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A B S T R A C T

We propose a simple method to control the move and elongation of focus along the optical axis in
a high-numerical aperture focusing system. By introducing the optical degree of freedom of
polarization in the radial direction, a tunable focal shift and elongation of focus are achieved
simply by tailoring the polarization index and the topological charge of vortex phase, without the
need of additional modulations of amplitude or diffractive optical elements. These findings may
be of help in the applications like optical micro-manipulation, laser processing, and imaging.

1. Introduction

Focal shift, which is referred to the physical phenomenon that the point of maximum intensity of focused electric field does not
coincide with the geometric focus but is shifted to somewhere along optical axis [1], has attracted considerable attention due to its
practical and potential applications like optical imaging [2], optical alignment [3], and optical coherence tomography systems [4]. In
the past few decades, such phenomenon has been investigated in various beams including Laguerre-Gaussian beams [5–8], Bessel-
Gaussian beams [9,10], and flat-topped Gaussian beams [11,12]. And the initial studies mainly focus on the lights with homogenous
states of polarization (SoPs), or neglect the polarization properties with scalar diffraction theory. In such a case, the magnitude of
focal shift depends strongly on the Fresnel number or the effective Fresnel number of optical systems, and the focal shift occurs only
under the conditions that the value of Fresnel number or effective Fresnel number is sufficiently small [13–17]. Additionally, some
specially designed modulation devices are also adopted to achieve such a phenomenon, for example, tunable pupil filter [18,19],
polarization mask [20,21], and Fresnel zone plate [22]. In general, all the aforementioned methods require a complicated adjustment
process, which makes it difficult to shift the focus in real time.

Although the phenomenon of focal shift has been proposed and investigated in many systems, very few works are involved in the
vector optical fields, which has a spatially-variant SoP in the beam cross-section compared with the scalar beams [23,24]. The focal
shift in vector Bessel-Gaussian beams is firstly reported by Greene and Hall [25]. Thereafter, many groups have shown great interest
in this realm and quantities of new phenomena have been found. For instance, Yan et al. have achieved the focal shift in a 4pi tightly
focused system illuminated by two counter-propagating radially polarized beams [26,27]. The highlight of this work is to produce an
almost spherical shaped spot in the focal region, which keeps unchanged during the whole shifting. However, this result relies on the
precise control of a phase modulation function which may limit the practical applications. Yang et al. propose a new method to
achieve the focal shift utilizing the spatially-variant polarized beams controlled by a liquid crystal variable retarder [28]. According
to their simulations, the shift highly depends on the local polarization and system parameters. Specifically, it is larger for a narrower
beam and longer wavelength. However, such shift can only appear in a limited range and the focus can only be moved towards the
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negative direction of the optical axis, which restricts its further applications.
In this paper, we propose a simple and flexible method to achieve a tunable focal shift in a high numerical-aperture (NA) focusing

system. We introduce the optical degree of freedom of polarization in the radial direction and propose a new light mode that
possesses radially- and azimuthally-variant SoPs and vortex phase to modulate the focal field. Based on the Richards-Wolf vectorial
diffraction theory [29], an analytical model which can be applied to calculate the three-dimensional focal electric field distributions
of the proposed light is presented. Then, the focusing behaviors of radially- and azimuthally-variant vector vortex beams are sys-
tematically investigated and analyzed in detail. By calculations, it is found that a continuous shifting of focus in the both directions of
optical axis can be achieved simply by tailoring the polarization index and the topological charge. These findings may be of help in
the applications like optical micro-manipulation, laser processing, and imaging.

