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Application of the finite-difference contrast-source inversion algorithm to

seismic full-waveform data
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ABSTRACT

We have applied the finite-difference contrast-source in-
version (FDCSI) method to seismic full-waveform inversion
problems. The FDCSI method is an iterative nonlinear inver-
sion algorithm. However, unlike the nonlinear conjugate gra-
dient method and the Gauss-Newton method, FDCSI does
not solve any full forward problem explicitly in each iterative
step of the inversion process. This feature makes the method
very efficient in solving large-scale computational problems.
It is shown that FDCSI, with a significant lower computation
cost, can produce inversion results comparable in quality to
those produced by the Gauss-Newton method and better than
those produced by the nonlinear conjugate gradient method.
Another attractive feature of the FDCSI method is that it is
capable of employing an inhomogeneous background medi-
um without any extra or special effort. This feature is useful
when dealing with time-lapse inversion problems where the
objective is to reconstruct changes between the baseline and
the monitor model. By using the baseline model as the back-
ground medium in crosswell seismic monitoring problems,
high quality time-lapse inversion results are obtained.

INTRODUCTION

Full-waveform seismic inversion is a powerful tool in recon-
structing complex geological structures. This approach can be per-
formed either in the time domain (Tarantola, 1986; Mora, 1987;
Vigh and Starr, 2008) or in the frequency domain (Pratt and Wor-
thington, 1990). Here we address only the frequency-domain case.
Most inversion methods reported in the literature are based on gradi-
ent approaches, such as the nonlinear conjugate gradient methods
(see Pratt and Worthington, 1990; Song et al., 1995; Liao and Mc-
Mechan, 1996; Pratt, 1999; Shipp and Singh, 2002; Ravaut et al.,
2004; Sirgue and Pratt, 2004; Ben-Hadj-Ali et al., 2008; Malinowski

and Operto, 2008; Mulder and Plessix, 2008) and the Gauss-Newton
methods (see Pratt et al., 1998; Hu et al., 2009). The Gauss-Newton
method is preferable because of its faster convergence rate. On the
other hand, nonlinear conjugate gradient methods do not require one
to solve linear system of equations of the normal equations. Solving
these normal equations (and constructing the Jacobian matrix) is the
most expensive part of the Gauss-Newton method for problems with
alarge number of unknown parameters.

In each iteration of the nonlinear conjugate gradient or Gauss-
Newton method, we have to solve at least several forward problems
for calculating the data misfit, sensitivity matrix, and line search pa-
rameter. This computation cost can become quite high without the
availability of an efficient forward solver. An alternative nonlinear
inversion method is discussed in the literature, where the use of a full
forward solver in each inversion iteration is not needed. This ap-
proach is called the contrast-source inversion (CSI) method, de-
scribed in van den Berg and Kleinman (1997). The CSI method is a
variant of the so-called source-type integral equation (STIE) ap-
proach introduced in Habashy et al. (1994). In each inversion itera-
tion, the unknown contrast source (a quantity given in terms of fields
and material parameters) and the unknown contrast function (based
on material parameters) are updated by one conjugate gradient (CG)
step to minimize the appropriate cost function. This CSI method is
based on the integral equation (IE) formulation. In addition, it is ap-
plied in the seismic time-lapse inversion problem in Abubakar et al.
(2003) and in the acoustic 3D problem (see van Dongen and Wright,
2007). For 2D electromagnetic problems, the time-domain counter-
part of the CSI method is studied in Bloemenkamp and van den Berg
(2000). Because the integral equation CST (IECSI) method is based
on the IE formulation, this method is very efficient when the Green’s
function is available in semiclosed form, such as in the case of a ho-
mogeneous or a layered background medium. In this IECSI ap-
proach, an arbitrary inhomogeneous background medium would re-
quire the Green’s function to be constructed numerically. This extra
cost of computing the Green’s function numerically can be very ex-
pensive. Abubakar et al. (2008b) extend the CST method for electro-
magnetic applications for reconstructing the unknown configuration
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of inhomogeneous objects immersed in a known inhomogeneous
background medium. This is achieved by using the finite-difference
(FD) formulation. Similar to IECSI, the finite-difference contrast-
source inversion (FDCSI) method alternately updates the unknown
contrast source and contrast function to reconstruct the scatterers
without requiring the explicit solution of the full forward problem at
each iteration step in the inversion process.

