications. Next, I will discuss some classical algorithms for solving it, in particular the
state-of-the-art Goemans-Williamson algorithm. Lastly, I will discuss bounds on approximation ratios.

2.1. Combinatorial Optimization Problems
2.1.1. Max-Sat

The Maximum Satisfiability, or Max-Sat, problem is the problem of finding the maximum amount of clauses
of aBoolean formula that can be satisfied. It generalizes the Boolean satisfiability problem which asks whether
or not there exists an assignment that satisfies all clauses. For example, consider the following Boolean for-
mula

(xo vV x1) A (xp) A (7x1) 2.1)
—— N~ ~——
clause 1 clause2 clause 3

Observe that no assignment of xy, x; can satisfy all three clauses. There are however assignments that sat-
isfy two clauses, which is optimal. A solution for this particular instance of Max-Sat would be xy = x; = 0.
Many other combinatorial optimization problems are closely related to Max-Sat, and can be represented by
finding the maximum amount of clauses satisfied of a Boolean formula. One of such related problems is the
maximum cut, or Max-Cut problem.

2.1.2. Max-Cut

Given an undirected graph G = (V, E) and non-negative weights w; ; = w; ; on the edges {, j} € E, the max-
imum cut problem (Max-Cut) is that of finding the set of vertices S that maximizes the sum of the weights
of the edges in the cut. I use the term cut to refer to the set of edges with one endpoint in S and the other
in S = V\ S, and I will use the terms nodes and vertices interchangeably. The Max-Cut problem is one of
Karp’s original NP-complete problems [32], and has long been known to be NP-complete even in the case of
unweighted graphs. For notational simplicity, I will set w; ; = wj,; = 0if {i, j} ¢ E.

3



4 2. Combinatorial Optimization and Max-Cut

We want to bipartition V into two sets S V and S = V'\ S € V such that the cost function C is maximized

C(S) = Z wi,j 2.2)
i€S,jeS

Note that only the edges crossing from S to S count towards the objective function as w; ; = 0 if {i, j} ¢ E. To
relate this to satisfying clauses in the Max-Sat problem from Section 2.1.1, in the context of Max-Cut every
edge in the graph is a clause, which is satisfied if the two corresponding vertices are in seperate parts of the
bipartition.

For the rest of this thesis, I will denote V = {1,... n} for simplicity, where n is the number of nodes n =|V]|.
In the most general case w; ; € R, but sometimes people implicitly take w; ; = 1 for all edges {i, j} € E, I will
refer to these graphs as unweighted graphs. Note that the bipartition is completely characterised by the set
S < V. Moreover, note that C(S) = C(S). For amore intuitive visual representation, please have a look at Figure
2.1.

-
- -~\

4
i
\

Figure 2.1: An example of the Max-Cut problem on a graph with 5 nodes. The nodes are partitioned into two sets; black nodes and white
nodes. The goal is to maximize the number of edges between the two sets (these are colored red). More generally when talking about
weighted graphs we want to maximize the sum of the weights of the edges connecting the two sets. Figure from [41]

For reasons that will become apparent in Chapter 3, it is sometimes useful to write the bipartition in
terms of a bit string. A bit string is simply a sequence of bits, usually denoted by 0 or 1. This can be achieved
by labelling the n vertices in a particular order (1,...,n). By using the fact that the partition is completely
characterized by one set S, we can represent a partition of V into S and S by a bit string x consisting of ones
and zeros. We can translate between the two using the function f: P(V) — {0,1}" defined by

f(8) =(1s),...,15(n) 2.3)

where P(V) denotes the powerset of V, and 15 denotes the characteristic function of S. For example, let us
label the vertices in Figure 2.1 in clockwise fashion starting from the leftmost vertex. We can represent the
cut shown as x = (1,0, 1,0, 1), where the black nodes constitute set S and the white nodes consitute set S. The
objective function in terms of x € {0, 1}” becomes

Cwx) =Y wijlxi—x))? (2.4)
{i,jl€E

Equivalently, we can use a binary string z € {—1, 1}". The objective function is then described by

W
Ca= Y —La-zz) (2.5)
{i,jteE

This approach will become useful in the next chapter, where we will talk about spins.
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2.2. Approximation algorithms and ratios

The Max-Cut problem is an example of a problem that is NP-complete [32]. NP-completeness implies NP-
hardness which roughly means we have to resort to extensive searching in order to find the optimal cut.
To be more precise, no polynomial-time algorithms for Max-Cut are known for arbitrary graphs. Therefore,
we have to resort to finding good solutions instead. One approach to find such good solutions is to design
approximation algorithms. These algorithms seek to find solutions that guarantee the objective value to be
at least the optimum times a certain ratio, called the approximation ratio p.

C(x) >0 (2.6)

Cmax
where Cpax = max, C(x). Note that p < 1 as we can not do better than the optimal solution. Note that these
algorithms grant a guarantee that the objective value for a found solution x lies in a particular range

PCmax = C(x) = Ciax 2.7

It certainly might be the case that for particular instances of the problem an approximation algorithm finds
solutions that are better than pCrax.

2.2.1. Bounds on the approximation ratio of Max-Cut

In 2002 the Swedish theoretical computer scientist Hastad proved that it is NP-hard to approximate the Max-
Cut value with an approximation ratio better than % =~ 0.941 for Max-Cut on all graphs [30], or 331/333 =
0.994 when restricted to unweighted 3-regular graphs [7]. As the approximation ratio for polynomial-time
algorithms for Max-Cut is bounded, this means that the problem is in the class APX, for approximable prob-
lems.

In addition, there is a conjecture from theoretical computer science called the Unique Games Conjecture
(UGC) [34]. The conjecture postulates that the problem of determining the approximate value of a unique
game, is NP-hard. The details of the Unique Games Conjecture are rather technical and not relevant for the
rest of this work, I refer the interested reader to the original paper [34], or to [36] for a less formal discus-
sion. However, there is a consequence of the conjecture that is relevant. It turns out that if the UGC is true,
then there exists no polynomial time algorithm that can beat Goemans-Williamson [35], thus restricting the
possible approximation ratio even further to around 0.878.

At the moment, it is unknown whether or not the conjecture is true, but it is interesting to note that an
approximation algorithm that is better than Goemans-Williamson would imply that the UGC is false. Unlike
the question whether or not P = NP, currently there seems to be no consensus in the academic world around
the Unique Games Conjecture.

2.3. Classical Algorithms for Max-Cut

In this section I will discuss known classical algorithms for solving Max-Cut to give a sense of what is already
possible on classical computers. The presentation of the algorithms in the coming subsections largely follows
the structure of [10, 11].

2.3.1. Greedy approach

One algorithm for solving Max-Cut uses a greedy approach and guarantees an approximation ratio of %

Let G(V, E) be an undirected graph with edge weights w, for e € E and label V = {1, ... n} so there is some
ordering. Next, define E; = {(k, i) : {k, i} € E, k < i}, the set of edges entering vertex i from “lower” nodes. Note
that E;nE; = @ if i # j because of the strict inequality. Initially, set S = {1} and S = @. Then starting from
i =2, add node i to either S or S so that the sum of the number of edges in E; that are in the cut times their
respective weights is maximized. Increment i and repeat the last step until i = n.

As an example, consider the graph from Figure 2.1. For simplicity I will consider it to be an unweighted
graph with w; ; = 1 for all {i, j} € E. Starting with S = {1}, consider node 2. We choose to add node 2
based on what choice maximizes } .cg,nk(s) We, Which in our case is simple: we add node 2 to set S be-
cause then edge (1,2) is in the cut. We move on to node 3 with E5 = {(2,3)}, and we choose node 3 to be in
S because then edge (2,3) is in the cut. Analogously, we add edge 4 to S. Node 5 is somewhat more tricky
as we have E5 = {(1,5),(2,5), (4,5)} containing 3 edges instead of just one. Adding node 5 to S would yield
Y ecEsnk(S) We = 2 while adding it to S would yield Y, Esnk(s) We = 1. Therefore, we add node 5 to S and we
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are done. The final result is thus S = {1,3,5} and S = {2,4} with a cutvalue of 5, which is actually optimal.

Let us proof that this is indeed an approximation algorithm with approximation ratio % Define K to be the
cut obtained by the algorithm, and observe that E, ... E, is a partition of E as the sets are pairwise disjoint and
E =J; E;. For each node i € V, define E; = E; n K. Note that the cut K is the union of these newly constructed
sets K = ; E;. The finalizing observation is that we chose S, S in such a way that

1
Y wez= ) we VieV 2.8)
ecE; 2 eck;
Therefore we have that . ) .
CO=) Y we==> Y we==) we==Crmax 2.9)
i€V eek; 2 eV eeE; 2 ek 2

where the latter inequality is derived from the fact that the optimum cut can not be larger than the sum of the
weights of all edges.

2.3.2. Random partition
Another algorithm for solving Max-Cut that is quite easy to implement is simply choosing a random partition.
As the name suggests, it is a stochastic algorithm.

Let G = (V, E) again be an undirected graph. We choose each vertex in V to be in either S or S with equal
probability % This bipartition defines a cut K(S), whose expected size we will now calculate.

