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In many quantum platforms, single-qubit gates are applied using a linear drive resonant with the qubit
transition frequency, which is often theoretically described within the rotating-wave approximation (RWA).
However, for fast gates on low-frequency qubits, the RWA may not hold and we need to consider the contribution
from counterrotating terms to the qubit dynamics. The inclusion of counterrotating terms into the theoretical
description gives rise to two challenges. First, it becomes challenging to analytically calculate the time evolution
as the Hamiltonian is no longer self-commuting. Moreover, the time evolution now depends on the carrier phase
such that, in general, every operation in a sequence of gates is different. In this work, we derive and verify a
correction to the drive pulses that minimizes the effect of these counterrotating terms in a two-level system.
We then derive a second correction term that arises from noncomputational levels for a strongly anharmonic
system. We experimentally implement these correction terms on a fluxonium superconducting qubit, which is an
example of a strongly anharmonic, low-frequency qubit for which the RWA may not hold, and demonstrate how
fast, high-fidelity single-qubit gates can be achieved without the need for additional hardware and calibration
complexities.

DOI: 10.1103/z62h-kcnh

I. INTRODUCTION

Single-qubit operations lie at the heart of many potential
applications of quantum computing [1,2]. In many quantum
computing architectures, such as nitrogen-vacancy centers [3],
quantum dots [4,5], trapped ions [6,7], and superconducting
circuits [8,9], these operations are implemented using linearly
polarized signals. This linear drive signal consists of two
components: one that rotates in the same direction as the
qubit on the Bloch sphere and one that rotates in the opposite
direction, which are denoted as the corotating and counter-
rotating terms, respectively. The theoretical description of
these operations often relies on making the rotating-wave
approximation (RWA), in which the counterrotating terms are
dropped resulting in a Hamiltonian that is exactly solvable
when the drive strength is time-independent or when the drive
frequency is on resonance with the qubit transition frequency
[10,11]. Making the RWA is justified when the ratio between
the drive strength and the drive frequency is small. There are
two dominant error channels when considering the implemen-
tation of such a drive signal on a realistic system: the shift in
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qubit frequency known as the ac Stark shift and leakage to
levels outside the computational subspace [12–14]. Common
ways to suppress these error channels include the derivative
removal by adiabatic gate (DRAG) technique [15,16], DRAG-
inspired techniques [17–19], and numerical gradient-descent
optimization techniques [20,21].

When the ratio between the drive strength and the drive
frequency is increased and the RWA becomes invalid, the
dynamics of the system becomes richer in nature [22–28].
For example, the time evolution now depends on the phase
of the carrier signal such that it depends on the absolute time
at which the drive signal is applied. Furthermore, there is no
straightforward way to analytically derive the time evolution,
making it challenging to compute the pulse parameters that
maximize the gate fidelity.

Recently, Ref. [25] proposed and implemented two meth-
ods, using a superconducting qubit, to mitigate these chal-
lenges. The first method uses a circularly polarized drive
signal, which is implemented by driving the qubit simul-
taneously through its charge and phase degree of freedom.
The second method implements commensurate gates, in
which the gate duration is fixed to half-integer multiples of
the qubit’s Larmor period, which regularizes the errors. A
drawback of these methods is that they both require noncon-
ventional hardware: For the circularly polarized drive, two
drive lines are required per qubit, and for the commensurate
gates, a signal generator with a very high sampling rate is
required.

In this work, we show analytically, numerically, and exper-
imentally that it is possible to achieve low gate errors by using
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FIG. 1. (a) Circuit diagram of the fluxonium qubit. (b) Potential
and the wavefunctions offset by the eigenenergies of the first four
levels for EC/h = EL/h = 1 GHz and EJ/h = 5 GHz at the sweet
spot ϕext = 0.5.

conventional hardware and pulse shaping techniques. We em-
ploy the Magnus-Taylor expansion introduced in Ref. [29] to
derive optimal pulse shapes for a two-level system undergoing
a drive beyond the RWA. Additionally, we derive and verify a
second correction term arising from noncomputational levels
(NCLs) for a strongly anharmonic, low-frequency system.
Finally, we use the derived pulse shapes and the under-
standing of non-RWA dynamics developed in this work to
formulate deterministic experimental calibration protocols.
Numerically, we find that, using relatively straightforward
calibration procedures and for the system studied in this work,
it is possible to achieve coherent error rates averaged over π

and π/2 gates below 10−6 for gate durations as short as 2.64
Larmor periods.

While the general theory in this work is applicable to any
strongly anharmonic, low-frequency system, we are specifi-
cally inspired by the fluxonium qubit as one such example
[30]. A fluxonium qubit consists of a capacitor shunted by
a single Josephson junction and a linear inductor character-
ized by the energies EC , EJ , and EL, respectively. The circuit
diagram of a fluxonium qubit is shown in Fig. 1(a), and the
Hamiltonian of such a circuit is given by

Ĥ = 4ECn̂2 + 1
2 ELφ̂2 − EJ cos(φ̂ − 2πϕext ). (1)

Here, n̂ and φ̂ are the number-of-Cooper-pairs and phase
operators, respectively, and ϕext = �ext/�0 is the reduced
external flux, with �ext the external flux and �0 the mag-
netic flux quantum. When the fluxonium is tuned to its
sweet spot at ϕext = 0.5, the potential mimics a double-
well potential, where the wavefunctions of the |0〉 and |1〉
states are symmetric and antisymmetric superpositions of
states living in the left and right wells. The potential and
wavefunctions for a fluxonium with example parameters
EC/h = EL/h = 1 GHz and EJ/h = 5 GHz are computed
using scqubits and shown in Fig. 1(b) [31,32]. The qubit
transition frequency of a typical fluxonium at its operating
point is in the 100–1000 MHz range [25,33–45], but can
also be in the 1–100 MHz range by designing a heavier
fluxonium [46–48]. Since single-qubit gate durations on flux-
onium qubits are typically in the 10–100 ns range, resulting
in drive strengths in the 10–100 MHz range, they are an
ideal platform to investigate non-RWA effects in single-qubit
operations.

II. THEORY: SINGLE-QUBIT GATES BEYOND THE RWA

Our description of single-qubit gates starts with a general
drive Hamiltonian for a two-level system [49]:

H/h̄ = ωq |1〉 〈1| + D(t )(|0〉 〈1| + |1〉 〈0|), (2)

where ωq is the qubit frequency and D(t ) is the drive signal
defined by

D(t ) = Re (E (t )) cos(ωdt + φ) + Im(E (t )) sin(ωdt + φ),

E (t ) = eiθ (EI (t ) + iEQ(t )). (3)

Here, ωd is the drive frequency, φ the phase of the car-
rier signal, θ the angle of the rotation axis with respect to
the X axis of the Bloch sphere, and EI (t ) and EQ(t ) the
in-phase and quadrature pulse envelopes, respectively. For
now, we restrict ourselves to X rotations by setting θ = 0.
We proceed to transform the Hamiltonian into the rotat-
ing frame H̃ (t ) = V (t )H (t )V †(t ) + iV̇ (t )V †(t ), with V (t ) =
exp(i(ωdt + φ)|1〉〈1|) to obtain

H̃ (t )/h̄ = −�

2
σz + AI (t )σx + AQ(t )σy,

AI (t ) = 1

2
(EI (t )(1 + cos(2ωdt + 2φ))

+ EQ(t ) sin(2ωdt + 2φ)),

AQ(t ) = 1

2
(EQ(t )(1 − cos(2ωdt + 2φ))

+ EI (t ) sin(2ωdt + 2φ)), (4)

with � = ωq − ωd the detuning between the qubit and drive
frequency. The in-phase and quadrature components of the
drive signal both contribute to one stationary term and two
nonstationary terms that oscillate at 2ωd . If we invoke the
RWA and drop the oscillating terms, we arrive at the RWA
Hamiltonian:

H̃RWA(t )/h̄ = −�

2
σz + 1

2
(EI (t )σx + EQ(t )σy). (5)

Here, we are interested in determining the pulse parame-
ters that implement a given operation with maximum fidelity.
Specifically, we consider an operation applied from t = 0
to t = tg, with tg the gate duration. If the RWA holds, it is
straightforward to derive the pulse parameters that implement
any arbitrary rotation on the Bloch sphere. For example,
for an Xπ gate, we set � = EQ = 0 and

∫ tg
0 dtEI (t ) = π . In

contrast, if the RWA does not hold, there are two factors
that significantly complicate the description of single-qubit
gates. First, the time evolution is no longer independent of
the carrier phase φ, such that the time evolution depends on
the absolute time at which the gate is applied. Second, the
non-RWA Hamiltonian H̃ is not self-commuting such that an
analytical expression for the time evolution is challenging to
obtain. Even if an (approximate) expression can be computed,
it may be challenging to derive the ideal pulse parameters
from that solution.

To resolve these challenges, we make use of the methods
introduced in Ref. [29]. Rather than computing the time evolu-
tion over the full duration of the operation, the time interval on
which the time evolution is calculated is restricted to Magnus
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intervals tm,n = [t0 + (n − m)tc, t0 + ntc]. Here, tc = π/ωd is
the Magnus period, which is the period of the nonstationary
terms in the Hamiltonian, and m and n are positive integers
such that the time interval tm,n contains m Magnus periods.
As will be shown, it is possible to derive corrections for
the non-RWA terms in the Hamiltonian by restricting to the
Magnus intervals tm,n. To derive these corrections, the key idea
is to intersect the non-RWA and RWA time evolutions on these
Magnus intervals:

T exp

(
− i

h̄

∫ t0+ntc

t0+(n−m)tc

dτ H̃RWA(τ,PRWA)

)

= T exp

(
− i

h̄

∫ t0+ntc

t0+(n−m)tc

dτ H̃ (τ,P )

)
, (6)

with T the time-ordering operator, and the dependence of both
Hamiltonians on the pulse parameters is shown explicitly.
PRWA are the ideal pulse parameters if the RWA holds exactly
and P are the to-be-derived pulse parameters that intersect the
non-RWA and RWA time evolutions on the specified interval.
Notice that, unless the gate is commensurate (i.e., the gate
duration is an exact integer multiple of the Magnus period),
Eq. (6) cannot capture the full evolution from t = 0 to t = tg.
However, we can maximize the interval on which the RWA
and non-RWA evolutions are equivalent by satisfying Eq. (6)
from t0 to t = t0 + Nctc, with Nc = � tg−t0

tc
� the number of

Magnus periods during the operation, where �·� is the floor
function. If Eq. (6) is satisfied, the non-RWA Hamiltonian
implements the same time evolution U (t0, t0 + Nctc) as the
RWA Hamiltonian. Since the RWA Hamiltonian implements
the desired operation U (0, tg) with unit fidelity, we expect
the pulse parameters P that solve Eq. (6) to also minimize
the error in the full non-RWA time evolution from t = 0 to
t = tg. This expectation is based on the assumption that the
effect of the non-RWA terms is small on the uncorrected
time intervals with t ∈ [0, t0] ∪ [Nctc + t0, tg]. We expect this
to be the case for sufficiently long gates as the uncorrected
intervals are then small compared to the total time evolution.
Consequently, we expect this framework to break down as Nc

approaches 1.
There are two choices for n and m for which Eq. (6)

is satisfied on the interval t ∈ [t0, t0 + Nctc]. We can either
satisfy Eq. (6) for all n and m = 1 such that it is satisfied for
all Magnus intervals during the gate. The other choice is to
directly integrate over Nc Magnus periods by setting m = n =
Nc. Here, we will focus on the latter choice as we find that it
allows for a more straightforward derivation of the correction
terms. We note that we will keep the integration bounds in the
their general form, as we will touch upon different choices for
n and m in later parts of this work.