2. Theoretical model

Amplitude, polarization, and phase are three important parameters of a light beam. Mathematically, when referring to the famous
cylindrical vector vortex beam, it can be described as follows [30]

= +A im n nE ê êexp( )[cos( ) sin( ) ],x y (1)

where A represents the relative amplitude distribution, m is the topological charge of vortex phase, n is the polarization index
determining the specific polarization distributions, φ is the azimuthal angle in the polar coordinate system. Obviously, the local SoP
described by Eq. (1) only depends on the variable φ, thus they are azimuthally-variant polarized beams. If the optical degree of
freedom of polarization in the radial direction is introduced, then the resultant beam can be given by

= + + +A im n r
r

n r
r

E ê êexp( ) cos 2 sin 2 ,x y
0 0 (2)

Here, r and r0 denote, respectively, the polar radius and the radius of input optical field. From Eq. (2), we can see that the local
SoP depends on both the azimuthal angle φ and polar radius r now, hence it is a radially- and azimuthally-variant vector vortex beam.
This type of vector beams can be generated in experiment with a spatial light modulator (SLM) and a common path interferometric
arrangement [31–33].

Tightly focused optical fields are excellent tools for detailed studies in nano-optics including advanced fluorescence microscopy
[34,35], optical trapping and manipulation [36,37], super resolution imaging [38–40], and nanoplasmonics [41–43]. Such optical
fields can be obtained, for example, by focusing of input field through a high-NA objective lens, as depicted in Fig. 1. When the
incident optical field is embodied by Eq. (2), the electric field in the vicinity of focus should be analyzed using the Richards-Wolf
vectorial diffraction theory [33], because the contribution of input polarization cannot be neglected. According to the vectorial
Richards-Wolf diffraction integration, we first derive the electric field expression of a tightly focused radially- and azimuthally-
variant vector vortex beam in the cylindrical coordinate system (ρ, ϕ, z) as follows [29,44]

Fig. 1. Schematic diagram of the structure of a high-NA focusing system. The origin O of the Cartesian coordinate system coincide with the
geometric focus.
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Here, f is the focal length of high-NA objective lens; α is the maximum convergence angle that can be calculated by α=arcsin(NA/
n0), where NA is the numerical aperture of aplanatic objective lens, n0 is the refractive index in image space; l(θ) is the pupil function
which describes the relative amplitude distribution of incident field. Using the following transformations

= +E E Ecos sin ,x y (4a)

=E E Ecos sin ,y x (4b)

We can also derive the radial and azimuthal components of electric field near the focus as
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3. Calculations and analyses

Using Eqs. (2)–(5b), we can now explore the focal behaviors of radially- and azimuthally- variant vector vortex beams. In all our
calculations, a Bessel-Gaussian beam is considered throughout this paper, which can be given as [44]

=l J( ) exp sin
sin

2 sin
sin

,2
2

1
(6)

where β is defined as the ratio of the pupil radius and the beam waist, which we take as 1.5 in our configuration. J1(x) is the first-
order Bessel function of the first kind. The NA of focusing lens is assumed to be 0.95, and the refractive index n0 in image space is
chosen as 1. Furthermore, all length measurements are in units of wavelengths.

By large calculations, we find that a tunable focal shift along the optical axis can occur only under the conditions that the absolute
values between the topological charge m and the polarization index n are equal (|m| = |n|). Now we examine the situations when m
and n are equal (m= n), as depicted Fig. 2, which shows the total electric field intensity distributions in the through-focus plane of six
kinds of radially- and azimuthally-variant vector vortex beams with m= n= −1, −2, −3, 1, 2, and 3, respectively. All the images
are normalized to their maximum intensities for each input light mode. Obviously, there exhibits a deviation between the point of
maximum intensity and the geometric focus along the optical axis for all the input beam modes. Furthermore, the magnitude and
direction of such deviation are controllable, depending on the value of m (or n). To be specific, the deviation will increase when |m|
(or |n|) grows, and it will shift along the +(−) z direction when m (or n) is negative (positive). Moreover, the increase of deviation is
always accompanying with the elongation of the depth of focus. These peculiar properties are very important in practical applica-
tions, because one can change the location of focus only by tailoring the intrinsic optical degrees of freedom including polarization
and phase, without the need of adjusting the optical setup.

