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Abstract

We prove an extrapolation of compactness theorem for operators on Banach function
spaces satisfying certain convexity and concavity conditions. In particular, we show
that the boundedness of an operator 7 in the weighted Lebesgue scale and the com-
pactness of T in the unweighted Lebesgue scale yields compactness of 7 on a very
general class of Banach function spaces. As our main new tool, we prove various char-
acterizations of the boundedness of the Hardy-Littlewood maximal operator on such
spaces and their associate spaces, using a novel sparse self-improvement technique.
We apply our main results to prove compactness of the commutators of singular inte-
gral operators and pointwise multiplication by functions of vanishing mean oscillation
on, for example, weighted variable Lebesgue spaces.

Keywords Banach function space - Compact operator - Extrapolation - Muckenhoupt
weight

Mathematics Subject Classification Primary 46E30 - Secondary 46B50 - 42B25

1 Introduction

The classical Rubio de Francia extrapolation theorem [23, 44] is one of the most
powerful tools in the theory of weighted norm inequalities. In its simplest form, it
states that if an operator T is bounded on the weighted Lebesgue space LY, (R?) some
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p € (1,00) and all weights w € A, then T is automatically bounded on LY (RY)
forall p € (1,00) and w € A),. Here we call a positive function w a weight, we
let LY (R?) denote the space of all functions f such that fw € LP(R?), and write
weA,if

; .
[wlp, ::sgp(é/{gw”)p(é/;w_”)‘ < 00,

where the supremum is taken over all cubes Q C RY.

In recent years, Rubio de Francia’s extrapolation theorem has been extended to
compact operators. Again in its simplest form, Hytonen and Lappas [29] showed that
if

e T is bounded on L1, (R?) for some p € (1, 00) and all weights w € A ;
e T is compact on LY (RY) for some p € (1, 00) and some weight w € A;

then 7' is compact on L% (R¢) for all p € (1,00) and w € A p- Note that in typical
applications, one checks the compactness assumption for p = 2 and w = 1, i.e. on
the Hilbert space L%(RY).

In order to fix ideas, let us briefly sketch the proof of Hytonen and Lappas [29] in
the simplest case stated above. In essence, the argument has three main ingredients:

(1) The Rubio de Francia extrapolation theorem;

(2) Interpolation of compactness: For Banach function spaces Xo and X and an
operator 7" which is compact on X( and bounded on X, T is compact on the
product space X(l)fe . X(f for 0 € (0, 1);

(3) The self-improvement property of Muckenhoupt classes: For w € A, there is an
l <r < psuchthatw” € Ap,.

Using these ingredients, one starts by observing that 7' is bounded on L%, (R?) for all
p € (1,00) and w € A, by (1) and hence, by (2), the compactness of the operator T’
on LY (Rd) can be used to deduce the compactness of 7 on

LPRY = LR LD (R

Next, fix p € (1,00) and w € A,. Using (3) on both w € A, and w!l e Ay, one

finds1 <r <p<s<oosuchthatw” € Ap andw™ € A andl—%:%.One
r v p

S
readily checks that this is equivalent to the condition w, s € A, , where

I
@ |—

=

1
» = , and  w,si=w
r,s

N
I
o =

Note that the affine transformation that maps % — pL is the one that maps the interval

(%, %) to the interval (0, 1) through a translation by —% and a scaling by a factor of
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} — % Similarly, the space X, ;s 1= Lﬁ’ri (Rd ) can be scaled and translated back to

the space X := LY (RY) through the factorization
1_1 s nd 1-6 72 ,pdy\0 2
X=X, s)r s - L'RY) = (X;5) 7 - L"RY”, 0= . (L.1)

Therefore, since T is bounded on X, ; and compact on L2(RY), this means it is also
compact on LY (RY) by (2), proving the result.

The extrapolation theorem of Rubio de Francia has been generalized to a general
class of Banach function spaces. This was first done for rearrangement invariant spaces
by Curbera, Garcia-Cuerva, Martell, and Pérez in [18]. In the recent work of Cao,
Marin and Martell [9] weighted Banach function spaces under weighted analogues of
the conditions of [4] were considered. In [43] by the second author this was generalized
to the class of saturated spaces, which is also the class of Banach function spaces we
consider in this work, see Sect.2. We refer the reader to [43, Sect. 4.7] for a direct
comparison of the assumptions with those of [9]. In particular, it was shown in [43]
that if T is bounded on L{Z(Rd) for some p € (1, oo) and all weights w € A, then
T is bounded on any Banach function space X for which

M:X— X, M:X - X,

where M denotes the Hardy-Littlewood maximal operator and X’ the associate space
of X. This, of course, includes the weighted Lebesgue spaces X = L5 (R?) for

w € Ap, as itis well-known that M is bounded on X and X = LZ/_I (Rd).

Thus, we observe that (1) is available in the setting of Banach function spaces.
Moreover, (2) is already phrased in this setting. Therefore to extend the extrapolation
of compactness theorem of Hytonen and Lappas [29] to the setting of Banach function
spaces, one only needs to find a suitable replacement for (3), which will be the main
contribution of this paper.

