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Abstract

Operator learning has recently emerged as an effective approach for approximating mappings be-
tween function spaces. In this work, we study operator learning using wavelet representations (OL-
Wavelet). It represents functions via discrete wavelet transforms (DWT), uses a neural network
to learn mappings between the resulting wavelet coefficients, and reconstructs the output func-
tions from the predicted coefficients to learn operators between functions. Several representative
operators are considered, including 1D translation operators, operators mapping different source
terms of 1D Poisson equations to the corresponding solutions, operators mapping different initial
conditions of an 1D Diffusion euqation and an 1D Burgers’ equation to their terminal solutions, and
operators approximating functions with piecewise functions on dyadic partitions. We analyze the
sources of error in the proposed framework by decomposing the total error into the neural network
generalization error and the reconstruction error. This perspective provides insight into how differ-
ent components of the model contribute to the final prediction accuracy. In a series of numerical
experiments, we compare models trained with different numbers of DWT coefficients for function
representation, motivated by the fact that functions can be well approximated using only a subset
of DWT coefficients, which also reduces computational cost. The experimental results show that
our model achieves higher prediction accuracy than comparable models based on Fourier trans-
forms on certain tasks. Moreover, we observe a non-monotonic relationship between the model’s
prediction accuracy and the number of DWT coefficients used. In addition, experiments show
that using a single neural network to learn the mappings among all wavelet coefficients is often
more accurate than using multiple neural networks to separately learn the mappings of wavelet
coefficients at different decomposition levels. Overall, the study demonstrates the effectiveness
of the proposed model and analyzes the sources of its errors, thereby revealing its strengths and
limitations.
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1
Introduction

This thesis explores a newly proposed wavelet-based neural operator model and the principles
behind it. The field of neural operators encompasses a wide range of approaches, and the model
in this work represents just one of them which exploits the fact that wavelet-based approximations
can achieve higher accuracy for certain non-smooth functions. To clearly explain the origins, de-
velopment, and rationale of this model, it is necessary to provide a comprehensive introduction to
the relevant background knowledge. This chapter serves to provide background knowledge and
motivation of the research, along with literature review, reserach questions and thesis outline.

1.1. Background
The operator learning [37] is an important branch of scientific machine learning [18] [70], a field
that integrates machine learning with scientific computing to model and solve complex systems
[53]. Different from traditional machine learning, which often serves as a black box, scientific ma-
chine learning emphasizes integrating physical laws, domain knowledge, and numerical solvers
to build models which are not only accurate in prediction but also interpretable and physically con-
sistent. Based on the existing review [18], scientific machine learning can be broadly categorized
into several major paradigms in the Figure 1.1, including operator learning [37], physics-informed
neural networks (PINNs) [11], hybrid modeling [62] and surrogate modeling [3] techniques, ran-
dom feature methods [68] and probabilistic and Bayesian approaches [35]. These methods have
found applications across diverse domains, including fluid dynamics [40], material design [52],
climate modeling [31], molecular simulation [61], and biomedical engineering [2]. Therefore, sci-
entific machine learning is becoming a powerful tool for advancing both fundamental science and
engineering innovation to accelerate simulations, reduce computational costs, and enable data-
efficient modeling.

1
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Scientific Machine Learning

Operator Learning

Physics-Informed Neural Networks

Hybrid Modeling and Surrogate Models

Random Feature Methods

Probabilistic and Bayesian Approaches

Figure 1.1: A Categorization of Scientific Machine Learning

Within this broad landscape, operator learning has emerged as a particularly important branch.
While many scientific machine learning methods focus on approximating solutions of specific
equations or models, operator learning aims to approximate entire mappings between infinite-
dimensional function spaces. In other words, the goal of operator learning is to learn a function
mapping. It offers a scalable and flexible framework for solving families of problems governed
by partial differential equations (PDEs) and other complex operators. Therefore, operator learn-
ing can also be leveraged in a wide of range of applications to accelerate simulations, attracting
growing attention as a research frontier.

1.2. Literature Review
Up to now, operator learning has been studied from multiple perspectives in terms of concepts,
methods, and applications. Therefore, there are many references available. Some literature ex-
plores the definition and standards of operator learning, while others discuss specific models and
their practical applications.

1.2.1. Typical Operator Learning Models
In recent years, many neural operator models have emerged. Early developments in this direction
include the Deep Operator Network (DeepONet) [48], which introduces a branch–trunk architec-
ture to approximate nonlinear operators. By decomposing the input function and spatial coor-
dinates into separate representations, DeepONet provides a flexible and theoretically grounded
framework for operator approximation. However, its formulation may face challenges in scalability
and efficiency when applied to high-dimensional problems.

Building upon this foundation, a large body of work has focused on kernel-based neural operators,
which approximate operators through integral transformations. A representative example is the
Fourier Neural Operator (FNO) [43], which leverages spectral convolution in the Fourier domain to
capture global dependencies efficiently. Similarly, the Graph Neural Operator (GNO) [42] extends
this idea to irregular domains by incorporating graph-based structures, enabling greater flexibility
in handling non-uniform discretizations. Subsequent research has explored various extensions to
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improve expressiveness and scalability. Multi-scale representations have been introduced through
approaches such as the Multiwavelet-based Operator Learning [27] and the Multi-grid Tensorized
Fourier Neural Operator [36], which aim to capture both coarse and fine-grained features of the
underlying solution space. Architectural refinements, such as the U-shaped Neural Operator [59],
adopt encoder–decoder structures to enhance the integration of local and global information.

In addition to Fourier-based methods, alternative basis representations have been investigated.
The Wavelet Neural Operator (WNO) [73], Spectral Neural Operator (SNO) [23], and Hermite Neu-
ral Operator [5] extend the operator learning framework by employing different functional bases,
aiming to better capture localized or non-stationary behaviors. Furthermore, the Complex Neu-
ral Operator [71] enhances representational capacity by extending the formulation to complex-
valued domains. Alongside these neural operator architectures, data-driven and reduced-order
approaches have also been explored. For instance, PCA-Net [8] integrates dimensionality reduc-
tion techniques into the learning process, while DGN [25] focuses on efficient surrogate modeling
through learned low-dimensional representations. These methods typically offer improved com-
putational efficiency, though sometimes at the cost of reduced generalization capability.

Among recent architectures, Physics-Informed Neural Operators (PINO) [45], Fourier-Embedded
Deep Operator Networks (FEDONet) [65], and General Neural Operator Transformer (GNOT) [28]
represent important directions in operator learning. PINO enhances standard neural operators by
incorporating physical constraints from governing partial differential equations into the training
process, which improves physical consistency and data efficiency, especially in low-data regimes.
FEDONet extends the classical DeepONet framework by introducing Fourier feature embeddings,
enabling better representation of high-frequency and multi-scale patterns while preserving the flex-
ibility of branch-trunk operator decomposition. GNOT replaces conventional kernel-based or spec-
tral operators with attention mechanisms, providing stronger expressive power for handling multi-
ple input functions and irregular meshes. Together, these architectures reflect the major trends in
modern neural operator research: physics-guided learning, spectral enhancement, and attention-
based global operator modeling.

Overall, existing operator learning methods differ in their representation strategies, computational
efficiency, and generalization capabilities across discretizations and problem settings. Function
decomposition approaches such as DeepONet [48] provide flexible operator representations but
may face scalability challenges in high-dimensional scenarios. In contrast, kernel-based and spec-
tral methods, including FNO [43] and its variants, achieve greater efficiency by exploiting structured
transformations, particularly in the frequency domain. Extensions incorporating multi-scale repre-
sentations and alternative basis functions further improve the ability to capture complex spatial
patterns, albeit with increased model complexity. Meanwhile, reduced-order approaches such as
PCA-Net [8] and DGN [25] offer improved efficiency through low-dimensional representations, but
may be limited in generalization. Despite these advances, challenges remain in terms of data
efficiency, robustness under distribution shifts, and theoretical understanding of generalization
properties.

1.2.2. Categorization
From the perspective of representation learning, we propose to categorize neural operators into
two classes: end-to-end operators and decoupled representation operators. This categorization is
motivated by our focus on how functions are transformed throughout the learning process, namely
whether the representation of functions is learned jointly with the operator mapping itself, or con-
structed separately before operator learning. Such a viewpoint highlights the role of latent func-
tional representations in operator approximation and provides a clearer framework for understand-
ing different architectural design principles.

End-to-end neural operators learn the function representation and the function mapping jointly,
without relying on predefined coefficient representations. In this setting, the model directly takes
discretized function observations as input and produces the target function values in a unified
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framework, where the latent representation is implicitly optimized together with the operator map-
ping. This allows the model to adaptively discover task-dependent representations and directly
approximate nonlinear mappings between infinite-dimensional function spaces.

Decoupled representation operators construct the representation of functions before learning the
operator. The essence of this type of model is a reduced order model (ROM) [49] combined
with regression learning in a vector space. In this paradigm, high-dimensional functional data are
first projected into a compact latent space through predefined or learned basis representations,
and the operator is then learned as a mapping between these low-dimensional coefficient vec-
tors. As a result, the quality of the functional representation becomes a critical factor in the final
approximation performance. Compared with end-to-end neural operators, they are often not re-
garded as entirely new architectures, since the operator-learning stage is essentially performed in
a finite-dimensional vector space after representation construction. Nevertheless, they are equally
effective for learning mappings between functions, according to experiments by PCA-Net [8] and
SNO [23].

Table 1.1 summarizes the two representative types of neural operator models.

Table 1.1: Neural operator models classification based on representation

Representation Type Models
End-to-end Neural Opera-
tors

DeepONet [48], FNO [43], DGN [25], GNO [42], WNO [73], Multi-
grid Tensorized Fourier Neural Operator [36] , Multiwavelet-based
Operator Learning [27], U-shaped Neural Operator [59], Complex
Neural Operator [71], Hermite Neural Operator [5], PINO [45], FE-
DONet [65], GNOT [28]

Decoupled Representa-
tion Operators

PCA-Net [8], SNO [23]

1.2.3. Applications
Neural operator models have many applications. In many industries, there exist problems that can
be described by PDEs or some operators. Once trained, neural operators can rapidly approximate
solutions to these problems, enabling efficient analysis and decision-making. As a result, they
provide a powerful tool for addressing practical challenges in scientific computing and engineering
applications. A few neural operators for applications are listed in the Table 1.2.
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Table 1.2: Application Areas of Operator Learning

Application Category Representative Models
Computational Fluid Dynamics Geometry-informed Neural Operator [44]
Solid Mechanics Geometry Physics Neural Operator [32]
Heat Transfer Heat Transfer Neural Operators [19]
Energy Systems Causal Fuzzy Neural Operator [50]
Battery Modeling Physics-informed Adversarial Network [75]
Reservoir Simulation and Porous Me-
dia Flow

Feature Attention-based Deep Neural Opera-
tor [47]

Weather and Climate Modeling Adaptive Fourier Neural Operator [38], Spher-
ical Neural Operator Network [46]

Ocean and Hydrodynamic Modeling Fourier Neural Operator with Convolutional
Long Short-term Memory Units [55]

Electromagnetic Simulation Extended Fourier Neural Operator [56]
Robotics and Dynamic Systems Optical Flow-Integrated Markov Neural Oper-

ator [7]
Computational Biology Physics-guided Neural Operator Learning

Model [77], Variable Spiking Wavelet Neural
Operator [24]

Finance Pricing Operator Network [29]
Digital Twin Systems OceanNet [13]

1.2.4. Research Gaps
Despite the rapid development of neural operators, several important gaps remain in the current
literature.

Current research on neural operators has primarily focused on end-to-end architectures, while
decoupled representation-based operator learning remains relatively underexplored. From this
perspective, SNO [23] provides a representative decoupled framework by first representing func-
tions through spectral coefficients and then learning the mapping between coefficient spaces via
neural networks. This paradigm offers improved interpretability and reduced computational com-
plexity, but its effectiveness fundamentally depends on the choice of basis functions, as shown in
the experiments of SNO [23].

First, existing SNO models predominantly rely on Fourier bases for function representation. While
Fourier series provide efficient global approximations for smooth functions, they impose an im-
plicit global smoothness assumption that limits their approximation capability for functions with
discontinuities, sharp gradients, or localized structures. In particular, the Gibbs phenomenon [26]
introduces persistent oscillatory errors near discontinuities, and these representation errors may
propagate through the coefficient regression stage, ultimately degrading the quality of operator
approximation.

Under this representation framework, another fundamental limitation arises from the lack of spa-
tial localization and multiresolution adaptivity in Fourier-based representations. As a result, SNO
may struggle to capture multi-scale patterns or spatially localized dynamics that frequently ap-
pear in practical operator learning problems. In contrast, wavelet bases naturally provide both
spatial-frequency localization and multiscale representations, making them more suitable for ap-
proximating non-smooth and locally varying functions. Although wavelet-based neural operator
methods such as WNO [73] have demonstrated the empirical potential of wavelet representations,
their integration remains largely within end-to-end architectures, leaving wavelet-based decoupled
operator learning insufficiently explored.

Building upon these observations, a more fundamental theoretical gap remains: the interaction
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between function representation error and coefficient-space regression error is still not well un-
derstood, especially under non-Fourier basis representations. Existing studies mainly focus on
the operator approximation itself, with limited analysis of how basis-induced approximation errors
influence the subsequent regression process and the final reconstruction quality. This reveals a
clear research gap: the absence of a wavelet-based decoupled neural operator framework that
can leverage localized multiresolution representations while providing a principled understanding
of representation-induced operator approximation errors.

Based on the research gaps identified above, we conducted two preliminary experiments, as pre-
sented in the appendices, to further investigate the key factors affecting the performance of decou-
pled neural operators. From the perspective of decoupled operator learning, the overall prediction
error can be fundamentally decomposed into two sources: the function representation error in-
duced by the chosen basis functions, and the latent-space mapping error introduced by the neural
network regression model. Motivated by this observation, the first experiment examines whether
wavelet-based representations can achieve lower approximation errors than Fourier-based repre-
sentations for functions with discontinuities or localized features. The second experiment inves-
tigates the regression error of the neural network itself, focusing on whether the approximation
performance of a fully connected network in the latent coefficient space is significantly affected by
the network width.

