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Abstract
The bond between concrete and reinforcement is one of the critical parameters
influencing the structural behavior of reinforced concrete (RC). This research
proposes amathematicalmethodology to scale the reinforcement-concrete bond-
slip relationship in a beam latticemodeling framework. A simplified, generalized
approach based on stochastic analysis is proposed to model the interaction
between the reinforcing bar and surrounding concrete at the macroscale. The
approach considers the randomness of the lattice mesh and the mesh size and
adopts an analytical model for the interface assuming the pull-out failure of rein-
forcement as input, thereby including also themesoscale geometric effect of ribs.
By using the geometric configuration of Delaunay triangulation in the random
lattice mesh, the interface elements can reproduce the basic conical stress trans-
fer mechanism in concrete. Consequently, depending on boundary conditions,
and without changing the interface properties, a splitting failure and bond-slip
relation for splitting failure can be predicted. The model is systematically vali-
dated in different types of pull-out tests, through flexural and finally shear tests.
With limited input (properties of the concrete and analytical equation for pull-
out failure), having a (strong) physical background, the model was shown to
capture the fundamental fracturemechanisms in RC under different loading and
confinement conditions.

1 INTRODUCTION

The bond property between reinforcement and con-
crete significantly influences the structural behavior of
reinforced concrete (RC) members, including the load-
carrying capacity, crack propagation, deformational capac-
ity, and seismic resistance. Therefore, it is important to
adopt appropriate reinforcement-concrete interface prop-
erties when simulating the mechanical behavior of RC
structures. Still, the reinforcement-concrete bond behav-

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
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ior is complicated since it depends on many configura-
tion details, for example, cover thickness, reinforcement
geometry and diameter, reinforcement rib spacing, stress
state of the reinforcement, confinement conditions, and
the concrete strength. Furthermore, the evaluation of
bond resistance is complex since different failure modes
can develop (i.e., the reinforcement being pulled out or
concrete splitting with a number of failure sub-modes
depending on section geometry) and the influence of
each parameter varies widely. To study the bond transfer
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2 GU et al.

mechanism, a set of experimental work has been con-
ducted (Bado et al., 2021; Goto, 1971; Gribniak et al., 2020).
It is widely accepted that the bond between reinforcement
and concrete can be attributed to the adhesion, friction,
and concrete interlocking between ribs. Premature con-
crete splitting failure can happen prior to reinforcement
pull-out if the confinement from surrounding concrete
or transverse reinforcement is deficient. To quantify the
bond stress-slip relationship under various boundary con-
ditions, numerous analyticalmodels have been established
(Eligehausen et al., 1982; Ferguson, 1966; Mirza & Houde,
1979). In particular, based on extensive experimental data,
Harajli et al. (1995, 2004, 2009) proposed a bond stress–
slip model for rebars in normal concrete, fiber-RC (FRC)
and concrete confined by fiber reinforced polymer under
monotonic and cyclic loading. This analytical model con-
siders a wide range of factors, including the loading
and confinement condition, rib spacing of rebar, type of
concrete, and other factors affecting bond behavior.
When simulating the structural behavior of RCusing the

finite elementmethod (FEM), the bond element properties
are related to the reinforcement diameter, cover thickness,
and some other factors that are experimentally difficult
to control, such as lateral pressure from confinement,
boundary conditions, and stress state in the considered
test setup. Meanwhile, it should be noted that the stress
state of the concrete near the reinforcement is fictitious
and cannot be validated since the interaction between rein-
forcement ribs and the surrounding concrete cannot be
accurately evaluated. To overcome these uncertainties and
represent the bond and boundary conditions as detailed as
possible, researchers (Cai et al., 2020; Kurumutani et al.,
2017)model the reinforcementwith rebar ribs atmesoscale
using fine mesh discretization. In mesoscopic analysis, the
ribs of the deformed bar can be well-represented by solid
elements, treating the shear transfer mechanism as the
local contact between ribs and concrete in the neighbor-
hood. Nevertheless, the huge computational cost due to
fine mesh makes it impractical for analyzing the mechan-
ical behavior of RC structures at macroscale. In past years,
significant achievements have been made in the smeared-
cracking models to simulate the cracking behavior of RC
(Cervenka et al., 2022; Rimkus et al., 2020). However, these
numerical models assume the concrete as a homogeneous
material without imperfections and randomness, so usu-
ally they do not reflect the fracture features related to the
material heterogeneity.
Compared to FEM, the discrete lattice model shows

advantages in terms of concrete fracture analysis, espe-
cially in modeling the crack propagation (Qian, 2012;
Schlangen & Garboczi, 1997). With irregular meshing
methodology, it can intrinsically represent the heterogene-
ity of concrete and thematerial nonlinearity under various

loading conditions. Therefore, the discrete lattice model
has been widely applied in studying the fracture mecha-
nism of concrete at the micro- and mesoscale (Bolander &
Sukumar, 2005; Fascetti et al., 2022; Luković et al., 2015).
Only recently studies using a lattice model to simulate
the structural behavior of RC at the macroscale have been
reported (Alnaggar et al., 2019; Pan et al., 2017; Sasano
et al., 2018), where one of the main challenges is model-
ing the reinforcement-concrete interface. The researchers
have also modeled the ribbed shape of deformed steel
bars with fine mesh with explicit modeling of the funda-
mental interaction between ribs and surrounding concrete
(Avadh et al., 2022; Karam et al., 2019; Šavija et al.,
2013). However, when upscaling the lattice approach to the
macroscopic structural behavior of RC members, the high
computational cost limits its application.
Instead of modeling the three-dimensional (3D)

ribbed shape of reinforcement in lattice modeling, some
researchers attempted to simplify the procedure and
treated the reinforcement as a one-dimensional beam or
truss elements (Aydin et al., 2019; Bhaduri et al., 2021;
Mustafa et al., 2022). In a discrete rigid body spring model
(RBSM), the reinforcement beam elements are connected
to concrete particles through zero-length linkage spring
elements, for which the constitutive law can be defined by
the local bond stress-slip relationship between reinforce-
ment and concrete (Bolander et al., 2000; Gedik et al.,
2011; Yip et al., 2005). Recently, Farooq et al. (2020, 2022)
examined the validity of such amethodology by simulating
two-end pull-out tests and beam bending with lap splices.
In these simulations, the linkage spring elements were
assigned with the bond stress-slip relationship of pull-out
failure (instead of bond-splitting failure), which also takes
into account the geometric properties of the reinforcement
(i.e., ribs). This relationship was regarded as the inherent
property of the reinforcement-concrete interface and
parametrically independent. It was found that due to the
unique geometrical features of irregular Voronoi mesh,
the simplified reinforcement beam elements could repro-
duce a realistic conical cracking mechanism as observed
in the tests. Moreover, the influence of cover thickness,
reinforcement diameter and stirrup confinement on the
bond stress-slip behavior could be well-predicted, which
proved its feasibility in macroscopic mechanical analysis
of RC structures.
Different from the RBSM, the Delft latticemodel utilizes

beam elements to represent all the phases, including con-
crete, reinforcement, and their interface (Luković et al.,
2017). However, the interface element properties, so far,
were determined by calibration of parameters such as the
failure load, crack pattern, and crack propagation (Luković
et al., 2017), or more recently crack widths in the exper-
iments (Mustafa et al., 2022). This limits the use of the
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F IGURE 1 Typical bond stress-slip response for reinforcement
in concrete

lattice model in structural analysis as the physical back-
ground of the reinforcement-concrete bond is missing and
the predictive calculations cannot be made.
This research proposes a mathematical methodology to

scale the constitutive parameters of the bond-slip rela-
tionships between concrete and reinforcing steel, in a
beam lattice modeling framework. A simplified, gener-
alized approach, based on stochastic analysis and with
a small number of input parameters having a (strong)
physical basis, is proposed to model the interaction
between the reinforcing bar and surrounding concrete in
a discrete-type random lattice model at the macroscale.
In themodel, concrete, reinforcement, and reinforcement-
concrete interaction (interface) are all simulated as beam
elements. A methodology for calculating the properties
of the reinforcement-concrete interface element (strength
and elastic modulus) is proposed based on the analytical
relation of Harajli (2009) assuming the pull-out failure of
reinforcement, and a stochastic analysis of mesh random-
ness. As a result, by using the relation for pull-out failure,
being fully defined by reinforcement diameter, spacing of
ribs and the strength of concrete, and with no additional
input other than concrete properties (strength and elastic
modulus), the behavior of possible splitting was predicted
numerically, including the important and difficult to grasp
the effect of confinement. To investigate the robustness of
themodel, varying boundary conditions and failuremodes
in pull-out tests are simulated. Furthermore, the approach
is validated by simulating the structural behavior of RC
members at the macroscale: in a flexural and a shear test.