In the above proof sketch, (3) was used to deduce the factorization in Eq. (1.1).
Thus, we are looking for a self-improvement property of the form: If X is a Banach
function space such that

M:X—X, M:X — X,

thenthereare 1 <r <s < oowith 1 — } = % such that

M:Xs—> Xrs, M: (Xr,s)/ g (Xr,s)/ (1.2)

for some suitable space X, ; satisfying Eq. (1.1). In [43] it was shown that a space
X, such that Eq. (1.1) holds exists if and only if X is r-convex and s-concave, i.e.,

1
>

larr+ gl x = (IF 1% +ligl) " f.geX

1
(LF I + gls)* < AFE + 12195 s f.geX.
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30 Page4of25 Journal of Fourier Analysis and Applications (2024) 30:30

We note that in this case X, s is given by the formula

/!

X = [[(x)]]

Combined with the boundedness of M on X, ; for r small enough and s large enough,
which we will discuss below, we have sketched the proof of our first main result.

Theorem 1.1 Let

T: U L?(RY) — LORY)

pe(l,00)
weA,

be a linear operator such that

o T is bounded on L%, (R?) for some p € (1, 00) and all weights w € Ay
o T is compact on L% (R?) for some p € (1, 00) and some weight w € Ap.

Let X be a Banach function space over R¢ such that
M:X—>X, M:X' - X,

and assume X is r-convex and s-concave for some 1 <r <s <o0o.ThenT : X — X
is compact.

We prove Theorem 1.1 as Theorem 4.1 below. We note that the r-convexity and
s-concavity conditions in the case of the Lebesgue space X = L% (R¥) are satisfied
with r = s = p. Theorem 1.1 is also applicable to, for example, weighted variable

Lebesgue spaces X = Lg)(')(Rd ). Here the function p: R? — (0, co) has to satisfy
1 < essinf p < esssup p < 00

so that X is r-convex and s-concave with r = essinf p, s = esssup p, and the weight
and the exponent have to satisfy some additional condition ensuring the boundedness
of M on X (see, e.g., [21, 34] for the unweighted setting and [17] for the weighted
setting).

As we shall see in Sect. 6, Theorem 1.1 can be used to deduce the compactness
of commutators of singular integral operators and multiplication by functions with
vanishing mean oscillation. We refer the reader to [29, Sect. 5-8, p. 10] for further
examples of operators to which Theorem 1.1 is applicable.

Remark 1.2 1t is clear that the proof strategy of Theorem 1.1 cannot work without the
convexity and concavity assumptions, since, as mentioned before, the existence of
the factorization Eq. (1.1) implies that X is r-concave and s-concave. This means that
Theorem 1.1 is, in particular, not applicable to Morrey spaces, as Morrey spaces are not
s-concave for any s < oo. In [33], Lappas proved that extrapolation of compactness in
the Morrey scale is possible if one replaces the compactness assumption on L% (R")

Birkhauser
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by a compactness assumption on a Morrey space. Since there are factorization results
in the spirit of Eq. (1.1), but with L*(R¥) replaced by this Morrey space, this allows
one to follow the same lines of reasoning as before. For a general, non-convex or
non-concave Banach function space X, it is not clear what a suitable replacement for
L*(R?) would be.

Let us return to the analogue of the self-improvement property of the Muckenhoupt
classes needed to prove Theorem 1.1, which was stated in Eq. (1.2). For a Banach
function space X, it was shown by Lerner and Ombrosi [36] thatif M : X — X, then
there is an r > 1 such that also M : X" — X" and hence, if

M:X—>X, M:X - X.
as in Theorem 1.1, we can find 1 < r < s < o0 so that
M:X =X, M:X) - X). (1.3)
Unfortunately, it is not clear if this implies the bounds
M:X,5— Xrs, M:(X,5) = (Xry). (1.4)

In fact, it was shown in [43, Theorem 2.36] that Eq. (1.4) implies Eq. (1.3) and the
converse is an open problem, see [43, Conjecture 2.39].

Instead of using the self-improvement result of [36] to the spaces X and X’ sep-
arately, we will prove a simultaneous self-improvement result to show that if M is
bounded on X and X’, and the space X is r*-concave and s*-concave for some
1 < r* < s* < o0, then Eq. (1.4) holds for all 1 < r < r* small enough and
s* <'s < oo large enough. This is a direct consequence of our second result.

Proposition 1.3 Let r* € (1, 00) and let X be an r*-convex Banach function space
over R%. Then the following are equivalent:

(i) Wehave M : X — X and M : X' — X';
(ii) There is anrog € (1, r*] so that for all r € (1, ro] we have

M: X" = X', M:X") = (X"
(iii) Thereisanr € (1,r*]so that M : (X") — (X")'.

Proposition 1.3 is proved as Theorem 3.1 below. It relies on a sparse characterization of
the boundedness of M on X and X', followed by a sparse self-improvement result based
on a novel use of the classical reverse Holder inequality of Muckenhoupt weights.
Applying Theorem 1.3 first to X and then to the resulting space (X”)’ yields Eq. (1.4)
for some 1 < r < s < oo, see Corollary 3.3. We note that Proposition 1.3 is also of
independent interest, as various works use (3) as an assumption, often not realizing
that it is equivalent to (1.3).

Rubio de Francia’s extrapolation theorem for LY (RY) has been generalized to the
off-diagonal setting by Harboure, Macias and Segovia [26] and to the limited range
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setting by Auscher and Martell [3]. Both settings were extended to general (quasi)-
Banach function spaces X in [43]. Using [43, Theorem A], we also obtain a limited
range, off-diagonal extrapolation of compactness theorem for Banach function spaces,
which is our final main result. We refer the reader to Sect. 5 for the definition of A 5 (7 5.