We apply FDCSI to full waveform seismic inversion problems.
We use the FD frequency-domain (FDFD) method of Hu et al.
(2009) incorporated with a perfectly matching layer (PML) absorb-
ing boundary condition. An attractive feature of the CSI algorithm is
that the stiffness matrix is dependent only on the background medi-
um, which is invariant throughout the inversion process. Therefore,
by introducing the FD operator with the CSI method and at least for
2D configurations where the size of the stiffness matrix is manage-
able, this stiffness matrix can be inverted using a direct solver such
as an LU decomposition method (see Davis and Duff, 1997). Hence,
this FD operator needs to be inverted only once and the results can be
reused for multiple source positions and in successive iterations of
the inversion.

By using the well-known Marmousi model, we show that the
FDCSI method produces inversion results that are comparable with
those obtained from the Gauss Newton approach (Hu et al., 2009)
with less computational effort. We also show that FDCSI inversion
results are better than those obtained from the unpreconditioned,
nonlinear conjugate gradient method in Hu et al. (2009). Further-
more, because the FDCSI method is readily capable of using an in-
homogeneous background medium, it is very attractive for time-
lapse data inversion applications. The idea is to use the baseline
model (which is inhomogeneous) as the background medium for the
FDCSI algorithm. By doing so, the inversion algorithm will always
honor the baseline model always and will reconstruct incremental
changes only as a function of time. We demonstrate the advantages
of such an approach by applying it to a crosswell seismic monitoring.

FORWARD MODELING

Next we present the 2D FDFD forward-modeling algorithm (Da-
blain, 1986; Pratt, 1990; Harari and Turkel, 1995; Hustedt et al.,
2004) used as the forward engine in our inversion method. This sim-
ulator models acoustic-wave propagation in an isotropic, lossless,
but inhomogeneous medium. The Cartesian coordinates are denoted
by x, y, and z. Here we assume that the computational domain is in
the xz-plane and there is no variation along the y-direction. We fur-
ther assume that the mass density p (kg/m?) is a constant value. The
governing equation describing acoustic wave propagation in the fre-
quency-domain is given by (Fokkema and van den Berg, 1993)

[V2 + k(1) Ju(r) = — Q(r,r¥), (1)

where V denotes differentiation with respect to the spatial position r
= (x,z), u(r) is the pressure field (Pa), and the wavenumber k(r) is
given by

k(r) = o\pk(r), ()

in which w is the angular frequency and «(r) is the compressibility
(Pa~'). Source term Q(r,r’) is given by

Abubakar et al.

Q(r’rs) = - inCI(r’rs), (3)

where i = — 1 and ¢(r,rS) is the volume density of the injected vol-
ume (s "), in which r3 is the source position. As absorbing boundary
conditions, we employed the complex stretched coordinate PML
(Bérenger, 1994; Chew and Weedon, 1994).

The computation domain is divided into (P 4 2Ppy) X (Q
+ 2Qp\r) uniform grids, where P and Q are the number of grids in
the x- and z-directions in the regular domain, whereas Ppy;. and Qpy
are the number of grids in the PML domain in the x- and z-directions,
respectively. After discretization, equation 1 can be written in the
matrix form as

Ax = b, (4)

where A is the stiffness matrix, X is the state variable vector, and b is
the source term. Stiffness matrix A is asymmetric but very sparse. To
solve equation 4, we use a direct solver based on an LU decomposi-
tion (see Davis and Duff, 1997) rather than an iterative solver. The
main advantage of using a direct solver is that we can obtain all solu-
tions for all source excitations simultaneously by factoring the stiff-
ness matrix only once (Pratt and Worthington, 1990). However, be-
cause stiffness matrix A is frequency dependent, a new matrix needs
to be inverted for every new frequency.

INVERSION ALGORITHM

Formulation

We denote the inversion domain as the object domain D and the
data domain S as the domain where the sources and the receivers are
located. Together, D and S are located within the total domain 7,
which is also the finite-difference computational domain. We as-
sume we have NS sources and the index of the source is denoted by
subscript j.

