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Abstract

In this paper we derive the distribution of the total downtime of a repairable system during
a given time interval. We allow dependence of the failure time and the repair time. The
results are presented in the form of Laplace transforms which can be inverted numerically.
We also discuss asymptotic properties of the total downtime.
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1. Introduction

Consider a repairable system which is at any time either in operation (up) or under repair
(down) after failure. The effectiveness of the system can be measured by the total uptime (or
downtime), i.e. the total amount of time the system is up (or down) during a given time interval.
An expression for the cumulative distribution function (CDF) of the total downtime up to a
given time ¢ has been derived by several authors using different methods. Takacs [9] used a
set theoretic method. The derivation of Muth [5] is based on consideration of the excess time.
Finally, Funaki and Yoshimoto [3] derived the CDF of the total downtime by a conditioning
technique. Srinivasan et al. [8] derived an expression for the probability density function (PDF)
of the total uptime of the system up to time #. They also discussed its covariance structure.
For a longer time interval, Takacs [9] and Rényi [6] proved that the distribution of the total
downtime approaches a normal distribution. Takdcs [9] also discussed asymptotic mean and
variance of the total downtime. In all these papers it is assumed that the failure time and the
repair time are independent.

In this paper we use a different method for computation of the distribution of the total
downtime. We also consider a more general situation where we allow dependence of the failure
time and the repair time. Our derivation is based on a representation of the total downtime as
a functional of a Poisson point process.

This paper is organized as follows. In Section 2 we define the total downtime and derive
its distribution in a fixed time interval. In Section 3 we study the covariance structure and
asymptotic properties of the total downtime and in Section 4 we give an example.
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2. Distribution of total downtime

We consider a repairable system which is at any time either in operation (up) or under repair
(down) after failure, denoted as 1 and O respectively. Suppose that the system starts to operate
attime t = 0. Let (X;) and (Y;), i > 1, denote the time spent in the states 1 and O respectively
during the ith visit to that state. The random variables X; and Y; are known as the failure time
and the repair time respectively. We assume that the sequence (X;, ¥;) of random vectors is
independent and identically distributed (i.i.d.) with strictly positive components. However, our
set-up is more general than that in [3], [5], [6], [8], [9], as we allow X; and Y; to be dependent.

LetS, =) (X;+Y;)forn > 1and Sy =0,andlet N(tr) = sup{n > 0: S, <t}. Then
the total downtime D(z) can be expressed (with the usual convention that the empty sum
equals 0) as

Z Y; if Sney <t < Sney + XN@)+1s

N(@)+1

t— Z Xi fSne +Xne+1 <t < Sneoy+1-
i=1

Denote the state of the system at time ¢ by Z(¢). We assume that Z () is right continuous.
Then the total downtime D(¢) can also be expressed as

D) = /Ot 1(0)(Z(s)) ds. (1)
Throughout this paper we will use the following notation for CDFs:
F(x) =P(X1 < x),
G(y) =PI =),
H(x,y) =P(X1 =x,¥1 =),
Kw)=P(X; +7Y; <w).

We write F,, and G,, for the CDFs of ) _, X; and > |, ¥; respectively. The Laplace—Stieltjes
transforms of a CDF F and a joint CDF H will be denoted by F* and H* respectively, i.e. for
o, f >0,

F*(a) = / e ““dF(x)
0

and
o o
H*(a,,B)Z/ / e” @B dH (x, y).
0 0

We will use point processes for the derivation of the distribution of the total downtime D ().
Let (2, ¥, P) be the probability space on which the i.i.d. sequence (X;, Y;) is defined and also
an i.i.d. sequence (U;, i > 1) of exponentially distributed random variables with parameter 1
such that the sequences (U;) and (X;, Y;) are independent. Let (7,,, n > 1) be the sequence of
partial sums of the variables U;. Then the map

o0
D> Y ST w). X (@), V()

n=1
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where §(y ;) is the Dirac measure in (x, y, z), defines a Poisson point process on E = [0, 00) x
[0, o0) x [0, co) with intensity measure v(dz dx dy) = df dH (x, y); see e.g. [7, p. 135]. Note
that, for almost all w € 2, ®(w) is a simple point measure on E such that there is at most one
point from the support of ®(w) on each set {t} x [0, c0) x [0, 00). Let M, (E) be the set of all
point measures on £. We will denote by P,, the distribution of ® over M, (E).