2 BOND-SLIP BEHAVIOR OF
REINFORCEMENT IN CONCRETE:
EXPERIMENTAL INSIGHTS AND
ANALYTICAL FORMULATIONS

A typical bond stress-slip relation of the reinforcement
in concrete is shown in Figure 1 along with the schema-

tized bond-slip mechanism under splitting failure. In
the initial loading stage, a small slip with a significant
increase in bond stress is observed. During this early
phase, the bonding is predominantly due to chemical
adhesion accompanied by friction that is activated usu-
ally after adhesion failure. With a further increase in the
slip, the radial component of rib bearing force causes split-
ting cracking of surrounding concrete, accompanied by
a decrease in stiffness (Point A in Figure 1). When the
residual tensile stress and passive confining stresses of
surrounding concrete cannot further resist the increasing
bearing force, the ultimate bond strength is reached (Point
B in Figure 1). A further increase in slip causes a sudden
decrease in bond stress and a new equilibrium is achieved
(Point C in Figure 1). Finally, the ribs of the reinforcement
tend to ride up the concrete keys, and the bond resis-
tance degrades gradually, indicating the final failure of the
reinforcement-concrete bond (Point D).
For reinforcementwith effective confinement, for exam-

ple, with dense transverse reinforcement, prestressing, or
addition of fibers in the concrete matrix, a pull-out type
of failure is observed instead of the aforementioned failure
governed by the splitting of concrete. Under the confined
situation, an increased bond strength and higher ductility
are observed for the reinforcement-concrete interface. To
represent the bond behavior of reinforcement in confined
or unconfined concrete under monotonic loading, Harajli
et al. (1995, 2004, 2009) proposed an analytical model as
schematically shown in Figure 2.
In this monotonic envelope model, the bond stress-slip

behavior for an ordinary splitting failure in two conditions
(confined and unconfined—plain concrete) is divided into
four stages: (1) following the pull-out failure envelope from
zero until a bond stress of 𝛼𝑢sp (where 𝛼 = 0.7 and 𝑢sp is
the splitting bond strength, which is dependent on con-
crete compressive strength 𝑓′c, reinforcement diameter 𝐷,
smallest concrete cover thickness 𝑐 and stirrup confine-
ment factor 𝐾c); (2) when the stiffness changes and the
bond stress increases almost linearly from 𝛼𝑢sp to the
peak stress 𝑢sp, with the corresponding slip displacement
denoted as 𝑠sp; (3) when the bond stress drops rapidly to 𝑢p
(for confined concrete) or 𝛽𝑢sp (for plain concrete), where
𝛽 = 0.65 for normal strength concrete (𝑓′c ≤ 48MPa); and
(4) finally, the bond stress progressively diminishes to zero.
To represent a dominant pull-out failure instead of split-
ting, the behavior is also divided in four stages: (1) the bond
stress increases from 0 to 𝑢m at a corresponding slip of
𝑠I, following the relationship 𝑢 = 𝑢m(𝑠∕𝑠I)

0.3, where 𝑢m is
only related to the concrete compressive strength 𝑓′c; (2) a
ductile slipping plateauwithout bond stress loss until a slip
of 𝑠II; (3) a linear decrease in bond stress from the slip 𝑠II
to 𝑠III until (4) when a constant residual bond stress 𝑢f is
reached, where 𝑢f = 0.35𝑢m. Further details about all the
parameters can be found in Harajli (2009).
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4 GU et al.

F IGURE 2 Monotonic envelope model suggested by Harajli
(2009)

This model considers many detailed parameters (e.g.,
𝑐0 is the clear distance between the ribs on bars; 𝐾c and
𝐾cs are the confinement factors, related to configuration
details such as concrete cover thickness, stirrup spacing,
etc.). That is why this model, accompanied by experi-
mental insights, is further used for lattice modeling and
validation of the numerical approach. Note that other
empirical or analytical bond-slip models can also be used
as this research is aimed at developing a procedure to trans-
late the chosen bond-slip behavior to the properties of the
reinforcement-concrete interface element.

3 DISCRETE LATTICEMODEL

In the traditional lattice model (Schlangen & Garboczi,
1997), the continuum of interest is discretized into a set of
beam elements that form a lattice mesh, and are assigned
linear elastic properties, that is, Young’s modulus and

F IGURE 3 2D representation of the lattice mesh for reinforced
concrete (RC)

tensile/compressive strength. The external load is then
applied in steps to the lattice mesh. In each step, a lin-
ear elastic analysis is performed and the stress-to-strength
ratio is calculated for all the elements. The element with
the highest stress-to-strength ratio is then removed from
the lattice mesh. It should be noted that although all
phases are modeling by beam elements, only their axial
stress and strength are considered when calculating the
stress-to-strength ratio. After removing the critical ele-
ment, the stresses in all the elements are released and the
next loading step is applied. The analysis procedure is then
repeated sequentially step by step until the pre-determined
displacement or ultimate failure of the structure is reached.
Whereas originally the model is used for material

research: for fracture analysis of conventional concrete
(Schlangen & Garboczi, 1997) and recently for modeling
time-dependent mechanical behavior of 3D printed con-
crete (Chang et al., 2021) and creep (Gan et al., 2021), in
this research, the concept is further developed to simu-
late structural behavior of RC. To simulate the ductility of
(some of) the lattice beam elements (like reinforcement),
a non-linear stress-strain relation can be ascribed to these
elements. In that case, during analysis, the element is not
immediately removed from themesh, but its properties are
updated according to the assigned stress-strain relation.
The detailed procedure for establishing the latticemesh for
RC is described below and is depicted in Figure 3.
Create grid: A cubical grid is made (square for two-

dimensional [2D] mesh) with a certain voxel size of 𝐿v , as
labeled in Figure 3.
Generate concrete nodes and elements: In each voxel,

a sub-voxel with size 𝐿s is created. The concrete node is
then generated randomly within the sub-voxel—this intro-
duces some disorder in the lattice mesh to represent the
heterogeneity of concrete. As a result, although the frac-
ture law used for simulating concrete elements in the
lattice mesh is elastic and purely brittle, the simulated
response is quasi-brittle with softening. The model allows
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GU et al. 5

also explicit consideration of thematerial structure ofmul-
tiphase cementitious materials such as concrete, mortar
or paste (Luković et al., 2015), resulting in increased frac-
ture energy. It should be noted that the model also allowed
considering softening at the lattice element level, which
can be either obtained experimentally (Hordijk, 1993) or
numerically from a parameter-passing multiscale mod-
eling scheme (Qian, 2012). The ratio between the size
of the sub-voxel and the voxel, 𝐿s∕𝐿v , is defined as the
randomness of lattice mesh and is an important param-
eter for lattice simulations (Schlangen & Garboczi, 1997).
The closest concrete nodes are then joined with each
other based on the Delaunay triangulation (D. T. Lee &
Schachter, 1980).
Generate reinforcement nodes and elements: The rein-

forcement is then modeled in the lattice mesh based on
the reinforcement geometry. The ends of reinforcement are
recognized as its end nodes, and a reinforcement node is
generated at each point where the reinforcement crosses
the voxel. Two adjacent reinforcement nodes are then
connected to each other to form a reinforcement element.
Generate interface elements: Reinforcement nodes are

connected to the concrete nodes in the corresponding
voxels by interface elements.
After generating all the elements, they are assigned

certain material properties. Subsequently, the boundary
conditions and the loads are defined, and the analysis is
performed.

