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Dimensionality reduction and visualization methods have become an indispensable tool for the explo-
ration of high-dimensional data. In this area t-SNE has established itself as a primary method; providing
a means of visualizing high-dimensional data in a way that preserves local neighbourhood structures.
However standard t-SNE embeds data into Euclidean space which struggles to capture properties of
data that is network-like, tree-like, or contains hierarchies. As an alternative, the use of Hyperbolic
space has been proposed to allow for effective embeddings of such data as connections exist between
complex networks and Hyperbolic. In addition, Hyperbolic space has been effectively utilized for repre-
senting hierarchical relationships. Given these endeavors, recent works have adapted t-SNE to Hyper-
bolic space using the Poincar® Disk model resulting in a method that can visually reveal network-like
and hierarchical relationships. However, several related works contain an error in their derived gradi-
ent. As t-SNE uses the method of gradient descent for optimizing embeddings, this error may lead to
incorrect results. In our work we first correct for this error and explore its consequences. One such con-
sequence is that embeddings are strongly pushed outwards in the disk leading to unintelligible results.
Since t-SNE uses a t-distribution to model embeddings, we propose the use of a Gaussian distribution
instead as it encourages more compact embeddings. Finally we perform experiments comparing each
method qualitatively by assessing resulting visualizations, and quantitatively via the PR-metric.
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Advancements in computing technologies have dramatically increased the ability to collect and store
data. Such advancements have resulted in large and complex datasets with many variables describing
the data (Also known as high-dimensional data). As a result, dimensionality reduction methods, which
reduce the complexity of such datasets by reducing the number of variables (also known as features)
needed to describe the data, have been proposed as a way to prevent such analysis from becoming
too complex.

Thus in the modern day of working with high-dimensional and complex data, dimensionality reduction
has become a common step in the data analysis pipeline. Areas of application for dimensionality
reduction have been found in the setting of sports [50], machine learning [39], recommender systems
[32] and single-cell analysis [13] just to name a few.

In this thesis we revisit the application of the dimensionality reduction and visualization algorithm t-SNE
applied to Hyperbolic Space.

Effective dimensionality reduction reduces the complexity of the data by lowering the number of vari-
ables/features required to represent the data. At first this may seem problematic as we are essentially
throwing away information about the data. However, most often the òessenceò of a dataset does not re-
quire all this information (i.e. variables/features) as it can be well described by a smaller set of features.
This notion is at the core of the manifold hypothesis data which states that data that is originally high-
dimensional (i.e. described using a large number of variables) actually lies along a lower-dimensional
manifold embedded in the original high-dimensional space. In other words, the data can in actuality be
described with fewer variables (lower dimensions).

This implies that an amount of information less than what is present in the original data is relevant for
analysis. Thus effective analysis of the original high-dimension data can still be carried out on a simpler
description of the dataset obtained via dimensionality reduction methods.

Furthermore, in the case that dimensionality can be reduced to less than three dimensions, visualization
of the data is possible. The ability to visually explore data allows one to quickly uncover patterns,
relationships, outliers, and other structures from the data using visual intuition [35].

Finally, various kinds of methods exist for dimensionality reduction. These can be broadly classified
into linear methods and non-linear ones. We will provide a brief overview of several such methods in
section 2.1 however the main focus will be on the dimensionality reduction and visualization algorithm
t-SNE [16]. t-SNE is a popular method for dimensionality reduction and visualization due to its ability
to preserve local neighbourhoods especially well [51]. Since t-SNE is a core part of this thesis we will
describe this method specifically in additional detail in section 3.



Traditional dimensionality reduction and visualization algorithms (with t-SNE being no exception) have
always embedded data into flat/Euclidean space. However, the choice of embedding space (e.g. Eu-
clidean or non-Euclidean) affects the kinds of embeddings that are obtained. In the context of graph
embeddings, it has been found that Hyperbolic space is more effective for embedding data representing
complex networks [14, 25].

Many real-world graphs such as the internet [21] and social networks [38] contain properties of complex
networks (such as strong clustering and hierarchical structure) [28, 41]. The effectivity of Hyperbolic
Space for embedding complex networks can be attributed to a connection between complex networks
and Hyperbolic Geometry. In [14] a framework was developed to model complex networks using Hyper-
bolic Spaces. They show how common properties of complex networks arise by assuming an underly-
ing Hyperbolic Geometry to these networks. In addition, data exhibiting tree-like structure (which also
falls under the category of graph-like data), can not be embedded in Euclidean Space without distortion
[18]. However it has been shown that Hyperbolic Space is able to embed trees well with (arbitrarily)
low distortion [31, 30].

Combined with the findings that many real-world networks exhibit tree-like structures [1, 21, 38, 41],
Hyperbolic Space thus finds applications in embedding tree and complex network-like data. In this

(a) Standard t-SNE in Euclidean Space embedding of a tree-like
dataset. Each cluster represents a node in the tree. The center
point is the root of the tree. Notice how in Euclidean Space this

structure is not obvious. It is hard to assess for tree-like
structures in Euclidean Space.

(b) Hyperbolic embedding (in the Poincar® Disk) of a tree-like
dataset. The center black dot is the root of the tree. In the
Poincar® Disk the points inhabiting some (approximated and

imagined) circle of the same radius (from the origin) represents
the points that are at a similar depth level in the tree. Increasing
radii correspond to increasing depth. The Poincar® Disk thus

allows for a clear way to assess for tree-like structures.

Figure 1.1

thesis we focus on methods for visualizing data in embedded into Hyperbolic Space. Since Hyperbolic
Space is effective at capturing hierarchical relationships and for embedding trees (see figure 1.1 for an
example).

Various methods have already been proposed [7, 34, 12, 33] that adapt t-SNE [16] to Hyperbolic Space.
However in some of these works (specifically in [7, 33]) the proposed methods contain a mistake in the
gradient (the Hyperbolic variant of the t-SNE gradient) formulation. Since t-SNE optimizes embeddings
via the method of gradient descent, an incorrect gradient likely results in incorrect embeddings with
respect to the cost function that we aim to minimize.

As part of our contributions, we will explain where the error occurs in the gradient derivation and how
this error likely came to be by investigating the derivation of the original t-SNE gradient. Additionally we
shall correct for this error and explore the behaviour of the standard version of Hyperbolic t-SNE (i.e. a
direct adaptation of t-SNE to Hyperbolic Space as described in [33]) using the corrected gradient.



We then showcase how the standard version of Hyperbolic t-SNE (using both the corrected gradient and
incorrect gradient) produces undesirable results. These results showcase that embeddings produced
using Hyperbolic t-SNE are strongly pushed outward in the Poincar® Disk (the object which Hyperbolic
t-SNE embeds in) resulting in unintelligible visualizations. We shall see that this boundary-pushing
behaviour is a direct consequence of using the t-distribution. To tackle this issue we propose and
justify replacing the t-distribution used in (Hyperbolic) t-SNE with a Gaussian distribution which we
aptly name Hyperbolic SNE (in accordance with the progenitor of t-SNE [16], SNE [9] that uses a
Gaussian distribution).

We will then find that Hyperbolic SNE produces better (more intelligible and interpretable) visualizations.
Additionally, we also provide a qualitative assessment of the methods via the embedding of artificial
tree-like datasets, and a quantitative assessment by comparing the PR-metrics [27] across Hyperbolic
SNE and Hyperbolic t-SNE.

In summary the main contributions are:

Å A correction to the Hyperbolic t-SNE gradient (as presented in [33, 7], and an analysis of the
origin of the incorrect derivation.

Å An analysis of the results produced using the correct and incorrect Hyperbolic t-SNE gradient
showcasing undesirable results as a consequence of embedding data using Hyperbolic t-SNE.

Å An adjustment to Hyperbolic t-SNE by replacing the t-distribution with a Gaussian to combat
boundary-pushing behaviour in the resulting embeddings.

Å An investigation into the usage of the Gaussian distribution, what it means for the resulting em-
beddings, and a comparison between results from using the Gaussian and the correct/incorrect
Hyperbolic t-SNE gradient (via a qualitative and quantitative form of quality assessment).



Dimensionality reduction techniques are ones that simplify a dataset by reducing the number of vari-
ables required to describe the dataset. As alluded to in the introduction, it is a common technique
since high-dimensional datasets are hypothesized to lie on lower dimensional manifolds [48]. These
methods can be broadly divided into two categories: Linear and non-linear methods.

Linear methods reduce the dimensionality of the dataset by constructing low-dimensional features that
are linear combinations of the original high-dimensional features. Features in this context refers to the
variables that are used to describe the data. For example, data about a person could be described
using variables such as: age, height, and weight. These variables that describe the data are called the
features of the data. From this point onward we shall use the term features to refer to these variables.
Linear methods then projects the original dataset onto the new set of features. This is in fact where the
term òlinearò in its name comes from; data is projected onto a new set of features that are linear com-
binations of the original features. A popular linear method is PCA [10] which constructs these features
by finding a linear combination of the original features that maximizes the variance of the data after
projection. However linear methods are limited in their ability to capture complicated relationships and
structures.

For example, PCA struggles with datasets such as the òSwiss Rollò dataset. Since the Swiss Roll
dataset is a 2-dimensional manifold in 3-dimensional space (a rolled up 2-dimensional sheet), the vari-
ance in the data is thus not aligned with a flat plane. Rather, the variance curls along with the Swiss
Roll manifold. Thus the two points that are most different are points at the respective ends of the roll.
Effective embeddings of the Swiss Roll should therefore be able to unroll the dataset into a sheet. This
however can not be captured by a linear function of the features in the data (i.e. the three axes in the
image). Therefore PCA struggles with correctly embedding this dataset.

Non-linear methods do not construct new features linearly from the original features. Instead these
methods embed data onto a new set of features whose construction is non-linear and depends on
the method in question. This allows the method to capture more complicated relationships (as linear
methods can only capture linear relationships), and be more flexible in their mapping. An alternative
name for these methods is Manifold learning [49] as they aim to project high-dimensional data onto
their lower-dimensional manifolds [47, 48]; effectively òlearningò the underlying manifold from the high-
dimensional data

We will briefly explain two popular modern non-linear techniques: t-SNE [16] and UMAP [23] as well
as an older technique called Multidimensional Scaling (MDS) [15] to give the reader some insight into



Figure 2.1: Swiss Roll Dataset

the topic of non-linear dimensionality reduction. This brief exposition aims to highlight the core ideas
behind non-linear (or manifold learning) algorithms as they all share a core philosophy despite being
different in their approach.

Firstly, MDS [15] works by first finding the distances between each and every point in the original (high-
dimensional) data. This results in what is called a distance matrix. The distances that this matrix
encodes denote how close or far away points are from each other. It therefore represents the structure
of our data. Points are then embedded (placed) into an embedding (low-dimensional) space such
that the embedded pointsô distance matrix match the high-dimensional one as well as possible. In
other words, the goal is to find an low-dimensional embedding (placement of points) whose distances
between each other match the high-dimensional distances.

t-SNE [16] starts similarly. It first computes a distance matrix of the high-dimensional data. However
after this step the distances are converted into probabilistic values. A relatively high probability cor-
responds to points that are close to each other, and a low probability corresponds to points that are
further away. t-SNE differs from MDS by using probabilities to denote similarities between points in-
stead of distances. How the probabilistic values are computed can determine how much the global
structure is considered. For example, if a distribution of the exponential family is used to model the
probabilistic similarities, then large distances can be mapped to (near) 0 probabilities. This means
that faraway datapoints do not effect each others embeddings much. This differs from MDS where
distances are used directly so every pointsô embedding is affected by every other point. To construct
the low-dimensional embedding t-SNE then embeds points such that the low-dimensional probabilities
match the high-dimensional ones as best as possible. Further details will be provided in the background
chapter: 3.

Finally, UMAP [23] works in a similar fashion. UMAP also builds an object analogous to a distance
matrix in the high-dimensional space of the data. However the way UMAP measures closeness (or
similarity) differs from t-SNE and MDS. UMAP also differs in how it decides where points in the low-
dimensional space are to be embedded. The theoretical starting point for UMAP lies in a field called
Topological data analysis. UMAP uses fuzzy simplicial sets to build a fuzzy topological structure of the
high-dimensional data which is analogous to the distance or similarity matrices used in MDS and t-SNE.
This structure is then used to determine how points are to be embedded in the low-dimensional space.

In general non-linear dimensionality reduction techniques first construct a representation of the high-
dimensional data in the form of a distance matrix (or something analogous to it). These methods then
attempt to embed data in the low-dimensional space that preserves this representation (for example



the distance matrix) as best as possible. The above described methods only scratch the surface of

Figure 2.2: t-SNE, MDS, UMAP, PCA embedding of the Swiss Roll dataset. MDS and PCA struggle with òunrollingò the swirl
compared to t-SNE and UMAP. MDS struggles due its use of global distances (similarities). t-SNE and UMAP focus on local

structure more, allowing them to unroll the Swiss Roll better.

available non-linear dimensionality reduction algorithms. We direct the reader to other resources [49]
[19] for a more detailed look describing the advantages and disadvantages of these methods we refer
the reader to a recent survey [51].

As alluded to in the introduction, data exhibiting network-like structure do not embed well into Euclidean
Space. However, a connection between complex networks and Hyperbolic Space exists [14]. This has
motivated research into embedding data in Hyperbolic Space.

For example, h-MDS (hyperbolic MDS) [4] is an adaptation of MDS [15] to Hyperbolic Space, and an
adaptation of SOM (Self-Organizing Maps) to Hyperbolic Space [26] has also been developed. Finally
several papers [7, 12, 34, 33] have proposed a version of t-SNE adjusted to Hyperbolic Space. All
these methods seek to utilize the benefits of Hyperbolic Space for embedding data.

In this thesis the focus lies with t-SNE and its adaptation to Hyperbolic Space and not with other di-
mensionality reduction methods. This is due to the ubiquity in t-SNEôs usage for data analysis [29].
Furthermore, Hyperbolic t-SNE has acceleration structures available that allows for faster experimen-
tation [33]. We therefore build on such previous works.

Existing methods that adapt t-SNE to the Hyperbolic setting differ from standard t-SNE by changing
the probability distributions used, adjusting the cost function, and changing the optimization procedure
to be compatible with Hyperbolic Space and the Poincar® Disk. We shall highlight four such prominent
methods below:



Firstly, CO-SNE [7] adapts t-SNE to the Hyperbolic setting by first interpreting high-dimensional data
as being drawn from a Hyperbolic Normal distribution. In the low-dimensional case the probabilities are
computed via the Hyperbolic Cauchy distribution. In addition, an extra term is added to the cost function
that minimizes the difference between the norms of the high-dimensional data and the low-dimensional
embeddings. The motivation behind this is that it encourages the preservation of the global hierarchy
present in the high-dimensional data.

Poincar® maps [12] is another adaptation of t-SNE to the Hyperbolic realm. Here the high dimen-
sional probabilities are computed by first approximating the local connectivity of the assumed manifold
on which the data lies on. This is done by constructing a KNN graph based on the high-dimensional
data and then connecting any disconnect components that may have arisen from the KNN graph con-
struction. Afterwards the global connectivity (high-dimensional probabilities) is found by employing
the Relative Forest Accessibility index on the Laplacian resulting from the KNN graph construction de-
scribed earlier. Low dimensional probabilities are then modeled by Gaussian kernels using Hyperbolic
distances and a symmetric version of the KL-divergence is used as the cost function.

h-SNE [34] extends t-SNE by adding a global distance term to the standard (Euclidean) t-SNE cost
function which follows a Hyperbolic Metric. Their cost function thus consists of two terms. One being
the standard t-SNE cost function, and the second being a Hyperbolic version of the global loss function
as described by [52]. However h-SNE differs in the other methods mentioned in this section in using
an Euclidean term. It is unclear how h-SNEôs embeddings relate to Hyperbolic embeddings as they
embed data using traditional t-SNE with an added Hyperbolic term.

Finally, Accelerating hyperbolic t-SNE [33] describes a direct adaptation of t-SNE to the Hyperbolic
setting by using Hyperbolic distances in the low-dimensional probabilities part of the t-SNE cost function.
Additionally, this paper describes an acceleration scheme for Hyperbolic embeddings which will be
briefly discussed in the section below.

In this thesis we focus on the method that is obtained when one directly adapts t-SNE to Hyperbolic
Space. This is the version laid out in [33]. Our contribution of correcting for the gradient is relevant
to [33] and [7] as both use an incorrectly derived gradient. Poincar® maps [12] does not provide an
explicit derivation nor an explicit gradient formula so it is unclear how relevant the gradient correction
is for them.

Our other contributions pertaining to the analysis of the usage of the t-distribution and the use of a
Gaussian over the t-distribution is relevant for all the aforementioned related works. It must be noted
however that Poincar® maps [12] also employs a Gaussian distribution for the low-dimensional sim-
ilarities. However their choice comes unmotivated. In our work we motivate (both empirically and
conceptually) why using a t-distribution is not a good choice for Hyperbolic space and how a Gaussian
distribution follows as a natural choice considering the limitations of the t-distribution. Therefore part of
our contributions is the justification for the use for a Gaussian.

Finally, h-SNE [34] describes a method that differs from the others and we will not consider them
much moving forwards. However our contributions can still be relevant towards understanding their
methodology more.

Standard t-SNE has a computational complexity of O(n2). This makes t-SNE computationally unfea-
sible in circumstances where datasets (specifically the number of datapoints) are large. The origi-
nal author of t-SNE proposed an acceleration scheme based on the Barnes-Hut algorithm [22]. The
Barnes-Hut acceleration can be used to speed up computations by approximating the gradient instead
of computing it exactly. This results in an O(n log n) implementation of t-SNE [22].

This scheme however does not translate well to the Hyperbolic setting (specifically the Poincar® Disk
model of Hyperbolic Space) and therefore an alternative method or adaptation must be sought for.
Recent work [33] has been done that improves the computational cost of Hyperbolic t-SNE based on
a Polar Quadtree [36] data structure. The usage of the Polar Quadtree allows the Barnes-Hut method
to be adapted to Hyperbolic embeddings in the Poincar® Disk. This means that the Hyperbolic version



of the t-SNE gradient can also be approximated analogously to the approximation done by Barnes-Hut
t-SNE [22]. For the details we refer the reader to [33].

In this thesis we shall make use of the Polar Quadtree-based acceleration scheme [33] to speed up
our experiments.



In this section we will give a detailed look into t-SNE and provide a conceptual overview of Hyperbolic
Space. Finally we discuss how t-SNE can be adapted to produce embeddings in Hyperbolic Space.

t-SNE [16] is a popular [29] non-linear dimensionality reduction method that is capable of visualizing
high-dimensional data by mapping data into at most 3-dimensions while aiming to preserve local neigh-
bourhood structure. Local neighbourhood structure is preserved by mapping points in such a way such
that nearby points in high-dimensional space remain nearby in low-dimensional space. Formally t-SNE
takes as input high-dimensional data xi 2 Rn and produces a low-dimensional embedding yi 2 Rm

with m < n (usually m = 2) of the data.

In brief, t-SNE starts by computing a similarity matrix P (with entries pij) for the high-dimensional data
xi. It then attempts to embed data into a low-dimensional space such that the low-dimensional embed-
dings yi produce a (low-dimensional) similarity matrix Q (with entries qij) that is similar to P . Recall
from section 2.1.2 that the similarity matrices encode the structure of our data. Therefore producing
embeddings with a similarity matrix similar to the high-dimensional case can be intuitively thought of
as obtaining an embedding with similar structure as the original data. This is desirable as it allows
us to visually investigate the structures. Finally, How good an embedding is is measured via the KL-
divergence between the two distributions (the two similarity matrices P and Q). The KL-divergence
allows us to quantify how similar two distributions are.

In the following sections we will go into each of these steps in detail. Additionally, some time will
also be spent to understand t-SNE on a conceptual level. The motivation behind the t-distribution will
be explored as well as how local neighbourhood structure are preserved in t-SNE. Last but not least, a
physical interpretation of the t-SNE gradient will be made which will shed some light on the embedding
procedure itself (i.e. the process of iteratively computing the embedding of the data until convergence).

We first go through how the similarities P and Q in each respective dimension (the high-dimensional
data xi and the low-dimensional embeddings yi) are computed. We then look at the cost function C
and finally the optimization procedure.

t-SNE starts by computing the high-dimensional probabilistic similarities P . Each entry pij in P is
defined as follows:

pij =
pijj + pjji

2n
(3.1)



Where the conditional probabilities are computed as:

pjji =
exp(�jjxi � xj jj2=2�2

i )P
k 6=i exp(�jjxi � xkjj2=2�2

i )
(3.2)

Here piji is defined to be 0. Furthermore, a Gaussian distribution is used as the distribution of choice
to model similarities between points as can be seen from the exp(�jjxi � xj jj=2�2

i )) term.
Conceptually speaking, a Gaussian distribution Pi with variance �2

i is placed on top of each high-
dimensional data-point xi. Similarities between xi and its neighbours are then computed via this Gaus-
sian, normalized via equation 3.2, and symmetrized via equation 3.1. Symmetrization provides some
benefits for how outliers in the dataset are represented in P . For more details please see [16].