Theorem 1.4 Let o € Rand let r,ry € [1,00), 51,52 € (1, 00] satisfy rj < s; for
je{l,2}and

Define
. 2.1 1 1 : 1 1 _
P-Z{(PI»PZ)E(O,OO] ~p—j€[§,r—j],]€{1»2},ﬁ—z—0€}

and let

T: U LI RY) - LORY)
(p1,p2)€P
wEAﬁ'(;_l;)

be a linear operator such that

o T is bounded from LL' (R?) to LB} (R?) for some (pi1, p2) € P and all w €
A5
o T is compact from L5 (R?) to LE? (R?) for some (p1, p2) € P and some w €
Ap..5)-
Letr; < r;‘ < s;f < s; and let X ; be an r;‘—convex and s;‘—concave Banach function
space for j € {1, 2} satisfying

(Xl)rl,sl = (XZ)rz,sz

and

M : (Xl)r|,s1 - (Xl)r1,s19 M : ((Xl)m,sl)/ - ((Xl)r|,S|),-
Then T : X1 — X, is compact.

We prove Theorem 1.4 as Theorem 5.1 below. Note that Theorem 1.4 recovers [29,
Theorems 2.3 and 2.4] for X and X, weighted Lebesgue spaces in a unified result.

Remark 1.5 For weighted Lebesgue spaces, the result in [29] was further generalized
to multilinear operators by Cao, Olivo and Yabuta [8] (see also [28] by Hytonen and
Lappas). Currently, multilinear extrapolation in quasi-Banach function spaces has not
yet been proven in its full expected generality (see [43, Sect. 6]). Moreover, the com-
pactness of multilinear operators on product spaces seems to be only available for
bilinear operators (see [14, Sect. 3]) and, although appearing naturally in the multi-
linear setting, quasi-Banach function spaces are not allowed in this result. Because of
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these limitations, we will not develop multilinear versions of our results in the current
paper. We do point out that a bilinear compact extrapolation for products of weights
classes extending [8, Theorem 1.2] can easily be obtained using [43, Theorem B], but
since the proof is just an application of the linear case presented in this paper on each
component, we do not consider this an important contribution to the literature, and
therefore omit it.

Finally, we would like to note that for weighted Lebesgue spaces, an extrapolation
of compactness result has also been obtained in the two-weight setting by Liu, Wu
and Yang [39].

The plan for this paper is as follows. We start in Sect. 2 by defining Banach function
spaces and all their relevant properties. Afterwards, in Sect.3, we prove the self-
improvement property of the maximal operator on Banach function spaces stated in
Theorem 1.3. Sections4 and 5 are devoted to proving the extrapolation of compact-
ness results in the full range case (Theorem 1.1) and limited range, off-diagonal case
(Theorem 1.4) respectively. Finally, in Sect.6 we apply Theorem 1.1 to deduce the
compactness of commutators of both Calderén—Zygmund and rough homogeneous
singular integral operators with pointwise multiplication by a function with vanishing
mean oscillation.

2 Banach Function Spaces

Let (€2, ) be a o-finite measure space. Let LO(Q) denote the space of measurable
functions on (€2, ). A vector space X C LO() equipped with anorm || - || x is called
a Banach function space over S if it satisfies the following properties:

e Ideal property: If f € X and g € L°(Q) with |g| < |f], then g € X with
lglx < Il fllx-

e Fatou property: If 0 < f, 1 f for (fu)n=1 in X and sup,~ || fullx < oo, then
feXand | fllx =sup,>ll fullx.

e Saturation property: For every measurable E C 2 of positive measure, there exists
a measurable F C E of positive measure with 1p € X.

We note that the saturation property is equivalent to the assumption there is an f € X
such that f > 0 a.e. Moreover, the Fatou property ensures that X is complete.
We define the associate space X’ as the space of all g € L%(R") such that

llgllx := sup | fgl < oo,
Iflx<1JR

which is again a Banach function space. By the Lorentz—Luxembourg theorem we
have X” = X with equal norms.

For proofs and a further elaboration on these properties we refer the reader to the
book of Zaanen [49] and the recent survey [40].

Remark 2.1 Throughout the literature, following the book by Bennet and Sharpley [4],
in the definition of a Banach function space X it is often in addition assumed that for

Birkhauser
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all measurable £ C Q with u(E) < oo one has
lpeX and 1peX'. 2.1

Note that this implies the saturation property. However, Eq. (2.1) is too restrictive to
study weighted norm inequalities in harmonic analysis. Indeed, there are examples of
weighted Lebesgue spaces L, (R?) for p € (1,00) and w € A p that do not satisfy
Eq. (2.1), see [45, Sect. 7.1].

2.1 Convexity Properties

Let X be a Banach function space over 2 and 1 < p < g < co. We call X p-convex
if

1 1
[AF17 4+ 18177 | < (£ + Ngls) 7. f.8€X,

and we call X g-concave if

1 1
(A% +1el%) e < [Af1? + 18199 |y f.geX.

Note that any Banach function space is 1-convex by the triangle inequality and oco-
concave by the ideal property. One often defines p-convexity and g-concavity using
finite sums of elements from X and a constant in the defining inequalities, but, by [38,
Theorem 1.d.8], one can always renorm X such that these constants are equal to one,
yielding our definition.

