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HOpiouno

Dimensionality reduction and visualization methods have become an indispensable tool for the explo-
ration of high-dimensional data. In this area t-SNE has established itself as a primary method; providing
a means of visualizing high-dimensional data in a way that preserves local neighbourhood structures.
However standard t-SNE embeds data into Euclidean space which struggles to capture properties of
data that is network-like, tree-like, or contains hierarchies. As an alternative, the use of Hyperbolic
space has been proposed to allow for effective embeddings of such data as connections exist between
complex networks and Hyperbolic. In addition, Hyperbolic space has been effectively utilized for repre-
senting hierarchical relationships. Given these endeavors, recent works have adapted t-SNE to Hyper-
bolic space using the Poincar® Disk model resulting in a method that can visually reveal network-like
and hierarchical relationships. However, several related works contain an error in their derived gradi-
ent. As t-SNE uses the method of gradient descent for optimizing embeddings, this error may lead to
incorrect results. In our work we first correct for this error and explore its consequences. One such con-
sequence is that embeddings are strongly pushed outwards in the disk leading to unintelligible results.
Since t-SNE uses a t-distribution to model embeddings, we propose the use of a Gaussian distribution
instead as it encourages more compact embeddings. Finally we perform experiments comparing each
method qualitatively by assessing resulting visualizations, and quantitatively via the PR-metric.
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Advancements in computing technologies have dramatically increased the ability to collect and store
data. Such advancements have resulted in large and complex datasets with many variables describing
the data (Also known as high-dimensional data). As a result, dimensionality reduction methods, which
reduce the complexity of such datasets by reducing the number of variables (also known as features)
needed to describe the data, have been proposed as a way to prevent such analysis from becoming
too complex.

Thus in the modern day of working with high-dimensional and complex data, dimensionality reduction
has become a common step in the data analysis pipeline. Areas of application for dimensionality
reduction have been found in the setting of sports [50], machine learning [39], recommender systems
[32] and single-cell analysis [13] just to name a few.

In this thesis we revisit the application of the dimensionality reduction and visualization algorithm t-SNE
applied to Hyperbolic Space.
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Effective dimensionality reduction reduces the complexity of the data by lowering the number of vari-
ables/features required to represent the data. At first this may seem problematic as we are essentially
throwing away information about the data. However, most often the éessencet of a dataset does not re-
quire all this information (i.e. variables/features) as it can be well described by a smaller set of features.
This notion is at the core of the manifold hypothesis data which states that data that is originally high-
dimensional (i.e. described using a large number of variables) actually lies along a lower-dimensional
manifold embedded in the original high-dimensional space. In other words, the data can in actuality be
described with fewer variables (lower dimensions).

This implies that an amount of information less than what is present in the original data is relevant for
analysis. Thus effective analysis of the original high-dimension data can still be carried out on a simpler
description of the dataset obtained via dimensionality reduction methods.

Furthermore, in the case that dimensionality can be reduced to less than three dimensions, visualization
of the data is possible. The ability to visually explore data allows one to quickly uncover patterns,
relationships, outliers, and other structures from the data using visual intuition [35].

Finally, various kinds of methods exist for dimensionality reduction. These can be broadly classified
into linear methods and non-linear ones. We will provide a brief overview of several such methods in
section 2.1 however the main focus will be on the dimensionality reduction and visualization algorithm
t-SNE [16]. t-SNE is a popular method for dimensionality reduction and visualization due to its ability
to preserve local neighbourhoods especially well [51]. Since t-SNE is a core part of this thesis we will
describe this method specifically in additional detail in section 3.
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Traditional dimensionality reduction and visualization algorithms (with t-SNE being no exception) have
always embedded data into flat/Euclidean space. However, the choice of embedding space (e.g. Eu-
clidean or non-Euclidean) affects the kinds of embeddings that are obtained. In the context of graph
embeddings, it has been found that Hyperbolic space is more effective for embedding data representing
complex networks [14, 25].

Many real-world graphs such as the internet [21] and social networks [38] contain properties of complex
networks (such as strong clustering and hierarchical structure) [28, 41]. The effectivity of Hyperbolic
Space for embedding complex networks can be attributed to a connection between complex networks
and Hyperbolic Geometry. In [14] a framework was developed to model complex networks using Hyper-
bolic Spaces. They show how common properties of complex networks arise by assuming an underly-
ing Hyperbolic Geometry to these networks. In addition, data exhibiting tree-like structure (which also
falls under the category of graph-like data), can not be embedded in Euclidean Space without distortion
[18]. However it has been shown that Hyperbolic Space is able to embed trees well with (arbitrarily)
low distortion [31, 30].

Combined with the findings that many real-world networks exhibit tree-like structures [1, 21, 38, 41],
Hyperbolic Space thus finds applications in embedding tree and complex network-like data. In this
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(b) Hyperbolic embedding (in the Poincar®Disk) of a tree-like
dataset. The center black dot is the root of the tree. In the
(a) Standard t-SNE in Euclidean Space embedding of a tree-like ~ Poincar®Disk the points inhabiting some (approximated and
dataset. Each cluster represents a node in the tree. The center imagined) circle of the same radius (from the origin) represents
point is the root of the tree. Notice how in Euclidean Space this the points that are at a similar depth level in the tree. Increasing

structure is not obvious. It is hard to assess for tree-like radii correspond to increasing depth. The Poincar®Disk thus
structures in Euclidean Space. allows for a clear way to assess for tree-like structures.
Figure 1.1

thesis we focus on methods for visualizing data in embedded into Hyperbolic Space. Since Hyperbolic
Space is effective at capturing hierarchical relationships and for embedding trees (see figure 1.1 for an
example).

Various methods have already been proposed [7, 34, 12, 33] that adapt t-SNE [16] to Hyperbolic Space.
However in some of these works (specifically in [7, 33]) the proposed methods contain a mistake in the
gradient (the Hyperbolic variant of the t-SNE gradient) formulation. Since t-SNE optimizes embeddings
via the method of gradient descent, an incorrect gradient likely results in incorrect embeddings with
respect to the cost function that we aim to minimize.

As part of our contributions, we will explain where the error occurs in the gradient derivation and how
this error likely came to be by investigating the derivation of the original t-SNE gradient. Additionally we
shall correct for this error and explore the behaviour of the standard version of Hyperbolic t-SNE (i.e. a
direct adaptation of t-SNE to Hyperbolic Space as described in [33]) using the corrected gradient.



We then showcase how the standard version of Hyperbolic t-SNE (using both the corrected gradient and
incorrect gradient) produces undesirable results. These results showcase that embeddings produced
using Hyperbolic t-SNE are strongly pushed outward in the Poincar®Disk (the object which Hyperbolic
t-SNE embeds in) resulting in unintelligible visualizations. We shall see that this boundary-pushing
behaviour is a direct consequence of using the t-distribution. To tackle this issue we propose and
justify replacing the t-distribution used in (Hyperbolic) t-SNE with a Gaussian distribution which we
aptly name Hyperbolic SNE (in accordance with the progenitor of t-SNE [16], SNE [9] that uses a
Gaussian distribution).

We will then find that Hyperbolic SNE produces better (more intelligible and interpretable) visualizations.
Additionally, we also provide a qualitative assessment of the methods via the embedding of artificial
tree-like datasets, and a quantitative assessment by comparing the PR-metrics [27] across Hyperbolic
SNE and Hyperbolic t-SNE.

In summary the main contributions are:

A A correction to the Hyperbolic t-SNE gradient (as presented in [33, 7], and an analysis of the
origin of the incorrect derivation.

A An analysis of the results produced using the correct and incorrect Hyperbolic t-SNE gradient
showcasing undesirable results as a consequence of embedding data using Hyperbolic t-SNE.

A An adjustment to Hyperbolic t-SNE by replacing the t-distribution with a Gaussian to combat
boundary-pushing behaviour in the resulting embeddings.

A An investigation into the usage of the Gaussian distribution, what it means for the resulting em-
beddings, and a comparison between results from using the Gaussian and the correct/incorrect
Hyperbolic t-SNE gradient (via a qualitative and quantitative form of quality assessment).
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Dimensionality reduction techniques are ones that simplify a dataset by reducing the number of vari-
ables required to describe the dataset. As alluded to in the introduction, it is a common technique
since high-dimensional datasets are hypothesized to lie on lower dimensional manifolds [48]. These
methods can be broadly divided into two categories: Linear and non-linear methods.
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Linear methods reduce the dimensionality of the dataset by constructing low-dimensional features that
are linear combinations of the original high-dimensional features. Features in this context refers to the
variables that are used to describe the data. For example, data about a person could be described
using variables such as: age, height, and weight. These variables that describe the data are called the
features of the data. From this point onward we shall use the term features to refer to these variables.
Linear methods then projects the original dataset onto the new set of features. This is in fact where the
term dlinearo in its name comes from; data is projected onto a new set of features that are linear com-
binations of the original features. A popular linear method is PCA [10] which constructs these features
by finding a linear combination of the original features that maximizes the variance of the data after
projection. However linear methods are limited in their ability to capture complicated relationships and
structures.

For example, PCA struggles with datasets such as the 0Swiss Rollo dataset. Since the Swiss Roll
dataset is a 2-dimensional manifold in 3-dimensional space (a rolled up 2-dimensional sheet), the vari-
ance in the data is thus not aligned with a flat plane. Rather, the variance curls along with the Swiss
Roll manifold. Thus the two points that are most different are points at the respective ends of the roll.
Effective embeddings of the Swiss Roll should therefore be able to unroll the dataset into a sheet. This
however can not be captured by a linear function of the features in the data (i.e. the three axes in the
image). Therefore PCA struggles with correctly embedding this dataset.

0I0I00 doOooooo Doooooo

Non-linear methods do not construct new features linearly from the original features. Instead these
methods embed data onto a new set of features whose construction is non-linear and depends on
the method in question. This allows the method to capture more complicated relationships (as linear
methods can only capture linear relationships), and be more flexible in their mapping. An alternative
name for these methods is Manifold learning [49] as they aim to project high-dimensional data onto
their lower-dimensional manifolds [47, 48]; effectively dlearningd the underlying manifold from the high-
dimensional data

We will briefly explain two popular modern non-linear techniques: t-SNE [16] and UMAP [23] as well
as an older technique called Multidimensional Scaling (MDS) [15] to give the reader some insight into
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Swiss Roll Dataset

Figure 2.1: Swiss Roll Dataset

the topic of non-linear dimensionality reduction. This brief exposition aims to highlight the core ideas
behind non-linear (or manifold learning) algorithms as they all share a core philosophy despite being
different in their approach.

Firstly, MDS [15] works by first finding the distances between each and every point in the original (high-
dimensional) data. This results in what is called a distance matrix. The distances that this matrix
encodes denote how close or far away points are from each other. It therefore represents the structure
of our data. Points are then embedded (placed) into an embedding (low-dimensional) space such
that the embedded pointsi distance matrix match the high-dimensional one as well as possible. In
other words, the goal is to find an low-dimensional embedding (placement of points) whose distances
between each other match the high-dimensional distances.

t-SNE [16] starts similarly. It first computes a distance matrix of the high-dimensional data. However
after this step the distances are converted into probabilistic values. A relatively high probability cor-
responds to points that are close to each other, and a low probability corresponds to points that are
further away. t-SNE differs from MDS by using probabilities to denote similarities between points in-
stead of distances. How the probabilistic values are computed can determine how much the global
structure is considered. For example, if a distribution of the exponential family is used to model the
probabilistic similarities, then large distances can be mapped to (near) O probabilities. This means
that faraway datapoints do not effect each others embeddings much. This differs from MDS where
distances are used directly so every pointsi embedding is affected by every other point. To construct
the low-dimensional embedding t-SNE then embeds points such that the low-dimensional probabilities
match the high-dimensional ones as best as possible. Further details will be provided in the background
chapter: 3.

Finally, UMAP [23] works in a similar fashion. UMAP also builds an object analogous to a distance
matrix in the high-dimensional space of the data. However the way UMAP measures closeness (or
similarity) differs from t-SNE and MDS. UMAP also differs in how it decides where points in the low-
dimensional space are to be embedded. The theoretical starting point for UMAP lies in a field called
Topological data analysis. UMAP uses fuzzy simplicial sets to build a fuzzy topological structure of the
high-dimensional data which is analogous to the distance or similarity matrices used in MDS and t-SNE.
This structure is then used to determine how points are to be embedded in the low-dimensional space.

In general non-linear dimensionality reduction techniques first construct a representation of the high-
dimensional data in the form of a distance matrix (or something analogous to it). These methods then
attempt to embed data in the low-dimensional space that preserves this representation (for example
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the distance matrix) as best as possible. The above described methods only scratch the surface of

Swiss Roll Embedded with t-SNE, MDS, UMAP, and PCA
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Figure 2.2: t-SNE, MDS, UMAP, PCA embedding of the Swiss Roll dataset. MDS and PCA struggle with dunrollingd the swirl
compared to t-SNE and UMAP. MDS struggles due its use of global distances (similarities). t-SNE and UMAP focus on local
structure more, allowing them to unroll the Swiss Roll better.

available non-linear dimensionality reduction algorithms. We direct the reader to other resources [49]
[19] for a more detailed look describing the advantages and disadvantages of these methods we refer
the reader to a recent survey [51].

Oiol Lobobobulio bobobonooo

As alluded to in the introduction, data exhibiting network-like structure do not embed well into Euclidean
Space. However, a connection between complex networks and Hyperbolic Space exists [14]. This has
motivated research into embedding data in Hyperbolic Space.

For example, h-MDS (hyperbolic MDS) [4] is an adaptation of MDS [15] to Hyperbolic Space, and an
adaptation of SOM (Self-Organizing Maps) to Hyperbolic Space [26] has also been developed. Finally
several papers [7, 12, 34, 33] have proposed a version of t-SNE adjusted to Hyperbolic Space. All
these methods seek to utilize the benefits of Hyperbolic Space for embedding data.

In this thesis the focus lies with t-SNE and its adaptation to Hyperbolic Space and not with other di-
mensionality reduction methods. This is due to the ubiquity in t-SNEfs usage for data analysis [29].
Furthermore, Hyperbolic t-SNE has acceleration structures available that allows for faster experimen-
tation [33]. We therefore build on such previous works.
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Existing methods that adapt t-SNE to the Hyperbolic setting differ from standard t-SNE by changing
the probability distributions used, adjusting the cost function, and changing the optimization procedure
to be compatible with Hyperbolic Space and the Poincar®Disk. We shall highlight four such prominent
methods below:
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Firstly, CO-SNE [7] adapts t-SNE to the Hyperbolic setting by first interpreting high-dimensional data
as being drawn from a Hyperbolic Normal distribution. In the low-dimensional case the probabilities are
computed via the Hyperbolic Cauchy distribution. In addition, an extra term is added to the cost function
that minimizes the difference between the norms of the high-dimensional data and the low-dimensional
embeddings. The motivation behind this is that it encourages the preservation of the global hierarchy
present in the high-dimensional data.

Poincar® maps [12] is another adaptation of t-SNE to the Hyperbolic realm. Here the high dimen-
sional probabilities are computed by first approximating the local connectivity of the assumed manifold
on which the data lies on. This is done by constructing a KNN graph based on the high-dimensional
data and then connecting any disconnect components that may have arisen from the KNN graph con-
struction. Afterwards the global connectivity (high-dimensional probabilities) is found by employing
the Relative Forest Accessibility index on the Laplacian resulting from the KNN graph construction de-
scribed earlier. Low dimensional probabilities are then modeled by Gaussian kernels using Hyperbolic
distances and a symmetric version of the KL-divergence is used as the cost function.

h-SNE [34] extends t-SNE by adding a global distance term to the standard (Euclidean) t-SNE cost
function which follows a Hyperbolic Metric. Their cost function thus consists of two terms. One being
the standard t-SNE cost function, and the second being a Hyperbolic version of the global loss function
as described by [52]. However h-SNE differs in the other methods mentioned in this section in using
an Euclidean term. It is unclear how h-SNEis embeddings relate to Hyperbolic embeddings as they
embed data using traditional t-SNE with an added Hyperbolic term.

Finally, Accelerating hyperbolic t-SNE [33] describes a direct adaptation of t-SNE to the Hyperbolic
setting by using Hyperbolic distances in the low-dimensional probabilities part of the t-SNE cost function.
Additionally, this paper describes an acceleration scheme for Hyperbolic embeddings which will be
briefly discussed in the section below.