4 PROPERTIES OF
REINFORCEMENT-CONCRETE
INTERFACE ELEMENTS

The reinforcement-concrete interface elements in the
lattice model can be simulated using two different
approaches as depicted in Figure 4: (1) by modifying the
coordinates of concrete and reinforcement nodes in the
voxels containing reinforcement elements such that the in-
terface elements are always aligned with reinforcement
elements (Oliver-Leblond, 2013) as shown in Figure 4a;
(2) by keeping the disorder of the concrete nodes such
that the interface elements are generated based on the
randomness of concrete nodes (Luković et al., 2017) as
shown in Figure 4b. For concrete members with a rela-
tively small amount of reinforcement, both methods can
be suitable. However, for those members with a high
reinforcement ratio (a large amount of closely spaced
bars) or the fiber-matrix interfaces in fiber-reinforced
cementitious composites, the first method is less suitable,
as it would lead to too much modification of concrete
nodes affecting significantly the random lattice mesh.

F IGURE 4 2D representation of reinforcement with (a)
aligned and (b) non-aligned interface elements

Until now, for both approaches, the interface element
properties are determined by inverse analysis such that
crack patterns and crack widths correspond to experi-
mental observations, with no physical background of the
reinforcement-concrete bond parameters (Luković et al.,
2017; Mustafa et al., 2022). In addition, with a second
approach, a new calibration is needed once the random-
ness changes. In this study, a methodology for calculating
reinforcement-concrete interface element properties, both
for reinforcement with aligned and non-aligned inter-
face elements, including different randomness of lattice
mesh, is proposed based on the analytical reinforcement-
concrete bond-slip model under pull-out failure suggested
by Harajli (2009).

4.1 Reinforcement with aligned
interface elements

For reinforcement in concrete, the pull-out bond failure
reflects the inherent property of the interface between
reinforcement and the concrete matrix. Therefore, the
envelope of the bond stress-slip curve from Figure 2 is
utilized for determining the properties of interface ele-
ments in the lattice model. If the bond is strong enough
to trigger a splitting failure, this failure should come out
as a result of the model. Therefore, only parameters 𝑠I,
𝑠II, 𝑠III, and 𝑢m from Harajli’s model are relevant for
the suggested approach. Since the reinforcement-concrete
interface exhibits a ductile behavior, the suggested bond
stress-slip relationship is simulated using 15 segments, as
shown in Figure 5, where the 𝑛th segment has a slip of 𝑠𝑛
and bond stress of 𝑢𝑛. Note that more input segments can
be defined in order to have more refined bond-slip relation
but this results in higher computational cost.
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6 GU et al.

F IGURE 5 Definition of 15 segments for the input of bond
stress-slip relationship in the lattice model

F IGURE 6 Schematic representation of the reinforcement slip
for 2D aligned interface elements: (a) original state; (b) slipping; (c)
equilibrium of free body

For each segment, a corresponding linear elastic stress-
strain response of interface elements can be derived with
the proposed procedure, including the elastic modulus 𝐸𝑛,
tensile strength 𝑓t𝑛 and compressive strength 𝑓c𝑛. When
the tensile or compressive strength is reached during a cer-
tain loading step, the element properties are updated to
(𝑛 + 1)th segment, until the element breaks in the last seg-
ment, and then it is completely removed from the lattice
mesh.
To determine the interface element properties, a single

mesh grid with reinforcement aligned in y-direction and
crossing through the center of the voxel is illustrated in
Figure 6a. For the lattice mesh with grid size of 𝐿v , a slip
of Δ𝐿 aligned with the reinforcement element is assumed
as shown in Figure 6b. For the interface element, the elas-
tic modulus of the first segment 𝐸1 is assumed to be the
same as the concrete element 𝐸c, that is 𝐸1 = 𝐸c. Then, the
equilibrium of a free body for a matrix node with interface

elements is established as illustrated in Figure 6c, all the
notations can be found in the Appendix
Note that the value of the stiffness itself (elastic modu-

lus, 𝐸1) can take an arbitrary value because in a truss (or
beam)model, the (axial) stiffness of the elements is consid-
ered, which also involves element radius (𝑟). In the current
lattice model, the radius of the lattice element is deter-
mined such that the effective elastic modulus of the whole
latticemesh is the same as that of the beamelement. This is
important as the chosen size of the radius would affect the
ratio between bending and axial stiffness of the elements,
which would cause different stresses among elements and
would affect the fracture response (Lilliu, 2007).
Considering the equilibrium condition for the first seg-

ment, the expression for the radius of interface element 𝑟
is obtained:

𝑢1
𝑠1
=
4𝐸1𝑟

2Δ𝐿∕𝐷𝐿2v
Δ𝐿

⇔ 𝑟 =

√
𝑢1𝐷

𝐸c𝑠1
⋅
𝐿v
2

(1)

where 𝐷 is the diameter of the reinforcement. The ten-
sile and compressive strengths of the interface element
are assumed to be equal, and for the first segment
are denoted by 𝑓1. The pull-out stress acting over the
circumference of the reinforcement 𝑢1, has to be trans-
ferred by the reinforcement-concrete interface elements,
having a strength 𝑓1. When 𝑓1 is reached, the equi-
librium between internal force and bond load can be
established:

𝜋𝐷𝐿v ⋅ 𝑢1 = 2𝜋𝑟
2 ⋅ 𝑓1 ⇔ 𝑓1 =

𝐷𝐿v𝑢1
2𝑟2

(2)

For the 𝑛th segment of input, the elastic modulus 𝐸𝑛 is
determined by the stiffness of the interface element:

𝑢𝑛
𝑠𝑛

=
4𝐸𝑛𝑟

2Δ𝐿∕𝐷𝐿2v
Δ𝐿

⇔ 𝐸𝑛 =
𝑢𝑛𝐷𝐿

2
v

4𝑠𝑛𝑟2
(3)

The shear modulus 𝐺𝑛 is then calculated by:

𝐺𝑛 =
𝐸𝑛

2 (1 + 𝜈)
(4)

where 𝜈 is the Poisson’s ratio of the interface element and
is taken to be the same as that of the concrete matrix. By
establishing a similar equilibrium as in Equation (2), the
interface element strength for𝑛th segment,𝑓𝑛, is obtained:

𝑓𝑛 =
𝐷𝐿v𝑢𝑛
2𝑟2

⇔ 𝑢𝑛 =
2𝑓𝑛𝑟

2

𝐷𝐿v
(5)

By transforming Equation (5), the bond strength 𝑢𝑛
for reinforcement with aligned interface elements can be
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GU et al. 7

represented by 2𝑓𝑛𝑟2∕𝐷𝐿v , which is denoted as 𝑢𝑛,aligned in
the subsequent derivations. The bond stiffness for 𝑛th seg-
ment 𝐾𝑛is defined as the bond force per unit slip distance,
that is, 𝐹b∕Δ𝐿. Then, the bond stiffness of reinforcement
with aligned interface elements 𝐾𝑛,aligned can be obtained
as

𝐾𝑛,aligned =
𝐹b
Δ𝐿

=
𝐹t + 𝐹c
Δ𝐿

=
4𝐸𝑛 ⋅ 𝜋𝑟

2

𝐿v
(6)

It should be noticed that the aforementioned elastic
modulus 𝐸𝑛 and strength 𝑓𝑛 are input material properties
of interface elements in the lattice model, and the bond
stiffness 𝐾𝑛 and bond strength 𝑢𝑛 are the structural prop-
erties of bond-slip relationship from Harajli’s envelope
(Harajli, 2009).

