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Fuzzy Adaptive Zero-Error-Constrained Tracking
Control for HFVs in the Presence of Multiple

Unknown Control Directions
Maolong Lv , Bart De Schutter, Fellow, IEEE, Ying Wang, and Di Shen

Abstract—This article attempts to realize zero-error con-
strained tracking for hypersonic flight vehicles (HFVs) subject
to unknown control directions and asymmetric flight state con-
straints. The main challenges of reaching such goals consist in
that addressing multiple unknown control directions requires
novel conditional inequalities encompassing the summation of
multiple Nussbaum integral terms, and in that the summation
of conditional inequality may be bounded even when each term
approaches infinity individually, but with opposite signs. To han-
dle this challenge, novel Nussbaum functions that are designed
in such a way that their signs keep the same on some periods
of time are incorporated into the control design, which not only
ensures the boundedness of multiple Nussbaum integral terms
but preserves that velocity and altitude tracking errors eventu-
ally converge to zero. Fuzzy-logic systems (FLSs) are exploited
to approximate model uncertainties. Asymmetric integral barrier
Lyapunov functions (IBLFs) are adopted to handle the fact that
the operating regions of flight state variables are asymmetric
in practice, while ensuring the validity of fuzzy-logic approx-
imators. Comparative simulations validate the effectiveness of
our proposed methodology in guaranteeing convergence, smooth-
ness, constraints satisfaction, and in handling unknown control
directions.

Index Terms—Flight state constraints, hypersonic flight vehi-
cles, unknown control directions, zero-error tracking.

I. INTRODUCTION

HYPERSONIC flight vehicles have been attracting a
tremendous attention due to its significant civilian and

military value [1]–[6]. Different from traditional flight vehi-
cles, HFVs adopt the distinguishing airframe/scramjet integra-
tion and wave-rider configuration, which unavoidably leads
to strong couplings between propulsive and aerodynamic
forces [7]–[11]. The research on flight control design for HFVs
in past decades comprises observer-based control [12], [13],
sliding-mode control [14], [15], intelligent control [16]–[18],
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and so on. However, it is worth underlining that all above-
mentioned approaches neglect crucial aspects of HFVs, such
as multiple unknown control directions and zero-error track-
ing. The importance of those perspectives is explained
hereafter.

Control direction, which is the so-called sign of control
gain function, is typically assumed known a priori to feedback
control design [19]. In case the control direction of a control
system is unknown a priori, designing a controller becomes
challenging since a control force with incorrect control direc-
tion might steer the system away from the desired behavior
or even causes instability. During the hypersonic flight, the
problem of unknown control directions arises because: on the
one hand, it has been shown in simulation data provided by
NASA Langley Research Center [20] that the aerodynamic
coefficients vary with respect to flight conditions. At the same
time, the rapid-varying aerodynamic coefficients are practi-
cally difficult to accurately measure due to the high speed
and agile manoeuvring, leading to unknown control direc-
tions [21]. On the other hand, massive applications of telex
components inevitably bring the reverse fault when the control
signal is transmitted from flight control computer to aerody-
namic control surfaces, such as canard and elevator, posing
opposite control directions [20], [21]. Nussbaum function orig-
inally proposed in [22] has been extensively adopted in the
available literature [23]–[27] to handle an unknown control
direction and its working mechanism is to alternatively (peri-
odically in most scenarios) change the sign of control force
in an adaptive design. A fundamental tool is the technical
lemma that guarantees the boundedness of a Lyapunov-like
energy function when its derivative along a system is upper
bounded by a Nussbaum function-based fashion [28]. It has to
be pointed out that [29] and [30] have shown that the summa-
tion of multiple Nussbaum integral terms may be bounded
even when each term approaches infinity individually, but
with opposite signs since their effects might counteract each
other. Despite some works [31], [32] proposed new Nussbaum
gain technical lemmas, some restrictive requirements, includ-
ing assuming unknown but identical control directions [31]
and mixed unknown control directions (some being known,
some being unknown) via a piecewise Nussbaum function
that exploits a priori knowledge of the known control direc-
tions [32], need to be satisfied. This, however, is hardly applied
to HFVs where control directions are usually unpredictable
and vary along with flight state variables [20], [21].

2168-2267 c© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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On account of the physical constraints that characterize
hypersonic flight and operability of scramjet engines, the flight
state variables have upper and lower magnitude constraints in
practice, and the violation of these constraints may deteriorate
system performance and even endanger flight safety [33]–[35].
The barrier Lyapunov function (BLF) first [36]–[38] and
integral Lyapunov function later [39]–[42] are employed to
guarantee the nonviolation of state constraints, while ensuring
closed-loop stability. Although [37] took state constraints into
consideration, it can solely achieve bounded tracking errors,
that is, tracking errors converge to a residual set rather than
zero. Given the high speed and super maneuver of HFVs,
accurate tracking is of paramount importance in executing
various flight missions and a new flight control design going
beyond the available approaches must be sought. The discus-
sions above motivates this study whose innovations are listed
as follows.

1) Compared with the bounded tracking results, this arti-
cle achieves zero-error tracking for the longitudinal
dynamics, while at the same time considering multiple
unknown control directions and flight state constraints.

2) To handle multiple unknown control directions, novel
Nussbaum functions whose sign keeps the same on some
periods of time are proposed such that the effects of
multiple Nussbaum integral terms do not cancel each
other in the summation, which paves the way to obtain
the boundedness of multiple Nussbaum integral terms
during the stability analysis.

3) Integral barrier Lyapunov functions are exploited to
confine flight state variables within some user-defined
compact sets all the time provided their initial values
remain therein. This property also guarantees the validity
of fuzzy-logic approximators.

The remainder of this article is organized as follows. The
considered problem is formulated in Section II. Sections III
and IV present the control design and stability analysis,
respectively. Simulation results are given in Section V, and
Section VI draws the conclusion.

II. VEHICLE MODEL AND PROBLEM FORMULATION

A. Hypersonic Flight Vehicle Dynamics

The HFVs model adopted in this article is originally
developed by Bolender and Doman [9]. The motion equations,
derived from Lagrange’s equations, involve the flexible effects
by modeling the fuselage as a free beam. The mathematical
description of the longitudinal dynamics is as follows:

V̇ = T cos α − D

m
− g sin γ (1)

ḣ = V sin γ, (2)

γ̇ = L + T sin α

mV
− g cos γ

V
(3)

α̇ = Q − L + T sin α

mV
+ g cos γ

V
(4)

Q̇ = M

Iyy
(5)

η̈i = −2ζiωiη̇i − ω2
i ηi + Ni, i = 1, . . . , n (6)

where the lift L, drag D, pitching moment M, thrust T , and
generalized elastic forces Ni are given as

L = q̄SCL(α, δe, δc, η) (7)

D = q̄SCD(α, δe, δc, η) (8)

M = zTT + q̄Sc̄CM(α, δe, δc, η) (9)

T = q̄S
[
CT,�(α)� + CT(α) + Cη

Tη
]

(10)

Ni = q̄S
[
Nα2

i α2 + Nα
i α + Nδe

i δe + Nδc
i δc

+ N0
i + Nη

i η
]
, i = 1, . . . , n. (11)