Consider an edge e € E in the graph. Remark that Pr[e € K(S)] = % For e € E, we define y. to be arandom
variable such that y, = 1if e € K(S) and y. =0 if e ¢ K(S). The value of the cut is then

C(S) =) wexe (2.10)

ecE

Note that the value itself is now a random variable, so we have to resort to calculating the expecation value of
the cut. Using linearity of the expectation operator, we obtain the following

1 1
E[C(S)] =) weE[xel =) wePrlec K(S)] == we==Cmax (2.11)
ecE eeE 2 ecE 2

Resultingina %-approximation ratio in expectation. I would like to emphasize that we give a lower bound for
the expectation value of the objective function, and not a lower bound for every outcome. Note that it might
be the case that the algorithm produces with probability 27" a partition S = V, S = ¢ with a cutvalue of 0.

2.3.3. Goemans-Williamson
The best classical approximation algorithm for solving Max-Cut known is the algorithm proposed by Goe-
mans and Williamson (GW) in 1994 [22]. The algorithm is also stochastic and has an approximation ratio
p = 0.878 in expectation. Prior to GW, the best-known approximation algorithms for the Max-Cut problem
had performance guarantee of % + 0(1), meaning that the achieved approximation ratio is below % + ¢ for any
€ > 0. The GW-algorithm was indeed quite a breakthrough.

The algorithm uses a sophisticated method that randomly rounds the solution to a nonlinear program-
ming relaxation. Before I will present the algorithm, the following two definitions are useful.

Definition 2.3.1. A square n x n matrix A is called positive semidefinite if the following holds
xTAx=0 VYxeR" (2.12)

This property is sometimes indicated using A = 0

Definition 2.3.2. A semidefinite program is the problem of optimizing a linear function of a symmetric pos-
itive semidefinite matrix subject to linear equality constraints.

Indeed a semidefinite program is a subclass of the more general linear programs, so it is possible to solve
these using the well known Simplex method [14]. While the Simplex method itself is not a polynomial time
algorithm, it can be generalized to semidefinite programs [45]. Given any € > 0 these semidefinite programs
can be solved in polynomial time within an additive error of €. This can be done using a variety of methods,
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these include interior point methods [43], the ellipsoid method [37], and other polynomial-time algorithms
for convex programming [53].
The problem to be solved is

- 1 2
maximize Z wi,j(z; — zj) (2.13a)
{i,j}eE
subjectto z;e{-1,1}forieV (2.13b)

which is equivalent to what we saw in (2.4). Let us denote the optimal solution of this program as Cp,ax. Next,
we introduce a relaxation of the problem meaning that we let loose of some of the constraints in order to
make solving it easier

. 1
maximize — Y w;;j(yi-Yi+yj-¥j—2¥i'y)) (2.14a)
z 7
,JIEE
subjectto y; € R" and ||y; I2=1forieV (2.14b)

Note that the above problem is indeed a relaxation, as we can simply take y; = z;e; to reconstruct program
(2.13a), (2.13b), where e is the first standard basis vector of R”. Let me denote the optimal solution of the re-
laxation as Cppax, then we have Ciax = Cmax. The above so called vector program is equivalent to the following
semidefinite program, where we define a matrix A = (a;;)

1
maximize - Z wi jlaii+ajj—2aij) (2.15a)
z 4 ieE
subjectto a;; =1forie Vand A= 0 and symmetric (2.15b)

This semidefinite program can be solved in polynomial time obtaining an optimal matrix A* with value c.
Note that the solution could be irrational. In that case we can find an approximation that is rational in poly-
nomial time with value ¢’ with ¢ — ¢ < ¢’ < ¢ for any € > 0. Using the symmetry of the semidefinite matrix A*
we know that we can decompose A* = UT U where U is an m x n matrix with m < n, this is called the Cholesky
decomposition. Next, we consider the column vectors of U = {u;,...u,}. Because of the semideniteness of
A* and the constraint that a;‘i = 1, we know that these are unit vectors || u; || = ulT u; = a;.kl. = 1. Moreover, we
know that u; e R™ for i = 1,..., n and since m < n we can embed these vectors in R”. Thereafter, we randomly
choose a hyperplane through the origin, and in polynomial time we can figure out which vectors are above
or below the hyperplane. The vectors u; that lay above the plane denote vertices that are on one side of the
partition, and the vectors u; below the plane denote the vertices that are on the other side of the partition.

Using a combination of geometric arguments and insights from calculus, it can be shown that the algo-

rithm has an approximation ratio of

2 i 0 (2.16)
= — min ——— .
p 7T 0<6<m 1 — cosO

in expectation, which numerically evaluates to p = 0.878 [22].
For a more extensive discussion of the Goemans-Williamson algorithm I refer to [10, 22, 29].

2.4. Applications of Max-Cut

The maximum cut problem is a natural and simple to understand graph problem often discussed in intro-
ductory optimization or algorithm courses. There are also some applications of the problem. An example of
which is efficient design of electric circuits or communication networks [57], but the problem also has uses
in statistical physics, namely in finding the groundstate energy in spin glass [6].

2.4.1. Ising Model

The Ising model describes a system of n particles with two possible states, for example spin up and down. See
Figure 2.2 for an illustration. The system can then be characterized by a binary string o € {—1, 1}"*. Following
the example, 1 denotes spin up and —1 denotes spin down. The Hamiltonian reads as follows

H(o)=) Jijoioj—p)_hio; (2.17)
{i,j} i
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where the first sum is over the adjacent pairs {7, j} in the system, and J;; designates the strength of the inter-
action of the constituents of that pair. The second sum describes the interaction with some magnetic field,
with strength h; at site i. Note that when there is no external magnetic field, i.e. h; = 0 for all i, then the
problem of finding a groundstate is equivalent to the Max-Cut problem. Closely related to the Ising model is
the Sherrington-Kirkpatrick model.

va

Figure 2.2: Schematic representation of a configuration of the 2D Ising model on a square lattice. Figure and caption from [56]




The Quantum Approximate Optimization
Algorithm

The Quantum Approximate Optimization Algorithm, abbreviated QAOA, was proposed by Farhi, Goldstone
and Gutmann in 2014 [20]. The goal of the algorithm is finding approximate solutions to combinatorial opti-
mization problems. Due to its shallow depth it is feasible to run it without error correction on NISQ devides,
making it interesting for near-term implementation. The quantum circuit that implements the algorithm
prepares a parametrized state, and consists of p layers. Each of the layers comprises of two unitary operators,
the first encoding the problem and the latter entangling the qubits, parametrized by some angles. Appropri-
ate parameters can be found in a variety of ways, the most popular being a variational approach similar to
the variational quantum eigensolver [46]. By sampling from this parametrized state an approximate solution
to the problem can be found.

There are two main reasons why QAOA is promising for solving combinatorial optimization problems.
First of all because it can be shown that adding extra layers monotonically improves the result of the algo-
rithm. Additionally, in the limit p — oo, the algorithm produces the optimum, similar to the quantum adi-
abatic algorithm [20]. Secondly; it is interesting because of its potential to exhibit quantum supremacy [17],
as it can not be efficiently simulated by a classical computer. Because of this potential, the algorithm has
received quite some attention from the scientific community in the last few years and continues to do so.

In this chapter, I will give an overview of prior work that has been done on QAOA. Specifically, I will ex-
plain the general algorithm, how the algorithm can be applied to Max-Cut and how it relates to the Quantum
Adiabatic Algorithm that was proposed in [18] in 2000.

3.1. General setup

The Quantum Approximate Optimization Algorithm is designed to handle general optimization problems.
These problems can be specified by 7 bits and m clauses, where a clause is a constraint on a subset of the bits
which is satisfied for certain assignments of those bits and not satisfied for other assignments. We want to
find a bit string x € {0,1}" of size n that maximizes or minimizes a cost function [20]

m
Cx):=) Cq(x) 3.1)

a=1

where we sum over m clauses that depend on a subset of the 7 bits. We define C,, = 1 if clause « is satisfied
and C, = 0 otherwise. The goal is to satisfy as many clauses as possible, as that we want to maximize C(x).

The QAOA is a quantum algorithm that is aimed to find a bit string x’ for which C(x') is close to the maximum
of C. A quantum computer works in a 2" dimensional vector space, more precisely a Hilbert space in which
the norm is induced by an inner product. The computational basis vectors |x) can be represented by bit string
consisting of 0s and 1s. We can consider both the objective function C and the clause Cy in (3.1) as operators
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that are diagonal in the computational basis.

m Cq(0,...,0)
C= ) Cw-lx)xl= 21 Co where Cp= ) Co®)-lx)(x|=
a=

xe(0,1}" xe{0,1}" C.1,...,1)
(3.2)

We call C the cost Hamiltonian. To avoid confusion, I will refer to the operators above as H¢ = ¢ and Hc, =

C, for the rest of this thesis, following the notation from [28]. Using the operator Hc, we define the operator

U(Hc,y) which depends on some real valued angle y € R as follows

m
U(He,y) := e "He = [T e~V Hea 3.3)
a=1
I will refer to this object as the cost unitary. Note that the cost Hamiltonian from (3.2) is Hermitian, and
therefore has purely real eigenvalues, hence the operator U(Hc,7) is indeed unitary. Moreover, observe that
the latter equality from (3.3) comes with a caveat. As we want to be able to write U(Hc¢,y) as a product of local
terms it is important that the Hc, commute pairwise.

Remark. Remember that the definition of the matrix exponential is derived from the Taylor expansion of the
exponent. The exponential of matrix A is given by

A - 1 k 1 2 1 3
el=) —A =I+A+- A+ A+ (3.4)
=0 k! 27 6

Different than taking the exponential of real numbers, the following equality does not always hold for matrix
exponents because of possible noncommutativity.