We note that if X is p-convex and g-concave, then X is also pg convex and go-
concave for all pg € [1, p]and go € [g, oo] and X’ is g’-convex and p’-concave (see,
e.g., [38, Sect. 1.d]).

For p € (0, co) we define the p-concavification of X by

XP = {f € L%Q) : |f]F € X},

i.e. for a positive f € LO(Q) we have f € X if and only if f? € X”. We equip X”
with the quasi-norm

1
Iflxe == 1F171%.  feXP.

Note that X is a Banach function space if and only if X is p v 1-convex.

Definition 2.2 Let 1 <r < s < oo and let X be an r-convex and s-concave Banach
function space. We define the (r, s)-rescaled Banach function space of X by

X5 1= [[(Xr)/](‘,i-)/]/’

which is again a Banach function space.

Birkhauser
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2.2 Calderén-Lozanovskii Products

Let Xo and X be Banach function spaces over 2 and 6 € (0, 1). We define the
Calderon—Lozanovskii product (see [7, 41]) Xg = Xéfe - X f as the space of those
h € L°() for which there exist 0 < f € X0, 0 < g € X such that |h| < f170g%.
We equip this space with the norm

— 1611 116
I7llxe == 1nf || flIx," g,

where the infimum is taken overall 0 < f € X(,0 < g € X for which |A]| < fl’gge.
We note that Xy is a Banach function space, see e.g. [19, Appendix 7].

The following proposition will play a key role in the proof of Theorem 1.1 and The-
orem 1.4. Note that one can interpret the appearing products as Calderén—-Lozanovskii
products since

1

L3(Q) = L7 (@) =G+,

Proposition 2.3 Let 1 <r < s < oo and let X Banach function space over 2.

(i) If X is r-convex and s-concave, then
11
X = (Xr,s); s LS(Q)-
(ii) If there is a Banach function space Y such that
1 1
X=Yr"5.L%(Q),
then X is r-convex and s-concave and Y = X, ;.

Proof For 2.3 we refer the reader to [43, Corollary 2.12], and 2.3 is proven analogously
to [43, Theorem 2.13], substituting X, s by Y. O

3 Sparse Self-Improvement for the Maximal Operator

As we will need Proposition 1.3 in the proof of Theorem 1.1, we start in this section
by proving Proposition 1.3 and its consequences. First we introduce some notation.
For r € (0, 0), a cube Q C R? and function f € L°(R?) we define the r-average

of f by (f)r.0 = (@ f Q| £, and we define the Hardy-Littlewood maximal
operator by

Mf = Slép (1,010,

where the supremum is taken over all cubes Q in R¥.

Birkhauser
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Theorem 3.1 Let r* € (1, 00) and let X be an r*-convex Banach function space over
RY. Then the following are equivalent:

(i) Wehave M : X — Xand M : X' — X';
(ii) There is anrg € (1, r*] so that for all r € (1, ro] we have

M:X =X, M:(X) - (X7
(iii) Thereisanr € (1,r*]so that M : (X") — (X")'.

Before we turn to the proof, we provide two useful corollaries. First of all, we obtain
the following equivalent formulations of the bounds

M:X— X, M:X - X,
assumed in Theorem 1.1.

Corollary 3.2 Let X be a Banach function space for which there exist 1 < r* < s* <
oo such that X is r*-convex and s*-concave. Then the following are equivalent:

(i) Wehave M : X — Xand M : X' — X';
(ii) Thereisanr € (1,r*] sothat M : (X") — (X")';
(iii) Thereisans € [s*,00) sothat M : X1 3 — X1.

Proof The equivalence of 3.2 and 3.2 is contained in Theorem 3.1 whereas the equiv-
alence of 3.2 and 3.2 follows from applying the first equivalence with X replaced
by X’, which is (s*)’-convex, to find an s € (1, (s*)’] for which M is bounded on
[(X)T = X5 o

Our second corollary is the self-improvement property in Banach function spaces
discussed in the introduction, which will replace the self-improvement property of the
Muckenhoupt classes in the proof of Theorem 1.1 and Theorem 1.4:

Corollary 3.3 Let X be a Banach function space for which there exist 1 < r* < s* <
oo such that X is r*-convex, s*-concave, and

M:X—>X, M:X-X.

Then there existrg € (1,r*], so € [s*, 00) such that forallr € (1, rol ands € [sg, 00)
we have

M: X, s — X, M: (Xr,s)/ - (Xr,s),.
Proof By Theorem 3.1 there is a rg € (1, r*] for which
M:X0 — X0 M: (X0 — (X"

Note that (X"0) is (%)/—convex. By applying Theorem 3.1 to (X")’, we find a 7y €
(1, (%)’] such that M is bounded on [(X"°)'] and ([(X’O)’]IO)/.

Birkhauser
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Now define 5o := rot;, > s*. Then we have to = (f—g)/, so that
M : Xro,so - X}’(),S()s M : (Xro,so)/ - (Xro,so)/-

Letting r € (1, rg), s € (s, 00) and noting that (X, s) = (X’)s(/)’,(/) by [43, Proposi-
tion 2.14], it follows from [43, Proposition 2.30] that also

M:Xrs— Xrso M:(Xry) — (Xry).
The assertion follows. O

We now turn to the proof of Theorem 3.1. As a final preparation, we require a
lemma on sparse operators. A collection of cubes S in R? is called sparse if for each
Q € & there is a measurable set Eg € Q for which |Eg| > %|Q| and, furthermore,
the collection (E(p)ges is pairwise disjoint. For a sparse collection of cubes S and
f e LO(R?) we define

Tsf:=Y (fhole.
QeS

We have the following characterization of when M is bounded on X and X’ in terms
of Ts.