In this thesis we focus on the method that is obtained when one directly adapts t-SNE to Hyperbolic
Space. This is the version laid out in [33]. Our contribution of correcting for the gradient is relevant
to [33] and [7] as both use an incorrectly derived gradient. Poincar® maps [12] does not provide an
explicit derivation nor an explicit gradient formula so it is unclear how relevant the gradient correction
is for them.

Our other contributions pertaining to the analysis of the usage of the t-distribution and the use of a
Gaussian over the t-distribution is relevant for all the aforementioned related works. It must be noted
however that Poincar® maps [12] also employs a Gaussian distribution for the low-dimensional sim-
ilarities. However their choice comes unmotivated. In our work we motivate (both empirically and
conceptually) why using a t-distribution is not a good choice for Hyperbolic space and how a Gaussian
distribution follows as a natural choice considering the limitations of the t-distribution. Therefore part of
our contributions is the justification for the use for a Gaussian.

Finally, h-SNE [34] describes a method that differs from the others and we will not consider them
much moving forwards. However our contributions can still be relevant towards understanding their
methodology more.

00! 000UiboboloU tobbunoood

Standard t-SNE has a computational complexity of O(n?). This makes t-SNE computationally unfea-
sible in circumstances where datasets (specifically the number of datapoints) are large. The origi-
nal author of t-SNE proposed an acceleration scheme based on the Barnes-Hut algorithm [22]. The
Barnes-Hut acceleration can be used to speed up computations by approximating the gradient instead
of computing it exactly. This results in an O(n log n) implementation of t-SNE [22].

This scheme however does not translate well to the Hyperbolic setting (specifically the Poincar® Disk
model of Hyperbolic Space) and therefore an alternative method or adaptation must be sought for.
Recent work [33] has been done that improves the computational cost of Hyperbolic t-SNE based on
a Polar Quadtree [36] data structure. The usage of the Polar Quadtree allows the Barnes-Hut method
to be adapted to Hyperbolic embeddings in the Poincar®Disk. This means that the Hyperbolic version
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of the t-SNE gradient can also be approximated analogously to the approximation done by Barnes-Hut
t-SNE [22]. For the details we refer the reader to [33].

In this thesis we shall make use of the Polar Quadtree-based acceleration scheme [33] to speed up
our experiments.
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In this section we will give a detailed look into t-SNE and provide a conceptual overview of Hyperbolic
Space. Finally we discuss how t-SNE can be adapted to produce embeddings in Hyperbolic Space.

Ol 0odag

t-SNE [16] is a popular [29] non-linear dimensionality reduction method that is capable of visualizing
high-dimensional data by mapping data into at most 3-dimensions while aiming to preserve local neigh-
bourhood structure. Local neighbourhood structure is preserved by mapping points in such a way such
that nearby points in high-dimensional space remain nearby in low-dimensional space. Formally t-SNE
takes as input high-dimensional data x; 2 R" and produces a low-dimensional embedding y; 2 R™
with m < n (usually m = 2) of the data.

In brief, t-SNE starts by computing a similarity matrix P (with entries p;;) for the high-dimensional data
Xj. It then attempts to embed data into a low-dimensional space such that the low-dimensional embed-
dings y; produce a (low-dimensional) similarity matrix Q (with entries g;;) that is similar to P. Recall
from section 2.1.2 that the similarity matrices encode the structure of our data. Therefore producing
embeddings with a similarity matrix similar to the high-dimensional case can be intuitively thought of
as obtaining an embedding with similar structure as the original data. This is desirable as it allows
us to visually investigate the structures. Finally, How good an embedding is is measured via the KL-
divergence between the two distributions (the two similarity matrices P and Q). The KL-divergence
allows us to quantify how similar two distributions are.

In the following sections we will go into each of these steps in detail. Additionally, some time will
also be spent to understand t-SNE on a conceptual level. The motivation behind the t-distribution will
be explored as well as how local neighbourhood structure are preserved in t-SNE. Last but not least, a
physical interpretation of the t-SNE gradient will be made which will shed some light on the embedding
procedure itself (i.e. the process of iteratively computing the embedding of the data until convergence).

00000 000 00000 DODOdoooo 4o boodo

We first go through how the similarities P and Q in each respective dimension (the high-dimensional
data x; and the low-dimensional embeddings y;) are computed. We then look at the cost function C
and finally the optimization procedure.

0I00000000000000 00000000000
t-SNE starts by computing the high-dimensional probabilistic similarities P. Each entry p;; in P is
defined as follows:

_ Piji + Piji

o (3.1)

Pij
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Where the conditional probabilities are computed as:

L menC i 02 ) )
Piit = 2 exp( ik xudZ=2 ?) (3-2)

Here pjj; is defined to be 0. Furthermore, a Gaussian distribution is used as the distribution of choice
to model similarities between points as can be seen from the exp( jjxi X;jj=2 ?2)) term.

Conceptually speaking, a Gaussian distribution P; with variance 2 is placed on top of each high-
dimensional data-point x;. Similarities between x; and its neighbours are then computed via this Gaus-
sian, normalized via equation 3.2, and symmetrized via equation 3.1. Symmetrization provides some

benefits for how outliers in the dataset are represented in P. For more details please see [16].

The benefit of using a probabilistic similarity-based approach over a purely distance-based (e.g. dis-
tance matrix such as in MDS [15]) approach is that we can focus less on global structures allowing for
more flexibility in our representation of the data. This aligns with what t-SNE excels at and is designed
for (i.e. maintaining local structure) as datapoints that are nearby will have an appreciable similarity
(probability of being neighbours), while distant datapoints will have (close to) 0 probability. This means
that distant points do not affect the embeddings of each other much. In a purely distance-based ap-
proach, every point affects the positioning of every other points when we attempt to position points such
that the similarity matrices match. This leads to less flexibility in the embeddings as there are more
constraints on what an optimal embedding is (what embeddings make the similarity matrices match).
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Because a Gaussian distribution is used for the high-dimensional similarities, a variance 2 hyperpa-
rameter must be manually decided on.

In t-SNE, the value of 2 is set to match a user-defined perplexity value Perp(P;). One singular vari-
ance 2 is chosen for every Gaussian that sits on top of the high-dimensional data x. (i.e. for every P;
that requires a 2 to be set, we choose one 2 based on the perplexity and set every ? = 2. Note
that the subscript i refers to the induced distribution P; and not singular data-points X;). This induces
a probability distribution P;j whose entries are computed according to equations 3.2 and 3.1. We then
compute 25D which is equal to a user-defined perplexity value Perp(P;) = 27", Where H(P;) is
the Shannon Entropy measured in bits:

X
H(P;) = Pjji 1092 Pjji (3-3)
i

The value of Z can be searched for by employing a binary search method (see [16]) that matches the
Perplexity Perp(P;).

Since the high-dimensional probabilities P do not change during the embedding process, the above
computations only need to happen once.
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In the (low-dimensional) embedding, corresponding probabilistic similarities are computed as follows:
A+iiyi yii®)

kei L FHIilyi yuii?) *

gij = P (3.4)

The similarities over the embeddings use a t-distribution (note the (1 +jjyi y;jj?) ! term) instead of
a Gaussian distribution as employed in the high-dimensional similarities. The reasoning behind this
design choice, as well as its consequences will be discussed in section 3.1.3.
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Finally, the KL-divergence is used to measure how good the embeddings are:

- XX Pij
C =KL(PjjQ) = pij log — (3.5)
i 0ij
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The cost function is minimal when pj; ;5. Therefore the KL-divergence measures how different two
distributions are. If the two distributions are the same we obtain a cost of 0.

For t-SNE this means that the optimal embedding requires points in low-dimensional space y; to be
positioned in a way such that the low-dimensional similarities Q (which are computed over the low-
dimensional embeddings y;) match the high-dimensional similarities P as best as possible. This is the
measure of goodness that t-SNE employs.

00IOoobooo

To get to a good solution (i.e. a good embedding of the dataset) the positions of the embedding points
yi are adjusted in a way that minimizes the cost function. This procedure responsible for these adjust-
ments is the method of gradient descent [45]. Gradient descent is an optimization method that can find
local optima (minima) of functions by starting with a random solution (in this case yt for t = 0) and iter-

atively updating that solution using the gradient of the function with respect to that solution: % This

procedure minimizes functions because the gradient of a function is the direction in which the function
increases the most. Moving in the opposite direction (descending along the gradient), thus allows us
to step into the direction of most decrease allowing us to eventually converge to a (local) minima.

The computation of the gradient descent steps uses the expression below (where is the learning
rate):

c

+1

Yi yi yE (3.6)
The new embeddings yt+l are the embeddings of the previous iteration y! moved slightly in some di-
rection determined by the gradient of the cost function —%. This update step is then executed iteratively

until some convergence criteria or a maximum number Of iterations steps is reached.

Finally, in standard t-SNE practice, the optimization procedure scales a part of the gradient (the positive
forces in the gradient, see the next section for what this means) by some constant for some initial
predetermined amount of iterations. This is to encourage early cluster forming as it encourages similar
points to attract during the initial optimization stage. This process is called early exaggeration (see the
original t-SNE paper [16]).
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t-SNE is optimized via gradient descent using the gradient of the cost function described above. This
gradient takes the form (for a derivation please see the t-SNE appendix [16]:

C < i 2y 1
y_=4 (i G +iiyi yiliY) i i) 3.7)
1 -
J

To get a better sense of the behaviour of the gradient, i.e. how the embedding procedure proceeds
since the embedding happens via gradient descent; a physical analogy can be made.

Physically, the gradient (equation 3.7) can be interpreted as the forces resulting from a set of springs
acting between each pair of points y; and yj. This is because this equation takes on a similar form as
an equation describing a mechanical system consisting of a spring. In our gradient, we can interpret it
as there existing a spring between every two points X;; Xj where i & j). These springs exert a force
along the direction (y; yj), i.e. between each other. If (pjj ¢ij) = 0 meaning p;j > q;j, then this
means that the low-dimensional embeddings y; and y; are to close the distance to each other (since
pij  ¥ij constitutes an optimal embedding). In other words, y;; y; are pulled towards each other. This
denotes a an attractive force or a negative spring force. Conversely, if pij < gj, the embeddings are
to take a larger distance from each other.

Therefore (pij  ¢;j) determines whether the points y; and y; are to experience a repulsive (negative)
or a attractive (positive) force due to the spring that can be imagined to be between them. Finally
(1 +jjyi yjii®) ! modulates the strength of the force.

We can make the above analogy even more explicit by rewriting the gradient into an expression where
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the repulsive and attractive forces are separated into their own distinct terms:
(@) 1
C X > 5
gV 4@ pigiZ(yi Vi) Wz YA (3.8)
' i i

P . . P ) P
Where Z = i A+ijjyi viii®) 4 j Pijdij Z(yi Yj)representthe attractive forces, and injZ(yi
yj) the repulsive forces.

At each gradient descent iteration, these spring forces are computed (i.e. the gradient is computed),
and the embedded points are updated according to this gradient (the spring forces). Thus the gradient
descent procedure iteratively displaces the embeddings until an embedding with a minimum energy
(measured by the KL divergence) is reached. This is directly analogous to a physical system of springs
moving towards a stable configuration from some starting/initial configuration.
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t-SNE by design focuses on capturing the local neighbourhoods of points. How t-SNE achieves this is
by allowing neighbouring points to influence each other much more strongly than distant points.

In t-SNE points that are distant from each other have a probabilistic similarity that is negligible (i.e.
a very small p;j) since the p;; depends on the distance between X;; Xj. Employing a Gaussian distribu-
tion (which has exponentially decaying tails) means that relatively far away points have a probabilistic
similarity that is very small or effectively 0. These points do not affect the cost function 3.5 since terms
with very small pj; are effectively 0 thus contributing little to the sum. Local relationships are therefore
emphasized as they contribute a larger amount to the cost function, while global relationships (i.e. re-
lationships between distant points) matter less.

We can deduce from the gradient formula in equation 3.7 what this means for the embeddings them-
selves. Points that are distant from each other have a high-dimensional similarity that is small and thus
negligible (i.e. pjj  0). The low-dimensional position of the embeddings therefore do not matter much
aslongaspi; @ij 0. This means that their corresponding embeddings y; and y; can be positioned
anywhere where distances are large as this results in a similarity of gij; 0.

On the other hand, for any relatively large p such that p;; ¢;j p (which happens for neighbouring
points) the positions of the low-dimensional embeddings are optimally placed in a certain region that
results in these probabilities. So the relationship (distance) in the embedding between y; and y; matter
much more in this scenario. pi; ¢i;j p therefore ensuring that local neighbourhood relationships
are preserved.

In summary, t-SNE puts most optimization pressure on keeping (high-dimensional) neighbourhoods
together in the low-dimensional embedding. Distant data-points can be positioned across a much
larger range of positions as compared to similar data-points (neighbours).

Oiiiol 00odoion 0oooootd

A defining characteristic of t-SNE is the usage of a t-distribution to model the low-dimensional simi-
larities. This specific feature aims to tackle something called the 0Crowding problemd present in the
progenitor of t-SNE, SNE [9]. SNE, which used a Gaussian to model low-dimensional embedding
points, struggled with the problem where embedded points tended to crowd together strongly which
lead to cluttered visualizations. t-SNE addresses this issue by using a distribution with larger tails for
the low-dimensional similarities resulting in the use of a t-distribution. The Gaussian distribution has
exponentially decaying tails whereas the t-distribution decays at a slower rate. Since distances are
converted to probabilities, the use of a distribution with larger tails means that larger distances in the
embedding still correspond to appreciable probabilities. Using a Gaussian may result in probabilities
of close to O (if not 0) for large distances. So by using the t-distribution larger distances in the low-
dimensional embedding are required before p;;j gij (Before the two distributions match up which
corresponds to a lower cost function value). As a result, embeddings become more spread out thus
alleviating the crowding problem. For more detail please see the t-SNE paper [16].
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JLIXUH $ FRPSDULVRQ EHWZHHQ W 61( OHIW DQG 61( ULJKW HPEHGGLQJV RIDVXEVDPSOF
WKH61(HPEHGGLQJY DSSHDU PRUH FURZGHG WRJHWKHU UHVXOWLQJLQ D PHVYV

,JTIVFSPMG 7TTEG|

7KHJRDO RI WKLV WKHVLV LV WR XVH +\SHUEROLF 6SDFHIRUHPEHGGLQJ
KDYHDQ XQGHUVWDQGLQJRI ZKDW +\SHUEROLF 6SDFH LV KRZ LW FDQ EH
,Q WKLV VHFWLRQ ZH VKDOO SURYLGH D EULHIDQG PRVWO\FRQFHSWXDO

L] ,]JTIVESPMG 7TEGI#
L QWKHLQWURGXFWLRQZHKDYHKLQWHGDWWKHEHQHILWYV RIHPEHGGLQ.
ZH ZLOO H[SODLQ WKHVH IXUWKHU

J)LUVWO\ UHFDOO IURP WKH LQWURGXFWLRQ WKDW PDQ\NLQGV RI GDWD 2
WDLQ FRPSOH[ QHWZRUN OLNH RUGVWHKH DXWHKRUWUKXKFWBRBENVK® S D FRQQ
FRPSOH[ QHWZRUNV DQG +\SHUEROLF JHRPHWU\ 7KLV FRQQHFWLRQ KLQ
JHQHUDWHG LQ +\SHUEROL®MVBDMR WHI B AWKBILOV H[KLELW FRPSOH[ QHW:
VXFK DV SRZHU ODZ GHJUHH GLVWULEXWLRQV DQG VWURQJ FOXVWHULQJ
WKDW WKH FRQYHUVH KROGYV L H WKDW VXFK QHWZRUNV KDYH DQ XQGHL
LV QDWXUDO WR PRGHO VXFK QHWZRUNV DV JUDSKV LQ +\SHUEROLF 6SDFH
D QDWXUDO VHWWLQJIRUWKHHPEHGGLQJRIVXFK GDWD