The first experiment in Appendix A compares the discrete Fourier transform (DFT) [69] and the dis-
crete wavelet transform (DWT) [15] for function approximation. We construct a multiscale function
on the periodic domain [0, 1] defined by

f(x) =

8∑
j=2

ϵjfj(x),

where fj ∈ Vj and Vj denotes the approximation space at level j of the Haar wavelet [67]. The
weights designed to be decaying are given by

ϵj = 2−β(j−2), β > 0.

The function is discretized on a uniform grid withM = 1024.

We compare DFT and Haar DWT approximations under an equal coefficient budget

K = 2m, K ∈ {4, 8, 16, 32, 64, 128, 256}.

For each K, the DFT approximation retains the lowest K Fourier modes, while the DWT approxi-
mation retains the first K coefficients in the multiresolution ordering.

The resulting approximations are shown in Figure 1.2. From the figure, we observe that for this
class of functions, the DWT consistently achieves higher approximation accuracy than the DFT.
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Figure 1.2: DFT and DWT Approximations under Equal Coefficient Budget K

The second experiment in Appendix B explores the dependence of neural operator approximation
error on neural network width. We consider a supervised operator learning problem, where the
input function u ∈ L2([−1, 1]) is parameterized as

u(x) = a sin(5x) + b sin(7x),

with coefficients a, b ∼ U([−3, 3]). The target operator G is defined pointwise by

v(x) = G(u)(x) = 1− u(x)2.

To obtain a finite-dimensional learning problem, both input and output functions are discretized on
a uniform grid of sizeM ,

xj = −1 +
2(j − 1)

M − 1
, j = 1, . . . ,M.

The discretized input and output are then represented as vectors

u = (u(x1), . . . , u(xM )) ∈ RM , v = (v(x1), . . . , v(xM )) ∈ RM ,

so that the operator learning task is reduced to approximating a mapping

GM : RM → RM .
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A dataset D = {(ui,vi)}|D|
i=1 is generated by independently sampling the coefficients a and b. We

approximate the operator using fully connected neural networksNθ : RM → RM , where θ denotes
the trainable parameters. Each network consists of three linear layers with hidden width W and
pointwise activation functions between consecutive layers. The model is trained by minimizing the
mean squared error

L(θ) = 1

|D|
∑

(ui,vi)∈D

‖Nθ(ui)− vi‖22 .

The dataset is split into training and test sets with a ratio of 9:1. For each choice of hidden width
W , the training procedure is repeated with multiple random parameter initializations to reduce the
influence of optimization randomness.

The training and test error curves, shown in Figure B.1, indicate that the approximation error varies
with network width in a non-monotonic manner, rather than consistently decreasing as the network
becomes wider. This behavior is observed under both ReLU [6] and SiLU [22] activation functions,
suggesting that the phenomenon is not tied to a specific activation choice but reflects an intrinsic
sensitivity of the regression model to network architecture. These results demonstrate that, even
for this relatively simple operator learning task, the latent-space regression error remains strongly
dependent on architectural design, and increasing network width alone does not necessarily guar-
antee improved approximation performance.

Figure 1.3: Change of Train and Test Loss with Network Width

Therefore, we obtained two key observations as follows:

1. As shown in the first experiment, for certain classes of functions, wavelet-based approxima-
tions can outperform Fourier-based ones when both methods reconstruct the function using
the same number of selected coefficients. In the Fourier case, this means retaining only a
subset of frequency components, while in the wavelet case it involves selecting coefficients
across different resolution levels.

2. As shown in the second experiment, the width of a neural network influences the error of
neural-network-based operator models, and this dependence is not strictly monotonic. For
instance, the error may initially decrease and then increase as the width grows.

This naturally motivates the investigation of replacing the Fourier basis with wavelets in an SNO-
based framework, with the goal of reducing the prediction error of neural operators by improving
the accuracy of function representation. However, the prediction error of neural operators is not
determined solely by the representation error; it is also influenced by the generalization error of
the neural network itself. Furthermore, if the DWT is adopted, the number of retained coefficients
must be considered. This number affects the width of the neural network, which in turn influences
its generalization error. By constructing a wavelet-based spectral neural operator and conducting
both theoretical analysis and experiments, we can address these questions.
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1.3. Research Questions
In this work, we propose operator learning using wavelet representations (OL-Wavelet) for ap-
proximating nonlinear operators between function spaces. The core idea is to represent input and
output functions using their DWT coefficients, and to learn a mapping between these coefficients
via a multilayer perceptron (MLP) [57].

More specifically, given a function f(x), we compute its wavelet coefficientsW(f) using a chosen
wavelet basis. The neural network is then trained to approximate an operator G in the coefficient
space:

W(f) 7→ W(G(f)).

This approach can be interpreted as a modification of the SNO framework, where the DFT is
replaced by the DWT. Themotivation for this replacement is that wavelet bases provide both spatial
and frequency localization, which may offer advantages when dealing with functions exhibiting
discontinuities or localized structures.

1.3.1. Main Research Question
The main research question of this work is:

Can a wavelet-based spectral neural operator accurately approximate specific classes
of operators, including 1D translation operators, operators mapping different source
terms of 1D Poisson equations to the corresponding solutions, operators mapping dif-
ferent initial conditions of an 1D Diffusion euqation and an 1D Burgers’ equation to their
terminal solutions, and operators approximating functions with piecewise functions on
dyadic partitions?

1.3.2. Sub-Questions
In the process of investigating the main research question, we examine the following subproblems.

1. Wavelet vs Fourier Representation

Does using a wavelet basis improve the prediction accuracy of PDE solution operators com-
pared to a Fourier basis, particularly in scenarios involving discontinuous or spatially local-
ized source terms?

2. Error Decomposition and Analysis

When evaluating the model on a test set, the total prediction error arises from two primary
sources:

• the approximation error introduced by truncating the wavelet representation of func-
tions,

• the prediction error of the neural network in mapping between coefficient spaces.

How can the total error be rigorously decomposed into these two components? Furthermore,
which component is dominant under different experimental settings?

3. Optimal Representation Dimension

In practice, only a finite number of wavelet coefficients are retained to represent functions,
in order to reduce computational cost via information compression. The number of retained
coefficients determines:

• the input and output dimensions of the neural network,
• the width of the network.

Given that the generalization error of the neural network depends on its width, what is the
optimal number of wavelet coefficients to retain such that the overall prediction accuracy is
maximized?
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4. Architecture Design: Joint vs Level-wise Learning

Wavelet coefficients are naturally organized into multiple levels, corresponding to different
resolutions. Two possible architectures can be considered:

• concatenating all coefficients into a single vector and learning the mapping using one
global MLP,

• assigning separateMLPs to coefficients at each level, thereby reducing the total number
of connections.

Is it feasible to learn the mapping between wavelet coefficients independently at each level?
Which of these architectural choices leads to better prediction accuracy?

1.4. Thesis Outline
The remainder of this thesis is organized as follows. In Chapter 2, we provide the foundational
mathematical background related to the proposed model. The architecture of our model and the
error analysis are presented in Chapter 3. In Chapter 4 the proposed model is applied to a few
1D operator learning problems. Chapter 5 discuss the experiment results further and Chapter 6
concludes the paper with a summary.



2
Fundamentals

This chapter introduces the mathematical foundations of the thesis, including function approxima-
tion, neural networks and mathematics of operator learning.

2.1. Function Approximation
In operator learning, transform-based function representations [78] provide an effective way to
represent and approximate functions by projecting them onto a set of basis functions. Instead
of working directly with function values in the original domain, these transforms map functions
into coefficient spaces, where the underlying structure of the function can often be represented
more compactly and analyzed more efficiently. Among the most widely used transform methods,
Fourier transforms [10] and wavelet transforms [15] are particularly important due to their strong
approximation properties and practical applicability. This section introduces these two transform
methods and discusses some of their key properties.

2.1.1. Principles of Function Approximation
Function transforms, such as the Fourier transform and the wavelet transform, are mathematical
techniques used to convert functions from one domain to another. They allow complex functions to
be approximated by a series of basis functions, such as in spectral methods. This property makes
function transforms invaluable in solving differential equations and analyzing data. Furthermore,
studying function transforms is crucial for machine learning tasks, as they enable efficient repre-
sentation and manipulation of functions in feature spaces.

A generalized integral transform [16] is a broad class of mathematical operations that map a func-
tion f(x) from its original domain, such as the physical, spatial, or time domain, into a transformed
representation space, such as a frequency domain, scale domain, or coefficient space, typically
through an integral involving a kernel function. These transforms are widely used in various fields
such as signal processing, differential equations, numerical methods, and physics. The general
form of these transforms can be written as:

F (a) =

∫
Ω

K(a, x)f(x) dx

where:

• f(x) is the original function,
• F (a) is the transformed function,
• K(a, x) is the kernel function that governs how f(x) is mapped to F (a),

11
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• Ω is the domain of integration, often spanning over an interval or the entire real line.

The kernel function K(a, x) is crucial in determining the nature of the transformation. Depending
on the specific choice of K(a, x), the integral transform can take different forms, such as Fourier
transforms, Laplace transforms [66], or wavelet transforms.

2.1.2. Fourier Transform
Among various transform-based function representations, the Fourier transform is one of the most
fundamental and widely used tools in harmonic analysis and signal processing. The following
discussion follows standard treatments in Fourier analysis [10]. The Fourier transform maps a
function from its original domain into the frequency domain, where the function is represented by
its frequency components. For periodic functions, this representation corresponds to a Fourier
series, while for non-periodic functions it corresponds to a continuous superposition of sinusoidal
basis functions. Such spectral representations are particularly useful in function approximation
and operator learning.

The fundamental principle of the Fourier transform is based on Euler’s formula,

eix = cosx+ i sinx,

and for a continuous function f(t), its Fourier transform is defined as

F (ω) =

∫ ∞

−∞
f(t)e−iωt dt,

where F (ω) denotes the frequency-domain representation of f(t), and ω is the angular frequency.
This transform can be interpreted as projecting the function onto complex exponential basis func-
tions of different frequencies, thereby extracting its spectral coefficients.

Conversely, the inverse Fourier transform reconstructs the original function from its frequency-
domain representation,

f(t) =
1

2π

∫ ∞

−∞
F (ω)eiωt dω.

This shows that the original function can be expressed as the superposition of all frequency com-
ponents weighted by their corresponding Fourier coefficients.

For discrete signals or discretized functions, the discrete Fourier transform (DFT) is used, which
is defined by

Xk =

N−1∑
n=0

xne
−i 2πN kn,

whereXk is the k-th frequency coefficient, xn is the n-th sample of the original signal, andN is the
total number of samples. Direct computation of the DFT requires O(N2) operations. In practice,
the Fast Fourier Transform (FFT) algorithm [20] is commonly used to reduce the computational
complexity to O(N logN), making Fourier-based methods computationally efficient for large-scale
problems.

2.1.3. Wavelet Transform
The wavelet transform [15] represents a function in terms of wavelets, which are localized basis
functions. Unlike the Fourier transform, which uses sine and cosine functions as basis functions,
the wavelet transform employs basis functions that are localized in both time and frequency do-
mains. This localization allows wavelets to capture both global trends and local singularities of a
signal.

A wavelet basis function ψa,b(t) is derived from a single prototype function, called the mother
wavelet ψ(t), through dilation and translation:
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ψa,b(t) =
1√
|a|
ψ

(
t− b

a

)
,

where:

• ψ(t) is the mother wavelet,
• a ∈ R \ {0} is the scale parameter, controlling the dilation or compression of the wavelet,
• b ∈ R is the translation parameter, controlling the temporal position of the wavelet.

The scale parameter a determines the frequency resolution: small values of |a| correspond to
compressed wavelets and capture high-frequency details, while large values of |a| correspond to
stretched wavelets and capture low-frequency components. The translation parameter b shifts the
wavelet along the time axis to analyze local signal behavior at different positions.

There are several commonly used mother wavelets, as listed in Table 2.1. The choice of wavelet
depends on the regularity, symmetry, and oscillatory behavior of the target function.

Wavelet Name Mathematical Expression

Haar Wavelet [67] ψ(t) =


1, 0 ≤ t < 1

2

−1, 1
2 ≤ t < 1

0, otherwise
Mexican Hat Wavelet [64] ψ(t) = (1− t2)e−t

2/2

Morlet Wavelet [14] ψ(t) = eiω0te−t
2/2

Daubechies Wavelet [74] Defined recursively by ϕ(t) =
∑
k hkϕ(2t− k)

Table 2.1: Common Mother Wavelets and Their Expressions

The continuous wavelet transform (CWT) [1] of a function f(t) is defined as

W (a, b) =

∫ ∞

−∞
f(t)ψa,b(t) dt.

This transformation decomposes the function into different scales and positions, producing a time-
frequency representation of the signal.

To perform a continuous wavelet transform on a function f(t), the following steps are required:

1. Choose a mother wavelet ψ(t) according to the properties of the signal and the analysis
objective.

2. Select an appropriate range of scale parameters a and translation parameters b. In practice,
the scale parameter is chosen over an interval a ∈ [amin, amax], where small scales corre-
spond to high-frequency components and large scales correspond to low-frequency struc-
tures. For each fixed scale a, the translation parameter b is varied continuously (or densely
sampled) over the domain of the signal to detect localized features at different positions.

3. Construct the scaled and translated wavelet basis function ψa,b(t) for each pair (a, b).
4. Compute the wavelet coefficient

W (a, b) =

∫ ∞

−∞
f(t)ψa,b(t) dt.

5. Repeat the computation for all selected scales and translations to obtain the complete time-
scale representation. The resulting coefficient map measures the similarity between the
signal and the wavelet at each scale and position.
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The inverse continuous wavelet transform (ICWT) [76] reconstructs the original function from its
wavelet coefficients:

f(x) =
1

Cψ

∫ ∞

−∞

∫ ∞

−∞

1

a2
W (a, b)ψ

(
x− b

a

)
db da.

The normalization constant Cψ is defined by the admissibility condition:

Cψ =

∫ ∞

−∞

|ψ̂(ω)|2

|ω|
dω <∞.

The CWT theoretically allows all possible continuous values of the scale and translation parame-
ters, providing highly redundant and fine-grained time-frequency analysis. However, this redun-
dancy leads to high computational cost and storage requirements, often producing more coeffi-
cients than the original signal itself. Therefore, the CWT is primarily used for signal analysis rather
than efficient compression.