The considered model (1)–(11) contains five rigid-body
states, that is: 1) velocity V; 2) altitude h; 3) flight path angle
(FPA) γ ; 4) angle of attack (AOA) α; and 5) pitch rate Q,
and three control inputs, that is: 1) the fuel equivalence ratio
�; 2) deflection of elevator δe; and 3) deflection of canard
δc. η = [η1, η̇1, . . . , ηn, η̇n]T , n ∈ N

+ are the flexible states
with ηi being the amplitude of the ith bending mode. m, Iyy,
g, ζi, ωi, q, S, zT , and c represent the vehicle mass, moment of
inertia, gravitational acceleration, damping ratio, flexible mode
frequency, dynamic press, reference area, thrust moment arm,
and reference length, respectively. The coefficients obtained
from fitting the curves are given as follows:

CM(·) = Cα2

M α2 + Cα
Mα + Cδe

Mδe + Cδc
Mδc + C0

M + Cη
Mη

CL(·) = Cα
Lα + Cδe

L δe + Cδc
L δc + C0

L + Cη
Lη

CD(·) = Cα2

D α2 + Cα
Dα + C

δ2
e

D δ2
e + Cδe

D δe

+ C
δ2

c
D δ2

c + Cδc
D δc + C0

D + Cη
Dη

CT,�(·) = Cα3

T,�α3 + Cα2

T,�α2 + Cα
T,�α + C0

T,�

CT(·) = Cα3

T α3 + Cα2

T α2 + Cα
Tα + C0

T

Cη
j =

[
Cη1

j , 0, . . . , Cηn
j , 0

]
, j = T, M, L, D

Nη
i = [

Nη1
i , 0, . . . , Nηn

i , 0
]
, i = 1, . . . , n. (12)

To cancel the lift-elevator coupling, δc is set to be ganged
with δe, that is, δc = ke,cδe with ke,c = −Cδe

L /Cδc
L . Thereby, the

control inputs of HFVs become � and δe. It is worth men-
tioning that the rigid-body states in (1)–(5) must operate in
constrained regions that are not symmetric. A typical operat-
ing region characterizing hypersonic flight and operability of
scramjet engines can be the hypercube [7]

	0 = {85000 ≤ h ≤ 135000[ft], 7500 ≤ V ≤ 11500[ft/s]

− 5 ≤ θ ≤ 10[deg],−10 ≤ Q ≤ 10[deg/s],−5 ≤ γ ≤ 7[deg]}.

For flight safety and reliability, the smooth reference trajec-
tories Vr and hr are confined to a subset 	r ⊂ 	0. This study
aims at developing a Nussbaum gain adaptive tracking control
method satisfying that: 1) h and V track the reference signals
hr and Vr asymptotically, namely, h−hr → 0 and V −Vr → 0
as t → ∞; 2) the asymmetric flight state constraints are never
transgressed; and 3) all closed-loop signals remain bounded.

Refer to Fig. 1 for a sketch of force map and airframe.
The elevator angular deflection δe primarily affects the AOA
α (hence, altitude h), whereas the fuel equivalence ratio �

primarily affects the thrust T (hence, velocity V). Based on

Authorized licensed use limited to: TU Delft Library. Downloaded on May 11,2023 at 14:11:43 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 1. Schematic and force map of HFVs.

these physical considerations, related literature has proposed
a model decomposition amenable for control design [16]–[18].

B. Model Decomposition

Since the flexible states η are hard to obtain in practice,
we treat the flexible dynamics as unknown disturbances in
our design stage, while their effects have been discussed
in [13]. Taking aerodynamic parameter uncertainties and exter-
nal disturbances into account, the velocity dynamics (1) can
be rewritten as [16]–[18]

V̇ = ζ T
V

(
f V + gV�

)+ dV (13)

where ζV = (S/m)[Cα3

T,�, Cα2

T,�, Cα
T,�, C0

T,�, Cα3

T , Cα2

T , Cα
T , C0

T ,

Cα2

D , Cα
D, (C

δ2
e

D + k2
e,cC

δ2
c

D ), (Cδe
D + ke,cCδc

D ), C0
D, (m/S)]T , gV =

q̄ cos α[α3, α2, α, 1, 01×10]T , f V = q̄[01×4, α3 cos α, α2 cos α,

α cos α, cos α, −α2,−α, −δ2
e ,−δe, −1,−(g/q̄) sin γ ]T ,

and the lumped disturbance dV = (q̄S/m)Cη
Tη cos α −

(q̄S/m)Cη
Dη + �V with �V denoting the perturbations result-

ing from coefficients uncertainties and external disturbances
in the velocity dynamics.

In general, the FPA γ and AOA α are quite small during
the cruise phase; here, we take sin γ ≈ γ in (2) and neglect
T sin α in (3) for simplicity [13], [37]. Therefore, the altitude
dynamics (2)–(5) can be rewritten as [16]–[18]

⎧
⎪⎪⎨

⎪⎪⎩

ḣ = Vγ + dh

γ̇ = ζ T
γ

(
fγ + gγ α

)+ dγ

α̇ = ζ T
α

(
fα + gαQ

)+ dα

Q̇ = ζ T
Q

(
f Q + gQδe

)+ dQ

(14)

where ζ γ = [(S/m)Cα
L , (S/m)C0

L, 1]T , ζα =
[1, (S/m)Cα

L , (S/m)C0
L, 1]T , ζQ = (S/Iyy)[c̄Cδe

M, c̄ke,cCδc
M ,

zTCα3

T,�, zTCα2

T,�, zTCα
T,�, zTC0

T,�, zTCα3

T , (zTCα2

T +
c̄Cα2

M ), (zTCα
T + c̄Cα

M), (zTC0
T + c̄C0

M)]T , gγ =
[(q̄/V), 01×2]T , gα = [1, 01×3]T , gQ = [q̄, q̄, 01×8]T ,
fγ = [0, (q̄/V),−(g/V)cos γ ]T , fα = (q̄/V)

[0,−α,−1, (g/q̄) cos γ ]T , f Q = q̄[01×2, α3�,α2�,
α�,�, α3, α2, α, 1]T , and the lumped disturbances dh = �h,
dγ = (q̄S/mV)Cη

Lη + �γ , dα = −(q̄S/mV)Cη
Lη + �α , and

dQ = (zT q̄S/Iyy)C
η
Tη+(q̄Sc̄/Iyy)C

η
Mη+�Q, with �h, �γ , �α ,

and �Q representing the perturbations resulting from coef-
ficient uncertainties and external disturbances in the altitude
dynamics. Let us define the signs of control gain functions
as s1 = sgn(ζ T

VgV), s2 = sgn(ζ T
γ gγ ), s3 = sgn(ζ T

αgα), and
s4 = sgn(ζ T

QgQ), and the functions g1 = |ζ T
VgV |, g2 = |ζ T

γ gγ |,
g3 = |ζ T

αgα|, and g4 = |ζ T
QgQ|.

Fig. 2. Block diagram of the reverse fault form.

Assumption 1 [17], [18]: There exist constants ḡi > 0 and
g

i
> 0, i = 1, . . . , 4, such that g

i
≤ gi ≤ ḡi, i = 1, . . . , 4.

Remark 1: Assumption 1 has been widely used in [13], [17],
and [18] to guarantee the controllability for dynamics (13)
and (14). HFVs do have an uncertain problem with multiple
unknown control directions since the control gain functions
of velocity and altitude channels are some continuous func-
tions of various aerodynamic coefficients whose values might
be varying along with flight environment according to [20].
Besides, reverse fault may occur in telex systems and also
poses the issue of unknown control directions when the con-
trol signal is transmitted from flight control computer to
actuators [21] as shown in Fig. 2.