7KH H[DFW GHWDLOV RI WKHLU DUJXPHQW DUH EH\RQG WKLV WKHVLV KRZ
WKLV E\H[DPLQLQJWZR LGHDV LQ +\SHUEROLF VSDFH 1DPHO\ KRZ VSDF}
GLVWDQFHV EHWZHHQ SRLQWV LQ +\SHUEROLF VSDFH DQG WKXV DOVR W
SHUEROLF VSDFH KDV WKH SURSHUW\ WKDW WKH DPRXQW RIVSDFH JURZV
WKHRULJLQ 2QH ZD\WR VKRZ WKLV LVE\FRPSXWLQJWKHDUHD RUYROXF
+\SHUEROLF DQG (XFOLGHDQ VSDFH 2QH FDQ VKRZ WKDW WKH DUHD RI D
H[SRQHQWLDOO\ ZLWK LWV UDGLXV ZKLOH WKH DUHD RIDQ GLPHQVLRQ
LFDOO\ LQ JHQHUDO IRUQ GLPHQVLRQV (XFOLGHDQ YROXPH JURZV SRO\
LV UHODWHG WR WKH GLVWRUWLRQ LQ PRUH WHFKQLFDO WHUPV WKH PF
H[SODLQHG IXUWKHU LTKYMBWRBGUW\ LV XVHIXO ZKHQ ZH ZLVK WR HPEH
H[SRQHQWLDOO\LQ VL]HVXFKDVWUHHVDQG QHWZRUNV (XFOLGHDQ 6SD
IRUWKH H[SRQHQWLDO JURZWIKIRI VXFK REMHFWV >

$ UHODWHG SKHQRPHQD LV WK BV KE W Z H B QWHEH. SBURIQWAWHK H 3SRLQFD U p

'LV DSSURDFKHV WKH VXP Ril' g;H Gd"\WWD)© &HwO0) RI HDFK SRLQW DQG WK
RULJLQHH ILJXURU PRUH GHW@LO VIMHWHPLPLFV KRZ GLVWDQFHV EHWZHHQ
DUHGHWHUPLQHG DV WKH SDLUZLVH GLVWDQFH EHWZHHQ DQ\WZR QRGH\
SDUHQW VKDUHG E\ HDFK Rl WKH QRGHV LQYROYHG $ FRQVHTXHQFH RI W
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JLIXUH 2Q WKH OHIW ZH VHH SRLQWYV RQ WKH 3RLQFDUp 'LVN O\LQJ RQ JHRGHVLFV VWUDLJ
SRVLWLRQHG WR UHIOHFW D WUHH OLNH VWUXFWXUH 2Q WKH ULJKW WKHUDWLRYV RI GLVWI

DUH SORWWHG 7KH (XFOLG@?@@%WDWWU_WWKH (XFOLGHDQ GLVWDQFH EHWZHHQ W

DQG WKH +\SHUEROLF 0 ZEWARXEW LV WKH +\SHUEROLF GLVWDQFH EHWZHHQ WZR

+\SHUEROLF GLVWDQFHlLD)MW_IRFD$F$IUCRWVXR}QV\QKI\HK(HLD/ENRYH H[DPSOH DSSURDFK WKH ERUGH!
7KHIDFW WKDW WKH UDPW DRSS U RGFK B)W* dy (y;0) ZKLFK UHIOHFWYV KRZ GLVWDQFHYVY EHKDYH
JRUPRUH GHWDLOV SOHDVH®VHH WKH VRXUFH >

O\LQJRQDQ LPDJLQDU\ FLUFOWRIUWMEH VDODHPAWBRBLRIWY HI[ILVWLQJ RQ D V
WUHH OLNH VWUXFWXUH

‘H WKXV VHH KRZ +\SHUEROLF 6SDFH DQG WKH 3RLQFDUp 'LVN LV XVHIXO
OLNH GDWD

, LEX MW |JTIVFSPMG 7TTEG I #
+\SHUEROLF 6SDFH UHIHUV WR D JHRPHWULFDO VSDFH ZKHUH HYHU\ SRL
VHFWLRQDO FXUYDWXUH )RURXU SXUSRVHV ZH ZLOO EH GHDOLQJ ZLWK V
GLPHQVLRQV WKH FRQFHSW RI VHFWLRQDO FXUYDWXUH LY FDOOHG *D X\
WR +\SHUEROLF 6SDFH ZLOO WKXV LPSOLFLWO\ UHIHU WR WKH +\SHUEROI
GLPHQVLRQDO VXUIDFHZKHUH HDFK SRLQW KDV FRQVWDQW QHJDWLYH *

+EYWWMER 'YVZEXYVI

*DXVVLDQ FXUYXDWKDHRQFHSW WKDW GHVFULEHY KRZ D VXUIDFH FXUYH
KRZD VXUIDFHFXUYHV LQ WZR SHUSHQGLFXODU GLUHFWLRQV ,I ZHLPDJ
VRPH VXUIDFH WKHQ ZHFDQ GHFLGH WR ZDONLQWR WZR SHUSHQGLFXOD
QRUWK HDVW ‘HFDQ WKHQ PHDVXUH WKH FXUYDWXUH RIHDFK RI WKHVF
RI SHUSHQGLFXODU GLUHFWLRQV WKHUHLV D SDLUZKHUH RQH GLUHFWL
PRVW "XS" RXW RIDQ\GLUHFWLRQ RIWHQ GHQRWHG E\' D SRVLWLYH VLJIQ
FXUYHV WKH PRVW "GRZQ™" RXW RIDQ\ GLUHFWLRQ RIWHQ GHQRWHG E\ D
FXUYDWXYHAKH *DXVVLDQ FXUYDWXUH LV WKHXWKHSURGXFW RI WKHVH V

, ERWK GLUHFWLRQV FXUYH LQ WKH VDPH GLUHFWLRQ H K LBRDMX FXUYH
ZD\V SRVLWLYHDQG ZH KDYH D SRXLY/WLWHKBORAXKNUIG S\ROQOBWXUYDWXUH DC
D IODW”  SRLQW OLNHKRZ IODW VSDFK KDW®R @ ROQYDRV XNWKH; F)X QDD X UH
PXVW GLIIHU IURP WKH RWKHU VLQFH WKH\PXVW KDYH GLITHUHQW VLJQV
JHAW> 0 6 XFK SRLQWV DUH FDOOHG VDG GIRYUSRLIHWW VEEOHI®UNH DSSHD

‘HDUH QRZUHDG\WR XQSDFN WKH GHILQLWLRQ RI +\SHUEROLF 6SDFH DEF
ULFDO VSDFH ZKHUH HDFK SRLQW LV D VDGGOH;;SREQWWE IWIKH S QL QIFLCS DR
K WREHQHJDWLYH

JXUWKHUPRUH XVLQJWKHDERYH GHILQLWLRQV IRUFXUYDWXUH ZHFDQ
RU VXUIDFHV (XFOLGHDQ FRXVWODQWIKHBLFDOWY FRRYMWDQW SRVLWLY
K>0 DQG +\SHUEROLF FRQVWDW QHU®SDHH H FXUYDWXUH
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JLIXUH $ VDGGOH SRLQW 1RWHKRZ ZHKDYHWZR RSSRVLQJW\SHV RI FXUYDWXUH ZKLFK LV
VRXUFH 1LFRJXDUR && %< KWWSV FUHDWLYHFRPPRQV RUJ OLFHQVHV E\ Ly

$VD FRQVHTXHQFH RI WKH FXUYDWXUH JHRPHWU\LQ HDFKRIWKHVH VSDI
LQ(XFOLGHDQ VSDFH WKH VXP RIDQIJDBAVZRLD WUQBQEKOH LNCH)D/BWOEM LW L
WKDBQ DQG LQ +\SHUEROLF VSOBH LW LV OHVV WKDQ

JLIXUH &RPSDULVRQ RI WKH WKUHH JHRREWUWHW U AXR Y B WXU KFRIOWHHIRIRRWWMR VWDQGDUG
IODW (XFOLGHDQ JHKRPO WHINHUYMWR S \SHUEROLF JHRPHWU\ VRXUFH &PJOHH 2ZQ ZRUN
KWWSV FRPPRQV ZLNLPHGLD RUJ Z LQGH[ SKS"FXULG

1SHIPMRK ,JTIVFSPMG +I1SQIXV]
7R EHDEOH WR PDNH XVH Rl +\SHUEROLF *HRPHWU\ IRU SUDFWLFDO SXUS
PRGHORI+\SHUEROLF*HRPHWU\ILUVW ,QWKHFDVHRI(XFOLGHDQJHRPH
RU (XFOLGHDQ VSDFH IRU GLPHQVLRQV JUHDWHU WKDQ ‘HPXVWDQDO
+\SHUEROLF *HRPHWU\

%\GHILQLWLRQHYHU\SRLOQWLQ +\SHUEROLF6SDFHLVDVDGGOHSRLQW
IXOO\HPEHG D +\SHUEROLF 30DQH ' LQWMLNHXZHOADEHDIOWMSDBRWYLWLYH
VXUIDFH VXFKDVDG6SKHUH 6LQFHZHFDQ RQO\YLVXDOL]JHWKLQJV XS W
LIDEOH PRGHORI+\SHUEROLF6SDFHZLOO FRQWDLQ VRPHIRUP RIGLVWR!
LVGLIILFXOWWRFRQFHSWXDOL]JHIXOO\VLQFHZHFDQ QRW JR EH\RQG G

1RQHWKHOHVYVY VHYHUDO PRGHOV RI+\SHUEROLF*HRPHWU\KDYHEHHQ LC
RQRQHVXFKPRGHO QDPHO\ WKH 3RLQFDUp 'LVN PRGHO GLVFXVVHGLQW
RI +\SHUEROLF *HRPHWU\DOVR H[LVW DQG PD\DOVR EH XVHG LQ WKH FRQ
PXFK SULRU ZRUN KDV EHHQ LQ WKH 3RLQFDUp 'LVN PRGHO@REZKLIFHKUEROL
PRWLYDWHY RXU VROH IRFXV RQ WKH 3RLQFDUp 'LVN

4SMRGEV- (MWO 1SHIP
7KH 3RLQFDUp 'LVNLVDPRGHORI GLPHVLRQDO +\SHUEROLF 6SDFH HPEF
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 WFDQEHFRQVWUXFWHG YLDWKHSURMHFWLRQRIDQRWKHUPRGHO RI +\S
PRGHO RQWR D GLVNRIUDGLX VAVWKHRXMHNMOGOVNRW JRLQWR ZK\ WKH +\SH
PRGHOLVD FRUUHFWPRGHO IRU +\SHUEROLF 6SD®H )RUPRUH GHWDLOYV

7KLV FRQVWUXFWLRQ DOORZV XV WR IXOO\ GHVFULEH +\SHUEROLF 6SDF
GLVN H[FOXGLQJ WKH ERUGHU ODWKHPDWLFDOO\ VSHDNIDQsJ WKH FRRL
fysy2) jy2+y2<1g 7KH 3RLQFDMpVLWKXV D PRGHO RI GLPHQVLRQDO +\SHUE
HPEHGGHG LQ GLPHQVLRQDR? (¥ROWKHLN@BSBFHW PRGHOV DOO RI LQIL
6SDFH LQ WKH XQLW GLVN D ILQLWH PRGHO $V D UHVXOW VRPH GLVWR
DV WKH ERUGHU RI WKH GLVN LV DSSURDFKHG VHHPLQJO\VPDOO UHJLRQ!
DFWXDO +\SHUEROLF 66BDFH VHH ILJ

7KLV PHDQV WKDW WKHUH LV D PLVPDWFK EHWZHHQ WKH DPRXQW RI VSD
6SDFH WKURXJK RXU (XFOLGHDQ PRGHO WKH 3RLQFDUp'LVN ZKLFK LV I
6SDFH DQG WKH DFWXDO DPRXQW RI VSDFH WKHUH LV WKH DFWXDO XQG
WKDW WKH PRGHO GHVFULEHV 7KLV LV H[DFWO\ WKH GLVWRUWLRQ LQV
GHVFULEH WKLY GLVWRUWLRQ PDWKHPDWLFDOO\ XVLQJ WKH FRQFHSW F
WLRQ

$QRWKHU GLITHUHQFH ZLWK UHVSHFW WR (XFOLGHDQ 6SDFH LY WKDW GXH
OLQHV VKRUWHVW SDWKV LQ (XFOLGHDQ VSDFH GR QRW DSSHDU VWUDL
7KH JHQHUDOL]DWLRQ RI D VW UBR GKW LBFXQUHDMK RRZPDWHIEY DQ H[DPSOH RI I
JHRGHVLF

D&RQVWUXFWLRQ RI WKH 3RLQFDUp 'LVNDV D SURMHFWLRQ RI WKH
+\SHUERORLG PRGHO DERYH JUHHQ RQWR WKH 8QLW 'LVN EHORZ
JUD\ 7KH +\SHUERORLG ORGHO HIWHQGYV LRILO@LWH @\ HD BKBEZROIGR/6 SBAH XVLQJ WKH 3RLQFDUp 'LVN
UHG FXUYHUHSUHVHQWY DJHRGHVLF R Q( WHUH\ 3RLLEH DV pW'KN N DPHHVL]H HYHQ WKRXJK WKH WLOLQJV
EURZQ FXUYHLVDJHRGHVLF RQ WKH +\SEHRERORYL G SBRBBO L QMRMXHIFHLQJO\ VPDOOHU $Q H[DPSOH RI\
%\ 6HOIVWXGLHU 2ZQ ZRUN &&W SOD\ VRXUFH 7RP5XHQDQGS5RLFH1IHOVRQ 3XEOLF GR
KWWSV FRPPRQV ZLNLPHGLD RUJ Z LQGH[ SKS"FXULIGNLPHGLD &RPPRQV

YLIXUH

3ZIVZMI[SJ XLI QSHIP

7KH WHFKQLFDO GHVFULSWLRQ RI WKH 3RLQFDUp 'LVNLV WKDW LW LV D 5L
PDQQLDQODQLIROGVJHQHUDOL]JHVWKHLGHDRIFRQWLQXRXVDQGVPRRW
ODQLIROG HTXLSSHG ZLWK D 5LHPDQQLDQ OHWULF 7HQVRU

$ VPRRWK PDQLIROG LV WKH IRUPDO PDWKHPDWLFDO GHILQLWLRQ RID VP
WKH VHW RI SRLQWY WKDW PDNHV XS WKH VSDFH VWUXFWXUH ,Q RXUFDV
WLRQV ZH ZLOO RQO\LQWURGXFH FRQFHSWV QHFHVVDU\ IRU XQGHUVWD QG
PHWULF WHQVRU ZLOO EH H[SODLQHG LQ VRPH GHWDLO :H UHIHU WKH UHI
JHRPHWU\ IRUD PRUH L@ GHSWK ORRN >
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7KH PHWULF WHQVRU UHIHUV WR DQ REMHFW WKDW WHOOV \RX KRZ WR P}
VHTXHQFH RWKHU JHRPHWULFDO QRWLRQV RQ WKLV PDQLIROG ,Q RWK
ZRUN ZLWK WKH 3RLQFDBDPVLOYF RRGHK®» YHMDQ HPEHGGLQJ Rl +\SHUEROLF |
FOLGHDQ 6SDFH 7KLV PHDQV WKDW DQ\ GLVWDQFHV ZH PHDVXUH WKURX.
DPRXQWV DQG ZH PXVW LQFRUSRUDWH KRZ PXFK GLVWRUWLRQ LV LQYRO'
WUXHDPRXQWV RIGLVWDQFH FRUUHVSRQGLQJDV SHU +\SHUEROLF 6SDFF
XQGHUOLHV RXUPRGHO

7R PDNH WKLV GLVWRUWLRQ TXDQWLILDEOH ZH XVH WKH PHWULF WHQVRU
RI VSDFH WKDW ZH REVHUYH DV DQ RXWVLGHU ORRNLQJ DW WKH GLVN W
L@ WR WKH DFWXDO PDJQLWXGHV RI WKHVH GLVWDQFHV XQLWV LQ +\SH!
XQGHUO\LQJ WKH PRGHO ZKLFK WKH PRGHO GHBEAFKUR EFHD/N HMVRD W LEDR-RA HR | 1V
3RLQFDUp'LVN (YHU\WLOHLVWKHVDPHVL]H +RZHYHURXUPRGHO GLVW
DSSHDU VPDOOHULQVL]H ,IZHZHUHWRFDOFXODWH WKHDUHDV RIGLIIHL
(XFOLGHDQ QRWLRQV RI VSDFH DV UHIHUHQFH WKHVH WLOHV ZRXOG FRI
FDQ XVH WKH PHWULF WHQVRU WR FRUUHFW IRU WKLV GLVWRUWLRQ ,W D
GXULQJVXFK FDOFXODWLRQV VXFK WKDW LQ RXUHQG UHVXOW DOO WKH
‘H ZLOO VHH DQ H[DPSOH RI WKLV O DA X RQ WQOD\HRAWKHRD ZD\ GLVWDQFH\
WKDW ZH PHDVXUH REVHUYH WKURXJK WKH PRGHO FDQ EH UHVFDOHG X\
PDJQLWXGHV LQ +\SHUEROLF 6SDFH

7TR VXPPDUL]JH RXUPRGHO RI +\SHUEROLF *HRPHWU\ WKH 3RLQFDUp 'LVN
SRLQWYV LQ WHFKQLFDO WHUPV D VPRRWK PDQLIROG HTXLSSHG ZLWK D
FDOFXODWLQJWKHDFWXDO OHQJWKV RI'WKLQJV ,Q RWKHU ZRUGV LW LV

1IXVMG 8IRWSYV
‘HKDYHDOUHDG\ HVWDEOLVKHG WKDW WKH OHWULF 7THQVRU DOORZV XV \
PHDVXULQJ VWLFN WKHGLVWRUWLRQ RIVSDFH ,Q WKLV VHFWLRQ ZH ZLC(

7R VWDUW ZH FDQ JDLQ VRPH LQWXLWLRQ DERXW WKH PHWULF WHQVRU E\
XQGHUVWRRG 5LHPDQQLDQ ODQLIROG QDPHO\WKH (XFOLGHDQ SODQH :I
XVHG WR ILQG GROVWDWRH® 1BQHUDOL]H WKLV UHVXOW WR WKH 3RLQFDUp

1IXVMG 8IRR'SV MR

,Q (XFOLGHDRY 65 E\ HfTWHQVLRQ WKH (XFOLGHDQ SODQH WKH OHWULF 7
LGHQWLW\PDMRWIHYHU\ SRLOQW LQ WKH VSDFH 2QHZD\WRLQWHUSUHW WK
KDSSHQLQJ 7TRFDOFXODWHJIJHRPHWULFDO FRQFHSWV VXFKDV OHQJWKYV I
JHQHUDOO\WKHLQQHU SURGXFW LV XVHG

$ SRLQW LQ (XFORGFHDQ KIS DFISUHVHQWHRERD VZEN BRWRURGXFW LV WKHQ G
DV
bvivi = v gg¢ v=v | v=v v=jyvj?