The total field u( r) satisfies the equation

Hlu] = [V + K (0)Juy(r) = — Q(l‘,l‘f), rel. (5)

inc

We split the total field into its incident and scattered parts, u; = u;

+ u;". The incident field satisfies the equation
Ho[ul™] = [V + kg(0)]u(r) = —Q(r.xf), reT,
(6)

where k(1) is the spatially varying wavenumber of the background
medium. By subtracting equation 6 from equation 5 and using the
definition of the scattered field, the scattered field u;*(r) can be
shown to satisfy

[VZ+ kﬁ(r)]u;“(r) = - kﬁ(r)wj(r), ref’, (7)

where w;(r) are the contrast sources, defined as

wi(r) = x(Ouy(r), (®)

in which the contrast y (r) is given by

()[MﬂT 0 )
X\r)=| ——7 — =775
ky(r) ¢y 2(r)

Here, ¢7%(r) = p«(r) is the velocity of the scattering object, and

¢;2(r) = pry(r) is the velocity of the background medium.
Equation 7 can be written using operator notation as

reD. (9)
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Hy[uf™(r)] = — kﬁ(r)wj(r), reT. (10)
The solution of equation 10 can be formally written as
w'(r) = Hy [ = k®w;(0)] = Lo[w;(0)], reT,
(11)

where operator £, is defined as

Ly[-1=Hy '[= k@) (). (12)

Introducing an operator M5 that selects the field points on the
measurement domain S among the field points in the total domain 7,
the data equation can be written as

wr) = MHLLwi )], reSrel.  (13)

By introducing an operator MP? that selects the fields inside the in-
version domain D, we can write the object (or domain) equation as

ur) = u}“c(r) + MD{ﬁb[wj(r’)]}, reDr’ eT.
(14)

By multiplying both sides of equation 14 by x and rearranging
terms, equation 14 becomes

wj(r) = x(0)ul(r) + x (ML [w;(r)]}, reDr’
eT. (15)

For simplicity, we drop the explicit dependence of the field quanti-
tiesonr and r’ in the remainder of this manuscript.

The Gauss-Newton and nonlinear conjugate gradient
methods

The most popular approaches to solve this nonlinear inverse prob-
lem are the Gauss-Newton and nonlinear conjugate gradient meth-
ods (see Gauthier et al., 1986; Mora, 1987; Pratt and Worthington,
1990; Song et al., 1995; Liao and McMechan, 1996; Pratt et al.,
1998; Pratt, 1999; Shipp and Singh, 2002; Sirgue and Pratt, 2004;
Ben-Hadj-Ali et al., 2008; Hu et al., 2009). In these approaches, the
contrast y is reconstructed iteratively by minimizing the cost func-
tion

o 2 lfy = QoS
O e Lk Bl
2 IS

where f} is the scattered measured data and the simulated data u;" is
given formally by

W (x) = MSLLL(1 = x MPLY) ™' (xul™) T (17)

Equation 17 is obtained by solving equation 15 for w; and substitut-
ing the resultin equation 13. Symbol A denotes the regularization pa-
rameter and FR( y) is the regularization part of the cost function. The
Ly-norm ||f;{[; on the data domain S is defined as

+ AFR(x), (16)

VB = (Ffys = f VTR, (1)
S

where the overbar denotes the complex conjugate of a quantity and
v,(r?) is a data weighting, which is a function of source j and receiv-

WCC49

er rR. This data weighting can include a frequency weighting to deal
with multifrequency data and also can include extra weighting based
on data-error estimates.

These nonlinear inversion approaches require a solution of the
full forward problem (1 — y MPL,) ~'(xui*) several times in each
inversion iteration. Without a very efficient forward solver, the com-
putation cost of these approaches can be quite high. Note that equa-
tion 17 also can be formulated directly in terms of the total field u; by
using equation 1. When employing a direct solver for the forward
simulator, the computation complexity of the Gauss-Newton meth-
od and the nonlinear conjugate gradient method are given approxi-
mately by

Computationsgy = N"{O(N') + O[(2N® + N?)N log N]
+ O(NSNRN) + Ngg GOND)E  (19)
and

Computationscg = N“{O(N'?) + O[(2N® + N®)N log N},
(20)

where N N, and NR are the number of inversion iterations, the
number of spatial discretization grids, and the number of receivers,
respectively. The presence of N® in equations 19 and 20 accounts for
the sensitivity-matrix calculation using the adjoint approach. Term
N log N accounts for cost of the back-substitution. Term O(NSNRN)
in equation 19 accounts for the cost of constructing the Jacobian ma-
trix, whereas the term Ni; ;O(N?) accounts for the cost of calculat-
ing the Gauss-Newton step using the full Hessian matrix inversion,
in which N, ¢ denotes the number of iterations of the CG iterative
solver. In these estimates, we assumed that both methods use at least
one line-search step.