4.2 Reinforcement with non-aligned
interface elements

For the second approach, the concrete and reinforcement
elements are not necessarily aligned. If the same input
parameters derived for reinforcement with aligned inter-
face elements are used for reinforcement with non-aligned
interface elements, the output bond strength and stiffness
can differ due to the randomness of the lattice mesh and
the variation of element orientation. To quantify the influ-
ence of reinforcement position and also randomness of the
lattice mesh on the output bond strength and stiffness, the
2D lattice mesh is considered first and then the procedure
is extended to the 3D situation.
The X-Y plane of a 2D grid containing reinforcement

and interface elements is presented in Figure 7a, and the
coordinates of the concrete node are denoted by (𝑥, 𝑦).
The reinforcement is considered parallel to Y-axis in this
case and the ends of the reinforcement element have coor-
dinates (𝑚, 0.5𝐿v) and (𝑚,−0.5𝐿v), representing the two
reinforcement nodes. When a nodal force is applied that
activates the bond-slip behavior along positive y-direction
(this force is further referred to as bond force 𝐹𝑏), there
is a compressive force 𝐹c and a tensile force 𝐹t within the
two interface elements as shown in Figure 7b,c. When the
concrete node is located in the domain [−0.5ran ⋅ 𝐿v ≤ 𝑥 ≤
0.5ran ⋅ 𝐿v , 0 ≤ 𝑦 ≤ 0.5ran ⋅ 𝐿v], the interface compressive
force 𝐹c is larger than, or equal to the tensile force 𝐹t,
where 𝑟𝑎𝑛 is the specified randomness of the lattice mesh.
When𝐹c reaches the interface strength (𝐹c = 𝑓𝑛 ⋅ 𝜋𝑟2), the
compressed interface element fails.
To simplify the derivation, the following assumptions

are made: (1) small deformation is assumed and the equi-

F IGURE 7 Schematic representation of the reinforcement slip
for 2D non-aligned interface elements: (a) original state; (b)
slipping; and (c) equilibrium of the free body

librium of the free body is established on the undeformed
structure, (2) only axial force and stiffness are consid-
ered for the interface beam elements, that is, they are
regarded as truss elements. Note that the “truss element”
assumption ismade only for deriving the interface element
properties, but in the lattice model analysis, all the ele-
ments are still regarded as beam elements. Considering the
relatively small angle between interface and reinforcement
elements, the axial force and stiffness of interface elements
can govern their bending behavior, and the influence of
these assumptions will be further validated in Section 5.1.
According to the equilibrium of the free body in Figure 7,
the bond force can be calculated as

𝐹b =
𝐹c𝐿v√

(𝑥 − 𝑚)
2
+ (𝑦 + 0.5𝐿v)

2
(7)

where 𝐹c = 𝑓𝑛 ⋅ 𝜋𝑟2. Then the maximum bond force is:

𝐹b,max =
𝜋𝑟2𝑓𝑛𝐿v√

(𝑥 − 𝑚)
2
+ (𝑦 + 0.5𝐿v)

2
(8)

Subsequently, the bond strength for reinforcement with
non-aligned interface elements 𝑢𝑛,non−aligned is calculated
using

𝑢𝑛,non−aligned =
𝐹b,max

𝜋𝐷𝐿v
=

𝑟2𝑓𝑛

𝐷

√
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v)

2

(9)
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8 GU et al.

By incorporating the principle of virtual work, the
bond-slip distance Δ𝐿 caused by 𝐹b can be calculated as

Δ𝐿 =
𝐹b

[
(𝑥 − 𝑚)

2
+ (𝑦 − 0.5𝐿v)

2
] 3
2

𝜋𝑟2𝐸𝑛𝐿
2
v

+
𝐹b

[
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v)

2
] 3
2

𝜋𝑟2𝐸𝑛𝐿
2
v

(10)

Then, the bond stiffness for reinforcement with non-
aligned interface elements 𝐾𝑛,non−aligned is calculated as

𝐾𝑛,non−aligned =
𝐹b
Δ𝐿

=
𝜋𝑟2𝐸𝑛𝐿

2
v

[
(𝑥 − 𝑚)

2
+ (𝑦 − 0.5𝐿v )

2
] 3
2
+
[
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v )

2
] 3
2

(11)

Through Equations (6), (9), and (11), the ratio of
bond strength, as well as bond stiffness between
reinforcement with aligned and non-aligned inter-
face elements, are calculated, assuming interface element
strength as 𝑓𝑛:

𝑢𝑛,non−aligned

𝑢𝑛,aligned
=

𝐿v

2

√
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v)

2

𝐾𝑛,non−aligned

𝐾𝑛,aligned
=

𝐿3v

4
[
(𝑥 − 𝑚)

2
+ (𝑦 − 0.5𝐿v)

2
] 3

2

+ 4
[
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v)

2
] 3

2

(12)
Since the concrete node is randomly located within

the domain [−0.5ran ⋅ 𝐿v ≤ 𝑥 ≤ 0.5ran ⋅ 𝐿v, 0 ≤ 𝑦 ≤
0.5ran ⋅ 𝐿v], the expectation of the bond strength ratio and
bond stiffness ratio is:

E

[
𝑢𝑛,non−aligned

𝑢𝑛,aligned

]
=
0.5ran⋅𝐿v

∫
0

0.5ran⋅𝐿v
∫

−0.5ran⋅𝐿v
𝑓(𝑥) ⋅ 𝑓(𝑦)

⋅
𝐿v

2

√
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v)

2
𝑑𝑥𝑑𝑦

E

[
𝐾𝑛,non−aligned

𝐾𝑛,aligned

]
=
0.5ran⋅𝐿v

∫
0

0.5ran⋅𝐿v
∫

−0.5ran⋅𝐿v
𝑓(𝑥) ⋅ 𝑓(𝑦)

⋅
𝐿3v

4[(𝑥 − 𝑚)
2
+ (𝑦 − 0.5𝐿v)

2
]

3

2 + 4[(𝑥 − 𝑚)
2
+ (𝑦 + 0.5𝐿v)

2
]

3

2

𝑑𝑥𝑑𝑦

(13)

F IGURE 8 Relationship between the position of
reinforcement, indicated by parameter𝑚, and the expectation of (a)
bond strength ratio and (b) bond stiffness ratio in a 2D lattice mesh,
for different randomness of the lattice mesh

For the uniform distribution of concrete node coordi-
nates, the probability density for𝑥 and 𝑦 is:

𝑓 (𝑥) =
1

ran ⋅ 𝐿v
, −0.5ran ⋅ 𝐿v ≤ 𝑥 ≤ 0.5ran ⋅ 𝐿v

𝑓 (𝑦) =
2

ran ⋅ 𝐿v
, 0 ≤ 𝑦 ≤ 0.5ran ⋅ 𝐿v (14)

By incorporatingEquation (14) inEquation (13), the rela-
tionship between the expectation of bond strength and
bond stiffness ratio and reinforcement position with var-
ious randomness is obtained and is shown in Figure 8. For
the randomness of 0.5, the calculated bond strength ratio
E[

𝑢𝑛,non−aligne𝑑

𝑢𝑛,aligned
], and bond stiffness ratio E[𝐾𝑛,non−aligned

𝐾𝑛,aligned
], and

corresponding reinforcement position 𝑚 are also listed in
Table 1.
When the concrete nodes are located within the domain

[−0.5ran ⋅ 𝐿v ≤ 𝑥 ≤ 0.5ran ⋅ 𝐿v , −0.5ran ⋅ 𝐿v ≤ 𝑦 ≤ 0], the
interface compressive force (𝐹c) would be smaller than
the tensile force (𝐹t), and the bond strength would
be reached when 𝐹t reaches the interface strength
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GU et al. 9

TABLE 1 Calculated expectation of bond strength and bond stiffness ratio

ran = 𝟎.𝟓
𝐄[

𝒖𝒏,𝐧𝐨𝐧−𝐚𝐥𝐢𝐠𝐧𝐞𝐝

𝒖𝒏,𝐚𝐥𝐢𝐠𝐧𝐞𝐝
] 𝐄[

𝑲𝒏,𝐧𝐨𝐧−𝐚𝐥𝐢𝐠𝐧𝐞𝐝

𝑲𝒏,𝐚𝐥𝐢𝐠𝐧𝐞𝐝
]

𝒎 = 𝒏

Two-dimen-
sional (2D) mesh)