KLFK FDQ EH XQGHUVWRRG DV D JHQHUDOL]DWLRQ RI WKH 3\WKDJRUHDQ

7TKHVTXDUHG PDIJQLWXXH RKYNEKWRG LQWKHFRPSXWDWLRQRIGLVWDQFH
FRQFHSWYV LV REWDLQHG DV D UHVXOW RI WKLV @SHUCRHRQRW BOQYBO\

OHQJIJWKVLQDQ\ZD\ 6LQFH WKHéL%HQWI—ILGNZH[FWBSP(W WKHGRW SURGXFW

ZHVLPSQ\VHW) WKH (XFOLGHDQ 30DQH ZH GR QRW H[SHFW DQ\ OHQJWKV W
ZH ZRXOG KDY VPPHRQJ WKH GLDJRQDO LQVWHDG WKHQ WKH DERYH GRW
HYDOXDWWHG® DAMKLY PHDQV WKDW WKH UHVXOW DQG WKHUHIRUH OHQJWKYV

J)LQDOO\ GLVWDQFHV EHW2HRAI ¢ WZ R/ KHRVERILLRRPSXWHG E\ FDOFXODWLQJ
RI'WKHLU GLITHUHQFH ,Q RWKHU ZRWGW XM Q@UWKMKBHERY HOEMIXGQHWILR Q
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1IXVMG 8IR®/SV MR
YRU WKH 3RLQMEDIH KIDMNH WKH IROORZLQJOHWULF 7THQVRU )Y®U D GHULYDW
" #
S — 0 4
= @i yi?)? = T
o Ty @ yid?

'KHWH D

IRWHWIGHBHQGYV RQ W RPHIBRLQWWKDW IR UYGR Q MKHHQGL. SR LDWVK/DYH D G LIIH
YDOXH IRUWKH PHWULF :H FDQ VHH WKDW DV ZH DSSjyRDFK WKKHER UG H L
GLDJRQDOHQWULHVEHFRPHODUJHUDQG ODUJHU VFDOLQJWKLQJVPRUH
$V ZH DSSURDFK WKH ERUGHU RI WKH 3RLQFDUp 'LVN VSDFH EHFRPHV L
7KH GLVWDQFHEHWZHHQ VPDOO GLITHUHQFHV LQ FRRUGLQDWH SRLQWV Q
DPRXQW RI +\SHUEROLF GLVW Dy FHK XK BILPYHHW XIVPWKHHOPHRDIQ V WR FRQY HU W |
RQWKHGLVNWRWKHLUDFWXDO +\SHUEROLF GLVWDQFHV :HZLOOLOOXV!
WKH +\SHUEROLF GLVWDQFH EHWZHHQ WZR SRLQWV RQ WKH 3RLQFDUp 'L\

JJTIVFSPMG HMWXERGI

7R ILQG D IRUPXOD IRUWKH GLVWDQFH EHWZHHQ WZR SRLQWYV RQ WKH 3
JHRGHVLF EHWZHHQ WKHVH WZR SRLQWYV 7KH JHRGHVLF FDQ FRQFHSWX
SDWK EHWZHHQ WZR SRLQWV ‘H WKHQ FRPSXWH LWV DUFOHQJWK WR RE
FRPSXWHG E\ VXPPLQJ XS LQWHJUDWLQJ RYHU WKH PDJQLWXGHV RI WK
HYHU\ LQILQLWHVVLPDO VHJPHQW RIWKH FXUYH

BERKIRX ZIGXSV

$OQO\FRQWLQXRXVFXUYHRQVRPHVSDFHKDVDWDQJHQW YHFWRUDW HYHU
YHFWRU RIDFXUYH DW VRPH SRLQW RQ WKH 3RLQFDUp 'LVN FDQ EH WK
PXVWWUDYHO LIZHZHUHWRPRYHDQLQILQLWHVLPDO VWHS LQ WKH GLUH
HIDPSOH LIZHZHUHWRIROORZVRPHFXUYHGHILQHGLQWKH3RLQFDUp 'L
LQYHU\VPDOO LQILQLWHVLPDO VWHSV (DFKVWHSPXVWEHGRQH ZLWK
GLUHFWLRQDQGPDJQLWXGHLV GHILQHG E\WKHWDQJHQW YHFWRUV DW H
WUDFHV RXW WKH FXUYH )RUD PRUH IRUPDO WaJ HTKW FPHDQ W RG WK ILW SVOAKHDDA
FDQEUHDNGRZQDQ\FXUYHLQWRDVXPRIVWHSVZKHUHHDFKVWHS KDV D
VRPH WDQJHQWXWH¥V¥FWHRWPRUH ZH QRWH WKDW WKH WDQJHQW YHFWRUV D
LQ RXUFDVH WKH 3RLQFDUp 'LVN )RUH[DPSOH WKHDPRXQW RI GLVWDC
GLUHFWLRQ RI WKH WDQJHQW YHFWRU DW VRPH SRLQW RQ WKH GLVN LV L
GLVWDQFH 6R QHDU WKH ERUGHU RI WKH GLVN D ODUJH WDQJHQW YHFW
DVPDOODPRXQW RIGLVWDQFH RQ WKH 3RLQFDUp 'LVN ZKLFK LV RXU PRC

L R?

)YGPMHIER HMWXERGI GSQTYXEXMSR YWMRK KISHIWMGW
,Q (XFOLGHDQ 6SDFH WKH JHRGHVLF LV VLPSO\D VWUDLJKW OLQH 7KXV W
WKLY OLQH WKH\DOO SRLQW LQ WKH VDPH GLUHFWLRQ ZLWK WKH VDPH |
PHWULF LV WKH L& HQWRW \HFPMIWUBRLQW WKXV QR DGMXVWPHQWY DUH UH
WKLQJVDQG DOORZV XV WR REWDLQ W KH H [SWHYNQRW K & IHTX DXMFICR@GHD Q
LV WKHUHIRUH H[DFWO\WKH PDJQLWXGH RI WK GKLFHKFRG IE R FWR BB S\K M G\
YLD WKHLQQHU SURGXFW RU WKH 3\WKDJRUHDQ WKHRUHP

2QH FRXOG DUULYH DW WKH VDPH H[B\WXPAPHALIRY RY HUMDRH RRIQLWXGHV R
JHQW YHFWRUV RI WKH SDUDPHWHUL]JHG VWV DIRIKWQ IS QW W B Y WLADHIQWWZH

7KH 3RLQFDUp 'LVN LV VSHFLILH}(B:X%}QEBQGNWW@LQBW@H%OVR UHFDOO WKDW WKH FRRUGL

WKH 3RLQFDUp 'LV YL ¥ )Wy H YaHWg

7R EH PRUH SUHFLVH RXU WDQJHQW YHFWRUV OLYHLQ VRPHWK (¥ 8 BDSRHBMRG VDLGI H Q
PDQQLDQ ODQLIROG KDV DWDQJHQW VSDFH 9HFWRUV LQ WKHWDQJHQW VSDFHEHKDYH MXV
MXVW OLNH LQ (XFOLGHDQ VSDFH WKHVH WDQJHQW YHFWRUV FDQ EH ZULWWHQ LQ WHUPV
WDQJHQW VSDFH UHVHPEOHV (XFOLGHDQ VSDFH ZH FDQ XVH WKH VDPRIUPRUIN GHWGKBOW DV
SOHDVH VHH PRUH IRUPDO WUHDWPHQV® RI WKHVH VXEMHFW VXFK DV >



JJTIVESPMG 2IMKLFSYVIQFIHHMRKW

WKLV VXP EHFRPHVDQ LQWHJUDO 7KHUHVXOW ZRXOG EH WKH VDPH :H |
VWHSSLQJLQ IL[HG LQFUHPHQWY LQILQLWHVVLPDWO VWHDEFK DOQIRQL WKW .
VLPDO VWHS FRUUHVSRQGV WR DQDPRXQWRIGLVWDQFHFRYHUHG HTXDO
DW WKDW SRLQW 6XPPLQJDOO WKHVH XS EHWZHHQ WZR SRLQWYVY UHVXOW
LH WKHDUFOHQJWK :‘HZLOOLOOXVWUDWH WKLV PHWKRG IRUJHRGHVI

7TRUHPDLQ ZLWKLQ WKH VFRSHRIWKLV WKHVLVY ZHZLOO QRW SURYLGH D (
'LVN ‘H UHIHU WKH UHDGHU WR VHY HJ DRUVFRRUMH-BWWDLO :H ZLOO RQO\ |
SURFHVV RI FRPSXWLQJ WKH +\SHUEROLF GLVWDQFH EHWZHHQ WZR SRL(
WKHVH WZR SRLQWV LV NQRZQ

JJTIVFSPMG HMWXERGI GSQTYXEXMSR
‘H VWDUW ZLWK WKH DVVXPSWLRQ WKDW ZH KDYH D SDUDPHWULF H[SU}
3RLQFDUpP 'LVN EHWZHHQ@ADZRISRLQW FDOO WK I\ BKSHURNAHM R Q

()=Cys( )iy20)

7KH DUF OHQJWK FDQ WKHQ EH FRPSXWHG XVLQJ WKH DUF OHQJWK IRUPX

@ VAR Z zrid d

arclength = jOjpd = o[ Gratere

L . d 'd

"KHUH LV WKH PHWULF WHQVRU RQ WKH@RLGFDYPpRIMNHNEBQG WR WKH VYV

DQG WKHHQG SRLQWV RI WKH JHRGHVLF ,Q RWKHU ZRbGEW MWRR FRUUHV
ZHZLVK WR FRPSXWH WKHLULQ EHWZHHQ GLVWDQFH IRU

i ()i UHSUHVHQWY WKH PDJQLWXGH RI WKH WD QJEQW R PIIF \SRRUGMIFR XU JHI
JHRGHYLBHSUHVHQWY DQ LQILQLWHVLPDO VWHS 7KHLU SURGXFW FRUU!
FRYHUHG LQ DQ LQIdQ LIWHI VWKMHOLQWHS. WHVLPDO GLVSODFHPHQW (YHQ V
LQILQLWHVIJP DN WBASEMUP WKH GLVWDQFHV FRYHUHG ZLWK HDFK VWH
PDJQLWXGHDY WKLV LV GHSHQGHQW RQ WHB & GV R BIHPGW Y H F WRIQ VR U

,Q RXU BD¥VHY:; ¥2] LV WKH WDQJHQW YHFWRU :H NQRZ WHRHP AHITW D WA R®I Q V|

DFWV RQ WZR YHFWRUV WKXV W KH Vijif X DafH-G1P B DL YK GoH [, 2T
‘HFDQ VHH KHUH WKW WKH PHQYWHEY DQG DGMXVWV WKH VTXDUHG PDJQ
WDNH WKH VTXDUH URRW DQG LQWHJUDWH RYHU RXU SDWK ZHDUULYH DW

(YDOXDWLQJ H[SURVWRR SR WVD DOORZV XVWR REWDLQ WKH IRUPXOD I
EROLF'LVWDQFH LQ WKH 3RLQFDUp 'LVNPRGHO EHWZHHQ WKHVH SRLQW

) d

jia_ bijj?
(1 jj aji?)@ ji bjj?)

d(a;b) =cosh (1+2 )

$V D VDQLW\ FKHFN ZH FDQ XVH WKLV IRUPXOD WR ILQG WOOBG®)\SHUEROLF
D Q(& 0)

0:999 0
o )

KLFKLYODUJHU WKDQ WKH (XFOLGHDQ GLVWDQFH EHWZHHQ WKHVH WZR

,Q RWKHU ZRUGV WKH VWUDQDIPOWHNAGCIP G WHW BRHQFDUpP 'LVN LV DORC
JHRGHVLFEHWZHHQ WKHVH WZR SRLQWYV 7KHGLVWDQFHLY WKHQ WKH DU
OHWULF 7THQVRU IRU LWV FRPSXWDWLRQ

d" ( 7:6004

, JTIVFSPMG 2IMKLFSYVIQFIHHMRKW

7R HPEHG GDWD LQWR +\SHUEROLF 6SDFH XVLQJ WKH 3RLQFDUp 'LVN ZH F
SRLQFDUp 'LVN

2XUORZ GLPHQVLRQDO HPEHGGLQJVQRZUHVLGHLQWKH3RLQFDUp'LVN
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JLIXUH ([DPSOH RIJHRGHVLFV RQ WKH 3RLQFDUp 'LVN 1RWHKRZ H[FHSW IRUWKHFHQWHU
JXUWKHUPRUH WKHOHQJIJWKRILQILQLWHVLPDO VWHSVY DORQJWKHJHRGHVLFV GLIIHU IURF
OHQJWK RUGLVWDQFH EHWZHHQ WZR SRLQWV LQ WKH (XFOLGHDQ zZzD\ VRXUFH -HDQ
KWWSV FUHDWLYHFRPPRQV RUJ OLFHQVHV E\ ! YLD :LNLPHGLD &RPPR

WR PRGHO WKHVH HPEHGGLQJV DGDSWHG WR XVH WKH +\SHUEROLF GLVW
ORZ GLPHQVLRQDO VLPLODULWLHVDQG WKHFRVW IXQFWLRQ

JXUWKHUPRUH WKH RSWLPL]DWLRQ SURFHVV HPSOR\HG E\W 61( RULJLQ
GLUHFWO\ XVHG *UDGLHQW GHVFHQW VWHSVY PXVW WDNH LQWR DFFRXQ'
DGGLWLRQ WKHJUDGLHQW GHVFHQW VWHSV PXVW IROORZ WKH JHRGHVL

JJTIVESPMG X 72)
+\SHUEROLFW 61(LVLQLWVVLPSOHVWIRUPWKHDGDSWDWLRQRIW 61(W
GLPHQVLRQDO HPEHGGLQJV DUH QRZ FRPSXWHG ZLWK UHVSHFW WR WKH :