The finite-difference contrast-source inversion method

In this work, we proceed differently so we do not need to solve a
full forward problem explicitly in each inversion iteration. Contrast-
source inversion (CSI) (see van den Berg and Kleinman, 1997;
Abubakar et al., 2003) is one method that employs this concept.
Originally, CSI was based on the IE approach. For efficiency, the
background medium is a simple homogeneous or layered medium.
To handle an inhomogeneous background medium, we use a finite-
difference version of CSI as introduced in Abubakar et al. (2008b).

In CSI, instead of eliminating the contrast-source quantities w; in
equations 13 and 15, the inverse scattering problem is treated as an
optimization problem to reconstruct both contrast function y and
contrast sources w;. The cost function to be minimized is the normal-
ized sum of the data and object errors

2 Mty = MALDw B
2l
Ej”)(u}nc —wj+ xMP{Ly[w

(1)

or
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Fn(Xij) = FS(W]') + ny,)(X’Wj), (22)

where F5(w;) represents the data equation error, FP( y,w,) represents
the object or domain equation error. We have utilized f;~ u;" to em-
phasize that the measurement of the scattered field is corrupted un-
avoidably with noise. When we deal with real data, f; is built by sub-
tracting the simulated background field from the measured total
field. The L,-norm on the object domain D is defined as

”Uj”/%) = <Uj’vj>D = f Uj(r)mdl'- (23)
D

Normalization factors in the cost function are chosen so we weight
errors in the data and object equations equally. For each frequency,
finite-difference operator H, needs to be inverted only once because
the background medium does not change throughout the inversion
process. In the 2D case, our FDFD code (see Hu et al., 2009) em-
ploys an LU decomposition technique, hence the cost of applying
operator £, on a function is relatively cheap because the LU decom-
position is done only once and then stored and used later in each step
of the inversion iteration.
We define the data error at the nth iteration to be

pls” :fj - MS{Eb[Wj,n]}9 (24)

and the object error to be
rj,n = Xnu}nc - Wj,n + XnMD{‘cb[W]n]} (25)

The CSI method minimizes the objective function of equation 21 by
constructing two interlaced sequences {Wj.n} and { y,} via the alter-
nate application of the conjugate gradient (CG) minimization meth-
od on each unknown, y and w;. As each interlaced sequence is updat-
ed, the other is assumed to be constant.

The first step of the algorithm is to update the contrast sources
with the formula

w

_ w
= Win—1 T QG0 (26)

where «, is an update-step size, and, v;, represents the Polak-

Jon

Ribiere search directions given by
Uj,O =0 (27)
and
Ek<g}:”n’g;:n - g;(‘in7 l>D

Ek”gZ},n— 1”%

_w
Vjn = 8jn T Vjn—1.1>0,

(28)

where g7, is the gradient (or Fréchet derivative) of the cost function
with respect to w; evaluated at the (n — 1)th iteration. The gradient
can be shown to be (see Abubakar et al., 2008b)

w ﬁF(an W)
gl = — = — P LAM ypj,- 1T}
(9Wj w.o=w,
J jin—1
= 9R(ri et = LAMP G T D). (29)

Here, v, appears because of our norm definition in equation 18 and
the normalization factors are given by

Abubakar et al.

7= (;mné)‘l (30)

and
7= (Z o) (31)
J
Operator E: represents the adjoint of operator Ly, and is given by
£11= — k(M) 'L, (32)
where
HL 1=V + oI, (33)

We employed the same approach to calculate £,[ - | for solving equa-
tion 32. Adjoint operator MP?* simply takes fields from the inversion
domain and maps them into total domain 7. Adjoint operator M5+
takes the fields from the measurement domain S, divides them by the
area of the FD cell, and maps them into the total domain 7. Division
by the area of the cell is required by the definition of the adjoint oper-
ator (see Abubakar et al., 2008b).