Lemma 3.4 Let X be a Banach function space over RY. Then
M:X—> X, M:X =X
if and only if we have Ts : X — X for all sparse collections of cubes S with

sup [ Tsllx—x < oo.
S is sparse

Proof For f, g € LO%(R?) we define

My (f,8) = Slép (ol@olg.

By [43, Proposition 6.1] it suffices to show that M} | : X x X’ — L'(R?) if and only
if for all sparse collections S we have T's : X — X uniformly in S with

sup I Tsllx—x ~a IMi1llxxx'— 01 (RY)-
S is sparse

Birkhauser



30 Page120f 25 Journal of Fourier Analysis and Applications (2024) 30:30

Assume first that M1 ; : X x X' — Ll(Rd). If S is sparse, then for f € X and
geXx

I(TsH)gliwsy = Y (F1.0(8)1.0l0]
QeS8

<22/ Mi(f, g dx
QeS8
<2[Mi1(f, &)Lt Rray

Hence,
sup  [ITsllx—>x = sup  sup [[(Tsf)gllLiwre) < 2IMi1llxxx—L1 (R
S is sparse Sis sparse || fllx=1

lglx =1

Conversely, using [42, Proposition 3.2.10], for each f, g € LO(Rd), each dyadic
lattice D in R¥, and each finite collection F C D, there exists a sparse collection
S C F such that

ME((f.8) 4> (Fiolghole.
QeS

where the superscript F indicates that the defining supremum in the definition of M ;
is only taken over Q € F. Hence,

IME L (FL iy <4 (F1o(@)1.0l 0l =4 1(Ts el we)
QeS
<4 sup [Tslx—xIflxligllx:
S is sparse

The assertion now follows from the monotone convergence theorem and the 3¢ lattice
theorem. o

Proof of Theorem 3.1 For 3.1=>3.1, we first note that the sharp reverse Holder inequal-
ity [30, Theorem 2.3] states that there is a dimensional constants ¢y > 1 so that for all
weights w such that

/ Mw1p) < oo

[wla, = sup

w(Q)

and all r € (1, c0) satisfying r’ > cg[w]a,, we have

(w)r, 0 <2(w)1,0

for all cubes Q in R?.
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Fix an ro € (1, r*] with r(’) > 2cqlIM|lx—x, and let r € (1,r9]. For f € X" we
define

1
wie o MU0
o2

X—X
where M* denotes the k-th iterate of M. Then we have

calwla, <2callMllx—x <7/,

and therefore (w), o < 2(w)1,o for all cubes Q.

. . 1 1 .
Let S be a sparse collection. Since | f|* < w and ||lwl|x < 2 f| -, we obtain

1
_ 'l,r Hk r
Il = | (XU ote) | = | Y twhote])
QeS QeS8
< 2| Tswlly = 2Tl x Il < 41 Ts Iy £l

Thus, we have

,
sup [ Tslxrxr <4'(_ sup I Tslx—x) -

S is sparse S is sparse
The result now follows from Lemma 3.4.

The implication 3.1=>3.1 is immediate. To prove 3.1=3.1, we apply [43, Theo-
rem 4.16 and Remark 4.17] to the classical bound

||M||L5)(Rd)ﬁLf)(Rd) Sd P/[w]z

by Buckley [6] to conclude that

LT
IM|xox Sar'2mT ”M”(X})/*)(Xr)/v IMllx—x SarlIMllxry—xry-
This proves the result. O

Remark 3.5 Theorem 3.1 can easily be extended to Banach function spaces X over a
space of homogeneous type (S, d, i) in the sense of Coifman and Weiss [15]. Maximal
operator bounds and sparse domination estimates in this setting are available through
the use of e.g. Hytonen—Kairema cubes [27] (see also Christ [11]) and the sharp reverse
Holder inequality needs to be replaced by the weak sharp reverse Holder inequality
by Hytonen, Perez and Rela [31].
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4 Full Range Compact Extrapolation

This section is dedicated to the proof of the full range extrapolation of compactness
theorem, Theorem 1.1:

Theorem 4.1 Let

T: U L?(RY — LORY)

pe(l,00)
weA,

be a linear operator such that

o T is bounded on Lg(Rd)for some p € (1, 00) and all weights w € Ap;
e T is compact on Lﬁ,(Rd)for some p € (1, 00) and some weight w € A .

Let X be a Banach function space over R¢ such that
M:X—>X, M:X > X,

and assume X is r*-convex and s*-concave for some 1 < r* < s* < oo. Then
T : X — X is compact.

As noted in the introduction, we will need three main ingredients to prove The-
orem 4.1. We will need the Rubio de Francia extrapolation result from [43], the
self-improvement result from Sect.3 and a result on the compactness of operators
on product spaces. The latter is a special case of a result of Cobos, Kiihn and Schon-
bek [13, Theorem 3.1] with the function parameter p(t) = 7, which we formulate
next.

Proposition 4.2 [ [13, Theorem 3.1]] Let (2, ) be a o -finite measure space and let
Xo, X1, Yo, Y1 be Banach function spaces over Q2. Let T: Xo+ X1 — Yo+ Y1 bea
linear operator such that

e T is bounded from X to Yy,
e T is compact from X to Y.