,QLWV PRVWEDVLFIRUP BVIEHYEQEL®HOQWKRXJIJK WKH ODWWHU WKUHH FR(
PRGLILFDWLRQV EXW WKH HVVHQFH UHPDLQV WHK VDPH RQO\WKH ORZ G
E\ WKH P@WALWK HGWGBLHWU IURP VWDQGDUG W 61( GXH WR WKH ORZ GLPH
UHVLGLQJRQ WKH 3RLQFDUp 'LVN +LJK GLPHQVLRQDO SUREDELOLWLHV C
LQW 61( VHH HTXDMWILAROWKH\ DUH DVVXPHG WR H[LVW LQ (XFOLGHDQ 6SD}

7KH ORZ GLPHQVLRQDO SUREDELOLWLHV DUH G i L=Qd{ &/ %))LRDKHWKIH +\SHU
yi;yj DUH SRLQWV RQ WKH 3RLQFDUp 'LVN VHH HTXDWLRQ

H-p (L+(d)>) *
: ek (1+(di)?) *

7KLV PHDQV WKDW WKH FRVW IXQFWLRQ WQNBQdMKH IROORZLQJ IRUP QRV

H oy XX Pi
C" = KL(PjjQ") = P log —%
i j J

+VEHMIRX HIWGIRX SR XLI4SMRGEV- (MWO
,QJUDGLHQW GHVFHQW ZH FRPSXWH WKH GLUHFWLRQ RI VWHHSHVW LQF!
LQWR WKH RSSRVLWH GLUHFWLRQ DV ZH DLP WR PLQLPL]JH RXU FRVW IXQF'
1 ZHZHUH WR FRPSXWH WKLV QDwWYHO\IRU WKHLBR:L%IZD(UL}EN_N\NIIMHFIWRNUK}
LQWKH 7DQJHQW 6SDFHDQG WHOOV XV LQ ZKDW GLUHFWLRQ DQG ZLWK Z
6LPSO\VWHSSLQJLQWKDWGLUHFWLRQ ZLWK LWV FRUUHVSRQGLQJPDJQL
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GRHV QRW WDNHLQWR DFFRXQW WKHDPRXQW RIVSDWLDO GLVWRUWLRQ |
SDWKDV VWUDLIJKWOLQHVDUH FXUYHG JHRGHVLFVLQ WKHGLVN ORYHF
YHFWRU HTXDOV PRYHPHQW DORQJ WKH JHRGHVLF SRLOQWLQJ LQ WKH GL
RIPRYHPHQW DGMXVWHG DFFRUGLQJ WR WKHPMKHIJILIFFOMRQY R U VHHF MV LLRIQX\
GHVFULEH KRZWR FRUUHFWO\JR DERXW WKLYV

-RZIVWI 1IXVMG 8IRWSYV
7TKHILUVW LVVXH LV WDFNOHG E\VFE%lF(RJJWKHV(/X)HOlIGLH/DLQ/JEUH:KG_lHH(QiW YLI
FDWLRQ RIWKHLQYHUVH OHWULF 7THQVRU

,Q VHFWLRAH GHVFULEHG KRZ WKH PHWULF WHQVRU DOORZV XV WR FRQY
DPRXQWV RI (XFOLGHDQ GLVWDQFH RQ WKH GLVN DV VHHQ IURP WKH RXW
WDQFH WKHFRUUHVSRQGLQJDFWXDO +\SHUEROLFDPRXQWVY RI GLVWDQ|
,QWKHFXUUHQW VLWXDWLRQ KRZHYHU ZHDUHIDFHG ZLWK WKH LQYHUVH
LQ WKH 7DQJH%\/\ZK$BKH§HVFULEHVWKH DPRXQW PDJQLWXGH DQG GLUHF
DGGUHVVHG LQ WKHQH[WVHFWLRQ WRVWHSLQ 7KHPDJQLWXGH RI WKL
GLVWDQFHDPRXQWV DV ZHDUH FRPSXWLQJD GHULYDWLYHQRMKUHUMHVSHF
ZRUGYV FRUUHVSRQGLQJWR ZKDW ZH GOWMAVURE HBEL WX GHAWILWRIQH DPRXQW |
VRPHRQH KDV WRWUDYHO LI WKH\ZHUH WR H[LVW LQ +\SHUEROLF G6SDFH |
QXPHULFDO VLGH L H KRZJUDGLHQW GHVFHQW LV DSSOLHG ZH GR QRW
FRPSXWDWLRQV KDSSHQ LQ VWDYGCOUKRXBOIRIHD® Y8BDGHDUp 'LVN LV HF
RZ 7KLV PHDQV WKDW ZH PXVW FRQYHUW WKH +\SHUEROLF GLVWDQFHV Gl
EROLF6SDFH WR (XFOLGHDQ GLVWDQFHV 7KLV LV WKH D@QCGCHWK K\SWRHBHOH |
LQYHUVHRI ZKDW WKHPHWULFWHQVRUGHDOV ZLWK 6LQFHWKHPHWULF
WKH FRUUHVSRQGLQJDFWXDO +\SHUEROLF GLVWDQFH WKHLQYHUVH PH'
WR WKH FRUUHVSRQGLQJ GLVWDQFH RQ WKH GLVN RQ WKH PRGHO RI WK
R? 7KLY PHDQV WKDW WKH FRUUHFW PDJQLWXGH LV UHVFDOHG E\ WKH L
IROORZLQJH[SUHVVLRQ

1@

@i

7KLV IRUPXOD JLYHV XV WKH PDJQLWXG%DQG/\G(LUHVWH_FR\@WRVWKXHJ\PFRR}MR]
SHUEROLF 6SDFH 7K HBRLRFDGERAGVIOU H[DPSOH @ QBDUHVKH ERUGHU R

WKH GLVN LQ +\SHUEROLF GSDFHggjLKDR)\E{KD’WE[D\FWI-ESRLZ@VEKH GLUHFWLRQ I
VSHFLIL%iFGGER\HV QRW JR RXW RI ERXQGV B IDNVKHPERILGQED® p QL VN

ry,L=0p

SBLINTSRIRXMEP QET

‘HKDYH REWDLQHG WKHFRUUHFW PDJQLWXGHDQG GLUHFWLRQ RI WKH JU
GHWHUPLQH WKH FRUUHFW XSGDWH SDWK 6SHFLILFDOO\ ZH PXVW XSGD
WKH GLUHFWLRQ DQG ZLWKLW K® RPW EKQRUWRBKERI ZH PXVW XSGDWH DORQJ V
WKHGLUHFWLRQ DV VSHFLILHG E\WKH JUDGLHQW E\DQ DPRXQW DV VSHF

7KLV LGHD LV IRUPDOL]HG LQ WHU R RleXp K ()H FSRYHH Q W WIK®I RIIHZ SRV LW LR
YHFWRU RXU GHVWL@DWKRGBRLOAWRQQYEFWRU ZH WUDYHRD UVUP )XUWH
YHFWRU UHSUHVHQWLQJ WKH GLUHFNHRIDI B H H MWKHWR SROQBIOHNOLDQ PDS L
WKDW WDNHV DV LQSXW RIX D Q& DUVHIFQIRIRZKRMHR GLUHFWLRQ DQG DPRX
E\ WKDW YHFWRUV PDJQLWXGHK [T 2 W KDWMRVWUDHIBDITSR/S W LWQV R WK H
FRUUHVSRQGLQJ GHVWLQDWLR® SRKIDW[BQ QWKHWALIDDL PRGE WK XV HQV XUk
DORQJ WKH JHRGHVLF SRLQWLQJ LQ WKH GLUHFWLRQ RVWKLHLVSHFLILHG
+RZHYHU VLQFH ZH DUH PLQLPL]LQJ D IXQFWLRQ YLD SHUIRUPLQJ JUDGL
RI WKH GLUHFWLRQ RI VWHHSHVW LQFUHDVH H GAHXFRWHHGLE\ W OHH G U QW BW
VWHHSHVW GHFUHDIVBGMXVWHG@KRY WKH DFWXDO H[SRQHQWLDO PDS DS

,QWHFKQLFDO WHUPV WKLV LV FDOOHG WKHHPEHGGLQJVSDFHRUDPELHQW VSDFH 7KH (
RXU PRGHO Rl +\SHUEROLF 6SDFH WKH 3RLQFDUp 'LVN 1RW WR EH FRQIXVHG ZLWK WKH HP
HPEHGGHG LQ WKH 3RLQFDUp 'LVN

7TREH SUNFAVHHY LQ WKH 7DQJHQW 65 DEH,DRV RRBHWBRLORMG IRUPRUHGHW®@®LOV SOHDVH"
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FDVH LV

y"h =expy( v)=exp,i( ryL)
7TKHUHIRUH HTXIRWPRP@ O\ FDSWXUHV WKHJUDGLHQW GHVFHQW XSGDWH V
IROG 3RLQFDUp 'LVN

YRUWKH 3RLQFDUp 'LVN WKH H[SR QHQHSDLAWR DS YR BW YRIFQWR U

Yiv v

exp,, (V) = yi (tanh( 7)”7”

"KHUHK = ﬁ DQGLVY GHILQHG WR EH WKH ORELVDGGLWLRQ RSHUDWRU

yi = (@+2hyi;yii+iyiiYyi + @ i viii®)y;
i - " = TSI =
. 1+2hyiyi + iviii2iy;ii2

B3OHDVH @HIRRY IXUWKHU GHWDLOV UHJDUGLQJ WKH DERYH HTXDWLRQV

SXWWLQIJHYHU\WWKLQIJWRIHWKHUZHKDYHWKHIROORZLQJJUDGLHQW GH\

"'LVN
t+l —

Yi _expyi‘( lf):expy“( rYiL)
7KH JHQHUDOL]DWLRQRIJUDGLHQW GHVFHQW WR QRQ (XFOLGHDQ VSDFH
QLDQ ODQLIR@®DGV >

JLIXUH 9LVXDOL]DWLRQ RI WKH H[SRQHQMWLWRH B & RSFHW DR\ RIY ZLVK WR W UDKH O LQ RQ RXL
EOXH VXUIDFH pRP SRILYWHRWRHWSUHVHQWHG E\ WKH UHG DUURZ QMY HAKIHQ @KW 7D QJHQV
JUD\VKHHW 7KHH[SRQHQWLDO PDS FRUUHFW @}'P B&u(WR)WRQH\WRH B B/ SRR QB 3 GQ W

KDYHEHHQ WKH UHVXOW RI WUDYHOLQJLQ WKHGLUNFWKRGRDQEVZEREGNLIOH BDWKLWRESHQRR
PDQLIROG LV RXWOLQHG E\WKH VPDOO EODFN GRWYV



1IXLSHW

,Q WKLV FKDSWHU ZH GLVFXVV RXU FRQWULEXWLRQV (DFK SLHFH RI FRQ\
KDV D FRUUHVSRQGLQJH[SHULPHQW LQ VHFWLRQ

‘HILUVW GLVFXVV WKH RFFXUUHQFH RI D PLVWDNH LQ WKH JUDGLHQW RI
VHFWLRDQG SURYLGHD GHULYDWLRQ RI WKH FRH WKW RXLALM W WQ VOL \RIDF
DVDFRQVHTXHQFHRIWKHW GLVWULEXWLRQ WKH3RLQFDUp'LVN SURGXF
DUHHPEHGGHG QHDU WKH ERXQGDU\ )XUWKHUPRUH ZH ZLOO VHH WKDW \
H[DFHUEDWHV WKLY SUREOHP $V D ZD\WR UHPHG\ WKLV ZH SURSRVH WK}
WKH ORZ GLPHQVLRQDO HPEHGGLQJV ZKLPK QD GO\ E QLEMHERIZFR QHRW LR Q
DVVHVVLQJWKH T TXDOLW\RIWKHHPEHGGLQJVDUHGLVEXVVHG SURYLGLC
RIHDFK PHWKRG 7KLV LV GRQH TXDOLWDWLYHO\E\LQVSHFWLQJWKH HPE
TXDQWLWDWLYHO\ YLD WKH 35 PHWULF

+VEHMIRX 'SVVIGXMSR

2XU ILUVW FRQWULEXWLRQ LV D FRUUHFWLRQ WR WKH JUDGLHQW WKDW D¢
LQ &2 61@DQG LQ WKH@RDNWRVWDNH FDQ EHREVHUYHG LQ WKHLU JUDGLF
PRUH HYHQ WKRXJK WKH SDSHU GHVFULEHY WKH RSWLPL]DWLR® SURFHG}
GRHV QRW XVH WKHLQYHUVH PHWULF WHQVRU LQUMKNDWRSWLPLJDRDWORA L
RSWLPL]DWLRQ SURFHGXUH EHLQJ HPSOR\HG ,Q WKH FRUWBNSRROLIDJ H
RIERWK WKHLQFRUUHFW JUDGLHQW DQG WKH RPLVVLRQ RI WKH LQYHUVH

$VIRUK 61@> WKHLU PHWKRG GRHY QRW IROORZ D GLUHFW DGDSWDWLRQ
, QK 61( VWDQGDUG (XFOLGHDQW 61(LV XVHG ZKHUH WKHFRVW IXQFWLR
UHVHPEOHV +\SHUEROLFW 61( K 61(WKXVLQFRUSRUDWHV ERWKVWDQGEL
61(LQRQHPHWKRG 7KHJUDGLHQWGHULYDWLRQ WKHA\SURYLGH VSHFLIL
WKHLUJUDGLHQW LVEDVLFDOO\WKHVXPRI(XFOLGHDQW 61(JUDGLHQW 2
KRZHYHU FRQWDLQ WKH FRUUHFWLRQ IDFWRU WKDW ZH ZLOO GLVFXVYV LC
GLIITHUV IURP D VWDQGDUG DGDSWDWLRQ RIW 61(WR WKH +\SHUEROLF V#}
RXU GLVFXVVLRQV

J)LQDOO\ 3RLQFD@pCOADHWR@RW VKRZFDVH DQ H[SOLFLW JUDGLHQW IRUPXOI
GHILQLWLYH VWDWHPHQWY FDQ EHPDGH WKHUH

,Q WKHIROORZLQJ VXEVHFWLRQV ZH ILUVW D Ga5 D g & ® R HAOK HF Bl R RAR LEH
E\ WUDFLQJ WKLY EDFN WR WKH RULJLQDO (XFOLGHDQ W 61( JUDGLHQW |
GHULYDWLRQDQG WDNH VRPHVWHSV LQWR XQGHUVWDQGLQJ WKH FRUUH

'SVVIGX KVEHMIRX JSVQYPEXMSR
)LUVWO\ WKHLQFRUUHFW JUDGLHQW WDNHV WKHIROORZLQJIRUP



+VEHMIRX 'SVVIGXMSR

_ X dr
Cmcor‘rect =4 (pij q|J.|)(1+ dil?z) 17“‘
Yi iei Yi
7KLV LV WKH JUDGLHEDW&ZVBH@+KDY DQ DQDORJRXV dEUD‘(EIUHHQSW[ZFF(HH(EJIE[\
dBn(yi;yj) VLQFH D VOLJKWO\ GLITHUHQW GLVWULEXWLRQ LV XVHG 1RQHWK
PLVWDNHLY SUHVHQW

7KHFRUUHFW IRUPXODWLRQ RI WKH +\SHUEROLF W 61(dIJT'U\NBUIFPQW-|(BiRRNV

HTXDWLRQ
X df
e g Ty qhaedih S
i isi Yi

7KH IXOO GHULYDWLRQ FDQ&H IRXQG LQ $SSHQGL]

SVMKMR SJ XLI QMWXEOI
"HVXVSHFW WKDW WKHJUDGLHQW PLVWDNH RULJLQDWHV IURP DWWHPSW
RULJLQDO W 61(SDSHU

IMWXEOI MR SVMKMREP X 72) KVEHMIRX HIVMZEXMSR
,/ZHIROORZ WKHRULJLQDO W 61(JUDGLHQW GHUL&YDWKRQ ZHVF®QHYR\Q WA
WKDW LW FRQWD MQ ¢ IR WSO MHANVXS WKH GHUL\%PW$FRQ\RRV\M<ZI—R‘RD]_CQLWQWPV

dc—l DQ%“J‘T 7KH H[DFW H[su&\tVLjR@%y W 61( WKHQ SURFHHGV WR GHULYHH

WZR WHUPV LQGHSHQGHQWO\EHIRUH UHFRPELQLQJWKHP LQWR WKH ILQE
JLUVWO\ W 61( LQFRUGHE\WO\ BYUQVMAHDW RI WKH FFQ%LWHMHVXOW RI
7KHUHIRUH LQ WKH RULJLQDO W §%-SHVIPMD/WLRQ IV KRV R Q WIKH GHULY D\
£ WHUP W 61(PLVVHV=Dj@ HWUWDHUP 7KLV WHUP H @WHISHBHRDIXY W K H