For t € [0, 00), define on M, (E) the functionals

AxO () = /E * 10,0 ()pe(ds dx dy),

Ay () (n) = /Eyl[o,z)(S)u(ds dx dy),

and
A () == Ax (H)() + Ay (D) (w).

So, for example, A(#)(w) is the sum of the x- and the y-coordinates of the points in the set of
supp N[0, ¢] x [0, 0o) x [0, 00), where supp 1 = {(s, x, ¥) : u{(s, x, ¥)} > 0}. In the sequel
we will write Ay (¢, n) for Ax(#)(n) and similarly for Ay (#)(u) and A(#)(w). Define also for
t>0

B(t)(n) := /E{l[o,x)(t — A(s, ) Ay (s, 1)

+ 1y gy (8 — A(s, )t — Ax (s+, )1} u(ds dx dy),
where Ay (s+, u) = f g X 1j0,5(r)pu(dr dx dy). In the next lemma we explain the meaning of
B(1).
Lemma 1. With probability 1,
D(t) = B(t) (D).

Proof. Let w € Q2 such that ®(w) is a simple point measure on E with at most one point
of supp i on each set {t} x [0, 00) x [0, 00). As noted before, the set of these points has
probability 1. Then

]

B)(P(@) = Y {110, (t — A(Ti (@), D(@)) Ay (T; (@), P (w))

i=1
+ 11X, (@), X: @)+ (@) — A(T; (@), D(@)[ — Ax(T; (@)+, P(@))]}.
Note that
1o, x; () (t — A(Ti (), D(w))) =1
implies that i = N (¢, w) + 1. Similarly, if
1x; (), X; @)+ 7: (0) (t — A(Ti (), D(@))) =1,

theni = N(t, w) + 1. Since the intervals

{([Si—1, Sic1 + X)), [Sici + Xi, Sici+ X +Y) i > 1)

partition [0, 00), for any ¢ > 0 one and only one of the indicators in the sum will be nonzero.
So, if
110, x; () (t — A(Ti (@), P(w))) =1,
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theni = N(t,w) + 1 and

B(1)(® (@) = Ay (TN (1,0)+1 (@), P())

0 if N, w) =0,
N(t,0)

> Y ifN(Ew) =1,

j=1

and, if
1ix; (). X; @)+ ()t — A(Ti (@), ®(w))) =1,

then

B(t)(®(w)) =t — Ax(Tn¢,w)+1(0)+, P(w))
N(t,0)+1

=t Z Xj(w).

j=1

The following theorem gives the distribution of the total downtime D(¢) in the form of a
double Laplace transform.

Theorem 1. Fora, 8 > 0,

/°° Ee-eD0 o gy — L= F* B+ Bl = H'(5, @ + )]
0 B+ Pl —H*B.atpl

€y
Proof. By Lemma 1 and using Fubini’s theorem, we obtain that

o0
f E(e*PW)e=hl gt
0

Z/ dt/ Py (dp) eXP{_“/ p(ds dx dy)[1jo.0) (¢ — A(s, ) Ay (s, i)
0 M, (E) E
+ L ) (0 — Als, W)t — Ax (s+, )] }e_ﬁ’

o0
= [ puaw [ a@sardy) [ a1, - Al e e
M],(E) E 0

+ 1) (F = Als, p))e @0 AXETD [P
=L+ D,

where

112/
M, (E

p(E)

[o/0]
Pu@o) [ s dxdn [ dition - At e e s,
E 0

o0
b [ P [ psdrdy [t - Al e ST,
My, (E) E 0
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Using the Palm formula and Laplace functional of Poisson point processes (see [4, p. 56] and

[7, p. 130] respectively) we obtain that

1

B M, (E)

1 o0 o0 o0
= _/ ds/ / dH (x, y)/ Po(dp)[1 — e PX e (@AY (5, ))FBAG, 1)
B Jo 0o Jo M,(E)

— l/oo /OOdH(x,y)[l—e_ﬂx]/ ds/ P,(duw)
BJo Jo 0 My (E)