Three-dimen-
sional (3D) mesh 2Dmesh 3Dmesh

0.0 78.9% 77.0% 74.9% 68.3%
0.1𝐿v 78.1% 75.4% 72.3% 63.9%
0.2𝐿v 75.7% 71.1% 65.2% 52.8%
0.3𝐿v 72.0% 65.2% 55.4% 39.5%
0.4𝐿v 67.6% 58.9% 44.7% 27.8%
0.5𝐿v 62.9% 52.8% 34.8% 19.1%

F IGURE 9 Schematic representation of the reinforcement slip
for 3D non-aligned interface elements: (a) original state; (b)
slipping; (c) equilibrium of free body

(𝐹t = 𝑓𝑛 ⋅ 𝜋𝑟
2). Similar derivation as for (𝐹c) is conducted

and the same results are obtained which are shown in
Figure 8.
For the 3D lattice mesh, a similar equilibrium of the free

body is established as shown in Figure 9a–c. In this case,
the coordinate of a concrete node is denoted by (𝑥, 𝑦, 𝑧),
and two ends of the reinforcement element have coor-
dinates (𝑚, 0.5𝐿v, 𝑛) and (𝑚,−0.5𝐿v, 𝑛). The expectation
of bond strength ratio and bond stiffness ratio is then
expressed as shown in Equation (15):

E

[
𝑢𝑛,non−aligned

𝑢𝑛,aligned

]
=

0.5ran⋅𝐿v
∫

−0.5ran⋅𝐿v

0.5ran⋅𝐿v
∫
0

0.5ran⋅𝐿v
∫

−0.5ran⋅𝐿v
𝑓(𝑥) ⋅ 𝑓(𝑦) ⋅

𝑓(𝑧)

⋅
𝐿v

2

√
(𝑥 − 𝑚)

2
+ (𝑦 + 0.5𝐿v)

2
+ (𝑧 − 𝑛)

2
𝑑𝑥𝑑𝑦𝑑𝑧

E

[
𝐾𝑛,non−aligned

𝐾𝑛,aligned

]
=

0.5ran⋅𝐿v
∫

−0.5ran⋅𝐿v

0.5ran⋅𝐿v
∫
0

0.5ran⋅𝐿v
∫

−0.5ran⋅𝐿v
𝑓(𝑥) ⋅ 𝑓(𝑦) ⋅

𝑓(𝑧)

⋅
𝐿3v

4[(𝑥 − 𝑚)
2
+ (𝑦 − 0.5𝐿v)

2
]

3

2 + 4[(𝑥 − 𝑚)
2
+ (𝑦 + 0.5𝐿v)

2
]

3

2

𝑑𝑥𝑑𝑦𝑑𝑧

(15)
For the uniform distribution of concrete node coordi-

nates, the probability density for𝑥, 𝑦 and 𝑧 is:

𝑓 (𝑥) =
1

ran ⋅ 𝐿v
, −0.5ran ⋅ 𝐿v ≤ 𝑥 ≤ 0.5ran ⋅ 𝐿v

𝑓 (𝑦) =
2

ran ⋅ 𝐿v
, 0 ≤ 𝑦 ≤ 0.5ran ⋅ 𝐿v

𝑓 (𝑧) =
1

ran ⋅ 𝐿v
, −0.5ran ⋅ 𝐿v ≤ 𝑧 ≤ 0.5ran ⋅ 𝐿v (16)

By combining Equations (15) and (16) and taking 𝑚 =

𝑛, the relationship between the expected bond strength
or stiffness ratio and reinforcement position with vari-
ous randomness in the 3D mesh is derived (Figure 10).
For the randomness of 0.5, the calculated E[𝑢𝑛,non−aligned

𝑢𝑛,aligned
],

E[
𝐾𝑛,non−aligned

𝐾𝑛,aligned
] and corresponding 𝑚 and 𝑛 are also listed

in Table 1.
To obtain the bond strength of non-aligned interface

elements the same as that of aligned ones, the strength
and elastic modulus for non-aligned interface elements
𝑓𝑛,non−aligned and 𝐸𝑛,non−aligned are calculated with:

𝑓𝑛,non−aligned =
𝑓𝑛,aligned

E[
𝑢𝑛,non−aligned

𝑢𝑛,aligned
]

𝐸𝑛,non−aligned =
𝐸𝑛,aligned

E

[
𝐾𝑛,non−aligned

𝐾𝑛,aligned

] (17)
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10 GU et al.

F IGURE 10 Relationship between the position of
reinforcement, indicated by parameter𝑚 and 𝑛, and the expectation
of (a) bond strength ratio and (b) bond stiffness ratio in a 3D lattice
mesh, for different randomness of the lattice mesh

where 𝑓𝑛,aligned and 𝐸𝑛,aligned represent the 𝑛th segmental
element strength and elastic modulus of aligned interface
elements. Figure 11 illustrates the generalized procedure
for calculating the interface element properties for both
aligned and non-aligned interface elements.

5 VALIDATION OF THE PROPOSED
METHOD FOR DETERMINING
INTERFACE ELEMENT PROPERTIES

To validate the proposed approach for determining the
reinforcement-concrete interface element properties, four
different tests are simulated: one-end and two-end rein-
forcement pull-out tests and flexural and shear tests of the
RC beam. For the flexural test, the bond between rein-
forcement and concrete would directly influence the crack
width and crack spacing in concrete. For the shear test of
the RC beam with shear reinforcement, higher interface
bond strength enables more effective confinement of the
shear cracks, resulting in higher shear carrying capacity
(Regan & Kennedy Reid, 2004; Ye et al., 2018). Therefore,
the appropriate modeling of the reinforcement-concrete
bond is important in simulating both the flexural and shear
behavior of RC structures, not only for the load-carrying
capacity but also for the crack propagation, stresses in
reinforcement, and the predicted failure mechanism.

F IGURE 11 Generalized procedure for calculating the
interface element properties for both aligned and non-aligned
interface elements

5.1 One-end pull-out test of
reinforcement in concrete (pull-out failure)

The direct one-end reinforcement pull-out test, as
designed by S. Lee et al. (2016), is simulated by a 3D
lattice model. In this simulation, a reinforcement with a
diameter of 12 mm is embedded in a concrete cube with a
size of 180 mm (Figure 12). To prevent local cone failure
of the matrix and induce a reinforcement-pull-out failure,
the reinforcement is debonded over a certain length and

F IGURE 1 2 Details of embedded reinforcement and
constraint condition for the one-end pull-out test of reinforcement
in concrete
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GU et al. 11

F IGURE 13 3D lattice meshes for reinforcement with aligned
and non-aligned interface elements

the top surface of the concrete block is fixed. The embed-
ment length of reinforcement is 60 mm (five times the
reinforcement diameter). A tensile load is applied on the
reinforcement end outside the concrete block. Under these
boundary conditions, leading to reinforcement-pull-out
failure, the inherent properties of interface elements can
be examined.
Two 3D lattice meshes are simulated, one for rein-

forcement with aligned interface elements and the other
for reinforcement with non-aligned interface elements as
shown in Figure 13. When conducting the simulation, the
analytical model proposed by Harajli (2009) is adopted
to describe the pull-out behavior of reinforcement. The
concrete strength class C30/37 is simulated, so compres-
sive strength 𝑓′c, elastic modulus 𝐸c, and Poisson’s ratio

are assumed to be 40 MPa, 34 Gpa, and 0.20, respec-
tively. The steel reinforcement has a yielding strength 𝑓y of
400 MPa, and the clear distance between ribs 𝑐0 is 8 mm.
The bond stress-slip relationship is subdivided into 15 seg-
ments. Each segment represents a linear-elastic behavior
andhas a bond strength𝑢𝑛 and corresponding slip distance
𝑠𝑛 as listed in Table 2.
In simulations, a mesh size of 10 mm is adopted to val-

idate the proposed methodology first, and then the same
model with mesh size of 15 and 20 mm is conducted to
study the mesh size effect. According to Equation (1), the
radius of interface element 𝑟 is calculated to be 5.1, 7.6, and
10.1 mm corresponding to the mesh size of 10, 15, 20 mm,
respectively. For reinforcement with aligned interface ele-
ments, the elastic modulus 𝐸𝑛, shear modulus 𝐺𝑛, tensile
strength 𝑓t𝑛, and compressive strength 𝑓c𝑛 are calculated
according to Equations (3) to (5) and listed in Table 2.
For reinforcement with non-aligned interface elements, a
concrete mesh randomness of 0.5 is adopted. The rein-
forcement is located along the center of the lattice mesh.
According to Table 1, the expected bond strength ratio
E(