After the search directions v;, are obtained, the minimizer «;, of
the cost function in equation 21 is found:

w

jn

DN (FIRIT
J

7s 22 IMHL0, 5 + 77 2070 = X0 - 1 MP{Lo[0;, M
i i

(34)

This minimizer is obtained by substituting equation 26 in the cost
function in equation 21 and minimizing this equation with respect to
e

Once the contrast sources w; have been updated with a single step
of the CG algorithm, the contrast y is updated by again minimizing
the cost function in equation 21 with the updated value of w; .. The

updating formula is given in a closed form as
2, Re(w;,it;,)

)
Ej|u/,n|2

Xn= (35)

where

Ui, =+ MP{L[w; ]} (36)

Jn

The derivation of this updating formula can be found in Habashy et
al. (1994) and van den Berg and Kleinman (1997).

After updating this contrast function, and if the value of the cost
function F,(x,..w;,) is not smaller than the prescribed error criterion
and the number of inversion iteration is still less than the prescribed
maximum number of iterations, we repeat these two update steps un-
til convergence is achieved. A flowchart of this FDCSI method is
givenin Figure 1.

The CSI algorithm might be improved significantly with the in-
clusion of a multiplicative-regularization (MR) term as shown in
vanden Bergetal. (1999). Here we also utilize the weighted L>-norm
regularizer introduced in Abubakar et al. (2002). Details of FDCSI
with the MR approach can be found in Appendix A.
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Algorithm initialization

When we have an inhomogeneous P-wave velocity distribution (a
priori information) available from other independent measurements
or from other seismic data-processing techniques, we can initialize
FDCSIin two different ways:

1)  We use the known inhomogeneous P-wave velocity distribu-
tion as the background medium (c,(r)). Then, the algorithm is
initialized with the contrast sources obtained by back-propaga-
tion, multiplied by a weight that ensures minimizing the data
equation error. The expression for this initial contrast source is
given by (see Habashy et al., 1994)

I /=X E )
.0 ||MS{£b[£:(MS*UJ])]}“§

Ly (MS*[f7]).
(37)

Contrast x| is calculated using equation 35. With this option,
we do need to provide the method with an initial model.

2) The other option is to employ a homogeneous medium as the
background and then put the known inhomogeneous P-wave
velocity distribution as ¢(r) to calculate y,. Then, we calculate
the contrast sources from

W0 = XoUj0s (38)

where fields u;, are obtained by solving equation 1 for k
= kb\s’)(() + 1. This means we are solving a forward problem for
the initial model y/.

We will show that the first way to initialize FDCSI produces a bet-
ter result than the second. When no known inhomogeneous P-wave
velocity a priori information is available, we can use any homoge-
neous medium as the background and initialize FDCSI using the first
option.

Computational complexity

Operation of operators " and (7{7) ' on their arguments are
computed via FDFD, using a fourth-order FD scheme, which incor-
porates the PML boundary conditions. In FDFD, both fields and
acoustic velocities are collocated at the center of grid points. For
high efficiency of the FDCSI algorithm, it is important that operators
H, " and (H;) ™" are computed only once, at the beginning of the in-
version process. This is possible because these operators depend
only on the background medium, which does not change throughout
the inversion process. These operators are calculated via an efficient
LU decomposition of the resultant discretized operator (see Hu et al.,
2009). Decomposition is computed once at the beginning of the in-
version process, then stored and utilized at each subsequent step of
the inversion process. The decomposition process takes O(N'~) op-
erations (see Davis and Duff, 1997), where N is the number of grid
cells in the finite-difference computation. The solution (back-substi-
tution) of the decomposed matrix system takes O(N log N) for each
source position. Solution of the H,, system is required once per itera-
tion of the FDCST algorithm. Solution of the adjoint system 7" is re-
quired twice per iteration. Hence, computation complexity of
FDCSI for each frequency is given approximately by

WCC51

Computationsppcs; =~ O(2N'3) + N''O(3NSN log N).
(39)

The computational effort for updating contrast y is not included in
equation 39 because it is negligible in comparison to the effort of up-
dating the contrast sources w;.