To derive the pulse parameters P that satisfy Eq. (6), we
Magnus expand the non-RWA time evolution, of which the
first two terms are given by [50,51]

H
(0) = − i

h̄

∫ b+

b−
dt1H (t1),

H
(1) = − 1

2h̄2

∫ b+

b−
dt1

∫ t1

b−
dt2[H (t1), H (t2)], (7)

such that we can approximate the time evolution over the
Magnus intervals tm,n by

U (b+, b−) = T exp

(
− i

h̄

∫ b+

b−
dτH (τ )

)

= exp(H ), H =
∞∑

k=0

H
(k)

. (8)

Here, we have defined b− = t0 + (n − m)tc and b+ = t0 +
ntc. The time-ordering operator for the RWA time evolu-
tion can typically be dropped as the RWA Hamiltonian
H̃RWA commutes with itself for � = EQ = 0 (in an appro-
priate frame). Using Eqs. (4)–(8), it is possible to derive
expressions for the ideal pulse parameters. In the follow-
ing sections, we will derive and numerically verify these
expressions for the zeroth-order and first-order Magnus ex-
pansion terms, which we will refer to as the zeroth/first-order
Magnus approximation.

A. Zeroth-order Magnus expansion

While the formalism derived here is applicable to any
smooth pulse envelope, it is convenient to explicitly define
the pulse envelope EI (t ). In this work, we focus specifically
on the cosine pulse envelope defined as

EI (t ) = �I sI (t ) = �I

2

(
1 − cos

(
2π

tg
t

))
. (9)

Here, �I is the drive strength and sI (t ) defines the shape
of the in-phase pulse envelope. Using Eqs. (4)–(8), we obtain
three requirements for the pulse parameters in the zeroth-order
Magnus approximation:

(i)
∫ b+

b−
dt1

−�

2
= 0,

(ii)
∫ b+

b−
dt1AQ(t1,P ) = 0,

(iii)
∫ b+

b−
dt1AI (t1,P ) =

∫ b+

b−
dt1

EI (t1,PRWA)

2
. (10)

Requirement (i) is straightforwardly satisfied by setting � =
0. By Taylor expanding the pulse envelopes, we find that we
can satisfy requirement (ii) by defining the quadrature pulse
envelope as

EQ(t ) = λ
∂EI (t )

∂t
= λ�I

π

tg
sin

(
2π

tg
t

)
, (11)

with λ defining the relative drive strength of the quadra-
ture drive signal, which we will refer to as the pulse
proportionality parameter (PPP). A full derivation for the
quadrature pulse envelope is provided in Appendix A.
We find that requirement (iii) can be satisfied indepen-
dently of the shape of the quadrature pulse envelope. By
computing the integrals in requirements (ii) and (iii), we
obtain closed-form expressions for the PPP λ and the drive
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strength �I :

λ =
∑∞

k=0

(
1

2ωd

)k+1
γ2(k, β )

[
∂ksI (t1 )

∂t k
1

]b+
t1=b−

sI (b+) − sI (b−) − ∑∞
k=0

(
1

2ωd

)k+1
γ1(k, β )

[
∂k+1sI (t1 )

∂t k+1
1

]b+
t1=b−

, (12a)

�I

�I,RWA
=

∫ b+
b−

dt1sI (t1)∫ b+
b−

dt1sI (t1) + ∑∞
k=0

(
1

2ωd

)k+1{
γ1(k, β )

[
∂ksI (t1 )

∂t k
1

]b+
t1=b−

− λγ2(k, β )
[

∂k+1sI (t1 )
∂t k+1

1

]b+
t1=b−

} . (12b)

Here, �I,RWA is the ideal drive strength for the RWA
Hamiltonian and we have defined

γ1(k, β ) = (−1)�
k
2 �(χ+(k) sin(β ) + χ−(k) cos(β )),

γ2(k, β ) = (−1)�
k+1

2 �(χ+(k) cos(β ) + χ−(k) sin(β )), (13)

with β = 2ωdt0 + 2φ and χ±(k) = 1±(−1)k

2 . As apparent from
Eq. (12), the expressions for the pulse parameters are given by
an infinite series. The magnitude of the terms in these sums
scales with (π/ωdtg)k = (tc/tg)k , since ∂ksI (t )

∂t k ∼ (2π/tg)k [as
seen from Eq. (9)]. As we are specifically interested in op-
erations for which the drive strength approaches the same
order of magnitude as the drive frequency, i.e., 1 � tg/tc � 10,
convergence of these infinite series might be slow, so it is
important to truncate these sums at sufficiently high k. For
tg < tc, the ideal pulse parameters calculated in Eq. (12) are
undefined since there are no Magnus intervals to integrate over
in Eq. (6).

As apparent from Eqs. (12) and (13), the ideal pulse pa-
rameters depend on the carrier phase φ through the parameter
β. This dependence is problematic, since every gate in a se-
quence of operations generally has a different starting carrier
phase, and varying the pulse parameters for each gate is highly
impractical. Therefore, the ideal pulse parameters have to be
defined as an average of the expressions in Eq. (12) over the
carrier phase φ. From this, we intuitively understand how
the breakdown of the RWA causes the average gate error to
increase: When the RWA becomes increasingly invalid, the
dependence of the time evolution on the carrier phase in-
creases, which increases the variance of the pulse parameters
calculated in Eq. (12) such that the pulse parameters averaged
over the carrier phase no longer result in low gate errors for all
carrier phases. The pulse parameters also depend on the start
of the integration window t0. This parameter, unlike the carrier
phase, does not represent a physical parameter from the drive
pulse. Instead, we are free to choose t0 in Eq. (12), where this
choice is represented through the parameters β and b±. This
indicates that for each carrier phase φ there may exist a range
of ideal pulse parameters corresponding to different choices
of t0 rather than one unique solution.

Two open questions remain: Can the dependence of the
ideal pulse parameters on the carrier phase φ be eliminated,
and how do we choose β and b± or equivalently the start of
the integration window t0? As detailed in Appendix B, we
can leverage the freedom to choose these parameters to derive
exact algebraic solutions for �I and λ in Eq. (12). Strikingly,
we find that, by simply setting λ = 1/2ωd and �I = �I,RWA,
the non-RWA terms in the zeroth-order Magnus approxima-
tion are corrected independently of the carrier phase and over

the full time evolution from t = 0 to t = tg rather than only
over Magnus intervals. This solution corresponds to setting
β = 0 or by using a symmetric integration window around
t = tg/2 such that t0 = (tg − Nctc)/2. We highlight that these
solutions exist as long as the pulse envelopes are analytic
on the interval t ∈ [0, tg] and if sI (0) = sI (tg) = 0. For the
symmetric integration windows, it is additionally required that
each even (odd) kth time derivative of sI (t ) is symmetric
(antisymmetric) around t = tg/2. We emphasize that these
solutions only exist for the specified parameters, and that we
have not been able to derive similar solutions in higher-order
Magnus approximations. Therefore, the algebraic solution is
only used in the zeroth-order Magnus approximation and for
the specified parameters, and in all other situations the terms
in Eq. (12) have to be computed directly, which we will refer
to as the truncated series solution.

In Fig. 2, we investigate the accuracy of the correction
terms for the zeroth-order Magnus expansion for ω01/2π =
ωd/2π = 80 MHz. Specifically, we compute the error E
between the desired RWA time evolution and zeroth-order
Magnus expanded non-RWA time evolution for varying pulse
parameters. The error between two time evolutions U and V
is defined as E = 1 − F , with F the average gate fidelity,
which, under the assumption that U and V are unitary, can
be expressed as [52,53]

F (U,V ) = 1
6 (2 + Tr(UV †)Tr(U †V )). (14)

In Fig. 2(a), the error is plotted as a function of the gate
duration for φ = t0 = β = 0. First, we naively use the RWA
pulse parameters in the zeroth-order Magnus expanded non-
RWA Hamiltonian, which we refer to as the uncorrected pulse
parameters, i.e., �I = �I,RWA and λ = 0. For these pulse pa-
rameters, the error increases exponentially as the gate duration
shortens. Whenever the gate is commensurate, i.e., tg = ntc for
an integer n, the error for the uncorrected pulse parameters is
zero since the oscillating non-RWA terms in the Hamiltonian
integrate exactly to zero. For the corrected parameters, the
algebraic solution to Eq. (12) (solid lines) and the truncated
series solution (dashed lines) are plotted. For the truncated
series solution, the pulse parameters are computed up to 15th
order in tc/tg, i.e., k � 14. For the algebraic parameters, the
error is negligible and independent of the gate duration. For
the truncated series solution, the error increases suddenly
for tg < 2tc, which is ascribed to the truncation error due to
the aforementioned convergence rate of the infinite series in
Eq. (12). In Fig. 2(b), we plot the error as a function of time
for a 20 ns gate with the same parameters as in Fig. 2(a) for the
uncorrected and corrected pulse parameters. We see that, as
detailed in Appendix B, the corrected time evolution intersects
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FIG. 2. Error between the zeroth-order Magnus expanded non-
RWA time evolution and the desired RWA time evolution for
ω01/2π = ωd/2π = 80 MHz. Errors are truncated at 10−12 for vis-
ibility purposes. (a) Gate error as a function of the gate duration tg.
The uncorrected pulse parameters correspond to setting P = PRWA.
The solid corrected line corresponds to the algebraic result, i.e.,
�I = �I,RWA and λ = 1/2ωd , and the dashed line corresponds to the
truncated series solution for k � 14. (b) Corrected and uncorrected
errors as a function of instantaneous time t for a 20 ns gate. In
panels (a) and (b), the carrier phase φ = 0. (c)–(f) Heatmaps of the
same simulation as in panel (b) as a function of the carrier phase.
Panels (c) and (d) show the error for the uncorrected pulse parameters
and algebraic result, respectively. Panels (e) and (f) show the results
for the truncated series solution with k � 14 corresponding to the
parameter choices β = π and t0 = 0, respectively. The dashed lines
in panels (d) and (e) indicate the times for which t = t0 + ntc.

the RWA evolution every Magnus period as well as at the end
of the gate.

In Figs. 2(c)–2(f), we perform the same simulations as in
Fig. 2(b) as a function of the carrier phase φ. In Figs. 2(c)
and 2(d), we compute the error for the uncorrected pulse pa-
rameters and the algebraic solution, respectively. As expected,
for the uncorrected pulse parameters, the RWA and non-RWA
evolutions do not intersect. For the algebraic pulse parameters,
the evolutions intersect every Magnus period and at t = tg.
The absolute time at which the evolutions intersect varies,
since a change in carrier phase φ requires a shift in the start of
the integration window t0 as we require β = 2ωdt0 + 2φ = 0
for the algebraic solution. In Fig. 2(e), we use the truncated
series solution corresponding to β = π , where we observe
that low errors are only achieved when t0 ≈ 0 corresponding

to φ ≈ β/2 = π/2. For other values of the carrier phase,
t0 �= 0 such that the RWA and non-RWA evolutions have al-
ready diverged before t = t0 and will not intersect anymore.
In Fig. 2(f), we therefore fix t0 = 0 such that β = 2φ. Notice
that this implies that we re-evaluate the correction terms using
Eq. (12) for each horizontal linecut in this figure. As expected,
the RWA and non-RWA time evolutions intersect at t = Nctc,
but diverge in the uncorrected time interval t ∈ [Nctc, tg].

Even though we have now only considered the zeroth-order
Magnus expansion, the results in Fig. 2 already provide us
with a clear intuition for the ideal pulse parameters beyond the
RWA. For each gate, the carrier phase increments with wdtg
with respect to the previous gate, such that each gate is rep-
resented by a different horizontal linecut in Fig. 2. Therefore,
we conclude that high-fidelity operations beyond the RWA are
enabled through the existence of the exact algebraic solution
shown in Fig. 2(d), as this is the only solution for which the
pulse parameters are independent of the carrier phase and the
error is low for each carrier phase.

B. Higher-order Magnus expansion

While the zeroth-order Magnus term H
(0)

is often the most
significant contribution to the average Hamiltonian H , it is
not sufficient to accurately model the time evolution. In this
section, we therefore extend the analysis to the first-order
Magnus approximation and full time evolution. Analytically
calculating the ideal pulse parameters for the first-order Mag-
nus approximation requires solving several challenges. Here,
we lay out the general steps to computing the pulse parameters
in the first-order Magnus approximation, and full details can
be found in Appendix C.