?
eAtB L pAgB (3.5)
Observe that
A+B 1 2 1 9 2
e =I+(A+B)+§(A+B) +~--=I+A+B+§(A +AB+BA+B°)+... (3.6)
A_B 1 o 1 1 5 2
e’e :(I+A+5A +...)(I+B+§B +...)=I+A+B+5(A +2AB+B°)+... 3.7

It can be shown that (3.5) only holds if A and B commute, this statement can be extended for arbitrary finite
sums. Hence, it is essential for Hc, to commute when separating the cost unitary into local terms in (3.3).

If we give every clause equal weight w, = 1, we know that the cost Hamiltonian is diagonal with solely
integer entries, which are precisely the eigenvalues of the matrix. We can use the fact that H¢ has integer
eigenvalues in order to restrict y to be in [0,27). The approach of translating an objective function to an
operator is very general and can be applied to a variety of problems. The actual form of H¢ is be determined
by the specific problem. In section 3.2 I will discuss it in the case of Max-Cut.

Next, we define the operator Hp, called the mixer Hamiltonian

n .
Hg:=)Y o (3.8)
j=1

where oﬁ{) is the Pauli- X gate acting solely on the qubit j.

oV =11 gg, 0 ®"] (3.9)

where [ is the 2 x 2 identity matrix, ® denotes the Kronecker product and A®” denotes the Kronecker product
of a matrix A with itself n times.
A =A®---®A (3.10)
\ﬁ_-l
n times

Using the mixer Hamiltonian, we can define another unitary operator, the mixer unitary, similar to what

we did before ;
. )
U(Hp, B):= e P = T e~1P0% (3.11)
j=1
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where again 8 € R is some real angle. Note that O’SC]) commute pairwise so when taking the exponential
of Hp that is the sum of these terms, expression (3.5) holds and we are able to construct Hp with local gates.
With these unitaries defined, we can move on to the next part: preparing the parameterized state. We start of
in the initial equal superposition state

“— 1 — n __ ®n n
|s>.—ﬁxe%nn|x>—|+> = H®"|0) (3.12)

which is easy to prepare using Hadamard gates applied to each of the n qubits, all in the state |0). Thereafter,
we alternately apply the cost Hamiltonian and the mixer Hamiltonian p times, using different parameters
Y1...Yp and B1... Bp, respectively.

ly,B):=U(Hg, Bp)U(Hc,yp)...U(Hp, PU(He, Y1) |$) (3.13)

one layer

p layers

I use boldface vector notation y, B for the sole purpose of writing these sets of parameters more compactly.
Furthermore, take note that we work from right to left, as is convention when working with matrices. See
Figure 3.1 for a schematic of the circuit preparing the parametrized state. Now that we have established this,
we can move on to the actual aim of this circuit. The idea is to find parameters such that

Fy(y, B) =y, BlHcly, B) (3.14)

is maximized, where we indicate the number of layers p using a subscript. In general, y, f € R”, however
depending on the cost and mixer unitaries we can restrict the domain using symmetries. We define

M), := maxFy,(y, p) (3.15)
Py PP

and want to find the corresponding parameters. By sampling from this state |y, ) we can find an approximate
solution by looking at either the most sampled bit string, or the best sampled bit string.

The reader might wonder why we need to apply the mixer unitary when only the cost unitary encodes
the problem. This has to do with the way probabilities work in quantum mechanics. The probability of mea-
suring a bit string that encodes a particular solution, is precisely the square magnitude of the corresponding
amplitude. Take note of the fact that the exponent of a diagonal n x n matrix A = diag{ay, ... a,,} is a diagonal
matrix with the entries exponentiated.

ediaglanannl — gigge®n g%} (3.16)

Since the cost Hamiltonian H¢ is diagonal and real, the cost unitary will be diagonal with entries of the
form e'? for some ¢ € R. This implies that the amplitudes will only acquire relative phases, and thus the
probability of finding a particular bit string is not affected by the cost unitary. If we were going to run a circuit
with only cost unitaries, it would result in an equal superposition, whatever set of angles y we choose. A
fancy way of implementing the random partition algorithm from Section 2.3.2. For this reason we need an
operator that entangles the states to do better than the random partition algorithm, hence the need for the
mixer Hamiltonian.

Finding the optimal, or even a good set of angles y, § is a non-trivial task. In Section 3.3 a more thorough
discussion on this topic can be found. Furthermore, one method for finding the angles proposed in [63],
called INTERBP is discussed in more depth in Chapter 4, which will also be used to produce the results in
Chapter 5.
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Figure 3.1: Schematic of a p-level Quantum Approximation Optimization Algorithm. The cost unitary and the mixer unitary are alter-
nately applied to prepare the parametrized state |y, ). Adapted figure from [63].

3.2. Applying QAOA to Max-Cut

QAOA can easily be applied to the Max-Cut problem by associating each vertex i € V with a qubit g; and using
the qubit’s state to encode the affiliation to one of the sets of the bipartition. A qubit in state |1) means it is
in one half of the bipartition, S, a qubit in state |0) means it is in the other, namely S. Our aim is to find a
cut such that we maximize the sum of the edges in the cut, so we would like adjacent qubits to be in different
halves of the bipartition. As explained in Section 2.1.2, we can express this mathematically as

1
C@== )Y wij(l-zzj) (3.17)
{i,j}eE
where z; € {—1,1} for i € V. Now the idea is to translate this problem into a cost Hamiltonian. Remark that the
Pauli matrix o, = diag{l, -1} has eigenvalues 1 and —1. Therefore, we can use o\ to represent z;. Using this
we can define the cost Hamiltonian to be

Y wii(1-0P0?) (3.18)
[ JIeE

Hc =

N | =

Note that the term [ —O'(Zi) O'(Zj ) involving qubits i and j is diagonal in the computational basis. This is important

because we want to be able to write the cost unitary as a product of local terms

. m w; ; P
UHe,y) = e THe = [[ e Ve = [ 7% (1m0t (3.19)
a=1 {i,jI€E

Since all the terms in the product are diagonal, they all commute as desired. Now we have all the ingredients
to prepare the state |y, B) for Max-Cut using the unitary operators U(Hc,y) and U (Hg, f).

The actual outcome of the algorithm is determined by sampling from the state |y, 8) and calculating the
cut value corresponding to the measured bit string on a classical computer. This yields a distribution of bit
strings (and cutvalues). However, in the end we want one solution and not a distribution. One option would
be to pick the most sampled bit string, but performance is easily improved by picking the best sampled bit
string instead.

Now, we only need to find out how to implement this in a circuit and figure out a way for finding appro-
priate angles y, B. This will be discussed in Subsection 3.2.1 and Section 3.3, respectively.

3.2.1. Quantum circuit design
It is useful to know about the rotation operators R, and R, when wanting to implement the unitary operators
U(Hc,y),U(Hp, B). These operators induce rotations around their respective axes, and are defined as follows

_ _tig | cos(@/2) —isin(6/2)
Re@)=e 2™ =1 _isin@/2)  cos@/2) (8.20)
m -0z
R(@)=e 29 =|° o it (3.21)
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Furthermore, we need a CNOT gate [44], which involves 2 qubits

100 0
1 0 0
CNOTy, g, = 10001 ® T +I1)¢U® X = [ o o | |= Q{g (3.22)
00 10 7

To understand this component intuitively, the target qubit g; will be flipped if the control qubit g; is 1. As
we are working with qubits, this does not encapsulate the complete picture, so we need to describe it with a
matrix instead.

The X-interactions in the mixer Hamiltonian can be implemented with this one-qubit gate R,.

e P = g (3.23)

The two-qubit Z Z-interactions in the cost unitary can be implemented with two CNOT gates, and the local

one-qubit gate R, [13]. Since a(zi) and U(Zj ) commute the roles of gi and q; are interchangable.

qi = qi — D (3.24)
aj —4 b—  4j

As both U(Hc,y) and U(Hsg, B) are both products of local terms, we only need those terms to implement
them. The final circuit first applies Hadamards to each qubit in order to create an equal superposition over
all bit strings, or possible partitions if you will. Next we apply the cost unitary and the mixer unitary in an
alternating fashion, in that order, with desired angles. Lastly, we measure the state to get an actual bit string.

As an example, consider the unweighted diamond graph, visualised in Figure 3.2.

ey 4
10

°
~ ey

o drti-ofo)

Figure 3.2: Diamond graph (unweighted)

The graph consists of 4 nodes, whereof 2 nodes connect to 2 edges, and 2 nodes connect to 3 edges. The
circuit needed to prepare the state |y, 8) with p = 1 for this particular graph is given in Figure 3.3. In general,
the depth of the circuit, assuming no overhead necessary for swapping is then at most p(3m + n) where p is
the number of QAOA layers, 7 is the number of nodes, or qubits and m is the number of edges in the graph.
For a graph with n nodes we can bound m by % n(n-1), the number of edges in a complete graph. Concluding,
we see that the circuit requires O(n?) gates assuming full qubit connectivity.

e e es €4 €5

PN e A A A

e :
v 2

P E—— A N - A,

— - B W | W R
g3 H 5 v =
4 wo wl w2 3

meas

Figure 3.3: Circuit for the diamond graph from Figure 3.2 with parameters y and f for the rotations using the cost and mixer Hamiltonians
respectively. Every node in the graph is represented by a qubit, and the cost unitary can be implemented with two CNOT gates with a
R;(—7) gate in between for every edge in the graph, the relation to the graph edges is indicated with the braces. After the cost unitary,
the mixer unitary is applied. This operator can be broken down into rotation gates Ry (2f) applied to every qubit, or node. Finally, the
system is measured in the computational basis.
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3.2.2. Maximizing the expectation value

To give a sense of what it means to improve the expectation value of the cost function, several barplots are
shown of the distribution resulting from sampling from three different states |y, p)(y) for p = 1,2,3 after opti-
mizing the angles for the diamond graph. As we can see, as we increase p we are able to improve the expeca-
tion value and get good bit strings with high probability. In Section 3.3 I will go into more depth on how to
determine an appropriate set of angles.
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Figure 3.4: Histograms of the distribution when sampling from the state |y, ) () for p = 1,2,3 withy, € RP. The three sets of parameters
are determined using BFGS optimization starting with a randomly chosen intial point. For these angles we have F; = 3.24, F» = 3.39,
F3 =3.87. The order of the bits is (0, 1,2,3) where the labelling of the nodes is the same as in Figure 3.2. The optimal partitions are 0101
and 1010 with cutvalue 4.
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3.2.3. Expectation landscapes
To provide insight to what kind of expectation landscapes we might encounter, I will discuss the relevant
features and symmetries that come into play in this section. In addition, I will show some expectation land-
scapes in the case of p = 1.