W GLVWULEXWLR@-LEG)WKHXBURIRWKH W 61( GAULD@WQWEWRRHGLDWH VWH

2 1
P~ LV WDNHQ ZKLFK2UH O VENQVKH FKDLQ UXOH +RIZHHHYU RQO\
DSSHDUV LQ WKHLWGAULYDWL R WKWK FRQFOXGH WKDW WKH FKDLQ UXOH
DSSOLHG

J)LQDOO\ ZKHQ ZH UHFRPELQH WKHVH WZR WHUPV ZHdBHYDHy,\y GHDOLQJ
DQ% 6LQJFH vyjji LV SUHVHQW LQ ERWK WHUPV ZH FDQ FDQFHO WKHP |
WKH yj) LV OHIW RYHBUHKVYARW LQ WKH RULJLQDO W 61( JUDGLHQW GHUL®
WKH GHULYDWLRQ KDSSHQV ZLWKRXW HUURU WKHVH PLVWDNHV LQ WKH
FRUUHFWQHVV RI WKH ILQDO JUDGLHQW WKH\ GHULYH

+RZHYHU WKLV FRLQFLGHQFH GRHV QRWWUDQVODWH WR WKH +\SHUEROL
FDQFHOOd?V\ZlLI@ﬂ(RLl H WKH +\SHUEROLF YDULDQWY RI WKHWHUPV GLVFXYV

1IMWXEOI MR ,]JTIVFSPMG X 72) HIVMZEXMSRW
7KHPLVWDNHV LQ WKH GHIUKFPMW DRQPROBDU IODYRXU ,Q WKH +\SHUEROLF
WLRQV WKH GHULYDWLYH LV QRZ WDNHQ ZLWK UHVSHFW WR WKH +\SHUE
FOLG#DIQQ WKH RULJLQDO W 61( GHULYDWA R@SORY\W BQNMW ULEWW >RQ W C
LQ @ &DXFK\ GLVW @ EPROVRILIQR @ J D VT X D WH G @ L@VDmRGEF; HyW H.OP

>@ ,QERWKGHULYDWLRQV WKHJUDGLHQW GHULYDWLRQLVVSOLW XS L
H[SODQDWLRQ DQG WKH GHULYDWLRQLQ W 61( $QG WKXV LQ ERWK GHUL
WKH RULJLQDO W 61( GHULYDWLRQ LV PDGH ZKHUH WKH FKDLQ UXOH LV L
GLVWDQFH WHUP EHLQJ LQFRUUHFWO\ FRQVLGHUHG 7KLV @GHDGV WR D P
> @ DA@i;y;)) LQ@ LV RPLWWHG LQ ERWK GHULYDWLRQV

Q&2 61(@ DQ H[WUDWWNYRY PLVVLQJ ZKH@HDKH LV VLdJJ WHUP LV
6HH KWWSV VWDWVY VWDFNH[FKDQJH FRP TXHVWLRQV FDOFXODWLQJ W VQH JUDG



4SMRGEVI (MWO PMQMXEXMSRW

-QTSVXERGISIGSVVIGXMSR
8VH RI WKHLQFRUUHFW JUDGLHQW PHDQV WKDW WKW QWROW ERHW R Y WRIXHU
RSWLPLIJHG DV WKH JUDGLHQW XVHG GRHVY QRW FRUUHVSRQG WR WKH JUL
DOVR PHDQV WKDW WKH HPEHGGLQJY SURGXFHG DV D FRQVHTXHQFH R1 X\
EHJXDUDQWHHG WR EH WKH H[SHFWHG UHVXOWY VLQFH WKH RSWLPL]DWL

+RZHYHU ERWK JUDGLHQW IRUPXODWLRQV DUH YHU\ VLPLODU LQ PDWKH
VSLWHWKHLQFRUUHFW JUDGLHQW QRW FRUUHVSRQGLQJWR WKH FRVW [)
OHVV EH VRPHZKDW PLQLPL]HG

7R H[SHULPHQWDOO\ FRQILUP WKDW WKH XVDJH Rl WKH FRUUHFW JUDGLH
ZH ZLOO FRPSDUH FRVW IXQFWLRQ YDOXHV EHWZHHQ WKH RSWLPL]DWLR(
WKHLQFRUUHFW JUDGLHQW ZLWK UHVSHFW WR WKH VDFFHKKERY WO & GEHW L F
RXU ILUVW H[SHULPHQ2X WHFIWA RY WKXV WR GHWHUPLQH WKDW WKH FRUL
UHVXOWV LQ D PRUHRSWLPDO HPEHGGLQJ EA\FRPSDULQJFRVW IXQFWLRQ

4SMRGEVI (MWO PMQMXEXMSRW

7KH 3RLQFDUp 'LVNLPSRVHV VRPH OLPLWDWLRQV RQ ZKDW LW PHDQV IRU
PDWLYH ,Q WKLV VHFWLRQ ZH ZLOO H[SORUH ZKDW WKLV OLPLWDWLRQ LV
PDMRU FXOSULW ZKHQ LW FRPHV WR SURGXFLQJ XQLQIRUPDWLYH YLVXDO

4SMRGEV- (MWO TVSFPIQW

5HFDOO IURP VWKWMRWKH 3RLQFDUp 'LVN GLVWRUWY VSDFH (YHQ WKRXJ
DOORI LQILQLWH +\SHUEROLF 6SDFH WKH YDVW PDMRULW\ RIVSDFH W
HJ WKHUHJLRQ ERYQIGHGSEK\ 00999 RQO\ FRUUHVSRQGV WR D YHU\ VPD(
RI DOO RI +\SHUEROLF 6SDFH 7KXV PRVW RI WKH DFWXDO +\SHUEROLF 6¢
WKH GLVN ZKLFK GXH WR GLVWRUWLRQ LV QRW FOHDUO\ YLVLEOH WR X\
LQFUHDVLQJO\GLVWRUWHG 6SHFLILFDOO\ VSDFHEHFRPHV LQFUHDVLQJ
RIGLVNVSDFH FRUUHVSRQGY WR ODUJH DPRXQWYV RI +\SHRYHRRD. 6 SDFH
VHH KRZ REMHFWV QHDU WKH ERXQGDU\ RI WKH GLVN DSSHDU LQFUHDVL
HPEHG SRLQWV WKHUH VLPLODU GLVWRUWLRQZLOO EHSUHVHQW LQ RXU
YLVXDOL]DWLRQV

(PEHGGLQJV WKDW FRUUHVSRQG WR XVHIXO YLVXDOL]DWLRQV VKRXOG LQ
LVDWLQ\DPRXQW RI DFWXDO +\SHUEROLF 6SDFH ,Q SUDFWLFH WKLV FFR
'LVN ZKHUH WKHUH LV UHODW L YfyQ y,Jpy2 W ¥ G HO: @08 VW RWWHRP@ MVRU LW\ RI Wi
HPEHGGLQJV GR QRW RFFXS\ WKLV VSDFH DQG LQVWHDG DUH SXVKHG WR
UHVXOWLQJ HPEHGGLQJV PD\ QRW EH YLVXDOO\LQIRUPDWLYH DV WKLQJ\
VWUXFWXUHYV VXFKDV KLHUDUFK\ WUHH OLNHVWUXFWXUHY DUHKDUG V
RIHDFK RWKHU GHQVHO\ SDFNHG GXH WR WKH GLVWRUWLRQ RI WKH 3RLC
SRVVLEO\ODUJH GLVWDQFHY EHWZHHQ WKHP 6XFK SRLQWY PD\DSSHDU
PDWKHPDWLFDOO\ WKH\GR QRW KDYH WR EH

,Q VHFWLRQZLOO VHH VHYHUDO H[DPSOHV RI WKLV )XUWKHUPRUH IURP \
WR WKH UHJLRQ LQ WKH 3RLQFDUpP 'LVN ZKHUH YLVXDOL]DWLRQV UHPDLQ
EV(y1;y2)jy? + y2 < 0:999 DV GHVFULEHG DERYH DV YLVXDOO\UHOHYDQW YLVXD
UHJLRQV RI WKH 3RLQFDUp 'LVN ,Q D VLPLODU OLJKW ZH ZLOO UHIHU WR
WRZDUGV WKH ERXQGDU\RIWKH'LVNDV YLVXDOO\ XQLQIRUPDWLYH XQLC

4SMRGEV- (MWO HMWXSVXMSR I\EQTPI
7TRIXUWKHU KLIKOLJKW WKLV SRLQW FRQVLGHU WKH IROORZLQJH[DPSO
I[URP WKH GLVWRUWLRQLQ SRLQFDUpP 'LVNTXDQWLWDWLYHO\

7KH GLVWDQFH EHWZHHQ WZR 8:9598QVD\QR O (G:RIYN) LV

d (y1;y2) = d( 06999 ; 0:%99) 15:2008

2XU FKRLFH IR WWKH SXOUXWW\ KHXULVWLFDO 7KH PDLQ WDNHDZD\LV WKDW ZH FDQ QRW YL
ZH DSSURDFK WKH ERXQGDU\RI WKH GLVN )RU H[DBPSDEEORGCRWR WHVEZHIDQ B UIDIBUNQWIY LV



4SMRGEVI (MWO PMQMXEXMSRW

E01,67 HPEHGGLQJLQ WKH3RLQFDUpP 'LVN XVLQJ WKH 61 (

D01,67 HPEHGGLQJLQ WKH 3RLQFDUp 'LVINUDDWGIHOWVK FGERBYXWYWFWGEG KR MAEWERBQQJ LV PXFK
+\SHUEROLF W 61(JUDGLHQW 1RWH KRZ PDROWHWHN SBROQQWMDRURDXWKHIEDY WKH\ QRZ RFFXS\ WKH PDNM
WRZDUGV WKH ERXQGDU\ 7KH UHVXOWLYQYMPBIOGGHQHYD QWW MBHILRQ RI WKH 3RLQFDUp 'LVN )XUWK
YLVXDOO\LQIRUPDWLYH VWUXFWXUH UHODWLRQVKLSY FDQ EH VHHQ LQ WKH YLV X

YLIXUH

"KLFK FDQ URXJKO\ UHSUHVHQW WKH GLDPHWHU RI WKH 3RLQFDUp 'LVN D
EHWZHHQ D SRLQWIMXBRGY ERXQG[LD) SRLQW

1HW FRQVLGHU WKHGLVWDQFH EHWZHHQ WKHIROORZLQJWZR SRLQWYV

gh( 0999 . 099999999999 ..,
0 0
,Q WKH YLVXDOL]DW L R Q0:998K)H DR ®EAEIYPS0) PLIKW DV ZHOO UHSUHVHQ\

VDPH SRLOQW VLQFH ZH FDQ QRW YLVXDOO\GLVFHUQ EHWZHHQ WKHP DFFX

+RZHYHU LQ WHUPV RI GLVWDQFH RQ WKH 3RLQFDUp (L0 0NVRBGH LV PRU
( 0:99999999990) WZR SRLQWVYV WKDW DUH YLVXDOO(\ REYORE REIIDHFK RWKHU
WZR SRLQWY WKDW DUH YLVXDOO\ RQ RSSRVLWH VLGHV RI WKH GLVN 7K
RUFORVH WR RQ WRS RIHDFKRWKHU QHDU UHJLRQV RI VSDFH DW WKH E
UHODWLRQVKLSY WR HDFK RWKHU DV SRLQWYV RQ RSSRVLWH VLGHV Rl WK}

7KHWDNHDZD\ IURP WKLV LV WKDW PDWKHPDWLFDOO\OHJLWLPDWH HPEH
DU\ GR QRW JLYH XVHIXO YLVXDOL]DWLRQV DV YLVXDOO\ WKHVH SRLQWYV
LQIRUPDWLYH YLVXDOL]DWLRQV DUH RQHV ZKHUH VWUXFWXUH FDQ EH RE
RXUVHOYHV WR D UfttyllyRi@ ¥V XFK @09% KHO® LV DUELWUDULO\ FKRVHQ ZKLF
VSRQGV WR D VPDOO DPRXQW Rl +\SHUEROLF 6SDFH (PEHGGLQJV LQ WKLV
E\WKHGLVWRUWLRQ FRPSDUHG WR SRLQWV QHDULQJWKHERXQGDU\ DC
PRUHURRP OHDGLQJWR OHVV GHQVHO\ SDFNHG HPEHGGLQJV UHVXOWL(

X HMWXVMFYXMSRPMQMXEXMSRW
‘HKDYH VR IDUVHHQ WKDW WKH PRVW LQIRUPDWLYH YLVXDOL]DWLRQV P
FHUWDLQ UHJLRQ RI WKH 3RLQFDUp 'LVN 2U SKUDVHG GLITHUHQWO\ HP
DSSURDFKLQJ WKWHVERHI@GWHKH YLVXDOL]DWLRQ PD\EHFRPH XQLQWHOOLJL

7KH XVDJH Rl WKH W GLVWULEXWLRQ LQ WKH ORZ GLPHQVLRQDO HPEHGG
LQWKHSUHYLRXV VHFWLRQ 2ULJLQDOON\LQWURGXFHG WR FRPREDW WKH

WRUHPDLQ WHFKQLFDOO\FRUUHFW WKH3RLQFDUp'LVNGRHV QRWKDYHDERUGHUDVLW
6SDFH +RZHYHU RXU PRGHO ZKLFK LV HPEHGGHG LQ (XFOLGHDQ 6SDFH GRHV DSSHDU WR |
ZHWKHUHIRUHUHIHU WR WKLY DVWKHERUGHU RUERXQGDU\




+tEYWWMER HMWXVMFYXMSR

IRUFLQJODUJHU GLVWDQFHV WREHHVWDEOLVKHG EHWZHHQ SRLQWYV LW
WKHERXQGDU\OHDGLQJ WR XQLQIRUPDWLYH YLVXDOL]DWLRQV

,QVWDQGDUG W 61( WKLV EHKDYLRXU LV GHVLUDEOH VLQFH LW IRUFHV H
FOLGHDQ VSDFHWKHUHLVY QR GLVWRUWLRQDQG DOO RIWKH (XFOLGHDQ ¢
WLRQ VLQFH ZH FDQ VLPSO\ "]JRRP" RXW IRU ODUJHU HPEHGGLQJV YLVXDO
BRLQFDUp 'LVN :HFDQ QRW GR DQDORJRXV "1®RR P QYU ZE WKLRXIW GLWW B W\
GLVWULEXWLRQV XVHG IRUPRGHOLQJ KLIKGLPHQVLRQDO DIILQLWLHV D
EHWZHHQ SRLQWV FDQ EH HQIRUFHG VR WKDW WKH UHVXOWLQJHPEHGGL(

+RZHYHU LQ WKH 3RLQFDUp 'LVN WKLV IHR®/ RY W RD NH V X NWOYVREMPR BIW S Bl F
WKRXJK PDWKHPDWLFDOO\ VSHDNLQJ WKHUH LV QRWKLQJ ZURQJ RU OHV'
9LVXDOO\VSHDNLQIJWKHW GLVWULEXWLRQ ZKLFKHQFRXUDJHV ODUJHU
SRLQWYV H[DFHUEDWHV WKHERXQGDU\SXVKLQJEHKDYLRXUDQG PD\OHD
ILIXUH

J)LQDOO\ UHFDOO WKDW FRUUHFW +\SHUEROLF Wdi'JTBZ(KJ_LFIKG_lI.HQM/DH/RfQUN\MKQ
VFDOHV XS WKH JUDGLHQW UHVXOWLQJLQDQ HYHQ JUHDWHU DPRXQW

WKDW WKLV LV OHVYVY SURPLOQHQW LQ WKHLQFRUUHFW JUDGLHQW YHUVLR

FRUUHFWLRQ GLVFXVVHDCHPV¥HBWDR@ WKLV LVVXH IXUWKHU

1SZMRK SRJIJIVSQ X HMWXVMFYXMSR
JURP WKH SUHYLRXV GLVFXVVLRQV ZH FDQ WKXV FRQFOXGH WKDW D PHWK
WR NHHS WKH HPEHGGLQJY UHODWLYHO\ FRPSDFW ZLWKLQ WKH SDUW RI
DUH VWLOO PHDQLQJIXO 2QH VWUDLJKWIRUZDUG ZD\ WR;JHDELKWKYH WKL
VPDOOHU WDLOV 7KLV OHDGV WR SRLQWYV EHLQJ PRUH FORVHO\ HPEHGC
IRUP DSSURDFKLQJWKH ERXQGDU\ $VD UHVXOW YLVXDOO\LQWHUSUHWLEL