First, we need to solve the double integrals in the first-order
Magnus expansion in Eq. (7). We use similar methods as for
the zeroth-order Magnus term to obtain infinite series expres-
sions for these integrals, providing expressions for the drive
strength �I , PPP λ, and detuning �. These expressions form
a nonlinear system of equations, which is challenging to solve.
Therefore, we use fixed-point iteration to iteratively compute
the pulse parameters. Even though we found this approach
to numerically converge well, we found the computed pulse
parameters to result in large gate errors due to non-negligible
terms in the uncorrected time intervals. To resolve this prob-
lem, we split the carrier signal into a commensurate and an
incommensurate term, and absorb the incommensurate term
into the pulse envelopes while the commensurate term acts as
the carrier signal. This enables integrating over the full gate
duration at the cost of slower convergence of the infinite series
expressions for the pulse parameters. We then define the ideal
pulse parameters as those that minimize the error averaged
over the carrier phases φ, which we approximate as the mean
of the pulse parameters as a function of φ.

In Fig. 3, we numerically optimize the pulse parameters
for an Xπ gate for the first-order Magnus approximation and
for the full time evolution and compare them with the ana-
lytically computed ideal pulse parameters. The time evolution
corresponding to the first-order Magnus approximation is cal-
culated using Eqs. (7) and (8), and the full time evolution is
calculated using an ordinary differential equation solver based
on the LSODA algorithm [54–56]. The cost function of the
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FIG. 3. (a)–(d) Optimized error, drive strength �I , PPP λ, and
detuning �, respectively, for ω01/2π = 80 MHz. The cost function
for the optimizer averages over 12 different carrier phases, i.e., N =
11 in Eq. (15). In panel (a), the solid lines indicate the mean error and
the shaded area indicates the minimum and maximum errors for the
different carrier phases. The dashed lines indicate the errors for the
uncorrected pulse parameters, i.e., P = PRWA. The analytical results
plotted in panels (b)–(d) indicate the pulse parameters calculated
using the approach detailed in Appendix C. The PPP in panel (c) is
calculated in units of 1/2ωd , where ωd is computed using the detun-
ings shown in panel (d). Panels (b)–(d) feature insets that enlarge the
y axis for tg > 33 ns. All panels, including the insets, are plotted on
the same x axis shown in panel (d).

optimizer corresponds to the error averaged over a range of
different carrier phases φ:

C =
N∑

k=0

(1 − F (U (φ = πk/(N + 1)), Xπ )), (15)

which ensures that the optimizer converges to pulse param-
eters that have a low error for all carrier phases φ. The
optimized pulse parameters for the first-order Magnus ap-
proximation match well with the analytically computed pulse
parameters for gate durations longer than 5 Magnus periods,
which corresponds to approximately 30 ns for the qubit fre-
quency used here. The drive strength and PPP of the full
time evolution match well with the theoretical pulse param-
eters. However, the detuning is significantly higher, which
we ascribe to the non-negligible influence of higher-order
terms in the Magnus expansion. For gate durations shorter
than 5 Magnus periods, the error increases exponentially for
both the first-order Magnus approximation and the full time
evolution. Additionally, the error in the full time evolution is
considerably higher for these shorter gate durations, and the
analytically computed pulse parameters are no longer accu-
rate. Most likely, this occurs due to the increasing dependence

of the time evolution on the carrier phase as a result from
the increasing influence of higher-order terms in the Magnus
expansion. We note that an analytical bound on the error be-
tween the first-order Magnus approximation and the full time
evolution is challenging to compute a priori, as the scaling of
the terms in the Magnus expansion is not well known [51,57].

We conclude that, while the first-order Magnus approxi-
mation is insufficient to accurately model the time evolution,
the correction terms effectively suppress the counterrotating
terms in the Hamiltonian for gate durations above 5 Magnus
periods. For shorter gate durations, the dependence of the time
evolution on the carrier phase becomes too significant, and as
a result the gate error increases exponentially.

C. Implementing a universal gate set

Until now, we restricted our analysis to the implementation
of Xπ gates. For a universal gate set, it suffices to have an Xπ/2

gate and arbitrary Z rotations [58,59]. Here, we discuss a more
general case in which we allow arbitrary rotation angles about
arbitrary rotation axes in the XY plane of the Bloch sphere
in addition to virtual Z gates [59]. Throughout this section,
we still assume the system is a perfect two-level system. The
rotation axis θ is implemented by rotating the in-phase and
quadrature signals according to Eq. (3). This modifies the
drive term in the rotating frame according to

EI (t ) �→ cos(θ )EI (t ) − sin(θ )EQ(t ),

EQ(t ) �→ cos(θ )EQ(t ) + sin(θ )EI (t ). (16)

Following Eqs. (4) and (6) and by making the transforma-
tion |1〉 �→ e−iθ |1〉, it can be shown that the requirements that
need to be satisfied to minimize the error remain the same,
and that only β changes according to β �→ β − 2θ . Hence, the
ideal pulse parameters are independent of the rotation axis.

From the calculations in Secs. II A and II B and
Appendixes A–C, it is apparent that the ideal pulse parameters
depend nonlinearly on the ratio �I/�I,RWA such that they also
depend nonlinearly on the desired rotation angle. Within the
RWA, the ideal drive strength is a linear function of the desired
rotation angle, meaning that the determination of the drive
strength for a specific rotation angle immediately gives the
ideal drive strength for any other rotation angle. Beyond the
RWA this no longer holds, and the ideal pulse parameters are
a nontrivial function of the desired rotation angle and must be
determined for each rotation angle separately.

To further emphasize the dependence of the pulse param-
eters on the desired rotation angle, we numerically compute
the error as a function of λ and � in Fig. 4(a). For each
point, we optimize the drive strength �I according to the cost
function in Eq. (15) such that each point represents the mini-
mum achievable error for a given λ and �. We perform these
simulations for Xπ/2 and Xπ gates and for tg = 40 and 80 ns,
of which the results are shown in Fig. 4(a). Even though there
exists a global minimum in this parameter space, which will
be close to λ = 1/2ω01 for sufficiently long gate durations,
we find that there also exists a large contour on which the
error is low. The existence of this contour is explained by
the freedom to choose t0 and φ when computing the pulse
parameters. The dashed lines in Fig. 4(a) represent the ideal
pulse parameters calculated using b− = t0 = 0, b+ = Nctc and
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FIG. 4. (a) Minimum error vs λ and � for a two-level system
with ω01/2π = 80 MHz. For each point, the error is minimized as
a function of the drive strength �I according to the cost function in
Eq. (15) with N = 12. The first (second) row shows the results for a
40 (80) ns gate, and the first (second) column shows the results for an
Xπ/2 (Xπ ) gate. The crossings at � = 0 and λ = 1/4ω01 are indicated
with black solid lines. The red dashed lines indicate the analytically
calculated pulse parameters corresponding to t0 = 0 and varying β.
(b) Error for an Xθ gate as a function of the gate duration in units
of the number of Magnus periods and the rotation angle θ . For each
point, we fix � = 0 and λ = 1/4ωd and the error is optimized using
the same procedure as in panel (a).

along varying β. Even though this approach is not the most
accurate for calculating the global minimum as done in Fig. 3,
these pulse parameters still yield errors below 10−6 since the
uncorrected time interval t ∈ [Nctc, tg] is small relative to the
total gate duration. The computed pulse parameters do not
align exactly with the low-error contours, which we suspect to
be a result from higher-order terms in the Magnus expansion.
Furthermore, they only account for a portion of the low-error
contour. Other parts of the contour are explained by satisfying
Eq. (6) over smaller time intervals, for instance, b− = t0 = 0
and b+ = (Nc − 1)tc.

While these contours depend on the gate duration and drive
strength, Fig. 4(a) suggests that they pass through the point
� = 0, λ = 1/4ω01 independently of the gate duration and
desired rotation angle. While we did not manage to prove
analytically that this crossing should appear, we understand
from the theory in Sec. II B and Appendix C that, if indeed
the crossing exists, it should occur at � = 0 as this indicates
that the σz terms in the first-order Magnus expansion integrate
to zero, which only leaves the zeroth-order correction terms in
which λ is independent of the drive strength. To verify that this

crossing exists for a wide range of parameters, we fix � = 0
and λ = 1/4ω01 and compute the error as a function of the
gate duration (in units of the number of Magnus periods) and
the desired rotation angle θ in Fig. 4(b). For each point, the
error is optimized using the same procedure as for Fig. 4(a).
We conclude that, for gate durations as short as 5.5 Magnus
periods, errors below 10−6 can be achieved by assuming that
� and λ are independent of the drive strength and by finding
the crossing of the low-error contours.

Finally, we highlight the usefulness of the crossing of these
error contours in the context of (experimental) calibration of
the pulse parameters. If the pulse parameters were calibrated
by first tuning λ and � to an arbitrary point on the low-error
contours, followed by optimization of the drive strength, the
resulting error would generally not be small. This is caused by
the fact that the low-error contours will move in the parameter
space spanned by λ and � when the drive strength is changed.
We recall that the dependence of the low-error contours on the
drive strength is shown in Fig. 4(a). If, instead, we set � = 0
and λ = 1/4ω01, we are at the drive strength independent
point of these low-error contours, such that we can optimize
the drive strength without moving off the low-error contour.
This significantly reduces the complexity of (experimental)
calibration of these pulse parameters, under the assumption
that there is no other source of coherent errors in the system.

D. Strongly anharmonic multilevel system

In this section, we derive and verify an additional correc-
tion term to the drive pulses arising from noncomputational
levels, i.e., levels | j〉 with j � 2. We truncate the system at
four levels under the assumption that the system is strongly
anharmonic and the coupling to higher levels is sufficiently
weak. For a fluxonium qubit, the even transitions are par-
ity forbidden at the operating point, such that we only
have to consider drive terms for odd transitions. The drive
Hamiltonian for such a system is a straightforward exten-
sion of Eq. (2) with the notable difference that we now
allow the drive frequency ωd (t ) to be time-dependent. We
expect that time modulating the drive frequency is in gen-
eral experimentally feasible due to our assumption that the
qubit frequency is low. The Hamiltonian in the rotating frame
V (t ) = exp{i ∑ j j(ωd (t )t + φ) | j〉 〈 j|} now becomes

H̃/h̄ =
∑

0< j<4

(ω0 j − jω′
d (t )) | j〉 〈 j|

+
∑

jk∈{01,12,23,03}
Ajk

x (t )η jkσ
jk

x + Ajk
y (t )η jkσ

jk
y . (17)

Here, ω′
d (t ) = ωd (t ) + tω̇d (t ), ω0 j is the energy of the

jth level, and η jk = | 〈 j| n̂ |k〉 |/| 〈0| n̂ |1〉 | is the relative drive
strength of the transition j ↔ k normalized by the drive
strength of the qubit transition, i.e., η01 = 1. In this work, we
focus on charge driving such that the relative drive strengths
are given by the matrix elements of the number-of-Cooper-
pairs operator n̂. Furthermore, σ

jk
x = | j〉 〈k| + H.c., σ

jk
y =

−i | j〉 〈k| + H.c., A01
x,y(t ) = A12

x,y(t ) = A23
x,y(t ) = Ax,y(t ), and

A03
x (t ) = cos(2ωd (t )t + 2φ)Ax(t )

− sin(2ωd (t )t + 2φ)Ay(t ),
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A03
y (t ) = cos(2ωd (t )t + 2φ)Ay(t )

+ sin(2ωd (t )t + 2φ)Ax(t ). (18)

The 03 drive term has a different time complexity in this
frame compared to the other drive terms because it does not
act on neighboring levels. We perform an adiabatic transfor-
mation to derive a first-order effective two-level Hamiltonian;
see Appendix D for more details. The effect of noncomputa-
tional levels can be suppressed by setting a time-dependent
detuning according to

�′
NCLs(t ) ≡ ω01 − ω′

d (t ) = E2
I (t ) + E2

Q(t )