NUMERICAL EXAMPLES

Marmousi model inversion

We investigate the algorithm performance using the 2D Mar-
mousi model. The true model is given in Figure 2a. The velocity in
this Marmousi model varies from 1500 m/s to 5500 m/s. The
model is 384 X 126 grids in the x and z directions with a grid size of

Background/initial
model

Construct matrices
L,and L,

Calculate w;, and X,

Update w;, —
Update X,
NO
YES
Stop

Figure 1. Flowchart of the FDCSI method. In this flowchart, S de-
notes the first term of the cost function in equation 21.
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24 X 24 m. The synthetic data were generated using a finite-differ-
ence time-domain forward (FDTD) code described in Hu et al.
(2007). The source wavelet used in data generation is a Ricker wave-
let with the dominant frequency of 7.5 Hz. Because our inversion
approach is formulated in the context of a frequency-domain frame-
work, we transformed the time-domain data using a fast Fourier
transform (FFT) and selected four frequencies (3, 7.5, 12, and
16.5 Hz) for the inversion. After that, we added 5% random noise to
each frequency component data using the formula

d;oise(rR) — dj(l'R) +2X 0.05(§Re
+1£™Max(V RV jld;(r)

), (40)

where d}°* is the total field data with noise and d; is the noiseless
data. Symbols &8¢ and £'™ denote pseudorandom numbers uniformly
distributed on the interval ( —0.5,0.5). To illustrate the noise effects
in Figures 3a and b, we show the data without and with 5% noise as

a)
500
£ 1000

= 1500
2 2000

2500 : :
W
1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

b)
500
£ 1000
= 1500
2 2000
2 2500
3000

7000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

Figure 2. True Marmousi velocity model (a) and initial/background
model used in the inversion (b). Color bars are in m/s.

Abubakar et al.

functions of the source and receiver indices. In these figures, we plot
the amplitude of the frequency-domain data at 16.5 Hz. The relative
difference between the clean and noisy data is given in Figure 3c. We
employ 48 sources and 96 receivers located at surface z = 0 m and
distributed uniformly from x = 0 to x = 9216 m. For all the sourc-
es, we used the full aperture of the model. The number of sources, re-
ceivers, and frequencies used in our simulation are significantly less
than the ones employed in the literature (Sirgue and Pratt, 2004;
Vigh and Starr, 2008; Mulder and Plessix, 2008).

We carried out the inversion employing the L,-norm regulariza-
tion given in equations A-2 and A-3. For an initial model, we took a
linearly increasing velocity model, where the velocity varies from
1500 m/s to 4200 m/s as shown in Figure 2b. In FDCSI, we used
this initial model also as the background model in the inversion. In
carrying out the inversion, we employed the frequency-hopping ap-
proach, i.e., we inverted the data one frequency at a time from the
lowest to the highest frequency. Each time, we used the lower fre-
quency model as the background model for the inversion of the next
higher frequency data set. The inverted velocity model using the data
at 3 Hzis given in Figure 4a. The error in contrast ERR  has been re-
duced from 28.57% to 23.48% and the data misfit F defined in equa-
tion 22 has been reduced from 58.3% to 8.4%. The error in contrast
ERR, is defined as

_ e =x"™llb

™l

where y'™< is the contrast of the true model. Next, we used the inver-
sion results of the 3-Hz data as the background model for the 7.5-Hz
data inversion. The inverted velocity model using the data at 7.5 Hz
is given in Figure 4b. The data misfit ¥ has now reduced from 89.8%
to 6.3% and the error in contrast value is reduced to 21.30%. We re-
peated the process for inverting the data at 12 Hz and 16.5 Hz. Re-
sults are given in Figure 4c and d. The final data-misfit value is 2.2%
for the 12-Hz data inversion and 2.3% for the 16.5-Hz data inver-
sion. The final error in contrast value is 17.67%. These results are
summarized in Table 1. In Figure 5, we present the data misfit value
FS as a function of iteration number for inversion of the 16.5-Hz
data. We observe that FDCSI has a well-behaved convergence curve.
Note that for this Marmousi model, we also ran the inversion using
the weighted L, regularization, however we did not obtain a signifi-
cant improvement in the quality of the inversion result.
An alternate way to implement frequency hopping is to use any
model (in our inversion run, we used the linearly increasing velocity
model) as the background model in the inversion
of each data frequency and to use the previous