Then
T:x)70-x8 — v} 0. vf
is compact for all 6 € (0, 1).
Having all main ingredients at our disposal, the proof of Theorem 4.1 is rather short.

Proof of Theorem 4.1 Note that, by the classical Rubio de Francia extrapolation theo-
rem, 7 is bounded on Llu’}(Rd ) forall p € (1, 00) and w € A ). Moreover, since

1 / 1
L*RY) =LO®RY2 - LY (RY)?
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and w € A, if and only if wleA p»'» Proposition 4.2 implies that 7" is compact on
L2(R%).

By Corollary 3.3, there are ry € (1, r*] and 59 € [s*, 0o) such that M is bounded
on X, s and (X, ) forall r € (1, r9] and s € [s0, 00). Hence, by Rubio de Francia
extrapolation in Banach function spaces as in [43, Theorem A], T is bounded on X, ¢
forallr € (1, rp] and s € [sg, 00).

By Proposition 2.3, we have

X =Xx" LR

withd =1 — (% — %) e, and p =1+ % Choosing % = % small enough, we
have p = 2 and T is bounded on X, ;. Since T is compact on L?(R¢), T is compact
on X by Proposition 4.2. This proves the result. O

5 Limited Range, Off-diagonal Compact Extrapolation

In this section, we prove Theorem 1.4. Essentially, the steps are the same as in the
proof of Theorem 4.1, and the new difficulties lie mainly in unwinding the definitions
while incorporating the additional parameters.

For1 <r < p < s < oo, we say that a weight w belongs to the limited range
Muckenhoupt class A (; 5 if

[Wlp.(rs) = sup (w)_1_ Hw™") 4
0

we note that we have A, s)) = Ap,,(r2,5)- FOr a weight w in this class we will write
w € Aj 5 Recall that our limited range, off-diagonal extrapolation of compactness
theorem reads as follows:

Theorem 5.1 Let o € Rand let ri,rp € [1,00), 51,52 € (1, 00] satisfy % < rijfor
je{l,2}and

Define

Pi={(p1,p) € (o,oo]zzplj € [S‘—j,rij], jefl2), o — L =a}
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and let

T: |J LR - LR
(p1.p2)eP
wEAI;,(;,g)

be a linear operator such that

e T is bounded from LEVRY) 10 LE?(RY) for some (p1, p2) € P and all w €
Ap.G5)7

e T is compact from LITRYY 1o LE2(RY) for some (p1, p2) € P and some w €
Ap.G9)-

Letrj <r? <s% <sjandlet Xj be an r;‘-convex and s}‘-concave Banach function

space for j € {1, 2} satisfying

(Xl)rl,sl = (X2)V2,S2

and

M : (Xl)rl,sl - (Xl)rl,sl’ M : ((Xl)rl,sl)/ - ((Xl)rl,sl)/~

ThenT : X1 — X» is compact.

Remark 5.2 The limited range, off-diagonal Rubio de Francia extrapolation theorem
in [43] is phrased for quasi-Banach function spaces. However, one of our other main
ingredients, the compactness result in Proposition 4.2, does not seem to be available
in the quasi-setting. Therefore, we have stated Theorem 5.1 in the Banach function
space setting and leave its extension to the quasi-Banach function space setting with
r1, r2 € (0, co) as an open problem. Note that quasi-Banach function spaces typically
only show up in harmonic analysis in multilinear or endpoint settings.

As said, the main challenge in the proof of Theorem 5.1 is to unpack all definitions
and to keep track of the additional parameters. In order to do so, we prove a couple
of technical lemmata. We start with a limited range version of the self-improvement
property for the maximal operator.

Lemmabs.3 Letl <r <r* < s* <s < ooandlet X be anr*-convex and s*-concave
Banach function space. If

M:X,5—> Xrs, M:(Xp5) = (Xry),

then there are ro € (r, r*), so € [s*, s) so that for all ¥ € (r, rg), S € (s, s) we have
M Xpz — Xpy, M (Xp) — (Xpp)

Proof By Theorem 3.1 there is a gg € (1, r*] so that for all ¢ € (1, gg] we have
M: X, — Xt M:(X1) — (X1Ly).
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Defining
(-h+tedd,

it follows from [43, Lemma 2.32] that for ¢ > 1 chosen small enough so that ry < r*,
we have

q
Xr,s = Xro,s-

Note that (X, ¢) = [(X’O)’](':T)) is t*-convex, where

1
N
_ 1

§*

*
S|=

S|=

Thus, by Theorem 3.1, we findaty € (1, t*] so that for all r € (1, fy] we have that M
is bounded on [(X")']'%” and ([(Xro)/]t(a) )/.
Now define

L d-lE-D=b-Deled

so that
M : Xro,so - Xro,soa M : (Xro,so)/ - (Xro,so)/-

Now let ¥ € (r,79), 5 € (s0,5). Noting that (X, )" = (X)) 50y oy by [43,
Proposition 2.14], it follows from [43, Proposition 2.30] that also

M: Xpz— Xpz M (Xpp) — (X))

The assertion follows. O
Next, we prove a rescaling lemma.