2

(
η2

12

α2
− η2

03

α3

)
,

(19)
with α j = ω0 j − jω01. The detuning has a subscript “NCLs”
to highlight that it corrects for noncomputational levels and to
prevent confusion with the constant detuning used in Sec. II B
to correct for non-RWA errors. The corresponding detuning in
the laboratory frame can be found by solving the differential
equation in Eq. (19):

�NCLs(t ) = 1

t

∫
dt�′

NCLs(t ). (20)

Notice that, following Eq. (16), this correction term is
independent of the desired rotation angle and axis. As detailed
in Appendix D, the adiabaticity parameter of this transfor-
mation is max{η12�I/α2, η03�I/α3}. This implies that we
strictly require the relative anharmonicity of the system to
be much larger than the drive strength, i.e., α2/η12, α3/η03 �
�I . For the system studied here, �I/2π ∼ 100 MHz, η jk ∼
1–20, and α j/2π ∼ 1–5 GHz. Hence, the adiabaticity param-
eter can approach the order of unity, which compromises
the accuracy of the effective Hamiltonian. Therefore, we in-
troduce an additional pulse parameter ��, which rescales
�NCLs(t ) according to �NCLs(t ) �→ ���NCLs(t ) or equiv-
alently �′

NCLs(t ) �→ ���′
NCLs(t ). Additionally, we allow a

rescaling of the drive amplitude according to �I → ε�I .
To verify this correction term, we numerically minimize

the error between the time-evolution operator in the computa-
tional subspace for the two-level and four-level Hamiltonians
for a realistic fluxonium system as a function of �� and ε.
We fix EJ/h = 5 GHz and EL/h = 1 GHz and sweep EC

to make the fluxonium heavier or lighter. We also sweep the
drive strength by varying the gate duration tg. The fluxonium
energy levels and charge matrix elements corresponding to
these parameters can be found in Appendix D as well as the
optimized pulse parameters �� and ε. In Fig. 5(a), we do not
correct for the noncomputational levels by setting �� = 0 and
ε = 1, which we refer to as the uncorrected NCL error. In
Fig. 5(b), we plot the optimized error obtained by minimiz-
ing the error for each point as a function of �� and ε. We
find that not correcting for noncomputational levels results in
errors above 10−4 and that the correction term in Eq. (19)
can effectively suppress the influence from these levels for
the majority of the parameter range. However, for short gates
and heavy fluxonium parameters, the error increases sharply.
We attribute this to the higher-order terms in the adiabatic
transformation. In Fig. 5(c), we compute the leakage rate to
noncomputational levels for the optimized pulse parameters,

FIG. 5. Error between the time evolutions corresponding to a
four-level and a two-level system for a fluxonium qubit with EJ/h =
5 GHz, EL/h = 1 GHz, and as a function of EC and the gate duration
tg. The carrier phase is fixed to zero. (a) Error when not correcting for
the noncomputational levels, i.e., �� = 0 and ε = 1. (b) Optimized
error found by optimizing �� and ε for each point. (c) Leakage
to noncomputational states for the optimized parameters calculated
using Eq. (21). (d) Optimized �(t ) (solid lines) and �′(t ) (dashed
lines) calculated using Eqs. (19) and (20), respectively, for two points
in the parameter space as indicated in panel (b). Panels (a)–(c) are
plotted on the same x axis labeled in panel (b).

which we define as

γL(U ) = 1

6

∑
ψ f ∈{2,3}

∑
ψi∈{±x,±y,±z}

| 〈ψ f |U |ψi〉 |2. (21)

We see that leakage is negligible for this parameter range.
In Fig. 5(d), we illustrate the magnitude of the correction
term by plotting the time-dependent detunings in the labora-
tory frame and rotating frame for four different parameters
as indicated in Fig. 5(c). We emphasize that, as detailed in
Appendix D, all carrier-phase-dependent terms were dropped
in the derivation of the correction term in Eq. (19). In
Appendix D, we investigate the dependence of the error aris-
ing from the noncomputational levels on the carrier phase, and
conclude that it is negligible for the parameters used here.

We now have two corrections to the drive frequency ωd (t ):
a time-independent correction � that corrects for the non-
RWA terms as derived in Sec. II B and a time-dependent cor-
rection �NCLs(t ) that corrects for the noncomputational levels
as derived in this section. The combined time-dependent de-
tuning �tot(t ) = � + �NCLs(t ) is a straightforward sum of
these two contributions, such that we can write the time-
dependent drive frequency as

ωd (t ) = ω01 − �tot(t )

= ω01 − � − �NCLs(t ). (22)

We highlight that, in the following section, the time-
independent detuning � is calibrated directly, while the
time-dependent detuning �NCLs(t ) is calibrated through the
parameter ��.
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Time modulating the drive frequency comes at a cost,
since the nonstationary terms in the two-level Hamiltonian
also obtain a time-dependent drive frequency. In the deriva-
tion of the correction terms for the non-RWA terms in the
Hamiltonian in Secs. II A and II B, we assumed that the drive
frequency is time-independent. Setting a time-dependent drive
frequency therefore potentially compromises the accuracy of
the ideal pulse parameters calculated in this work. This chal-
lenge may be resolved by absorbing the time dependence of
ωd (t ) into the pulse shapes, similar to the approach detailed in
Appendix C, but we leave this for future work. We are
therefore forced to assume that the drive frequency varies
sufficiently slow such that we can assume that λ(t ) ∝
1/2ωd (t ) = 1/2(ω01 − � − �NCLs(t )). To prevent having to
time modulate λ, we absorb the time dependence into the
definition of the quadrature pulse envelope by multiplying
the definition of EQ(t ) in Eq. (9) by (ω01 − �)/(ω01 − � −
�NCLs(t )) and dividing λ by this same quantity:

EQ(t ) = λ
∂EI (t )

∂t

ω01 − �

ω01 − � − �NCLs(t )
, (23)

such that λ is time-independent and proportional to
1/2(ω01 − �).

III. EXPERIMENTAL IMPLEMENTATION

In a realistic experimental setting, in situ calibration
schemes are generally required to find the optimal pulse pa-
rameters. For scalable quantum computing, it is important
that these calibration schemes are efficient and experimentally
inexpensive [60]. In this context, a strongly desired feature of
calibration routines is that they are deterministic in the sense
that they are guaranteed to minimize the gate error provided
limited experimental resources. For the pulse shapes in this
work, it is challenging to formulate deterministic calibration
protocols, as the pulse parameters λ, �, and �� all correct
for coherent phase errors. Furthermore, it is not possible to
optimize each parameter sequentially due to the strong inter-
dependence of the parameters. For such pulse parameters, a
popular approach is to use optimized randomized benchmark-
ing for immediate tune-up (ORBIT) [61]. However, ORBIT
is relatively resource-intensive and nondeterministic since it
is based on a black-box minimization algorithm that may
not converge, motivating the formulation of more efficient,
deterministic calibration protocols.

To formulate deterministic calibration protocols, it is im-
portant to note that the non-RWA errors are completely
determined by the shape of the pulse and not by any other
system parameters. Thus, the optimal correction term can
be determined prior to the experiment independently of the
precise qubit parameters. The calibration could also be further
simplified by discarding certain types of errors under the
expectations that those errors will be small. We formulate
and implement three deterministic calibration protocols (P1,
P2, and P3) based on these two simplifications, and compare
them against the error achieved using ORBIT, which we refer
to as P4. Below, we detail each of the calibration protocols.
The errors they correct for and their experimental complexity
are summarized in Table I. We emphasize that none of the

TABLE I. Overview of the calibration protocols. For each proto-
col, we indicate whether it assumes the presence of non-RWA errors
or noncomputational levels, as well as an order of magnitude estimate
of the number of quantum circuits (No. of q. circs.) that must be
executed on the hardware as a measure of the time complexity of
the protocol. We note that the precise number of circuits required
depends, for instance, on the number of repetitions M of the pseu-
doidentity circuits and ORBIT’s rate of convergence.

Protocol Deterministic Non-RWA errors NCLs No. of q. circs.

P1 � × × ∼101

P2 � � × ∼103

P3 � Fixed � ∼102

P4 × � � ∼104

calibration protocols require the numerical computation of
correction terms.

(1) No errors: We assume that there will be no errors from
the non-RWA terms as well as from noncomputational levels
such that we only need to calibrate the drive strengths �I for
the π and π/2 gates.

(2) Non-RWA only: We calibrate for the non-RWA errors
by experimentally implementing the simulations shown in
Fig. 4(a). We measure a heatmap of the phase error as a
function of λ and � for the π and π/2 gates, and intersect
the low-error contours to find the optimal values for λ and �.
We still neglect the errors from noncomputational levels. We
calibrate the drive strength �I before and after calibrating λ

and �.
(3) Non-RWA and NCLs: We make use of the fact that the

non-RWA errors are completely determined by the shape of
the pulse, and should not depend on any system parameters
and hence do not require any calibration. We use the insights
from Sec. II C and fix λ = 1/4ωd and � = 0. We then cali-
brate for the noncomputational levels by minimizing the phase
error as a function of ��. We calibrate the drive strength �I

before and after calibrating ��.
(4) ORBIT: We implement ORBIT, which should find the

optimal pulse parameters for the pulse shapes used in this
work (as long as it is given sufficient resources and initial
guesses).

In protocols P2 and P3, we measure phase errors rather
than the total error [as done in Fig. 4(a)], as measuring
the total gate error is experimentally expensive. To calibrate
the phase errors as well as the drive strength in calibration
protocols P1–P3, we make use of pseudoidentity circuits. A
pseudoidentity circuit is a circuit that implements an iden-
tity when there are no errors in the operation. When there
are errors, they are amplified by repeatedly applying the
pseudoidentity circuit. For example, we use the pseudoiden-
tity circuit Xπ − Xπ to amplify over/under-rotations arising
mostly from incorrectly calibrating �I [62]. When repeating
this circuit M times, the measured signal will oscillate as
a function of M, where the oscillation amplitude and fre-
quency depend on the magnitude of the error. Specifically,
we use the difference between the maximum and minimum
measured signals as a metric for the magnitude of the error.
We additionally use the circuit Xπ/2 − Xπ/2 − Xπ/2 − Xπ/2 to
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calibrate the drive strength �I for the π/2 gate. In calibration
protocols P2 and P3, we use the circuits Xπ − Z − Xπ − Z
and Xπ/2 − Z − Xπ/2 − Z to amplify phase errors [63]. For
all circuits, the qubit is prepared in the |0〉 state. For the
under/over-rotation pseudoidentity circuits, the qubit is mea-
sured in the Y basis and for the phase-error pseudoidentity
circuits in the X basis.

We experimentally implement these protocols on a
98.97 MHz fluxonium qubit with average longitudinal re-
laxation time T1 = 75 µs and Hahn echo dephasing time
T2E = 37 µs. All experiments are averaged over the carrier
phase by incrementing the carrier phase by 1° in each rep-
etition of the circuit. The protocols are implemented with
gate durations tg of 13.3, 20, 26.7, 33.3, and 40 ns. If the
qubit is driven on resonance, the corresponding number of
Magnus periods Nc are 2.64, 3.96, 5.28, 6.60, and 7.92.
More details about the experimental setup can be found in
Appendix E.

In Figs. 6(a)–6(d), we plot the phase error heatmaps for
protocol P2 for tg = 26.7 ns. The heatmaps for the remaining
gate durations can be found in Appendix F. We also com-
pute these heatmaps numerically and find excellent agreement
with the experimental data for all gate durations. There are
two key differences between the experimental heatmaps in
Figs. 6(a)–6(d) and the numerical heatmaps for a two-level
system in Fig. 4(a). First, multiple low-error contours appear
in the experimental heatmaps, which is a result of measuring
only the phase errors rather than the total gate error. Nu-
merically, we find that only one of these contours (the ones
that intersect at � = 0) correspond to low gate errors, and
the other contours arise when the phase errors are so large
that they drive a full 2π rotation such that the pseudoidentity
circuit implements an identity. The second key difference is
that the low-error contours do not intersect at λ = 1/4ω01 but
at much lower values of λ, which is a clear indication that the
noncomputational levels cannot be neglected for this system.
As the low-error contours still intersect at � = 0, we optimize
λ by performing a one-dimensional sweep of the phase error
versus λ with � = 0.