In contrast, the discrete wavelet transform (DWT) [15] restricts the analysis to dyadic scales and
discrete translations. This significantly reduces computational complexity while preserving the
essential multiscale characteristics of the signal.

The DWT is founded on the framework of multiresolution analysis (MRA) [30], which represents a
signal through a hierarchy of nested approximation spaces. Let {Vj}j∈Z be a sequence of closed
subspaces of L2(R) satisfying

· · · ⊂ V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ · · · ,

with ⋂
j∈Z

Vj = {0},
⋃
j∈Z

Vj = L2(R).

Here, Vj denotes the approximation subspace at resolution 2−j , containing the coarse represen-
tation of the signal at scale j. A fundamental property of MRA is that each space Vj−1 can be
decomposed into the direct sum of a coarser approximation space Vj and a detail spaceWj :

Vj−1 = Vj ⊕Wj .

The subspace Vj is spanned by translations and dilations of a scaling function ϕ(t), which captures
the low-frequency (smooth) components of the signal, while the detail subspace Wj is spanned
by a wavelet function ψ(t), which captures the high-frequency (detail) components. By recursively
applying this decomposition, a multiscale representation is obtained:

V0 = VJ ⊕WJ ⊕WJ−1 ⊕ · · · ⊕W1.

In practical discrete-time implementations, this decomposition is realized by filters. Given an input
discrete signal x[n], the initial approximation coefficients are defined as

cA0[n] = x[n].

At each decomposition level j, the signal is processed by two analysis filters:

• a low-pass analysis filter h[n], associated with the scaling function ϕ(t), which preserves the
low-frequency components and produces the approximation coefficients;

• a high-pass analysis filter g[n], associated with the wavelet function ψ(t), which extracts the
high-frequency components and produces the detail coefficients.
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The approximation coefficients cAj [k] and detail coefficients cDj [k] at level j are computed as

cAj [k] =
∑
n

h[n− 2k]cAj−1[n],

cDj [k] =
∑
n

g[n− 2k]cAj−1[n],

where k denotes the downsampled discrete-time index. The factor 2k reflects the downsampling
operation by a factor of two after filtering. The approximation coefficients cAj are then recursively
used as the input for the next decomposition level, producing a hierarchical multiscale represen-
tation of the signal.

The inverse discrete wavelet transform (IDWT) [15] reconstructs the original signal from the ap-
proximation and detail coefficients using synthesis filters. Specifically, the approximation coeffi-
cients cAj [k] and detail coefficients cDj [k] are first upsampled by inserting zeros between adjacent
samples, and then filtered by the synthesis low-pass filter h̃[n] and synthesis high-pass filter g̃[n],
respectively. The reconstruction at level j − 1 is given by

cAj−1[n] =
∑
k

h̃[n− 2k]cAj [k] +
∑
k

g̃[n− 2k]cDj [k].

By recursively applying this reconstruction from level J back to level 0, the original signal x[n] can
be exactly recovered, provided that the analysis and synthesis filters satisfy the perfect reconstruc-
tion condition.

2.1.4. Gibbs Phenomenon for 1D Functions
The Gibbs phenomenon [26] is an effect that cannot be ignored when using Fourier series to
approximate discontinuous functions.

The Gibbs phenomenon occurs when a Fourier series is used to approximate a function that has
a discontinuity. Near the point of discontinuity, the partial sum of the Fourier series produces
oscillations and an overshoot above and below the true function value. Even as more Fourier
terms are added, these oscillations become narrower but do not disappear completely, and the
overshoot approaches a fixed proportion of the jump.

This phenomenon affects function approximation because it introduces persistent local errors near
discontinuities. As a result, Fourier-based approximations may struggle to accurately represent
functions with sharp jumps or localized changes, which can reduce the overall approximation qual-
ity in those regions.

In the Fourier series approximation of a function with a jump discontinuity, the Gibbs phenomenon
produces an overshoot near the discontinuity. As the number of Fourier terms increases, the
oscillations become narrower, but themaximum overshoot does not vanish. Instead, it approaches
a fixed value proportional to the size of the jump.

2.1.5. Wavelet Approximation and Gibbs Phenomenon
Wavelet-based approximations generally do not exhibit the typical Gibbs phenomenon observed
in Fourier series. Due to the localization property of wavelet basis functions, approximation errors
near discontinuities tend to remain spatially localized, rather than producing global oscillations
around the discontinuity. As a result, the overshoot behavior characteristic of Fourier approxima-
tions is usually significantly suppressed in wavelet expansions and may only appear under specific
conditions depending on the choice of wavelet basis [33].

In particular, existing literature shows that Haar wavelets do not exhibit the Gibbs phenomenon
when approximating discontinuous functions [58].
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2.2. Neural Network
In neural operators, neural networks are used as learnable parameterizations for approximating
mappings between function spaces. They provide strong nonlinear approximation capability, but
their performance depends on optimization, data quality, and generalization ability.

2.2.1. Mathematics of Neural Networks
Mathematically, a neural network is a parameterized function

fθ : Rn → Rm,

where n is the input dimension,m is the output dimension, and θ denotes all trainable parameters
(weights and biases). The goal is to approximate an unknown mapping between input x ∈ Rn and
output y ∈ Rm.

Given a dataset
D = {(xi, yi)}Ni=1,

where N is the number of samples, training is formulated as minimizing a loss function

L(θ) =
1

N

N∑
i=1

ℓ(fθ(xi), yi),

where ℓ(·, ·) measures the difference between prediction and target.

From a statistical viewpoint, this optimization is often interpreted as maximum likelihood estima-
tion (MLE) [54]. If the loss function is the negative log-likelihood of a probabilistic model pθ(y|x),
minimizing L(θ) is equivalent to maximizing the probability of the observed data.

Neural networks are also universal function approximators: under mild assumptions, they can
approximate arbitrary continuous functions. Thus, neural networks combine statistical inference
and nonlinear function approximation into a unified framework.

2.2.2. Typical Structures of Neural Networks
The simplest and most common neural network architecture is the multilayer perceptron (MLP),
also called a fully connected neural network.

An L-layer neural network is defined recursively by

h(l) = σ
(
W (l)h(l−1) + b(l)

)
, l = 1, . . . , L,

where:

• h(0) = x ∈ Rn is the input vector,
• h(l) is the hidden representation at layer l,
• W (l) is the weight matrix of layer l,
• b(l) is the bias vector of layer l,
• σ(·) is an activation function such as ReLU.

The final output is
fθ(x) = h(L).

Each layer performs an affine transformation followed by a nonlinear activation. The composition
of multiple layers enables the network to learn hierarchical nonlinear features.

The trainable parameter set is
θ = {W (l), b(l)}Ll=1.
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The depth L determines how many transformations are applied, while the width (the dimension of
h(l)) controls the representation capacity of each layer.

MLPs are universal function approximators and form the basic building block of many neural opera-
tor architectures. Although simple, they provide the fundamental mechanism for learning nonlinear
mappings from data.

2.2.3. Optimization Algorithms
Training a neural network means solving the optimization problem

min
θ
L(θ) =

1

N

N∑
i=1

ℓ(fθ(xi), yi),

where L(θ) is the empirical loss over the dataset.

The most basic optimization method is gradient descent:

θt+1 = θt − η∇θL(θt),

where θt is the parameter at iteration t,∇θL(θt) is the gradient of the loss, and η > 0 is the learning
rate.

Computing the exact gradient over all N samples is expensive for large datasets. Therefore,
stochastic gradient descent (SGD) [4] uses a small mini-batch of data to estimate the gradient.

Several improved variants have been developed, including AdaGrad [17], RMSProp [63], and
Adam [34]. These methods adapt the step size using historical gradient information, often improv-
ing convergence speed and stability.

Optimization algorithms are the computational foundation of neural network training and directly
affect efficiency and final performance.

2.2.4. Dataset
A dataset for supervised learning is written as

D = {(xi, yi)}Ni=1,

where xi is the input and yi is the target output.

In neural operators, the dataset has a different structure because the input and output are functions
rather than finite-dimensional vectors. The target mapping is an operator

G : X → Y ,

where X and Y are function spaces.

Each sample is a pair of functions

(ui, vi), vi = G(ui).

In practice, functions are discretized on a domain Ω ⊂ Rd:

u ≈ (u(x1), u(x2), . . . , u(xM )),

where {xj}Mj=1 are discretization points andM is the number of grid points.

Thus, the practical dataset becomes

D = {(ui(xj), vi(xj))}N,Mi=1,j=1.
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Such datasets are often generated by numerical solvers. For example, for a parametric partial
differential equation

Lau = f,

where a is a parameter field and f is a forcing term, solving the equation for different a produces
training pairs (a, u).

The dataset structure is essential because it determines the operator that the neural network
learns.

2.3. Mathematics of Operator Learning
Operator learning aims to approximate mappings between functions rather than mappings be-
tween finite-dimensional vectors [9]. Mathematically, let U and V be two Banach spaces [37][9],
where a Banach space is a complete normed vector space. Here, U denotes the input function
space and V denotes the output function space. Both spaces are defined on a domain Ω ⊂ Rd,
where Ω is a d-dimensional Euclidean domain and d is the spatial dimension.

The goal is to learn an operator
A : U → V ,

where A maps an input function u ∈ U to an output function v ∈ V . That is,

A(u) = v.

Given a dataset of paired functions
{(ui, vi)}Ni=1,

where N is the number of training samples, the objective is to construct an approximation Â of A.

In practice, Â is parameterized by a neural network with trainable parameters θ ∈ RP , where P is
the total number of parameters. Training is formulated as an optimization problem:

min
θ∈RP

N∑
i=1

L(Â(ui; θ), vi),

where L is a loss function measuring the difference between the predicted output Â(ui; θ) and the
target output vi.

A common neural operator layer is defined through an integral transformation:

ul+1(x) = σ

(∫
Ω

K(l)(x, y)ul(y) dy + bl(x)

)
.

Here, ul(y) denotes the input feature function at layer l evaluated at point y ∈ Ω, and ul+1(x)
denotes the output feature function at layer l+ 1 evaluated at point x ∈ Ω. The function K(l)(x, y)
is a learnable kernel that defines the interaction between positions x and y, bl(x) is a bias function,
and σ(·) is a nonlinear activation function.

This kernel-based structure directly mimics the action of continuous operators. Different neural
operator architectures mainly differ in how the kernel K(l)(x, y) is parameterized.

DeepONet [48] represents an operator using a finite-dimensional basis decomposition:

G(u)(x) =

p∑
k=1

bk(u)tk(x).

Here, G denotes the learned operator, u is the input function, and x ∈ Ω is the spatial coordinate.
The coefficient bk(u) is generated by the branch network and depends on the input function u,
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while tk(x) is generated by the trunk network and depends on the spatial location x. The integer
p denotes the number of basis functions.

Fourier Neural Operator (FNO) [43] parameterizes the operator in Fourier space:

ul+1(x) = σ
(
F−1

(
Rl(k)F(ul)(k)

)
+Wlul(x) + bl(x)

)
.

Here, F denotes the Fourier transform and F−1 its inverse. The function ul(x) is the input feature
at layer l, and ul+1(x) is the output feature at layer l + 1. The variable k denotes the frequency
index. The term Rl(k) is a learnable linear transformation in frequency space,Wl is a local linear
transformation in physical space, and bl(x) is a bias function.

The Deep Green Network (DGN) [25] uses a Green’s function representation:

(Gu)(x) =

∫
Ω

Gθ(x, y)u(y) dy.

Here,G denotes the operator, u(y) is the input function evaluated at y ∈ Ω, andGθ(x, y) is a neural
network approximation of the Green’s function parameterized by θ.

The Graph Neural Operator (GNO) [42] defines the operator on graph-structured data:

ul+1(x) = σ

 ∑
y∈N (x)

Kθ(x, y)ul(y)

 .

Here, x denotes a graph node, N (x) denotes the neighborhood of node x, and Kθ(x, y) is a
learnable kernel between connected nodes x and y.

The Wavelet Neural Operator (WNO) [73] applies operator learning in wavelet space:

ul+1(x) = σ
(
W−1(RlW(ul)) + bl(x)

)
.

Here, W denotes the wavelet transform and W−1 denotes the inverse wavelet transform. The
matrix Rl is a learnable transformation in wavelet space.

PCA-net [8][39] first projects functions into a finite-dimensional basis using principal component
analysis (PCA), and then learns a mapping between coefficient vectors using a fully connected
neural network.

Spectral Neural Operator (SNO) [23] directly learns mappings between spectral coefficients:

fin(x) =

M∑
i=1

gi(x)di, fout(x) =

M∑
i=1

gi(x)bi.

Here, fin(x) is the input function and fout(x) is the output function. The functions gi(x) are basis
functions, di are the input spectral coefficients, and bi are the output spectral coefficients. A neural
network learns the mapping from the input coefficients {di}Mi=1 to the output coefficients {bi}Mi=1,
whereM is the number of spectral modes.

In summary, operator learning extends neural networks from vector-to-vector mappings to function-
to-function mappings. Its mathematical foundation lies in Banach spaces, integral operators, and
data-driven approximation of nonlinear mappings between function spaces.
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3
Proposed Method

This chapter provides a detailed description of the proposed model and analyzes the possible
sources of errors that occur during prediction tasks. Error analysis in return helps to determine
the optimal size of neural networks.

3.1. Design Rationale
Prior works PCA-net [8] and SNO [23] use only fully connected neural networks. Fully connected
neural networks have sufficient capacity to approximate linear or nonlinear mappings between
vectors, especially in 1D cases. Therefore, our model is designed and implemented based on
fully connected neural networks instead of CNN [41] and U-net [60], to maintain consistency with
prior works.

In our work and experiments, DWT and DFT are used as feature engineering representations
for functions. Therefore, we have a stable way to encode and decode functions, without learn-
ing parameters as FNO [43] and WNO [73]. Due to computational constraints, these function
approximation algorithms apply truncation to the number of modes used in the function represen-
tation. Therefore, in this neural network design we can expect a trade-off between computational
cost and function representation error. Higher input dimensionality of neural networks with more
number of modes generally leads to more accurate function representations, but it also increases
the computational cost of neural network training and inference. On the other hand, under fixed
computational resources high dimensionality may make neural networks more difficult to train and
increase the prediction error of the neural network. As a result of the combined effects of these two
types of errors, the overall network error may change non-monotonically with respect to the input
dimension. Therefore, determining the optimal input dimensionality and network size to minimize
the total error is an important task.