The benefit of using a probabilistic similarity-based approach over a purely distance-based (e.g. dis-
tance matrix such as in MDS [15]) approach is that we can focus less on global structures allowing for
more flexibility in our representation of the data. This aligns with what t-SNE excels at and is designed
for (i.e. maintaining local structure) as datapoints that are nearby will have an appreciable similarity
(probability of being neighbours), while distant datapoints will have (close to) 0 probability. This means
that distant points do not affect the embeddings of each other much. In a purely distance-based ap-
proach, every point affects the positioning of every other points when we attempt to position points such
that the similarity matrices match. This leads to less flexibility in the embeddings as there are more
constraints on what an optimal embedding is (what embeddings make the similarity matrices match).

�2
i

Because a Gaussian distribution is used for the high-dimensional similarities, a variance �2
i hyperpa-

rameter must be manually decided on.

In t-SNE, the value of �2
i is set to match a user-defined perplexity value Perp(Pi). One singular vari-

ance �2 is chosen for every Gaussian that sits on top of the high-dimensional data x. (i.e. for every Pi

that requires a �2
i to be set, we choose one �2 based on the perplexity and set every �2

i = �2. Note
that the subscript i refers to the induced distribution Pi and not singular data-points xi). This induces
a probability distribution Pi whose entries are computed according to equations 3.2 and 3.1. We then
compute 2H(Pi) which is equal to a user-defined perplexity value Perp(Pi) = 2H(Pi). Where H(Pi) is
the Shannon Entropy measured in bits:

H(Pi) = �
X

j

pjji log2 pjji (3.3)

The value of �2
i can be searched for by employing a binary search method (see [16]) that matches the

Perplexity Perp(Pi).

Since the high-dimensional probabilities P do not change during the embedding process, the above
computations only need to happen once.

In the (low-dimensional) embedding, corresponding probabilistic similarities are computed as follows:

qij =
(1 + jjyi � yj jj2)�1P

k 6=i(1 + jjyi � ykjj2)�1
(3.4)

The similarities over the embeddings use a t-distribution (note the (1 + jjyi � yj jj2)�1 term) instead of
a Gaussian distribution as employed in the high-dimensional similarities. The reasoning behind this
design choice, as well as its consequences will be discussed in section 3.1.3.

Finally, the KL-divergence is used to measure how good the embeddings are:

C = KL(P jjQ) =
X

i

X
j

pij log
pij

qij
(3.5)



The cost function is minimal when pij � qij . Therefore the KL-divergence measures how different two
distributions are. If the two distributions are the same we obtain a cost of 0.

For t-SNE this means that the optimal embedding requires points in low-dimensional space yi to be
positioned in a way such that the low-dimensional similarities Q (which are computed over the low-
dimensional embeddings yi) match the high-dimensional similarities P as best as possible. This is the
measure of goodness that t-SNE employs.

To get to a good solution (i.e. a good embedding of the dataset) the positions of the embedding points
yi are adjusted in a way that minimizes the cost function. This procedure responsible for these adjust-
ments is the method of gradient descent [45]. Gradient descent is an optimization method that can find
local optima (minima) of functions by starting with a random solution (in this case yt

i for t = 0) and iter-
atively updating that solution using the gradient of the function with respect to that solution: �C

�yt
i
. This

procedure minimizes functions because the gradient of a function is the direction in which the function
increases the most. Moving in the opposite direction (descending along the gradient), thus allows us
to step into the direction of most decrease allowing us to eventually converge to a (local) minima.

The computation of the gradient descent steps uses the expression below (where � is the learning
rate):

yt+1
i  yt

i � �
�C

�yt
i

(3.6)

The new embeddings yt+1
i are the embeddings of the previous iteration yt

i moved slightly in some di-
rection determined by the gradient of the cost function �C

�yt
i
. This update step is then executed iteratively

until some convergence criteria or a maximum number of iterations steps is reached.

Finally, in standard t-SNE practice, the optimization procedure scales a part of the gradient (the positive
forces in the gradient, see the next section for what this means) by some constant for some initial
predetermined amount of iterations. This is to encourage early cluster forming as it encourages similar
points to attract during the initial optimization stage. This process is called early exaggeration (see the
original t-SNE paper [16]).

t-SNE is optimized via gradient descent using the gradient of the cost function described above. This
gradient takes the form (for a derivation please see the t-SNE appendix [16]:

�C

�yi
= 4

X
j

(pij � qij)(1 + jjyi � yj jj2)�1(yi � yj) (3.7)

To get a better sense of the behaviour of the gradient, i.e. how the embedding procedure proceeds
since the embedding happens via gradient descent; a physical analogy can be made.

Physically, the gradient (equation 3.7) can be interpreted as the forces resulting from a set of springs
acting between each pair of points yi and yj . This is because this equation takes on a similar form as
an equation describing a mechanical system consisting of a spring. In our gradient, we can interpret it
as there existing a spring between every two points xi; xj where i 6= j). These springs exert a force
along the direction (yi � yj), i.e. between each other. If (pij � qij) > 0 meaning pij > qij , then this
means that the low-dimensional embeddings yi and yj are to close the distance to each other (since
pij � qij constitutes an optimal embedding). In other words, yi; yj are pulled towards each other. This
denotes a an attractive force or a negative spring force. Conversely, if pij < qij , the embeddings are
to take a larger distance from each other.
Therefore (pij � qij) determines whether the points yi and yj are to experience a repulsive (negative)
or a attractive (positive) force due to the spring that can be imagined to be between them. Finally
(1 + jjyi � yj jj2)�1 modulates the strength of the force.
We can make the above analogy even more explicit by rewriting the gradient into an expression where



the repulsive and attractive forces are separated into their own distinct terms:

�C

�yi
= 4

0@X
j

pijqijZ(yi � yj)�
X

j

q2
ijZ(yi � yj)

1A (3.8)

Where Z =
P

j(1+ jjyi�yj jj2)�1,
P

j pijqijZ(yi�yj) represent the attractive forces, and
P

j q2
ijZ(yi�

yj) the repulsive forces.

At each gradient descent iteration, these spring forces are computed (i.e. the gradient is computed),
and the embedded points are updated according to this gradient (the spring forces). Thus the gradient
descent procedure iteratively displaces the embeddings until an embedding with a minimum energy
(measured by the KL divergence) is reached. This is directly analogous to a physical system of springs
moving towards a stable configuration from some starting/initial configuration.

t-SNE by design focuses on capturing the local neighbourhoods of points. How t-SNE achieves this is
by allowing neighbouring points to influence each other much more strongly than distant points.

In t-SNE points that are distant from each other have a probabilistic similarity that is negligible (i.e.
a very small pij) since the pij depends on the distance between xi; xj . Employing a Gaussian distribu-
tion (which has exponentially decaying tails) means that relatively far away points have a probabilistic
similarity that is very small or effectively 0. These points do not affect the cost function 3.5 since terms
with very small pij are effectively 0 thus contributing little to the sum. Local relationships are therefore
emphasized as they contribute a larger amount to the cost function, while global relationships (i.e. re-
lationships between distant points) matter less.

We can deduce from the gradient formula in equation 3.7 what this means for the embeddings them-
selves. Points that are distant from each other have a high-dimensional similarity that is small and thus
negligible (i.e. pij � 0). The low-dimensional position of the embeddings therefore do not matter much
as long as pij � qij � 0. This means that their corresponding embeddings yi and yj can be positioned
anywhere where distances are large as this results in a similarity of qij � 0.
On the other hand, for any relatively large p such that pij � qij � p (which happens for neighbouring
points) the positions of the low-dimensional embeddings are optimally placed in a certain region that
results in these probabilities. So the relationship (distance) in the embedding between yi and yj matter
much more in this scenario. pij � qij � p therefore ensuring that local neighbourhood relationships
are preserved.

In summary, t-SNE puts most optimization pressure on keeping (high-dimensional) neighbourhoods
together in the low-dimensional embedding. Distant data-points can be positioned across a much
larger range of positions as compared to similar data-points (neighbours).

A defining characteristic of t-SNE is the usage of a t-distribution to model the low-dimensional simi-
larities. This specific feature aims to tackle something called the òCrowding problemò present in the
progenitor of t-SNE, SNE [9]. SNE, which used a Gaussian to model low-dimensional embedding
points, struggled with the problem where embedded points tended to crowd together strongly which
lead to cluttered visualizations. t-SNE addresses this issue by using a distribution with larger tails for
the low-dimensional similarities resulting in the use of a t-distribution. The Gaussian distribution has
exponentially decaying tails whereas the t-distribution decays at a slower rate. Since distances are
converted to probabilities, the use of a distribution with larger tails means that larger distances in the
embedding still correspond to appreciable probabilities. Using a Gaussian may result in probabilities
of close to 0 (if not 0) for large distances. So by using the t-distribution larger distances in the low-
dimensional embedding are required before pij � qij (Before the two distributions match up which
corresponds to a lower cost function value). As a result, embeddings become more spread out thus
alleviating the crowding problem. For more detail please see the t-SNE paper [16].
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���H�[�S�O�D�L�Q�H�G �I�X�U�W�K�H�U �L�Q �V�H�F�W�L�R�Q�������������� �7�K�L�V �S�U�R�S�H�U�W�\ �L�V �X�V�H�I�X�O �Z�K�H�Q �Z�H �Z�L�V�K �W�R �H�P�E�H�G �R�E�M�H�F�W�V �W�K�D�W �J�U�R�Z
�H�[�S�R�Q�H�Q�W�L�D�O�O�\ �L�Q �V�L�]�H �V�X�F�K �D�V �W�U�H�H�V �D�Q�G �Q�H�W�Z�R�U�N�V�� �(�X�F�O�L�G�H�D�Q �6�S�D�F�H �Z�R�X�O�G �Q�R�W �E�H �D�E�O�H �W�R �D�F�F�R�P�P�R�G�D�W�H
�I�R�U �W�K�H �H�[�S�R�Q�H�Q�W�L�D�O �J�U�R�Z�W�K �R�I �V�X�F�K �R�E�M�H�F�W�V �>���� ������ �@��

�$ �U�H�O�D�W�H�G �S�K�H�Q�R�P�H�Q�D �L�V �W�K�D�W �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�HdH (x ; y ) �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�Vx; y 2 D �R�Q �W�K�H �3�R�L�Q�F�D�U�p
�'�L�V�ND �D�S�S�U�R�D�F�K�H�V �W�K�H �V�X�P �R�I �W�K�H �G�L�V�W�D�Q�F�H�VdH (x ; y ) �! dH (x ; O) + dH (y ; O) �R�I �H�D�F�K �S�R�L�Q�W �D�Q�G �W�K�H
�R�U�L�J�L�QO ���V�H�H �I�L�J�X�U�H�������� �I�R�U �P�R�U�H �G�H�W�D�L�O�V �V�H�H �>���� �@���� �7�K�L�V �P�L�P�L�F�V �K�R�Z �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �Q�R�G�H�V �L�Q �W�U�H�H�V
�D�U�H �G�H�W�H�U�P�L�Q�H�G �D�V �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �D�Q�\ �W�Z�R �Q�R�G�H�V �L�Q �D �W�U�H�H �P�X�V�W �J�R �W�K�U�R�X�J�K �W�K�H �F�O�R�V�H�V�W
�S�D�U�H�Q�W �V�K�D�U�H�G �E�\ �H�D�F�K �R�I �W�K�H �Q�R�G�H�V �L�Q�Y�R�O�Y�H�G�� �$ �F�R�Q�V�H�T�X�H�Q�F�H �R�I �W�K�L�V �L�V �W�K�D�W �Z�H �F�D�Q �L�Q�W�H�U�S�U�H�W �S�R�L�Q�W�V
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�)�L�J�X�U�H ���������2�Q �W�K�H �O�H�I�W �Z�H �V�H�H �S�R�L�Q�W�V �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �O�\�L�Q�J �R�Q �J�H�R�G�H�V�L�F�V ���V�W�U�D�L�J�K�W �O�L�Q�H�V�� �L�Q �W�K�H �G�L�V�N�� �7�K�H�V�H �S�R�L�Q�W�V �D�U�H
�S�R�V�L�W�L�R�Q�H�G �W�R �U�H�I�O�H�F�W �D �W�U�H�H���O�L�N�H �V�W�U�X�F�W�X�U�H�� �2�Q �W�K�H �U�L�J�K�W �W�K�H �U�D�W�L�R�V �R�I �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�V �[ �D�Q�G �\ �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N
�D�U�H �S�O�R�W�W�H�G�� �7�K�H �(�X�F�O�L�G�H�D�Q �G�L�V�W�D�Q�F�H �U�D�W�L�R �L�VdE ( x;y )

dE ( x; 0)+ dE ( y; 0) ���Z�K�H�U�HdE (x; y ) �L�V �W�K�H �(�X�F�O�L�G�H�D�Q �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�V��

�D�Q�G �W�K�H �+�\�S�H�U�E�R�O�L�F �G�L�V�W�D�Q�F�H �U�D�W�L�R �L�VdH ( x;y )
dH ( x; 0)+ dH ( y; 0) ���Z�K�H�U�HdH (x; y ) �L�V �W�K�H �+�\�S�H�U�E�R�O�L�F �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�V���� �7�K�H

�+�\�S�H�U�E�R�O�L�F �G�L�V�W�D�Q�F�H �U�D�W�L�R �D�S�S�U�R�D�F�K�H�V1 �D�V �W�K�H �S�R�L�Q�W�V �R�Q �W�K�H �G�L�V�N ��x; y �L�Q �W�K�H �D�E�R�Y�H �H�[�D�P�S�O�H�� �D�S�S�U�R�D�F�K �W�K�H �E�R�U�G�H�U �R�I �W�K�H �G�L�V�N��
�7�K�H �I�D�F�W �W�K�D�W �W�K�H �U�D�W�L�R �D�S�S�U�R�D�F�K�H�V1 �P�H�D�Q�VdH (x; y ) �! dH (x; 0) + dH (y; 0) �Z�K�L�F�K �U�H�I�O�H�F�W�V �K�R�Z �G�L�V�W�D�Q�F�H�V �E�H�K�D�Y�H �I�R�U �W�U�H�H�V��

���)�R�U �P�R�U�H �G�H�W�D�L�O�V �S�O�H�D�V�H �V�H�H �W�K�H �V�R�X�U�F�H�� �>���� �@��

�O�\�L�Q�J �R�Q �D�Q ���L�P�D�J�L�Q�D�U�\�� �F�L�U�F�O�H �R�I �W�K�H �V�D�P�H �U�D�G�L�X�Vr �W�R �U�H�S�U�H�V�H�Q�W �S�R�L�Q�W�V �H�[�L�V�W�L�Q�J �R�Q �D �V�L�P�L�O�D�U �G�H�S�W�K �L�Q �D
�W�U�H�H���O�L�N�H �V�W�U�X�F�W�X�U�H��

�:�H �W�K�X�V �V�H�H �K�R�Z �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H ���D�Q�G �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �L�V �X�V�H�I�X�O �L�Q �H�P�E�H�G�G�L�Q�J �Q�H�W�Z�R�U�N �D�Q�G �W�U�H�H��
�O�L�N�H �G�D�W�D��

�������������;�L�E�X �M�W �,�]�T�I�V�F�S�P�M�G �7�T�E�G�I�#
�+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �U�H�I�H�U�V �W�R �D �J�H�R�P�H�W�U�L�F�D�O �V�S�D�F�H �Z�K�H�U�H �H�Y�H�U�\ �S�R�L�Q�W �L�Q �V�S�D�F�H �K�D�V �F�R�Q�V�W�D�Q�W �Q�H�J�D�W�L�Y�H
�V�H�F�W�L�R�Q�D�O �F�X�U�Y�D�W�X�U�H�� �)�R�U �R�X�U �S�X�U�S�R�V�H�V �Z�H �Z�L�O�O �E�H �G�H�D�O�L�Q�J �Z�L�W�K �W�K�H �+�\�S�H�U�E�R�O�L�F �3�O�D�Q�H �������G�L�P�H�Q�V�L�R�Q�V���� �,�Q
�����G�L�P�H�Q�V�L�R�Q�V �W�K�H �F�R�Q�F�H�S�W �R�I �V�H�F�W�L�R�Q�D�O �F�X�U�Y�D�W�X�U�H �L�V �F�D�O�O�H�G �*�D�X�V�V�L�D�Q �F�X�U�Y�D�W�X�U�H�� �$�Q�\ �I�X�U�W�K�H�U �U�H�I�H�U�H�Q�F�H�V
�W�R �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �Z�L�O�O �W�K�X�V �L�P�S�O�L�F�L�W�O�\ �U�H�I�H�U �W�R �W�K�H �+�\�S�H�U�E�R�O�L�F �3�O�D�Q�H�� �7�K�H �+�\�S�H�U�E�R�O�L�F �3�O�D�Q�H �L�V �W�K�X�V �D
�����G�L�P�H�Q�V�L�R�Q�D�O �V�X�U�I�D�F�H �Z�K�H�U�H �H�D�F�K �S�R�L�Q�W �K�D�V �F�R�Q�V�W�D�Q�W �Q�H�J�D�W�L�Y�H �*�D�X�V�V�L�D�Q �F�X�U�Y�D�W�X�U�H��

�+�E�Y�W�W�M�E�R �'�Y�V�Z�E�X�Y�V�I
�*�D�X�V�V�L�D�Q �F�X�U�Y�D�W�X�U�H �>���� �@ �L�V �D �F�R�Q�F�H�S�W �W�K�D�W �G�H�V�F�U�L�E�H�V �K�R�Z �D �V�X�U�I�D�F�H �F�X�U�Y�H�V �D�W �D �S�R�L�Q�W�� �6�S�H�F�L�I�L�F�D�O�O�\��
�K�R�Z �D �V�X�U�I�D�F�H �F�X�U�Y�H�V �L�Q �W�Z�R �S�H�U�S�H�Q�G�L�F�X�O�D�U �G�L�U�H�F�W�L�R�Q�V�� �,�I �Z�H �L�P�D�J�L�Q�H �R�X�U�V�H�O�Y�H�V �V�W�D�Q�G�L�Q�J �R�Q �D �S�R�L�Q�W �R�Q
�V�R�P�H �V�X�U�I�D�F�H �W�K�H�Q �Z�H �F�D�Q �G�H�F�L�G�H �W�R �Z�D�O�N �L�Q�W�R �W�Z�R �S�H�U�S�H�Q�G�L�F�X�O�D�U �G�L�U�H�F�W�L�R�Q�V ���H���J�� �K�R�U�L�]�R�Q�W�D�O���Y�H�U�W�L�F�D�O �R�U
�Q�R�U�W�K���H�D�V�W���� �:�H �F�D�Q �W�K�H�Q �P�H�D�V�X�U�H �W�K�H �F�X�U�Y�D�W�X�U�H �R�I �H�D�F�K �R�I �W�K�H�V�H �G�L�U�H�F�W�L�R�Q�V�� �)�R�U �H�Y�H�U�\ �S�R�V�V�L�E�O�H �S�D�L�U
�R�I �S�H�U�S�H�Q�G�L�F�X�O�D�U �G�L�U�H�F�W�L�R�Q�V�� �W�K�H�U�H �L�V �D �S�D�L�U �Z�K�H�U�H �R�Q�H �G�L�U�H�F�W�L�R�Q �K�D�V �P�D�[�L�P�D�O �F�X�U�Y�D�W�X�U�H ���L���H�� �F�X�U�Y�H�V �W�K�H
�P�R�V�W �´�X�S�´ �R�X�W �R�I �D�Q�\ �G�L�U�H�F�W�L�R�Q�� �R�I�W�H�Q �G�H�Q�R�W�H�G �E�\ �D �S�R�V�L�W�L�Y�H �V�L�J�Q���� �D�Q�G �R�Q�H �K�D�V �P�L�Q�L�P�D�O �F�X�U�Y�D�W�X�U�H ���L���H��
�F�X�U�Y�H�V �W�K�H �P�R�V�W �´�G�R�Z�Q�´ �R�X�W �R�I �D�Q�\ �G�L�U�H�F�W�L�R�Q�� �R�I�W�H�Q �G�H�Q�R�W�H�G �E�\ �D �Q�H�J�D�W�L�Y�H �V�L�J�Q���� �:�H �V�K�D�O�O �F�D�O�O �W�K�H�V�H
�F�X�U�Y�D�W�X�U�H�V� 1; � 2�� �7�K�H �*�D�X�V�V�L�D�Q �F�X�U�Y�D�W�X�U�H �L�V �W�K�H�Q �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H�V�H �W�Z�R��K = � 1� 2��

�,�I �E�R�W�K �G�L�U�H�F�W�L�R�Q�V �F�X�U�Y�H �L�Q �W�K�H �V�D�P�H �G�L�U�H�F�W�L�R�Q ���H���J�� �E�R�W�K �F�X�U�Y�H �X�S �R�U �E�R�W�K �F�X�U�Y�H �G�R�Z�Q���� �W�K�H�QK �L�V �D�O��
�Z�D�\�V �S�R�V�L�W�L�Y�H �D�Q�G �Z�H �K�D�Y�H �D �S�R�V�L�W�L�Y�H�O�\ �F�X�U�Y�H�G �S�R�L�Q�W�� �,�IK = 0 �W�K�H�Q �W�K�H�U�H �L�V �Q�R �F�X�U�Y�D�W�X�U�H �D�Q�G �Z�H �K�D�Y�H
�D �´�I�O�D�W�´ �S�R�L�Q�W ���O�L�N�H �K�R�Z �I�O�D�W �V�S�D�F�H �K�D�V �Q�R �F�X�U�Y�D�W�X�U�H���� �)�L�Q�D�O�O�\�� �L�IK < 0 �W�K�H�Q �R�Q�H �R�I �W�K�H �F�X�U�Y�D�W�X�U�H�V� 1; � 2

�P�X�V�W �G�L�I�I�H�U �I�U�R�P �W�K�H �R�W�K�H�U ���V�L�Q�F�H �W�K�H�\ �P�X�V�W �K�D�Y�H �G�L�I�I�H�U�H�Q�W �V�L�J�Q�V �R�W�K�H�U�Z�L�V�H �W�K�H �V�L�J�Q�V �F�D�Q�F�H�O �R�X�W �D�Q�G �Z�H
�J�H�WK > 0���� �6�X�F�K �S�R�L�Q�W�V �D�U�H �F�D�O�O�H�G �V�D�G�G�O�H �S�R�L�Q�W�V ���V�H�H �I�L�J�X�U�H�������� �I�R�U �W�K�H�L�U �V�D�G�G�O�H���O�L�N�H �D�S�S�H�D�U�D�Q�F�H��

�:�H �D�U�H �Q�R�Z �U�H�D�G�\ �W�R �X�Q�S�D�F�N �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �D�E�R�Y�H�� �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �L�V �D �J�H�R�P�H�W��
�U�L�F�D�O �V�S�D�F�H �Z�K�H�U�H �H�D�F�K �S�R�L�Q�W �L�V �D �V�D�G�G�O�H �S�R�L�Q�W �D�V �W�K�H �S�U�L�Q�F�L�S�D�O �F�X�U�Y�D�W�X�U�H�V� 1; � 2 �P�X�V�W �G�L�I�I�H�U �L�Q �V�L�J�Q �I�R�U
K �W�R �E�H �Q�H�J�D�W�L�Y�H��

�)�X�U�W�K�H�U�P�R�U�H�� �X�V�L�Q�J �W�K�H �D�E�R�Y�H �G�H�I�L�Q�L�W�L�R�Q�V �I�R�U �F�X�U�Y�D�W�X�U�H�� �Z�H �F�D�Q �R�E�W�D�L�Q �W�K�U�H�H �N�L�Q�G�V �R�I �J�H�R�P�H�W�U�L�F �V�S�D�F�H�V
���R�U �V�X�U�I�D�F�H�V���� �(�X�F�O�L�G�H�D�Q ���F�R�Q�V�W�D�Q�W �]�H�U�R �F�X�U�Y�D�W�X�U�H��K = 0 ���� �6�S�K�H�U�L�F�D�O ���F�R�Q�V�W�D�Q�W �S�R�V�L�W�L�Y�H �F�X�U�Y�D�W�X�U�H��
K > 0���� �D�Q�G �+�\�S�H�U�E�R�O�L�F ���F�R�Q�V�W�D�Q�W �Q�H�J�D�W�L�Y�H �F�X�U�Y�D�W�X�U�HK < 0�� �V�S�D�F�H��
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�)�L�J�X�U�H ���������$ �V�D�G�G�O�H �S�R�L�Q�W�� �1�R�W�H �K�R�Z �Z�H �K�D�Y�H �W�Z�R �R�S�S�R�V�L�Q�J �W�\�S�H�V �R�I �F�X�U�Y�D�W�X�U�H �Z�K�L�F�K �L�V �W�K�H �G�H�I�L�Q�L�Q�J �S�U�R�S�H�U�W�\ �R�I �D �V�D�G�G�O�H �S�R�L�Q�W��
���V�R�X�U�F�H�� �1�L�F�R�J�X�D�U�R�� �&�& �%�< ������ ���K�W�W�S�V�������F�U�H�D�W�L�Y�H�F�R�P�P�R�Q�V���R�U�J���O�L�F�H�Q�V�H�V���E�\���������!�� �Y�L�D �:�L�N�L�P�H�G�L�D �&�R�P�P�R�Q�V��

�$�V �D �F�R�Q�V�H�T�X�H�Q�F�H �R�I �W�K�H �F�X�U�Y�D�W�X�U�H�� �J�H�R�P�H�W�U�\ �L�Q �H�D�F�K �R�I �W�K�H�V�H �V�S�D�F�H�V �D�S�S�H�D�U�V �G�L�I�I�H�U�H�Q�W�� �)�R�U �H�[�D�P�S�O�H��
�L�Q �(�X�F�O�L�G�H�D�Q �V�S�D�F�H �W�K�H �V�X�P �R�I �D�Q�J�O�H�V �R�I �D �W�U�L�D�Q�J�O�H �L�V �H�[�D�F�W�O�\180� �Z�K�L�O�H �L�Q �6�S�K�H�U�L�F�D�O �V�S�D�F�H �L�W �L�V �J�U�H�D�W�H�U
�W�K�D�Q180� �D�Q�G �L�Q �+�\�S�H�U�E�R�O�L�F �V�S�D�F�H �L�W �L�V �O�H�V�V �W�K�D�Q180� ��

�)�L�J�X�U�H ���������&�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �W�K�U�H�H �J�H�R�P�H�W�U�L�H�V�� �$ �F�X�U�Y�D�W�X�U�H �R�IK > 0 �U�H�I�H�U�V �W�R �V�S�K�H�U�L�F�D�O �J�H�R�P�H�W�U�\��K = 0 �U�H�I�H�U�V �W�R �V�W�D�Q�G�D�U�G
���I�O�D�W�� �(�X�F�O�L�G�H�D�Q �J�H�R�P�H�W�U�\�� �)�L�Q�D�O�O�\K < 0 �U�H�I�H�U�V �W�R �+�\�S�H�U�E�R�O�L�F �J�H�R�P�H�W�U�\ ���V�R�X�U�F�H�� �&�P�J�O�H�H �� �2�Z�Q �Z�R�U�N�� �&�& �%�<���6�$ ��������

�K�W�W�S�V�������F�R�P�P�R�Q�V���Z�L�N�L�P�H�G�L�D���R�U�J���Z���L�Q�G�H�[���S�K�S�"�F�X�U�L�G� ������������������

�������������1�S�H�I�P�M�R�K �,�]�T�I�V�F�S�P�M�G �+�I�S�Q�I�X�V�]
�7�R �E�H �D�E�O�H �W�R �P�D�N�H �X�V�H �R�I �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\ �I�R�U �S�U�D�F�W�L�F�D�O �S�X�U�S�R�V�H�V �Z�H �P�X�V�W �H�V�W�D�E�O�L�V�K �D �Z�R�U�N�D�E�O�H
�P�R�G�H�O �R�I �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\ �I�L�U�V�W�� �,�Q �W�K�H �F�D�V�H �R�I �(�X�F�O�L�G�H�D�Q �J�H�R�P�H�W�U�\ �W�K�L�V �P�R�G�H�O �L�V �W�K�H �(�X�F�O�L�G�H�D�Q �S�O�D�Q�H
���R�U �(�X�F�O�L�G�H�D�Q �V�S�D�F�H �I�R�U �G�L�P�H�Q�V�L�R�Q�V �J�U�H�D�W�H�U �W�K�D�Q ������ �:�H �P�X�V�W �D�Q�D�O�R�J�R�X�V�O�\ �F�R�Q�V�W�U�X�F�W �V�X�F�K �D �P�R�G�H�O �R�I
�+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\��

�%�\ �G�H�I�L�Q�L�W�L�R�Q �H�Y�H�U�\ �S�R�L�Q�W �L�Q �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �L�V �D �V�D�G�G�O�H �S�R�L�Q�W�� �8�Q�I�R�U�W�X�Q�D�W�H�O�\ �W�K�L�V �P�H�D�Q�V �W�K�D�W �Z�H �F�D�Q�Q�R�W
�I�X�O�O�\ �H�P�E�H�G �D �+�\�S�H�U�E�R�O�L�F �3�O�D�Q�H �����'�� �L�Q�W�R �����'�� �(�X�F�O�L�G�H�D�Q �V�S�D�F�H �>���@ �O�L�N�H �Z�H �F�D�Q �Z�L�W�K �D �3�R�V�L�W�L�Y�H�O�\ �F�X�U�Y�H�G
�V�X�U�I�D�F�H ���V�X�F�K �D�V �D �6�S�K�H�U�H���� �6�L�Q�F�H �Z�H �F�D�Q �R�Q�O�\ �Y�L�V�X�D�O�L�]�H �W�K�L�Q�J�V �X�S �W�R �����G�L�P�H�Q�V�L�R�Q�D�O �V�S�D�F�H �D�Q�\ ���Y�L�V�X�D�O��
�L�]�D�E�O�H�� �P�R�G�H�O �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �Z�L�O�O �F�R�Q�W�D�L�Q �V�R�P�H �I�R�U�P �R�I �G�L�V�W�R�U�W�L�R�Q�� �7�K�H�U�H�I�R�U�H �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\
�L�V �G�L�I�I�L�F�X�O�W �W�R �F�R�Q�F�H�S�W�X�D�O�L�]�H �I�X�O�O�\ �V�L�Q�F�H �Z�H �F�D�Q �Q�R�W �J�R �E�H�\�R�Q�G �����G�L�P�H�Q�V�L�R�Q�V �L�Q �R�X�U �Y�L�V�X�D�O�L�]�D�W�L�R�Q�V��

�1�R�Q�H�W�K�H�O�H�V�V�� �V�H�Y�H�U�D�O �P�R�G�H�O�V �R�I �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\ �K�D�Y�H �E�H�H�Q �L�Q�W�U�R�G�X�F�H�G�� �,�Q �W�K�L�V �W�K�H�V�L�V �Z�H �Z�L�O�O �I�R�F�X�V
�R�Q �R�Q�H �V�X�F�K �P�R�G�H�O �Q�D�P�H�O�\ �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �P�R�G�H�O ���G�L�V�F�X�V�V�H�G �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q�� �2�W�K�H�U �P�R�G�H�O�V
�R�I �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\ �D�O�V�R �H�[�L�V�W �D�Q�G �P�D�\ �D�O�V�R �E�H �X�V�H�G �L�Q �W�K�H �F�R�Q�W�H�[�W �R�I �H�P�E�H�G�G�L�Q�J �G�D�W�D�� �+�R�Z�H�Y�H�U
�P�X�F�K �S�U�L�R�U �Z�R�U�N �K�D�V �E�H�H�Q �L�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �P�R�G�H�O �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �>���� �� ���� �� ���� �� ���� �� ���@ �Z�K�L�F�K
�P�R�W�L�Y�D�W�H�V �R�X�U �V�R�O�H �I�R�F�X�V �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N��

�������������4�S�M�R�G�E�V�¬ �(�M�W�O �1�S�H�I�P
�7�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �L�V �D �P�R�G�H�O �R�I �����G�L�P�H�V�L�R�Q�D�O �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �H�P�E�H�G�G�H�G �L�Q�V�L�G�H �(�X�F�O�L�G�H�D�Q �6�S�D�F�H��



�������� �,�]�T�I�V�F�S�P�M�G �7�T�E�G�I ����

�,�W �F�D�Q �E�H �F�R�Q�V�W�U�X�F�W�H�G �Y�L�D �W�K�H �S�U�R�M�H�F�W�L�R�Q �R�I �D�Q�R�W�K�H�U �P�R�G�H�O �R�I �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\ �F�D�O�O�H�G �W�K�H �+�\�S�H�U�E�R�O�R�L�G
�P�R�G�H�O �R�Q�W�R �D �G�L�V�N �R�I �U�D�G�L�X�V �� ���W�K�H �X�Q�L�W �G�L�V�N�� �>���� �@ ���V�H�H �I�L�J�������D���� �:�H �Z�L�O�O �Q�R�W �J�R �L�Q�W�R �Z�K�\ �W�K�H �+�\�S�H�U�E�R�O�R�L�G
�P�R�G�H�O �L�V �D �F�R�U�U�H�F�W �P�R�G�H�O �I�R�U �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H�� �)�R�U �P�R�U�H �G�H�W�D�L�O�V �S�O�H�D�V�H �V�H�H �>���� �@

�7�K�L�V �F�R�Q�V�W�U�X�F�W�L�R�Q �D�O�O�R�Z�V �X�V �W�R �I�X�O�O�\ �G�H�V�F�U�L�E�H �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �X�V�L�Q�J �D�O�O �W�K�H �S�R�L�Q�W�V �L�Q�V�L�G�H �W�K�H �X�Q�L�W
�G�L�V�N ���H�[�F�O�X�G�L�Q�J �W�K�H �E�R�U�G�H�U���� �0�D�W�K�H�P�D�W�L�F�D�O�O�\ �V�S�H�D�N�L�Q�J �W�K�H �F�R�R�U�G�L�Q�D�W�H�V �D�U�H �G�U�D�Z�Q �I�U�R�P �W�K�H �V�H�WD =
f (y1; y2) j y2

1 + y2
2 < 1g�� �7�K�H �3�R�L�Q�F�D�U�p �'�L�V�ND �L�V �W�K�X�V �D �P�R�G�H�O �R�I �����G�L�P�H�Q�V�L�R�Q�D�O �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\

�H�P�E�H�G�G�H�G �L�Q �����G�L�P�H�Q�V�L�R�Q�D�O �(�X�F�O�L�G�H�D�Q �6�S�D�F�HR2�� �)�X�U�W�K�H�U�P�R�U�H�� �L�W �P�R�G�H�O�V �D�O�O �R�I ���L�Q�I�L�Q�L�W�H�� �+�\�S�H�U�E�R�O�L�F
�6�S�D�F�H �L�Q �W�K�H �X�Q�L�W �G�L�V�N ���D �I�L�Q�L�W�H �P�R�G�H�O���� �$�V �D �U�H�V�X�O�W�� �V�R�P�H �G�L�V�W�R�U�W�L�R�Q �P�X�V�W �E�H �K�D�S�S�H�Q�L�Q�J�� �6�S�H�F�L�I�L�F�D�O�O�\��
�D�V �W�K�H �E�R�U�G�H�U �R�I �W�K�H �G�L�V�N �L�V �D�S�S�U�R�D�F�K�H�G�� �V�H�H�P�L�Q�J�O�\ �V�P�D�O�O �U�H�J�L�R�Q�V �R�I �V�S�D�F�H �U�H�S�U�H�V�H�Q�W �O�D�U�J�H �D�P�R�X�Q�W�V �R�I
�D�F�W�X�D�O �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H ���V�H�H �I�L�J���������E����

�7�K�L�V �P�H�D�Q�V �W�K�D�W �W�K�H�U�H �L�V �D �P�L�V�P�D�W�F�K �E�H�W�Z�H�H�Q �W�K�H �D�P�R�X�Q�W �R�I �V�S�D�F�H �Z�H �V�H�H ���L���H�� �Z�H �V�H�H �+�\�S�H�U�E�R�O�L�F
�6�S�D�F�H �W�K�U�R�X�J�K �R�X�U ���(�X�F�O�L�G�H�D�Q�� �P�R�G�H�O�� �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �Z�K�L�F�K �L�V �D �G�L�V�W�R�U�W�H�G �Y�L�H�Z �R�I �W�U�X�H �+�\�S�H�U�E�R�O�L�F
�6�S�D�F�H���� �D�Q�G �W�K�H �D�F�W�X�D�O �D�P�R�X�Q�W �R�I �V�S�D�F�H �W�K�H�U�H �L�V ���W�K�H �D�F�W�X�D�O �X�Q�G�H�U�O�\�L�Q�J �D�P�R�X�Q�W�V �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H
�W�K�D�W �W�K�H �P�R�G�H�O �G�H�V�F�U�L�E�H�V���� �7�K�L�V �L�V �H�[�D�F�W�O�\ �W�K�H �G�L�V�W�R�U�W�L�R�Q �L�Q�W�U�R�G�X�F�H�G �E�\ �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �:�H �F�D�Q
�G�H�V�F�U�L�E�H �W�K�L�V �G�L�V�W�R�U�W�L�R�Q �P�D�W�K�H�P�D�W�L�F�D�O�O�\ �X�V�L�Q�J �W�K�H �F�R�Q�F�H�S�W �R�I �W�K�H �0�H�W�U�L�F �7�H�Q�V�R�U �G�L�V�F�X�V�V�H�G �O�D�W�H�U ���V�H�F��
�W�L�R�Q��������������

�$�Q�R�W�K�H�U �G�L�I�I�H�U�H�Q�F�H �Z�L�W�K �U�H�V�S�H�F�W �W�R �(�X�F�O�L�G�H�D�Q �6�S�D�F�H �L�V �W�K�D�W �G�X�H �W�R �F�R�Q�V�W�D�Q�W �Q�H�J�D�W�L�Y�H �F�X�U�Y�D�W�X�U�H�� �V�W�U�D�L�J�K�W
�O�L�Q�H�V ���V�K�R�U�W�H�V�W �S�D�W�K�V �L�Q �(�X�F�O�L�G�H�D�Q �V�S�D�F�H�� �G�R �Q�R�W �D�S�S�H�D�U �V�W�U�D�L�J�K�W �L�Q ���W�K�L�V �P�R�G�H�O �R�I�� �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H��
�7�K�H �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �R�I �D �V�W�U�D�L�J�K�W �O�L�Q�H �L�V �F�D�O�O�H�G�D �J�H�R�G�H�V�L�F�� �)�L�J�X�U�H�������D�V�K�R�Z�F�D�V�H�V �D�Q �H�[�D�P�S�O�H �R�I �D
�J�H�R�G�H�V�L�F��

���D���&�R�Q�V�W�U�X�F�W�L�R�Q �R�I �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �D�V �D �S�U�R�M�H�F�W�L�R�Q �R�I �W�K�H
�+�\�S�H�U�E�R�O�R�L�G �P�R�G�H�O ���D�E�R�Y�H�� �J�U�H�H�Q�� �R�Q�W�R �W�K�H �8�Q�L�W �'�L�V�N ���E�H�O�R�Z��

�J�U�D�\���� �7�K�H �+�\�S�H�U�E�R�O�R�L�G �0�R�G�H�O �H�[�W�H�Q�G�V �L�Q�I�L�Q�L�W�H�O�\ �I�D�U �X�S�Z�D�U�G�V�� �7�K�H
�U�H�G �F�X�U�Y�H �U�H�S�U�H�V�H�Q�W�V �D �J�H�R�G�H�V�L�F �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �7�K�H

�E�U�R�Z�Q �F�X�U�Y�H �L�V �D �J�H�R�G�H�V�L�F �R�Q �W�K�H �+�\�S�H�U�E�R�O�R�L�G �0�R�G�H�O�� ���V�R�X�U�F�H��
�%�\ �6�H�O�I�V�W�X�G�L�H�U �� �2�Z�Q �Z�R�U�N�� �&�&����

�K�W�W�S�V�������F�R�P�P�R�Q�V���Z�L�N�L�P�H�G�L�D���R�U�J���Z���L�Q�G�H�[���S�K�S�"�F�X�U�L�G� ������������������

���E���7�L�O�L�Q�J �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �X�V�L�Q�J �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �P�R�G�H�O��
�(�Y�H�U�\ �W�L�O�H �L�V �W�K�H �V�D�P�H �V�L�]�H �H�Y�H�Q �W�K�R�X�J�K �W�K�H �W�L�O�L�Q�J�V �Q�H�D�U�L�Q�J �W�K�H

�E�R�U�G�H�U�V �D�S�S�H�D�U �L�Q�F�U�H�D�V�L�Q�J�O�\ �V�P�D�O�O�H�U�� �$�Q �H�[�D�P�S�O�H �R�I �W�K�H �G�L�V�W�R�U�W�L�R�Q
�D�W �S�O�D�\�� ���V�R�X�U�F�H�� �7�R�P �5�X�H�Q �D�Q�G �5�R�L�F�H �1�H�O�V�R�Q�� �3�X�E�O�L�F �G�R�P�D�L�Q�� �Y�L�D