𝑢𝑛,non−aligned

𝑢𝑛,aligned
) and bond stiffness ratioE(𝐾𝑛,non−aligned

𝐾𝑛,aligned
) is cal-

culated at 0.77 and 0.68, respectively. Then, the strength
and elastic modulus of non-aligned interface elements can
be obtained by Equation (17) as listed in Table 2. The com-
parison between the analyticalmodel and the output of the
simulation is shown in Figure 14.
For reinforcement with aligned interface elements, the

simulation results fully fit the analytical model, which is

TABLE 2 Reinforcement-concrete interface parameters used as input in the lattice simulation for one-end reinforcement pull-out test
(mesh size = 10 mm)

Aligned interface elements
(Input 1)

Non-aligned interface elements
(Input 2)

𝒏th
segment 𝒔𝒏(mm) 𝒖𝒏(MPa) 𝑬𝒏(MPa) 𝑮𝒏(MPa) 𝒇𝐭𝒏(MPa) 𝒇𝐜𝒏(MPa) 𝑬𝒏(MPa) 𝑮𝒏(MPa)

𝒇𝐭𝒏
(MPa)

𝒇𝐜𝒏
(MPa)

1 0.0006 1.63 34,000 14,167 3.79 −3.79 50,000 20,833 4.92 −4.92
2 0.0056 3.25 6746 2811 7.58 −7.58 9921 4134 9.84 −9.84
3 0.0217 4.88 2619 1091 11.36 −11.36 3852 1605 14.76 −14.76
4 0.0566 6.50 1339 558 15.15 −15.15 1969 820 19.68 −19.68
5 0.1191 8.13 795 331 18.94 −18.94 1170 487 24.59 −24.59
6 0.2186 9.75 520 217 22.73 −22.73 764 318 29.51 −29.51
7 0.3655 11.38 363 151 26.51 −26.51 533 222 34.43 −34.43
8 0.5704 13.00 266 111 30.30 −30.30 391 163 39.35 −39.35
9 0.8446 14.63 202 84 34.09 v34.09 297 124 44.27 −44.27
10 1.2000 16.25 158 66 37.88 −37.88 232 97 49.19 −49.19
11 2.8000 16.25 68 28 37.88 −37.88 99 41 49.19 −49.19
12 4.1000 13.61 39 16 31.72 −31.72 57 24 41.20 −41.20
13 5.4000 10.97 24 10 25.57 −25.57 35 15 33.20 −33.20
14 6.7000 8.33 14 6 19.41 −19.41 21 9 25.21 −25.21
15 8.0000 5.69 8 3 13.26 −13.26 12 5 17.22 −17.22
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12 GU et al.

F IGURE 14 Bond stress-slip relationship by analytical model
and simulation result: (a) aligned interface elements (Input 1 in
Table 2); (b) non-aligned interface elements with unmodified input
parameters (Input 1 in Table 2); (c) non-aligned interface elements
with modified input parameters (Input 2 in Table 2); and (d) non-
aligned interface elements with modified input parameters for
different mesh sizes

used as input interface parameters as shown in Figure 14a.
Note that the sharp decrease and increase between the
slip 2 and 4 mm is due to a chosen number of seg-
ments, which are used to define the interface properties.
Besides, the vertical drop of load derives from the ele-
ment removal/update procedure used in the beam lattice
approach, which can be mitigated by using an incremen-
tal calculating approach (Eliáš, 2015). For reinforcement
with non-aligned interface elements, the voxels crossed by
reinforcement are assigned with a randomness of 0.5. To
validate the mesh discretization effect, the lattice model is
re-meshed several times, and all simulation results are pre-
sented. If the same input element properties are used for
both the aligned interface elements and non-aligned situ-
ations, a significant underestimation of the output bond
strength is obtained as shown in Figure 14b. However,
when using the input element properties modified accord-
ing to the proposed method, the simulated bond stress-slip
relationship matches the analytical model well as shown
in Figure 14c. When modeling with different mesh sizes
(10, 15, and 20 mm) as shown in Figure 14d, similar bond
stress-slip responses are obtained since the derivation of
interface properties considers the influence of mesh size.
The damage pattern at a slip of 3.0 mm for simulated
specimens is shown in Figure 15a–d. The final pull-out fail-
ure takes place due to the fracture of interface elements
accompanied by some damage to the concrete elements.
Both the aligned and non-aligned interface approaches
can well represent the reinforcement-concrete bond-slip
behavior. It should be pointed out that, apart from Hara-
jli’s analytical model (Harajli, 2009), any bond stress-slip
law can be adopted, and the same approach can be used to
determine interface element properties in different types
of simulated materials/structures (e.g., in FRC, reinforced
alkali-activated concrete).

5.2 Two-end pull-out test of
reinforcement in concrete (splitting
failure)

When the confinement of reinforcement is not suffi-
cient, splitting failure may happen instead of pull-out
failure. To validate the proposed approach in modeling of
the splitting bond behavior, the two-end pull-out experi-
ments conducted by Iizuka et al. (2011) are simulated. In
the experiments, the reinforcement was embedded in a
150-mm concrete cube at the desired concrete cover thick-
ness and subjected to two-end pull-out load as shown in
Figure 16. The average bond stress along the bond area was
measured by the strain gauge attached onhalf-height of the
reinforcement, and the slip of reinforcementwasmeasured

 14678667, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/m

ice.12937 by T
u D

elft, W
iley O

nline L
ibrary on [21/11/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



GU et al. 13

F IGURE 15 Damage pattern at a slip of 3.0 mm for one-end reinforcement pull-out: (a) aligned interface elements with mesh of 10 mm,
Input 1; (b) non-aligned interface elements with mesh of 10 mm, Input 2; (c) non-aligned interface elements with mesh of 15 mm; and (d)
non-aligned interface elements with mesh of 20 mm

F IGURE 16 Details of embedded reinforcement for two-end
pull-out test of reinforcement in concrete (Iizuka et al., 2011).
LVDTs, linear variable displacement transducers

by a group of linear variable displacement transducers
(LVDTs) at the top and bottom surface of the concrete cube.
Three specimens with cover thicknesses of 50, 30, and

10 mm are simulated to evaluate the influence of concrete
cover thickness on bond stress-slip behavior. The concrete
compressive strength is 28.3 MPa, and the rebar has a
diameter of 19.1 mm and yielding strength of 1039 MPa.
The 3D lattice model is established with the mesh size of
10mmand randomly distributednon-aligned interface ele-
ments are simulated according to the proposed approach.
Figure 17a–c shows the simulated bond stress-slip relation-
ship for all three types of cover thickness, compared to

experimental results. Note that in all three simulations, the
same input for the rebar-concrete interface is defined.
In general, the latticemodelmatches the experimentally

obtained bond-stress slip curve well, especially concrete
covers 30 and 10 mm and for predicting the ultimate bond
stress. In the experiment, an unusual stiffness decrease
took place in the initial loading stage of the 50-mm con-
crete cover specimen. The authors (Iizuka et al., 2011)
attributed this to the slip-detecting error, which explains
the difference between the simulated and tested results for
this specimen. Note that the light gray lines represent the
linear analysis steps of the lattice model. At the endpoints
of these lines, one element (either concrete, interface, or
steel) reaches its strength and is removed. Subsequently, a
new linear elastic analysis is performed. The characteristic
zig-zag pattern (light gray lines) can be overcome by apply-
ing smoothening techniques so that an envelope is made.
Only steps at the envelope are used in the analysis.
Figure 18 shows the simulated crack patterns chosen

at different slip values for reinforcement with various
concrete cover thicknesses. Different from the one-end
pull-out test, in which the concrete top surface is con-
strained to form a strong confinement, the two-end
pull-out test allows the formation of a conical cracking
surface in concrete, similarly as experimentally observed
(Farooq et al., 2022; Goto, 1971). A splitting failure hap-
pens instead of reinforcement pull-out, and the bond
strength is reached due to the fracture of surrounding
concrete, with the interface elements not reaching their
peak strength. With the increasing slip, the cracks prop-
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14 GU et al.