3.2. Overall Architecure
Based on the design ideas from the previous subsection, an operator learning model using wavelet
representations (OL-Wavelet) is proposed. This modeling approach first transforms both the input
function f(x) and the output function g(x) into the wavelet domain via multilevel discrete wavelet
decomposition. The neural network is trained to learn the mapping between the wavelet coef-
ficients of f and those of g. This framework decouples the learning process from the physical
space and instead operates in the multiscale wavelet representation of the functions.

The diagram in Fig. 3.1 illustrates the sequence of mappings in the proposed model. Suppose
there exists an operator A such that Af = g, with f ∈ X and g ∈ Y , where X and Y are Banach
spaces. The operator H maps a function f to its truncated wavelet coefficient vector c, while H−1
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reconstructs a function from a given coefficient vector d. The neural network N is trained to learn
a mapping from c to d.

f(x) g(x)

c d

A

H

N

H−1

Figure 3.1: Overall Architecture of the Wavelet Spectral Neural Operator

It is important to emphasize that the diagram is not strictly commutative. The top horizontal arrow
represents the exact operator A, whereas the wavy arrows indicate approximate mappings. In
particular, the composition

H−1 ◦ N ◦H

only approximates A, rather than reproducing it exactly. Therefore, the diagram should be inter-
preted as approximately commutative, in the sense that

H−1 ◦ N ◦H ≈ A.

It is worth noting that the coefficients produced by the discrete wavelet transform (DWT) are not
naturally organized as a single one-dimensional vector, but rather as a hierarchical, tree-structured
collection of subband coefficients. Consider a discrete-time signal, which can be viewed as sam-
ples of a one-dimensional function. The DWT decomposes this signal in a multilevel manner, as
illustrated in Fig. 3.2. At each level of decomposition, the signal is passed through two comple-
mentary filters: a low-pass (LP) filter and a high-pass (HP) filter. The LP branch captures the
low-frequency (coarse or approximation) content of the signal, producing the approximation coeffi-
cients cAj , while the HP branch captures the high-frequency (detail) content, producing the detail
coefficients cDj . After filtering, a downsampling operation by a factor of two is typically applied,
reducing the resolution at each level.
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Signal

cA1 cD1

cA2 cD2

...
cD3

cAJ cDJ

LP HP

LP HP

HP

LP HP

Figure 3.2: 1D Discrete Wavelet Transform Tree

This process is applied recursively only to the approximation coefficients. Starting from the original
signal, the first level decomposition yields cA1 and cD1. The approximation part cA1 is then further
decomposed into cA2 and cD2, and so on. After J levels, the full set of DWT coefficients can be
expressed as

cAJ , cDJ , · · · , cD2, cD1.

Here, cAJ and cDJ correspond to the coarsest scale (lowest frequency resolution), whereas the
coefficients cD1 capture the finest-scale (highest frequency) details. In other words, as the level
index decreases from J to 1, the corresponding detail coefficients represent progressively finer
structures of the original signal.

Although these coefficients are naturally organized across multiple scales, it is often convenient
in practical applications to convert them into a single representation vector. This can be achieved
by concatenating the coefficient arrays in a prescribed order, for example,

c = [cAJ , cDJ , · · · , cD2, cD1] .

Depending on the application, one may either include all coefficients or truncate the representation
by retaining only a subset such as

c = [cAJ , cDJ , · · · , cDL] , L ≤ J.

Such a truncated representation preserves the coarse-scale structure while discarding finer details,
which is useful for compression, denoising, or feature extraction. Importantly, the original signal
can be reconstructed either exactly (if all coefficients are retained) or approximately (if only a
subset is used) through the inverse DWT, highlighting that the vector c serves as a compact yet
informative representation of the underlying function signal.

The overall architecture in the figure 3.1 also applies to SNO if we replace the DWT with DFT.
Therefore, OL-Wavelet and SNO are highly similar and can be compared under equally truncated
sequences. Based on the structure of DWT, the number of modes selected is generally 4, 8, 16,
and so on, in powers of 2.
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3.3. Model Components
As illustrated in Fig. 3.3, we consider a forward mapping defined on discrete signals via a wavelet-
based representation.

Function (Discrete Signal) f

DWT Encoding

cAJ cDJ · · · cDL

MLP

(Multi-Layer Perceptron)

dAJ dDJ · · · dDL

IDWT (Inverse DWT)

Function (Reconstructed Signal) g

Figure 3.3: OL-Wavelet Schematic

Let f ∈ RM denote the input discrete signal. We first apply a full discrete wavelet transform
(DWT), using a fixed wavelet basis (e.g., Haar) and a maximal decomposition level J = log2M .
This yields a collection of wavelet coefficients organized as

W(f) =
[
cAJ , cDJ , cDJ−1, . . . , cDL

]
,

where cAJ denotes the coarse-scale approximation coefficients and cDℓ denotes the detail coeffi-
cients at level ℓ. For notational simplicity, we view this collection as a single vector

c ∈ RK ,
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obtained by concatenating the coefficients in a fixed coarse-to-fine ordering, as depicted in Fig. 3.3.

Next, the coefficient vector c is passed through a multi-layer perceptron (MLP), which defines a
nonlinear mapping

Φθ : RK → RK ,

parameterized by θ. The network produces an output vector

d = Φθ(c) ∈ RK ,

which is interpreted as the predicted wavelet coefficients

d =
[
dAJ , dDJ , dDJ−1, . . . , dDL

]
.

Finally, the predicted coefficients are mapped back to the signal domain via the inverse discrete
wavelet transform (IDWT),

g̃ = W−1(d) ∈ RM ,

yielding the reconstructed output signal g̃, as shown at the bottom of Fig. 3.3.

In summary, the overall forward operator can be written compactly as

g̃ = W−1 ◦ Φθ ◦W(f),

which corresponds to learning a nonlinear transformation in the wavelet coefficient domain.

We consider two neural network architectures for learning mappings in the wavelet coefficient
domain, which differ in how they exploit the multilevel structure of the discrete wavelet transform.

In the flat variant, all wavelet coefficients across different scales are concatenated into a single
vector

c =
[
cAJ , cDJ , cDJ−1, . . . , cDL

]
∈ RK .

A fully connected neural network (MLP) is then used to learn a global mapping

Φθ : RK → RK ,

which directly maps the input coefficients to the output coefficients.

To train the network, we define a loss function based on the mean squared error between the
predicted output coefficients and the target output coefficients:

L(θ) = 1

K

K∑
k=1

(
Φθ(c

in)k − coutk

)2
.

Here, cin ∈ RK denotes the input coefficient vector, cout ∈ RK denotes the target output coeffi-
cient vector, and Φθ(c

in)k denotes the k-th predicted coefficient produced by the neural network.
Minimizing this loss enables the network to learn the mapping between input and output coefficient
spaces.

This formulation is conceptually simple and aligns naturally with standard neural network architec-
tures. In particular, all coefficients are treated uniformly, and the fully connected structure allows
unrestricted interactions across different scales. As a result, the model is capable of capturing
cross-scale dependencies and complex global relationships in the coefficient space.

However, this flexibility comes at the cost of a large number of parameters and dense connectivity.
Every coefficient can interact with every other coefficient, regardless of their scale, which may lead
to increased computational complexity and reduced interpretability.
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In contrast, the level-wise variant preserves the multilevel structure of the wavelet decomposition.
The coefficient vector is partitioned into blocks corresponding to different scales,

c =
[
c(J), c(J−1), . . . , c(L)

]
,

where each c(ℓ) represents the coefficients at level ℓ.

For each level ℓ, a separate neural network is introduced to learn a mapping

Φ
(ℓ)
θ : Rnℓ → Rnℓ ,

and the overall mapping is defined by applying these networks independently across levels. This
design explicitly enforces a block-diagonal structure in the coefficient mapping.

Such a construction significantly reduces the number of parameters and neural connections, since
interactions are restricted within each level. It also aligns with the multiscale nature of wavelet
representations, allowing the model to capture scale-specific behaviors in a structured and inter-
pretable manner.

On the other hand, the independence across levels implies that cross-scale interactions cannot
be learned directly. Each level is processed in isolation, which may limit the expressive power
of the model when the target mapping involves strong dependencies between different scales.
Consequently, this architectural constraint can lead to a potential loss in approximation accuracy
compared to the fully connected flat variant.

3.4. Error Analysis
The error in the model during the prediction phase comes from multiple sources. These errors
are essentially determined by the network width. Conversely, error analysis can help us find the
optimal network width. Within the proposed framework, we are thus able to partially analyze the
factors that affect the predictive accuracy of neural networks. The errors mainly come from the
reconstruction error of the function and the error of the neural network itself. Although these two
types of errors have different sources, they are not necessarily independent of each other. We
can derive both an error expression.

Define the notions:

• f : An input function.

• g: An output function.

• H: DWT with truncation of K modes.

• H−1: IDWT.

• N : a neural network.

• c∗ = H(f) ∈ CM : full spectral coefficients of f(x), withM modes.

• c = c∗ + δc: actual coefficients with representation error δc, so ‖δc‖ ≤ εH . If K =M , c = c∗.

• d∗ = H(g): full spectral coefficients of the target function g(x), withM modes.

• d = N (c): neural network output based on perturbed input c, containing also generalization
error of neural networks.

• d̄ is the ground-truth mapping target of c, truncated by K modes. Due to the generalization
error of neural networks, d is often not equal to d̄.

• g̃(x) = H−1(d): reconstructed function from network output d.

For one sample of mapping, the total error can be decomposed by splitting terms
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‖g̃(x)− g(x)‖2 = ‖H−1(d)−H−1(d∗)‖2
= ‖H−1(d)−H−1(d̄) +H−1(d̄)−H−1(d∗)‖2

We define that

ecoef := g̃ −H−1(d̄), erec := H−1(d̄)− g.

Then we have the exact identity
ĝ − g = ecoef + erec.

Taking squared norms, the overall error under K modes is decomposed as:

‖g̃ − g‖22 = ‖ecoef‖22 + ‖erec‖22 + 2〈ecoef , erec〉. (3.1)

We see in Equation 3.1 an cross term 〈ecoef , erec〉 which can be positive, negative or zero.

For both DFT and DWT, let T ∈ KM×M be the analysis transformmatrix (T = F for DFT, T =W for
DWT), where T−1 = T ∗ since T is unitary/orthogonal. Let ΠK ∈ KM×M be the diagonal projector
that keeps the prescribed K coefficients and sets the otherM −K coefficients to zero. Then the
truncated reconstruction operator is explicitly defined by

PK := T−1ΠKT.

Hence PK is a rank-K orthogonal projector onto the retained coefficient subspace. It projects
vector into a K-rank space SK .

ecoef = g̃ − ḡ

By the neural network, we have
g̃, ḡ ∈ Ran(PK).

Equivalently, this can be written as

PK g̃ = g̃, PK ḡ = ḡ.

Resulting in

PKecoef = ecoef

Therefore,
cross = 2〈ecoef , erec〉

= 2〈ecoef , (PK − I)g〉
= 2〈PKecoef , (PK − I)g〉
= 2〈ecoef , PK(PK − I)g〉
= 2〈ecoef , (P 2

K − PK)g〉
= 0.

The equation indicates the orthogonality of ecoef and erec. Therefore, Equation 3.1 is changed to
Equation 3.2 which represents the error decomposition of our model.
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‖g̃ − g‖22 = ‖ecoef‖22 + ‖erec‖22 (3.2)

Let
S = {(fi, gi)}Ni=1

be a dataset of function pairs, where each function is discretized on a fixed physical grid of size
M . For a given truncation dimensionK, denote by g̃(K)

i the reconstructed output produced by the
neural operator using K spectral coefficients.

We define the mean squared error as

E(S,K) :=
1

|S|
∑

(f,g)∈S

∥∥g̃(K) − g
∥∥2
2
.

Given a set of truncation dimensions

K ⊂ {1, 2, . . . ,M},

we define the optimal truncation dimension as the solution of the empirical risk minimization prob-
lem

K∗ = arg min
K∈K

E(S,K). (3.3)

By using Equation 3.3 we can find the optimal representation dimension of functions.



4
Numerical Experiments

This chapter presents numerical experiments using several operators that map one-dimensional
functions to one-dimensional functions. The experimental results in this chapter are mainly pre-
sented in the form of line plots, together with some preliminary analysis. More in-depth discussion
is provided in Chapter 5.

4.1. Overall Settings
Before presenting the specific numerical experiments, we first introduce the common pipeline and
experimental settings shared across all experiments, as well as the selected 1D operators used
for training and evaluating our model.

4.1.1. Pipeline
We consider a general operator learning problem of the form

G : X → Y ,

where X and Y are function spaces, and the goal is to learn the mapping from an input function
f ∈ X to its image G(f) ∈ Y from finitely many sample pairs. Rather than restricting attention to
a specific operator, we adopt a general experimental framework that can be applied to a broad
class of linear or nonlinear operators.

First, we specify a parametric family of input functions {fθ}θ∈Θ, where the parameter θ controls
the variability of the dataset. For each sampled parameter θ, we construct an input-output pair

(fθ, gθ), gθ = G(fθ).

These pairs form the supervised dataset used for operator learning. The training set and test
set are sampled independently from prescribed parameter ranges, and duplicate samples are
excluded so that the evaluation is carried out on previously unseen functions.

Since learning algorithms operate on finite-dimensional vectors, all functions are discretized on a
fixed uniform grid of sizeM over the spatial domain. Thus each function fθ and gθ is represented
by a vector in RM . This discretization step converts the operator learning problem into the task of
learning a map between finite-dimensional representations of input and output functions.

To study how the choice of representation affects learnability, we further transform the discretized
functions into compressed coefficient representations. In particular, we consider both Fourier-
based and wavelet-based representations, and retain only the first K effective coefficients, where
K is varied across a prescribed range. This yields a family of reduced models indexed by the
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resolution parameter K. The purpose of this step is to compare how different bases encode the
information relevant to the target operator.