Lemma5.4 Letl <r <7 <5 < s < oo and let X be an 7-convex and s-concave
Banach function space. Define

[
N =
N = el
YN ) N
@ |—

. 1, .
Then X is t-concave, and [ X7 ]7 is r-convex and s-concave with
1
(X7 1)rs = X75.
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Proof We have

and

~y—
|
wY—

L] =
~ | =
© | =

~ =

|

o =
v
e

Thus, t > § and, hence, X is t-concave. Therefore ([Xr‘,]%)r = X7, is a Banach

function space, and hence, [Xr,,]% is r-convex. Moreover, since
/ !/ T/
(7)) =)
we have
1 ry ~ Ty
(1 X7.07)T7) ) = (x5 = (XY

which is a Banach function space, since X is 7-convex and s-concave. This proves

1, . . o .
that [ X7 ;] is s-concave. Moreover, taking associate spaces in this equality, the final
assertion follows. O

We finish our preparation for the proof of Theorem 5.1 with a factorization lemma
in the limited range setting.

Lemma5.5 Letl <r <7 <35 < s < oo and let X be an 7-convex and s-concave
Banach function space. Define

@ =

L1
S . rs r
o L_1
r N
and
11 L_oty1_
g=1-""2c@OD, p=i7—t"Trrel ).
1 1 *o 1.1 1 1 11 ’
Py GG -y
Then

Proof Since

) Birkhduser
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andt = g, we have by Proposition 2.3 and Lemma 5.4

(IX5007)' ™ LPRY? = (X)) 77 - L'(RY) = X
as asserted. O

Proof of Theorem 5.1 Let (p1, p2) € P and w € Ap 75 sothat T : LPVRY) —
L2 (R?) is compact. Note that, by limited range, off-diagonal Rubio de Francia extrap-
olation for weighted Lebesgue spaces as in [16, Theorem 1.8] (which is also a special
case of [43, Theorem A]), we actually obtain the boundedness assumption on 7" for

all (g1, g2) € P and weights in Aj ¢5-In particular, this is the case for (q1, ¢2) € P
defined by

1
— = —4 — - —, Jje{l,2},
, . Di

and the weight w™! € Aj (7,5, which one can directly verify using the definition of
the weight constant. Since

L5 7 RY = LY R LY RY?,

ﬁ ﬁ
it follows Proposition 4.2 that 7 : L 2t (Rd) — Linty) (Rd) is compact.
Thus, we have reduced the compactness assumption to the case plj = %(ij + é) for
je{l,2}andw = 1.
Next, by Lemma 5.3 we have

M (Xl)ﬂ,'fl g (Xl)ﬁ,ﬂ, M - ((XI)FI,Fl)/ - ((XI)FI,EI)/

forall 71 € (r1, r{1,51 € [s], s1) with

fore > 0 srnall enough.

Deﬁmng = 711- — o and é— = % — «, it follows from [43, Lemma 2.32] that for

1 _ 1 1 _ 1 1 _ 1 1 _ 1
. Il 51 n 52 . Il at v i
Bi=7 1~ 1 i VT 1 1~ 1 1 1 1
TR ORTR FTats TR R TRTRTR
we have
1
= dl
X5 =XDE L7 RHP
1
b= d\1—
=X , LT RN = X5,
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Hence, by Lemma 5.4 we conclude that

(XDralT). = XDrs = Xns = ((X)na]7?)

1,81 2,52’
where
1 11 _ 11
rjsj rjsj .
[_' = 1 9 .] € {11 2}
J r/ Sj

Thus, by [43, Theorem A] it follows that

1 1
T:[(XD#.q1" = [(X2)mn]72.
Moreover, by Lemma 5.5 we have

X1 = (((XD)m.017) - L RD?,

X2 = ((X)mnl?) - LP2RY’

\‘_

with
11 11
o=1-T—1=1-7-T1
rl S1 r 52

and

1 1(1 1 .
P_j:§(”_j+;)’ Jje{1,2}.

Hence, it follows from Proposition 4.2 that 7 : X; — X» is compact. This proves the
assertion. O

6 Applications

In this final section, we will briefly outline applications of Theorem 1.1 and The-
orem 1.4 to the compactness of commutators of singular integral operators and
multiplication by functions with vanishing mean oscillation. We refer the reader to [29,
Sect. 5-10] for further examples of operators to which Theorem 1.1 or Theorem 1.4
are applicable.

We start with an application to Calder6n—Zygmund singular integral operators.
Let 7: L>(RY) — L?(R%) be a bounded linear operator and suppose that, for any
fecC SO(R“! ), T has the representation

rrw = [ Keonfordy xR supch),
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where the kernel satisfies the estimates

1K (x,y) — K(x, p)| < o(BE=2]

1
), 0 < px—x'| < -yl

K (x,y) = K(x,y)] < 0B

- 0<ly—y|<glx—yl

for some increasing, subadditive w: [0, 1] — [0, c0). If fol a)(t)d[—' <oo,wecall T a
Calderon—Zygmund operator with Dini-continuous kernel.
We will be concerned with the commutators

[b.T1f :=bT(f) = T(bf)

1

loc

for pointwise multipliers » € L. (R9) belonging to the space

IIIBMO

CMO := C®(R4)" "™,

where BMO denotes the classical space of functions with bounded mean oscillation.
Note that the space CMO is the space of all functions with vanishing mean oscillation
and is therefore also denoted by VMO in the literature, see, e.g., [47, Lemma 3].