I P,(dw) / w(ds dx dy)[1 — e—ﬁx]e—(OlAY(S,M)-F,BA(S,M))
E

x exp{— /E J(d5 dE dF) 1p0.0) () (@ + BE + 9))}

1y —F*(ﬁ)]/ exp(—s/ / dH G, )1 _e<ﬂi+<a+ﬂ)y>])
B 0 o Jo

1—F*B)
Bl — H*(B,a + B)]

and

+
15 =/ Pu(d,u)/ w(ds dx dy) /X ’ dre~@HPAGWHaAx () o= (@tp)t
Mp(E) E X

1
o+ p

00 00 poo
/ dS/ / dH (x, y) Pv(du)[e_(a+ﬁ)x _ e—(ol+ﬂ)(x+Y)]
0 0 0 M, (E)

x exp{—(a + B)A(s—, u) + a[Ax (s+, n) + x1}

1 o0 o0 o0
_ / / dH (x, y)e P [1 — e~ @HPy) f ds / P, (dp)
a+BJo Jo 0 M,(E)

L _F*(ﬁ)]/ dsexp<_/ dgf / dH @, )[1 _e—l[o,s)(i)(ﬂi+(a+ﬂ)i)]>
B 0 0 o Jo

X GXP{— /E p(ds dx dy)[Ljo,s) () (« + B)(X + ) — l[o,s](f)w?]}

1 * * o
= e - (ﬂ,a+ﬂ>]/0 ds

xexp{—/oodE/oo/oodH(f’jf)
0 0 0

x [1 —exp(—[Ljo,s) ) (x + B(X +¥) — l[o,s](f)af])]}

1 * * >
— e - (ﬂ,a+ﬂ>]/0 ds

o o0 ~ ~
X exp{—sf / [1 — e [BXHE@EAIN g (7, y)}
0 0

__F @) —H*B.a+p)
@+Pl — H*(B,a+ B
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Corollary 1. Taking derivatives with respect to « in (2) and setting a« = 0, we get

F*(8) — H*(B, B)
B*[1 — H*(B, B)]

/ - E[D(t)]e P dr = 3)
0

and

00 * g _* —B(X1+Y1)
/ E[D(t)2]e ' dt = %[F (B) —H*(B,p)  Bll — F*(BIE(Xie ; ! 1)] @
0 B 1L —H*(B, B) [1—H*(B, B)]

Remark 1. When (X;) and (Y;) are independent, (2) simplifies to

/00 EemaD0ye—ft gy _ ALL= B+ Bl = F*(B)G" (@ + )] )

0 Bla+ Pl — F*(B)G*(a + B)]

For the independent case, Takdcs [9], Muth [5], Funaki and Yoshimoto [3] derived the following
formula for the distribution function of the total downtime:

oo
G,(xX)[F,(t —x) — F, t —x)] fort > x,
D) < 1) = go n(OLFn(t = x) = Fya (6 = %) ©
1, fort < x,
where F, and G, are the CDFs of Y "_, X; and ) _"_, ¥; respectively. Taking double Laplace
transforms on both sides of (6) we obtain (5).

Remark 2. We can also derive the Laplace transform of E[ D (¢)] without using point processes.
From the definition of D(¢) (see (1)), it follows that

t
E[D(1)] =t—/0 Aq1(s)ds, (7

where A11(t) = P(Z(t) = 1) is the availability of the system. Taking Laplace transforms on
both sides of (7) gives

/OOE[D(t)]e_ﬁ’ ar=—— L,
0 B> B

where Al 1(B) = fooo An(He Ptdr. But Ap(¢) satisfies the following integral equation
(see [1]): t
An) = o)+ [ Fi@ = dmw) ®)
0

where F(r) = 1 — F(¢) and m(r) = E[N(?)]. Taking Laplace transforms on both sides of (8)
we obtain that

A 1
Anp) = E[l — F*(B)I1 +m*(B)], €))
where m™ is the Laplace—Stieltjes transform of m(¢). Moreover, it is well known that

K*
m*(B) = B)

=, 10
1= K*(B) (10



Total downtime 649

Combining (9) and (10) we obtain that

1 - F*(B)

A(B) = A— KB

(11)

and so

o0 . F*(B) — K*(B)
E[D Prap = 2 — T2
/0 LDWle = k)]

which is in agreement with (3) since K*(8) = H*(8, B).

3. Covariance and asymptotic properties of D(¢)

We start by considering the covariance structure of D(¢). Let U (t) =t — D(t) be the total
uptime of the system. Obviously, cov(D(t), D(t2)) = cov(U(t1), U(t2)). So we might as
well study cov(U (t1), U (t2)).

The double Laplace transform of E[U (¢;) U (#2)] is given in the following proposition, which
is a generalization of a result in [8].