C. Technical Key Lemmas

The following lemmas will be used for control design and
stability analysis in the subsequent sections.

Definition 1 [22]: A continuous even function N (·) is called
Nussbaum-type when it satisfies the following properties:

lim
ω→∞

sup
∫ ω

0 N (τ )dτ

ω
= +∞, lim

ω→∞
inf
∫ ω

0 N (τ )dτ

ω
= −∞.

For velocity dynamics (13) and altitude dynamics (14), we
propose a class of new Nussbaum functions in the form of

Ni(ω) = (
μ(ω) sin

(
2iω

)+ 2iω cos
(
2iω

))

× exp
(
ω2
)
, i = 1, . . . , 4 (15)

where μ(ω) = 2ω2 + 1.
By direct calculation, one reaches

∫ ω

0
Ni(τ )dτ = sin

(
2iω

)
ω exp

(
ω2
)
. (16)

Lemma 1: The Nussbaum functions in (15) have the fol-
lowing properties.

1) Ni(ω) is a smooth odd function of ω.
2)

∫ ω

0 Ni(τ )dτ is an even function of ω.
3) Define 
i(ω) = si sin(2iω). Then, the frequencies of


1(ω), . . . ,
4(ω) consist of a geometric progression
with the common ratio 2.

4) |
i(ω)| ≥ 2i−4|
4(ω)| for all ω ∈ R and i = 1, . . . , 4.
Proof: The first three properties are obvious from (15)

and (16). To show the last one, define

Mi(ω) = |
i(ω)| − 2i−4|
4(ω)|.
Let us first consider the case ω ∈ [0, 2−5π ], where Mi(ω) =

sin(2iω) − 2i−4 sin(24ω) and (dMi(ω)/dω) = 2i cos(2iω) −
2i cos(24ω) ≥ 0. Hence

Mi(ω) ≥ Mi(0) = 0 ∀ω ∈
[
0, 2−5π

]
.

Authorized licensed use limited to: TU Delft Library. Downloaded on May 11,2023 at 14:11:43 UTC from IEEE Xplore.  Restrictions apply. 
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Letting ω = 2−5π , and noting that |
4(2−5π)| = 1, it
follows that:

∣∣∣
i

(
2−5π

)∣∣∣ ≥ 2i−4
∣∣∣
4

(
2−5π

)∣∣∣ = 2i−4.

Then, let us consider the case ω ∈ [2−5π, 2−i−1π ], where
|
i(ω)| = sin(2iω) and |
i(ω)| ≥ |
i(2−5π)|. With these
facts in mind and noting that 2i−4|
4(ω)| ≤ 2i−4, we have

|
i(ω)| ≥ 2i−4|
4(ω)| ∀ω ∈
[
2−5π, 2−i−1π

]

which implies that

Mi(ω) ≥ 0, ∀ω ∈
[
2−5π, 2−i−1π

]
.

Thus, we arrive at Mi(ω) ≥ 0 for all ω ∈ [0, 2−i−1π ],
which together with the fact Mi(ω) = Mi(−ω) implies that
Mi(ω) ≥ 0 for all ω ∈ [−2−i−1π, 2−i−1π ]. Furthermore, not-
ing that Mi(ω) is a periodic function with a period 2−iπ , we
know Mi(ω) ≥ 0, that is, |
i(ω)| ≥ 2i−4|
4(ω)| for all ω ∈ R

and i = 1, . . . , 4. This completes the proof.
Lemma 2: Let n0 be an arbitrarily given positive integer.

Consider 
i(ω) = si sin(2iω) and define ϑ̄ = 2−5π and ϑi =∑4
i=1 2−1−i(si + 1)π . Then, for all k = 1, . . . , 4 and all n =

n0, n0 + 1, n0 + 2, . . .


i(ω) ≤ 0, ∀ω ∈ [nπ + ϑi, nπ + ϑi + 2ϑ̄
]
,


i
(
nπ + ϑi + ϑ̄

) ≤ −2−3.

Proof: Define

ni =
{

n, if k = 1
2ni−1 + 0.5si−1 + 0.5, if k = 2, . . . , 4

where n1, . . . , n4 are positive integers. If si < 0, then

i(ω) ≤ 0 when ω ∈ [2−i(2niπ), 2−i(2ni + 1)π ]. If si ≥ 0,
then 
i(ω) ≤ 0 when ω ∈ [2−i(2ni + 1)π, 2−i(2ni + 2)π ].
Thus, we know 
i(ω) ≤ 0 when ω ∈ Ii with

Ii = [
2−i(2ni + 0.5si + 0.5)π, 2−i(2ni + 0.5si + 1.5)π

]
.

It can be proved one by one that

I4 ⊂ I3 ⊂ I2 ⊂ I1

which implies that 
i(ω) ≤ 0 when ω ∈ I4 ∀i = 1, . . . , 4.
Moreover, n4 can be calculated as

n4 = 23n +
3∑

i=1

23−i(0.5si + 0.5).

Substituting n4 into I4 gives

I4 = [
nπ + ϑi, nπ + ϑi + 2ϑ̄

]
.

Thus, 
i(ω) ≤ 0 holds for ∀ω ∈ [nπ+ϑi, nπ+ϑi+2ϑ̄]. On
the other hand, it can be readily checked that 
4(ω) = −1
when ω = 2−4(2n4 + 0.5s4 + 1)π = nπ + ϑi + ϑ̄ , which,
together with the last property in Lemma 1, implies that
|
i(nπ +ϑi + ϑ̄)| ≥ 2i−4|
4(nπ +ϑi + ϑ̄)| = 2i−4 ≥ 2−3 for
i = 1, . . . , 4. Then, noting that 
i(nπ + ϑi + ϑ̄) ≤ 0, we can
obtain that 
i(nπ + ϑi + ϑ̄) ≤ −2−3.

Lemma 3 [44]–[50]: Let F(x) be a continuous function
defined on a compact set 	x. Then, for a given desired level

of accuracy ε > 0, there exists a fuzzy-logic system WTϕ(x)

such that

sup
x∈	x

∣∣F(x) − WTϕ(x)
∣∣ ≤ ε (17)

where ϕ(x) = [φ1(x), . . . , φp(x)]T is the fuzzy basis function
vector, and

φl(x) =
∏m

j=1 μFl
j
(xj)

∑p
l=1

(∏m
j=1 μFl

j
(xj)

) (18)

with μFl
j
(xj) being a fuzzy membership function of the vari-

able xj in If-Then rule. W = [w1, . . . , wp]T is the adaptive
fuzzy parameter vector, and wl is the inference variable corre-
sponding to the lth If-Then rule. The optimal parameter vector
W∗ is defined as

W∗ = arg min
W∈	W

{

sup
x∈	x

∣
∣F(x) − WTϕ(x)

∣
∣
}

(19)

where 	W is a compact set for W.
Lemma 4 [30]: For any q ∈ R and ∀υ > 0, the inequality

0 ≤ |q| − (q2/[
√

q2 + υ2]) ≤ υ holds true.