Figures 6(e) and 6(f) show the calibration data for proto-
col P3 for tg = 26.7 ns. Specifically, we plot the phase error
measured using the phase-error pseudoidentity circuit as a
function of �� in Fig. 6(e). We recall that �� rescales the
time-dependent detuning provided in Eq. (19), and that this
correction term depends on the absolute drive strength �I .
Note that the experimentally optimized value of �� may
differ from the theoretically predicted value since we did not
calibrate a precise conversion factor between the amplitude
of the waveform generated at room temperature and the drive
strength at the device. In Fig. 6(f), we plot experimental re-
sults of the phase-error pseudoidentity circuit as a function
of the number of repetitions M for three points as indicated
in Fig. 6(e). The green point marks the calibrated value for
�� at which the phase errors are maximally suppressed.
As mentioned earlier, the phase error plotted in Fig. 6(e) is
defined simply as the difference between the maximum and
minimum measured points in Fig. 6(f). This definition is rather
susceptible to noise in a single point, causing the phase errors
in Fig. 6(e) to not drop exactly to zero.

FIG. 6. (a)–(d) Heatmaps of the phase error vs λ and � for
tg = 26.7 ns. The first (second) row contains the results for the π/2
(π ) gate and the first (second) column contains the experimental
(numerical) results. (e) Phase error in the π and π/2 gates as a
function of �� measured for protocol P3 for tg = 26.7 ns. (f) Results
of the phase-error pseudoidentity circuits for three different points
as indicated in panel (e). (g) Measured average gate fidelity using
RB for all gate durations and protocols. The solid line indicates the
coherence limit, and the dashed line indicates the measured average
incoherent error for protocol P3. ORBIT has only been run for
tg = 13.3 ns. (h) Error budget for tg = 26.7 ns. All error bars indicate
one standard deviation.

To characterize the fidelity of the operations, we per-
form randomized benchmarking (RB) [64–66] and purity
randomized benchmarking (PRB) [67] with 213 repetitions
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and 50 randomized Clifford sequences for each circuit depth
following all calibration protocols, of which the results are
shown in Fig. 6(g). RB and PRB provide the average gate
fidelity and average incoherent gate fidelity, respectively, and
we are most interested in the difference between these quanti-
ties as it is a measure for the magnitude of the coherent errors.
We also plot the coherence limit defined by [68,69]

Fdecoh = 1

2
+ 1

6
exp

(
− tg

T1

)
+ 1

3
exp

(
− tg

T2E

)
. (24)

From Fig. 6(g), it is apparent that the errors obtained using
protocol P1 are not coherence limited, indicating that there are
indeed large non-RWA errors and/or errors from noncompu-
tational levels that should be corrected. By comparing the RB
and PRB results, we see that the coherent errors for protocols
P2 and P3 are negligible for tg � 20 ns. However, we also
notice that the errors are not coherence limited. We ascribe
this to heating from the microwave pulses, as discussed in
Appendix F. For tg = 13.3 ns, none of the protocols achieve
coherence-limited fidelities. Furthermore, we see that the in-
coherent error is much larger than the coherence limit for this
gate duration. We attribute this to an increase in the variance
of the sequence fidelities of random Clifford circuits arising
from the increase in the dependence of the time evolution on
the carrier phase; see also Appendix F. We only run ORBIT
for tg = 13.3 ns, as protocols P2 and P3 already achieve neg-
ligible coherent errors for all the other gate durations. While
ORBIT improved the error compared to the deterministic cal-
ibration protocols, significant errors remain in the gate. Due
to the unreliable measurement of the incoherent error for this
gate duration, it is not possible to conclude whether these
remaining errors are coherent or incoherent.

For each gate duration and protocol, we numerically calcu-
late error budgets in order to estimate the minimum achievable
error for each protocol and to determine whether the error is
limited by non-RWA errors or noncomputational levels. To
calculate these error budgets, we simulate each calibration
protocol for a two-level system and for a four-level system.
The resulting error for the two-level system is the error as-
cribed to non-RWA errors, and the difference between the
errors for the four-level system and two-level system to non-
computational levels. Additionally, we calculate the leakage
error for the four-level system according to Eq. (21). We do
not simulate protocol P3 for a two-level system as there are no
higher levels to correct for, and we simply reuse the non-RWA
error from protocol P2.

The error budgets for tg = 26.7 ns are plotted in Fig. 6(h)
and the error budgets for the remaining gate durations can be
found in Appendix F. The first data group shows the measured
coherent error computed by subtracting the experimentally
measured average incoherent gate fidelity from the experi-
mentally measured average gate fidelity. Especially for the
lowest gate durations, this estimate can be inaccurate due to
the aforementioned increased dependence of the time evolu-
tion on the carrier phase. We therefore plot a second estimate
of the coherent error in the second data group by comput-
ing the difference between the average gate fidelity and the
numerically calculated decoherence error Edecoh = 1 − Fdecoh.
The accuracy of this second estimate of the coherent error
is limited due to the heating effects. The remaining three

data groups contain numerically computed estimates of the
non-RWA errors, errors from noncomputational levels, and
leakage errors, respectively. The total error rate estimated
numerically is the sum of the three error rates. Even though
we do not perform ORBIT experimentally for tg � 20 ns, we
still simulate it for all gate durations to show the minimum
achievable error using the pulse shapes developed in this
work.

From these error budgets, it is apparent that the error for
protocol P1 consists of an almost equal combination of non-
RWA errors and errors from noncomputational levels, and
that the total simulated coherent error matches well with the
measured coherent error. By using protocol P2, the non-RWA
errors are suppressed by 1–5 orders of magnitude depending
on the gate duration. The remaining error in protocol P2 is
limited by errors from higher levels, even though these errors
are also residually suppressed when compared to protocol P1.
This indicates that the quadrature signal can, to some extent,
also correct for the errors arising from the noncomputational
levels. For tg > 20 ns, protocol P3 can further suppress the
errors from higher levels by several orders of magnitude. For
shorter gate durations, we found protocol P3 to be ineffective
at improving the total error. Leakage is shown to be negligible
for all parameters used here. The error budgets further show
that ORBIT improves the total error by approximately 1.5
and 1 orders of magnitude compared to protocols P2 and
P3, respectively; see also Appendix F. This indicates that
the deterministic calibration protocols are very effective at
achieving errors that are close to the minimum achievable
error using the pulse shapes developed in this work. Fi-
nally, the error budgets indicate that, using these deterministic
calibration protocols consisting of relatively straightforward
experiments, it is possible to achieve coherent error rates
averaged over π and π/2 gates below 10−6 for tg � 26.7 ns,
which corresponds to 2.64 Larmor periods. We note that, as
can be seen in Appendix F, these errors are strongly limited by
the π gates, and we find that the error for the π/2 gates is 1–4
orders of magnitude smaller depending on the gate duration
and calibration protocol. This is a result from the exponential
increase in the error as the RWA becomes more invalid, as also
shown in Fig. 3.

IV. OUTLOOK

In this work, we have derived and verified solutions to two
challenges that arise when applying single-qubit operations
in a regime where the RWA does not hold. First, the time
evolution, which is now challenging to compute since the
Hamiltonian is no longer self-commuting, is calculated using
the Magnus expansion. We further Taylor expand the pulse
envelopes and restrict the integration windows to Magnus
intervals to derive expressions for the ideal pulse parameters.
The second challenge is that the time evolution now depends
on the carrier phase such that, in general, each operation
in a sequence of gates is different. We have shown that,
in the zeroth-order Magnus approximation, there exist pulse
parameters that correct exactly for the counterrotating terms
over the full gate duration independently of the carrier phase.
This important and somewhat surprising result enables the
implementation of high-fidelity operations beyond the RWA.
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We further derived the ideal pulse parameters in the first-
order Magnus approximation. We found that the analytically
calculated ideal pulse parameters match well with the numer-
ically optimized pulse parameters for the first-order Magnus
approximation. The phase insensitivity of the correction term
no longer holds in the first-order Magnus approximation. As
a result, the fixed correction term used in this work can no
longer correct for all coherent errors in the system, causing
the error to increase for short gate durations. When using
the correction terms in the full time evolution, we found that
there are non-negligible effects from higher-order terms that
compromise the accuracy of the calculated ideal pulse param-
eters. Our numerics show that the errors can be suppressed
effectively in two-level systems for gate durations longer than
5 Magnus periods. For shorter operations, we found that the
error increases exponentially. Achieving lower errors for gates
shorter than 5 Magnus periods may be achieved by restricting
to commensurate gates or by implementing circularly polar-
ized driving [25].

While the ideal pulse parameters derived in this work are
independent of the desired rotation axis, they depend strongly
on the desired rotation angle. We found that a reduction in the
dimensionality of the resulting optimization problem is pos-
sible due to the freedom to choose the start of the integration
windows t0 and carrier phase φ. This insight was fundamental
for the formulation of deterministic calibration protocols in
the experimental part of this work.

We derived and verified an additional correction term aris-
ing from noncomputational levels in a strongly anharmonic
four-level system, inspired by the fluxonium superconducting
qubit. We found that the influence from noncomputational
levels can be compensated by time modulating the drive fre-
quency. Even though the adiabaticity of the transformation
that was used to derive this correction term is compro-
mised, we found that this correction term is very effective
at correcting for the influence from noncomputational lev-
els for sufficiently high gate durations and light fluxonium
parameters. Time modulating the drive frequency techni-
cally invalidates the optimal pulse parameters derived for
the two-level system, since the derivations assume that the
drive frequency is time-independent. This challenge may be
resolved by absorbing the time dependence of the drive fre-
quency into the definition of the pulse envelopes, but this is
left for future work.

Our theoretical and numerical results enable fast tune-up
of single-qubit operations on low-frequency qubits such as the
fluxonium, which is crucial for scalable quantum computing.
We demonstrate this experimentally on a 98.97 MHz fluxo-
nium superconducting qubit using four calibration protocols.
Notably, the experimental implementation of the pulse shapes
derived in this work does not require any additional hard-
ware or calibration complexities compared to conventional
superconducting qubit measurement setups and calibration
schemes. Experimentally, we achieved a minimum error rate
of 3.8 × 10−4 for a gate duration corresponding to 1.98
Larmor periods. The error was limited by decoherence and
heating effects from the microwave pulses. The heating effects
could be mitigated by designing a less heavy fluxonium, by
improving the filtering of the drive lines or by switching to
flux driving. Switching to flux driving may additionally re-

duce the error from noncomputational levels, as the fluxonium
qubit levels couple much less strongly to noncomputational
levels through flux. In future work, it would be insightful to
study the experimental limits of the pulse shapes and calibra-
tion protocols developed in this work on an improved device
and setup.