Given the reduced representations of the input and output functions, we train neural networks to
approximate the induced finite-dimensional mapping between coefficients. Different architectures
may be used depending on the representation; for example, one may use a single multilayer
perceptron on a flattened coefficient vector, or separate subnetworks acting on different wavelet
levels. In our experiments, we refer to these two architectures as DWT-Flat and DWT-LevelWise,
respectively. Overall, three models—DWT-Flat, DWT-LevelWise, and DFT (i.e., the SNO model
based on Fourier representations)—are compared in our experiments. In all cases, the networks
are trained in a supervised manner by minimizing the mean squared error between predicted and
target coefficients on the training set.

After training, the predicted output coefficients are mapped back to the physical domain to recon-
struct an approximation g̃θ of the true output gθ = G(fθ). The reconstruction is then evaluated on
the test set using function-level error metrics with the L2 error. In addition, when appropriate, the
total error may be decomposed into a coefficient learning error and a representation truncation
error, in order to distinguish approximation errors caused by the reduced basis from errors caused
by the learned model itself.

Finally, to examine the effect of representation size, the entire procedure is repeated for multiple
values of K. This produces error curves as functions of K, allowing us to compare different
representations and architectures in terms of both approximation quality and learning efficiency.
In this way, the experimental pipeline provides a unified framework for evaluating operator learning
methods for arbitrary target operators.

4.1.2. Selection of Operators
We selected the learned 1D operators according to the continuity of the functions, including several
combinations such as from continuous functions to discontinuous functions, from discontinuous
functions to continuous functions, and so on. Therefore, these cases cover different kinds of
continuity for operators. The operators to be learned are listed in Table 4.1.

Operator Name Continuity of Mapped Functions
Translation Operator Discontinuous function to discontinuous function

Translation Operator with Height Variation Discontinuous function to discontinuous function
Poisson Equation Solver Operator Discontinuous function to continuous function
Diffusion Equation Solver Operator Continuous function to continuous function
Burgers Equation Solver Operator Continuous function to continuous function
Piecewise Constant Approximation Continuous function to continuous function

Table 4.1: Operators and the continuity of mapped functions

The six operators considered in this study are deliberately chosen to span a diverse set of continuity
mappings and structural properties, in order to systematically evaluate the behavior of operator
learning models under different functional regimes.

The translation operator serves as a fundamental baseline. Both the input and output functions
are discontinuous (e.g., square waves), making this case particularly relevant for studying repre-
sentations of non-smooth signals. Such functions are, in principle, well-suited for approximation
by Haar wavelets due to their localized and piecewise-constant nature. However, empirical re-
sults later demonstrate that, even in this setting, the DFT can still achieve superior approximation
performance compared to the DWT, highlighting nontrivial differences between global and local
basis representations.

For the translation operator with height variation, this operator is constructed following the observa-
tion that the standard translation operator is not well approximated by DWT. By introducing height
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variations aligned with dyadic partitions, the resulting functions exhibit structures that are more
compatible with wavelet bases. In particular, the approximation error of DWT for such functions
can be made arbitrarily small, approaching zero. This operator therefore provides a favorable
scenario for wavelet-based methods and serves as a contrast to the first case.

For the Poisson equation solver operator, it corresponds to a one-dimensional boundary value
problem, where the input is the source term (right-hand side of the PDE) and the output is the global
solution. Notably, discontinuous inputs are mapped to continuous outputs due to the smoothing
property of elliptic operators. This example is representative of a broad class of PDE-based oper-
ators and is essential for evaluating how well models capture nonlocal smoothing effects.

For the diffusion equation solver operator, it represents a one-dimensional initial value problemwith
inherent smoothing dynamics. Both the initial condition and solution at later times are continuous.
This operator provides a canonical example of continuous-to-continuousmappings with dissipative
behavior, allowing us to assess how models handle gradual regularization over time.

For the Burgers’ equation solver operator, it is another one-dimensional initial value problem but
exhibits nonlinear dynamics. Although the initial condition is smooth, the solution may develop
steep gradients or even shock-like structures over time. This operator is therefore particularly
challenging, as it tests the ability of models to capture the transition from smooth to nearly discon-
tinuous behavior within a continuous function space.

For the piecewise constant approximation operator,it is a constructed operator designed to favor
wavelet-based representations. The input function is sampled over dyadic partitions, and each
interval is mapped to its maximum value, producing a piecewise constant function that acts as
an upper envelope. Such outputs are highly compatible with Haar wavelets, and we expect the
DWT to achieve superior approximation performance in this setting. Consequently, this operator
is intended to highlight potential advantages of OL-Wavelet methods in operator learning tasks.

Overall, the selected operators cover a wide range of scenarios, including discontinuous-to-discontinuous,
discontinuous-to-continuous, and continuous-to-continuous mappings, as well as both linear and
nonlinear dynamics. This diversity ensures a comprehensive evaluation of different approximation
mechanisms (e.g., DFT vs. DWT) within the operator learning framework.

4.1.3. Hyperparameters Settings
In all experiments, we adopt a unified set of hyperparameters that are independent of the specific
model architecture.

First, the ambient discretization size is fixed to

M = 1024,

which provides a sufficiently fine grid for representing functions while maintaining computational
tractability.

The number of retained modes of DWT or DFT is chosen from the set

K ∈ {4, 8, 16, 32, 64, 128, 256}.

This allows us to study how well functions can be approximated using a reduced number of coeffi-
cients. A smaller value ofK leads to a more compact representation and lower computational cost.
On the other hand, choosing K close to M improves approximation accuracy but introduces re-
dundant computation and storage overhead. Therefore, this range provides a meaningful trade-off
between efficiency and accuracy.

OnceK is fixed, the input and output dimensions of the neural network are determined accordingly.
Since complex coefficients are represented via their real and imaginary parts, the network operates
inR2K . We use a multilayer perceptron with depth 3 (i.e., three hidden layers) and ReLU activation
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functions. The architecture is given by

NK : R2K → R2K , 2K → 2K → 2K → 2K,

with nonlinear activations in the first three layers and a linear output layer.

The prediction pipeline is:

f
HK−−→ c∗

pack−−−→ R2K NK−−→ R2K unpack−−−−→ d̂
H−1

K−−−→ ĝ.

For the dataset, we use 1000 training samples and 100 test samples. All samples are generated
independently, and there is no overlap between the training and test sets.

To systematically evaluate generalization performance, we construct three different types of test
sets:

• Interpolation: the test distribution is identical to the training distribution.
• Distribution shift: the test distribution is partially overlapping with the training range, but
shifted relative to it.

• Extrapolation: the test distribution is completely disjoint from the training distribution.

The purpose of this design is to assess different aspects of the learned operator. The interpolation
setting evaluates the in-distribution performance, measuring how well the model fits the training
distribution and captures the underlying mapping when no distributional change is present. The
distribution shift setting probes the robustness of the model under moderate deviations from the
training data. This reflects more realistic scenarios where inputs may not follow the exact same
distribution as the training set but still share partial overlap. The extrapolation setting is the most
challenging regime, where the model must generalize beyond the support of the training data.
This tests whether the learned operator captures structural properties of the mapping rather than
merely memorizing patterns within the training range. Together, these three regimes provide a
comprehensive evaluation of approximation accuracy, robustness to distributional changes, and
true out-of-distribution generalization.

4.2. Translation Operator
Translation operators are very common in various scientific branches, and they are also used to
solve linear transport equations. The translation operator maps a square-wave function to another
square-wave function by shifting it along the domain while preserving its basic shape.

4.2.1. Problem Setup
We learn a 1D translation operator on [0, 1]:

g(x) = (T f)(x) := f(x−∆), ∆ = 0.2.

Inputs are pulse functions of width w = 0.2:

fa(x) = 1[a,a+w](x), ga(x) = 1[a+∆,a+∆+w](x).

4.2.2. Dataset
The training parameters are sampled from a uniform distribution as

atrain ∼ U(0.1, 0.25).

The parameter ranges are chosen within the interval (0, 1), which provides a representative and
bounded parameter regime for the considered operator. This choice allows us to study the model
behavior under moderate variations of the input while avoiding extreme values.

We construct three different test sets to evaluate generalization:
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• Interpolation: atest ∼ U(0.12, 0.24).

• Distribution shift: atest ∼ U(0.13, 0.28).

• Extrapolation: atest ∼ U(0.26, 0.30).

The interpolation setting evaluates performance within the training distribution, the distribution-shift
setting tests robustness under partially shifted distributions, and the extrapolation setting examines
the model’s ability to generalize beyond the training range.

4.2.3. Experiment Result
Interpolation
As shown in the experimental results in the Figure 4.1 below, the prediction accuracy of all three
models increases withK, consistently following the pattern that DFT outperforms DWT-Flat, which
in turn outperformsDWT-LevelWise. For any value ofK, the prediction accuracy of DWT-LevelWise
is significantly lower than that of the other two models. The optimal value of K is 256.

Figure 4.1: Translate Operator Mean L2 Error Changing with K

The decomposition of error in this experiment can be found in the Figure 4.2. The ecoef of DFT and
DWT-Flat are relatively small. The reconstruction error erec dominates in all three models. The
cross terms are all close to zero, which is consistent with the theoretical analysis.
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(a) ecoef

(b) erec

(c) cross term

Figure 4.2: Translation Operator Learning Error Decomposition

From the example solution shown in the Figure 4.3, it can be observed that in interpolation-type test
tasks, under the setting of K = 256, both the DFT and DWT-Flat models produce highly accurate
predictions. This is because, in this case, both their neural network approximation errors and
reconstruction errors are very small. In contrast, the DWT-LevelWise model exhibits noticeable
deviations in its predictions due to insufficient training of the neural network.
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Figure 4.3: Example Solution Translation Operator on Interpolation Test Set

Distribution Shift and Extrapolation
Since the three models show similar performance on the distribution shift and extrapolation test
sets, we only present and analyze the results on the extrapolation setting here.

In the experiments as shown in the Figure 4.4, the prediction accuracy of the three models exhibits
a heavier non-monotonic trend compared with the interpolation and distribution shift cases. The
optimal values of K are 16, 32, and 64, respectively.

Figure 4.4: Translate Operator Mean L2 Error Changing with K

From the error decomposition in the Figure 4.5, it can be observed that the coefficient error ecoef
for the DFT and DWT-Flat models is even monotonically increasing, eventually reaching the same
order of magnitude as the reconstruction error erec. As a result, the total error exhibits a trend of
first decreasing and then increasing.
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(a) ecoef

(b) erec

(c) cross term

Figure 4.5: Translate Operator Learning Error Decomposition

4.3. Translation Operator with Height Variation on Dyadic Par-
titions

A variant of the translation operator performs not only a horizontal translation but also on dyadic
partitions of the axis. In the previous translation experiment, we observed that for learning a gen-
eral translation operator, the DWT-based model does not demonstrate a clear advantage over the
DFT model. However, when the translated function is aligned with a dyadic grid, the multiresolu-
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tion structure of DWT may become more favorable. To investigate this hypothesis, we design the
following experiment.

4.3.1. Problem Setup
The operator to be learned maps a source signal supported on a fixed interval to a target signal
supported on another fixed interval on dyadic partitions, while preserving its amplitude. More
precisely, for a scalar height parameter h > 0, the input function is

fh(x) =

{
h, x ∈ [0.125, 0.25],

0, otherwise,

and the corresponding output is

gh(x) =

{
h, x ∈ [0.5, 0.625],

0, otherwise.

Hence, the target operator T is defined by

T (fh) = gh,

that is, T translates a rectangular pulse from the source interval [0.125, 0.25] to the target interval
[0.5, 0.625] without changing its height. In this sense, the learning task is an operator learning
problem rather than a standard finite-dimensional regression problem: the objective is to learn the
map between input and output functions.

4.3.2. Dataset
The dataset is synthetically generated from the family of piecewise constant functions defined
above. For every sample, only the height parameter h is varied, while the source interval and
the target interval remain fixed. Therefore, the variability of the dataset comes entirely from the
amplitude of the pulse.

For training, the height is sampled independently from the uniform distribution

h ∼ U(0.1, 0.25).

For testing the height is sampled from

h ∼ U(0.12, 0.24), h ∼ U(0.15, 0.28) and h ∼ U(0.26, 0.30), corresponding to interpolation, distri-
bution shift and extrapolation respectively.

4.3.3. Experiment Result
Interpolation
From the total error in the Figure 4.6, we observe that for the DWT-based models, the DWT-Flat
model achieves nearly zero error once K exceeds a certain threshold, while the DWT-LevelWise
model performs slightly worse. In contrast, the DFTmodel only gradually improves asK increases,
eventually reaching a comparable level of accuracy to the DWT-Flat model at K = 256. All three
models achieve their optimal prediction accuracy at the upper bound of K = 256 set in our exper-
iments.
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Figure 4.6: Translation Operator on Dyadic Partitions Mean L2 Error Changing with K

From the Figure 4.7, we can observe that the reconstruction error erec plays a decisive role. Since
DWT can better approximate piecewise constant functions on dyadic grids, both the DWT-Flat and
DWT-LevelWise models exhibit relatively smaller reconstruction errors.
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(a) ecoef

(b) erec

(c) cross term

Figure 4.7: Translation Operator on Dyadic Partitions Learning Error Decomposition

From the example solution in the Figure 4.8, we can observe that at K = 256, both the DFT and
DWT-Flat models can approximate the target function quite well. Due to the oscillatory nature
of Fourier basis functions, which introduces additional approximation error, the DWT-Flat model
retains a slight advantage. In contrast, although the DWT-LevelWisemodel has learned a constant
function, its predicted value deviates significantly from the true one.
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Figure 4.8: Example Solution Translation Operator on Dyadic Partitions on Interpolation Test Set

By comparing this example with the previous translation operator, we observe that although both
are translation operators, when the target function is defined on a dyadic grid, the wavelet basis
can approximate the function very accurately, resulting in a much smaller overall prediction error.

Distribution Shift and Extrapolation
The results observed in these two sets of experiments do not differ significantly from those in the
interpolation setting. This indicates that the operator learning approach in this setup possesses
strong generalization capability.