III. FLIGHT CONTROLLER DESIGN

A. Velocity Control Design

In view of the decomposition of Section II-B, the control
design is also decomposed in a velocity control design and an
altitude control design (also refer to Fig. 3). Applying the error
coordinate Ṽ = V −Vr, an asymmetric IBLF is constructed as

LṼ =
∫ Ṽ

0

(kV,1 − kV,2)
2τ

(kV,1 − τ − Vr)(τ + Vr − kV,2)
dτ (20)

where kV,1 and kV,2 are positive constants representing the
upper and lower bounds of V , n., kV,2 < V < kV,1. In view of
(20), it can be immediately obtained that limV→kV,1LṼ = +∞,
limV→kV,2LṼ = +∞, LṼ ≥ (1/2)Ṽ2, and LṼ is continuously
differentiable and directly related to flight state V rather than
its error Ṽ .

Remark 2: The crucial discrepancy between IBLF (20) and
other commonly seen BLFs as in [36] and [37] lies in that
conventional BLFs are typically composed by error term Ṽ and
transformed error constraints that still need to be calculated
a priori, whereas IBLF (20) directly imposes constraint on
original state V , which simplifies the control design in the
sense of reducing extra calculations according to [39] and [40].

The following lemma is first formulated and is substantial
in establishing constraint satisfaction.

Lemma 5: The asymmetric IBLF LṼ in (20) satisfies

LṼ ≤ (kV,1 − kV,2)
2Ṽ2

(kV,1 − V)(V − kV,2)
(21)

for V ∈ 	0.
Proof: Initially, define a function ς(τ, Vr) as follows:

1ς(τ, Vr) = (kV,1 − kV,2)
2τ

(kV,1 − τ − Vr)(τ + Vr − kV,2)
.
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Fig. 3. Framework of the proposed control structure.

Differentiating ς(τ, Vr) with respect to τ , we arrive at

∂ς(τ, Vr)

∂τ
= (kV,1 − kV,2)

2
[
(kV,1 − Vr)(Vr − kV,2) + τ 2

]

(kV,1 − τ − Vr)
2(τ + Vr − kV,2)

2

which is positive definite for τ +Vr ∈ 	0. Since ς(0, Vr) = 0
for Vr ∈ 	0, and ς(τ, Vr) is monotonically increasing with
respect to τ , the following inequality holds for V ∈ 	0:

∫ Ṽ

0
ς(τ, Vr)dτ ≤ ς(Ṽ, Vr)Ṽ

which leads to (21) after substituting for ς(τ, Vr).
Differentiating LṼ with respect to time yields

L̇Ṽ = ∂LṼ

∂Ṽ
˙̃V + ∂LṼ

∂Vr
V̇r (22)

where (∂LṼ/∂Ṽ) = βV(V)Ṽ , (∂LṼ/∂Vr) =
βV(V)Ṽ − ṼξV(Ṽ, Vr) with ξV(Ṽ, Vr) =∫ 1

0 ([(kV,1 − kV,2)
2]/[(kV,1 − σ Ṽ − Vr)(σ Ṽ + Vr − kV,2)])dσ

and βV(V) = ([(kV,1 − kV,2)
2]/[(kV,1 − V)(V − kV,2)]). By

combining (13) and (22), one has

L̇Ṽ = s1g1βVṼ� + βVṼSV(xV) + βVṼdV (23)

where SV(xV) = ζ T
V f V − ξV(Ṽ, Vr)V̇r/βV with xV =

[V, Vr, V̇r]T . According to Lemma 3, SV(xV) can be approx-
imated by an FLS as SV(xV) = W∗T

V ϕV(xV) + εV , where εV

is the minimum fuzzy approximation error and there exists
εV ∈ R

+ such that |εV | ≤ εV . Hence, we can obtain

L̇Ṽ ≤ s1g1βVṼ� + βVṼW∗T
V ϕV(xV) + |βVṼ|�V (24)

with �V = dV + εV being an unknown positive constant.
The actual controller for velocity channel is devised as

� = N1(ω1)φd, ω̇1 = βVṼφd

φd = −κVṼ − lV

∫ t

0
Ṽ(τ )dτ

− Ŵ
T
VϕV(xV) − βVṼ�̂2

V√
β2

VṼ2�̂2
V + σ 2

(25)

where N1(·) is given in (15), κV and lV are positive design
parameters, σ is a function satisfying

∫ t
0 σ(τ)dτ ≤ σ1 < ∞

and σ1 > 0 ∀t ∈ (0,+∞), ŴV is the estimate of W∗
V with

estimation error W̃V = W∗
V − ŴV .

The adaptation laws are given by

˙̂WV = �VβVṼϕV(xV) − σ�VŴV

˙̂�V = ρV |βVṼ| − σρV�̂V (26)

where �V = �T
V > 0 is an adaption gain matrix, and ρV is a

positive design parameter.
Substituting (25) into (24), we arrive at

L̇Ṽ ≤ −κVβVṼ2 − lVβVṼ
∫ t

0
Ṽ(τ )dτ + s1g1N1(ω1)ω̇1

− ω̇1 + |βVṼ|�V − β2
VṼ2�̂2

V√
β2

VṼ2�̂2
V + σ 2

+ βVṼW̃
T
VϕV(xV). (27)

B. Altitude Control Design

Step 1: Using the error coordinate h̃ = h − hr, the
asymmetric IBLF is constructed as

Lh̃ =
∫ h̃

0

(
kh,1 − kh,2

)2
τ

(
kh,1 − τ − hr

)(
τ + hr − kh,2

)dτ (28)

where kh,1 and kh,2 are positive constants representing
the upper and lower bounds of h, that is, kh,2 <

h < kh,1. It is straightforward to obtain that (28) sat-
isfies limh→kh,1Lh̃ = +∞, limh→kh,2Lh̃ = +∞, and
Lh̃ ≥ (1/2)̃h2. Similar to Lemma 5, one has Lh̃ ≤
([(kh,1 − kh,2)

2̃h2]/[(kh,1 − h)(h − kh,2)]).
Then, the time derivative of Lh̃ is

L̇h̃ = ∂Lh̃

∂ h̃
˙̃h + ∂Lh̃

∂hr
ḣr (29)

where (∂Lh̃/∂ h̃) = βh(h)̃h, (∂Lh̃/∂hr) =
βh(h)̃h − h̃ξh(̃h, hr), with ξh(̃h, hr) =∫ 1

0 ([(kh,1 − kh,2)
2]/[(kh,1 − σ h̃ − hr)(σ h̃ + hr − kh,2)])dσ

and βh(h) = ([(kh,1 − kh,2)
2]/[(kh,1 − h)(h − kh,2)]).

To avoid the “explosion of complexity” problem, we follow
a standard dynamic surface control method appropriately mod-
ified to the purpose of differentiability [51]. Let us consider
the coordinate transformation

⎧
⎨

⎩

γ̃ = γ − γc, yγ = γc − γcmd
α̃ = α − αc, yα = αc − αcmd

Q̃ = Q − Qc, yQ = Qc − Qcmd

(30)

where γ̃ , α̃, and Q̃ are the tracking errors, γcmd, αcmd, and
Qcmd are the virtual control laws, yγ , yα , and yQ are the bound-
ary layer errors, and γc, αc, and Qc are the outputs of the
following first-order filters:

τγ γ̇c = −yγ − τγ yγ ϒ̂2
γ√

y2
γ ϒ̂2

γ + σ 2
(31)
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ταα̇c = −yα − ταyαϒ̂2
α√

y2
αϒ̂2

α + σ 2
(32)

τQQ̇c = −yQ − τQyQϒ̂2
Q√

y2
Qϒ̂2

Q + σ 2
(33)

where τγ , τα , and τQ are positive constants, ϒ̂z is estimate of
ϒz, z ∈ 	z � {γ, α, Q}, which will be specified later.