Our numerically computed error budgets indicate that the
deterministic calibration protocol P3 is the best-performing
calibration protocol for the system studied in this work, as it
achieves errors similar to ORBIT while requiring 2 orders of
magnitude fewer quantum circuits. While it is clear from the
phase-error heatmaps measured for protocol P2 that the non-
computational levels cannot be neglected for this fluxonium,
it did achieve low gate errors, indicating that the non-RWA
correction term can also residually suppress errors from non-
computational levels. In future work, it would be interesting to
study the performance of this calibration protocol on a system
that can be more accurately modeled as a two-level system,
such as a fluxonium driven through its phase degree of free-
dom, as done in Ref. [25]. Finally, the error budgets show that,
using the pulse shapes developed in this work, coherent error
rates below 10−6 can be achieved for a gate duration of 2.64
Larmor periods, and that the remaining coherent error is a mix
between non-RWA errors and errors from noncomputational
levels. We were unable to verify this experimentally as these
error sources both give rise to coherent phase errors. In future
work, it would be insightful to derive a robust experimental
methodology that can separate non-RWA errors from errors
from noncomputational levels. This can further improve cal-
ibration efficiency and provide a more accurate prediction of
the limiting error source in the system.
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APPENDIX A: ZEROTH-ORDER MAGNUS EXPANSION

In this Appendix, we provide a detailed derivation of the pulse shape sQ(t ). The proof is inspired by the Magnus-Taylor
expansion introduced in Ref. [29]. Here, we only evaluate requirement (ii) of Eq. (10) since, as we will find, the pulse shape
sQ(t ) does not depend on the absolute drive strength �I . To satisfy requirement (ii), we need to solve integrals of the form

∫ b+

b−
dt1T [Ei(t1), t] cos(2ωdt1 + 2φ) =

∞∑
k=0

∂kEi(t )

∂t k

∫ b+

b−
dt1

(t1 − t )k

k!
cos(2ωdt1 + 2φ),

∫ b+

b−
dt1T [Ei(t1), t] sin(2ωdt1 + 2φ) =

∞∑
k=0

∂kEi(t )

∂t k

∫ b+

b−
dt1

(t1 − t )k

k!
sin(2ωdt1 + 2φ). (A1)

Here, T [Ei(t1), t] denotes the Taylor expansion of Ei at time t1 around time t , defined as

T [Ei(t1), t] =
∞∑

k=0

∂kEi(t )

∂t k

(t1 − t )k

k!
. (A2)

The integrals in Eq. (A1) can be computed by using integration by parts, and the solutions are

∫ b+

b−
dt1

(t1 − t )k

k!
cos(2ωdt1 + 2φ) =

0∑
k′=k

(
1

2ωd

)k−k′+1

γ1(k − k′, β )

[
(t1 − t )k′

k′!

]b+

t1=b−

≡ IC (k),

∫ b+

b−
dt1

(t1 − t )k

k!
sin(2ωdt1 + 2φ) = −

0∑
k′=k

(
1

2ωd

)k−k′+1

γ2(k − k′, β )

[
(t1 − t )k′

k′!

]b+

t1=b−

≡ IS (k), (A3)

with γ1,2(k, β ) defined in Eq. (13). Substituting Eqs. (A1) and (A3) in requirement (ii) in Eq. (10) gives

∞∑
k=0

∂kEQ(t )

∂t k

([
(t1 − t )k+1

(k + 1)!

]b+

t1=b−
− IC (k)

)
+

∞∑
k=0

∂kEI (t )

∂t k
IS (k) = 0. (A4)

We note that [(t1 − t )k′
/k′!]b+

t1=b− = 0 for k′ = 0, γ1(k + 1, β ) = γ2(k, β ), and

IS (k + 1) = − 1

2ωd
IC (k) − 1

2ωd
γ1(1, β )

[
(t1 − t )k+1

(k + 1)!

]b+

t1=b−
. (A5)

With this, we can rewrite Eq. (A4) as

∞∑
k=0

{[
(t1 − t )k+1

(k + 1)!

]b+

t1=b−

(
∂kEQ(t )

∂t k
− γ1(1, β )

2ωd

∂k+1EI (t )

∂t k+1

)
− IC (k)

(
∂kEQ(t )

∂t k
+ 1

2ωd

∂k+1EI (t )

∂t k+1

)}
= 0. (A6)

From here, it is natural to set EQ(t ) = λ∂EI (t )
∂t , since this allows for the straightforward derivation of a closed-form expression

for λ:

λ(EI (b+) − EI (b−)) − γ2(0, β )

2ωd

[
∂0EI (t1)

∂t0
1

]b+

t1=b−

−
∞∑

k=0

(
1

2ωd

)k+1

γ1(k, β )

(
1

2ωd
+ λ

)[
∂k+1EI (t )

∂t k+1

]b+

t1=b−

= λ(EI (b+) − EI (b−)) −
∞∑

k=0

(
1

2ωd

)k+1
{

λγ1(k, β )

[
∂k+1EI (t )

∂t k+1

]b+

t1=b−
+ γ2(k, β )

[
∂kEI (t )

∂t k

]b+

t1=b−

}
= 0. (A7)

Notice that Eq. (A7) is analogous to the result obtained in Eq. (12a).

APPENDIX B: SPECIAL PROPERTIES OF β = 0 AND SYMMETRIC INTEGRATION WINDOWS

In this Appendix, we derive the analytical solutions to Eq. (6) corresponding to β = 0 and symmetric integration windows
around t = tg/2. We start by deriving these solutions for β = 0 and we consider a slightly more general case in which gates start
at an arbitrary time τ0 such that the gate is applied from t = τ0 to t = τ0 + tg. t0 now represents the time relative to the start
time of the gate such that β = 2ωd (τ0 + t0) + 2φ. First, we show that requirement (ii) in Eq. (10) holds for an arbitrary time
interval [t0, t0 + t ′]. For β = 0, γ1(k, β ) and γ2(k, β ) are only nonzero for odd and even values of k, respectively, such that we
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can rewrite Eq. (12a) as

λ(sI (t0 + t ′) − sI (t0)) =
∞∑

k=0

{
(−1)kλ

(
1

2ωd

)2k+2
[

∂2k+2sI (t1)

∂t2k+2
1

]t0+t ′

t1=t0

+ (−1)k

(
1

2ωd

)2k+1[
∂2ksI (t1)

∂t2k
1

]t0+t ′

t1=t0

}
. (B1)

We see that, if we set λ = 1/2ωd , the first term in the sum at kth order is canceled by the second term in the sum at (k + 1)th
order. The only remaining term is the second term in the sum at k = 0, which cancels against the term on the first line. Hence,
for β = 0 and λ = 1/2ωd , requirement (ii) holds for an arbitrary interval [t0, t0 + t ′] in the zeroth-order Magnus approximation.
For requirement (iii) in Eq. (10), we can make a similar argument. Here, we will show that, on all relevant intervals,

(i)
∫ τ0+t0

τ0

dt1(EI (t1) cos(2ωdt1 + 2φ) + EQ(t1) sin(ωdt1 + 2φ)) = 0,

(ii)
∫ τ0+tg

τ0+t0+Nctc

dt1(EI (t1) cos(2ωdt1 + 2φ) + EQ(t1) sin(ωdt1 + 2φ)) = 0,

(iii)
∫ τ0+t0+ntc

τ0+t0+(n−1)tc

dt1(EI (t1) cos(2ωdt1 + 2φ) + EQ(t1) sin(ωdt1 + 2φ)) = 0, ∀ n, (B2)

such that, not only on the previously uncorrected intervals (i) and (ii) we require �I = �I,RWA, but also on the Magnus intervals
that we could correct already (iii). We first simplify the integrals with general bounds [t0, t0 + t ′]:∫ t0+t ′

t0

dt1(EI (t1) cos(2ωdt1 + 2φ) + EQ(t1) sin(ωdt1 + 2φ))

=
∞∑

k=0

(
1

2ωd

)k+1
{[

γ1(k, 2ωdt1 + 2φ)
∂ksI (t1)

∂t k
1

]t0+t ′

t1=t0

− λ

[
γ2(k, 2ωdt1 + 2φ)

∂k+1sI (t1)

∂t k+1
1

]t0+t ′

t1=t0

}

= 1

2ωd
(EI (t0 + t ′)γ1(0, 2ωd (t0 + t ′) + 2φ) − EI (t0)γ1(0, 2ωdt0 + 2φ))

?= 0. (B3)

To go from the second to the third line in Eq. (B3), we made use of the fact that γ1(k + 1, β ) = γ2(k, β ) such that each second
term in the sum at kth order cancels with the first term in the sum at (k + 1)th order if λ = 1/2ωd independently of the integration
bounds. Requirement (iii) in Eq. (B2) is straightforwardly satisfied given β = 0. Substituting the bounds for requirements (i)
and (ii) in Eq. (B3) gives

(i) (EI (τ0 + t0) sin(2ωd (τ0 + t0) + 2φ) − EI (τ0) sin(2ωdτ0 + 2φ)) = 0,

(ii) (EI (τ0 + tg) sin(2ωd (τ0 + tg) + 2φ) − EI (τ0 + t0 + Nctc) sin(2ωd (τ0 + t0 + Nctc) + 2φ)) = 0. (B4)

Since sin(2ωd (τ0 + t0)) = sin(2ωd (τ0 + t0 + Nctc) + 2φ) = sin(β ) = 0, requirements (i) and (ii) in Eq. (B2) are satisfied if
EI (τ0) = EI (τ0 + tg) = 0; i.e., the pulse envelope should be zero at the start and the end of the gate. This requirement is satisfied
for the cosine pulse envelopes in this work, and is generally satisfied for most pulse envelopes.

The proof for the analytical solutions to Eq. (6) in the case of symmetric integration windows follows similar steps, and relies
on the assumption that ∂kEI (t )

∂t k is symmetric (antisymmetric) around t = tg/2 for even (odd) k. Using this symmetry property,
γ1(k + 1, β ) = γ2(k, β ) and γ1(k + 2, β ) = −γ1(k, β ), we can rewrite Eq. (12a) as

0 =
∞∑

k=0

⎧⎨
⎩

(
1

2ωd

)2k+1

λγ1(2k, β )

[
∂2k+1sI (t1)

∂t2k+1
1

]b+

t1=b−

−
(

1

2ωd

)2k+2

γ1(2k, β )

[
∂2k+1sI (t1)

∂t2k+1
1

]b+

t1=b−

⎫⎬
⎭, (B5)

from which it is immediately clear that all terms cancel if λ = 1/2ωd . The symmetric (antisymmetric) terms in the remaining
time intervals t ∈ [τ0, b−] and t ∈ [b+, τ0 + tg] constructively (destructively) interfere, such that we only have to consider the
even time derivatives of sI (t ) on one of these intervals. We now obtain

λ(sI (b−) − sI (τ0)) =
∞∑

k=0

⎧⎨
⎩

(
1

2ωd

)2k+2

λγ1(2k + 1, β )

[
∂2k+2sI (t1)

∂t2k+2
1

]b−

t1=τ0

+
(

1

2ωd

)2k+1

γ1(2k + 1, β )

[
∂2ksI (t1)

∂t2k
1

]b−

t1=τ0

⎫⎬
⎭.

(B6)

Similarly as for Eq. (B1), if we set λ = 1/2ωd , all terms in the sum cancel against each other except for the second term at
k = 0, which cancels against the term on the first line. To show that we additionally require �I = �I,RWA on all three intervals,
we can readily use Eq. (B3). We immediately see that Eq. (B3) is satisfied by substituting the bounds of the three intervals,
adding the terms together, employing the symmetry of sI (t ) around t = tg/2, and by using that sI (τ0) = sI (τ0 + tg) = 0.
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Finally, we comment on an important difference between the analytical solutions for β = 0 and symmetric integration
windows. For the analytical solutions corresponding to β = 0, the RWA and non-RWA time evolutions intersect at t = t0 + ntc
for each n and also at the end of the gate, as also apparent from Fig. 2(d). For the analytical solutions corresponding to symmetric
integration windows this is not the case, and the only guarantee is that the time evolutions intersect at the end of the gate. This
difference in behavior arises from the fact that for β = 0 the non-RWA terms in the time evolution are actually corrected in real
time by the pulse parameters. However, for the symmetric integration windows this is not the case, as the asymmetric terms in
the time interval t ∈ [τ0, b−] cancel against those in the time interval t ∈ [b+, τ0 + tg].

APPENDIX C: FIRST-ORDER MAGNUS EXPANSION

In this Appendix, we calculate the pulse parameters in the first-order Magnus approximation. This involves solving slightly
more complicated expressions compared to the zeroth-order Magnus approximation. For example, for the detuning � we need
to solve

�

2
mtcσz = − i

2

∫ b+

b−
dt1

∫ t1

b−
dt1[AI (t1)σx + AQ(t1)σy, AI (t2)σx + AQ(t2)σy] =

∫ b+

b−
dt1

∫ t1

b−
dt1(AI (t1)AQ(t2) − AQ(t1)AI (t2))σz.