4.4. Poisson Equation Solver
The Poisson equation solver operator corresponds to solving the boundary value problem of the
Poisson equation. It defines a mapping from the source term in the equation to the corresponding
solution. In this setting, the source term can be chosen as a discontinuous function, while the
resulting solution remains continuous.

4.4.1. Problem Setup
Consider the one-dimensional problem

d2u

dx2
= f(x), x ∈ (0, 1),

with fixed homogeneous Dirichlet boundary conditions

u(0) = 0, u(1) = 0.

The goal is to learn the mapping from the source term f(x) to the solution u(x).

Since
u′′(x) = f(x),

integrating once gives

u′(x) = C1 +

∫ x

0

f(s) ds.

Integrating again gives

u(x) = C2 + C1x+

∫ x

0

∫ ξ

0

f(s) ds dξ.

Using u(0) = 0, we obtain
C2 = 0.
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Using u(1) = 0, we obtain

C1 = −
∫ 1

0

∫ ξ

0

f(s) ds dξ.

Therefore,

u(x) =

∫ x

0

∫ ξ

0

f(s) ds dξ − x

∫ 1

0

∫ ξ

0

f(s) ds dξ.

When f(x) is not continuous, the solution can be understood in the weak sense.

The forcing term f(x) is defined as a square pulse function with an amplitude parameter p:

f(x; p) =

{
p, 0.25 ≤ x ≤ 0.75,

0, otherwise.

4.4.2. Dataset
We use uniform sampling to construct the dataset. The training set is sampled with amplitudes
p ∈ [1.0, 1.9], and the test sets are sampled with amplitudes p ∈ [1.0, 1.9], p ∈ [1.2, 2.3] and
p ∈ [2.0, 2.5], according with interpolation, distribution shift and extrapolation respectively.

4.4.3. Experiment Result
Interpolation
From the Figure 4.9, it can be observed that the DWT-LevelWise model consistently exhibits no-
ticeable variation as K changes, whereas the DFT and DWT-Flat models are able to steadily
reduce their prediction errors as K increases.

Figure 4.9: Poisson Solver Operator Mean L2 Error Changing with K

The error decomposition in the Figure 4.10 further confirms this observation. For the smooth target
functions considered in the experiment, the DFT provides a more accurate approximation than the
DWT, although both can achieve nearly zero reconstruction error at K = 256. However, for the
DWT-LevelWise model, the neural network error remains consistently high across all values of
K. As a result, even though its reconstruction error can be reduced to nearly zero, the total error
remains large.
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(a) ecoef

(b) erec

(c) cross term

Figure 4.10: Poisson Solver Operator Learning Error Decomposition

From an example solution at K = 256 in the Figure 4.11, it can be observed that the predictions
produced by the DFT and DWT-Flat models closely align with the true solution, making the differ-
ence between the two models hardly noticeable. In contrast, although the DWT-LevelWise model
captures the overall shape, it exhibits a significant deviation in the vertical direction.
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Figure 4.11: Example Solution Poisson Solver Operator on Interpolation Test Set

Distribution Shift and Extrapolation
The results observed in these two sets of experiments do not differ significantly from those in the
interpolation setting. This indicates that the operator learning approach in this setup possesses
strong generalization capability on this Possion solver task.

4.5. Diffusion Equation Solver
The diffusion equation solver operator corresponds to the initial value problem of the diffusion
equation. It maps a continuous initial condition to the corresponding solution at a later time, which
remains continuous due to the smoothing effect of diffusion.

4.5.1. Problem Setup
We consider the one-dimensional diffusion equation

∂u

∂t
= D

∂2u

∂x2
, x ∈ [0, 1], t > 0,

with homogeneous Dirichlet boundary conditions

u(0, t) = u(1, t) = 0,

and initial condition
u(x, 0) = u0(x).

In this work, we set
D = 0.1,

and study the solution operator evaluated at the final time t = 1, namely

T : u0(x) 7→ u(x, 1).

To ensure compatibility with the homogeneous Dirichlet boundary conditions and to obtain a classi-
cal benchmark problem, we restrict the initial conditions to a finite-dimensional sine basis. Specif-
ically, we consider

u0(x) = a1 sin(πx) + a2 sin(2πx) + a3 sin(3πx),

where a1, a2, a3 are real-valued coefficients.

Since the sine functions are eigenfunctions of the Laplacian under homogeneous Dirichlet bound-
ary conditions, the corresponding exact solution at time t = 1 is given by

u(x, 1) = a1e
−Dπ2

sin(πx) + a2e
−4Dπ2

sin(2πx) + a3e
−9Dπ2

sin(3πx).
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Therefore, the learning task is to approximate the operator that maps the coefficients and shape
of the initial condition u0 to the diffused solution u(·, 1).

4.5.2. Dataset
The training dataset is constructed from the family of initial conditions

u0(x) = a1 sin(πx) + a2 sin(2πx) + a3 sin(3πx),

where the coefficients are sampled independently from the uniform distribution

a1, a2, a3 ∼ U(−1, 1).

For test set, the coefficients are sampled from the uniform distribution

a1, a2, a3 ∼ U(−1, 1), a1, a2, a3 ∼ U(−0.8, 1.2) and a1, a2, a3 ∼ U(1.1, 1.5), corresponding to inter-
polation, distribution shift and extrapolation respectively.

For each sampled initial condition, the corresponding target output is defined as the exact solution
of the diffusion equation at time t = 1, namely

u(x, 1) = a1e
−Dπ2

sin(πx) + a2e
−4Dπ2

sin(2πx) + a3e
−9Dπ2

sin(3πx),

with D = 0.1.

4.5.3. Experiment Result
Interpolation
From the Figure 4.12 and the Figure 4.13, we observe that the model predictions are similar to
those of the Poisson solver. Since the target functions are smooth, the DFT model provides the
most accurate predictions. However, at K = 256, its advantage over the DWT-Flat model is not
significant. In contrast, the DWT-LevelWise model performs worse than the other two models due
to its relatively large neural network error.

Figure 4.12: Diffusion Solver Operator Mean L2 Error Changing with K
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(a) ecoef

(b) erec

(c) cross term

Figure 4.13: Diffusion Solver Operator Learning Error Decomposition

From the example solution shown in the Figure 4.14, we observe that both the DFT and DWT-Flat
models almost perfectly match the target function. In contrast, the DWT-LevelWise model makes
errors in predicting the wavelet coefficients; as a result, although the overall shape of the predicted
curve is similar, the detailed features are inaccurate.
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Figure 4.14: Example Solution Diffusion Solver Operator on Interpolation Test Set

Distribution Shift and Extrapolation
The results observed in these two sets of experiments do not differ significantly from those in the
interpolation setting. This indicates that the operator learning approach in this setup possesses
strong generalization capability on this diffusion solver task.

4.6. Burgers' Equation Solver
The solution operator for Burgers’ equation maps an initial condition to the corresponding solution
at a later time. For the inviscid case, smooth initial data can develop discontinuities (shocks) in
finite time.

4.6.1. Problem Setup
We study the solution operator of the one-dimensional inviscid Burgers’ equation

ut +

(
u2

2

)
x

= 0,

posed on the spatial domain
x ∈ [−5, 5].

The initial condition is parameterized by a scalar kf :

u(x, 0) = u0(x; kf ) = 1− kf tanh(x).

For each initial condition, we evolve the solution up to the final time

T = 1,

and aim to learn the nonlinear solution operator

ST : u0 7→ u(T, ·).

In the numerical implementation, the Burgers’ equation is solved using a conservative Rusanov
[72] scheme with outflow boundary conditions. The time step is chosen adaptively according to a
CFL condition [51] with CFL number 0.4.



4.6. Burgers' Equation Solver 47

4.6.2. Dataset
The training parameter is sampled from

kf ∼ U [0.5, 2.0].

The test set consists of three regimes:

kf ∼ U [0.5, 2.0],

for interpolation,

kf ∼ U [0.8, 2.2],

for distribution shift, and

kf ∼ U [2.1, 2.3],

for extrapolation.

For each sampled kf , we construct the initial profile on a uniform spatial grid and compute the
corresponding solution at T = 1. Each dataset sample is therefore an input-output pair(

u0(·; kf ), u(T, ·; kf )
)
.

4.6.3. Experiment Result
Interpolation
From the Figure 4.15, it can be observed that the prediction errors of all three models decrease
monotonically as K increases, implying that the optimal choice of K is the upper bound K = 256
set in our experiments.

Figure 4.15: Burgers’ Solver Operator Mean L2 Error Changing with K

From the error decomposition in the Figure 4.16, it can be observed that although the neural
network error of the DWT-LevelWise model remains relatively large, it also exhibits a noticeable
variation with K, first increasing and then decreasing. In this case, the coefficient error ecoef is the
dominant source of error.
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(a) ecoef

(b) erec

(c) cross term

Figure 4.16: Burgers’ Solver Operator Learning Error Decomposition

From the example solution shown in the Figure 4.17, we observe that the initial condition of the
Burgers equation evolves over time into a final state with a very steep gradient, which is nearly
discontinuous. Despite this, at K = 256, both the DFT and DWT-Flat models still provide highly
accurate predictions. In contrast, the DWT-LevelWise model exhibits significant deviations, as its
neural network fails to capture the correct fine-scale features of the solution.
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Figure 4.17: Example Solution Burgers’ Solver Operator on Interpolation Test Set

Distribution Shift and Extrapolation
The results observed in these two sets of experiments do not differ significantly from those in the
interpolation setting. This indicates that the operator learning approach in this setup possesses
strong generalization capability on this Burgers solver task.

4.7. Approximation by Piecewise Constant Functions on Dyadic
Partitions

We introduce an operator that maps a continuous function to its supremum-based piecewise con-
stant approximation on a dyadic grid. This operator enables us to study the learnability of OL-
Wavelet of such nonlinear transformations. It is closely related to the upper envelope [21].

4.7.1. Problem Setup
We consider the problem of learning an operator that maps a family of continuous functions to
their dyadic piecewise constant approximations.

Let ϕ ∈ [0, 2π) be a phase parameter. We define a parametric family of functions {fϕ}ϕ∈[0,2π) on
the unit interval [0, 1] by

fϕ(x) = sin(4πx+ ϕ), x ∈ [0, 1].

Each function fϕ is smooth and oscillatory, with fixed frequency and varying phase.

Let J ∈ N denote the resolution level. We define the dyadic partition ∆J of [0, 1] as

∆J = {I(J)k }2
J−1
k=0 ,

where

I
(J)
k =


[
k

2J
,
k + 1

2J

)
, k = 0, 1, . . . , 2J − 2,[

2J − 1

2J
, 1

]
, k = 2J − 1.

This partition provides a dyadic decomposition of the interval [0, 1] into 2J subintervals of equal
length.

We define the approximation operator QJ that maps a function f to a piecewise constant function
on ∆J via a maximum-based rule:

(QJf)(x) =

2J−1∑
k=0

(
max
y∈I(J)

k

f(y)

)
1
I
(J)
k

(x).
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Since each fϕ is continuous and each interval I(J)k is compact, the maximum is attained on every
dyadic cell.

For the family {fϕ}, the target output corresponding to fϕ is therefore

QJfϕ.

If one works with purely discrete data, it is natural to define a discrete analogue of the operator by
taking the maximum only over the sampled grid points contained in each dyadic cell. In that case
one may use

(QhJf)(xj) = max
xm∈I(J)

k ∩Gh

f(xm), xj ∈ I
(J)
k ,

where Gh denotes the sampling grid.

This discrete version is consistent with a fully sampled-data viewpoint, where the function is avail-
able only through its values on the grid. Although it is not identical to the continuous maximum-
based operator in general, it provides a natural alternative when the problem is formulated entirely
in discrete form.

Our goal is to learn the mapping
GJ : fϕ 7→ QJfϕ,

using a neural operator model.

4.7.2. Dataset
To construct the dataset, we sample phase parameters ϕi ∈ [0, 2π) for i = 1, . . . , N , and form
paired data

D =
{(
fϕi

, QJfϕi

)}N
i=1

.

The variability in the dataset is introduced through the phase parameter ϕ. We generate a total of
1000 training samples and 100 testing samples, ensuring that all samples are mutually distinct.

Although the parameter space is given by ϕ ∈ [0, 2π), for training and evaluation we restrict sam-
pling to smaller subintervals in order to study interpolation, distribution shift, and extrapolation.

For the training set, the phase parameter is sampled uniformly from the interval

ϕ ∼ U([0, 0.25]).

We construct three different test sets to evaluate generalization:

• Interpolation:
ϕ ∼ U([0, 0.25]).

• Distribution shift:
ϕ ∼ U([0.05, 0.30]).

• Extrapolation:
ϕ ∼ U([0.26, 0.50]).

4.7.3. Experiment Result
Interpolation
From the Figure 4.18 and the Figure 4.19, we observe that in this task, the DWT-LevelWise model
achieves relatively high prediction accuracy for the first time. This is because, when K is suffi-
ciently large, both its neural network error and reconstruction error become small. Compared to
the DFT model, the DWT-Flat and DWT-LevelWise models do not exhibit smaller reconstruction
errors when K takes values in {8, 16, 32}. However, when K ∈ {4, 64, 128, 256}, the DWT-Flat



4.7. Approximation by Piecewise Constant Functions on Dyadic Partitions 51

and DWT-LevelWise models achieve better prediction accuracy than the DFT model due to their
smaller reconstruction errors.

Figure 4.18: Approximation by Piecewise Constant Operator Mean L2 Error Changing with K
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(a) ecoef

(b) erec

(c) cross term

Figure 4.19: Approximation by Piecewise Constant Operator Learning Error Decomposition

The distribution shift and extrapolation cases are similar to the interpolation case.
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Figure 4.20: Example Solution Approximation by Piecewise Constant Operator on Interpolation Test Set

From the example solution in the Figure 4.20, we observe that when K = 256, all three models
successfully capture the overall trend of the target equation, and their predictions closely match
the true solution.
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5
Discussion

Through theoretical analysis of the model and experiments on multiple operators, we obtained a
wealth of practical data results. From these results, we can summarize and further analyze many
conclusions.

5.1. Interpretation of Experimental Results
The experiments presented in Chapter 4 record the variations of several quantities, which collec-
tively reflect the validity of the model.