Theorem 6.1 Let T be a Calderén—Zygmund operator with Dini-continuous kernel.
Let 1 <r < s < oo and suppose X is an r-convex and s-concave Banach function
space over R? such that

M:X—>X, M:X - X.

For b € CMO, the commutator [b, T]: X — X is a compact operator.

Proof In view of Theorem 1.1, it suffices to check that [b, T'] is bounded on sz(Rd)
for all w € A, and that [b, T'] is compact on Lz(Rd). For the weighted boundedness
it suffices to check that T is bounded on L%} (Rd) for all w € A, by [1, Theorem 2.13]
(see [5] for a modern approach). The boundedness of T on sz(Rd) for all w € Ajp is
classical (see [32, 37] for a modern approach). Finally, the compactness of [b, T'] on
LZ(Rd) was shown by Uchiyama [47]. O

Theorem 6.1 in the specific case where X is a weighted Lebesgue space was previ-
ously obtained by Clop and Cruz [12] and subsequently proven using an extrapolation
of compactness argument by Hytonen and Lappas [29]. Theorem 6.1 yields many
examples of Banach function spaces X for which the compactness of [b, T'] was pre-
viously unknown.

For example, one can consider weighted variable Lebesgue spaces X = Lﬁ(‘) (RY).
Here the function p: R? — (0, 0o) has to satisfy

1 < essinf p < esssup p < 00 (6.1)

so that we can take r = essinf p, s = esssup p in Theorem 1.1, and some additional
condition ensuring the boundedness of M on X (see, e.g., [21, 34] for the unweighted
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setting and [17] for the weighted setting). As a matter of fact, it was originally shown
by Diening in [20, Theorem 8.1] that in the case of unweighted variable Lebesgue
spaces satisfying Eq. (6.1) we have M : X — X if and only if M : X’ — X'. We
also refer the reader to [34] for an explicit characterization of when M is bounded
on X in terms of the exponent function p. Diening’s duality result was extended to
weighted variable Lebesgue spaces X = Li(‘) (RY) by Lerner in [35]. In conclusion,
in the setting of weighted variable Lebesgue spaces, the boundedness condition of M
in Theorem 1.1 only needs to be checked on X, as the boundedness on X’ is then
guaranteed.

We refer the reader to [43] for further examples of Banach function spaces satisfying
the conditions in Theorem 6.1. We note that for the case that X is a Morrey space,
similar results were obtained by Arai and Nakai [2] and Lappas [33], which lie beyond
the scope of our general framework as explained in the introduction.

Next, let us consider rough singular integral operators

Qx —
Tof = p'V-/ (—?f(y) dy, xeR?,
Rd X — |

where Q € L"(S4~!) for some r € [1, o0] is homogeneous of order zero and has
mean value zero.

Theorem6.2 Let 1 < r < r* < s* < 0o and let @ € L" (). Suppose X is an
r*-convex and s*-concave Banach function space over R¢ such that

M: X" - X", M:X") - X".
For b € CMO, the commutator [b, Tq]: X — X is a compact operator.

Proof In view of Theorem 1.4, it suffices to check that [b, T'] is bounded on Lﬁ(R")
for some p € (r,00) and all w € A, (+ ) and that [b, T] is compact on LP(RY).
As in the proof of Theorem 6.1, for the weighted boundedness it suffices note that
Tq is bounded on L, (Rd) forall w € Ap (r 00), which was shown independently by
Watson [48] and Duoandikoetxea [22]. The compactness of [b, Tq] on LP(Rd ) was
shown by Chen and Hu [10]. O

Theorem 6.2 in the specific case where X is a weighted Lebesgue space was pre-
viously obtained by Guo and Hu [24] and subsequently proven using an extrapolation
of compactness argument by Hytonen and Lappas [29]. In the case that X is a Morrey
space, similar results were also obtained in [24] and [33].

To conclude our applications section, we note that in the recent work by Tao, Yang,
Yuan and Zhang [46], compactness of [b, Tq] for b € CMO was studied in the setting
of Banach function spaces as well. Let us give a comparison between Theorem 6.2 in
the specific case r = 1 and [46, Theorem 3.1]

e We work with Banach function spaces as in Sect. 2, whereas [46] uses ball Banach
function spaces, the former being a more general in the sense that any ball Banach
function space is also a Banach function space in the sense of Sect.2. However,
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since we assume M to be bounded on X and X', so in particular 13 € X and
1z € X’ for all balls B € R%, we also have that any Banach function space
satisfying the assumptions of Theorem 6.2 is a ball Banach function space.

e In [46] it is assumed that there is an r* > 1 such that X" " is a Banach function
space (i.e. X is r*-convex) and M is bounded on (X" *Y. This is equivalent to M
being bounded on X and X’ by Theorem 1.3. Thus, the only difference in the
assumptions on X between Theorem 6.2 with » = 1 and [46, Theorem 3.1] is that
Theorem 6.2 in addition assumes X to be s-concave for some s < oo. This, as
discussed before, is a necessary assumption in our general approach.

e In Theorem 6.2 with » = 1 it is assumed that € L*®(S?~!), whereas in [46,
Theorem 3.1] a much stronger assumption on £2 is imposed. Indeed, €2 is assumed
to satisfy a Dini continuity condition, see [46, Definition 2.15].

e The proof of Theorem 6.2 uses “soft” techniques, whereas [46] takes a more
hands-on and technical approach, developing and using a Frechet—Kolmogorov
compactness criterion in ball Banach function spaces (see also [25]).
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