For unweigthed graphs we find periodicity in the y direction. As mentioned in Section 3.1, this has to do
with the fact that the cost Hamiltonian Hc has integer eigenvalues, resulting in the identity

e?miHe — 1 (3.25)

yielding a period of 27 in the y parameter in all layers. Moreover, there is Z, symmetry to be exploited. This
means that the partition (S, S) is equivalent to the partition (S, ), or in terms of bit strings a partition 10101
is equivalent to 01010 as the inversed labelling does not alter the value of a cut. Therefore if we apply X®"
to the state |y, B) it does not change the expectation value Fj, = (Hc). Note that the mixer unitary can be
constructed with R, (2f) gates, but since R, (27)=X (up to global phase) we find a periodicity of 7 in the f
parameter. Hence we can restrict § € [0, ) in general. Concluding, for unweighted graphs we have

(y,BlHcly,B) =y +2nn,+nm|Hcly +2nn, f+nm) n,meNP (3.26)
and for weighted graphs we have
(v,B\Hcly,p)=(y,B+mm|Hcly,B+mm) meNP (3.27)

In Figures 3.5 and 3.6 some examples of F; landscapes are shown. Remember that F; = (y, 8| Hcly, B) was
defined to be the expectation value of the cost Hamiltonian. This means that if we repeatedly prepare the
state |y, B) and calculate the cut values, the average will be F; (y, B). As explained, the aim is to seek values for
v, B that maximize this quantity.
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(@) 3D plot of F; for the unweighted diamond (b) Colorplot of F; for the unweighted diamond
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(c) 3D plot of F; for the weighted diamond graph. (d) Colorplot of F; for the weighted diamond graph

Figure 3.5: Landscapes of the expectation value F; for the unweighted (a), (b) and weighted (c), (d) Diamond graph (Figure 3.2) using
a 3D plot and a colorplot respectively. The weights for the weighted graph were drawn from a uniform distribution w;; ~ U(0,1) for
the weights of edges {i, j} € E. In all plots both v, § range from 0 to 27, divided into 100 gridpoints. The expectation value F; = (Hc)
is estimated using 1024 samples from the state |y, 8) at each gridpoint. The maximum is indicated by a red dot in the colorplots, note
however that due to symmetries the actual optima are degenerate.
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(b) 3D plot of F; for the butterfly graph (c) Colorplot of Fj for the butterfly graph
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(d) 3D plot of F; for the weighted butterfly graph (e) Colorplot of F; for the weighted butterfly graph

Lo

(a) Butterfly graph (unweighted)

Figure 3.6: Landscapes of the expectation value Fj for the unweighted (b), (c) and weighted (d), (e) Butterfly graph using a 3D plot and
a colorplot respectively. The graph is visualized in (a). The weights for the weighted graph were drawn from a uniform distribution
w;;j ~ U(0,1) for the weights of edges {i, j} € E. In all plots both 7, § range from 0 to 27, divided into 100 gridpoints. The expectation
value F] = (H¢) is estimated using 1024 samples from the state |y, 8) at each gridpoint. The maximum is indicated by a red dot in the
colorplots, note however that due to symmetries the actual optima are degenerate.
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3.2.4. Adiabatic Theorem and the limit p — oo
One of the main advantages of QAOA is the fact that its performance monotonically increases with p. This
can be shown using the Adiabatic Theorem.

Theorem 3.2.1. Suppose that the Hamiltonian of a system gradually changes from an initial form H; to some
final form H¢. The Adiabatic Theorem states that if the system was initially in the nth eigenstate of H;, then at
the end of the process, the system will be in the nth eigenstate of Hy [23].

I'would like to emphasize that this change has to be gradual, hence the name adiabatic (very much related
to the same term in the context of thermodynamics). Using the Adiabatic Theorem it can be proven that as
p — oo the QAOA obtains the optimimal solution [20]

,}EEOI?%XF,[, (y,B) = mxng(x) (3.28)

This configuration x corresponds to the is the groundstate energy of — Hc, where H¢ is the cost Hamiltonian
defined in (3.2).

3.2.5. Concentration
While it is useful that we are guaranteed to improve the expectation ratio F,, when increasing p, eventually
we want to sample from the state |y, ) to find an approximate solution. For this reason, it is desirable to
know if the variance is bounded or not, since we would like to find bit strings with a cutvalue close to F, or
better. This turns out to be the case. In the original paper [20], it was proven that the variance is bounded by
the following quantity.
) ) (I} _ 1)2p+2 -1

v, BICly, B) =y, BICly, )" <2m “o-D-1 (3.29)
where v is the maximum degree of the graph and m the number of edges (or clauses). When v and p are taken
to be constant, the standard deviation of C(z) is at most of order /m. This has the advantageous implication
that the sample mean of order m? values of C(z) satisfies |[Fp(y, B) — C(2)| =1 with probability 1 - %, as we
can estimate F),(y, ) with a reasonable amount of samples.

3.3. Finding optimal parameters

Several methods for finding optimal angles have been proposed in [8, 13, 63]. These methods include solving
the problem analytically, doing a gridsearch of the parameter space [20], using known optimization meth-
ods such as Nelder-Mead [55] or the Broyden-Fletcher—Goldfarb-Shanno algorithm [63], and even machine
learning [1, 13].

The first two approaches unfortunately do not scale well with p. Analytically solving for the optimal pa-
rameters requires evaluation of subgraphs of depth p. On the other hand, one could use a gridsearch by di-
viding the parameter space into N points. This approach seems promising for fixed p, as the F-landscape is
usually not jagged. To be precise, the partial derivatives of Fy, (y, ) were shown to be bounded by O(m?+mn)
[20]. There is one downside to this, to determine 2p parameters, we would have to estimate the expectation
of the cost function N?” times, as this method is not at all efficient in p. There are also methods that use a
variational approach, as will be discussed in the next section.

3.3.1. Variational Quantum Eigensolver

The variational quantum eigensolver (VQE) is a quantum algorithm used to find the groundstate of a given
Hamiltonian H [40, 46]. It makes use of the variational principle which states that the expectation value of
the Hamiltonian is always greater than or equal to the groundstate energy Eg [23]

(H) = Ep (3.30)

for any state ). The idea of VQE is to prepare a parameterized state | (0)) that depends on some parameter
set 0. This state is prepared using a unitary operator U(8).

lw(8)) =U(8)]0) (3.31)

Using the variational principle, the ground state energy can be bound by (y(8)| H|w(8)). The actual goal is to
find the optimal set 8 in order to prepare the groundstate, or a state that is close to it

Oopt = argmginw(H)IH ly(0)) (3.32)
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The optimal parameters can be found with outer-loop classical optimization, see Figure 3.7. Examples of
possible methods include Nelder-Mead [42], the Broyden-Fletcher-Goldfarb—Shanno (BFGS) algorithm [21]
or particle swarm optimization [33, 48].

Qubit Hamiltonian H
Choice of ansatz

Initial parameters 90 New set of 9 values

¢ ‘ Classical Optimizer

Energy Evaluation

0 — -
0~ — -
0 — | 20 =<wlHly>

State Expectation
preparation estimation

Figure 3.7: Overview of the variational quantum eigensolver. A parametrized state is prepared after which the expectation value of the
Hamiltonian is calculated classically. A classical optimization scheme determines a new set of parameters to be tried. This is repeated
until convergence, or some other stopping criterium. Figure from [59]

It should be noted that the set of states that are possible to create is restricted by the structure of U(8).
Finding an appropriate ansatz operator U(0) necessary to find the true groundstate can be difficult without
prior knowledge of the problem.

Note that this is very similar to what we have to do in QAOA, namely finding the set of parameters y,  to
maximize the expectation value of the cost Hamiltonian H¢, which is equivalent to minimizing the expecta-
tion value of —H¢

Y opts ﬁopt = argl;lil?h’r pl—Hcly, B (3.33)

The form of the unitary in (3.31) in the case of QAOA is given by

Uly,B)=U(Bp, Hp)U(yp, Hc) ... U(B1, HR)U (1, Hc)H®" (3.34)

In fact, we can use VQE as a subroutine of QAOA for finding the optimal parameters [60, 63]. An illustration
hereof can be found in Figure 3.8. VQE is still an active field of research [4, 12, 58]. It can be applied to QAOA,
but also to areas such as chemistry where it is used for finding the groundstate energy of simple molecules
[46].