(C1)

Here, we again use general bounds b− = t0 + (n − m)tc and b+ = t0 + ntc. The double integrals in Eq. (C1) are computed
using the same approach as in the zeroth-order Magnus approximation in order to obtain expressions for the integrals as infinite
series. Importantly, the terms in these sums now scale with (2/Nc)k compared to (1/Nc)k in the zeroth-order Magnus terms. This
change in scaling arises from terms such as E2

I (t ) ∼ cos(4πt/tg), which oscillate twice as fast as the original pulse envelope
terms. Consequently, the pulse parameters can only be calculated for Nc > 2, as for Nc � 2 the terms in these sums do not
converge. This logic extends to higher-order Magnus terms, since the nth-order Magnus term contains terms such as En

I (t ) ∝
cos(2(n + 1)πt/tg). Hence, to derive the pulse parameters in the nth-order Magnus approximation, we require Nc > n + 1 to
ensure all the infinite series converge. This does not imply that solutions for the ideal pulse parameters do not exist in the
nth-order Magnus approximation for Nc � n + 1. For example, it is possible to evaluate the integrals in Eq. (C1) for Nc < 2
using a similar approach but by swapping the roles of the oscillating terms and pulse envelopes in integration by parts such that
the terms in the infinite series scale with (NC/2)k .

To compute the first-order correction terms, we make use of the following general solutions to the double integrals in Eq. (C1):∫ b+

b−
dt1 f (t1)

∫ t1

b−
dt2g(t2) sin(2ωdt2 + 2φ)

=
∞∑

k1=0

(
1

2ωd

)k1+1

γ2(k1, β )
∂k1 g(t )

∂t k1

∣∣∣∣
t=b−

∫ b+

b−
dt1 f (t1)

−
∞∑

k1=0

∞∑
k2=0

(
1

2ωd

)2+k1+k2

(−1)�
k1+2

2 �(χ+(k1)γ1(k2, β ) − χ−(k1)γ2(k2, β ))

[
∂k2

∂t k2

(
f (t )

∂k1 g(t )

∂t k1

)]b+

t=b−
, (C2a)

∫ b+

b−
dt1 f (t1)

∫ t1

b−
dt2g(t2) cos(2ωdt2 + 2φ)

= −
∞∑

k1=0

(
1

2ωd

)k1+1

γ1(k1, β )
∂k1 g(t )

∂t k1

∣∣∣∣
t=b−

∫ b+

b−
dt1 f (t1)

+
∞∑

k1=0

∞∑
k2=0

(
1

2ωd

)2+k1+k2

(−1)�
k1
2 �(χ−(k1)γ1(k2, β ) − χ+(k1)γ2(k2, β ))

[
∂k2

∂t k2

(
f (t )

∂k1 g(t )

∂t k1

)]b+

t=b−
, (C2b)

∫ b+

b−
dt1g(t1) sin(2ωdt1 + 2φ)

∫ t1

b−
dt2 f (t2)

= −
∞∑

k=0

(
1

2ωd

)k+1

γ2(k, β )

([
∂k

∂t k
(g(t ) f (1)(t ))

]b+

t=b−
− f (1)(b−)

[
∂kg(t )

dtk

]b+

t=b−

)
, (C2c)

∫ b+

b−
dt1g(t1) cos(2ωdt1 + 2φ)

∫ t1

b−
dt2 f (t2)

=
∞∑

k=0

(
1

2ωd

)k+1

γ1(k, β )

([
∂k

∂t k
(g(t ) f (1)(t ))

]b+

t=b−
− f (1)(b−)

[
∂kg(t )

dtk

]b+

t=b−

)
, (C2d)
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∫ b+

b−
dt1

∫ t1

b−
dt2 f (t1) sin(2ωdt1 + 2φ)g(t2) sin(2ωdt2 + 2φ)

=
∞∑

k=0

− (−1)�
k−1

2 �

2

(
1

2ωd

)k+1

χ−(k)
∫ b+

b−
dt f (t )

∂kg(t )

∂t k

+
∞∑

k1=0

∞∑
k2=0

(
1

2ωd

)k1+k2+2
{(

1

2

)k1+2

(χ−(k2)γ1(k1, 2β ) + χ+(k2)γ2(k1, 2β ))

[
∂k1

∂t k1

(
f (t )

∂k2 g(t )

∂t k2

)]b+

t=b−

− γ2(k1, β )γ2(k2, β )
∂k2 g(t )

∂t k2

∣∣∣∣
t=b−

[
∂k1 f (t )

∂t k1

]b+

t=b−

}
, (C2e)

∫ b+

b−
dt1

∫ t1

b−
dt2 f (t1) sin(2ωdt1 + 2φ)g(t2) cos(2ωdt2 + 2φ)

=
∞∑

k=0

(−1)�
k
2 �

2

(
1

2ωd

)k+1

χ+(k)
∫ b+

b−
dt f (t )

∂kg(t )

∂t k

+
∞∑

k1=0

∞∑
k2=0

(
1

2ωd

)k1+k2+2
{(

1

2

)k1+2

(−χ+(k2)γ1(k1, 2β ) − χ−(k2)γ2(k1, 2β ))

[
∂k1

∂t k1

(
f (t )

∂k2 g(t )

∂t k2

)]b+

t=b−

+ γ2(k1, β )γ1(k2, β )
∂k2 g(t )

∂t k2

∣∣∣∣
t=b−

[
∂k1 f (t )

∂t k1

]b+

t=b−

}
, (C2f)

∫ b+

b−
dt1

∫ t1

b−
dt2 f (t1) cos(2ωdt1 + 2φ)g(t2) sin(2ωdt2 + 2φ)

=
∞∑

k=0

− (−1)�
k−1

2 �

2

(
1

2ωd

)k+1

χ+(k)
∫ b+

b−
dt f (t )

∂kg(t )

∂t k

+
∞∑

k1=0

∞∑
k2=0

(
1

2ωd

)k1+k2+2
{(

1

2

)k1+2

(−χ+(k2)γ1(k1, 2β ) + χ−(k2)γ2(k1, 2β ))

[
∂k1

∂t k1

(
f (t )

∂k2 g(t )

∂t k2

)]b+

t=b−

+ γ1(k1, β )γ2(k2, β )
∂k2 g(t )

∂t k2

∣∣∣∣
t=b−

[
∂k1 f (t )

∂t k1

]b+

t=b−

}
, (C2g)

∫ b+

b−
dt1

∫ t1

b−
dt2 f (t1) cos(2ωdt1 + 2φ)g(t2) cos(2ωdt2 + 2φ)

=
∞∑

k=0

(−1)�
k
2 �

2

(
1

2ωd

)k+1

χ−(k)
∫ b+

b−
dt f (t )

∂kg(t )

∂t k

+
∞∑

k1=0

∞∑
k2=0

(
1

2ωd

)k1+k2+2
{(

1

2

)k1+2

(χ−(k2)γ1(k1, 2β ) − χ+(k2)γ2(k1, 2β ))

[
∂k1

∂t k1

(
f (t )

∂k2 g(t )

∂t k2

)]b+

t=b−

− γ1(k1, β )γ1(k2, β )
∂k2 g(t )

∂t k2

∣∣∣∣
t=b−

[
∂k1 f (t )

∂t k1

]b+

t=b−

}
. (C2h)

Here, g(1)(t ) denotes the first antiderivative of g(t ). Solving
for the ideal pulse parameters using these general solutions
is still challenging, since Eq. (C2) together with Eq. (12)
forms a very nonlinear system of equations. For example,
the integrals in Eq. (C2) define the detuning, but they them-
selves depend on the detuning since the integration windows
depend on ωd as well as �I and λ that depend on ωd

in a similar way. Therefore, we use fixed-point iteration

to obtain the pulse parameters, which we find to converge
well.

After solving and numerically verifying the correction
terms in the first-order Magnus approximation, we found the
calculated pulse parameters to be highly inaccurate. This is
caused by non-negligible effects from terms outside the inte-
gration windows, i.e., with t ∈ [0, t0] ∪ [t0 + Nctc, tg]. We find
this effect to be most prominent in the first-order corrections
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to λ. Consider, for example, the term

ζ1(b−, b+) = �

2

∫ b+

b−
dt1

∫ t1

b−
dt2(EI (t1) − EI (t2)). (C3)

This term integrates exactly to zero over the entire dura-
tion of the gate, i.e., ζ1(0, tg) = 0, but is nonzero and on the
same order as the correction terms in the zeroth-order Magnus
approximation for other values of b− and b+. This severely
compromises the accuracy of the calculated ideal pulse pa-
rameters, as we are effectively correcting for a term that
trivially integrates to zero. To resolve this issue, we split the
carrier signal into two terms: one term that is commensurate
with the gate duration and a term that is incommensurate. We
then absorb the incommensurate term into the pulse envelopes
and define the commensurate term as the carrier signal. This
enables integrating over the full time evolution for arbitrary
gate durations and drive frequencies at the cost of slower
convergence of the infinite series expressions for the pulse
parameters. Concretely, we rewrite

E (t ) cos(2ωdt + 2φ)

= E (t )(cos(2ω̂dt + 2φ̂) cos(2ω̃dt + 2φ̃)

− sin(2ω̂dt + 2φ̂) sin(2ω̃dt + 2φ̃)),

E (t ) sin(2ωdt + 2φ)

= E (t )(sin(2ω̂dt + 2φ̂) cos(2ω̃dt + 2φ̃)

+ cos(2ω̂dt + 2φ̂) sin(2ω̃dt + 2φ̃)). (C4)

Here, the oscillating terms ∝ω̂d take the role of carrier
signal, while we absorb the oscillating terms ∝ω̃d into the
pulse envelope, here denoted in a general form as E (t ). We
also redefine the carrier phase to ensure that the updated
pulse envelopes maintain the (anti)symmetric properties of
their derivatives around t = tg/2, although this is not strictly
necessary. More specifically, we have N̂c = �tgωd/π�, ω̂d =
π N̂c/tg, ω̃d = ωd − ω̂d , φ̃ = −ω̃dtg/2, and φ̂ = φ + ω̃dtg/2.
Here, �·� denotes rounding to the nearest integer. Notice that
|ω̃d | � π/2tg, such that the infinite series expressions will
still converge as long as Nc > 2 for the zeroth-order Mag-
nus approximation and Nc > 3 for the first-order Magnus
approximation. The pulse parameters calculated in Fig. 3 are
computed up to 15th order in 3/Nc. Using this substitution, we
can force the carrier signal to be commensurate with the gate
duration, such that we can always integrate over the full gate
duration and we are no longer limited by Magnus intervals.
While it may seem as if we effectively lose the t0 degree of
freedom here, this is not the case. This degree of freedom
is expressed through the choice of dividing the total carrier
phase φ between φ̃ and φ̂. Here, this division is fixed to
maintain the symmetry properties of the pulse envelopes. To
compute the ideal pulse parameters, we need to minimize the
gate error averaged over all carrier phases as a function of the
pulse parameters; i.e., we need to solve minP (φ) Eφ[Error(φ)].
This is highly nontrivial, and we simply compute the ideal
pulse parameters by averaging over the carrier phases: P =
Eφ[P (φ)].

APPENDIX D: MODELING A STRONGLY ANHARMONIC
SYSTEM AS A TWO-LEVEL SYSTEM

Modeling a strongly anharmonic system, such as the flux-
onium, as a two-level system requires the derivation of an
effective Hamiltonian in the computational subspace of the
four-level Hamiltonian given in Eq. (17). We perform an adi-
abatic elimination using

H̃eff(t ) = e−iS(t )H̃ (t )eiS(t ) + ∂S(t )

∂t

= H̃ (t ) − i[S(t ), H̃ (t )] + 1

2
[S(t ), [S(t ), H̃ (t )]] + . . .