From Young’s inequality [52], it follows that s2βh̃hVyγ ≤
([β2

h h̃2V2]/[2l2h]) + ([y2
γ l2h]/2). Then, by combining (14) and

(29), it yields

L̇h̃ ≤ βh̃hV(γ̃ + γcmd) + βh̃hSh(xh) + βh̃hdh + y2
γ l2h
2

(34)

where Sh(xh) = ([βh̃hV2]/[2l2h]) − ([ξhḣr]/[βh]) with xh =
[h, hr, ḣr]T . According to Lemma 3, Sh(xh) can be approxi-
mated by an FLS as Sh(xh) = W∗T

h ϕh(xh)+εh, where εh is the
minimum fuzzy approximation error and there exists εh ∈ R

+
such that |εh| ≤ εh. Thus, it holds that

L̇h̃ ≤ βh̃hV(γ̃ + γcmd) + βh̃hW∗T
h ϕh(xh)

+ |βh̃h|�h + y2
γ l2h
2

(35)

with �h = dh + εh being an unknown positive constant.
The virtual controller γcmd is devised as

γcmd = 1

V

⎧
⎨

⎩
− κh̃h − lh

∫ t

0
h̃(τ )dτ

− Ŵ
T
h ϕh(xh) − βh̃h�̂2

h√
β2

h h̃2�̂2
h + σ 2

⎫
⎬

⎭
(36)

where κh and lh are positive design parameters, and Ŵh is the
estimate of W∗

h with estimation error W̃h = W∗
h − Ŵh.

The adaptation laws are given by

˙̂Wh = �hβh̃hϕh(xh) − σ�hŴh

˙̂�h = ρh|βh̃h| − σρh�̂h (37)

where �h = �T
h > 0 is an adaption gain matrix, and ρh is a

positive design parameter.
Substituting (36) into (35) yields

L̇h̃ ≤ −κhβh̃h2 − lhβh̃h
∫ t

0
h̃(τ )dτ + βh̃hW̃

T
h ϕh(xh)

+ |βh̃h|�h − β2
h h̃2�̂2

h√
β2

h h̃2�̂2
h + σ 2

+ y2
γ l2h
2

+ βh̃hV γ̃ . (38)

Step 2: Using the error coordinate (30), the asymmetric
IBLF is constructed as

Lγ̃ =
∫ γ̃

0

(kγ,1 + kγ,2)
2τ

(kγ,1 − τ − γc)(τ + γc + kγ,2)
dτ (39)

where kγ,1 and kγ,2 are positive constants denoting the upper
and lower bounds of γ , that is, −kγ,2 < γ < kγ,1.
Similarly, the IBLF defined in (39) satisfies limγ→−kγ,2Lγ̃ =

+∞, limγ→kγ,1Lγ̃ = +∞, Lγ̃ ≥ (1/2)γ̃ 2, and Lγ̃ ≤
([(kγ,1 + kγ,2)

2γ̃ 2]/[(kγ,1 − γ )(γ + kγ,2)]).
Taking the time derivative of Lγ̃ gives

L̇γ̃ = ∂Lγ̃

∂γ̃
˙̃γ + ∂Lγ̃

∂γc
γ̇c (40)

where (∂Lγ̃ /∂γ̃ ) = βγ (γ )γ̃ , (∂Lγ̃ /∂γc) =
βγ (γ )γ̃ − γ̃ ξγ (γ̃ , γc) with ξγ (γ̃ , γc) =∫ 1

0 ([(kγ,1 + kγ,2)
2]/[(kγ,1 − σ γ̃ − γc)(σ γ̃ + γc + kγ,2)])dσ

and βγ (γ ) = ([(kγ,1 + kγ,2)
2]/[(kγ,1 − γ )(γ + kγ,2)]).

The virtual controller αcmd is devised as

αcmd = N2(ω2)αd, ω̇2 = βγ γ̃ αd

αd = −κγ γ̃ − lγ

∫ t

0
γ̃ (τ )dτ

− Ŵ
T
γ ϕγ (xγ ) − βγ γ̃ �̂2

γ√
β2

γ γ̃ 2�̂2
γ + σ 2

(41)

where xγ = [h, γ, γc, γ̇c]T , N2(·) is given in (15), κγ and lγ
are positive design parameters.

The adaptation laws are given by

˙̂Wγ = �γ βγ γ̃ϕγ (xγ ) − σ�γ Ŵγ

˙̂�γ = ργ |βγ γ̃ | − σργ �̂γ

˙̂ϒγ = υγ |yγ | − συγ ϒ̂γ (42)

where �γ = �T
γ > 0 is an adaption gain matrix, and ργ and

υγ are positive design parameters.
Substituting (41) into (40), we arrive at

L̇γ̃ ≤ −κγ βγ γ̃ 2 − lγ βγ γ̃

∫ t

0
γ̃ (τ )dτ + s2g2N2(ω2)ω̇2

+ |βγ γ̃ |�γ − β2
γ γ̃ 2�̂2

γ√
β2

γ γ̃ 2�̂2
γ + σ 2

+ y2
αl2γ
2

− βh̃hV γ̃

+ βγ γ̃ W̃
T
γ ϕγ (xγ ) + s2g2βγ γ̃ α̃ − ω̇2. (43)

Step 3: Recalling the error coordinate (30), the asymmetric
IBLF is constructed as

Lα̃ =
∫ α̃

0

(
kα,1 + kα,2

)2
τ

(
kα,1 − τ − αc

)(
τ + αc + kα,2

)dτ (44)

where kα,1 and kα,2 are positive constants representing the
upper and lower bounds of α, that is, −kα,2 < α < kα,1.

The virtual controller Qcmd is devised as

Qcmd = N3(ω3)Qd, ω̇3 = βαα̃Qd

Qd = −καα̃ − lα

∫ t

0
α̃(τ )dτ

− Ŵ
T
αϕα(xα) − βαα̃�̂2

α√
β2

αα̃2�̂2
α + σ 2

(45)

where xα = [h, γ, α, αc, α̇c]T , N3(·) is given in (15), and κα

and lα are positive design parameters.
The adaptation laws are given by

˙̂Wα = �αβαα̃ϕα(xα) − σ�αŴα
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˙̂�α = ρα|βαα̃| − σρα�̂α

˙̂ϒα = υα|yα| − συαϒ̂α (46)

where �α = �T
α > 0 is an adaption gain matrix, and ρα and

υα are positive design parameters.
Substituting (45) into (44) results in

L̇α̃ ≤ −καβαα̃2 − lαβαα̃

∫ t

0
α̃(τ )dτ + s3g3N3(ω3)ω̇3

+ |βαα̃|�α − β2
αα̃2�̂2

α√
β2

αα̃2�̂2
α + σ 2

+ y2
Ql2α
2

− s2g2βγ γ̃ α̃

+ βαα̃W̃
T
αϕα(xα) + s3g3βαα̃Q̃ − ω̇3. (47)

Step 4: Along similar lines as steps former steps, the
asymmetric IBLF is constructed as

LQ̃ =
∫ Q̃

0

(
kQ,1 + kQ,2

)2
τ

(
kQ,1 − τ − Qc

)(
τ + Qc + kQ,2

)dτ (48)

where kQ,1 and kQ,2 are positive constants denoting the upper
and lower bounds of Q, that is, −kQ,2 < Q < kQ,1.