In this thesis I will investigate one of the methods proposed in [63] that makes use of the VQE subrou-
tine. This method exploits certain patterns relating the optimal angles for different layers of the algorithm,
reminiscent of the Quantum Adiabatic Algorithm. These patterns can be used to iteratively increase p, and
determining an educated guess for the next QAOA layer from which an optimization routine is started for
finding the local optimum. A more in depth discussion of these methods can be found in chapter 4.
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Figure 3.8: Schematic of a p-level Quantum Approximate Optimization Algorithm, making use of the variational approach to find optimal
angles. The mixer hamiltonian is split into single qubit gates as explained in Subsection 3.2.1, in theory these can be applied in parallel.
Adapted figure from [63].

3.4. Relation to the Quantum Adiabatic Algorithm

The Quantum Adiabatic Algorithm, sometimes referred to as simply Quantum Annealing (QA), is a quantum
algorithm for solving the satisfiability problem, proposed in [18] in 2000. The algorithm is based on adiabatic
evolution and makes clever use of the adiabatic theorem presented in Section 3.2.4. The evolution of the
quantum state is governed by the time-dependent Schrédinger equation

0
iEIW(I)) =H®Iy (1) (3.35)

where I included the factor 7 in H(f). In QA we use a Hamiltonian H(f) that interpolates between an initial
Hamiltonian H; = H(0), whose ground state is easy to construct, and a final Hamiltonian H r=H(T), whose
ground state encodes the satisfying assignment where T is the total time of the evolution.

H, (3.36)

time evolution Ul
——Hr=),

Oftentimes, one uses an initial Hamiltonian H; with groundstate |+)®", which is easy to prepare on a quan-
tum computer. A candidate for this initial Hamiltonian is H; = —(0,)®", with eigenvalues 1 and —1 corre-
sponding to the eigenstates |—)®" and |+)®", respectively. In the most general case we can represent the
evolution using [16, 51]

H(t)= f(0)H; + g(t)Hy (3.37)

where f(f) and g(t) are smooth functions of time with boundary conditions f(0) = g(T) =1 and f(T) = g(0) =
0. One can simply choose a linear evolution, taking f(f) = 1—-¢/T and g(¢) = ¢t/T, but other options are
possible. Now consider the evolution of the state that is subject to this time-dependent Hamiltonian. The
solution to (3.35) defines the unitary operator U(t, fy) [25]

lp (1) = U(t, 1)y (1)) (3.38)
where £ is the initial time. Note that the operator works transitive in the sense that
Ul(t, 1) = U2, t)U (11, to) (3.39)

Combining (3.35) and (3.38) yields the following expression
0
iEU(t’ o)y (%)) = H(OU(t, to) |y (1)) (3.40)

and since the equation must hold for any (properly normalized) | (f)) we find the following partial differen-
tial equation

i%U(t, to) = HU(t, tp) (3.41)
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subject to the initial condition U(#, f) = I as |y (#)) = [y (fy)) if no time has passed. Using a Taylor expansion
and substituting the first order temporal derivative with (3.41) we can derive an expression for U(t + At, )
up to second order in At

U(t+At, ty) = U(t, to) — i HOU(L, t)) At + O(AL?) (3.42)

and so by using the initial condition we find
Ut+At, 0 =1 i HOAL+O(AL?) = exp { - iH(t)At} + 0 (3.43)

where the latter equality holds because we are only concerned with terms up to At. Using this expression and
transitivity, we can derive an expression for U(t, fy) for arbitrary timesteps ¢ — ty. We do this by dividing the

time into very small steps € = %, so equation (3.43) is approximately precise. This yield the following

N N
Ut t0) = [ Utto + ke, to + (k= 1)e) =lim [ | exp{ - ieH(to + (k- D) | (3.44)
k=1 €=04

If we can write this as an exponential of a sum, we might be able to rewrite it as an exponential of an integral
when taking the limit € — 0. However, we have to be wary of non-commutivity. A constant matrix always
commutes with itself, but since we are considering a time-dependent matrix it might be the case that H(f)
does not commute with itself at different times. If H(#;) does commute with H(¢;) for every pair ¢;, £; € [fp, £]
we can write U(t, tp) as

t
Utt,to) =exp{~i | H(nde},  if [H(t), H(t)) = 0V1i,1; € [1o, ] (3.45)
To

Unfortunately, if H(¢;) does nor commute with H(#;) for some pair #;, t; € [, t], we need another approach.
Instead, we need the time-ordered exponential to describe the evolution of the quantum state [25].

. rt
Ut tp) = Te o TH® (3.46)
where .
.t 0 (_7 t 5] th—1
Te ilydrHm _ 3 D fdtl dt2-~-f dt,H(t) H(ts)... H(t,) (3.47)
k=1 k! To Ip o

This integral is hard to evaluate, however we can mitigate this using a the Suzuki-Trotter decomposition. In
its most basic form we have [27]
eAx+Bx — eAxeBx + O(xz) (3.48)

where A and B are arbitrary matrices and x is some parameter. When applying the decomposition, one
usually makes use of the relation

XA Xp N XA Xp XA XB x(A+B)+lﬁ[A,B]+O(x—32)
eN‘eN =eN"eN”. . eN"eN’ =¢ 2N N (3.49)

N times

Note that we find e4*B)* = (e%Ae%B )NV as N tends to infinity. The Suzuki-Trotter expansion can be used to
derive an approximation of the time-ordered exponential by discretizing the elapsed time ¢ — #; into N small
intervals of length At [52]

. N-1
Ut 10)=Te o™ < T exp{ - iH(kADAL} (3.50)
k=0

Taking H(¢) from (3.37) we have

N-1 N-1
[T exp{-iHkanat} = [T exp{-i(fkanH; +gtkanHy)ac} (3.51)
k=0 k=0

and using the approximation (3.48) we find

N-1
Ut i)~ [] exp{— iAtf(kAt)H,-}exp{ - iAtg(kAt)Hf} (3.52)
k=0
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The approximation improves as At gets smaller, and becomes exact when taking the limit At — 0. Compare
this with QAOA

p
Uoaoaty.B)= [T exp{~ipctisexp - iviHe} (3.53)

Seeing these parallels, one can consider QAOA as a discrete version of QA. Moreover, in Chapter 4 we will
see that for the optimal parameter sets y, f we find that y; monotonically increases and f; monotonically
decreases, just like linear annealing in QA. These patterns were found both in [63] and [13] independently. A
conceptual image of this relation is shown in Figure 3.9

Te—ideH(T)
H(r)=(1-7)Hp +7He
Adiabatic

P _
[ e 'PrtiseiricHe
k:1 ,0“ ...............

QAOA

.

Figure 3.9: Conceptual analogy for comparing (bottom) QAOA to the (top) adiabatic algorithm with linear evolution as a path through
state space. Adapted figure from [55]

In order to make sure that the system evolves to the ground state of the final Hamiltonian, the evolution
must be gradual, hence the name adiabatic. Therefore, the evolution time T must be long enough. It turns
out that the time required for “gradual” evolution depends on the minimum energy gap Amin between the
groundstate and the first excited state during the evolution [54].

Amin = inf{ |1 (1) — Eo(0)] : € [0, 71} (3.54)

here Ey () is the groundstate energy of H(¢), and similarly E) (#) is the energy of the first excited state. To guar-
antee that the system remains in the groundstate, the necessary run time of the algorithm should typically

scaleas T=0(1/ Afnin) [2, 63]. In Figure 3.10 an illustration of the minimum spectral gap is shown.

Amin

t=0 t=T

Figure 3.10: Example of an evolution of the eigenenergies of a time-dependent Hamiltonian H(¢). The blue line represents the ground-
state energy, and the purple line represents the energy of the first excited state. Here Apj, denotes the minimum (energy) distance
between the groundstate and the first excited state of H(t), as defined in (3.54).



22 3. The Quantum Approximate Optimization Algorithm

A couple of years after the conception of the algorithm it turned out that for hard instances of 3SAT the gap
between the lowest two energies can get exponentially close [19]. More precisely, it was shown that finding
the minimum of a classical cost function whose domain is of size N, one needs the runtime to grow with at
least the square root of N. In many combinatorial problems the domain size grows exponentially with the
problem size n, so the approach is not efficient in n. The best one can hope for is Grover (i.e. quadratic)
speed-up, and thus the Adiabatic Algorithm does not disprove P # NP.



Implementation

The QAOA algorithm is veryreliant on finding appropriate angles (y, ) that favour good partitions and causes
bad partitions to destructively interfere. One of the main obstacles to overcome is determining those optimal
angles efficiently. In [63] two methods were proposed to tackle this problem, INTERP and FOURIER that run
in poly(p) time. In this chapter, I will discuss the INTERP method together with the practical intricacies of
implementing QAOA.

All the code developed for this thesis can be found on my GitHub repository: https://github.com/
soosub/bep/ in the folder Implementation/NewPlan

4.1. Patterns in the optimal parameters

In order to improve upon current methods, extensive searches for globally optimal angles were conducted
in [13, 63] and independently found interesting results. After degeneracies were reduced from the parameter
space, there were patterns to be found relating the optimal parameters for a particular graph at level p to the
optimal parameters at level p + 1, as shown in Figure 4.1.
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Figure 4.1: The parameter pattern visualized by plotting the optimal parameters of 40 instances of 16-vertex unweighted 3 regular graphs
(a) and 16-vertex weighted 3 regular graphs (b), for 3 < p < 5. The weights w;; in the weighted graphs were chosen from a uniform
distribution [0, 1]. Each dashed line connects parameters for one particular graph instance. For each instance and each p, the classical
BFGS optimization routine was used from 10* random initial points, and the best parameters were kept. Figure and results from [63].
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Independently, similar patterns were found on 10 node graphs in [13], see Figure 4.2.
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Figure 4.2: Examples of optimized parameters (Bopt, Yopt) for Max-Cut QAOA on 10 node graphs, with 8, 16, and 32 QAOA steps. The
graph was chosen from the Erdés-Rényi ensemble with edge probability 50%. When comparlng with Figure 4.1, there is a difference in the

scaling of the B parameters, this is because [13] used the mixer Hamiltonian Hg = 5 1y j O’x ) whereas [63] used the mixer Hamiltonian

Hp=Yi j 0' P resultmg in a factor 2 difference. Figure and results from [13].