5.1.1. Error Decomposition and the Role of the Cross Term
A first important observation from the experiments is that the cross terms of DWT models are
consistently 0. This verifies that the coefficient-learning error and the reconstruction error are or-
thogonal as we have shown in Equation 3.2, so the total prediction error is governed entirely by
the balance between these two terms. As a result, the error decomposition provides a transpar-
ent way to interpret the experimental outcomes: the overall performance can be understood by
separately examining the neural network approximation quality and the representation quality.

The DFTmodel is slightly different. In the present implementation, the truncated Fourier modes are
selected by retaining a finite set of low-frequency coefficients that is not always perfectly conjugate-
symmetric when K is small. As a result, the reconstruction is not the exact orthogonal projection
onto a Fourier subspace for real-valued functions. Consequently, the coefficient error and the re-
construction error are not strictly orthogonal, and the cross term may be nonzero. AsK increases,
this asymmetry becomes less significant relative to the total retained frequency range, so the cross
term becomes negligible.

5.1.2. Comparison Between DFT and DWT-Flat
This decomposition clarifies the comparison between DFT and DWT-Flat. For many operator-
learning tasks, the DFT-based model achieves slightly better overall prediction accuracy. The
main reason is that the outputs of many such operators are relatively smooth, and smooth target
functions are often more efficiently approximated by low-frequency Fourier modes. Consequently,
the reconstruction error of the truncated Fourier representation is typically smaller than that of the
corresponding wavelet representation.

In the experiments, the coefficient-learning errors of DFT and DWT-Flat are usually of similar
magnitude and already quite small. Once ecoef is sufficiently reduced, the reconstruction term
becomes the decisive factor. In this regime, the advantage of Fourier truncation in representing
smooth outputs directly translates into better overall prediction accuracy.
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However, this advantage is not universal. For some operators, the structure of the target func-
tions is better aligned with wavelet representations. Representative examples are the translation
operator on a dyadic grid and the constant approximation on dyadic partitions, where the outputs
naturally match the multiscale structure of the Haar wavelet basis. In such cases, DWT-based
truncation can preserve the essential features of the output more effectively, leading to a smaller
reconstruction error and therefore better overall prediction accuracy when the coefficient-learning
errors remain comparable.

These observations show that the comparison between DFT and DWT-Flat should not be inter-
preted as a universal superiority of one basis over the other. Rather, performance depends on
how well the chosen representation matches the intrinsic structure of the operator outputs: smooth
global features favor Fourier modes, while localized multiscale structures favor wavelets.

5.1.3. The Limitation of DWT-LevelWise
The behavior of DWT-LevelWise is qualitatively different. Its prediction accuracy is substantially
worse than that of both DFT and DWT-Flat, and the error decomposition shows that this is mainly
caused by a much larger coefficient-learning error rather than by the reconstruction term.

Although the levelwise architecture is motivated by the multiscale organization of wavelet coef-
ficients, splitting the learning task across levels makes the coefficient mapping harder to learn
effectively in the present setup. As a result, the neural network approximation error remains large
and directly dominates the total prediction error. This suggests that, in practice, the success of a
low-dimensional operator-learning method depends not only on the quality of the representation
but also on the learnability of the induced coefficient mapping.

5.2. Effect of the Representation Dimension
5.2.1. The Dual Role of the Truncation Parameter K
An important factor in the experiments is the representation dimension, which is controlled by the
truncation parameterK. In both the DFT and DWT representations, only the lowestK coefficients
are retained, so K directly determines the dimension of the truncated representation.

In the present experimental setup, the role of K is more significant because the neural networks
are deliberately kept simple. For both DFT and DWT-Flat, the truncated coefficient vector has
dimension 2K, and the width of the fully connected neural network is chosen proportionally to
this dimension. Therefore, increasingK simultaneously increases both the expressiveness of the
representation and the capacity of the neural network.

5.2.2. Behavior of the Reconstruction and Coefficient Errors
The reconstruction error erec behaves predictably asK increases. Since retaining more basis coef-
ficients yields a more accurate approximation of the target function, the truncation error decreases
monotonically with K. In the experiments, increasing K consistently reduces erec.

The behavior of the coefficient error ecoef is more complex. Unlike the reconstruction error, it de-
pends on how well the neural network can learn the coefficient-to-coefficient mapping. Increasing
K makes this mapping higher-dimensional and potentially more difficult to learn, while at the same
time increasing the network width and its expressive power. As a result, the dependence of ecoef
on K is generally non-monotonic.

5.2.3. Two Regimes for Choosing the Representation Dimension
The experiments reveal two distinct regimes. In the first regime, the coefficient error is already very
small compared with the reconstruction error. In this case, the total prediction error is dominated
by erec, so increasing K consistently improves performance by reducing the dominant source of
error. In our experiments, this means that the largest tested value,K = 256, gives the best results.

In the second regime, the coefficient error is comparable to the reconstruction error. In this case,
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increasing K does not necessarily improve performance. Although a larger K reduces the recon-
struction error, it may also increase the difficulty of learning the coefficient map and thus increase
ecoef . The optimal choice of K is therefore determined by a trade-off between representation ac-
curacy and learnability, and it often occurs at an intermediate value.

5.3. Applicability Analysis of the Level-wise Wavelet Mapping
In the experiments, the prediction accuracy of the DWT-LevelWise model is consistently much
lower than that of the other models. This is mainly because the architecture only learns coeffi-
cient mappings within each individual wavelet layer, without allowing interactions between different
wavelet levels, which significantly restricts its expressive power. For many operators, however, the
output wavelet coefficients depend on input coefficients across multiple scales. When such cross-
level dependencies are strong, the levelwise restriction makes the learning task considerably more
difficult, leading to a large neural network approximation error and poor prediction performance.
Therefore, the effectiveness of the DWT-LevelWise model depends on the degree of correlation
between wavelet coefficients across different levels. If these cross-level correlations are strong,
the model is unlikely to perform well. A simple numerical analysis of the correlations between
wavelet coefficients at different scales can therefore be used to assess whether a given operator
is suitable for learning with the DWT-LevelWise architecture. Inspired by wavelet cross-correlation
[12] methods for analyzing multiscale dependencies, we introduce the following method to quantify
cross-scale coupling induced by the operator.

We diagnose cross-scale coupling of an operator T : RM → RM by estimating a matrix E ∈ RL×L
in a Haar wavelet domain. Assume M = 2J and let W denote the orthonormal Haar DWT up to
level J (with periodic boundary handling), so thatWf is the standard coefficient list

Wf =
(
cAJ , cDJ , cDJ−1, . . . , cD1

)
, L = J + 1.

For each level index m ∈ {0, 1, . . . , J}, define the projection operator Pm acting on the coefficient
list by keeping only the m-th block at one scale and setting all other blocks to zero. Using this
projection, we form a single-scale input by inverse transforming only that level:

f(m) :=W−1
(
Pm(Wf)

)
.

We then apply the operator and re-analyze the output in the same wavelet basis:

g(m) := T
(
f(m)

)
, Wg(m) =WT

(
f(m)

)
.

To quantify how much energy injected at input level m appears at output level l, we measure the
squared ℓ2 norm of the corresponding coefficient blocks. Writing ‖ · ‖2 for the Euclidean norm of
the coefficients within a level, the (normalized) energy transfer from m to l for a given sample f is∥∥PlWT

(
f(m)

) ∥∥2
2∥∥PmWf

∥∥2
2
+ ε

,

and the matrix entry is defined as its expectation over random inputs:

El,m ≈ Es

[∥∥PlWT
(
f(m)

) ∥∥2
2∥∥PmWf

∥∥2
2
+ ε

]
.

In practice, the expectation Es[·] is approximated by Monte Carlo averaging over S independent
samples {f (s)}Ss=1:

Êl,m =
1

S

S∑
s=1

∥∥PlWT
(
f
(s)
(m)

)∥∥2
2∥∥PmWf (s)

∥∥2
2
+ ε

, f
(s)
(m) :=W−1

(
Pm(Wf (s))

)
.
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The normalization by ‖PmWf (s)‖22 makes each column m comparable across scales, interpreting
El,m as “output energy at level l produced per unit input energy at levelm.” The small constant ε >
0 is a numerical regularizer (noise floor) that prevents instability when the sampled input happens
to have extremely small energy at levelm, which would otherwise lead to division by near-zero and
dominate the Monte Carlo average. If T is scale-decoupled in this wavelet representation, then
Ê concentrates near the diagonal; significant off-diagonal mass indicates cross-scale coupling
induced by T .

To summarize the amount of cross-scale coupling by a single scalar, we further define the coupling
ratio

CR =

∑
l ̸=m Êl,m∑
l,m Êl,m

.

A larger value of CR indicates stronger off-diagonal energy transfer and hence stronger cross-
scale coupling induced by the operator.

(a) Translation Operator
(b) Translation Operator on Dyadic

Partitions (c) Poisson Equation

(d) Diffusion Equation (e) Burgers’Equation (f) Constant Approximation

Figure 5.1: Heatmaps of Wavelet Level Coupling Analysis

The analysis in Figure 5.1 indicates that the operators studied in this paper exhibit strong cross-
level correlations among wavelet coefficients, and therefore are not suitable for learning with the
DWT-LevelWise architecture.



6
Conclusion

This chapter presents the conclusions of the work.

6.1. Main Results
This work proposes OL-Wavelet, a wavelet-based neural operator designed to approximate oper-
ator mappings in a compressed spectral representation. The method represents input and output
functions by truncated Haar wavelet coefficients and learns the induced mapping between coeffi-
cient spaces using neural networks. Through theoretical error analysis and numerical experiments,
we investigate the effectiveness of OL-Wavelet on several classes of operators, including transla-
tion operators, PDE solution operators, and operators involving dyadic piecewise structures.

The main findings can be summarized as follows.

1. Feasibility of wavelet-based operator learning. For themain research question, the exper-
iments show that OL-Wavelet is capable of approximating the considered operator classes
with good accuracy. In particular, for tasks involving piecewise constant functions on dyadic
partitions, such as translation operators and piecewise approximation functions on dyadic
partitions, the wavelet representation provides a natural and efficient description of the un-
derlying functions. This supports the feasibility of using wavelet coefficients as the represen-
tation space for spectral neural operator learning.

2. Comparison between wavelet and Fourier representations. Compared with the Fourier-
based spectral neural operator, OL-Wavelet achieves higher prediction accuracy in some
specific settings, especially when the target functions are piecewise constant functions on
dyadic partitions. However, the experiments also show that OL-Wavelet is not uniformly
superior to the Fourier-based method. For certain PDE solution operators, the reconstruc-
tion error caused by truncating the wavelet expansion can be larger than the correspond-
ing Fourier reconstruction error, which limits the overall prediction accuracy of OL-Wavelet.
Therefore, the advantage of the wavelet representation is problem-dependent rather than
universal.

3. Error decomposition. The total prediction error can be decomposed into two terms: the
neural network prediction error in the coefficient space, the reconstruction error caused by
truncating the spectral representation.

This decomposition provides a useful diagnostic tool for identifying whether the dominant
source of error comes from the neural network approximation or from the loss of information
due to coefficient truncation.

4. Choice of representation dimension. The number of retained coefficientsK plays a crucial
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role in the performance of OL-Wavelet. A small value of K leads to strong compression
but may produce large reconstruction error, whereas a larger value of K preserves more
information but increases the dimension and width of the neural network. The experiments
indicate that the optimal choice of K is determined by this trade-off and should be selected
empirically for each operator-learning task.

5. Joint learning versus level-wise learning. The numerical results suggest that learning
the mapping between wavelet coefficients independently at each resolution level is gener-
ally not sufficient. Although the level-wise architecture reduces the number of connections
and respects the multiresolution structure of wavelets, it ignores interactions between dif-
ferent wavelet levels. The joint architecture, which concatenates the retained coefficients
and learns the mapping using a global MLP, generally provides better prediction accuracy.
This indicates that cross-level dependencies are important for approximating the considered
operators.

Overall, the results show that OL-Wavelet is a feasible and effective wavelet-based neural oper-
ator, particularly for problems with localized or discontinuous structures. At the same time, its
performance depends strongly on the reconstruction accuracy of the truncated wavelet represen-
tation and on the choice of representation dimension. These findings suggest that wavelet-based
operator learning is most advantageous when the target operator is compatible with the multiscale
and spatially localized structure of wavelet bases.

6.2. Limitations and Challenges
Despite the promising performance of the proposed model in several experiments, there remain
several limitations and challenges that should be addressed in future work.

6.2.1. Limited Range of Benchmark Tasks
At present, OL-Wavelet has been evaluated only on a limited number of constructed operator
learning tasks. These tasks are mainly designed for controlled experimental analysis, such as
translation operators, selected one-dimensional PDE solution operators, and dyadic piecewise
function approximation. Although these experiments provide useful evidence for the feasibility of
the proposed method, they are not sufficient to demonstrate that OL-Wavelet can accurately ap-
proximate a broad class of commonly studied operators. In particular, the current results do not yet
fully establish the robustness of OL-Wavelet acrossmore diverse operator learning problems, such
as operators with different boundary conditions, irregular coefficients, multiscale forcing terms, or
more complex nonlinear dynamics. Therefore, additional benchmark problems from scientific com-
puting and engineering applications are needed to further validate the general applicability of the
model.

6.2.2. Incomplete Understanding of the Prediction Error
The present error analysis decomposes the total prediction error into the neural network prediction
error, the reconstruction error, and their cross term. This decomposition is useful for identifying
different sources of error. However, the behavior of the neural network prediction error is not yet
fully understood. In the experiments, this term does not exhibit a simple or consistent trend relative
to the reconstruction error. For example, increasing the number of retained wavelet coefficients
may reduce the reconstruction error, but it also increases the dimension of the coefficient space
and the width of the neural network, which can make the prediction error harder to control.

A more rigorous theoretical analysis is therefore needed to explain how the neural network predic-
tion error depends on the representation dimension, the network architecture, the training sample
size, and the regularity of the target operator. Possible directions include deriving generalization
bounds for the coefficient-space neural network, studying approximation rates of MLPs for map-
pings between wavelet coefficient spaces, and analyzing the trade-off between spectral truncation
error and statistical learning error. Such results would provide a stronger theoretical foundation
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for selecting the representation dimension and designing more stable OL-Wavelet architectures.