Next, we explore the conditions when m and n have opposite values (m= −n). As examples, we simulate the total electric field
intensity distributions in the through-focus plane of six types of radially- and azimuthally-variant vector vortex beams with (m, n) =
(1, −1), (2, −2), (3, −3), (−1, 1), (−2, 2), and (−3, 3), respectively, as depicted in Fig. 3, wherein all the images are normalized to
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the maximum intensity for each input light mode. That the phenomenon of focal shift is also apparent, similar as that in Fig. 2. By the
comparisons between Figs. 2 and 3, we can easily find that the direction of focal shift only depends on the sign of topological charge
m. Specifically, the focus will be shifted in the negative direction of z axis when m is positive, as depicted in Figs. 2(d)–(f) and 3
(a)–(c). Of course, the corresponding direction of focal shift will be reversed when m has a negative value, as shown in Figs. 2(a)–(c)
and 3 (d)–(f).

To provide a better understanding of the focal shift and the elongation of the depth of focus, Fig. 4(a) gives the normalized focal
field intensity profiles along the optical axis of all the aforementioned light modes depicted in Figs. 2 and 3. For the sake of com-
parison, the case of linearly polarized plane beam (m= n=0) is also given under the same focusing conditions. For m= n=0, the
peak is located exactly at the geometric focus (z=0), indicating that there is no focal shift. However, for other values of m and n, the
phenomena of focal shift and elongation of the depth of focus happen. Specifically, the peak move forward and backward along the
optical axis for a negative and positive value of m, respectively. And the magnitude of focal shift becomes more and more remarkable
with the increases of |m| and |n|. Further, we can see the peaks when m takes two opposite values are symmetric about the origin. As
proved in Fig. 4(a), such focal shift and elongation of the depth of focus highly depend on the values of m and n, and they must satisfy
|m| = |n|. For giving a detailed and quantitative studies of the influence induced by the input polarization and phase, Fig. 4(b) and
(c) shows, respectively, the magnitude of focal shift and the depth of focus versus the topological charge m. Here, the magnitude of
focal shift is defined as the distance between the peak and the origin, which is 13.025λ, 12.051λ, 9.622λ, 8.519λ, 6.312λ, 4.991λ,

Fig. 2. Calculated total electric field intensity distributions in the through-focus plane of tightly focused radially- and azimuthally-variant vector
vortex beams with m= n= (a) −1, (b) −2, (c) −3, (d) 1, (e) 2, and (f) 3, respectively. All the images are normalized to their maximum intensities
for each input light mode.

Fig. 3. Calculated total electric field intensity distributions in the through-focus plane of tightly focused radially- and azimuthally-variant vector
vortex beams with (m, n) = (a) (1, −1), (b) (2, −2), (c) (3, −3), (d) (−1, 1), (e) (−2, 2), and (f) (−3, 3), respectively. All the images are
normalized to their maximum intensities for each input light mode.
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2.860λ, 1.356λ, 0, −1.356λ, −2.860λ, −4.991λ, −6.312λ, −8.519λ, −9.622λ, −12.051λ, and −13.052λ for the input modes
with m=−8, −7, −6, −5, −4, −3, −2, −1, 0, 1, 2, 3, 4, 5, 6, 7, and 8, respectively. Since the depth of focus has many definitions,
we use the full width at half maximum (FWHM) of the normalized electric field intensity profiles along the optical axis to evaluate the
depth of focus in this paper. And the values are calculated to be about 1.868λ, 2.390λ, 3.674λ, 5.277λ, 7.455λ, 8.985λ, 10.734λ,
12.468λ, and 14.516λ for the input modes with m=0, 1, 2, 3, 4, 5, 6, 7, and 8, separately.

4. Conclusion

To summarize, we have proposed a simple and flexible method to control the focal shift in a high-NA focusing system. We
introduce the optical degree of freedom of polarization in the radial direction and propose a new kind of light mode that possesses
radially- and azimuthally-variant SoPs and vortex phase. Based on the Richards-Wolf vectorial diffraction theory, an analytical model
to calculate the three-dimensional electric field distributions near focus of the proposed radially- and azimuthally-variant vector
vortex beams is presented. Based on such model, it is found that a continuous shifting of focus in the both directions of optical axis
can be achieved simply by tailoring the polarization index and the topological charge of vortex phase. Further, the focal shift is
always accompanying with the elongation of the depth of focus. These findings may be of help in the applications like optical micro-
manipulation, laser processing, and imaging.
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