As one can see from both results, y; is a monotonically increasing sequence while 3; is a monotonically
decreasing sequence, for i € {1,... p}. This is reminiscent of the Quantum Adiabatic Algorithm using a linear
annealing schedule, where the initial Hamiltonian is turned off gradually while the final, or problem Hamil-
tonian is turned on [2]. In addition, the optimal parameters found in p-level QAOA are very similar to the
optimal parameters in the next level. This opens up the possibility of exploiting this relation in order to
speed-up the parameter determination as will be discussed in Section 4.2.

4.2, Proposed method by Zhou et al.

In [63], it was suggested to use the patterns they found in order to enhance the search for optimal parameters.
Two methods were proposed to achieve this, namely INTERP and FOURIER. Both methods require poly(p)
time, as opposed to, for example, gridsearch. The general idea in both methods is to use the optimal, or quasi-
optimal angles at level p, and make an educated guess for the initial point of the optimization routine for the
next level p + 1. In the next section I will focus on the INTERP method.

4.2.1. INTERP
INTERP uses linear interpolation to produce a good initial point (y, ) for optimising the QAOA parameters
as one iteratively increases the level p

Y], = l_l[ bl ), @.1)
p p
[ﬁ?pﬂ)]i [%)L . Hl[ﬁ(p)] 4.2)

fori =1,2,...,p+ 1. Here, the superscript 1ndlcates either that the angle pertains to the local minimum, L,
or that it is the initial point for the next optimization round. The subscript inside the brackets indicates the
QAOA level, and the subscript outside the brackets indicates the array element. Since the notation might
seem a bit daunting, consider the following example. Suppose we have a (local optimal) set Y(L?,) =(Y1,Y2,73)
for p = 3 found after some optimization routine. Then, we can find a good initial point y?4) (yl,yz,y3,y )
using the INTERP method for p =4 using these parameters, see Figure 4.3.
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Figure 4.3: Illustration of INTERP method. The method uses the (local) optimal parameters to derive a good initial point for the opti-
mization round of the next layer, using interpolation.

Note that the parameters found using this interpolation are used as initial point for the next round of
optimization, so these are not directly the parameters used in the circuit. From this initial point we start
another round of optimization to find a local optimum, that hopefully is also the global minimum or close
to it. This is accomplished by considering the expectation value (H¢) as our objective function, which is
estimated by sampling multiple times from the state |y, ) and then calculating the corresponding objective
value. When the next local minimum is found we use it to generate angles for the next p, and in this fashion
we iteratively increase p untill we are satisfied.

In some sense, it is flexible as one is not obliged to start from p = 1, but can start at any level pg given
an initial set of angles y1,B1...Yp,, Bp,- For Max-Cut, it was recommended by Zhou to start from py = 1
with (y, B) = (0.8,0.35) as an initial guess and work from there [61, 62]. This is the approach I will use when
producing the results in the next chapter. Alternatively, one could choose to do a gridsearch for the first layer
requiring O(1) function calls, and then proceed using INTERP.

4.3. Number of samples

One algorithm design choice to consider is the number of samples from |y, B) one needs when determining
the final answer. Taking a constant number of samples would naturally lead to poor performance for large
graphs, as the number of possible partitions grows exponentially with n. Another (naieve) option would be
to take a certain fraction of the possible number of partitions, but asymtotically this would require O(2")
function calls. Ideally, we want to bound the number of samples by a polynomial function of n and still
get results close to or better than Fp, = (Hc). It turns out we can. Remember from equation (3.29) that the
variance is bounded which implied that for fixed p and v the sample mean of order m? values of C(z) will be
in [F,(y, B) — 1, Fp(y, B) + 1] with probability 1 - % [20]. This means for reasonably large graphs (m 2 10), we
can simply take m? samples and still find our estimate to be between F, £ 1 with reasonable probability. An
illustration of the necessary F), evaluations as a fraction of the total number of partitions is shown in Figure
4.4.

One thing to notice is that this impairs the applicability of QAOA for small graphs. The algorithm is in-
herently stochastic and so it requires multiple samples from the state |y, ). When the number of samples
required exceeds the number of possible partitions 2" this nullifies the benefits of using the algorithm, even
if we know good angles beforehand. Note that this fraction is based on one evaluation of F,,. If, in addition,
we still need to find good or optimal angles using classical optimization in the outer loop, then the number
of necessary Fj,-evaluations could diminish the usefulness of QAOA. Moreover, if one chooses to use a VQE
subroutine for determining optimal angles it is likely that one would need more samples per function call
since an unaccurate expectation estimate could restrain the effectiveness of the optimization when looking
for (local) minima.
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Figure 4.4: The ratio of necessary samples m? for finding a reasonalbe estimate for (H¢) and the total number of possible partitions 2"
as a function of the graph size n, here m denotes the number of edges in the graph. With a reasonable estimate I mean that we find
Fp sampled Within 1 of the actual F, witha 1 - % probability. The figure shows complete, 3-regular and 4-regular graphs. Note that for
small complete graphs brute force approaches are superior to QAOA as one would need more samples then there are possible partitions
to accurately estimate F.

4.4. Implementation in Python

4.4.1. QAOA and Goemans-Williamson

In order to examine the INTERP method, I implemented it using Python. For simulating the quantum circuit
that is shown in Figure 3.1, [ used pyQuil [50]. pyQuil is a quantum instruction language developed at Rigetti
Computing. It provides a way to simulate and compile quantum programs. The Quantum Virtual Machine
(QVM) was used to run my experiments. Moreover, I made use of Grove, a collection of quantum algorithms
built using the Rigetti Forest platform. Grove provides an implementation of QAOA using the VQE subrou-
tine, on top of which I build the INTERP method. This was achieved by running the QAOA circuit for a certain
set of initial angles to find a local minimum, which is illustrated in Figure 3.8. This local minimum was then
used to calculate a new set of initial angles for the next QAOA layer according to the INTERP scheme. The
optimizer used in the VQE subroutine was BFGS [21]. The quantum parts were simulated using the QVM and
perfect qubits and full connectivity were assumed. The expectation F, was calculated during the optimiza-
tion rounds using a fast method by dotting the wavefunction with the objective operator [50].

To benchmark the INTERP method to other QAOA methods, I also analyzed the performance of QAOA
when starting from randomly chosen initial points, again with the Grove’s QAOA class. I will abbreviate this
method to pyQuil RI (randomly intialised), or simply RI. This means that for a given p, the optimization is
simply started from y = (y1,...,¥p) and § = (f1,..., Bp) with y; drawn from a uniform distribution U10, 27] and
Bi from a uniform distribution U[0, 7]. Again I used a BFGS optimizer in the VQE subroutine.

I used the implementation of the Goemans-Williamson algorithm from the package cvxgraphalgs.

4.4.2. Graphs

The graphs that were analyzed were generated using the Python package networkx [26], a Python package for
the creation, manipulation, and study of graphs and complex networks. These graphs include cyclic graphs,
3-regular graphs and weighted 3-regular graphs, and graphs from the Erdds-Rényi ensemble with edge prob-
abilities 0.5, and 0.75. To make sure the experiments done are reproducable, I used seeds to keep track of the
randomly generated graphs, the 3-regular graphs and the Erdds-Rényi graphs. For the regular graphs, I used
a seed ranging from 0 to N, where N is the number of graphs analyzed for that particular class of graphs. The
same was done for the Erd6s-Rényi (ER) graphs, however for small graphs and low edge probability there is
a small probability that there are no edges in the graph. To circumvent this, I simply used the condition that
the set of edges had to be non-empty, and if it were empty skip to the next seed.

Python version 3.7.7 was used. Relevant software and Python packages with corresponding versions are
included in Appendix D.



Results

As mentioned in the previous chapter, for evaluating the performance of the INTERP method I analyzed
its performance on several types of graphs, namely cyclic graphs, 3-regular graphs and weighted 3-regular
graphs. Additionally, graphs from the Erdos-Rényi ensemble were investigated with edge probabilities 0.5,
and 0.75. As a figure of merit of the performance of QAOA approaches, I used the following quantity, as
introduced in [63]

F )
. »(v, B)

Cm ax

(5.1)

where Cpa is the actual optimum. I will refer to the quantity 1 —r as the fractional error. As the outcome of
Goemans-Williamson is inherently stochastic, I introduce the following quantity to compare the Goemans-
Williamson on an equal footing as QAOA

1 vk
T2 Cow,i
row (k) = £=L 2T (5.2)

Cmax

where I take the average outcome of k samples of Cgyy. In the rest of this chapter I consider k = 10.