The actual controller δe is constructed as

δe = N4(ω4)δd, ω̇4 = βQQ̃δd

δd = −κQQ̃ − lQ

∫ t

0
Q̃(τ )dτ

− Ŵ
T
QϕQ(xQ) − βQQ̃�̂2

Q√
β2

QQ̃2�̂2
Q + σ 2

(49)

where xQ = [h, γ, α, Q, Qc, Q̇c]T , N4(·) is given in (15), and
κQ and lQ are positive design parameters.

The adaptation laws are given by

˙̂WQ = �QβQQ̃ϕQ(xQ) − σ�QŴQ

˙̂�Q = ρQ|βQQ̃| − σρQ�̂Q

˙̂ϒQ = υQ|yQ| − συQϒ̂Q (50)

where �Q = �T
Q > 0 is an adaption gain matrix, and ρQ and

υQ are positive design parameters.
It follows from (48) and (49) that:

L̇Q̃ ≤ −κQβQQ̃2 − lQβQQ̃
∫ t

0
Q̃(τ )dτ + s4g4N4(ω4)ω̇4

+ |βQQ̃|�Q − β2
QQ̃2�̂2

Q√
β2

QQ̃2�̂2
Q + σ 2

− s3g3βαα̃Q̃

+ βQQ̃W̃
T
QϕQ(xQ) − ω̇4. (51)

IV. STABILITY ANALYSIS

We are at the position to present the main results of this
study in the following theorem.

Theorem 1: Consider the closed-loop systems consisting
of velocity dynamics (13) and altitude dynamics (14) sub-
ject to multiple unknown control directions and asymmetric
flight state constraints. Under the control laws (25), (36),
(41), (45), and (49), as well as the adaptation laws
(26), (37), (42), (46), and (50), for any initial condition

x(0) ∈ 	0, x ∈ 	x � {V, h, γ, α, Q} and let Aγ =
max |γc(̃h, yγ , Ŵh, �̂h)|, Aα = max |αc(̃h, γ̃ , yα, Ŵγ , �̂γ )|,
AQ = max |Qc(̃h, γ̃ , α̃, yQ, Ŵα, �̂α)|, if there are the positive
parameters κh, lh, κγ , lγ , κα , and lα that satisfy the feasibility
condition: −kγ,2 < Aγ (κh, lh) < kγ,1, −kα,2 < Aα(κγ , lγ ) <

kα,1, and −kQ,2 < AQ(κα, lα) < kQ,1, then the following
properties hold.

1) Flight states V and h eventually track the reference tra-
jectories Vr and hr asymptotically, that is, Ṽ → 0 and
h̃ → 0 as t → ∞.

2) All closed-loop signals remain bounded.
3) The full-state constraints are never violated.
Proof: We begin the proof with the introduction of the

following total Lyapunov function:

L = Ls + LW + Ly + L� + Lϒ + Ll (52)

where Ls = ∑
x∈	x

L̃x, LW = ∑
x∈	x

(1/2)W̃
T
x �−1

x W̃x,
Ly = ∑

z∈	z
(1/2)y2

z , L� = ∑
x∈	x

(1/2ρx)�̃
2
x , Lϒ =

∑
z∈	z

(1/2υz)ϒ̃
2
z , and Ll = ∑

x∈	x
(1/2)lxβx(

∫ t
0 x̃(τ )dτ)2.

It follows from (27), (38), (43), (47), and (51) that the
derivative of L is:

L̇ ≤ −
∑

x∈	x

κxβx̃x2 +
4∑

i=1

sigiNi(ωi)ω̇i +
∑

x∈	x

|βx̃x|�̂x

+
∑

x∈	x

σW̃xŴx +
∑

x∈	x

σ�̃x�̂x +
∑

z∈	z

σϒ̃zϒ̂z

−
∑

x∈	x

β2
x x̃2�̂2

x√
β2

x x̃2�̂2
x + σ 2

−
4∑

i=1

ω̇i −
∑

z∈	z

|yz|ϒ̃z

+
∑

z∈	z

yzẏz + y2
γ l2h
2

+ y2
αl2γ
2

+ y2
Ql2α
2

. (53)

In light of (36), (41), and (45), the time derivatives of the
boundary layer errors are

ẏγ = Bγ

(̃
h, γ̃ , yγ , Ŵh, �̂h, hr, ḣr, ḧr, σ, σ̇

)

− yγ

τγ

− yγ ϒ̂2
h√

y2
γ ϒ̂2

h + σ 2
(54)

ẏα = Bα

(̃
h, γ̃ , α̃, yγ , yα, Ŵh, Ŵγ , �̂h, �̂γ , hr, ḣr, ḧr, σ, σ̇

)

− yα

τα

− yαϒ̂2
γ√

y2
αϒ̂2

γ + σ 2
(55)

ẏQ = BQ
(̃
h, γ̃ , α̃, Q̃, yγ , yα, yQ, Ŵh, Ŵγ , Ŵα, �̂h, �̂γ , �̂α

hr, ḣr, ḧr, σ, σ̇
)− yQ

τQ
− yQϒ̂2

α√
y2

Qϒ̂2
α + σ 2

. (56)

Define the compact sets 	′
r = {h(n)

r , V(n)
r ||h(n)

r | ≤ �1,

|V(n)
r | ≤ �1, n ∈ N} and 	L = {̃x, W̃x, yz, �x, ϒ̃z|L(t) ≤

�0, x ∈ 	x, z ∈ 	z}, with �1 and �0 being positive con-
stants. Following the standard design in [51], it can be derived
that there exist positive constants ϒγ , ϒα , and ϒQ such that
Bγ (·) ≤ ϒγ , Bα(·) ≤ ϒα , and BQ(·) ≤ ϒQ on the compact set
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	′
r × 	L. Then, (53) can be further rewritten as

L̇ ≤ −
∑

x∈	x

κxβx̃x2 +
4∑

i=1

sigiNi(ωi)ω̇i +
∑

z∈	z

|yz|ϒ̂z

−
∑

x∈	x

β2
x x̃2�̂2

x√
β2

x x̃2�̂2
x + σ 2

+
∑

x∈	x

|βx̃x|�̂x −
4∑

i=1

ω̇i

− y2
γ ϒ̂2

h√
y2
γ ϒ̂2

h + σ 2
− y2

αϒ̂2
γ√

y2
αϒ̂2

γ + σ 2
− y2

Qϒ̂2
α√

y2
Qϒ̂2

α + σ 2

−
(

1

τγ

− l2h
2

)

y2
γ −

(
1

τα

− l2γ
2

)

y2
α −

(
1

τQ
− l2α

2

)
y2

Q

+
∑

x∈	x

σW̃xŴx +
∑

x∈	x

σ�̃x�̂x +
∑

z∈	z

σϒ̃zϒ̂z. (57)