2EYLRXV FDQGLGDWHYV DUH GLVWULEXWLRQV ZLWK HI[SRQHQWLDOO\ GHF
WLRQ 7KLV LV EHFDXVH ZH DUH VHDUFKLQJ IRUD IXQFWLRQ WKDW PDSV
VLPLODULW\ YDOXHV IDVWHU WKDQ WKH W GLVWULEXWLRQ $ GLVWULEX
QDUUDWLYH ,Q WKH QH[W VHFWLRQ ZH PRWLYDWHDQG GLVFXVV WKH FKF
*DXVVLDQ GLVWULEXWLRQ $OWKRXJK RWKHU RSWLRQV DUH SRVVLEOH
GLVWULEXWLRQ KDV EHHQ XVHG L@ PDWKRQ & VW DFRXDDWXALD O FKRLFH WR FR

+EYWWMER HMWXVMFYXMSR
7R UHPHG\ WKH LVVXHV EURXJKW XS LQ WKH SUHYLRXV VHFWLRQ ZH FRQ\
LQVWHDG RI WKHW GLVWULEXWLRQ 7KHH[SRQHQWLDOO\GHFD\LQJ WDLC
UHVXOWV LQHPEHGGLQJVY WKDWDUHPRUHVWURQJO\FOXVWHUHG WRJHW
ODUJHU GLVWDQFHV IURP HDFK RWKHU ZH KRSH WR SUHYHQW SRLQWYV IUF
UHVXOWLQJLQ PRUH YLVXDOO\LQIRUPDWLYHHPEHGGLQJV *RLQJIRUZD
EROLF61( 7KH XVHRID *DXVVLDQ GLVWULEXWLRQ WR PRGHO ORZ GLPHQ
UHDGHU RI WKH SURJHQLWARU RIW 61( 61(>

)LQDOO\ WKH*DXVVLDQ GLVWULEXWLRQ BEQWIURKGEXFOIR DVYWDKH BYAY &R Q by
WKHVSUHDG RI WKHHPEHGGLQJ 7KLVJLYHV XVDQDGGLWLRQDO ZD\LQ Z
WKH YLVXDOO\UHOHYDQW UHJLRQV RI WKH 3RLQFDUp 'LVN ZKARXODOWKLUC
SURYLGH WKHH[SHULPHQWDO HYLGHQFH IRU WKH FODLPVY PDGH LQ WKLV

7TREHPRUH SUHFLFH +\SHUEROLF6SDFH LI ZHZHUHDEOHWR YLVXDOL]JHLWIXOO\OLNH (
IRUPRI]RRPLQJ LQWHFKQLFDOWHUPYV +\SHUEROLF6SDFHLV KRPRJHQHRXVDQGLVRWURSI
6SDFH YLD PRGHOV WKDW FDQ QRW FDSWXUH WKH VSDFH LQ IXOO $Q\IRUP RI]JRRPLQJ ZLOC
WHUPV WKLV LV  EHFDXVH WKH 3RLQFDUp 'LVNLV D FRQIRUPDO DQJOH SUHVHUYLQJ EXW GL"



+tEYWWMER HMWXVMFYXMSR

,JTIVFSPMG 72) KVEHMIRX
7KH XVH RI WKH *DXVVLDQ LQVWHDG RI WKHW GLVWULEXWLRQ PHDQV WKI
*DXVVLDQ JUDGLHQW LV

H X @H H X g
C - CH ] _ 32 (pU qll-l) dllj—i '
Yi ; I’i]- Yi Yi

j ]

$1XO0 GHULYDWLRQ FDQ EM IRXQG LQ DSSHQGL]

+VEHMIRX EREP]WMW
‘HFDQ GHGXFH WKH EHKDYLRXU RI WKH *DXVVLDQ JUDGLHQW E\ FRPSDUL
W 61(JUDGLHQW :HKDYHDOUHDG\FRQFHSWXDOO\GHVFULEHG WKLV %F
WKHPDWKHPDWLFVLQYROYHG

*SVQYPEMG HMWWMQMPEVMX]

,Q WHUPV RI IRUPXODLF GLVVLPLODULWLVWKEDRQWK H H OSHIDERD GE WH&H G
HTXDWLFE@QWDLQV WKdf )IDFAMRDOH WKH *DXVVLDQ JUDGLHQW GRHV QRW K
7KH *DXVVLDQ JUDGLHQW WKXV GRHV QRW KDYH D PXOWISOZRRWLYH WH
PHDQV WKDW WKH HITHFW Rl GLVWDQFH EHWZHHQ SRLQWY RQ WKH JUDGL
VWURQJO\ +RZHYHU WKLV LV PLWLIJDWHG E\ WKH *DXVVLDQ GLVWULEXW|

+EYWWMER TVSFEFMPMX] HMWXVMFYXMSR XI1VQ
7KH PRVW UHOHYDQW GLRQREKYFAN DV IVKDW.DQ GLVWULEXWLRQ DQG QRW
PDOO\ WKLV PHDQV

exp( di*=2 2)
" e exp( di’=2 2)
$VPHQWLRQHG EHIRUH VLQFH WKH *DXVVLDQ GLVWULEXWLRQ KDV H[SRQ

DJDWH OHVV IDU FRPSDUHG WR XVLQJWKHW GLVWULEXWLRQ 7KLV PHDQ)\
d! ' LQWKH*DXVVLDQFDVH ZIfb OEW KR DO GHUWIKEXWLRQ FDVH VLQFH WK

H 2
*DXVV&){OQ;LZ) JRHV WR IDVWHU WKDQ WKH W (thﬁ\/%/)U]LE\M-VHLIR_QXU}QXPHUDV

$V D UHVXOW HPEHGGLQJV ZLOO EH@XWKHBLRRX\F@H/\P\DD:DJI—U@LQGEVIWDQFH\
WKH FDVH RI WKH *DXVVLEQ VHHILJXUH

H

Gj

S8YRMRK XLIZEVMERGI
8VLQJWKH*DXVVLDQ GLVWULEXWLRQLQWKH (PEHGGLQJ6SDFHUHVXOWYV
1DPHO\ WKH YDRILWRIIELVWULEXWLRQ ,Q WKH RULJA=QDIOVEXYB®SHU D YD |
RXU ZRUN ZH DOVR VHW WKLV YDOXH WR D FRQVWDQW +RZHYHU IRURSW
WKHYDOXH LV UHFRPPHQGHG

6LQFH ZHPXVW ILWD GDWDVHW LQ D OLPLWHG DPRXQW RLYSDFPHBDNHGHVF|
SURYLGHV XV WKH PHDQV WR FRQWURO WKH V$ WHDRGERIJRPOWHPHEHGGA Q QW
EHLQJ SXVKHG WRZDUGV WKH ERXQG D YU WRRQPQ@DWWKAHRXHD\G/ U I8 M WOWL Q @ H F
QRWVSUHDGLQJ RXWDWDOO FRQFHQWUDWLQJDURXQG WKH RULJLQ

1RWH WKDW WKH FRIRUMDSMUEROPRFAWIBU(WRKE*DXVVLDQ DUH SUDFWLFDOO\LUUHOHYDQ\
EHLQJVLPSO\D VFDODU FDQEHPLWLIDWHG E\ DGMXVW L WK HOKHWHQE RQ W\ VG W)X B MAKR-PU
WKH VDPH

WKLV LV WKH YDULDQFH XVHG IRU WKH *DXVVLDQV LQ WKH ORZ GLPHQVLRQDO VSDFH 1F
*DXVVLDQ GLVWULEXWLRQV ZKRVH YDULDQFH LV IRXQG YLD WKH XVHU GHILQHG SHUSOH[LW




+tEYWWMER HMWXVMFYXMSR

JLIXUH :HFDQ VHH WKDW WKH *DXVVLDQ EOXH JRHV WR GHFD\V PXFKIDVWHU WKDQ WKH

WKDW PDNHV WKH *DXVVLDQ XVHIXOLQ PRGHOLQJ WKH VLPLODULWLHVY DV RQO\VPDOO G

SUREDELOLWLHYV 5HPDLQLQJ GLVWDQFHV DUH T TXLFNO\PDSSHG WR 7KLV PHDQV HPEHGGL

WDNH VPDOOHU GLVWDQFHV IURP HDFK RWKHU UHVXOWLQJLQ SRLQWYV OHVV SXVKHG WRZD
WKH 3RLQFDUp 'LVN

D01,67 HPEHGGLQJRQ WKH 3RLQFDUp 'LVE &V,6§ HABHEGERQLRQ WKH 3RLQFDUp 'LVN XVLQJ +\SHUER
61(ZLWK0:01 7KHHPEHGGLQJV DUH FOXMWHUWIECE QWEHGGLQJV DUH SXVKHG WR WKH ERXQGDU\ GX
FHQWHU GXHWR WRR ORZRID YDULDQFH D KLIJIKYDULDQFH

YLIXUH

7R VXPPDUL]H XVLQJ WKH *DXVVLDQ GLVWULEXWLRQJLYHV XV WKH PHDQ
HPEHGGLQJV DV LW FDQ SUHYHQW SRLQWV IURP EHLQJ SXVKHG WRZDUGYV
*DXVVLDQIRUFHV SRLQWV WR WDNHVPDOOHUGLVWDQFHVIURPHDFK RWK
GLVWULEXWLRQJLYHVXVDPHDQVRIFRQWUROOLQJWKHYSUBMPKWHWKH F
7KLV DOORZV WKH XVHU WR DGMXVW WKHHPEHGGLQJ SURFHVYVY SHU GDWD

)LQDOO\ VLQFH ZH DUH IRUFHIXOO\ UHVWULFWLQJ HPEHGGLQJV WR RQO)\
WKH UHJLRQ RI WKH 3RLQFDUp 'LVN WKDW LV YLVXDOO\ PHDQLQJIXO RQ
FRQVWUDLQW PD\ DIIHFW WKH HPEHGGLQJV QHJDWLYHO\ $IWHU DOO Z|
RFFXS\ D VPDOO DPRXQW Rl +\SHUEROLF 6SDFH FRUUHVSRQGLQJ WR WK
YLVXDOO\LQIRUPDWLYH WR XV :HZLOO QRW WDFNOHWHDRW ¥X\HMVEMRXQ E;
VWLOO HPHUJHDQG GHOLYHU YLVXDOL]DWLRQV PRUHLQWHUSUHWDEOH W
RQWR WKH ERXQGDU\



S5YEPMX]EWWIWWQIRX

SYEPMX]EWWIWWQIRX

6R IDU ZH KDYH SURSRVHG YDULRXV FKDQJHV WR VWDQGDU® +\$WHUEROLTF
RXUILQDO FRQWULEXWLRQ ZH ZLOO DVVHVV WKH TXDOLW\RI HDFK PHWK
LQFRUUHFWJUDGLHQW ZLWKWKHFRUUHFWJUDGLHQW DQG +\SHUEROLF
DQGDTXDQWLWDWLYHRQH EHVLGHV WKHHPEHGGLQJV RIWKHGDWDVHW
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GLPHQVLRQDO HPEHGGLQJ UHODWLYH WR WKH KLIJK GLPHQVLRQDO GDWD
LWV QHLIJKERXUKRR® 8 RWRWVIRVRIIMWFKRVHQ SRLQW LQ KLJK GLPHQVL
SRLQWVY FRUUHVSRQGLQJ HPEHGGLQJ ORFDWLRQ DQG QHLIJKERXUKRRG
HPEHGGLQJ WKHQ ZH FDQ FRPSDUH ERWK VHWV DQG GHWHUPLQH ZKHWK
QHLIJKERXUV PDWFK WKHQ D QHLJKERXUKRRG LV IDLWKIXOO\ UHFRQVWU)>
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7R FDOFXODWH WKH 3UHFLVLRQ 5HFDOO PHWULF ZH VIR UDWEBXQ® GLQJ
VRPH SRLQRY LQ KLJK GLPHQW,RQxPDOMWEHQ ILQG QHLJKERKEBKRRGV RI \
1,23 kmaxg LQWKH ORZ GLPHQVLRQDO HPEHG G L QJ2F WKKHFRRIZ BV BRQ & L R (
HPEHGGLQJRI SRLOMWQRWH WKLV QHIN\K(YBRXUKRRG DV

,Q SUDFWLFH ZHXVHWKHLQGLFHV RI WKH QHLJKERXULQJSRLQWV DQG Q
FDOFXODWLRQ 7KHKLJK GLPHQVLRQDO GDWDSRLQWY DQG WKH ORZ GL
DVPDWULFHV RUDUUD\V 7KLV PHDQV WKDW HDFK SRLQW LV DGGUHVVD
LQJ DUUD\ )XUWKHUPRUH WKH KLJK GLPHBRUR € I 5RXIGNVDGIRLIQFRWW DL WKR L
GLPHQVLRQDO HPEHGGLQJ BRiL QW P BHKGLEHEGYP VWSKRHA\QDMW H WKH VDPH SRL(
H[FHSWWRKDWKDW SRLQW LQ WKH RULJLQDO KLUY V&K B WQADLR HFOL @ DWEDXWH )
ORZ GLPHQVLRQDO HPEHGGLRJ MKKN PRIDMADWKDMW/NFRPSDULVRQ LQYRO)
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SRLQWV WKDW ZHUH RULJLQDOO\ QHLJKERXUV UHPDLQ QHLJKERXUV DIW
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FDQ FXUUHQW‘O\N\KIQ@/U%DVXUHV KRZFORVHWKHDFWXDO QHLJKERXUKRR
VFHQDULR %\ FRPSXWLQJW KMMKH BUHRAMLRLVRIWULF WKXV PHDVXUHV KR
ERXUKRRGY DUH SUHVHUYHGHD VFDQ X@GAWLKRQYRIR ZHOO QHLJKERXUKRRGV
SUHVHUYHG DV ZH FRQVLGHU ELJJHUDQG ELJJHUW QHLJKERXUKRRGYV DV Z

6IGEPP
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ZDQWWR REVHUYHD OLQHD W LQFUHDYV H WAL BEEOVO ®DIVQHDU LQFUHDVH GH
WKDW QHLIJKERXUKRRG SUHVHUYDWLRQLVLQGHSHQGHQW IURP QHLJKER?
DQG ELJIJHU QHLIJKERKMKRRB KRSIFRBKIDQF UHDVHV S URER WM HRIGIDROWH

FDQ VKRZ XV KRZ FRQVLVWHQW LGHDO WKLV JURZWK LV ZLWK UHVSHFW W

UD%H

)LQDOO\ ZH FDQ SORW EPRWB WK HHEGHFAM LR QW HDFK RWKHU WR JDLQ D VH
ZHOO QHLJKERXUKRRGV DUH SUKV HRIY WE& 1B VXBDIX QHWDRQWRBOHDVH VHH W
LQ VHFWLRQ
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GHQFHIRUWKHFODLPV PDGH

,QRXUH[SHULPHQWYVY ZH ZLOO PDNH XVH RIWKHIROORZLQJGDWDVHWYV FK
> @

01,67 >@ D GDWDVHW EDVHG RQ KDQGZULWWHQ GLIJLWYV LQ VL]H
SHU GDWD LWKH & (OHIJD@\GPWDVHW FRQWDLQLQJ WKH FHOO DWODV RI
WKH ZRUP & (OHJDQV SURGXFHG YLD 6LQJOH FHOO 51$ VHTXHQFLQJ 7K
ZLWK D GLPHQVLRQDOBWDRIDU@D$GDWDVHW FRQVLVWLQJ Rl WKH FHOO [
HUDWLYH SODQDULDQ "6FKPLGWHD PHGLWHUUDQHD  7KH GDWDVHW LV
VLRQDOLW\ RRUG1IHVW®> $ ODUJH OH[LFDO GDWDEDVH RI (QJOLVK QRXQV
DGYHUEV B6SHFLILFDOO\ ZH XVH WKH WUDQVLWLYH FORVX®PiHTR| WKH PDF
ff:Bi?m#X+QKf7 +2#QQF 2b2 “+?2fTQBM+ 7R@\2 GHW/MBWHBWWFRQWDLQV LW
DGLPHQVLRQDOLW\RI ,QDGGLWLRQ ZHZLOOPDNHXVHRIDQDUWLILFL
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, QVHFWIRODPDGH WKH REVHUYDWLRQ WKDW WKHLQFRUUHFW JUDGLHQW K
UHODWHG PHWKRGV ,Q WKLV H[SHULPHQW ZH FRPSDUH FRVW IXQFWLRQ Y
E\ WKH FRUUHFWDQG LQFRUUHFW JUDGLHQW WR H[SHULPHQWDOO\ YHULI
IRUPV EHWWHU