The results from this chapter were obtained using the pyQuil INTERP method [9], or simply called IN-
TERBP, unless stated otherwise. The BFGS optimizer was used for finding the locally optimal parameters y, g8,
and by iteratively incrementing p using INTERP starting from p = 1 with parameters (yy, o) = (0.8,0.35).
Degeneracies from time reversal symmetry F,(y, B) = F, (-, —B) were removed by taking (y, )’ = (-y, - B)
when y;, B; <0 for all i. Remarkably, for almost all sets of parameters found using INTERD either all or no
angles were found to be negative.

In the appendices the data is presented in more detail. This includes the parameter patterns in Appendix
A, the runtime of simulating the algorithm in Appendix B, and the dependence of the fractional error on p in
Appendix C.

5.1. 3-regular graphs

The figure of merit r as well as the fractional error, for 25 random instances of unweighted 3-regular graphs
with 12 nodes, are plotted in Figure 5.1. Note that the expectation value F),, asymptotically approaches the
optimal objective value as we see that r approaches 1 asymptotically. Results for the other graphs are included
in Appendix C.

27
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Figure 5.1: (a) The fractional error 1 — r for the various randomly generated instances. A fit is included of the form ae~P!Po where
a =0.334+0.003 and pg = 2.60 +0.03. (b) r values after optimization for 25 instances of 12 nodal 3-regular graphs at various depths
p =1,...10. The angles were obtained by running the Grove QAOA method with the BFGS optimizer, by iteratively incrementing p using
INTERP starting from (y, ) = (0.8,0.35).

In Figure 5.2 the patterns of (local) optimal parameters found with the pyQuil INTERP method.
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Figure 5.2: Patterns of the angles y, p for 25 instances of 12 nodal 3-regular graphs at depth p = 10.

These patterns are very reminiscent of the results found in earlier research [13, 63] in Figures 4.2 and 4.1
respectively. Not only does the monotonicity of the patterns coincide, the scaling is also very similar to both,
taking the factor 2 in the mixer Hamiltonian into account from [13]. In Appendix A the patterns are shown
for different graph sizes n and different classes of graphs. The monotonic patterns seem to be ubiquitous
over the different classes of graphs, but there are certainly differences to be seen between the classes. No-
table differences include the spread of the patterns for weighted graphs. For unweighted graphs the found
parameters for different instances seem to concentrate. Moreover, the range of the patterns differs between
the classes. For Erdés-Rényi graphs y typically varies from y; = 0.2 to y,, = 0.7 while for 3-regular unweighted
graphs we typically find the y-parameter ranging from y; = 0.4 to y, = 1 and for 3-regular weighted graphs
Y1=06toy,=1.6.

In Figure 5.3 the relation between p and r for weighted and unweighted 3-regular graphs is shown. As can
be seen, for unweighted graphs the fractional error on average decreases exponentially with p. For weighted
graphs we see a similar pattern, but for this class the fractional error decreases exponentially with the square
root of p. Similar relations were found in [63] for a similar method to INTERP, namely FOURIER.
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Figure 5.3: Dependence of r on n on 20 randomly generated unweighted 3-regular (a) and 20 randomly generated weighted 3-regular
graphs (b) both using INTERP. For the unweighted graphs the model function ae™?/P0 was used, for the weighted graphs the model

function ae~VP/Po was used, these functions are shown with a solid lines. Moreover, the dashed horizontal lines indicate the average of
1-rgw (10) for the 20 instances per nodal number. The coral coloured dotted line indicates 1 — p, where p = 0.878 is the approximation
ratio of Goemans-Williamson.

It is worth noting that from p = 6 onwards QAOA outperforms Goemans-Williamson on all unweighted
graphs when comparing the figures of merit r and rgw . For weighted 3-regular graphs we see that p = 8 isnot
sufficient to outperform Goemans-Williamson on graphs of size 12 and 16. For this class of graph Goemans-
Williamson often significantly performs better than the lower bound of 0.878 in terms of the figure of merit
rew-.

A graph of the dependence of r on the number of nodes n for unweighted 3-regular graphs is shown in
Figure 5.4a. As we can see, generically r decreases with 7 for p = 4 for the INTERP method. For lower p there
seems to be some anomaly for 12 nodal graphs. In addition, we see that INTERP outperforms RI significantly
for p = 3, especially on graphs with more nodes.
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Figure 5.4: Dependence of r on n on 20 randomly generated unweighted 3-regular graphs using both pyQuil INTERP (a) as well as pyQuil
RI (b). In both figures the lower bound of 0.878 for the GW-algorithm is included.

The number of function evaluations necessary for parameter determination was also analyzed, see Figure
5.5. The numerical results suggest that indeed the method is polynomial in p. For 3-regular graphs it was
found that the necessary number of function evaluations was less than the number of function evaluations
required for finding parameters for unweighted graphs.
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Figure 5.5: Number of function evaluations necessary for parameter optimization in INTERP for 20 instances of 16-nodal 3-regular
graphs. Both unweighted (a) and weighted (b). The fit parameters for the mean of the unweighted graphs are by =4.0+0.2,a; =1.52+
0.05, by = 7.2+0.3. For the mean of the weighted graph the fitparameters found were by =2.8+0.2,a; =0.89+0.02,b; =6.9+0.1.

5.2. Erdos-Rényi graphs

I also examined the performance of QAOA on Erdos-Rényi (ER) graphs with edge probability 0.50 and 0.75,
abbreviated as ER-0.50 and ER-0.75 respectively. For graphs of this ensemble we find that the dependence
of the fractional error acts similar to that of weighted 3-regular graphs as it also decreases exponentially with
the square root of p, see Figure 5.6.
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Figure 5.6: The fractional error and figure of merit for 12 nodal graphs of the Erdos-Rényi ensemble with edge probabilities 0.50 (a), (b)
and 0.75 (c), (d) using the INTERP method for finding the parameters.

The dependence of r on the number of nodes 7 for the Erdés-Rényi graphs is shown in Figure 5.7. Again,
we observe a general decreasing pattern in r with n from p = 4 onwards.
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figures the lower bound of 0.878 for the GW-algorithm is included.

The number of function evaluations for parameter determination is shown in figure 5.8. We again observe
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that the method is polynomial in p. There seems to be no significant difference in the number of required
function evaluations when comparing ER-0.50 and ER-0.75 graphs.
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Figure 5.8: Number of F, function evaluations necessary for the INTERP method to converge on ER graphs with 15 nodes. (a) 20 in-
stances with edge probability 0.5 and fit parameters by =4.1+£0.3 and a1 = 1.32+0.04, b; =9.7+0.3 (b) 10 instances with edge probability
0.75 and fit parameters by =4.5+0.4 and a; = 1.25+0.03, b1 =12.4+0.2.

5.3. Cyclic graphs

In the original QAOA paper [20], an analytical expression for F), was derived by analyzing the contribution of
subgraphs of size p to the expectation value. As the graphs are cyclic, for p < n/2 there is only one type of
subgraph, namely, a linear array of nodes. After maximizing the function numerically for p =1,2,3,4,5 and 6
it was conjectured that for cyclic graphs one finds

2p+1
maxF,=M,=n (5.3)

Y.B 2p+2

for all p < n/2. To test this conjecture, I applied the pyQuil INTERP method to cyclic graphs. The F,, values
found by this method is shown in Figure 5.9.
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Figure 5.9: The expectation value F), using the pyQuil INTERP method, for cyclic graphs with an even number of nodes n. The dots
indicate the actual Fp, values from 1024 samples of the state. The dashed lines indicates the M, (n) values from Equation (5.3) for various
n as a function of p.

Itis noteworthy that for p < n/2 we indeed find that M, bounds F,,, and using the pyQuil INTERP method
we attain that maximum M, with high precision. Beyond that, for p = n/2, the expectation value F), jumps
to the facinity of the optimum value, namely Cpax = 17, meaning |y, B) is a groundstate of —Hc.
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In Figure 5.10 the figure of merit r is shown for cyclic graphs. As can be seen, there is a stark contrast
between cyclic graphs with an even number of nodes, and an odd number of nodes. This is because the latter
group has more partitions that are optimal as there has to be one neighbouring pair that are on the same
side of the partition. Cyclic groups with an even number of nodes simply have one groundstate partitions,
up to Z, symmetry, namely an alternating bit string. This means that the groundstate of — H¢ has a higher

degeneracy and thus the parametrized state |y, ) naturally overlaps more with the groundstate.
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,18. The values for Fp, are acquired using the angles obtained using the






Conclusions and Future Work

The Quantum Approximate Optimization Algorithm (QAOA) is a variational quantum algorithm designed
to solve combinatorial optimization problems that depends on 2p parameters. Due to its shallow depth it
is relatively robust against errors and thus surpasses the need for error correction, making it an interesting
algorithm to test on NISQ devices. One of the challenges for feasible use of the algorithm is the determination
of suitable parameters. In this thesis I implemented and evaluated the INTERP method proposed by Zhou
et al. [63] that exploits similarities with the Quantum Adiabatic Algorithm in order to find quasi-optimal
parameters in poly(p) time. This was realized by benchmarking it against the classical Goemans-Williamson
algorithm on a variety of graph classes, namely cyclic, 3-regular weighted and unweighted, and Erdés-Rényi
graphs with edge probability 0.5 and 0.75.

It was found that the depth p required for surpassing the performance of Goemans-Williamson was de-
pendent on the graph class. While only p = 2 and in some cases p = 3 was required for QAOA to surpass the
approximation ratio of 0.878, the Goemans-Williamson algorithm is often able to do better. Accordingly, a
different metric was chosen, namely rg to compare Goemans-Williamson on equal footing with QAOA. For
p 2 6 for unweighted 3-regular graphs, and p 2 7 for weighted 3-regular graphs, the QAOA algorithm using
the INTERP method consistently outperforms the classical Goemans-Williamson algorithm in terms of this
measure for small graphs with 7z < 16. Similarly, for Erdos-Rényi graphs p 2 7 was required for graphs with
edge probability 0.5 and edge probability 0.75. However, this figure is also dependent on the graph size.