Using the complete square formula, we have x̃x̂ = x̃(x∗ −
x̃) = −x̃2 + x̃x∗ ≤ (1/4)x∗. Thus, invoking Lemma 4 and
choosing τγ < (2/l2h), τα < (2/l2γ ), and τQ < (2/l2α) gives
rise to

L(t) ≤ −F(t) +
4∑

i=1

∫ ωi(t)

0
sigiNi(τ )dτ −

4∑

i=1

ωi(t)

+ L(0) + M (58)

where F(t) = ∫ t
0(1/2)(κVṼ2(τ ) + κh̃h2(τ ) +

κγ γ̃ 2(τ ) + καα̃2(τ ) +κQQ̃2(τ ))dτ and M =∑
x∈	x

(1/4)σ1W∗
x + ∑

x∈	x
(1/4)σ1�x + ∑

z∈	z
(1/4)σ1ϒz −

∑4
i=1

∫ ωi(0)

0 sigiNi(τ )dτ + ∑4
i=1 ωi(0) + 8σ1. It can be

seen from (16) that
∫ ωi

0 Ni(τ )dτ = ∫ |ωi|
0 Ni(τ )dτ =

si
i(|ωi|)|ωi| exp(ω2
i ). As a result, (58) can be represented by

0 ≤ L(t) + F(t) ≤ L(0) + M +
4∑

i=1

�i(t) +
4∑

i=1

|ωi(t)| (59)

with �i(t) = gi
i(|ωi(t)|)|ωi(t)| exp(ω2
i (t)).

Let us now define

ω(t) = max{|ω1(t)|, |ω2(t)|, |ω3(t)|, |ω4(t)|}. (60)

In what follows, with the aid of Lemma 1 and (59), we
shall prove the boundedness of ω(t) via a contradiction argu-
ment. Choose n0 in Lemma 2 as the smallest positive integer
satisfying n0π + ϑi + ϑ̄ ≥ ω(0) for all i = 1, . . . , 4, where ϑi

and ϑ̄ are given in Lemma 2. Suppose that ω(t) is unbounded,
which is equivalent to that there exists a monotonously increas-
ing sequence {tn}, n = n0, n0 + 1, n0 + 2, . . . , such that
ω(tn) = nπ + ϑi + ϑ̄ . At each time instant tn, according to
the magnitude of |ωi(tn)|, the following three cases should be
discussed.

Case 1: When |ωi(tn)| = nπ + ϑi + ϑ̄ for i ∈ {1, . . . , 4}.
By Lemma 2, we have 
i(|ωi(tn)|) ≤ −2−3, which together
with (59) implies that

�i(tn) ≤ −2−3g
i
|ωi(tn)| exp

(
ω2

i (tn)
)

= −2−3g
i

(
nπ + ϑi + ϑ̄

)
exp

((
nπ + ϑi + ϑ̄

)2)
(61)

for all |ωi(tn)| = nπ + ϑi + ϑ̄ .

Case 2: When nπ + ϑi ≤ |ωi(tn)| < nπ + ϑi + ϑ̄ for
i ∈ {1, . . . , 4}. It follows from Lemma 2 that 
i(|ωi(tn)|) ≤ 0.
Thus, �i(tn) ≤ 0 for all nπ + ϑi ≤ |ωi(tn)| < nπ + ϑi + ϑ̄ .

Case 3: When |ωi(tn)| < nπ +ϑi for i ∈ {1, . . . , 4}. Noting
that |
i(|ωi(tn)|)| ≤ 1, we have

�i(tn) ≤ ḡi|ωi(tn)| exp
(
ω2

i (tn)
)

= ḡi(nπ + ϑi) exp
(
(nπ + ϑi)

2
)

(62)

for all |ωi(tn)| < nπ + ϑi.
Noting that the number of elements in Case 1 is not less

than 1, and the number of elements in Case 3 is not more
than 3, one can arrive at

4∑

i=1

�i(tn) +
4∑

i=1

|ωi(tn)|

≤ (
nπ + ϑi + ϑ̄

)
exp

(
(nπ + ϑi)

2
)

×
[−2−3g

i
exp

(
ϑ̄
(
ϑ̄ + 2nπ + 2ϑi

)

+3ḡi + 4 exp
(−(nπ + ϑi)

2
)

]
(63)

where 4 exp(−(nπ + ϑi)
2) decays to zero exponentially and

−2−3g
i
exp(ϑ̄(ϑ̄ + 2nπ + 2ϑi)) → −∞ as n → +∞. It is

deduced from (63) that
∑4

i=1 �i(tn)+∑4
i=1 |ωi(tn)| → −∞ as

n → +∞, which apparently contradicts with (59). As a con-
sequence, ω(t) must be bounded, which in combination with
(60) implies that ω1(t), ω2(t), ω3(t), and ω4(t) are bounded.

With the boundedness of ω1(t), ω2(t), ω3(t), and ω4(t),
it can be seen from (59) that L, Ṽ , h̃, γ̃ , α̃, and Q̃ are
bounded. Then, following similar analysis to [43], it can be
concluded that all signals of the closed-loop system remain
bounded. From (59), it holds that x̃ ∈ L2 and ˙̃x ∈ L∞,
x ∈ 	x. Consequently, it follows from Barbalat’s lemma that
limt→+∞ x̃ = 0, x ∈ 	x, which implies that the tracking errors
Ṽ and h̃ converge to zero asymptotically [53]–[56]. In addi-
tion, the boundedness of L leads to the boundedness of Ls,
which progressively implies that the full-state constraints are
never violated. This completes the proof.

Remark 3: It is worth mentioning that (59) encompasses
4 Nussbaum integral terms

∑4
i=1

∫ ωi
0 sigiNi(τ )dτ where the

signs of si might be distinct with each other [30]. This is
because [29] and [30] have shown that it is still unclear how
to establish boundedness

∑4
i=1

∫ ωi
0 sigiNi(τ )dτ using conven-

tional Nussbaum functions. Namely, if we adopt conventional
Nussbaum functions, such as ωi sin(ω2

i ) and cos(ωi) exp(ωi),
it would be possible that ωi and ωj (i 
= j) both approach
infinity, while

∫ ωi
0 sigiNi(τ )dτ and

∫ ωj
0 sjgjNj(τ )dτ counteract

each other through taking opposite signs such that the sum-
mation term

∑4
i=1

∫ ωi
0 sigiNi(τ )dτ still make (59) hold true.

On the contrary, we develop a novel Nussbaum function as in
(15) whose sign keeps the same on some periods of time even
if each Nussbaum function has a different frequency, which
successfully avoids the cancellation of different Nussbaum
integral terms as shown in the proof after (60).

Remark 4: According to configuration designed in (15) and
(16), it is concluded that

∫ ωi
0 Ni(τ )dτ is an even function

of ωi, thus we can calculate
∫ ωi

0 Ni(τ )dτ as
∫ |ωi|

0 Ni(τ )dτ
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(a) (b) (c)

Fig. 4. Tracking performances and control inputs under three control schemes. (a) Tracking performances of velocity. (b) Tracking performances of altitude.
(c) Control inputs.

without any concern on the sign of ωi. In view of (63),∫ ωi
0 sigiNi(τ )dτ and

∫ ωj
0 sjgjNj(τ )dτ take the same sign and

reinforce rather than counteract each other as long as |ωi| and
|ωj| (i 
= j) enter the same interval, which paves the way to
find a contradiction of (59) that limn→+∞N(tn) = −∞ once
ω is unbounded. Consequently, the Nussbaum functions (15)
can handle the difficulty stemming from the multiple unknown
control directions.