ERR , (41)

©)
14,000 14,000 %
12,000 12,000 80
10,000 10000 70
Se0
8000 gooo  E
6000 6000 = 40
4000 4000 § 30
20k
2000 2000 of

10 20 30 40
Source index

i d i
10 20 30 40
Source index

Figure 3. Amplitudes of the frequency-domain data at 16.5 Hz without (a) and with (b)

5% random noise and their relative difference (c).

e e
10 20
Source index

100 frequency inversion results as the initial model of
g the inversion of the next data frequency. This is
60 achieved by initializing the algorithm using equa-
:g tion 38. This is the sequential multifrequency in-

0 version approach that one employs usually in the

o0 Gauss-Newton or nonlinear conjugate gradient

_40 method. The final inversion result using this ap-

_60 proach is given in Figure 6. The final error in con-

_80 trast value of this approach is 19.57%. We ob-

~100 serve that in the deep region the inversion results

in Figure 4d are slightly better than those in Fig-
ure 6. Hence, for sequential multifrequency in-
version using FDCSI, it seems that it is better to
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use the previous frequency-inversion result as the background mod-
el than to use it only as the initial model.

Crosswell time-lapse inversion example

In the second example, we apply FDCSI to a crosswell seismic
monitoring problem. In this time-lapse imaging application (see Nur
etal., 1984; Lumley, 1995), our goal is to reconstruct the changes in
the model over time. We have the so-called baseline and monitor
models as given in Figure 7a and b. The baseline model is the model
at the initial time and is assumed to be either known or reconstructed
from data collected at initial times. Hence, the goal is to reconstruct
the difference between the baseline model and the monitor model.

1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

-r

1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

‘ il W~ S
1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

Figure 4. Reconstructed Marmousi velocity model using FDCSI
method: (a) 3 Hz, ERR_ =23.48%; (b) 7.5Hz, ERR =21.3%;(c) 12
Hz,ERR, =18.5%; and (d) 16.5 Hz, ERR = 17.67%.
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The true baseline model in Figure 7a consists of seven layers with
velocities of 2560, 2830, 2560, 2830, 2560, 2830, and 3000 m/s
from top to bottom. In the monitor model (Figure 7b), we have
placed an anomaly in the third layer and another in the bottom layer
to mimic fluid movements in an injection experiment. The velocity
of these anomalous regions is 2200 m/s. The models are discretized
into 45 grids in the x-direction and 120 grids in the z-direction with a
gridsizeof 1 X 1 m.

Synthetic data were generated using a FDTD algorithm presented
inHuetal. (2007). The 30 sources and 30 receivers are spaced equal-
ly on the left and right edges of the inversion domain. Well spacing is
45 m. After applying a FFT to the synthetic time-domain data, we
extracted data at three frequencies: 50, 150, and 250 Hz. We also

Table 1. The FDCSI data misfit and error in contrast for
each frequency inversion.

3 Hz 7.5 Hz 12 Hz 16.5 Hz
FS(xo) 58.3 89.8 86.8 77.7
FS(xw) 8.4 6.3 2.2 22
ERRXN 23.48 21.30 18.59 17.67
w107 ¢ 1
L
1072} 1

50 100 150 200 250 300 350 400 450 500
Number of iterations

Figure 5. The data misfit value FS as a function of iteration number
for the inversion of 16.5 Hz data using FDCSI.

-— L L L L L L L L
1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

Figure 6. Reconstructed Marmousi velocity model using FDCSI
(ERR, = 19.57%). The linearly increasing velocity model is used
as the background model in the inversion of each data frequency and
the previous frequency-inversion result is used as the initial model of
inversion for the next data frequency.
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added 5% random noise to the data. In this example, we inverted all
data simultaneously by replacing the cost function in equation 21
with
f N 2
1 % 2 j”fk,j -M {‘Cb;k[wk,j]}”S
2 il
W kjlls

N2
> j”X ”}cnjc — Wit X MD{Eb;k[Wj,k]}||Iz)

S bedIE

Fn(X9Wk,j) =

(42)

where N' denotes the number of frequencies employed in the inver-

a) — so00 b) 3000
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2700 2700
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2300 2300
120 2200 120 2200

10 20 30 40 10 20 30 40

Distance (m) Distance (m)

Figure 7. True models of the crosswell time-lapse example: (a) base-
line model and (b) monitor model. Color bars are in m/s.
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Figure 8. Inversion results of the crosswell time-lapse example using
the true baseline model as the initial estimate: (a) using a homo-
geneous background medium, ERR =40.7%; and (b) using an
inhomogeneous background medium,” ER,| =5.1%.