�:�L�N�L�P�H�G�L�D �&�R�P�P�R�Q�V��

�)�L�J�X�U�H ������

�3�Z�I�V�Z�M�I�[ �S�J �X�L�I �Q�S�H�I�P
�7�K�H �W�H�F�K�Q�L�F�D�O �G�H�V�F�U�L�S�W�L�R�Q �R�I �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �L�V �W�K�D�W �L�W �L�V �D �5�L�H�P�D�Q�Q�L�D�Q �0�D�Q�L�I�R�O�G�� �7�K�H �F�R�Q�F�H�S�W �R�I �5�L�H��
�P�D�Q�Q�L�D�Q �0�D�Q�L�I�R�O�G�V �J�H�Q�H�U�D�O�L�]�H�V �W�K�H �L�G�H�D �R�I �F�R�Q�W�L�Q�X�R�X�V �D�Q�G �V�P�R�R�W�K �V�S�D�F�H�� �,�W �L�V �D �6�P�R�R�W�K ���'�L�I�I�H�U�H�Q�W�L�D�E�O�H��
�0�D�Q�L�I�R�O�G �H�T�X�L�S�S�H�G �Z�L�W�K �D ���5�L�H�P�D�Q�Q�L�D�Q�� �0�H�W�U�L�F �7�H�Q�V�R�U��

�$ �V�P�R�R�W�K �P�D�Q�L�I�R�O�G �L�V �W�K�H �I�R�U�P�D�O �P�D�W�K�H�P�D�W�L�F�D�O �G�H�I�L�Q�L�W�L�R�Q �R�I �D �V�P�R�R�W�K �D�Q�G �F�R�Q�Q�H�F�W�H�G �V�S�D�F�H�� �,�W �U�H�I�H�U�V �W�R
�W�K�H �V�H�W �R�I �S�R�L�Q�W�V �W�K�D�W �P�D�N�H�V �X�S �W�K�H �V�S�D�F�H���V�W�U�X�F�W�X�U�H�� �,�Q �R�X�U �F�D�V�H �W�K�L�V �L�V �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �,�Q �W�K�H�V�H �V�H�F��
�W�L�R�Q�V �Z�H �Z�L�O�O �R�Q�O�\ �L�Q�W�U�R�G�X�F�H �F�R�Q�F�H�S�W�V �Q�H�F�H�V�V�D�U�\ �I�R�U �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�X�U �Z�R�U�N�� �7�K�L�V �P�H�D�Q�V �W�K�D�W �R�Q�O�\ �W�K�H
�P�H�W�U�L�F �W�H�Q�V�R�U �Z�L�O�O �E�H �H�[�S�O�D�L�Q�H�G �L�Q �V�R�P�H �G�H�W�D�L�O�� �:�H �U�H�I�H�U �W�K�H �U�H�D�G�H�U �W�R �R�W�K�H�U �U�H�V�R�X�U�F�H�V �R�Q �G�L�I�I�H�U�H�Q�W�L�D�E�O�H
�J�H�R�P�H�W�U�\ �I�R�U �D �P�R�U�H �L�Q���G�H�S�W�K �O�R�R�N �>���@��



�������� �,�]�T�I�V�F�S�P�M�G �7�T�E�G�I ����

�7�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �U�H�I�H�U�V �W�R �D�Q �R�E�M�H�F�W �W�K�D�W �W�H�O�O�V �\�R�X �K�R�Z �W�R �P�H�D�V�X�U�H �O�H�Q�J�W�K�V���G�L�V�W�D�Q�F�H�V ���D�Q�G �D�V �D �F�R�Q��
�V�H�T�X�H�Q�F�H �R�W�K�H�U �J�H�R�P�H�W�U�L�F�D�O �Q�R�W�L�R�Q�V�� �R�Q �W�K�L�V �P�D�Q�L�I�R�O�G�� �,�Q �R�W�K�H�U �Z�R�U�G�V�� �L�W �L�V �D �P�H�D�V�X�U�L�Q�J �V�W�L�F�N�� �:�H
�Z�R�U�N �Z�L�W�K �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �P�R�G�H�O �Y�L�DR2 �V�L�Q�F�H �Z�H �K�D�Y�H �D�Q �H�P�E�H�G�G�L�Q�J �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �L�Q�W�R �(�X��
�F�O�L�G�H�D�Q �6�S�D�F�H�� �7�K�L�V �P�H�D�Q�V �W�K�D�W �D�Q�\ �G�L�V�W�D�Q�F�H�V �Z�H �P�H�D�V�X�U�H �W�K�U�R�X�J�K �R�X�U �P�R�G�H�O �D�U�H �D�O�V�R �L�Q �(�X�F�O�L�G�H�D�Q
�D�P�R�X�Q�W�V �D�Q�G �Z�H �P�X�V�W �L�Q�F�R�U�S�R�U�D�W�H �K�R�Z �P�X�F�K �G�L�V�W�R�U�W�L�R�Q �L�V �L�Q�Y�R�O�Y�H�G �L�Q �W�K�H�V�H �P�H�D�V�X�U�H�P�H�Q�W�V �W�R �J�H�W �W�K�H
�W�U�X�H �D�P�R�X�Q�W�V �R�I �G�L�V�W�D�Q�F�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �D�V �S�H�U �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �Z�K�L�F�K �L�V �W�K�H �D�F�W�X�D�O �W�\�S�H �R�I �V�S�D�F�H �W�K�D�W
�X�Q�G�H�U�O�L�H�V �R�X�U �P�R�G�H�O��

�7�R �P�D�N�H �W�K�L�V �G�L�V�W�R�U�W�L�R�Q �T�X�D�Q�W�L�I�L�D�E�O�H �Z�H �X�V�H �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U�� �7�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �U�H�O�D�W�H�V �G�L�V�W�D�Q�F�H�V���X�Q�L�W�V
�R�I �V�S�D�F�H �W�K�D�W �Z�H �R�E�V�H�U�Y�H �D�V �D�Q �R�X�W�V�L�G�H�U �O�R�R�N�L�Q�J �D�W �W�K�H �G�L�V�N ���W�K�U�R�X�J�K �R�X�U �P�R�G�H�O �Z�K�L�F�K �L�V �H�P�E�H�G�G�H�G
�L�QR2 �W�R �W�K�H �D�F�W�X�D�O �P�D�J�Q�L�W�X�G�H�V �R�I �W�K�H�V�H �G�L�V�W�D�Q�F�H�V���X�Q�L�W�V �L�Q �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H ���W�K�H �J�H�R�P�H�W�U�L�F�D�O �V�S�D�F�H
�X�Q�G�H�U�O�\�L�Q�J �W�K�H �P�R�G�H�O �Z�K�L�F�K �W�K�H �P�R�G�H�O �G�H�V�F�U�L�E�H�V���� �)�R�U �H�[�D�P�S�O�H�� �I�L�J�X�U�H�������E�V�K�R�Z�F�D�V�H�V �D �W�L�O�L�Q�J �R�I �W�K�H
�3�R�L�Q�F�D�U�p �'�L�V�N�� �(�Y�H�U�\ �W�L�O�H �L�V �W�K�H �V�D�P�H �V�L�]�H�� �+�R�Z�H�Y�H�U �R�X�U �P�R�G�H�O �G�L�V�W�R�U�W�V �W�L�O�H�V �W�K�D�W �D�S�S�U�R�D�F�K �W�K�H �E�R�U�G�H�U �W�R
�D�S�S�H�D�U �V�P�D�O�O�H�U �L�Q �V�L�]�H�� �,�I �Z�H �Z�H�U�H �W�R �F�D�O�F�X�O�D�W�H �W�K�H �D�U�H�D�V �R�I �G�L�I�I�H�U�H�Q�W �W�L�O�H�V ���Z�K�L�F�K �L�V �E�D�V�H�G �R�Q �R�X�U �V�W�D�Q�G�D�U�G
�(�X�F�O�L�G�H�D�Q �Q�R�W�L�R�Q�V �R�I �V�S�D�F�H �D�V �U�H�I�H�U�H�Q�F�H���� �W�K�H�V�H �W�L�O�H�V �Z�R�X�O�G �F�R�P�H �R�X�W �L�Q �G�L�I�I�H�U�L�Q�J �V�L�]�H�V�� �+�R�Z�H�Y�H�U�� �Z�H
�F�D�Q �X�V�H �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �W�R �F�R�U�U�H�F�W �I�R�U �W�K�L�V �G�L�V�W�R�U�W�L�R�Q�� �,�W �D�O�O�R�Z�V �X�V �W�R �U�H�V�F�D�O�H �G�L�V�W�D�Q�F�H�V���X�Q�L�W�V �R�I �V�S�D�F�H
�G�X�U�L�Q�J �V�X�F�K �F�D�O�F�X�O�D�W�L�R�Q�V �V�X�F�K �W�K�D�W �L�Q �R�X�U �H�Q�G �U�H�V�X�O�W �D�O�O �W�K�H �D�U�H�D�V �R�I �W�K�H �W�L�O�H�V �F�R�P�H �R�X�W �W�K�H �V�D�P�H �V�L�]�H��
�:�H �Z�L�O�O �V�H�H �D�Q �H�[�D�P�S�O�H �R�I �W�K�L�V �O�D�W�H�U �R�Q �L�Q �V�H�F�W�L�R�Q������������ �7�R �S�X�W �L�W �D�Q�R�W�K�H�U �Z�D�\�� �G�L�V�W�D�Q�F�H�V �R�Q �W�K�H �G�L�V�N
���W�K�D�W �Z�H �P�H�D�V�X�U�H���R�E�V�H�U�Y�H �W�K�U�R�X�J�K �W�K�H �P�R�G�H�O�� �F�D�Q �E�H �U�H�V�F�D�O�H�G �X�V�L�Q�J �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �W�R �W�K�H�L�U �D�F�W�X�D�O
�P�D�J�Q�L�W�X�G�H�V �L�Q �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H��

�7�R �V�X�P�P�D�U�L�]�H�� �R�X�U �P�R�G�H�O �R�I �+�\�S�H�U�E�R�O�L�F �*�H�R�P�H�W�U�\�� �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �L�V �D �V�S�D�F�H �F�R�Q�V�L�V�W�L�Q�J �R�I �D �V�H�W �R�I
�S�R�L�Q�W�V ���L�Q �W�H�F�K�Q�L�F�D�O �W�H�U�P�V �D �V�P�R�R�W�K �P�D�Q�L�I�R�O�G���� �H�T�X�L�S�S�H�G �Z�L�W�K �D �P�H�W�U�L�F �W�H�Q�V�R�U ���D �P�H�D�V�X�U�L�Q�J �V�W�L�F�N�� �I�R�U
�F�D�O�F�X�O�D�W�L�Q�J �W�K�H �D�F�W�X�D�O �O�H�Q�J�W�K�V �R�I �W�K�L�Q�J�V�� �,�Q �R�W�K�H�U �Z�R�U�G�V�� �L�W �L�V �D �5�L�H�P�D�Q�Q�L�D�Q �0�D�Q�L�I�R�O�G��

�1�I�X�V�M�G �8�I�R�W�S�V
�:�H �K�D�Y�H �D�O�U�H�D�G�\ �H�V�W�D�E�O�L�V�K�H�G �W�K�D�W �W�K�H �0�H�W�U�L�F �7�H�Q�V�R�U �D�O�O�R�Z�V �X�V �W�R �I�R�U�P�D�O�O�\ �G�H�V�F�U�L�E�H ���V�L�Q�F�H �L�W �D�F�W�V �D�V �D
�P�H�D�V�X�U�L�Q�J �V�W�L�F�N�� �W�K�H �G�L�V�W�R�U�W�L�R�Q �R�I �V�S�D�F�H�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q �Z�H �Z�L�O�O �P�D�N�H �W�K�L�V �V�W�D�W�H�P�H�Q�W �P�R�U�H �S�U�H�F�L�V�H��

�7�R �V�W�D�U�W �Z�H �F�D�Q �J�D�L�Q �V�R�P�H �L�Q�W�X�L�W�L�R�Q �D�E�R�X�W �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �E�\ �F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �R�Q �D �Z�H�O�O��
�X�Q�G�H�U�V�W�R�R�G �5�L�H�P�D�Q�Q�L�D�Q �0�D�Q�L�I�R�O�G�� �Q�D�P�H�O�\ �W�K�H �(�X�F�O�L�G�H�D�Q �S�O�D�Q�H�� �:�H �V�K�D�O�O �V�H�H �K�R�Z �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �L�V
�X�V�H�G �W�R �I�L�Q�G �G�L�V�W�D�Q�F�H�V �L�QRn �� �:�H �W�K�H�Q �J�H�Q�H�U�D�O�L�]�H �W�K�L�V �U�H�V�X�O�W �W�R �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�ND��

�1�I�X�V�M�G �8�I�R�W�S�V �M�RRn

�,�Q �(�X�F�O�L�G�H�D�Q �6�S�D�F�HRn ���D�Q�G �E�\ �H�[�W�H�Q�V�L�R�Q �W�K�H �(�X�F�O�L�G�H�D�Q �S�O�D�Q�H�� �W�K�H �0�H�W�U�L�F �7�H�Q�V�R�U �L�V �G�H�I�L�Q�H�G �W�R �E�H �W�K�H
�L�G�H�Q�W�L�W�\ �P�D�W�U�L�[gE = I �I�R�U �H�Y�H�U�\ �S�R�L�Q�W �L�Q �W�K�H �V�S�D�F�H�� �2�Q�H �Z�D�\ �W�R �L�Q�W�H�U�S�U�H�W �W�K�L�V �L�V �W�K�D�W �W�K�H�U�H �L�V �Q�R �G�L�V�W�R�U�W�L�R�Q
�K�D�S�S�H�Q�L�Q�J�� �7�R �F�D�O�F�X�O�D�W�H �J�H�R�P�H�W�U�L�F�D�O �F�R�Q�F�H�S�W�V �V�X�F�K �D�V �O�H�Q�J�W�K�V �D�Q�G �G�L�V�W�D�Q�F�H�V�� �W�K�H �G�R�W �S�U�R�G�X�F�W ���R�U �P�R�U�H
�J�H�Q�H�U�D�O�O�\ �W�K�H �L�Q�Q�H�U �S�U�R�G�X�F�W�� �L�V �X�V�H�G��

�$ �S�R�L�Q�W �L�Q �(�X�F�O�L�G�H�D�Q �V�S�D�F�HRn �F�D�Q �E�H �U�H�S�U�H�V�H�Q�W�H�G �D�V �D �Y�H�F�W�R�Uv 2 Rn �� �7�K�H �G�R�W �S�U�R�G�X�F�W �L�V �W�K�H�Q �G�H�I�L�Q�H�G
�D�V��

hv ; v i = v � gE � v = v � I � v = v � v = jjv jj2 ����������

�:�K�L�F�K �F�D�Q �E�H �X�Q�G�H�U�V�W�R�R�G �D�V �D �J�H�Q�H�U�D�O�L�]�D�W�L�R�Q �R�I �W�K�H �3�\�W�K�D�J�R�U�H�D�Q �7�K�H�R�U�H�P��

�7�K�H �V�T�X�D�U�H�G �P�D�J�Q�L�W�X�G�H �R�I �Y�H�F�W�R�Uv �� �Z�K�L�F�K �L�V �X�V�H�G �L�Q �W�K�H �F�R�P�S�X�W�D�W�L�R�Q �R�I �G�L�V�W�D�Q�F�H�V �D�Q�G �R�W�K�H�U �J�H�R�P�H�W�U�L�F�D�O
�F�R�Q�F�H�S�W�V�� �L�V �R�E�W�D�L�Q�H�G �D�V �D �U�H�V�X�O�W �R�I �W�K�L�V �R�S�H�U�D�W�L�R�Q�� �:�H �F�D�Q �D�O�V�R �R�E�V�H�U�Y�H �W�K�D�WgE = I �G�R�H�V �Q�R�W �D�O�W�H�U

�O�H�Q�J�W�K�V �L�Q �D�Q�\ �Z�D�\�� �6�L�Q�F�H �W�K�H �L�G�H�Q�W�L�W�\ �P�D�W�U�L�[ �L�VI =
�
1 0
0 1

�
�� �Z�K�H�Q �Z�H �F�R�P�S�X�W�H �W�K�H �G�R�W �S�U�R�G�X�F�W �D�V �D�E�R�Y�H��

�Z�H �V�L�P�S�O�\ �J�H�Wv � v �� �,�Q �W�K�H �(�X�F�O�L�G�H�D�Q �3�O�D�Q�H �Z�H �G�R �Q�R�W �H�[�S�H�F�W �D�Q�\ �O�H�Q�J�W�K�V �W�R �E�H �V�F�D�O�H�G�� �,�I�� �I�R�U �H�[�D�P�S�O�H
�Z�H �Z�R�X�O�G �K�D�Y�H �V�R�P�Hc 6= 1 �D�O�R�Q�J �W�K�H �G�L�D�J�R�Q�D�O �L�Q�V�W�H�D�G�� �W�K�H�Q �W�K�H �D�E�R�Y�H �G�R�W �S�U�R�G�X�F�W �Z�R�X�O�G �L�Q�V�W�H�D�G �E�H
�H�Y�D�O�X�D�W�H�G �D�Vc � v � v �� �7�K�L�V �P�H�D�Q�V �W�K�D�W �W�K�H �U�H�V�X�O�W �D�Q�G �W�K�H�U�H�I�R�U�H �O�H�Q�J�W�K�V �D�U�H �V�F�D�O�H�G��

�)�L�Q�D�O�O�\�� �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �W�Z�R �Y�H�F�W�R�U�Vu; v 2 Rn �F�D�Q �W�K�H�Q �E�H �F�R�P�S�X�W�H�G �E�\ �F�D�O�F�X�O�D�W�L�Q�J �W�K�H �P�D�J�Q�L�W�X�G�H
�R�I �W�K�H�L�U �G�L�I�I�H�U�H�Q�F�H�� �,�Q �R�W�K�H�U �Z�R�U�G�V�� �I�L�Q�G�L�Q�J �W�K�H �P�D�J�Q�L�W�X�G�H �R�Iu � v �X�V�L�Q�J �W�K�H �D�E�R�Y�H �G�H�I�L�Q�L�W�L�R�Q��



�������� �,�]�T�I�V�F�S�P�M�G �7�T�E�G�I ����

�1�I�X�V�M�G �8�I�R�W�S�V �M�RD
�)�R�U �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� D �Z�H �K�D�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J �0�H�W�U�L�F �7�H�Q�V�R�U ���)�R�U �D �G�H�U�L�Y�D�W�L�R�Q �S�O�H�D�V�H �V�H�H �>���� �@����

gD =

"
4

(1 �jj y jj 2 )2 0
0 4

(1 �jj y jj 2 )2

#

=
4

(1 � jj y jj2)2 � gE ������������

�:�K�H�U�Hy 2 D

�1�R�W�H �W�K�D�WgD �G�H�S�H�Q�G�V �R�Q �W�K�H �S�R�L�Q�Wy�� �P�H�D�Q�L�Q�J �W�K�D�W �I�R�U �G�L�I�I�H�U�H�Q�W �S�R�L�Q�W�Vy �R�Q �W�K�H �G�L�V�N�� �Z�H �K�D�Y�H �D �G�L�I�I�H�U�H�Q�W
�Y�D�O�X�H �I�R�U �W�K�H �P�H�W�U�L�F�� �:�H �F�D�Q �V�H�H �W�K�D�W �D�V �Z�H �D�S�S�U�R�D�F�K �W�K�H �E�R�U�G�H�U �R�I �W�K�H �G�L�V�N ���L���H�� �D�Vjjy jj ! 1���� �W�K�H
�G�L�D�J�R�Q�D�O �H�Q�W�U�L�H�V �E�H�F�R�P�H �O�D�U�J�H�U �D�Q�G �O�D�U�J�H�U�� �V�F�D�O�L�Q�J �W�K�L�Q�J�V �P�R�U�H �D�Q�G �P�R�U�H�� �7�K�L�V �L�V �L�Q �O�L�Q�H �Z�L�W�K �R�X�U �L�Q�W�X�L�W�L�R�Q��
�$�V �Z�H �D�S�S�U�R�D�F�K �W�K�H �E�R�U�G�H�U �R�I �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �V�S�D�F�H �E�H�F�R�P�H�V �L�Q�F�U�H�D�V�L�Q�J�O�\ �G�L�V�W�R�U�W�H�G ���V�T�X�L�V�K�H�G����
�7�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �V�P�D�O�O �G�L�I�I�H�U�H�Q�F�H�V �L�Q �F�R�R�U�G�L�Q�D�W�H �S�R�L�Q�W�V �Q�H�D�U �W�K�H �E�R�X�Q�G�D�U�\ �W�K�X�V �U�H�S�U�H�V�H�Q�W�V �D �O�D�U�J�H
�D�P�R�X�Q�W �R�I �+�\�S�H�U�E�R�O�L�F �G�L�V�W�D�Q�F�H�� �7�K�H �P�H�W�U�L�F �W�H�Q�V�R�UgD �W�K�X�V �J�L�Y�H�V �X�V �W�K�H �P�H�D�Q�V �W�R �F�R�Q�Y�H�U�W �I�U�R�P �G�L�V�W�D�Q�F�H�V
�R�Q �W�K�H �G�L�V�N �W�R �W�K�H�L�U �D�F�W�X�D�O �+�\�S�H�U�E�R�O�L�F �G�L�V�W�D�Q�F�H�V�� �:�H �Z�L�O�O �L�O�O�X�V�W�U�D�W�H �K�R�Z �W�K�L�V �P�H�W�U�L�F �W�H�Q�V�R�U �L�V �X�V�H�G �W�R �R�E�W�D�L�Q
�W�K�H �+�\�S�H�U�E�R�O�L�F �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�V �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N��

�,�]�T�I�V�F�S�P�M�G �H�M�W�X�E�R�G�I
�7�R �I�L�Q�G �D �I�R�U�P�X�O�D �I�R�U �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�V �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �Z�H �P�X�V�W �I�L�U�V�W �I�L�Q�G �W�K�H
�J�H�R�G�H�V�L�F �E�H�W�Z�H�H�Q �W�K�H�V�H �W�Z�R �S�R�L�Q�W�V�� �7�K�H �J�H�R�G�H�V�L�F �F�D�Q �F�R�Q�F�H�S�W�X�D�O�O�\ �E�H �W�K�R�X�J�K�W �R�I �D�V �W�K�H �V�W�U�D�L�J�K�W�H�V�W
�S�D�W�K �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�V�� �:�H �W�K�H�Q �F�R�P�S�X�W�H �L�W�V �D�U�F�O�H�Q�J�W�K �W�R �R�E�W�D�L�Q �W�K�H �G�L�V�W�D�Q�F�H�� �7�K�H �D�U�F�O�H�Q�J�W�K �L�V
�F�R�P�S�X�W�H�G �E�\ �V�X�P�P�L�Q�J �X�S ���L�Q�W�H�J�U�D�W�L�Q�J �R�Y�H�U�� �W�K�H �P�D�J�Q�L�W�X�G�H�V �R�I �W�K�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�V �R�I �W�K�H �F�X�U�Y�H�� �I�R�U
�H�Y�H�U�\ ���L�Q�I�L�Q�L�W�H�V�V�L�P�D�O�� �V�H�J�P�H�Q�W �R�I �W�K�H �F�X�U�Y�H��

�8�E�R�K�I�R�X �Z�I�G�X�S�V
�$�Q�\ �F�R�Q�W�L�Q�X�R�X�V �F�X�U�Y�H �R�Q �V�R�P�H �V�S�D�F�H �K�D�V �D �W�D�Q�J�H�Q�W �Y�H�F�W�R�U �D�W �H�Y�H�U�\ �S�R�L�Q�W �D�O�R�Q�J �W�K�H �F�X�U�Y�H�� �7�K�L�V �W�D�Q�J�H�Q�W
�Y�H�F�W�R�U ���R�I �D �F�X�U�Y�H�� �D�W �V�R�P�H �S�R�L�Q�W ���R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N�� �F�D�Q �E�H �W�K�R�X�J�K�W �R�I �D�V �K�R�Z �P�X�F�K �G�L�V�W�D�Q�F�H �R�Q�H
�P�X�V�W �W�U�D�Y�H�O �L�I �Z�H �Z�H�U�H �W�R �P�R�Y�H �D�Q �L�Q�I�L�Q�L�W�H�V�L�P�D�O �V�W�H�S �L�Q �W�K�H �G�L�U�H�F�W�L�R�Q �V�S�H�F�L�I�L�H�G �E�\ �W�K�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�� �)�R�U
�H�[�D�P�S�O�H�� �L�I �Z�H �Z�H�U�H �W�R �I�R�O�O�R�Z �V�R�P�H �F�X�U�Y�H �G�H�I�L�Q�H�G �L�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �W�K�H�Q �Z�H �F�D�Q �V�W�H�S �D�O�R�Q�J �W�K�H �F�X�U�Y�H
�L�Q �Y�H�U�\ �V�P�D�O�O ���L�Q�I�L�Q�L�W�H�V�L�P�D�O�� �V�W�H�S�V�� �(�D�F�K �V�W�H�S �P�X�V�W �E�H �G�R�Q�H �Z�L�W�K �V�R�P�H �G�L�U�H�F�W�L�R�Q �D�Q�G �P�D�J�Q�L�W�X�G�H �D�Q�G �W�K�L�V
�G�L�U�H�F�W�L�R�Q �D�Q�G �P�D�J�Q�L�W�X�G�H �L�V �G�H�I�L�Q�H�G �E�\ �W�K�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�V �D�W �H�Y�H�U�\ �V�W�H�S�� �7�K�H �V�X�P �R�I �D�O�O �W�K�H�V�H �V�W�H�S�V �W�K�H�Q
�W�U�D�F�H�V �R�X�W �W�K�H �F�X�U�Y�H�� �)�R�U �D �P�R�U�H �I�R�U�P�D�O �W�U�H�D�W�P�H�Q�W �R�I �W�K�L�V �S�O�H�D�V�H �V�H�H �>�������� �@�� �7�K�H �P�D�L�Q �L�G�H�D �L�V �W�K�D�W �Z�H
�F�D�Q �E�U�H�D�N �G�R�Z�Q �D�Q�\ �F�X�U�Y�H �L�Q�W�R �D �V�X�P �R�I �V�W�H�S�V �Z�K�H�U�H �H�D�F�K �V�W�H�S �K�D�V �D �G�L�U�H�F�W�L�R�Q �D�Q�G �P�D�J�Q�L�W�X�G�H �I�R�O�O�R�Z�L�Q�J
�V�R�P�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�� �� �)�X�U�W�K�H�U�P�R�U�H�� �Z�H �Q�R�W�H �W�K�D�W �W�K�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�V �D�U�H �L�Q�W�U�L�Q�V�L�F �W�R �W�K�H �P�R�G�H�O �L�W�V�H�O�I
���L�Q �R�X�U �F�D�V�H �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N���� �)�R�U �H�[�D�P�S�O�H�� �W�K�H �D�P�R�X�Q�W �R�I �G�L�V�W�D�Q�F�H �F�R�Y�H�U�H�G �E�\ �V�W�H�S�S�L�Q�J �L�Q�W�R �V�R�P�H
�G�L�U�H�F�W�L�R�Q �R�I �W�K�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U �D�W �V�R�P�H �S�R�L�Q�W �R�Q �W�K�H �G�L�V�N �L�V �L�Q �W�H�U�P�V �R�I �+�\�S�H�U�E�R�O�L�F �V�S�D�W�L�D�O �D�P�R�X�Q�W�V �R�I
�G�L�V�W�D�Q�F�H�� �6�R �Q�H�D�U �W�K�H �E�R�U�G�H�U �R�I �W�K�H �G�L�V�N�� �D �O�D�U�J�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U ���L�Q �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H�� �F�R�U�U�H�V�S�R�Q�G�V �W�R
�D �V�P�D�O�O �D�P�R�X�Q�W �R�I �G�L�V�W�D�Q�F�H �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N ���Z�K�L�F�K �L�V �R�X�U �P�R�G�H�O �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �H�P�E�H�G�G�H�G
�L�QR2����

�)�Y�G�P�M�H�I�E�R �H�M�W�X�E�R�G�I �G�S�Q�T�Y�X�E�X�M�S�R �Y�W�M�R�K �K�I�S�H�I�W�M�G�W
�,�Q �(�X�F�O�L�G�H�D�Q �6�S�D�F�H �W�K�H �J�H�R�G�H�V�L�F �L�V �V�L�P�S�O�\ �D �V�W�U�D�L�J�K�W �O�L�Q�H�� �7�K�X�V �W�K�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�V �V�L�P�S�O�\ �S�R�L�Q�W �D�O�R�Q�J
�W�K�L�V �O�L�Q�H ���W�K�H�\ �D�O�O �S�R�L�Q�W �L�Q �W�K�H �V�D�P�H �G�L�U�H�F�W�L�R�Q �Z�L�W�K �W�K�H �V�D�P�H �P�D�J�Q�L�W�X�G�H���� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �(�X�F�O�L�G�H�D�Q
�P�H�W�U�L�F �L�V �W�K�H �L�G�H�Q�W�L�W�\ �P�D�W�U�L�[gE = I �I�R�U �H�Y�H�U�\ �S�R�L�Q�W �W�K�X�V �Q�R �D�G�M�X�V�W�P�H�Q�W�V �D�U�H �U�H�T�X�L�U�H�G�� �7�K�L�V �V�L�P�S�O�L�I�L�H�V
�W�K�L�Q�J�V �D�Q�G �D�O�O�R�Z�V �X�V �W�R �R�E�W�D�L�Q �W�K�H �H�[�S�U�H�V�V�L�R�Q �L�Q �H�T�X�D�W�L�R�Q�������� �7�K�H �D�U�F�O�H�Q�J�W�K �R�I �D�Q �(�X�F�O�L�G�H�D�Q �J�H�R�G�H�V�L�F
�L�V �W�K�H�U�H�I�R�U�H �H�[�D�F�W�O�\ �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �G�L�I�I�H�U�H�Q�F�H �R�I �W�Z�R �S�R�V�L�W�L�R�Q �Y�H�F�W�R�U�Va; b �Z�K�L�F�K �F�D�Q �E�H �F�R�P�S�X�W�H�G
�Y�L�D �W�K�H �L�Q�Q�H�U �S�U�R�G�X�F�W ���R�U �W�K�H �3�\�W�K�D�J�R�U�H�D�Q �W�K�H�R�U�H�P����

�2�Q�H �F�R�X�O�G �D�U�U�L�Y�H �D�W �W�K�H �V�D�P�H �H�[�S�U�H�V�V�L�R�Q �L�Q �H�T�X�D�W�L�R�Q������ �E�\ �V�X�P�P�L�Q�J �R�Y�H�U �W�K�H �P�D�J�Q�L�W�X�G�H�V �R�I �W�K�H �W�D�Q��
�J�H�Q�W �Y�H�F�W�R�U�V �R�I �W�K�H �S�D�U�D�P�H�W�H�U�L�]�H�G ���V�W�U�D�L�J�K�W�� �S�D�W�K �E�H�W�Z�H�H�Q �W�Z�R �S�R�L�Q�W�Vu; v ���I�R�U �L�Q�I�L�Q�L�W�H�V�V�L�P�D�O �V�W�H�S�V�L�]�H�V

���7�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �L�V �V�S�H�F�L�I�L�H�G �X�V�L�Q�J �� �F�R�R�U�G�L�Q�D�W�H�Vy =
�

y1
y2

�
�D�Q�G �W�K�X�Vjj y jj 2 = y2

1 + y2
2 �� �$�O�V�R �U�H�F�D�O�O �W�K�D�W �W�K�H �F�R�R�U�G�L�Q�D�W�H�V �R�I

�W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �L�V �W�K�H �V�H�W��f (y1 ; y2 ) j y2
1 + y2

2 < 1g
���7�R �E�H �P�R�U�H �S�U�H�F�L�V�H�� �R�X�U �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�V �O�L�Y�H �L�Q �V�R�P�H�W�K�L�Q�J �F�D�O�O�H�G �W�K�H �W�D�Q�J�H�Q�W �V�S�D�F�H ���D�W �V�R�P�H �S�R�L�Q�Wy ���� �(�Y�H�U�\ �S�R�L�Q�W �R�Q �D �5�L�H��

�P�D�Q�Q�L�D�Q �0�D�Q�L�I�R�O�G �K�D�V �D �W�D�Q�J�H�Q�W �V�S�D�F�H�� �9�H�F�W�R�U�V �L�Q �W�K�H �W�D�Q�J�H�Q�W �V�S�D�F�H �E�H�K�D�Y�H �M�X�V�W �O�L�N�H �Y�H�F�W�R�U�V �L�Q �(�X�F�O�L�G�H�D�Q �V�S�D�F�H�� �)�X�U�W�K�H�U�P�R�U�H��
�M�X�V�W �O�L�N�H �L�Q �(�X�F�O�L�G�H�D�Q �V�S�D�F�H�� �W�K�H�V�H �W�D�Q�J�H�Q�W �Y�H�F�W�R�U�V �F�D�Q �E�H �Z�U�L�W�W�H�Q �L�Q �W�H�U�P�V �R�I �W�K�H�L�U ���W�D�Q�J�H�Q�W �V�S�D�F�H�� �E�D�V�L�V �Y�H�F�W�R�U�V�� �6�L�Q�F�H �W�K�L�V
�W�D�Q�J�H�Q�W �V�S�D�F�H �U�H�V�H�P�E�O�H�V �(�X�F�O�L�G�H�D�Q �V�S�D�F�H�� �Z�H �F�D�Q �X�V�H �W�K�H �V�D�P�H �L�Q�Q�H�U �S�U�R�G�X�F�W �D�V �G�H�V�F�U�L�E�H�G �L�Q �H�T�X�D�W�L�R�Q�������� �)�R�U �P�R�U�H �G�H�W�D�L�O�V
�S�O�H�D�V�H �V�H�H �P�R�U�H �I�R�U�P�D�O �W�U�H�D�W�P�H�Q�W�V �R�I �W�K�H�V�H �V�X�E�M�H�F�W �V�X�F�K �D�V �>���@��



�������� �,�]�T�I�V�F�S�P�M�G �2�I�M�K�L�F�S�Y�V �I�Q�F�I�H�H�M�R�K�W ����
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2� 2 ) �J�R�H�V �W�R �� �I�D�V�W�H�U �W�K�D�Q �W�K�H �W���G�L�V�W�U�L�E�X�W�L�R�Q�¶�V �Q�X�P�H�U�D�W�R�U(1 + dH
ij

2
) � 1 ���V�H�H �I�L�J�X�U�H����������

�$�V �D �U�H�V�X�O�W�� �H�P�E�H�G�G�L�Q�J�V �Z�L�O�O �E�H �S�X�V�K�H�G �R�X�W �O�H�V�V �I�D�U �V�L�Q�F�Hpij � qH
ij �I�R�U �P�X�F�K �V�P�D�O�O�H�U �G�L�V�W�D�Q�F�H�VdH

ij �L�Q
�W�K�H �F�D�V�H �R�I �W�K�H �*�D�X�V�V�L�D�Q ���V�H�H �I�L�J�X�U�H�������E����

�������������8�Y�R�M�R�K �X�L�I �Z�E�V�M�E�R�G�I
�8�V�L�Q�J �W�K�H �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q �L�Q �W�K�H �(�P�E�H�G�G�L�Q�J �6�S�D�F�H �U�H�V�X�O�W�V �L�Q �D�Q �D�G�G�L�W�L�R�Q�D�O �K�\�S�H�U�S�D�U�D�P�H�W�H�U �W�R �W�X�Q�H��
�1�D�P�H�O�\�� �W�K�H �Y�D�U�L�D�Q�F�H� 2 �R�I �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q�� �,�Q �W�K�H �R�U�L�J�L�Q�D�O �6�1�( �S�D�S�H�U �D �Y�D�U�L�D�Q�F�H �R�I� 2 = 1

2 �L�V �X�V�H�G�� �� �,�Q
�R�X�U �Z�R�U�N �Z�H �D�O�V�R �V�H�W �W�K�L�V �Y�D�O�X�H �W�R �D �F�R�Q�V�W�D�Q�W�� �+�R�Z�H�Y�H�U�� �I�R�U �R�S�W�L�P�D�O �H�P�E�H�G�G�L�Q�J�V �H�[�S�H�U�L�P�H�Q�W�D�W�L�R�Q �Z�L�W�K
�W�K�H� 2 �Y�D�O�X�H �L�V �U�H�F�R�P�P�H�Q�G�H�G��

�6�L�Q�F�H �Z�H �P�X�V�W �I�L�W �D �G�D�W�D�V�H�W �L�Q �D �O�L�P�L�W�H�G �D�P�R�X�Q�W �R�I �V�S�D�F�H ���D�V �G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q���������� �W�K�L�V� 2 �S�D�U�D�P�H�W�H�U
�S�U�R�Y�L�G�H�V �X�V �W�K�H �P�H�D�Q�V �W�R �F�R�Q�W�U�R�O �W�K�H �V�S�U�H�D�G �R�I �R�X�U �H�P�E�H�G�G�L�Q�J�V�� �6�H�W�W�L�Q�J� 2 �W�R�R �E�L�J �F�D�Q �U�H�V�X�O�W �L�Q �G�D�W�D
�E�H�L�Q�J �S�X�V�K�H�G �W�R�Z�D�U�G�V �W�K�H �E�R�X�Q�G�D�U�L�H�V �Q�R�Q�H�W�K�H�O�H�V�V�� �6�H�W�W�L�Q�J� 2 �W�R�R �V�P�D�O�O �F�R�X�O�G �U�H�V�X�O�W �L�Q �H�P�E�H�G�G�L�Q�J�V
�Q�R�W �V�S�U�H�D�G�L�Q�J �R�X�W �D�W �D�O�O�� �F�R�Q�F�H�Q�W�U�D�W�L�Q�J �D�U�R�X�Q�G �W�K�H �R�U�L�J�L�Q��

�� �1�R�W�H �W�K�D�W �W�K�H �F�R�Q�V�W�D�Q�W �W�H�U�P�V ��4 �I�R�U �+�\�S�H�U�E�R�O�L�F �W���6�1�( �D�Q�G2
� 2 �I�R�U �W�K�H �*�D�X�V�V�L�D�Q�� �D�U�H �S�U�D�F�W�L�F�D�O�O�\ �L�U�U�H�O�H�Y�D�Q�W �D�V �W�K�H�L�U �F�R�Q�W�U�L�E�X�W�L�R�Q��

�E�H�L�Q�J �V�L�P�S�O�\ �D �V�F�D�O�D�U�� �F�D�Q �E�H �P�L�W�L�J�D�W�H�G �E�\ �D�G�M�X�V�W�L�Q�J �W�K�H �O�H�D�U�Q�L�Q�J �U�D�W�H�� �)�X�U�W�K�H�U�P�R�U�H�� �L�I �Z�H �V�H�W� 2 = 1p
2

�� �W�K�H�V�H �F�R�Q�V�W�D�Q�W�V �E�H�F�R�P�H

�W�K�H �V�D�P�H��
�� �W�K�L�V �L�V �W�K�H �Y�D�U�L�D�Q�F�H �X�V�H�G �I�R�U �W�K�H �*�D�X�V�V�L�D�Q�V �L�Q �W�K�H �O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O �V�S�D�F�H�� �1�R�W �W�R �E�H �F�R�Q�I�X�V�H�G �Z�L�W�K �W�K�H �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O

�*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q�V �Z�K�R�V�H �Y�D�U�L�D�Q�F�H �L�V �I�R�X�Q�G �Y�L�D �W�K�H �X�V�H�U���G�H�I�L�Q�H�G �S�H�U�S�O�H�[�L�W�\ �Y�D�O�X�H �D�Q�G �E�L�Q�D�U�\ �V�H�D�U�F�K��



�������� �+�E�Y�W�W�M�E�R �H�M�W�X�V�M�F�Y�X�M�S�R ����

�)�L�J�X�U�H ���������:�H �F�D�Q �V�H�H �W�K�D�W �W�K�H �*�D�X�V�V�L�D�Q ���E�O�X�H�� �J�R�H�V �W�R �� ���G�H�F�D�\�V�� �P�X�F�K �I�D�V�W�H�U �W�K�D�Q �W�K�H �W���G�L�V�W�U�L�E�X�W�L�R�Q ���U�H�G���� �,�W �L�V �W�K�L�V �S�U�R�S�H�U�W�\
�W�K�D�W �P�D�N�H�V �W�K�H �*�D�X�V�V�L�D�Q �X�V�H�I�X�O �L�Q �P�R�G�H�O�L�Q�J �W�K�H �V�L�P�L�O�D�U�L�W�L�H�V �D�V �R�Q�O�\ �V�P�D�O�O �G�L�V�W�D�Q�F�H�V �Z�L�O�O �E�H �P�D�S�S�H�G �W�R �U�H�O�D�W�L�Y�H�O�\ �K�L�J�K

�S�U�R�E�D�E�L�O�L�W�L�H�V�� �5�H�P�D�L�Q�L�Q�J �G�L�V�W�D�Q�F�H�V �D�U�H �T�X�L�F�N�O�\ �P�D�S�S�H�G �W�R ���� �7�K�L�V �P�H�D�Q�V �H�P�E�H�G�G�L�Q�J�V �Z�L�O�O �E�H �P�R�U�H �G�H�Q�V�H�O�\ �F�O�X�V�W�H�U�H�G �D�V �S�R�L�Q�W�V
�W�D�N�H �V�P�D�O�O�H�U �G�L�V�W�D�Q�F�H�V �I�U�R�P �H�D�F�K �R�W�K�H�U�� �U�H�V�X�O�W�L�Q�J �L�Q �S�R�L�Q�W�V �O�H�V�V �S�X�V�K�H�G �W�R�Z�D�U�G�V �W�K�H �E�R�X�Q�G�D�U�\ ���R�I �W�K�H �Y�L�V�X�D�O�O�\ �U�H�O�H�Y�D�Q�W �U�H�J�L�R�Q �R�I

�W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N��

���D���0�1�,�6�7 �H�P�E�H�G�G�L�Q�J �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �X�V�L�Q�J �+�\�S�H�U�E�R�O�L�F
�6�1�( �Z�L�W�K� 2 = 0 :01�� �7�K�H �H�P�E�H�G�G�L�Q�J�V �D�U�H �F�O�X�V�W�H�U�H�G �L�Q �W�K�H