JLUVWO\ WKH FRVW IXQFWLRQ ZH DUH PLQLPL]JLQJ LV
- ~H X X ]
C =KL (PjjiQ™) = pj log —

%RWK WKH LQBERGUMKWFRUUBEWHQWY DWWHPSW WR RSWLPL]JH WKLV FRV\
QRWHWKDW ZH DVVXPH WKH XVDJH RI WKHW GLVWULEXWLRQIRUPRGHOL
VHFWLRQ

$VPHQWLRQHG LQWKRWPBRQHPHQWDWLRQRI| +@ BBER @RWWODINHQOWR DF
WKH LQYHUVH P W UQFWKHQUYRWDGLHQW GHVFHQW LPSOHPHQWDWLRQ U
SOLFDWLRQ RI 5LHPDQQLDQ JUDGLHQW GHVFHQW 7R EH VSHFLILF WKHL
DFFRUGYQFWA, ( ) LQVWHBE=RKkp,( '&) :HZLOO DOVR WDNH WKLV
DFFRXQW IRURXU ILUVW H[SHULPHQW 30OHDVH VHH WKH QH[W VHFWLRQ I1

6WDUWLQJ IURP W[MBHWLREQWY ZLOO DOZD\V XVH WKH FRUUHFW XSGDWH
LQYHUVH PHWULF WHQVRU LQ WKH XSGDWH VWHS WKHH[SRQHQWLDO PD?S
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‘H HPEHG GDWD LQ WKH 3RLQFDUpP 'LVN YLD +\SHUERROQB W K& £ RAHHH V¥ M/F DU
LQFRUUHFW JUDGLHQKNMUNHBWLRQHQW HPEHGGLQJV DUH WKHQ SURGXFHC
YDOXHV DUH FRPSDUHG VLGH E\ VLGH :H ORRN DW WKH HPEHGGLQJ SURF
ZLWKRXW WKHLQYHUVH PHWULF WHQVRU IDFWRU LQ WKH RSWLPL]DWLRQ
LPSOHPHQWD®& LRVKRILLQFRUUHFW JUDGLHQW ZLWK WKH L& DQGVLHPMKHI L F
SDSHU@ DQG ILQDOO\WKH FRUUHFW JUDGLHQW ZLWK WKH LQYHUVH PHW

JIWTIVMQIRX HIXEMPW

BULRUWR WKH H[SHULPHQWV DQ LQLWLDO HPEHGGLQJ RI WKH GDWDVHW I
KLJK GLPHQVLRQDO GLVWDQFHV PXVW EH FRPSXWHG 7KLV EHFRPHV WK
SURFHVYV

(EXETVI TVSGIWWMRK

'XH WR KDUGZDUH OLPLWDWLRQV ZH ILUVW SUH SURFHVV WKH GDWD :H X
RI WKH GBOWDI WKH GDWDYV GLPHQVLRQQDKH. WU LYLQBOVGWKIDQLY XVHG DV
WKDW EHVLGHY LPSURYHPHQWYV LQ FRPSXWDWLRQDO FRVW RWKHU PHW ¥
WR LQLWLDOO\ UHGXFH WKH GLPHQVLRQDOLW\ DV WKLV PD\UHGXFH QRL
LQWHUSRLQW WKHGLVWDQFHV LQ EHWZHH@ DQ\WZR GDWDSRLQWV GLV!

JIXUWKHUPRUH DIOO@GRRFRAQWN LV WDNHQ LI WKH IGOMWDDKMIDVSRROWWKDRU
HDFK GDWDVHW DQG FRUUHVSRQGLQJ FRVW IXQFWLRQ H[SHULPHQW WKH
FRQVLVWHQF\DFURVV WKH GDWDVHW

'SQTYXMRKLMKL HMQIRWMSREP WMQMPEVMXMIW

‘HWKHQ FRPSXWH WKH KLJK GLPHQVLRQDO GLVWDQFH PDWUL[ )LUVWO\
,Q DOO WKH H[SHULPHQWYV I AONMG ISRIVISQHKWVRIDUDPHWHU FDQ EH LQW
PHDVXUH RIWKHHIITHFWLYH QXPEHU RI QHLJKERXUY OUCHDKREKERARW KDV V
LVLQDFFRUGDQFH WR WKHOYDQGHWVEKRRMRQ QR E H ZNRVKILAX\Y WHAW B T)YJ H
FDOOV W\SLFDO YDOXH& IRUSHUSOH[LW\ >

-RMXMEPMAEXMSR MR XLI 4SMRGEV- (MWO
)LQDOO\ DQLQLWLDO HPEHGGLQJLV FUHDWHG E\UDQGRPO\SRVLWLRQLG
DFLUFOH LQ RXU FDP¥HZUWKURX®LKXWKH RULJLQ RI WKH 3RLQFDUp 'LVN

, JTSXLIWMW
7TKHH[SHFWDWLRQLVWKDW XVLQJWKHFRUUHFWJUDGLHQW PLQLPL]JHV W
FRVW IXQFWLRQ YDOXHVY FRPSDUHG WR WKH LQFRUUHFW JUDGLHQW )XU
WKHLQYHUVHPHWULFWHQVRULVH[SHFWHG WR SHUIRUP WKH SRRUHVW ¢
GXHWR WKHODFNRIWKHLQYHUVH PHWULF WHQVRU XSGDWHVWHSYV ZL
,Q WKHLPSOHPHQWDWLRQ XSGDWH VWHSVY WKDW ZRXOG UHVXOW LQ HPE
SHUIRUPHG DW DOO 7KXV ZH H[SHFW WKH YHUVLRQ ZLWKRXW WKHLQYHU

J)LQDOO\ LQ RXUJUDSKV EHORZ ZH H[FOXGH WKH HD WV OAHSYD DM W B W\L R C
GR QRW SURYLGHPXFKLQIRUPDWLRQ UHJDUGLQJ WKHFRQYHUJHQFHRI W

6IWYPXW
JLIXUHFRQWDLQV D VHULHV RIJUDSKV WKDW FRPSDUHV WKHFRVW IXQFWL
JUDGLHQW ZLWK DQG ZLWKRXW WKH LQFOXVLRQ RI WKH LQYHUVH PHWU
GDWDVHWYV

(MWGYWWMSR
-RGSVVIGX KVEHMIRX [MXLSYX MRZIVWI QIXVMG XIRWSV
7KH HPEHGGLQJ SURGXFHG DV D UHVXOW RI WKHLQFRUUHFW JUDGLHQW
RSWLPLIDWLRQ WKHJUHHQ VWULSHG FXUYH DFKLHYHV WKH ZRUVW FRVYV
7KLY RFFXUV FRQVLVWHQWO\DFURVV DOO WKH GDWDVHWY WHVWHG
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F30DQDULD G:RUGQHW

JLIXUH &RVW IXQFWLRQ FRPSDULVRQ JUDSKYV

JXUWKHUPRUH WKH FRUUHVSRQGLQJFXUYH JUHHQ VWULSHG SODWHD X
RQ GXH WR HPEHGGLQJV JHWWLQJ WRR FORVH WR WKH ERXQGDU\ $V GL
QRW XVLQJ WKHLQYHUVH PHWULF WHQVRU LQ WKH RSWLPL]DWLRQ SURF!
RXW RI ERXQG RI WKH GLVN WKHUHIRUH QRW SHUIRUPLQJ WKH XSGDWH \
SURFHGXUH WHUPLQDWHY HDUO\DV QR SURJUHVV FDQ EHPDGH :HDUHW
ZDV SURGXFHG EHIRUH WHUPLQDWLRQ

-RGSVVIGX KVEHMIRX [MXL MRZIVWI QIXVMG XIRWSYV

7KH FROQWLQXRXV EURZQ RUDQJH FXUYHUHSUHVHQWY WKH FRVW IXQFWL
XVLQIJ WKH LQFRUUHFW JUDGLHQW ZLWK WKHLQYHUVH PHWULF WHQVRU
WKHZKROHHPEHGGLQJ SURFHVV DV QRZWKHLQYHUVH PHWULF WHQVRU I
VWHSVY DUH VFDOHG DFFRUGLQJO\ DV HPEHGGLQJV DSSURDFK WKH ERXQ
REVHUYH WKDW WKLY FXUYHLV HYHQWXDOO\ RYHUWDNHQ E\ WKH GRWW |}
LQGLFDWHYVY WKDW WKHLQFRUUHFW JUDGLHQW GRHV QRW PLQLPL]H WKH |
DVLWVJUDGLHQW GRHV QRW FRUUHFWO\ SHUWDLQ WR WKH FRVW IXQFWL

'SVVIGX KVEHMIRX [MXL MRZIVWI QIXVMG XIRWSV

J)LQDOO\ WKH FRUUHFW JUDGLHQW YHUVLRQ SHUIRUPVY WKH EHVW 7KLV
XVH RI WKH FRUUHFW JUDGLHQW FRUUHVSRQGLQJ WR WKH FRVW IXQFWLF
HYLGHQFH WR YHULI\ WKLYV

+RZHYHU LQLWLDOO\ GXULQJ WKH HDUO\ LWHUDWLRQV WKLV FXUYH SHL
FXUYH ILUVW LQFUHDVHV LQGLFDWLQJ WKDW WKH FRVW IXQFWLRQ YDO
FDWLQJWKDW WKH FRVW IXQFWLRQ YDOXHV DUH QRW FKDQJLQJ DQG RQO
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RQO\DIWHU VRPHDPRXQW RILWHUDWLRQV WKDW WKHFRUUHFW JUDGLHQ
WKH RWKHUV :HZLOO H[SODLQ WKLV EHORZ

-RMXMEP FILEZMSYV SJ XLI GSVVIGX KVEHMIRX
7KHLQLWLDO LQFUHDVHLQ FRVW IXQFWLRQ YDOXHV LV VXVSHFWHG WR E|
LWHUDWLRQV FRPELQHG ZLWK RSWLPL]LQJ YLD JUDGLHQW GHVFHQW 2¢
FRQILIXUDWLRQ RI HPEHGGLQJV UHVXOWLQJ IURP WKH HDUO\ H[DJJHUDW
FOXVWHUV PD\ KDYH DOUHDG\ IRUPHG WKH RYHUDOO HPEHGGLQJ LV EDC
WKHQ PDNH SURJUHVV LW KDV WR EUHDN RXW Rl WKLV SRRU VWDWH ZKLFK
IXQFWLRQ YDOXHYV

7KH SODWHDXLQJRIWKH FRVW IXQFWLRQ FDQ E HIHN\S-ODAL Q\H SUH WHIG W @ Q LG
JUDGLHQW IRUPXOD VH$MHWXBIVEIHRQQQLQJ Rl WKH HPEHGGLQJ SURFHGXL
FHQWHU RI WKH GLVN 7RINWHYREGEWYLQ®NLQWHUSRLQW GLVWDQFHV DUH |
7KHUHIRUH XSGDWHVY HDUO\ RQ KDSSHQ YHU\ VORZO\DQG FDQ RQO\ SLFN
SRLQWYV KDV EHHQ HVWDEOLVKHG 2QFH WKLV LQLWLDO VWDJH KDV EHHC
FRUUHFW JUDGLHQW KDV D JUHDWHU VORSH WKDQ WKH RWKHU FXUYHV
PLQLPL]JHY WKH REMHFWLYH DW D KLJKHU UDWH (YHQWXDOO\ WKH EXUY
RWKHU FXUYHV LQGLFDWLQJ WKDW PRUH RSWLPDO ORZHU FRVW IXQFWL

‘HWKXV FRQFOXGH WKDW WKH SURSHU ZD\ WR XVH +\ S UB/RE VY QaI1\Y KDHY (
FRUUHFW JUDGLHQW LQ WKH RSWLPL]DWLRQ

OMQMXEXMSRW SJ XLI X HMWXVMFYXMSR

,Q VHFWLRKY) GHVFULEHG KRZ FKRLFHVY LQ GLVWULEXWLRQV PRGHOLQJ OF
JUHDWO\ LPSDFW HPEHGGLQJ TXDOLW\ 7KLV H[SHULPHQW DLPV WR H[SH
SURGXFHVHYHUDO HPEHGGLQJV XVLQJ +\SHUEROLFW 61(DQG TXDOLWDW
WLRQV %RWKWKHFRUUHFWDQGLQFRUUHFW +\SHUEROLFW 61(JUDGLHC
LVEHFDXVHZHZDQWWRVKRZWKDWWKHOLPLWDWLRQVRIWKHW GLVWUL
SUHWDEOH YLVXDOL]DWLRQV LVLQGHSHQGHQW RI WKHJUDGLHQW IRUP X
LWVHOI

JN\TIVMQIRXEP 71XYT

,QRXUILUVWH[SHULPHQW ZHUDQDQHPEHGGLQJ SURFHGXUH IRUHDFK N1
IRUHDFK NLQG RI GDWDVHW FRQVLGHUHG ,Q WKH ILUVW H[SHULPHQW RQC
LQJ WR HDFK HPEHGGLQJ SURFHGXUH ZHUH XVHG DV WKDW ZDV WKH RQO
WKDW VHFWLRQ ,Q RXUVHFRQG H[SHULPHQW ZH WDNH WKH UHVXOWLQJ
WKHVH HPEHGGLQJ SURFHGXUH LQVWHDG RI WKH FRVW IXQFWLRQ YDOX
RWKHU ZRUGV WKH VDPH HPEHGGLQJ SURFHGXUH LV EHKLQG WKH H[SHUL
HISHULPHQW

, J TSXLIWMW
‘HH[SHFW WKDW LQ WKHOLPLW HPEHGGLQJV ZLOO EH SXVKHG RXWZDUG
WKHQDWXUH RIWKHW GLVWULEXWLRQTV KHDY\LW EHX\D YOL\RG H L WUH[ESHGE W
RFFXUIRUERWKWKHLQFRUUHFWDQG FRUUHFW JUDGLHQW HPEHGGLQJV

,QDGGLWLRQ ZH DOVR H[SHFW WKDW WKH YHUVLRQ ZLWK WKH FRUUHFW
DZD\IURP HDFK RWKHU 7KLV LV EHFDXVH DQ?H.[WSDI—G/LH/@\XNDQIEHFEKDL\/IHJGIN\[
WKDMH[DFHUEDWHY WKLV SXVKLQJHIIHFW VLQFH WKHJUDRDGLHQW LV VFDO

6IWYPXW
JLIXUHFRQWDLQV VLGH E\ VLGH HPEHGGLQJVY UHVXOWLQJ IURP XVLQJ Wt
IRUVHYHUDO GDWDVHWY (DFKHPEHGGLQJKDVDGLUHFW  FRUUHVSRQGH
LQWKHILUVW H[SHULPHQW L H WKHFRVWIXQFWLRQ JUDSKV WUDFNV W
SURFHGXUH WKDW SURGXFHG WKH HPEHGGLQJY EHORZ ,Q DGGLWLRQ W
KHUHLQWHUPHGLDWH HPEHGGLQJV



OMQMXEXMSRW SJ XLI X HMWXVMFYXMSR

(YHU\ VWHS LQ WKH RSWLPL]DWLRQ SURFHGXUH Ky WHRRHFAWM IR GLQJ H
7KH ILQDO HPEHGGLQJ Y—i"RXUlZHHETE(QIG\NW QXPEHU RI LWHUDWLRQV UHDF
FRQYHUJHQFH FULWHULD LV PHW WKHUHIRUH FRUUHVSRQGLQJ WR WKH |
HPEHGGLQJVRILWHUDWLRQV EHIRUHFRQYHUJHQFH KDV EHHQUHDFKHG V
SURFHVV SURFHHGY 6RPHLOQWHUPHGLDWHHPEHGGLQJV DUH GLVSOD\HG
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