6.2.3. Restriction to One-dimensional Problems
The current formulation and experiments are restricted to one-dimensional domains. While this
setting provides a useful proof of concept, many practical problems in scientific computing involve
two-dimensional or three-dimensional domains. Extending OL-Wavelet to higher-dimensional op-
erator learning problems is therefore an important but nontrivial direction. In higher dimensions,
the number of wavelet coefficients grows rapidly, and the multilevel structure becomes more com-
plex. This may increase both the computational cost and the difficulty of designing efficient neural
architectures. Future work should investigate multidimensional wavelet bases, tensor-product
wavelets, adaptive sparse representations, and architectures that can exploit multiscale structure
without suffering from excessive dimensional growth.

6.3. Future Work
Several directions can be explored in future work to further improve and extend the current OL-
Wavelet framework.

6.3.1. Expanding the Range of Operator Learning Tasks
Future studies should evaluate OL-Wavelet on a wider variety of operator learning problems, par-
ticularly those arising from practical scientific and engineering applications. Incorporating more
complex PDE systems, irregular domains, variable coefficients, and real-world datasets would
provide stronger evidence of the model’s effectiveness and robustness, and help assess its appli-
cability beyond the constructed benchmark tasks considered in this work.

6.3.2. Developing a More Rigorous Theoretical Analysis
A more comprehensive theoretical analysis of the model error is an important direction for fu-
ture research. In particular, the interaction between the neural network prediction error and the
reconstruction error deserves deeper investigation. A key challenge is to understand how the
prediction error depends on the representation dimension, the architecture of the neural network,
and the size of the training data. Establishing sharper generalization bounds, approximation rates
for coefficient-space mappings, and theoretical criteria for selecting the optimal representation
dimension would significantly strengthen the mathematical foundation of the method.

6.3.3. Extending the Framework to Higher-dimensional Problems
Another important direction is to extend the current approach from one-dimensional settings to
two-dimensional and three-dimensional problems. Many practical operator learning tasks arise
in higher-dimensional domains, such as fluid dynamics, heat transfer, and elasticity. Developing
efficient wavelet representations and scalable training strategies for higher-dimensional operators
will be crucial for applying OL-Wavelet to more realistic scenarios.

6.3.4. Exploring Adaptive Coefficient Selection Strategies
The current framework uses a fixed truncation strategy by retaining a prescribed number of wavelet
coefficients. A natural extension is to develop adaptive coefficient selection strategies that allocate
representation resources according to the structure of the input and output functions. For example,
thresholding strategies based on coefficient magnitude, energy distribution, or learned sparsity
patterns may improve the balance between compression efficiency and approximation accuracy.
Such adaptive representations may be particularly useful for operators with localized singularities
or strongly nonuniform behavior.

6.3.5. Investigating Alternative Wavelet Bases
The current implementation mainly uses the Haar wavelet basis due to its simplicity and suitability
for piecewise structures. However, different operator classes may be better represented by differ-
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ent wavelet families. Future work could investigate smoother wavelet bases, such as Daubechies
wavelets [74] or Morlet wavelets [14], to improve approximation quality for smoother PDE solutions.
A systematic comparison between different wavelet bases may also provide practical guidelines
for choosing the most suitable representation for a given operator learning problem.
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A
A Low-Frequency Approximation

Test Using DFT and DWT

In this chapter, we study a case to show that for certain specific functions, the approximation
accuracy of DWT is significantly higher than that of DFT. This phenomenon provides a basis for
using DWT in spectral operator learning. Therefore, we construct a specific set of functions for
approximation experiments with DWT and DFT.

A.1. Main Idea
We consider a fixed low-frequency K-term truncation rule for both Fourier and wavelet represen-
tations instead of the best K-term approximation. We restrict

K = 2m, m ∈ N,

and define:

• DFT approximation: keep the K lowest Fourier frequencies (including the zero frequency
and symmetric high-end indices).

• DWT approximation (Haar): keep the firstK wavelet coefficients in multiresolution order, i.e.,

[cAJ , cDJ , cDJ−1, . . . ].

We recall the Haar multiresolution analysis on [0, 1] with periodic boundary conditions.

For each m ≥ 0, define the dyadic partition

Iℓ,m =
[ ℓ

2m
,
ℓ+ 1

2m

)
, ℓ = 0, . . . , 2m − 1.

The Haar approximation space is

Vm :=

{
f : f(x) =

2m−1∑
ℓ=0

cℓ 1Iℓ,m(x)

}
.

Thus Vm consists of functions that are piecewise constant on the 2m dyadic intervals. These
spaces are nested:

V0 ⊂ V1 ⊂ · · · ⊂ Vm ⊂ · · ·
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The Haar detail space is defined by the orthogonal difference

Wm := Vm+1 	 Vm.

The multiresolution structure satisfies

Vm+1 = Vm ⊕Wm, dim(Vm) = 2m, dim(Wm) = 2m.

In the Haar setting,Wm captures the local oscillatory corrections between resolutionsm andm+1.

A key structural fact is the following.

Let f ∈ Vm∗ . Then the Haar DWT truncated at

K = 2m
∗

reconstructs f exactly (up to machine precision).

The space Vm∗ is spanned by the first 2m∗ Haar scaling coefficients in the multiresolution ordering.
Therefore the truncated inverse DWT coincides with the orthogonal projection onto Vm∗ , which
leaves f unchanged.

This observation motivates constructing test signals aligned with the dyadic multiresolution struc-
ture.

We define the dyadic signal class D for approximation.

Fix integers
mmin ≤ mmax, β > 0.

We define the dyadic signal class

D =

f : f(x) =

mmax∑
j=mmin

ϵjfj(x), fj ∈ Vj

 ,

where the scale weights satisfy
ϵj = 2−β(j−mmin).

This class represents signals with multiscale dyadic structure and coarse-scale energy dominance.

Let
K = 2m, mmin ≤ m ≤ mmax.

Denote by TW
K the Haar low-frequency truncation operator. By linearity and the multiresolution

nesting,
f − TW

K f =
∑
j>m

ϵj
(
fj − PVmfj

)
,

where PVm
is the orthogonal projector onto Vm.

Since fj ∈ Vj with j > m contains only finer-scale variations, its projection onto Vm removes most
of its energy. Consequently, the dominant contribution to the reconstruction error comes from the
discarded fine-scale terms, leading to the heuristic bound

‖f − TW
K f‖ ≲

∑
j>m

ϵj‖fj‖.

Because ϵj decays exponentially in j, the Haar truncation error decreases rapidly asK increases.

This mechanism underlies the systematic advantage of the Haar DWT on the dyadic signal class
D.
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A.2. Problem Setup
We construct a fixed test function from the dyadic signal class introduced in the previous section.
Throughout the experiment we work on the periodic domain [0, 1] discretized by a uniform grid of
size

M = 1024 = 210.

We consider dyadic approximation spaces Vm and build the signal as a finite multiscale superpo-
sition

f(x) =

8∑
j=2

ϵjfj(x), fj ∈ Vj ,

where the scale weights are given by

ϵj = 2−β(j−2), β > 0.

Each component fj is specified by prescribing its piecewise-constant values on the 2j dyadic
subintervals. Concretely, we fix the coefficient arrays {c(j)ℓ }2

j−1
ℓ=0 as follows:

• j = 2 (length 4):
(0.0, 1.0, 0.0, −0.5).

• j = 3 (length 8):
(0.0, 0.0, 0.6, 0.0, 0.0, −0.4, 0.0, 0.0).

• j = 4 (length 16): sparse nonzero entries at selected dyadic blocks with amplitudes 0.8,−0.6,
and 0.5.

• j = 5 (length 32): sparse nonzero entries with amplitudes 1.0, −0.9, 0.7, and −0.6.
• j = 6 (length 64): sparse multiscale perturbations with amplitudes up to 1.2.
• j = 7 (length 128): further localized oscillatory components.
• j = 8 (length 256): fine-scale sparse perturbations.

The resulting function belongs to V8 and therefore admits an exact representation in the Haar
multiresolution framework when sufficient coefficients are retained. A visualization of the function
can be shown in Figure A.1.

Figure A.1: The constructed function on the dyadic grid for low frequency approximation

We compare two fixed-coefficient truncation strategies under an equal budget K, where

K ∈ {4, 8, 16, 32, 64, 128, 256}, K = 2m.

Let f̃FK and f̃WK denote the reconstructions obtained by the DFT and DWT truncations, respectively.
We evaluate the reconstruction quality using
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• the discrete ℓ2 error

‖f − f̃‖2,

• the discrete ℓ∞ error

‖f − f̃‖∞.

These metrics are computed on theM = 1024 grid for each value of K.

This setup isolates the effect of the representation structure under a fixed low-frequency coeffi-
cient budget and highlights the behavior of Fourier and Haar approximations on multiscale dyadic
signals.

A.3. Experiment Result
The approximation results for DFT and DWT with differentK are shown in Figure A.2 and in Table
A.1.

(a) (b)

(c) (d)

(e) (f)

(g)

Figure A.2: Low frequency approximation with different K
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Table A.1: Comparison of DFT and Haar DWT under fixed K-coefficient truncation.

DFT Haar DWT
K L2 L∞ L2 L∞

4 8.526145e+00 7.358144e-01 2.967376e+00 2.428613e-01
8 6.287922e+00 6.819151e-01 9.970870e-01 8.203198e-02
16 4.524185e+00 6.703653e-01 3.160176e-01 2.354902e-02
32 3.190831e+00 6.746697e-01 1.055379e-01 1.163616e-02
64 2.254425e+00 6.355666e-01 3.179997e-02 3.866990e-03
128 1.586208e+00 5.858667e-01 8.903337e-03 1.562500e-03
256 1.099638e+00 5.002827e-01 2.796015e-14 2.220446e-15

A.4. Conclusion
We investigated fixed low-frequency truncation of the DFT and the Haar DWT on a class of mul-
tiscale dyadic signals constructed from the spaces Vm. Under an identical coefficient budget
K = 2m, the Haar wavelet approximation consistently achieves significantly smaller reconstruction
errors than the Fourier low-frequency truncation in both ℓ2 and ℓ∞ norms.

This performance gap is not incidental. The constructed signals belong to a multiresolution hier-
archy aligned with the Haar scaling spaces, so the DWT truncation effectively performs a near-
optimal projection onto the underlying model class. In contrast, the Fourier low-frequency sub-
space is globally smooth and poorly matched to the localized, piecewise-constant structure of the
test signals.

More broadly, the experiment demonstrates that under a fixed low-frequency coefficient budget,
approximation quality is strongly governed by the compatibility between the signal model and the
representation basis. For multiscale dyadic signals with localized discontinuities, Haar wavelets
provide a markedly more efficient representation than global Fourier modes.

The observed advantage arises without best-K selection, but purely from the intrinsic ordering of
the Haar multiresolution coefficients.
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B
An Empirical Study on the Effect of

Network Width in Operator Learning

The purpose of this chapter is not to establish a general theoretical claim, but rather to provide
a practical reminder. Even in simple, analytically known function-to-function mappings, the per-
formance of neural networks can be sensitive to the choice of width. Therefore, careful empirical
validation is necessary when selecting network architectures for operator learning tasks.

B.1. Problem Setup
We consider a supervised operator learning problem, where the goal is to learn a nonlinear map-
ping from functions to functions using finite-dimensional neural networks.

Let x ∈ [−1, 1]. The input function u(x) is defined as

u(x) = a sin(5x) + b sin(7x),

where the coefficients a, b are independently sampled from the uniform distribution U([−3, 3]).

The target operator F maps the input function u to the output function v via a pointwise nonlinear
transformation:

F(u)(x) = 1− u(x)2.

This operator is analytically known, deterministic, and noise-free.

Both the input and output functions are discretized on a uniform grid of N points:

xj = −1 +
2(j − 1)

N − 1
, j = 1, . . . , N.

Accordingly, each function is represented as a vector in RN .

We use fully connected feedforward neural networks to approximate the discretized operator map-
ping RN → RN . For each width N , the network consists of three linear layers:

RN Linear+σ−−−−−→ RN Linear+σ−−−−−→ RN Linear−−−→ RN ,

where σ denotes a pointwise activation function. Unless otherwise stated, ReLU is used as the
activation function, and alternative smooth activations (e.g., SiLU) are employed as controls.
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The network parameters are optimized using stochastic gradient-based methods to minimize the
mean squared error (MSE) loss:

L(θ) = 1

|D|
∑

(ui,vi)∈D

‖Nθ(ui)− vi‖22 .

The dataset is randomly split into training and test sets with a ratio of 9:1. For each network
width N , the training process is repeated with multiple random initializations in order to assess the
variability induced by nonconvex optimization.

For each run, we record:

• the training error,
• the test error,
• and the best (minimum) training and test errors achieved during optimization.

For each N , we report the mean, minimum, and maximum errors across different random initial-
izations.

B.2. Experiment Result
The experiment is repeated multiple times, and the loss variation curves during the training and
testing phases of the neural operator are recorded in the form of min-max bands. The shape of
the curves is shown in Figure B.1.

(a) Train loss curve (b) Test loss curve

Figure B.1: Train and test loss curves

B.3. Main Observation
Despite the simplicity and analytic availability of the target operator, our numerical experiments
reveal a clear non-monotonic dependence of both training and test errors on the network width N .

In particular, as the width increases from small to moderate values, the approximation error de-
creases, indicating improved expressive capacity. However, beyond a certain regime, further
increasing the network width does not lead to continued error reduction. Instead, both the training
and test errors may increase, and the variability across different random initializations becomes
more pronounced.

These results provide an empirical counterexample to the commonly held intuition that larger neu-
ral networks necessarily achieve smaller training and test errors. In the context of function-to-
function mappings, our experiments demonstrate that increasing network width alone does not
guarantee improved approximation quality under fixed training strategies and finite computational
budgets.
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This phenomenon highlights the interplay between expressivity and optimization difficulty in oper-
ator learning, and underscores the fact that optimization-related errors can dominate the perfor-
mance of finite-width neural networks, even when the target operator is analytically known.
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C
Code Availability

The Python source code used in this thesis, including all Jupyter notebooks for data preprocessing,
model training, and analysis, is available at:

https://gitlab.ewi.tudelft.nl/scala/student-projects/master-thesis-projects/hangyu-xia
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