Remark 5: Despite the state-of-the-art design in [57] stud-
ied the same problem as our work, it has been shown in [58]
that Lemma 1 of [57] only can guarantee the boundedness
on finite-time interval [0, tf ) with tf < ∞. When tf = ∞,
the boundedness is lost due to ineffective handling of the
terms, such as unmatched external disturbances and unknown
time-varying nonlinearities. To overcome this difficulty, we
designed an integrable function σ(t) in control laws to robustly
tackle the disturbances novelly, such that tf could be extended
to infinity.

V. SIMULATION RESULTS

In order to illustrate the effectiveness and superiority of
the proposed constrained asymptotic tracking control scheme
(PCA) for HFVs, several simulations are conducted in this
section. The vehicle climbs a maneuver from initial values
h = 88 000 ft and V = 7700 ft/s to final values h = 91 000 ft
and V = 8700 ft/s. The reference commands of Vref and href

are generated using the second-order filters with bandwidth
0.03 rad/s and damping 0.95. Based on practical engineering
characteristics, the limitations of the actuators are set as � ∈
[0.05, 1.2] and δe ∈ [−20 deg, 20 deg].

In simulation, the HFVs model parameters are borrowed
from [1], and the full-state constraints are selected as kV,1 =
8800 ft/s, kV,2 = 7600 ft/s, kh,1 = 88 500 ft, kh,2 = 84 500 ft,
kγ,1 = 0.3 deg, kγ,2 = 0.05 deg, kα,1 = 2.2 deg, kα,2 =
−1 deg, kQ,1 = 2 deg/s, and kQ,2 = 1.5 deg/s. The control
parameters are chosen as κV = 2.5, lV = 3, κh = 1.5,
lh = 2, κγ = lγ = 2, κα = lα = 2, κQ = 50, lQ = 2,
and σ = 1/(0.1 + t2). Parameters for adaptive laws are set

as �x = 5I, ρx = υz = 0.5, x ∈ 	x, z ∈ 	z. The positive
filter parameters are selected as τz = 0.5, z ∈ 	z. The ini-
tial state variables are set as V = 7699 ft/s, h = 87999 ft,
γ = 0 deg, α = 1.6325 deg, and Q = 0 deg/s, and the
initial values of Ŵx, �̂x, ϒ̂z, x ∈ 	x, z ∈ 	z are selected
as zero. Besides, the uncertain aerodynamic coefficients are
modeled as Ci = C∗

i (1 + �i), where C∗
i represents the nomi-

nal coefficient and �i represents the uncertain factor ranging
from −20% to 20%. The external disturbances sin([π/30]t),
2 sin([π/30]t) are added to the velocity and altitude dynamics,
respectively, when t > 200 s.

A. Comparative Simulations Under Three Control Schemes

In this section, to validate the superiority of PCA in
achieving zero-error tracking and in tackling unknown control
directions, PCA is compared with the conventional bounded
tracking control (CCB) considering unknown control direc-
tions [43] and the bounded tracking control (CUB) with-
out considering unknown control directions [17]. Simulation
results can be seen in Figs. 4–6. Fig. 4(a) and (b) reveal that
our proposed control scheme provides a better transient and
steady state performance than that of [17] and [43], and guar-
antees the tracking errors Ṽ and h̃ eventually converge to zero
rather than the bounded ones as achieved by CCB and CUB.
Fig. 4(c) shows the control inputs � and δe of PCA and CCB
remain bounded, whereas the control signal of CUB diverges
in the early stage due to the ineffective handling of unknown
control directions. The zooms in Fig. 5(a)–(e) indicate that the
proposed control method exhibits smoother response of γ , α,
Q, η1, and η2 over CCB and that the various state variables of
CUB diverge due to the presence of unknown control direc-
tions. Fig. 5(f)–(j) suggests that the trajectories of Ŵx, �̂x, ϒ̂z,
x ∈ 	x, and z ∈ 	z remain bounded. Furthermore, integral
absolute error (IAE) [

∫ T
0 |e(t)|dt], integral time absolute error

(ITAE) [
∫ T

0 t|e(t)|dt], and root mean square error (RMSE)
[(1/T)

∫ T
0 e2(t)dt](1/2) are utilized here as performance indices

to evaluate the tracking performances of PCA, CUB, and CCB
quantitatively. In addition, the control indexes are defined as
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Fig. 5. Attitude angles, flexible states, and weight values under three control schemes. (a) Flight path angle γ . (b) Angle of attack α. (c) Pitch rate Q.
(d) Flexible state η1. (e) Flexible state η2. (f) Responses of ωi. (g) Responses of Ni. (h) Responses of �̂x. (i) Responses of ||Ŵx||. (j) Responses of ϒ̂z.

TABLE I
PERFORMANCE INDICES UNDER THREE CONTROL SCHEMES

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Fig. 6. Various performance indices under three control schemes. (a) IAE of Ṽ . (b) ITAE of Ṽ . (c) RMSE of Ṽ . (d) MACA of �. (e) MACA of �. (f) IAE
of h̃. (g) ITAE of h̃. (h) RMSE of h̃. (i) MACA of δe. (j) MACA of δe.

the mean absolute control actions (MACA) [(1/T)
∫ T

0 |�|dt],
[(1/T)

∫ T
0 |�̇|dt], [(1/T)

∫ T
0 |δe|dt], and [(1/T)

∫ T
0 |δ̇e|dt]. The

calculation results are summarized in Table I and Fig. 6 shows
that our developed method requires less control efforts than
that of CCB and CUB, which validates the effectiveness of

the proposed control method. To investigate the impact of dif-
ferent initial values on our proposed Nussbaum functions (15),
some further simulations are conducted in this scenario by tak-
ing the following two cases into consideration. The simulation
result is provided in Fig. 7.
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(a) (b)

(c) (d)

Fig. 7. (a) ωi in Case 1. (b) Ni in Case 1. (c) ωi in Case 2. (d) Ni in Case 2.

1) Case 1: ωi(0) = −0.05, i = 1, . . . , 4.
2) Case 2: ωi(0) = 0.05, i = 1, . . . , 4.
It can concluded from Fig. 7 that our newly proposed

Nussbaum functions can still preserve the boundedness of
adaptation parameters ωi and Nussbaum functions Ni, i =
1, . . . , 4 under two different sets of initial conditions.

VI. CONCLUSION

This article presents a result about zero-errors accurate
tracking control for the longitudinal dynamics of HFVs in
the presence of multiple unknown control directions and
asymmetric flight state constraints. The distinguishing char-
acteristic of our design arises in proposing a class of new
Nussbaum function, which not only guarantees the bounded-
ness of the summation of multiple Nussbaum integral terms
but the boundedness of each individual Nussbaum integral
term. By means of Barbalat’s lemma, the velocity and alti-
tude tracking errors can been shown to converge to zero
rather than a residual set. Asymmetric integral Lyapunov func-
tions are utilized to ensure that flight state variables are kept
within some compact sets all the time. Future research will be
focused on the consensus tracking problem of HFV swarm
systems [59]–[62] and the trajectories tracking problem of
HFVs with switched dynamics [63]–[71].
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