Proposition 1. For«, B > 0,

o o 1
/o fo E[U (1)U (12)]e™*" P2 dyy dtz=—ﬁ[¢(d,ﬂ)+<ﬁ(ﬂ,a)],

o

where
a[l — F*(B)] = BLF*(B) — F*(a + B)]
af(o+ B[l — K*(e + B)]
[1— F*(BIH*(B, B) — H* ( + B, B)]

P, p) =

(12)
aB[l — H*(B)I[1 — K*(a + B)]
Proof. First, it can easily be verified that, for 0 < 1 < £, < o0,
131 t 1 19}
E[U (1)U (12)] 22/ / w(x,y)dyder/ / @(x,y)dydx,
x=0Jy=x x=0Jy=t
where ¢(x,y) = P(Z(x) = 1, Z(y) = 1). From this equation we obtain that
o0 o A , _ A 0,
/ / ELU (1)U (1)]e~ 1 ~#2 diydry = £8P W0 P@ea5) = g
1n=0Jn=n aﬂ Olﬁ(()l + ﬁ)
where ¢(a, B) = [¢° [o° @(x, y)e P dx dy.
Now we want to prove that ¢(«, B) satisfies (12). For0 < x <y < o0,
px,y)=P(Zx)=1,Z(y)=1,y < Xy)
+PZx)=1LZy»=1Lx<X1<Yy)
+P(Zx)=1,Z(y) =1, X1 < x). (14)

Obviously, P(Z(x) =1, Z(y) = 1,y < X1) = 1 — F(y). For the second term, note that the
event
{Zx)=1,Z(y) =1,x < X1 <y}
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is equivalent to the event
{x < Xy and, forsomen > 1,5, <y < S, + Xn+1},

where S, = Y ' (X; + V). Let R, = Y/ _,(X; +Y;) forn > 2. Then (Xi, Y1), R, and
X1 are independent. Using this fact we can prove that

P(Z()=1,Z0) = Lx < X <y)=/ / An(y — w) dH (x1, w — x1),
x1€(x,y] Jwelxy,yl

where A1 (t) denotes the availability of the system at time ¢ starting in state 1 at time 0. Finally,
the last term in (14) can be obtained by conditioning on X; + Y; which gives

PZx)=1,Z(y) =1, X1 =x) = /x p(x —w,y —w)dK(w).
0

Taking the double Laplace transform on both sides of (14) and using (11), (12) follows.
Finally, for 0 < t» < #;, we simply interchange o and B in (13) so that the proposition
follows.

Now we want to address asymptotic properties of the total downtime D(¢). To this end, we
use a method of Takdcs [9] which is based on a comparison with the asymptotic properties of a
delayed renewal process related to the process that we are studying. We will use the following
notation:

nx = E(Xy), ny = E(Y1),
0)2( = var(Xy), o% = var(Yy), oxy = cov(Xq, Y1).

Theorem 2. If ux + ny < oo, then

E[D(t
lim [DO] _ _ wnr _ (15)
1—>00 ! Mx + uy
If 0)2( and 0)% are finite and X1 + Y1 is a nonlattice random variable, then
2 2
t Oy — UX0y —2Ux0
lim (E[D(t)]— WLy ) _ Myox — pxoy ;ux XY KxMy (16)
100 ux + uy 2(ux + pmy) 2(ux + py)
and 2 2 2 2
lim var[D(1)] _ HUxoy + uyoy — 2uxpyoxy
t—>00 t (ux + py)?

Proof. Let N(r) be the delayed renewal process determined by the random variables (V,),
n=0,1,2,...,where Vphasthe distribution P(Vy < x) = (1/ux) fox[l — F(y)]dyforx >0
and P(Vy < x) = 0 otherwise, and

Vi =Xn+ Yo, n=1,2,3.... 17)
Then using (3) and Laplace—Stieltjes-transform arguments, we can prove that
E[D()] + nux EIN(®H)] = 1. (18)

Since limy o0 E[N(t)]/t = 1/(jux + 1y), the first part of the theorem follows.
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To prove (16), from (18) we obtain that

lim (E[D(m - “—”) = —ux lim (E[N(m -

nx + pmy Mx+uy)'

Now, if X1 + Y7 is a nonlattice random variable, then using formula (33) of [9] and by noting
that E(V) = (03 + u%)/2ux, (16) follows.