One important aspect of the algorithm is the amount of objective function calls required to find the pa-
rameters. It was found that this number is significant to the number of partitions for the small graphs ana-
lyzed in this thesis. This leads me to conclude that in practice one should prefer Goemans-Williamson over
QAOA for small graphs when approximate solutions suffice.

The circuit implementing the algorithm applied to the Max-Cut problem requires only O(n?) gates by
design, and the numeric results from this thesis suggested that the amount of function calls required for
the outer loop classical optimization only grows polynomially in p, as was claimed in [63]. Therefore, the
computational cost of finding quasi-optimal parameters using INTERP is expected to only grow polynomially
in n and p. For large graph sizes, the number of function calls will no longer be significant to the number of
possible partitions as the latter grows exponentially with the problem size.

Moreover, it was found that monotonic patterns in the parameters were consistenly observed in all the
classes of graphs that were investigated. One might wonder if this was enforced by the INTERP method itself.
While it is possible that the found parameters are local optima, the results also show that the expectation
value F), monotonically increases with p. This fact illustrates that the heuristic works well and offers a good
alternative to gridsearches or randomly initialised optimization routines given the costly probing of the pa-
rameter space.

The work conducted in this thesis has also led to new questions. One of the main topics that requires fur-
ther examination is whether or not it is possible to speed up the parameter determination. One idea that
comes to mind is to use optimal parameters for one instance of a class of graphs, and use this to find good
partitions. Closely related to this idea is to construct some function that closely resemebles the optimum pat-
tern of a given graph class, and use this function to determine parameters, or start optimizing from this point
to find local optimal parameters. Possibly, this could offer an advantage over an iterative method like INTERP
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that starts from a low pg and whose performance is greatly influenced by its initial point (y (), B(p,))- This
approach could be aided with Machine Learning techniques to recognize relevant features of a given graph
and its class.

Another topic of interest for future research is the implementation on actual quantum devices. As simu-
lating the QAOA circuit on a classical device is not time-efficient, it is hard to get intuition for the time it takes
on real quantum hardware combined with a classical computer. Because we are now approaching quantum
devices with around 100 bits, it would be interesting to see if QAOA offers an advantage over classical algo-
rithms for large problem sizes, as the exponential nature of many combinatorial optimization problems really
becomes relevant for high n. A possible choke point for the speed of the algorithm would be the communi-
cation between the quantum computer and the classical computer. It would be interesting to see if hardware
especially dedicated to these hybrid algorithms has advantageous beyond classical capability.

By extension, the problems that are forthcoming from real devices should also be investigated, such as
the algorithm’s resistance to error. Moreover, the mapping of the circuit onto the processor is subject to the
processor constraints which might cause a loss in performance as real processors have limitted qubit con-
nectivity. Furthermore, it should be investigated how the sampled average affects the speed of the classical
optimization routine as it might cause problems due to the stochastic nature of the measurement outcomes.
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Figure A.3: Quasi-optimal parameters (y, f) found using the pyQuil INTERP method for 20 instances of 12-nodal unweighted graphs
drawn from the Erd6s-Rényi ensemble with edge probability 0.5 for p = 3,4,5 and 8.
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Figure A.4: Quasi-optimal parameters (y, f) found using the pyQuil INTERP method for 10 instances of 12-nodal unweighted graphs
drawn from the Erdds-Rényi ensemble with edge probability 0.75 for p = 3,4,5 and 8. There seems to be one graph with anomalous
results for which the ; parameter oscillates around 0 and the y; parameters lie around 7. This is best seen on the graph for p = 8, where
I did not restict the limits of the vertical axis. Possibly this anomaly has to do with the degeneracy of the optima, as I only removed the
degeneracies due to time-reversal symmetry.



45

14

1.2

1.0

0.8

0.6

0.4

0.2

0.0

14

12

1.0

0.8

0.6

0.4

0.2

0.0

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0.0

14

1.2

1.0

0.8

0.6

0.4

0.2

0.0

p=3

0.7 4

0.6 §

0.5 4

0.4 4

0.3

0.2 4

0.1+

p=3

0.0

p=4
L ]

0.7 4

0.6

0.5 1

0.4 1

0.3 1

0.2 4

0.1+

p=4

0.0

0.7 4

0.6 §

0.5 4

0.4 4

0.3 4

0.2 4

0.1

p=5

0.0

0.7 4

0.6 §

0.5 4

0.4 4

0.3

0.2 4

0.1+

p=10

0.0

Figure A.5: Quasi-optimal parameters (y, ) found using the pyQuil INTERP method for the cyclic graph of 12 nodes for p = 3,4,5 and

10.






10000 4

8000

6000 -

t[s]

4000 -

2000 +

runtime per step (average)
cummulative runtime (average)

—
----- ageVPPo
velp
""" ae 1 4
//
o
L
,;
=d
/”
-
7 e )
s e
S=22e e, o
zzasar%itasascs P
EEEPEL st seaet
) — dessiEEis esEzeEti s
1 2 3 } T P 5 :

Runtime

Figure B.1: Runtime (wall-clock time) when simulating the algorithm using the pyQuil INTERP method on 20 instances of 3-regular
graph with 16 nodes. The fit parameters for the runtime per step are ap = 2.4+ 0.6, pg = 6.1+ 0.4. The fit parameters for the cummulative
runtime are a; = 1.4+ 0.2 and p; =9.0+0.3. The mean runtime per graph per step at p = 8 is around 2700 seconds, or 45 minutes. A run
for one graph starting from p = 1 typically lasted 2 hours. The light green and navajo white dashed lines indicate the runtime per step
and the cummulative time for one instance, respectively.
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Figure B.2: Runtime (wall-clock time) when simulating the algorithm using the pyQuil INTERP method on 20 instances of weighted
3-regular graph with 16 nodes. The fit parameters for the runtime per step are ap = 2.3 £0.2, pg = 5.2 £0.2. The fit parameters for the
cummulative runtime are a; =2.0+0.1 and p; =7.1+0.1. The light green and navajo white dashed lines indicate the runtime per step
and the cummulative time for one instance, respectively. As can be seen, the parameters for weighted graphs typically took less time to
calculate compared to unweighted graphs.

47



48

B. Runtime

25000

20000 +

t[s]

10000

5000 +

15000

e runtime per step (average)
e cummulative runtime (average)

—
----- aoe\'P/Pn
e
----- aeVpipr 4
L
,
57
%
L
»
t',
,D'/ _--e
/,—" e
- eerwiiecooetBlEe
Z-sewitceaiil Lec=c2
ommmmmm—- O kil -
1 2 3 a T p - ;
p
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Figure B.4: Runtime (wall-clock time) when simulating the algorithm using the pyQuil INTERP method on 10 instances of weighted
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(c) 14 nodes. Fit parameters @ = 0.30+0.01 and pg = (d) 16 nodes. Fit parameters & = 0.313+0.009 and pg =
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Figure C.1: The fractional error as a function of p for unweighted 3-regular graphs using INTERP. For each n 20 randomly generated
instances were considered. A fit of the mean of the fractional error of those instances is included with model function ae~P/P0 which

suggests that the fractional error decays exponentially with p.
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Figure C.2: The fractional error as a function of p for weighted 3-regular graphs using INTERP. For each n 20 randomly generated in-

stances were considered. A fit of the mean of the fractional error of those instances is included with model function ae™VP/P0 which
suggests that the fractional error decays exponentially with the square root of p.
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(c) 13 nodes. Fit parameters a = 0.48 +0.01 and pg = (d) 14 nodes. Fit parameters a = 0.474+0.004 and pg =
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Figure C.3: The fractional error as a function of p for ER-0.5 graphs using INTERP. For each n 20 randomly generated instances were
considered. A fit of the mean of the fractional error of those instances is included with model function ae™V?/P0 which suggests that
the fractional error decays exponentially with the square root of p.



52 C. Fractional errors

random instance random instance
L] mean [ mean
.‘\ ——— aeVPP 8 _—_ e VPPs
< ~
101 “a GW bound S GW bound
a5 —=- rgwmean -1 N === rgwmean
o 10 8
”‘-\\‘ \\\
S \‘\
] g O T S.
=S = R N
__________________________________ n N
] =
_______________________________ e —— e
| D
.
10-2 4
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
P P
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Figure C.4: The fractional error as a function of p for ER-0.75 graphs using INTERP. For each n 10 randomly generated instances were

considered. A fit of the mean of the fractional error of those instances is included with model function ae™V?/P0 which suggests that
the fractional error decays exponentially with the square root of p.



Software and Python packages

Python version 3.7.7 was used throughout this work. A list of the Python used packages and the corresponding
versions is included in Table D.1

H Package Version H
cvxXpy 1.1.1
cvxgraphalgs 0.1.2
matplotlib 3.1.3
numpy 1.18.5
pandas 1.0.3
pyquil 2.19.0
quantum-grove 1.7.0
networkx 0.3.4
scipy 1.4.1

Table D.1: Versions of relevant Python packages used for implementation.

Moreover, the Rigetti Forest Software Development Kit (SDK) was used, which includes pyQuil, the Rigetti
Quil Compiler (quilc), and the Quantum Virtual Machine (qvm). Forest SDK version 2.0 was used for this
thesis.
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