+ ∂S(t )

∂t
,

S(t ) = −η12Ay(t )

α2
σ 12

x + η12Ax(t )

α3
σ 12

y

− η03A03
y (t )

α3
σ 03

x + η03A03
x (t )

α3
σ 03

y . (D1)

Neglecting terms O(S2) and higher, the effective Hamilto-
nian becomes

H̃eff(t ) = (ω1 − ω′
d + �′(t )) |1〉 〈1|

+
∑

jk∈{01,02,13}
Ajk

x (t )ηi jσ
jk

x + Ajk
y (t )η jkσ

jk
y ,

�′(t ) = E2
I (t ) + E2

Q(t )

2

(
η2

03

α3
− η2

12

α2

)
, (D2)

where we have neglected all nonstationary terms in �′(t ).
Notice that �′(t ) in Eq. (D2) is equal to Eq. (19) up to a
change in sign. Here, we have essentially solved the opposite
problem compared to the main text: We calculated how the
drive terms in the two-level Hamiltonian change due to the
effect from higher levels. However, we are interested in the
opposite problem: How do we need to change the pulse pa-
rameters in the four-level Hamiltonian such that we can model
the system by the two-level Hamiltonian in Eq. (4), explaining
the change in sign.

Notice that, due to the strong coupling of the higher-order
transitions in the fluxonium qubit, the adiabaticity of this
transformation is compromised, as |EI (t )η j/α j | can approach
the order of unity. This explains why the error in Fig. 5(b) is
large for short gate durations and heavy fluxonium parame-
ters.

In the main text, we optimized �� and ε such that we
can model the fluxonium by a two-level system as a function
of the gate duration and EC . In Figs. 7(a) and 7(b), we plot
the fluxonium parameters belonging to this range of EC’s.
In Figs. 7(c) and 7(d), we plot the fitted parameters �� and
ε. We see that, for the majority of the parameter range, the
fitted parameters are close to 1, showing that the adiabatic
transformation derived in this section effectively captures the
effect from higher-order levels for this parameter range.

In deriving Eq. (D2), we dropped all nonstationary drive
terms. In addition to being nonstationary, these terms also
depend on the carrier phase φ. Importantly, these terms are not
dropped in our numerical evaluation of the time evolution, and
the optimized error plotted in Fig. 5(b) and the corresponding
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FIG. 7. Fluxonium parameters and pulse parameters for the re-
sults shown in Fig. 5. Panels (a) and (b) show the energy levels
and relative drive strengths as a function of EC , respectively. Panels
(c) and (d) show the optimized parameters �� and ε, respectively.
In panels (e) and (f), we show the dependence of the error on the
carrier phase. For each point, we use the pulse parameters optimized
for the carrier phase φ = 0 shown in panels (c) and (d), and compute
the error for a range of 12 carrier phases. The mean and maximum
error for this range of carrier phases are plotted in panels (e) and (f),
respectively.

optimized pulse parameters shown in Figs. 7(c) and 7(d) were
specifically calculated for φ = 0. To investigate the additional
error arising from these terms, we plot the mean and maxi-
mum error as a function of the carrier phase in Figs. 7(e) and
7(f). For each point, we use the optimized pulse parameters
for φ = 0 shown in Figs. 7(c) and 7(d), and calculate the error
for a range of N = 12 carrier phases selected according to
Eq. (15). We see that for low values of EC , corresponding to
heavy fluxoniums with a qubit frequency below 100 MHz, an
additional small error arises from the carrier-phase-dependent
drive terms. When comparing Figs. 7(e) and 7(f) to Fig. 5(b),
we see that the carrier-phase dependence only marginally
influences the threshold in terms of tg and EC at which the
error from noncomputational levels is above 10−6.

APPENDIX E: DEVICE AND EXPERIMENTAL SETUP

The fluxonium qubit on which the experiments were
performed was part of a two-fluxonium system in which
the fluxoniums are coupled by a tunable transmon. We

FIG. 8. (a) Schematic of the electronic setup used in the exper-
iments. (b) False-colored image of the device. The two fluxonium
qubits are shown in blue, and the tunable transmon in green. The
charge and flux lines are shown in pink and purple, respectively,
and the pad of the readout resonator is shown in brown. (c) Optical
microscope image of the fabricated device.

experimentally obtained the fluxonium’s energy parame-
ters as EC/h = 0.88 GHz, EL/h = 0.50 GHz, and EJ/h =
4.92 GHz. The fluxonium is capacitively coupled to a
4.993 GHz resonator used for dispersive readout. For more
details on the device, we refer the reader to Ref. [73]. A
false-colored image of the device is shown in Fig. 8(b)
and an optical microscope image is shown in Fig. 8(c).
During these experiments, both fluxoniums were parked at
ϕext = 0.5 and the transmon was at a flux bias point that
suppressed the residual zz interaction between the fluxo-
niums. Specifically, we measure a residual zz interaction
of 0.5 ± 2 kHz.

The device was cooled down in a Bluefors LD400 di-
lution refrigerator to a base temperature of 8 mK. The
device is protected from electromagnetic noise by an
aluminum shield that is placed directly on top of the
printed circuit board. The device is further protected from
thermal and electromagnetic noise by one copper can
and two MuMETAL cans. The full electronic setup is
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displayed in Fig. 8(a). To flux-bias the qubits, we use an
in-house made DC current generator. The qubit drive pulses
were generated by a Zurich Instruments HDAWG at a sam-
pling rate of 2.4 GS/s. Given the low frequency of the
fluxonium qubit, no upconversion of the drive pulses is re-
quired. Due to the challenges with microwave heating in
this experiment, we do not use an active reset such as
a sideband reset [43]. Instead, we make use of postselec-
tion, in which each circuit is preceded by a measurement
to determine the state of the qubit at the start of the
circuit. To counteract heating from the drive pulses, this ini-
tial measurement is preceded by a delay time of 700 µs.
There is another 7 µs delay between the initial measurement
and the start of the actual circuit to ensure the readout res-
onator is depleted again. The readout pulses are generated
and analyzed by the Zurich Instruments UHFQA. They are
upconverted using the Zurich Instruments HDIQ mixer with
an LO signal from the AnaPico APMS20G-4. All signals pass
through a series of filters, attenuators, and in-house made Ec-
cosorb IR filters. The output signal passes through a series of
cryogenic dual-junction isolators, a cryogenic HEMT (LNF-
LNC4_8C), a room-temperature HEMT (LNF-LNR4_8ART),
and through a 23-dB amplifier (Mini-Circuits ZRON-8G+)
before being demodulated and passing through one more
amplifier (Mini-Circuits GALI-3+).

APPENDIX F: EXTENDED DATA

1. Heating and incoherent errors

Here, we elaborate on the discrepancy between the in-
coherent error rate measured using PRB and the expected
incoherent error from decoherence processes. For tg � 20 ns,
we suspect that the majority of the discrepancy arises from
heating from the microwave pulses. To verify this, we mea-
sure the RB sequence fidelity for a sequence length of
M = 750 and for tg = 20 ns as a function of the delay
time before the postselection measurement, of which the
results are shown in Fig. 9(a). We see that the sequence
fidelity improves by increasing the delay time, which is
very typical for microwave heating. For the experiments pre-
sented in this work, the delay time was fixed to 700 µs.
However, we found that significant effects from heating re-
mained. To highlight this, we plot the difference between
the measured RB sequence fidelities and the fitted expo-
nential decay curve for the RB experiments performed for
protocols P2 and P3 and for all gate durations tg � 20 ns
in Fig. 9(b). We see that the data consistently deviate from
an exponential decay curve. The sequence fidelities for short
sequence lengths are higher than the fitted exponential de-
cay, whereas the sequence fidelity for longer sequences is
lower than the fitted exponential decay. This is an indica-
tion that there is still significant heating from the microwave
pulses that increases the error rate as a function of the
sequence length.

For the 13.3 ns gate, the discrepancy between the in-
coherent error measured using PRB and estimated from
decoherence is much higher than that for the other gate du-
rations. We ascribe this to the increased dependence of the

FIG. 9. (a) RB sequence fidelity for M = 750 and tg = 20 ns as
a function of the initial delay time. (b) Difference between the mea-
sured sequence fidelities and the fitted exponential decay curve for all
RB measurements of protocols P2 and P3 with tg � 20 ns. (c) Purity
RB decay curves for tg = 13.3 ns with and without averaging each
circuit over the carrier phase. The markers indicate the measured
data, and the solid line the fitted exponential decay curve.

time evolution on the carrier phase. PRB essentially mea-
sures the decay of the variance of the sequence fidelities of
random Clifford circuits. It takes advantage of the fact that
incoherent errors reduce this variance, while coherent errors
do not. For an increasing amount of non-RWA errors, the
dependence of the time evolution on the carrier phase also
increases. We suspect that, since we average each circuit
over the carrier phase by incrementing the carrier phase by
1° for each repetition of the circuit, this increasing depen-
dence on the carrier phase amounts to an increase in the
decay of the variance of the sequence fidelities. To verify
this, we measure PRB for a 13.3 ns gate in Fig. 9(c) with
and without averaging over the carrier phases. Specifically,
we plot the normalized purity P = √〈σx〉2 + 〈σy〉2 + 〈σz〉2

versus the sequence length M. If we average over the carrier
phase, we measure an incoherent error rate of 1.7 × 10−3.
By disabling this averaging and measuring each circuit only
for one specific carrier phase, the measured incoherent er-
ror rate improves significantly to 0.8 × 10−3. We conclude
that the increase in the variance of the coherent error com-
promises the accuracy of the incoherent error rate measured
using PRB.

2. Phase-error heatmaps

In Fig. 10, we plot the phase-error heatmaps for the
remaining gate durations. We plot heatmaps for π rota-
tions as well as for π/2 rotations. We further verified these
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FIG. 10. (a)–(d), (i)–(l) All remaining experimental heatmaps and (e)–(h), (m)–(p) all the remaining numerical heatmaps of the phase error
as a function of the PPP λ and the detuning �, respectively. Panels (a), (b), (e), and (f) contain the results for the 40 ns gate; panels (c), (d),
(g), and (h) for the 33.3 ns gate; panels (i), (j), (m), and (n) for the 20 ns gate; and panels (k), (l), (o), and (p) for the 13.3 ns gate. Panels (a),
(c), (e), (g), (i), (k), (m), and (o) contain results for the π/2 gates, and panels (b), (d), (f), (h), (j), (l), (n), and (p) for the π gates.

heatmaps by simulating the experiments numerically. We
find very good correspondence between the experimental
and numerical heatmaps. Simulating the phase-error pseu-
doidentity circuits raises a computational challenge. If the
RWA holds, each operation only needs to be solved once
for a specified value of λ and �. Here, due to the de-
pendence of the time evolution on the carrier phase, every
operation in a circuit is different and needs to be simulated
separately. Since we additionally average the experimentally
executed circuits over the initial carrier phase, simulat-
ing these experiments is a computationally expensive task.
Therefore, for each gate duration, we numerically solve
the four-level time evolution for a set range of 41 val-
ues for the detuning �, PPP λ, and carrier phase φ each.
We then truncate the time evolution to the qubit subspace
and fit the rotation angle and axis. We linearly interpo-
late those values to obtain the time evolution for arbitrary
values of �, λ, and φ. This significantly reduces the to-
tal number of time evolutions that need to be solved to
approximately 1.4 million, for which we make use of an
high-performance cluster [70].

3. Error budgets

Figures 11(a)–11(e) show the error budgets for all
protocols and all gate durations. The procedure for computing
the error budgets is outlined in the main text. Figure 11(f)
shows the total estimated coherent error for π and π/2 gates
individually. Depending on the gate duration and calibration
protocol, the π/2 gates achieve coherent errors that are 1–4
orders of magnitude smaller than the π gates. This is ascribed
to the exponential increase in the coherent error when the
RWA becomes increasingly invalid. Therefore, it is possible
to achieve lower coherent errors for shorter gate durations
by using a universal gate set that is made up of only π/2
gates. Finally, Fig. 11 shows that the deterministic calibration
protocols P2 and P3 achieve error rates averaged over the π

and π/2 gates that are typically within 1.5 and 1 orders of
magnitude of the errors computed with protocol P4, respec-
tively. This shows that the deterministic calibration protocols
are very effective at achieving error rates that are close to the
minimum achievable error using the pulse shapes developed in
this work.
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FIG. 11. (a)–(e) Error budgets for all gate durations. (f) Total estimated coherent error for the π/2 gates (dashed lines) and π gates (solid
lines). Panels (a)–(e) are plotted on the same x axes labeled in panels (c) and (e).
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