To prove asymptotic variance of D(t), we construct another delayed renewal process as
follows. Let N (t) be the delayed renewal process determined by the random variables (V,,),
n=0,1,2,..., where Vy has Laplace transform

(1= F*B)1 [y fo° ye PET) dH (x, y)

B = Buxir

and V,, for n > 1 is defined as in (17). Then using Corollary 1 and formulae (30) and (31)
of [9], we can prove that

t
E[D(1)’] = 2/0 E[D ()] du — pxpy (BIN ()] + E[N (1)°)). 19)

If X1 + Y1 is a nonlattice random variable, then, using formulae (33) and (39) of [9] and (19)
above, we obtain that, as t — 0o,

2.2
nyt
E[D1)?] = ———
(ux + py)
- [ux/fy + (ux = 209) 1y + (07 +4oxy)uxuy — Mia%]t +o(1)
(x + py)? ,

and hence, by taking (16) into consideration, the last part of the theorem follows.

Remark 3. The first result (15) of Theorem 2 can also be proved using a Tauberian theorem.
From (3), if ux and py are finite, we obtain that

Y e B AED@Y] ~ — Y 0.
/0 Ty Sl

Obviously E[D(#)] is nondecreasing. So we can use a Tauberian theorem (see Theorem 4.3
of [10]) to conclude (15).

Asymptotic distribution of the total downtime is given in the following theorem, which is a
generalization of the results in [9] and [6].

Theorem 3. If 0)2( and a)% are finite, then

D(t) — uyt/(ux + p1y)

2 N@©,1) ast — .
JWkoR + 10% — 2uxyoxy)/(ux + u)d

Proof. First note that
N(®) N()+1

Y visbny< Y v,
i=1 i=1
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where N(t) = sup{n > 0: Z'}zl (X +Y;) < t}. Using the central limit theorem for random
sums (see [2]), we obtain that
[MXUY + ujoy — 2Ux LyOXY t:|_]/2 (% Y; —
(nx + py)?

> 2 N(O, 1).
1156 +MY

The proof is complete if we can show that

M—};O ast — 00.
NG

But by the fact that N(t)/t > 1/(ux + py) (> 0) and the assumption that O’Y < 00, we obtain
that Y () /+/N(t) 50 (see e.g. Lemma 3 of [6] for an argument), and hence the required
statement follows.

4. An example

In this section we give an example to see the effect of dependence of the failure and repair
times on the distribution of the total downtime. Suppose that the failure time (X;) and the repair
time (Y;) have a joint bivariate exponential distribution given by

P(X| > x,Y; > y) = e~ A¥Fuytvmax(x,y) x,y>0, A, u,v>0.

In this case, both X and Y| are exponentially distributed with parameters A + v and p + v
respectively, and hence

1 1
MX_A+U’ MY—M_H),
1 1
2 2
oy = ———, Oy = ——.
T (42 Y ()2

The covariance and correlation coefficient between X and Y; are given by

v v
oxy = and = —
T 0T a0+ 0@ +v) pxy Atpu+v

respectively.

The effect of dependence between the failure and the repair times can be seen in Figure 1. In
this figure we compare the graphs of the normal approximations of D (10) where (X;) and (Y;)
are independent and both X and Y] are exponentially distributed with parameters A 4+ v and
v respectively with the normal approximations of D (10) for various correlation coefficients
PXY-

In this example we can also calculate explicitly the mean of the total downtime D(¢). Using
(3), we obtain that

Cr+v)B+A+v)(A+pu+v)
B22B% + BA+3u+4v)B + (A + w)(h + u + 3v) +2v2]°

/ E[D(t)]e #" dt =
0

This transform can be inverted analytically. As an example, for A = 1, u = 2 and v = 3, we
obtain that

E[D()] = g - % + 8—216_9’/2 + %6_61.
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(@) (b)

1.8 Dependent 0.50 Dependent
1.6 Independent 0.45 - -~ Independent
1.4 0.40

L2 0.35

o

08 0.20

0.6 0.15

0.4 0.10

0.2 0.05

0 1 23456 728 910 0 123456 78910

FIGURE 1: The graphs of the normal approximations of D(10) with (a) pxy = 0.8(A = u =1,v = 8)
and (b) pxy = 0.2(A = u = 2, v = 1). Solid line for dependent cases and dashed line for the independent

(1]
(2]
(3]
(4]
(5]
(6]

(7]
(8]

[9]
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cases.
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