�F�H�Q�W�H�U �G�X�H �W�R �W�R�R �O�R�Z �R�I �D �Y�D�U�L�D�Q�F�H��

���E���0�1�,�6�7 �H�P�E�H�G�G�L�Q�J �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �X�V�L�Q�J �+�\�S�H�U�E�R�O�L�F
�6�1�( �Z�L�W�K� 2 = 5 �� �(�P�E�H�G�G�L�Q�J�V �D�U�H �S�X�V�K�H�G �W�R �W�K�H �E�R�X�Q�G�D�U�\ �G�X�H

�D �K�L�J�K �Y�D�U�L�D�Q�F�H��

�)�L�J�X�U�H ������

�7�R �V�X�P�P�D�U�L�]�H�� �X�V�L�Q�J �W�K�H �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q �J�L�Y�H�V �X�V �W�K�H �P�H�D�Q�V �W�R �R�E�W�D�L�Q �P�R�U�H �Y�L�V�X�D�O�O�\ �L�Q�I�R�U�P�D�W�L�Y�H
�H�P�E�H�G�G�L�Q�J�V �D�V �L�W �F�D�Q �S�U�H�Y�H�Q�W �S�R�L�Q�W�V �I�U�R�P �E�H�L�Q�J �S�X�V�K�H�G �W�R�Z�D�U�G�V �W�K�H �E�R�X�Q�G�D�U�\�� �7�K�L�V �L�V �E�H�F�D�X�V�H �W�K�H
�*�D�X�V�V�L�D�Q �I�R�U�F�H�V �S�R�L�Q�W�V �W�R �W�D�N�H �V�P�D�O�O�H�U �G�L�V�W�D�Q�F�H�V �I�U�R�P �H�D�F�K �R�W�K�H�U�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �7�K�H �X�V�H �R�I �W�K�H �*�D�X�V�V�L�D�Q
�G�L�V�W�U�L�E�X�W�L�R�Q �J�L�Y�H�V �X�V �D �P�H�D�Q�V �R�I �F�R�Q�W�U�R�O�O�L�Q�J �W�K�H �V�S�U�H�D�G �R�I �W�K�H �H�P�E�H�G�G�L�Q�J�V �Y�L�D �W�K�H �Y�D�U�L�D�Q�F�H� 2 �S�D�U�D�P�H�W�H�U��
�7�K�L�V �D�O�O�R�Z�V �W�K�H �X�V�H�U �W�R �D�G�M�X�V�W �W�K�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�V�V �S�H�U �G�D�W�D�V�H�W��

�)�L�Q�D�O�O�\�� �V�L�Q�F�H �Z�H �D�U�H �I�R�U�F�H�I�X�O�O�\ �U�H�V�W�U�L�F�W�L�Q�J �H�P�E�H�G�G�L�Q�J�V �W�R �R�Q�O�\ �R�F�F�X�S�\ �D �F�H�U�W�D�L�Q �D�P�R�X�Q�W �R�I �V�S�D�F�H�� �L���H��
�W�K�H �U�H�J�L�R�Q �R�I �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �W�K�D�W �L�V �Y�L�V�X�D�O�O�\ �P�H�D�Q�L�Q�J�I�X�O�� �R�Q�H �P�D�\ �T�X�H�V�W�L�R�Q �Z�K�H�W�K�H�U �W�K�L�V �L�Q�G�X�F�H�G
�F�R�Q�V�W�U�D�L�Q�W �P�D�\ �D�I�I�H�F�W �W�K�H �H�P�E�H�G�G�L�Q�J�V �Q�H�J�D�W�L�Y�H�O�\�� �$�I�W�H�U �D�O�O�� �Z�H �D�U�H �I�R�U�F�L�Q�J �W�K�H �H�P�E�H�G�G�L�Q�J�V �W�R �R�Q�O�\
�R�F�F�X�S�\ �D �V�P�D�O�O �D�P�R�X�Q�W �R�I �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H ���F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �S�D�U�W �R�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �W�K�D�W �L�V
�Y�L�V�X�D�O�O�\ �L�Q�I�R�U�P�D�W�L�Y�H �W�R �X�V���� �:�H �Z�L�O�O �Q�R�W �W�D�F�N�O�H �W�K�L�V �T�X�H�V�W�L�R�Q �E�X�W �Z�H �Z�L�O�O �V�H�H �L�Q �V�H�F�W�L�R�Q������ �W�K�D�W �V�W�U�X�F�W�X�U�H�V
�V�W�L�O�O �H�P�H�U�J�H �D�Q�G �G�H�O�L�Y�H�U �Y�L�V�X�D�O�L�]�D�W�L�R�Q�V �P�R�U�H �L�Q�W�H�U�S�U�H�W�D�E�O�H �W�K�D�Q �D�O�O�R�Z�L�Q�J �S�R�L�Q�W�V �W�R �R�F�F�X�S�\ �D�Q�G �E�H �S�X�V�K�H�G
�R�Q�W�R �W�K�H �E�R�X�Q�G�D�U�\��



�������� �5�Y�E�P�M�X�] �E�W�W�I�W�W�Q�I�R�X ����

���������5�Y�E�P�M�X�] �E�W�W�I�W�W�Q�I�R�X
�6�R �I�D�U �Z�H �K�D�Y�H �S�U�R�S�R�V�H�G �Y�D�U�L�R�X�V �F�K�D�Q�J�H�V �W�R �V�W�D�Q�G�D�U�G �+�\�S�H�U�E�R�O�L�F �W���6�1�( ���D�V �R�X�W�O�L�Q�H�G �L�Q �>���� ���� �@���� �$�V
�R�X�U �I�L�Q�D�O �F�R�Q�W�U�L�E�X�W�L�R�Q�� �Z�H �Z�L�O�O �D�V�V�H�V�V �W�K�H �T�X�D�O�L�W�\ �R�I �H�D�F�K �P�H�W�K�R�G ���V�W�D�Q�G�D�U�G �+�\�S�H�U�E�R�O�L�F �W���6�1�( �Z�L�W�K �W�K�H
�L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W�� �Z�L�W�K �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W�� �D�Q�G �+�\�S�H�U�E�R�O�L�F �6�1�(�� �E�\ �P�H�D�Q�V �R�I �D �T�X�D�O�L�W�D�W�L�Y�H �D�V�V�H�V�V�P�H�Q�W
�D�Q�G �D �T�X�D�Q�W�L�W�D�W�L�Y�H �R�Q�H ���E�H�V�L�G�H�V �W�K�H �H�P�E�H�G�G�L�Q�J�V �R�I �W�K�H �G�D�W�D�V�H�W�V �S�U�R�G�X�F�H�G �E�\ �H�D�F�K �U�H�V�S�H�F�W�L�Y�H �P�H�W�K�R�G����
�:�H �Z�L�O�O �F�R�P�S�D�U�H �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �S�U�R�S�R�V�H�G �T�X�D�O�L�W�\ �D�V�V�H�V�V�P�H�Q�W�V ���G�L�V�F�X�V�V�H�G �E�H�O�R�Z�� �D�F�U�R�V�V �W�K�H
�W�K�U�H�H �P�H�W�K�R�G�V �D�Q�G �F�R�P�S�D�U�H �W�K�H�P ���V�H�H �H�[�S�H�U�L�P�H�Q�W�V������ �D�Q�G����������

�������������,�M�I�V�E�V�G�L�M�G�E�P �I�Q�F�I�H�H�M�R�K�W
�2�X�U �I�L�U�V�W �I�R�U�P �R�I �D�V�V�H�V�V�P�H�Q�W �Z�L�O�O �E�H �L�Q �W�K�H �I�R�U�P �R�I �H�P�E�H�G�G�L�Q�J �D�Q �D�U�W�L�I�L�F�L�D�O �K�L�H�U�D�U�F�K�L�F�D�O �W�U�H�H���O�L�N�H �G�D�W�D�V�H�W��

�5�H�F�D�O�O �W�K�D�W �W�K�H �P�D�L�Q �S�X�U�S�R�V�H �R�I �H�P�E�H�G�G�L�Q�J �G�D�W�D �L�Q �+�\�S�H�U�E�R�O�L�F �6�S�D�F�H �L�V �W�R �F�D�S�W�X�U�H �+�L�H�U�D�U�F�K�L�F�D�O �D�Q�G���R�U
�W�U�H�H���O�L�N�H ���V�H�H �V�H�F�W�L�R�Q�������������� �7�R �W�H�V�W �W�K�L�V �H�[�S�O�L�F�L�W�O�\ �Z�H �Z�L�O�O �D�W�W�H�P�S�W �W�R �H�P�E�H�G �D�Q �D�U�W�L�I�L�F�L�D�O �W�U�H�H���O�L�N�H �G�D�W�D�V�H�W
���R�I �Y�D�U�L�R�X�V �V�L�]�H�V�� �X�V�L�Q�J �P�H�W�K�R�G�V �S�U�R�S�R�V�H�G �W�K�X�V �I�D�U�� �:�H �F�D�Q �F�R�P�S�D�U�H �K�R�Z �Z�H�O�O �H�D�F�K �P�H�W�K�R�G �F�D�S�W�X�U�H�V
�K�L�H�U�D�U�F�K�L�F�D�O �V�W�U�X�F�W�X�U�H�V��

�6�S�H�F�L�I�L�F�D�O�O�\�� �Z�H �F�U�H�D�W�H �V�H�Y�H�U�D�O �W�U�H�H���O�L�N�H �G�D�W�D�V�H�W�V �Z�K�H�U�H �F�O�X�V�W�H�U�V �R�I �S�R�L�Q�W�V �I�R�U�P �D �Q�R�G�H �R�I �W�K�H �W�U�H�H�� �Z�L�W�K
�H�D�F�K �V�X�F�K �F�O�X�V�W�H�U �F�R�Q�Q�H�F�W�H�G �W�R �W�K�H �R�W�K�H�U �F�O�X�V�W�H�U�V �L�Q �D �W�U�H�H���O�L�N�H �I�D�V�K�L�R�Q�� �7�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �L�Q �3�\�W�K�R�Q
�F�D�Q �E�H �I�R�X�Q�G �L�Q �D�S�S�H�Q�G�L�[�&

�%�\ �H�P�E�H�G�G�L�Q�J �W�U�H�H���O�L�N�H �G�D�W�D �L�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �Z�H �F�D�Q �H�[�S�O�L�F�L�W�O�\ �W�H�V�W �W�K�D�W �+�\�S�H�U�E�R�O�L�F �H�P�E�H�G�G�L�Q�J�V
�D�U�H �L�Q�G�H�H�G �H�I�I�H�F�W�L�Y�H �D�W �F�D�S�W�X�U�L�Q�J �K�L�H�U�D�U�F�K�L�F�D�O �D�Q�G �W�U�H�H���O�L�N�H �V�W�U�X�F�W�X�U�H�V�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�L�V �S�U�R�Y�L�G�H�V �D
�T�X�D�O�L�W�D�W�L�Y�H �Z�D�\ �R�I �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �G�L�I�I�H�U�H�Q�W �+�\�S�H�U�E�R�O�L�F �W���6�1�( �P�H�W�K�R�G�V �G�H�V�F�U�L�E�H�G�� �,�W �D�O�O�R�Z�V
�X�V �W�R �D�V�V�H�V�V �Z�K�L�F�K �P�H�W�K�R�G�V �S�H�U�I�R�U�P�V �E�H�W�W�H�U �E�\ �Y�L�V�X�D�O�O�\ �L�Q�V�S�H�F�W�L�Q�J �I�R�U �V�X�F�K �V�W�U�X�F�W�X�U�H�V�� �:�H �F�D�Q �W�K�H�U�H��
�I�R�U�H �F�R�P�S�D�U�H �K�R�Z �Z�H�O�O �H�D�F�K �P�H�W�K�R�G �F�D�S�W�X�U�H�V �W�K�H�V�H �V�W�U�X�F�W�X�U�H�V ���V�H�H �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �L�Q �V�H�F�W�L�R�Q������ �I�R�U
�G�H�W�D�L�O�V����

�������������1�I�E�W�Y�V�M�R�K ���I�\�E�G�X�
 �R�I�M�K�L�F�S�Y�V�L�S�S�H �T�V�I�W�I�V�Z�E�X�M�S�R
�'�H�V�S�L�W�H �W�K�H �S�U�L�P�D�U�\ �I�R�F�X�V �R�I �+�\�S�H�U�E�R�O�L�F ���W�����6�1�( �E�H�L�Q�J �Y�L�V�X�D�O�L�]�D�W�L�R�Q�V�� �V�R�O�H�O�\ �U�H�O�\�L�Q�J �R�Q �D �T�X�D�O�L�W�D�W�L�Y�H
�D�V�V�H�V�V�P�H�Q�W ���Y�L�V�X�D�O�L�]�D�W�L�R�Q�V�� �K�D�V �O�L�P�L�W�D�W�L�R�Q�V�� �:�H �Z�L�O�O �W�K�H�U�H�I�R�U�H �X�V�H �W�K�H �3�U�H�F�L�V�L�R�Q���5�H�F�D�O�O ���3�5�� �P�H�W�U�L�F �>���� �@
�D�V �D�Q�R�W�K�H�U �Z�D�\ �R�I �D�V�V�H�V�V�L�Q�J �T�X�D�O�L�W�\��

�8�L�I �4�V�I�G�M�W�M�S�R���6�I�G�E�P�P �Q�I�X�V�M�G
�7�K�H �3�U�H�F�L�V�L�R�Q���5�H�F�D�O�O �P�H�W�U�L�F �L�V �D �P�H�D�V�X�U�H �I�R�U �K�R�Z �I�D�L�W�K�I�X�O�O�\ �Q�H�L�J�K�E�R�X�U�K�R�R�G�V �D�U�H �U�H�F�U�H�D�W�H�G �L�Q �W�K�H �O�R�Z
�G�L�P�H�Q�V�L�R�Q�D�O �H�P�E�H�G�G�L�Q�J �U�H�O�D�W�L�Y�H �W�R �W�K�H �K�L�J�K �G�L�P�H�Q�V�L�R�Q�D�O �G�D�W�D�� �)�R�U �H�[�D�P�S�O�H�� �L�I �Z�H �W�D�N�H �V�R�P�H �S�R�L�Q�W �D�Q�G
�L�W�V �Q�H�L�J�K�E�R�X�U�K�R�R�G ���V�H�W �R�I �F�O�R�V�H�V�WN �S�R�L�Q�W�V �W�R �R�X�U �F�K�R�V�H�Q �S�R�L�Q�W�� �L�Q �K�L�J�K �G�L�P�H�Q�V�L�R�Q�V�� �D�Q�G �Z�H �I�L�Q�G �W�K�D�W
�S�R�L�Q�W�V�¶ �F�R�U�U�H�V�S�R�Q�G�L�Q�J �H�P�E�H�G�G�L�Q�J �O�R�F�D�W�L�R�Q �D�Q�G �Q�H�L�J�K�E�R�X�U�K�R�R�G �L�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N ���O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O
�H�P�E�H�G�G�L�Q�J���� �W�K�H�Q �Z�H �F�D�Q �F�R�P�S�D�U�H �E�R�W�K �V�H�W�V �D�Q�G �G�H�W�H�U�P�L�Q�H �Z�K�H�W�K�H�U �W�K�H �Q�H�L�J�K�E�R�X�U�V �P�D�W�F�K�� �,�I �D�O�O �W�K�H
�Q�H�L�J�K�E�R�X�U�V �P�D�W�F�K �W�K�H�Q �D �Q�H�L�J�K�E�R�X�U�K�R�R�G �L�V �I�D�L�W�K�I�X�O�O�\ �U�H�F�R�Q�V�W�U�X�F�W�H�G �D�F�U�R�V�V �W�K�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H��
�7�K�L�V �L�V �W�K�H�Q �F�R�P�S�X�W�H�G �I�R�U �Y�D�U�L�R�X�V ���S�R�V�V�L�E�O�\ �D�O�O�� �S�R�L�Q�W�VX �¶�V �W�R �R�E�W�D�L�Q �D�Q �H�V�W�L�P�D�W�H �R�I �K�R�Z �Z�H�O�O �Q�H�L�J�K�E�R�X�U��
�K�R�R�G�V �D�U�H �U�H�F�R�Q�V�W�U�X�F�W�H�G��

�1�R�W�H �W�K�D�W �L�W �P�D�\ �Q�R�W �E�H �S�R�V�V�L�E�O�H �I�R�U �H�P�E�H�G�G�L�Q�J�V �W�R �I�D�L�W�K�I�X�O�O�\ �U�H�F�R�Q�V�W�U�X�F�W �Q�H�L�J�K�E�R�X�U�K�R�R�G�V �W�R �W�K�H �I�X�O�O�H�V�W
�H�[�W�H�Q�W�� �Q�R�U �G�R�H�V �W���6�1�( �Q�H�F�H�V�V�D�U�L�O�\ �I�L�Q�G �W�K�L�V �V�R�O�X�W�L�R�Q��

�1�E�X�L�I�Q�E�X�M�G�E�P �H�I�X�E�M�P�W
�7�R �F�D�O�F�X�O�D�W�H �W�K�H �3�U�H�F�L�V�L�R�Q���5�H�F�D�O�O �P�H�W�U�L�F �Z�H �V�W�D�U�W �E�\ �I�L�Q�G�L�Q�J �D �Q�H�L�J�K�E�R�X�U�K�R�R�G �R�I �V�L�]�Hkmax �D�U�R�X�Q�G
�V�R�P�H �S�R�L�Q�Wx i 2 Rn �L�Q �K�L�J�K �G�L�P�H�Q�V�L�R�Q �F�D�O�O�H�GNkmax (x i )�� �:�H �W�K�H�Q �I�L�Q�G �Q�H�L�J�K�E�R�X�U�K�R�R�G�V �R�I �V�L�]�Hk =
f 1; 2; 3; :::; kmax g �L�Q �W�K�H �O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O �H�P�E�H�G�G�L�Q�J �R�I �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�R�L�Q�Wy i 2 D ���W�K�H �O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O
�H�P�E�H�G�G�L�Q�J �R�I �S�R�L�Q�Wx i ���� �:�H �G�H�Q�R�W�H �W�K�L�V �Q�H�L�J�K�E�R�X�U�K�R�R�G �D�VNk (y i )��

�,�Q �S�U�D�F�W�L�F�H�� �Z�H �X�V�H �W�K�H �L�Q�G�L�F�H�V �R�I �W�K�H �Q�H�L�J�K�E�R�X�U�L�Q�J �S�R�L�Q�W�V �D�Q�G �Q�R�W �W�K�H �Q�H�L�J�K�E�R�X�U�L�Q�J �S�R�L�Q�W�V �L�W�V�H�O�I �I�R�U �W�K�L�V
�F�D�O�F�X�O�D�W�L�R�Q�� �7�K�H �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O �G�D�W�D�S�R�L�Q�W�V�� �D�Q�G �W�K�H �O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O �H�P�E�H�G�G�L�Q�J �S�R�L�Q�W�V �D�U�H �V�W�R�U�H�G
�D�V �P�D�W�U�L�F�H�V ���R�U �D�U�U�D�\�V���� �7�K�L�V �P�H�D�Q�V �W�K�D�W �H�D�F�K �S�R�L�Q�W �L�V �D�G�G�U�H�V�V�D�E�O�H �E�\ �W�K�H�L�U �L�Q�G�H�[ �L�Q �W�K�H�L�U �F�R�U�U�H�V�S�R�Q�G��
�L�Q�J �D�U�U�D�\�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O �G�D�W�D�S�R�L�Q�W �Z�L�W�K �L�Q�G�H�[i �F�R�U�U�H�V�S�R�Q�G�V �G�L�U�H�F�W�O�\ �W�R �W�K�H �O�R�Z��
�G�L�P�H�Q�V�L�R�Q�D�O �H�P�E�H�G�G�L�Q�J �S�R�L�Q�W �Z�L�W�K �L�Q�G�H�[i ���L���H��x i �L�V �H�P�E�H�G�G�H�G �D�V �S�R�L�Q�Wy i �� �W�K�H�\ �D�U�H �W�K�H �V�D�P�H �S�R�L�Q�W
�H�[�F�H�S�W �W�K�D�Wx i �L�V �W�K�D�W �S�R�L�Q�W �L�Q �W�K�H �R�U�L�J�L�Q�D�O �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O �G�D�W�D�V�H�W�� �D�Q�Gy i �L�V �W�K�D�W �V�D�P�H �S�R�L�Q�W �E�X�W �L�Q �W�K�H
�O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O �H�P�E�H�G�G�L�Q�J�� �W�K�H �3�R�L�Q�F�D�U�H �'�L�V�ND���� �7�K�L�V �P�H�D�Q�V �W�K�D�W �D �F�R�P�S�D�U�L�V�R�Q �L�Q�Y�R�O�Y�L�Q�J �W�K�H �L�Q�G�L�F�H�V