F IGURE 17 Tested and simulated bond stress-slip relationship for two-end pull-out tests of reinforcement with various concrete cover
thickness: (a) concrete cover of 50 mm; (b) concrete cover of 30 mm; and (c) concrete cover of 10 mm

F IGURE 18 Simulated crack pattern under different slip for reinforcement with various concrete cover thickness

agate from the reinforcement-free end to its half-height
and spread from the reinforcement center to the outside.
At a slip of 0.05 mm, the cracks in the specimen with the
thinnest concrete cover of 10 mm first reach the concrete
edge, signifying the formation of longitudinal splitting
cracks along reinforcement. With further deformation, a
cone-shape cracking area forms in all the concrete blocks.
When reducing the concrete cover thickness, the mea-
sured bond strength decreases although the same interface
element properties are adopted for all three specimens.
The splitting failure can happen due to the damage of the

surrounding concrete before the interface elements reach
their strength. With a smaller concrete cover thickness,
the conical stress transferring area will be reduced, which
means that the bond stress cannot be sufficiently trans-
ferred from the reinforcement surface to the surrounding
concrete. Therefore, a downtrend in bond strength is found
when reducing the concrete cover thickness.
Although a simplified interface element is used with-

out modeling the 3D shape of ribs along a deformed bar,
the fundamental conical stress transferring mechanism
due to crack propagation from the rib surface can be
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GU et al. 15

F IGURE 19 Side view of (a) quadratic mesh and
(b) triangular mesh

well-simulated (Figure 18). To explore the mechanism
behind it, the same two-end pull-out test is simulated using
a regular quadratic mesh as shown in Figure 19a. The
lattice mesh that was generated based on Delaunay trian-
gulation (D. T. Lee & Schachter, 1980) is also shown in
Figure 19b for comparison.
Figure 20a–c shows the simulated bond stress-slip rela-

tionship and crack pattern at peak load for the regular
quadratic mesh. For all the specimens with different con-
crete cover thickness, no cone-shape cracking area is
formed until ultimate failure, which means the conical
stress transferring mechanism disappears by modifying
the geometric shape of the mesh. It reveals that when
the regular quadratic mesh is used, the bond stress can-
not be sufficiently transferred to surrounding concrete but
localizes in the vicinity of reinforcement. In the RBSM

approach, the same phenomenon was found when repre-
senting the reinforcement-concrete interface by simplified
spring linkage elements (Farooq et al., 2020, 2022).
Figure 21a illustrates a schematic diagram for concrete

deformation and cracking following Goto’s experimental
observations (Goto, 1971) as well as the stress transfer
mechanism in the triangular mesh (Figure 21b) and reg-
ular quadratic mesh (Figure 21c). In the experiments, the
radial component of rib bearing force can cause splitting
cracking of surrounding concrete at an angle of 45–60◦.
In the triangular mesh, the shear stress can transfer
along the similar orientation, which represents the real-
istic cracking mechanism. Therefore, the discrete lattice
mesh based on Delaunay triangulation has an inherent
ability to reproduce the confinement effect on bond behav-
ior, while the reinforcement-concrete interface properties
do not need to consider the structural parameters like FEM
does.

5.3 Flexural behavior of the RC beam

To further validate the proposed approach in simulating
full-scale structures, a four-point bending test for an RC
beam failing in flexure is simulated. The details of the
experimental setup are shown in Figure 22. During the
experiment, LVDTs were used to measure the mid-span
deflection. Besides, digital image correlation (DIC), which
is a non-contact optical technique that allows the visualiza-
tion of deformations and strain as full-field contour maps,
was used. Themeasurements fromDICwere limited to the
constant moment region (central 500 mm of the beam) to

F IGURE 20 Simulated bond stress-slip relationship and crack pattern at peak load for the quadratic mesh: (a) concrete cover of 50 mm;
(b) concrete cover of 30 mm; and (c) concrete cover of 10 mm
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16 GU et al.

F IGURE 2 1 Schematic diagram for bond stress transfer mechanism of reinforcement in concrete: (a) internal cracks around the
deformed bar and stress transfer mechanism based on the (b) triangular mesh, and (c) regular quadratic mesh

F IGURE 22 Schematic representation of flexural test setup
with cross-sectional details

study the development of cracks under pure bending loads.
Under these boundary conditions, the number, spacing,
and width of cracks in the constant moment region are
directly governed by the properties of the reinforcement-
concrete interface. The compressive strength of concrete,
measured on 100 mm cubes, was 49.4 ± 2.2 MPa, whereas
steel B500 with a diameter of 8 mm and elastic modulus of
200 GPa was used as reinforcement.
For the simulation of the flexural beam, a mesh size

of 10 mm is adopted. The input tensile and compres-
sive strength of the lattice mesh are adjusted such that
simulated strengths are equal to experimentally mea-
sured compressive strength of concrete and corresponding
(calculated by Eurocode analytical formulations) tensile
strength (CEN, 2004). The concrete elements are simu-
lated using only one segment (brittle elements), while the
reinforcement is simulated using 19 segments so that the
appropriate ductility is captured in the model. For the
reinforcement-concrete interface, 15 segments are used as
shown in Figure 5.
In Figure 23a,b, respectively, the load-deflection

response of the beam obtained experimentally and the
development of the maximum crack width is compared
with the simulated results. The maximum crack width in
the experiment is determined using DIC. The experimen-
tal and numerical crack pattern of the beam during the

F IGURE 2 3 Simulated and experimental results for the
flexural test of RC beam: (a) load-deflection; (b) load-maximum
crack width

fracture process, including the stress distribution in the
reinforcement at the peak load, are also shown (Figure 24).
The simulated results match the experiments well in

terms of failure mode, peak load, and the deformation and
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GU et al. 17

F IGURE 24 Crack patterns and steel stress of RC beam under
flexural failure: (a) tested principal strain at the selected loads;
(b) simulated element strain at the selected loads; (c) simulated
crack width at the peak load; and (d) simulated stress of
reinforcement at the peak load (𝑃𝑢 stands for the peak load)

crack spacing. Still, somewhat higher stiffness (Figure 23a)
and smaller crack widths at the same load (Figure 23b)
can be observed in the numerical results. Also, some dif-
ferences can be observed in how the damage develops,
showing that the stabilized cracking stage in the simula-
tion is reached at higher load levels. Still, the simulation
gives good predictions for the final crack pattern, load
displacement curve, and crack width development, espe-
cially before yielding of the steel. The prediction error in
terms of maximum load and corresponding crack width is
about 5% and 10%, respectively. This validates the proposed
reinforcement-concrete interface modeling approach for
indicated boundary conditions.

5.4 Shear behavior of RC beam

Shear behavior of the RC beam, as one of the most chal-
lenging failure mechanisms, is also tested and simulated.
The details of the beam and test setup are shown in
Figure 25. To measure the strain distribution along rein-
forcement and to enable detailed analysis and comparison
with numerical results, a special continuous strain mea-

F IGURE 2 5 Schematic representation of shear test setup with
cross-sectional details

F IGURE 26 Fabrication of strain gauges: (a) cutting stirrup
leg into two halves and making inside cavity; (b) assembling stirrups
by high strength epoxy resin and nuts; (c) making cavity on
longitudinal reinforcement surface; and (d) filling the cavity by
silicon sealant (Gu et al., 2022)

suring methodology is adopted. The 3×6 mm cavity is
made inside the stirrup legs and the 4×8 mm cavity is cut
along the surface of longitudinal reinforcement. Then, a
set of strain gauges are continuously attached to the cav-
ity as shown in Figure 26. More details about the strain
gauging system can be found in Gu et al. (2022).
To reduce the cost, only one span of the beam was

designed with the continuous strain measuring system,
and DICwas used to detect the full-field strain in concrete.
The right span was strengthened with dense stirrups to
prevent its shear failure. Along with the beam tests, cylin-
ders with a diameter of 100 mm and a height of 200 mm
were tested to determine the compressive strength and
elastic modulus of concrete, which were 53.0 MPa and
36.1 GPa, respectively. The mean yielding strength of stir-
rups (with a diameter of 12 mm) was 440 MPa and of the
longitudinal reinforcement (with a diameter of 22 mm)
was 635 MPa. All reinforcement has an elastic modulus of
200 GPa.
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18 GU et al.