�������� �5�Y�E�P�M�X�] �E�W�W�I�W�W�Q�I�R�X ����

�L�V �P�H�D�Q�L�Q�J�I�X�O �V�L�Q�F�H �W�K�H �L�Q�G�L�F�H�V �F�D�Q �V�X�E�V�W�L�W�X�W�H �I�R�U �W�K�H �S�R�L�Q�W�Vx i �D�Q�Gy i �W�K�H�P�V�H�O�Y�H�V �D�V �W�K�H�U�H �L�V �D �G�L�U�H�F�W
�F�R�U�U�H�V�S�R�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H�P�� �7�K�X�V �Z�H �K�D�Y�H �W�K�D�W �W�K�H �V�H�W�VNkmax (x i ) �D�Q�GNk (y i ) �F�R�Q�W�D�L�Q �W�K�H �L�Q�G�L�F�H�V
�R�I �W�K�H �Q�H�L�J�K�E�R�X�U�L�Q�J �S�R�L�Q�W�V �L�Q �H�D�F�K �U�H�V�S�H�F�W�L�Y�H �G�R�P�D�L�Q�� �I�R�U �W�K�H �V�D�P�H �S�R�L�Q�W�� �D�G�G�U�H�V�V�D�E�O�H �E�\ �L�Q�G�H�[i ��

�,�I �Z�H �G�R �Q�R�W �X�V�H �L�Q�G�L�F�H�V �E�X�W �U�D�W�K�H�U �W�K�H �Q�H�L�J�K�E�R�X�U�L�Q�J �S�R�L�Q�W�V �W�K�H�P�V�H�O�Y�H�V �W�K�H�Q �W�K�H �L�Q�W�H�U�V�H�F�W�L�R�Q �L�V �D�O�Z�D�\�V
�H�P�S�W�\�� �7�K�L�V �L�V �E�H�F�D�X�V�H �W�K�H �H�O�H�P�H�Q�W�V �R�INkmax (x) �D�U�H �G�U�D�Z�Q �I�U�R�P �W�K�H �V�H�WRn �� �Z�K�L�O�H �W�K�H �H�O�H�P�H�Q�W�V �R�I
Nk (y ) �D�U�H �G�U�D�Z�Q �I�U�R�PD�� �7�K�H�V�H �D�U�H �L�Q�K�H�U�H�Q�W�O�\ �G�L�I�I�H�U�H�Q�W �R�E�M�H�F�W�V �D�Q�G �W�K�H�U�H�I�R�U�H �W�K�H �L�Q�W�H�U�V�H�F�W�L�R�Q �R�I �V�H�W�V
�F�R�Q�W�D�L�Q�L�Q�J �R�Q�O�\ �R�E�M�H�F�W�V �R�I �H�D�F�K �N�L�Q�G �U�H�V�S�H�F�W�L�Y�H�O�\ �L�V �H�P�S�W�\��

�$�I�W�H�U �R�E�W�D�L�Q�L�Q�JNkmax (x i ) �D�Q�GNk (y i ) �Z�H �F�R�P�S�X�W�H �W�K�H�L�U �L�Q�W�H�U�V�H�F�W�L�R�Q �I�R�U �H�D�F�Kk 2 f 1; 2; 3; :::; kmax g �D�V
TPk = Nkmax (x i )

T
Nk (y i )�� �7�K�L�V �U�H�V�X�O�W�V �L�Q �D �V�H�W �F�R�Q�W�D�L�Q�L�Q�J �W�K�H �L�Q�G�L�F�H�V ���Z�K�L�F�K �F�R�U�U�H�V�S�R�Q�G �W�R �S�R�L�Q�W�V��

�W�K�D�W �D�U�H �S�U�H�V�H�Q�W �L�Q �W�K�H �Q�H�L�J�K�E�R�X�U�K�R�R�G�V �R�I �E�R�W�Kx i �D�Q�Gy i �I�R�U �H�D�F�Kk�� �,�Q �H�V�V�H�Q�F�H�� �Z�H �I�L�Q�G �R�X�W �Z�K�L�F�K
�S�R�L�Q�W�V �W�K�D�W �Z�H�U�H �R�U�L�J�L�Q�D�O�O�\ �Q�H�L�J�K�E�R�X�U�V �U�H�P�D�L�Q �Q�H�L�J�K�E�R�X�U�V ���D�I�W�H�U �W�K�H �H�P�E�H�G�G�L�Q�J����

�4�V�I�G�M�W�M�S�R
�7�K�H �3�U�H�F�L�V�L�R�Q �P�H�W�U�L�F �L�V �G�H�I�L�Q�H�G �D�VPRk = T P k

k �� �6�L�Q�F�Hk �L�V �W�K�H �P�R�V�W �D�P�R�X�Q�W �R�I �Q�H�L�J�K�E�R�X�U�VX �D�Q�GY
�F�D�Q �F�X�U�U�H�Q�W�O�\ �V�K�D�U�H��T P k

k �W�K�X�V �P�H�D�V�X�U�H�V �K�R�Z �F�O�R�V�H �W�K�H �D�F�W�X�D�O �Q�H�L�J�K�E�R�X�U�K�R�R�G�V �D�U�H �W�R �W�K�H �P�R�V�W �R�S�W�L�P�D�O
�V�F�H�Q�D�U�L�R�� �%�\ �F�R�P�S�X�W�L�Q�J �W�K�L�V �I�R�U �L�Q�F�U�H�D�V�L�Q�Jk�� �W�K�H �3�U�H�F�L�V�L�R�Q �P�H�W�U�L�F �W�K�X�V �P�H�D�V�X�U�H�V �K�R�Z �I�D�L�W�K�I�X�O�O�\ �Q�H�L�J�K��
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@y i
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D
@L
@y i

)�� �:�H �Z�L�O�O �D�O�V�R �W�D�N�H �W�K�L�V �L�Q�W�R
�D�F�F�R�X�Q�W �I�R�U �R�X�U �I�L�U�V�W �H�[�S�H�U�L�P�H�Q�W�� �3�O�H�D�V�H �V�H�H �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q �I�R�U �W�K�H �G�H�W�D�L�O�V��

�6�W�D�U�W�L�Q�J �I�U�R�P �V�H�F�W�L�R�Q������ �H�[�S�H�U�L�P�H�Q�W�V �Z�L�O�O �D�O�Z�D�\�V �X�V�H �W�K�H �F�R�U�U�H�F�W �X�S�G�D�W�H �V�W�H�S�� �L���H�� �L�Q�F�R�U�S�R�U�D�W�H �W�K�H
�L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �L�Q �W�K�H �X�S�G�D�W�H �V�W�H�S ���W�K�H �H�[�S�R�Q�H�Q�W�L�D�O �P�D�S����

����



�������� �.�Y�W�X�M�J�]�M�R�K �X�L�I �'�S�V�V�I�G�X �+�V�E�H�M�I�R�X ����

�������������)�\�T�I�V�M�Q�I�R�X�E�P �7�I�X�Y�T
�:�H �H�P�E�H�G �G�D�W�D �L�Q �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N �Y�L�D �+�\�S�H�U�E�R�O�L�F �W���6�1�( ���V�H�H �V�H�F�W�L�R�Q������������ �X�V�L�Q�J �W�K�H �F�R�U�U�H�F�W �D�Q�G
�L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W ���V�H�F�W�L�R�Q���������� �7�K�U�H�H �G�L�I�I�H�U�H�Q�W �H�P�E�H�G�G�L�Q�J�V �D�U�H �W�K�H�Q �S�U�R�G�X�F�H�G �D�Q�G �W�K�H�L�U �F�R�V�W �I�X�Q�F�W�L�R�Q
�Y�D�O�X�H�V �D�U�H �F�R�P�S�D�U�H�G �V�L�G�H���E�\���V�L�G�H�� �:�H �O�R�R�N �D�W �W�K�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H �X�V�L�Q�J �W�K�H �L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W
�Z�L�W�K�R�X�W �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �I�D�F�W�R�U �L�Q �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �V�W�H�S ���W�K�H �Y�H�U�V�L�R�Q �R�I �+�\�S�H�U�E�R�O�L�F �W���6�1�( �L�Q �W�K�H
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �>���� �@���� �W�K�H �L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �Z�L�W�K �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �I�D�F�W�R�U ���D�V �O�D�L�G �R�X�W �L�Q �>���@ �D�Q�G �L�Q �W�K�H
�S�D�S�H�U �>���� �@���� �D�Q�G �I�L�Q�D�O�O�\ �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �Z�L�W�K �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �I�D�F�W�R�U ���R�X�U �F�R�Q�W�U�L�E�X�W�L�R�Q����

�)�\�T�I�V�M�Q�I�R�X �H�I�X�E�M�P�W
�3�U�L�R�U �W�R �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �D�Q �L�Q�L�W�L�D�O �H�P�E�H�G�G�L�Q�J �R�I �W�K�H �G�D�W�D�V�H�W �D�Q�G �W�K�H �G�L�V�W�D�Q�F�H �P�D�W�U�L�[ ���F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R
�K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O �G�L�V�W�D�Q�F�H�V�� �P�X�V�W �E�H �F�R�P�S�X�W�H�G�� �7�K�L�V �E�H�F�R�P�H�V �W�K�H �V�W�D�U�W�L�Q�J �S�R�L�Q�W �I�R�U �W�K�H �H�P�E�H�G�G�L�Q�J
�S�U�R�F�H�V�V��

�(�E�X�E �T�V�I���T�V�S�G�I�W�W�M�R�K
�'�X�H �W�R �K�D�U�G�Z�D�U�H �O�L�P�L�W�D�W�L�R�Q�V �Z�H �I�L�U�V�W �S�U�H���S�U�R�F�H�V�V �W�K�H �G�D�W�D�� �:�H �X�V�H �3�&�$ �W�R �U�H�G�X�F�H �W�K�H �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\
�R�I �W�K�H �G�D�W�D �W�R50 ���L�I �W�K�H �G�D�W�D�¶�V �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �L�V �O�H�V�V �W�K�D�Q50 �W�K�H �R�U�L�J�L�Q�D�O �G�D�W�D �L�V �X�V�H�G �D�V �L�V���� �1�R�W�H
�W�K�D�W �E�H�V�L�G�H�V �L�P�S�U�R�Y�H�P�H�Q�W�V �L�Q �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W�� �R�W�K�H�U �P�H�W�K�R�G�V ���L�Q�F�O�X�G�L�Q�J �W���6�1�(�� �D�O�V�R �H�P�S�O�R�\ �3�&�$
�W�R �L�Q�L�W�L�D�O�O�\ �U�H�G�X�F�H �W�K�H �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �D�V �W�K�L�V �P�D�\ �U�H�G�X�F�H �Q�R�L�V�H �L�Q �W�K�H �G�D�W�D �Z�L�W�K�R�X�W �V�H�Y�H�U�H�O�\ �G�L�V�W�R�U�W�L�Q�J
�L�Q�W�H�U�S�R�L�Q�W ���W�K�H �G�L�V�W�D�Q�F�H�V �L�Q �E�H�W�Z�H�H�Q �D�Q�\ �W�Z�R �G�D�W�D�S�R�L�Q�W�V�� �G�L�V�W�D�Q�F�H�V �>���� �@��

�)�X�U�W�K�H�U�P�R�U�H�� �D �V�D�P�S�O�H �R�I10000 �S�R�L�Q�W�V �L�V �W�D�N�H�Q ���L�I �W�K�H �G�D�W�D �K�D�V �P�R�U�H �W�K�D�Q10000 �G�D�W�D�S�R�L�Q�W�V���� �)�R�U
�H�D�F�K �G�D�W�D�V�H�W �D�Q�G �F�R�U�U�H�V�S�R�Q�G�L�Q�J �F�R�V�W �I�X�Q�F�W�L�R�Q �H�[�S�H�U�L�P�H�Q�W �W�K�H �V�D�P�H �V�D�P�S�O�H�G �G�D�W�D �L�V �X�V�H�G �W�R �H�Q�V�X�U�H
�F�R�Q�V�L�V�W�H�Q�F�\ �D�F�U�R�V�V �W�K�H �G�D�W�D�V�H�W��

�'�S�Q�T�Y�X�M�R�K �L�M�K�L���H�M�Q�I�R�W�M�S�R�E�P �W�M�Q�M�P�E�V�M�X�M�I�W
�:�H �W�K�H�Q �F�R�P�S�X�W�H �W�K�H �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O �G�L�V�W�D�Q�F�H �P�D�W�U�L�[�� �)�L�U�V�W�O�\�� �W�K�H �S�H�U�S�O�H�[�L�W�\ �S�D�U�D�P�H�W�H�U �P�X�V�W �E�H �V�H�W��
�,�Q �D�O�O �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �D �I�L�[�H�G �S�H�U�S�O�H�[�L�W�\ �R�I30 �Z�D�V �F�K�R�V�H�Q�� �7�K�L�V �S�D�U�D�P�H�W�H�U �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �D
�P�H�D�V�X�U�H �R�I �W�K�H �H�I�I�H�F�W�L�Y�H �Q�X�P�E�H�U �R�I �Q�H�L�J�K�E�R�X�U�V �D �G�D�W�D�S�R�L�Q�W �K�D�V ���V�H�H �V�H�F�W�L�R�Q���������� �2�X�U �F�K�R�L�F�H �I�R�Uk = 30
�L�V �L�Q �D�F�F�R�U�G�D�Q�F�H �W�R �W�K�H �Y�D�O�X�H �F�K�R�V�H�Q �L�Q �>���� �@ �D�Q�G �L�V �F�K�R�V�H�Q �W�R �E�H �Z�L�W�K�L�Q �W�K�H �U�D�Q�J�H5 �W�R50 �R�I �Z�K�D�W �W���6�1�(
�F�D�O�O�V �W�\�S�L�F�D�O �Y�D�O�X�H�V �I�R�U �S�H�U�S�O�H�[�L�W�\ �>���� �@��

�-�R�M�X�M�E�P�M�^�E�X�M�S�R �M�R �X�L�I �4�S�M�R�G�E�V�¬ �(�M�W�O
�)�L�Q�D�O�O�\�� �D�Q �L�Q�L�W�L�D�O �H�P�E�H�G�G�L�Q�J �L�V �F�U�H�D�W�H�G �E�\ �U�D�Q�G�R�P�O�\ �S�R�V�L�W�L�R�Q�L�Q�J �W�K�H �G�D�W�D�S�R�L�Q�W�V �Z�H �Z�L�V�K �W�R �H�P�E�H�G �Z�L�W�K�L�Q
�D �F�L�U�F�O�H ���L�Q �R�X�U �F�D�V�H �Z�L�W�K �U�D�G�L�X�Vr = 1e � 4�� �D�U�R�X�Q�G �W�K�H �R�U�L�J�L�Q �R�I �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N��

�������������,�]�T�S�X�L�I�W�M�W
�7�K�H �H�[�S�H�F�W�D�W�L�R�Q �L�V �W�K�D�W �X�V�L�Q�J �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �P�L�Q�L�P�L�]�H�V �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �E�H�W�W�H�U�� �L���H�� �D�F�K�L�H�Y�H�V �O�R�Z�H�U
�F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �F�R�P�S�D�U�H�G �W�R �W�K�H �L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �V�W�H�S�V �Z�L�W�K�R�X�W
�W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �L�V �H�[�S�H�F�W�H�G �W�R �S�H�U�I�R�U�P �W�K�H �S�R�R�U�H�V�W�� �6�L�Q�F�H �W�K�H �J�U�D�G�L�H�Q�W�V �D�U�H �Q�R�W �V�F�D�O�H�G �S�U�R�S�H�U�O�\
���G�X�H �W�R �W�K�H �O�D�F�N �R�I �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U���� �X�S�G�D�W�H �V�W�H�S�V �Z�L�O�O �V�W�H�S �R�X�W �R�I �E�R�X�Q�G �R�I �W�K�H �3�R�L�Q�F�D�U�p �'�L�V�N��
�,�Q �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�� �X�S�G�D�W�H �V�W�H�S�V �W�K�D�W �Z�R�X�O�G �U�H�V�X�O�W �L�Q �H�P�E�H�G�G�L�Q�J�V �V�W�H�S�S�L�Q�J �R�X�W �R�I �E�R�X�Q�G�V �D�U�H �Q�R�W
�S�H�U�I�R�U�P�H�G �D�W �D�O�O�� �7�K�X�V �Z�H �H�[�S�H�F�W �W�K�H �Y�H�U�V�L�R�Q �Z�L�W�K�R�X�W �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �W�R �W�H�U�P�L�Q�D�W�H �T�X�L�F�N�O�\��

�)�L�Q�D�O�O�\�� �L�Q �R�X�U �J�U�D�S�K�V �E�H�O�R�Z �Z�H �H�[�F�O�X�G�H �W�K�H ������ �H�D�U�O�\ �H�[�D�J�J�H�U�D�W�L�R�Q ���V�H�H �V�H�F�W�L�R�Q������������ �V�W�H�S�V �D�V �W�K�H�\
�G�R �Q�R�W �S�U�R�Y�L�G�H �P�X�F�K �L�Q�I�R�U�P�D�W�L�R�Q �U�H�J�D�U�G�L�Q�J �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �P�H�W�K�R�G�V��

�������������6�I�W�Y�P�X�W
�)�L�J�X�U�H������ �F�R�Q�W�D�L�Q�V �D �V�H�U�L�H�V �R�I �J�U�D�S�K�V �W�K�D�W �F�R�P�S�D�U�H�V �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H �R�I �W�K�H �F�R�U�U�H�F�W �D�Q�G �L�Q�F�R�U�U�H�F�W
�J�U�D�G�L�H�Q�W ���Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �W�K�H �L�Q�F�O�X�V�L�R�Q �R�I �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �L�Q �L�W�V �R�S�W�L�P�L�]�D�W�L�R�Q�� �I�R�U �V�H�Y�H�U�D�O
�G�D�W�D�V�H�W�V��

�������������(�M�W�G�Y�W�W�M�S�R
�-�R�G�S�V�V�I�G�X �K�V�E�H�M�I�R�X �[�M�X�L�S�Y�X �M�R�Z�I�V�W�I �Q�I�X�V�M�G �X�I�R�W�S�V
�7�K�H �H�P�E�H�G�G�L�Q�J �S�U�R�G�X�F�H�G �D�V �D �U�H�V�X�O�W �R�I �W�K�H �L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �Z�L�W�K�R�X�W �W�K�H �P�H�W�U�L�F �W�H�Q�V�R�U �S�U�H�V�H�Q�W �L�Q �L�W�V
�R�S�W�L�P�L�]�D�W�L�R�Q ���W�K�H �J�U�H�H�Q���V�W�U�L�S�H�G �F�X�U�Y�H�� �D�F�K�L�H�Y�H�V �W�K�H �Z�R�U�V�W �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �R�X�W �R�I �W�K�H �W�K�U�H�H �P�H�W�K�R�G�V��
�7�K�L�V �R�F�F�X�U�V �F�R�Q�V�L�V�W�H�Q�W�O�\ �D�F�U�R�V�V �D�O�O �W�K�H �G�D�W�D�V�H�W�V �W�H�V�W�H�G��



�������� �.�Y�W�X�M�J�]�M�R�K �X�L�I �'�S�V�V�I�G�X �+�V�E�H�M�I�R�X ����

���D���0�1�,�6�7 ���E���&�� �(�O�H�J�D�Q�V

���F���3�O�D�Q�D�U�L�D ���G���:�R�U�G�Q�H�W

�)�L�J�X�U�H ���������&�R�V�W �I�X�Q�F�W�L�R�Q �F�R�P�S�D�U�L�V�R�Q �J�U�D�S�K�V

�)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �F�X�U�Y�H ���J�U�H�H�Q���V�W�U�L�S�H�G�� �S�O�D�W�H�D�X�V �H�D�U�O�\ �D�V �W�K�L�V �P�H�W�K�R�G �W�H�U�P�L�Q�D�W�H�V �H�D�U�O�\
�R�Q �G�X�H �W�R �H�P�E�H�G�G�L�Q�J�V �J�H�W�W�L�Q�J �W�R�R �F�O�R�V�H �W�R �W�K�H �E�R�X�Q�G�D�U�\�� �$�V �G�L�V�F�X�V�V�H�G �L�Q �W�K�H �+�\�S�R�W�K�H�V�L�V �V�H�F�W�L�R�Q��
�Q�R�W �X�V�L�Q�J �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �L�Q �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �U�H�V�X�O�W�V �L�Q �R�S�W�L�P�L�]�D�W�L�R�Q �V�W�H�S�V �W�K�D�W �J�R
�R�X�W �R�I �E�R�X�Q�G �R�I �W�K�H �G�L�V�N�� �W�K�H�U�H�I�R�U�H �Q�R�W �S�H�U�I�R�U�P�L�Q�J �W�K�H �X�S�G�D�W�H �V�W�H�S �D�W �D�O�O�� �$�V �D �U�H�V�X�O�W �W�K�H �H�P�E�H�G�G�L�Q�J
�S�U�R�F�H�G�X�U�H �W�H�U�P�L�Q�D�W�H�V �H�D�U�O�\ �D�V �Q�R �S�U�R�J�U�H�V�V �F�D�Q �E�H �P�D�G�H�� �:�H �D�U�H �W�K�X�V �V�W�X�F�N �Z�L�W�K �Z�K�D�W�H�Y�H�U �H�P�E�H�G�G�L�Q�J
�Z�D�V �S�U�R�G�X�F�H�G �E�H�I�R�U�H �W�H�U�P�L�Q�D�W�L�R�Q��

�-�R�G�S�V�V�I�G�X �K�V�E�H�M�I�R�X �[�M�X�L �M�R�Z�I�V�W�I �Q�I�X�V�M�G �X�I�R�W�S�V
�7�K�H �F�R�Q�W�L�Q�X�R�X�V���E�U�R�Z�Q���R�U�D�Q�J�H �F�X�U�Y�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �R�I �W�K�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H
�X�V�L�Q�J �W�K�H �L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �Z�L�W�K �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U�� �7�K�L�V �F�X�U�Y�H �F�R�Q�W�L�Q�X�H�V �V�W�H�D�G�L�O�\ �W�K�U�R�X�J�K�R�X�W
�W�K�H �Z�K�R�O�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�V�V �D�V �Q�R�Z �W�K�H �L�Q�Y�H�U�V�H �P�H�W�U�L�F �W�H�Q�V�R�U �L�V �S�U�H�V�H�Q�W �L�Q �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q�� �8�S�G�D�W�H
�V�W�H�S�V �D�U�H �V�F�D�O�H�G �D�F�F�R�U�G�L�Q�J�O�\ �D�V �H�P�E�H�G�G�L�Q�J�V �D�S�S�U�R�D�F�K �W�K�H �E�R�X�Q�G�D�U�\ �R�I �W�K�H �G�L�V�N�� �+�R�Z�H�Y�H�U�� �Z�H �F�D�Q
�R�E�V�H�U�Y�H �W�K�D�W �W�K�L�V �F�X�U�Y�H �L�V �H�Y�H�Q�W�X�D�O�O�\ �R�Y�H�U�W�D�N�H�Q �E�\ �W�K�H �G�R�W�W�H�G���E�O�X�H �F�X�U�Y�H ���W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W���� �7�K�L�V
�L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �L�Q�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �G�R�H�V �Q�R�W �P�L�Q�L�P�L�]�H �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �R�S�W�L�P�D�O�O�\ �Z�K�L�F�K �P�D�N�H�V �V�H�Q�V�H
�D�V �L�W�V �J�U�D�G�L�H�Q�W �G�R�H�V �Q�R�W �F�R�U�U�H�F�W�O�\ �S�H�U�W�D�L�Q �W�R �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Z�H �D�U�H �R�S�W�L�P�L�]�L�Q�J��

�'�S�V�V�I�G�X �K�V�E�H�M�I�R�X �[�M�X�L �M�R�Z�I�V�W�I �Q�I�X�V�M�G �X�I�R�W�S�V
�)�L�Q�D�O�O�\�� �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �Y�H�U�V�L�R�Q �S�H�U�I�R�U�P�V �W�K�H �E�H�V�W�� �7�K�L�V �P�D�N�H�V �P�D�W�K�H�P�D�W�L�F�D�O �V�H�Q�V�H �D�V �L�W �P�D�N�H�V
�X�V�H �R�I �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q�� �:�H �Q�R�Z �K�D�Y�H �D�G�G�L�W�L�R�Q�D�O �H�[�S�H�U�L�P�H�Q�W�D�O
�H�Y�L�G�H�Q�F�H �W�R �Y�H�U�L�I�\ �W�K�L�V��

�+�R�Z�H�Y�H�U �L�Q�L�W�L�D�O�O�\�� �G�X�U�L�Q�J �W�K�H �H�D�U�O�\ �L�W�H�U�D�W�L�R�Q�V�� �W�K�L�V �F�X�U�Y�H �S�H�U�W�D�L�Q�L�Q�J �W�R �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W ���G�R�W�W�H�G���E�O�X�H
�F�X�U�Y�H�� �I�L�U�V�W �L�Q�F�U�H�D�V�H�V ���L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �D�U�H �L�Q�F�U�H�D�V�L�Q�J�� �E�H�I�R�U�H �S�O�D�W�H�D�X�L�Q�J ���L�Q�G�L��
�F�D�W�L�Q�J �W�K�D�W �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �D�U�H �Q�R�W �F�K�D�Q�J�L�Q�J�� �D�Q�G �R�Q�O�\ �K�H�U�H�D�I�W�H�U�� �G�H�F�U�H�D�V�H�V�� �)�X�U�W�K�H�U�P�R�U�H�� �L�W �L�V



�������� �0�M�Q�M�X�E�X�M�S�R�W �S�J �X�L�I �X���H�M�W�X�V�M�F�Y�X�M�S�R ����

�R�Q�O�\ �D�I�W�H�U �V�R�P�H �D�P�R�X�Q�W �R�I �L�W�H�U�D�W�L�R�Q�V �W�K�D�W �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �D�F�K�L�H�Y�H�V �E�H�W�W�H�U �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �W�K�D�Q
�W�K�H �R�W�K�H�U�V�� �:�H �Z�L�O�O �H�[�S�O�D�L�Q �W�K�L�V �E�H�O�R�Z��

�-�R�M�X�M�E�P �F�I�L�E�Z�M�S�Y�V �S�J �X�L�I �G�S�V�V�I�G�X �K�V�E�H�M�I�R�X
�7�K�H �L�Q�L�W�L�D�O �L�Q�F�U�H�D�V�H �L�Q �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �L�V �V�X�V�S�H�F�W�H�G �W�R �E�H �D �F�R�Q�V�H�T�X�H�Q�F�H �R�I �W�K�H �H�D�U�O�\ �H�[�D�J�J�H�U�D�W�L�R�Q
�L�W�H�U�D�W�L�R�Q�V �F�R�P�E�L�Q�H�G �Z�L�W�K �R�S�W�L�P�L�]�L�Q�J �Y�L�D �J�U�D�G�L�H�Q�W �G�H�V�F�H�Q�W�� �2�Q�F�H �U�H�J�X�O�D�U �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�H�G�V�� �W�K�H
�F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �H�P�E�H�G�G�L�Q�J�V �U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �H�D�U�O�\ �H�[�D�J�J�H�U�D�W�L�R�Q �L�V �O�L�N�H�O�\ �L�Q �D �S�R�R�U �V�W�D�W�H�� �$�O�W�K�R�X�J�K
�F�O�X�V�W�H�U�V �P�D�\ �K�D�Y�H �D�O�U�H�D�G�\ �I�R�U�P�H�G�� �W�K�H �R�Y�H�U�D�O�O �H�P�E�H�G�G�L�Q�J �L�V �E�D�G�� �)�R�U �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �W�R
�W�K�H�Q �P�D�N�H �S�U�R�J�U�H�V�V �L�W �K�D�V �W�R �E�U�H�D�N �R�X�W �R�I �W�K�L�V �S�R�R�U �V�W�D�W�H �Z�K�L�F�K �F�R�X�O�G �O�H�D�G �W�R �W�K�L�V �L�Q�L�W�L�D�O �L�Q�F�U�H�D�V�H �L�Q �F�R�V�W
�I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V��

�7�K�H �S�O�D�W�H�D�X�L�Q�J �R�I �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �F�D�Q �E�H �H�[�S�O�D�L�Q�H�G �E�\ �U�H�F�D�O�O�L�Q�J �W�K�D�W �D�Q �H�[�W�U�DdH
ij �W�H�U�P �L�V �S�U�H�V�H�Q�W �L�Q �W�K�H

�J�U�D�G�L�H�Q�W �I�R�U�P�X�O�D ���V�H�H �H�T�X�D�W�L�R�Q���������� �$�W �W�K�H �E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H �S�R�L�Q�W�V �R�F�F�X�S�\ �W�K�H
�F�H�Q�W�H�U �R�I �W�K�H �G�L�V�N�� �7�K�L�V �U�H�V�X�O�W�V �L�QdH

ij � 0 �I�R�U �D�O�O �S�R�L�Q�W�Vi; j �V�L�Q�F�H �L�Q�W�H�U�S�R�L�Q�W �G�L�V�W�D�Q�F�H�V �D�U�H �H�[�W�U�H�P�H�O�\ �V�P�D�O�O��
�7�K�H�U�H�I�R�U�H �X�S�G�D�W�H�V �H�D�U�O�\ �R�Q �K�D�S�S�H�Q �Y�H�U�\ �V�O�R�Z�O�\ �D�Q�G �F�D�Q �R�Q�O�\ �S�L�F�N �X�S �R�Q�F�H �H�Q�R�X�J�K �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q
�S�R�L�Q�W�V �K�D�V �E�H�H�Q �H�V�W�D�E�O�L�V�K�H�G�� �2�Q�F�H �W�K�L�V �L�Q�L�W�L�D�O �V�W�D�J�H �K�D�V �E�H�H�Q �R�Y�H�U�F�R�P�H�� �W�K�H �F�X�U�Y�H �S�H�U�W�D�L�Q�L�Q�J �W�R �W�K�H
�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �K�D�V �D �J�U�H�D�W�H�U �V�O�R�S�H �W�K�D�Q �W�K�H �R�W�K�H�U �F�X�U�Y�H�V�� �7�K�L�V �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W
�P�L�Q�L�P�L�]�H�V �W�K�H �R�E�M�H�F�W�L�Y�H �D�W �D �K�L�J�K�H�U �U�D�W�H�� �(�Y�H�Q�W�X�D�O�O�\ �W�K�H �F�X�U�Y�H �R�I �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �R�Y�H�U�W�D�N�H�V �W�K�H
�R�W�K�H�U �F�X�U�Y�H�V �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �P�R�U�H �R�S�W�L�P�D�O ���O�R�Z�H�U�� �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �D�U�H �D�W�W�D�L�Q�H�G��

�:�H �W�K�X�V �F�R�Q�F�O�X�G�H �W�K�D�W �W�K�H �S�U�R�S�H�U �Z�D�\ �W�R �X�V�H �+�\�S�H�U�E�R�O�L�F �W���6�1�( ���D�V �G�H�V�F�U�L�E�H�G �L�Q �>�������� �@�� �L�V �E�\ �X�V�L�Q�J �W�K�H
�F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �L�Q �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q��

���������0�M�Q�M�X�E�X�M�S�R�W �S�J �X�L�I �X���H�M�W�X�V�M�F�Y�X�M�S�R
�,�Q �V�H�F�W�L�R�Q������ �Z�H �G�H�V�F�U�L�E�H�G �K�R�Z �F�K�R�L�F�H�V �L�Q �G�L�V�W�U�L�E�X�W�L�R�Q�V �P�R�G�H�O�L�Q�J �O�R�Z���G�L�P�H�Q�V�L�R�Q�D�O �V�L�P�L�O�D�U�L�W�L�H�V �F�D�Q
�J�U�H�D�W�O�\ �L�P�S�D�F�W �H�P�E�H�G�G�L�Q�J �T�X�D�O�L�W�\�� �7�K�L�V �H�[�S�H�U�L�P�H�Q�W �D�L�P�V �W�R �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �Y�H�U�L�I�\ �W�K�D�W �F�O�D�L�P�� �:�H �Z�L�O�O
�S�U�R�G�X�F�H �V�H�Y�H�U�D�O �H�P�E�H�G�G�L�Q�J�V �X�V�L�Q�J �+�\�S�H�U�E�R�O�L�F �W���6�1�( �D�Q�G �T�X�D�O�L�W�D�W�L�Y�H�O�\ �D�V�V�H�V�V �W�K�H�V�H �U�H�V�X�O�W�L�Q�J �Y�L�V�X�D�O�L�]�D��
�W�L�R�Q�V�� �%�R�W�K �W�K�H �F�R�U�U�H�F�W �D�Q�G �L�Q�F�R�U�U�H�F�W �+�\�S�H�U�E�R�O�L�F �W���6�1�( �J�U�D�G�L�H�Q�W �Z�L�O�O �E�H �X�V�H�G �L�Q �W�K�H�V�H �H�P�E�H�G�G�L�Q�J�V�� �7�K�L�V
�L�V �E�H�F�D�X�V�H �Z�H �Z�D�Q�W �W�R �V�K�R�Z �W�K�D�W �W�K�H �O�L�P�L�W�D�W�L�R�Q�V �R�I �W�K�H �W���G�L�V�W�U�L�E�X�W�L�R�Q ���E�R�X�Q�G�D�U�\ �S�X�V�K�L�Q�J �E�H�K�D�Y�L�R�X�U���X�Q�L�Q�W�H�U��
�S�U�H�W�D�E�O�H �Y�L�V�X�D�O�L�]�D�W�L�R�Q�V�� �L�V �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �J�U�D�G�L�H�Q�W �I�R�U�P�X�O�D�W�L�R�Q�� �5�D�W�K�H�U�� �L�W �L�V �G�X�H �W�R �W�K�H �W���G�L�V�W�U�L�E�X�W�L�R�Q
�L�W�V�H�O�I��

�������������)�\�T�I�V�M�Q�I�R�X�E�P �7�I�X�Y�T
�,�Q �R�X�U �I�L�U�V�W �H�[�S�H�U�L�P�H�Q�W �Z�H �U�D�Q �D�Q �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H �I�R�U �H�D�F�K �N�L�Q�G �R�I �F�R�V�W �I�X�Q�F�W�L�R�Q ���F�R�U�U�H�F�W���L�Q�F�R�U�U�H�F�W��
�I�R�U �H�D�F�K �N�L�Q�G �R�I �G�D�W�D�V�H�W �F�R�Q�V�L�G�H�U�H�G�� �,�Q �W�K�H �I�L�U�V�W �H�[�S�H�U�L�P�H�Q�W �R�Q�O�\ �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �F�R�U�U�H�V�S�R�Q�G��
�L�Q�J �W�R �H�D�F�K �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H �Z�H�U�H �X�V�H�G �D�V �W�K�D�W �Z�D�V �W�K�H �R�Q�O�\ �S�L�H�F�H �R�I �L�Q�I�R�U�P�D�W�L�R�Q �U�H�O�H�Y�D�Q�W �I�R�U
�W�K�D�W �V�H�F�W�L�R�Q�� �,�Q �R�X�U �V�H�F�R�Q�G �H�[�S�H�U�L�P�H�Q�W �Z�H �W�D�N�H �W�K�H �U�H�V�X�O�W�L�Q�J �H�P�E�H�G�G�L�Q�J�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �H�D�F�K �R�I
�W�K�H�V�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H ���L�Q�V�W�H�D�G �R�I �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V�� �D�Q�G �T�X�D�O�L�W�D�W�L�Y�H�O�\ �L�Q�V�S�H�F�W �W�K�H�P�� �,�Q
�R�W�K�H�U �Z�R�U�G�V�� �W�K�H �V�D�P�H �H�P�E�H�G�G�L�Q�J �S�U�R�F�H�G�X�U�H �L�V �E�H�K�L�Q�G �W�K�H �H�[�S�H�U�L�P�H�Q�W �U�H�V�X�O�W�V �L�Q �W�K�H �I�L�U�V�W �D�Q�G �V�H�F�R�Q�G
�H�[�S�H�U�L�P�H�Q�W��

�������������,�]�T�S�X�L�I�W�M�W
�:�H �H�[�S�H�F�W �W�K�D�W ���L�Q �W�K�H �O�L�P�L�W���� �H�P�E�H�G�G�L�Q�J�V �Z�L�O�O �E�H �S�X�V�K�H�G �R�X�W�Z�D�U�G�V �R�Q�W�R �W�K�H �E�R�X�Q�G�D�U�\ �R�I �W�K�H �G�L�V�N �G�X�H �W�R
�W�K�H �Q�D�W�X�U�H �R�I �W�K�H �W���G�L�V�W�U�L�E�X�W�L�R�Q�¶�V �K�H�D�Y�\ �W�D�L�O�V ���D�V �G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q���������� �7�K�L�V �E�H�K�D�Y�L�R�X�U �L�V �H�[�S�H�F�W�H�G �W�R
�R�F�F�X�U �I�R�U �E�R�W�K �W�K�H �L�Q�F�R�U�U�H�F�W �D�Q�G �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �H�P�E�H�G�G�L�Q�J�V �V�L�Q�F�H �L�W �U�H�O�D�W�H�V �W�R �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �X�V�H�G��

�,�Q �D�G�G�L�W�L�R�Q�� �Z�H �D�O�V�R �H�[�S�H�F�W �W�K�D�W �W�K�H �Y�H�U�V�L�R�Q �Z�L�W�K �W�K�H �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W �S�X�V�K�H�V �S�R�L�Q�W�V �P�R�U�H �R�X�W�Z�D�U�G�V �R�U
�D�Z�D�\ �I�U�R�P �H�D�F�K �R�W�K�H�U�� �7�K�L�V �L�V �E�H�F�D�X�V�H �D�Q �H�[�W�U�D �G�L�V�W�D�Q�F�H �E�D�V�H�G �W�H�U�PdH

ij �L�V �S�U�H�V�H�Q�W �Z�K�L�F�K �L�I �J�U�H�D�W�H�U
�W�K�D�Q1�� �H�[�D�F�H�U�E�D�W�H�V �W�K�L�V �S�X�V�K�L�Q�J �H�I�I�H�F�W �V�L�Q�F�H �W�K�H �J�U�D�G�L�H�Q�W �L�V �V�F�D�O�H�G �E�\ �D �I�D�F�W�R�U �J�U�H�D�W�H�U �W�K�D�Q1��

�������������6�I�W�Y�P�X�W
�)�L�J�X�U�H������ �F�R�Q�W�D�L�Q�V �V�L�G�H���E�\���V�L�G�H �H�P�E�H�G�G�L�Q�J�V �U�H�V�X�O�W�L�Q�J �I�U�R�P �X�V�L�Q�J �W�K�H �L�Q�F�R�U�U�H�F�W �D�Q�G �F�R�U�U�H�F�W �J�U�D�G�L�H�Q�W
�I�R�U �V�H�Y�H�U�D�O �G�D�W�D�V�H�W�V�� �(�D�F�K �H�P�E�H�G�G�L�Q�J �K�D�V �D �G�L�U�H�F�W �F�R�U�U�H�V�S�R�Q�G�H�Q�F�H �W�R �W�K�H�L�U �U�H�O�D�W�H�G �F�R�V�W �I�X�Q�F�W�L�R�Q �F�X�U�Y�H
�L�Q �W�K�H �I�L�U�V�W �H�[�S�H�U�L�P�H�Q�W�� �L���H�� �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �J�U�D�S�K�V �W�U�D�F�N�V �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �Y�D�O�X�H�V �R�I �W�K�H �H�P�E�H�G�G�L�Q�J
�S�U�R�F�H�G�X�U�H �W�K�D�W �S�U�R�G�X�F�H�G �W�K�H �H�P�E�H�G�G�L�Q�J�V �E�H�O�R�Z�� �,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �I�L�Q�D�O �H�P�E�H�G�G�L�Q�J�V�� �Z�H �V�K�R�Z�F�D�V�H
�K�H�U�H �L�Q�W�H�U�P�H�G�L�D�W�H �H�P�E�H�G�G�L�Q�J�V��



�������� �0�M�Q�M�X�E�X�M�S�R�W �S�J �X�L�I �X���H�M�W�X�V�M�F�Y�X�M�S�R ����

�(�Y�H�U�\ �V�W�H�S �L�Q �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �K�D�V �D �F�R�U�U�H�V�S�R�Q�G�L�Q�J �H�P�E�H�G�G�L�Q�J ���L���H��y t
i �� �V�H�H �V�H�F�W�L�R�Q��������������

�7�K�H �I�L�Q�D�O �H�P�E�H�G�G�L�Q�J �F�R�U�U�H�V�S�R�Q�G�V �W�Ry t max
i �Z�K�H�U�Htmax �L�V �W�K�H �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �U�H�D�F�K�H�G �X�Q�W�L�O �R�X�U

�F�R�Q�Y�H�U�J�H�Q�F�H �F�U�L�W�H�U�L�D �L�V �P�H�W ���W�K�H�U�H�I�R�U�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �I�L�Q�D�O �H�P�E�H�G�G�L�Q�J���� �:�H �F�D�Q �D�O�V�R �W�D�N�H �W�K�H
�H�P�E�H�G�G�L�Q�J�V �R�I �L�W�H�U�D�W�L�R�Q�V �E�H�I�R�U�H �F�R�Q�Y�H�U�J�H�Q�F�H �K�D�V �E�H�H�Q �U�H�D�F�K�H�G �W�R �J�D�L�Q �L�Q�V�L�J�K�W �L�Q�W�R �K�R�Z �W�K�H �H�P�E�H�G�G�L�Q�J
�S�U�R�F�H�V�V �S�U�R�F�H�H�G�V�� �6�R�P�H �L�Q�W�H�U�P�H�G�L�D�W�H �H�P�E�H�G�G�L�Q�J�V �D�U�H �G�L�V�S�O�D�\�H�G �E�H�O�R�Z��
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