F IGURE 27 Load-deflection behavior for shear test of RC
beam (𝑉𝑢 stands for the peak load)

F IGURE 28 Crack patterns of the RC beam under shear
failure: (a) tested principal strain at the selected loads; (b) simulated
element strain at the selected loads; and (c) simulated crack width
at the peak load (𝑉𝑢 stands for the peak load)

When simulating the shear behavior of the RC beam,
due to the relatively large size of the beam, a coarser mesh
size of 20mm is used. The steel reinforcement is simulated
using 19 segments and the reinforcement-concrete inter-
face element properties are determined by the proposed
approach, using 15 segments (Figure 5). The simulated
load-deflection curve, crack growth due increasing load,
and crack pattern at peak load are shown in Figures 27
and 28.
The numerical result matches the experimental results

well in terms of load-deflection behavior, fracture devel-

F IGURE 29 Strain distribution along longitudinal
reinforcement at the peak load: (a) bottom reinforcement at outer
layer; (b) bottom reinforcement at inner layer; (c) top reinforcement;
and (d) schematic representation of reinforcement position

opment, and formation of critical shear cracks, and the
prediction error in terms of shear carrying capacity is about
10%,whereas the numerical fracture pattern almost exactly
matches the experimental one. In the simulation, the peak
load is reached due to the compression failure of concrete
elements near the loading plate, which is in line with the
experimentally observed shear-compression failure.
Since the continuous strain-gauging system of reinforce-

ment is utilized in the experiment, the measured strain
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GU et al. 19

F IGURE 30 Strain distribution along stirrups at the peak
load: (a) first row; (b) second row; (c) third row; and (d) schematic
representation of reinforcement position

distribution along reinforcement can be directly compared
with the simulated results. The average strain distribution
along longitudinal and shear reinforcement at the peak
load is shown in Figures 29 and 30, respectively.
Simulated results show the same trend and correspond

well to the experimental results. Note that both in the
experiment and simulation, the strain distribution along

F IGURE 3 1 Residual segments of reinforcement-concrete
interface elements at the peak load

longitudinal reinforcement (Figure 29) does not exactly fol-
low the flexural moment diagram. This is due to shear
cracking and bond-slipping of reinforcement, as shown in
Figure 31, which is indicated by the broken interface ele-
ments and pull-out of the reinforcement. Although plenty
of interface elements fracture, all of them do not reach
their ultimate strength (the 10th segment). For the bot-
tom reinforcement at the inner layer, the reinforcement
strain at 200mm from the support until 1030mm is almost
constant although the moment grows. It reveals the
debonding of reinforcement due to longitudinal splitting
cracking of the concrete, which is well-reproduced in the
simulation.
Similarly, at the support, strains in bottom reinforce-

ment (both for outer and inner reinforcement) are found
not to be zero, although no flexural moment exists there,
which can be attributed to the same phenomena. This is
not the case for the top reinforcement, which is in the com-
pression zone. It reveals a demand for better reinforcement
anchorage in shear-critical RC members.
For the stirrup strain distribution (Figure 30), the max-

imum strain happens exactly at the position crossed by
the critical shear crack, which is not (always) at the mid-
height of the stirrup leg. Therefore, attaching a limited
number of strain gauges at the mid-height of the stirrup
leg, as commonly applied in concrete research, can lead to
an underestimation of the contribution of stirrups to shear
resistance.

6 CONCLUSION

This research proposes a mathematical methodology to
scale the constitutive parameters of the bond-slip rela-
tionships between concrete and reinforcing steel, in a
beam lattice modeling framework. A simplified, general-
ized approach, with a limited number of input parameters,
is proposed formodeling the reinforcement-concrete inter-
action in the random lattice model at the macro-scale. A
mathematical methodology for determining the element
properties of interface beam elements (strength and elastic
modulus) is provided based on the stochastic analysis, con-
sidering the disorder based on the randomness of lattice
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20 GU et al.

mesh and mesh size. As a result, modification factors for
the strength and stiffness of interface elements are derived
for both 2D and 3D analysis. Then, the proposed approach
is validated at multiple levels: using two different rein-
forcement pull-out tests as well as flexural and shear tests
of RC beams. The following are the conclusions from this
study:

1. In this research, the model of pull-out failure reported
in the literature was used as input and regarded as
the inherent property of the reinforcement-concrete
interface. Depending on boundary and confinement
conditions, and with no additional input required other
than concrete properties (strength and elastic mod-
ulus), both a (phenomenon of) splitting failure and
the bond-slip relation for the splitting failure can be
successfully predicted by the lattice model.

2. When the interface elements are not aligned with
reinforcing bars, the strength and elastic modulus of
interface elements should be modified by the derived
factors for 2D or 3D analysis. These factors are derived
considering the randomness of the lattice mesh and
mesh size through a stochastic analysis.

3. The ultimate pull-out failure in one-end pull-out test of
reinforcement results from the complete failure of inter-
face elements between reinforcement and concrete,
accompanied by somematrix microcracking. For simu-
lations with non-aligned interface elements, the output
bond stress-slip relationship can be well-simulated by
incorporating the derived modification factors.

4. Without changing the interface input and only by
changing the concrete cover thickness, as shown in the
two-end reinforcement pull-out test, splitting failure
and bond-slip relation of splitting failure are well-
simulated with the prediction error of less than 10%
in terms of ultimate bond strength. In this case, the
ultimate failure is primarily due to the fracture of
surrounding concrete, while interface elements still
have some reserve capacity. The confinement effect of
concrete cover thickness on the simulated bond-slip
relation and fracturemode is well-captured without the
need to change the input of interface properties.

5. Different from the regular quadratic mesh, the random
triangular lattice mesh generated by Delaunay triangu-
lation can reproduce the basic conical stress transfer
mechanism in concrete, although the 3D shape of ribs
on reinforcement is not explicitly modeled.

6. Using the proposed approach to simulate the inter-
face elements in a flexure-critical RC beam, some-
what higher stiffness and smaller crack widths are
observed, compared to experimental results. Still, the
load-deformation behavior, crack development, failure
load, and deformation capacity are well-captured, with

a prediction error of 5% and 10% in terms of the peak
load and maximum crack width, respectively.

7. Shear behavior of a full-scale RC beam is also well-
captured with a prediction error of 10% in terms of
shear strength when using the proposed approach. The
numerical failuremode, load-deflection behavior, crack
development, and the strain distribution along the lon-
gitudinal and transverse reinforcement show a good
correlation with the experimental observations.

The proposed approach has been validated on various
levels, by using various boundary conditions and with-
out changing input parameters. It seems to be robust
and does not need to be updated with fitting parameters
to account for the influence of different critical factors
on the bond behavior, for example, changed boundary
conditions, different confinement levels of concrete, and
cover thickness. The influence of these parameters is reli-
ably predicted and obtained as a result of the model.
In future, the somewhat higher stiffness of simulated
structures, probably caused by modeling reinforcement-
concrete interface by beam elements, can be addressed
by incorporating other types of linkage elements (e.g.,
zero-length spring elements). Also, the current approach
is limited to modeling the reinforcement that is either
aligned in x or y-direction, so being aligned with the
mesh direction. Although it is not expected that the angle
between reinforcement and mesh direction would largely
influence the results (due to irregular lattice mesh), the
modeling of inclined reinforcement will be considered in
future. Further researchwill also focus on using/extending
for modeling the reinforcement-concrete bond in different
types of concrete and investigating the role of shrinkage on
the bond behavior.
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