Abubakar et al.

sion and subscript k represents the frequency index. Because the
changes between the baseline and monitor models exhibit sharp
boundaries, we employed the weighted L,-norm regularization giv-
eninequations A-2 and A-4.

In this example, we investigated the advantages of using an inho-
mogeneous background medium in FDCSI. First, we inverted the
monitor data set using the true baseline model given in Figure 7a as
the initial model and a homogeneous background medium of
1500 m/s. Inversion results are given in Figure 8a. Next, we em-
ployed the baseline model in Figure 7a as the inhomogeneous back-
ground medium. Figure 8b shows inversion results using the inho-
mogeneous background medium. The error in contrast ERR, at the
initial modelis 16.4%. After 128 iterations, its value becomes 40.7%
for the reconstruction using the homogeneous background medium
and 5.1% for the reconstruction using the inhomogeneous back-
ground medium. Initial data misfits for each frequency are 18.4%,
70.3%, and 86.3%. Final data misfits are 7.4%, 1.9%, and 1.4% for
the reconstruction using the homogeneous background medium and
4.7%, 2.5%, and 1.2% for the reconstruction using the inhomoge-
neous background medium. Many artifacts are observed in the ho-
mogeneous background inversion result. Moreover, the velocity
variations do not seem to be reconstructed satisfactorily. However,
the reconstructed structure using the inhomogeneous background
medium is very close to the true monitor model, which demonstrates
that FDCSI has the tendency to preserve the inhomogeneous back-
ground and tries to reconstruct only anomalous regions that corre-
spond to velocity changes.

To simulate a more realistic time-lapse experiment, we used the
inverted baseline model as the background medium in the inversion
of the monitor data set. The inverted baseline model obtained using
FDCSI s given in Figure 9a. The initial model used to obtain the in-
verted baseline model is the back-propagation model in equation 37.
For the inversion of this baseline model, both algorithm initializa-
tions might be used. In our present example, they have produced the
same results. We were able to retrieve most of the features in this
baseline model. Then we inverted the monitor data set using the in-
verted baseline model as the background medium. Inversion results

a) — 3000 b) I 3000
2900 2900
2800 2800
2700 2700
E E
£ 60 2600 < 2600
Q. Q.
[ [
a a
2500 2500
80
2400 2400
100
2300 2300
120 2200 2200

10 20 30 40
Distance (m)

10 20 30 40
Distance (m)

Figure 9. Inversion results of the crosswell time-lapse example using
the reconstructed baseline model as the background medium: (a) in-
verted baseline model and (b) inverted monitor model.
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are given in Figure 9b. Although we did not use the true baseline
model, the reconstructed monitor model is quite comparable to the
one obtained in Figure 8b. In Figure 10b, we also plot the difference
between the reconstructed velocity model and the baseline model.
The reconstructed velocity difference in Figure 10b is very close to
the true one.

For the time-lapse application, the first initialization procedure in
equation 37 would be the most suitable for most cases. In cases
where we have a priori information in addition to the inversion re-
sults of the baseline data, the second initialization procedure in equa-
tion 38 also can be used. In this workflow, we might want to use the
inversion results of the baseline data as the background model and
other available a priori information in the initial model.

DISCUSSION

Comparison with other nonlinear inversion algorithms

To assess the quality of the inversion results of the FDCSI method,
we also inverted the same data sets using the Gauss-Newton method
and the nonlinear conjugate gradient method described in Hu et al.
(2009). We employed the sequential frequency inversion in both
methods. The inversion results are given in Figure 11a for the nonlin-
ear conjugate gradient method and in Figure 11b for the Gauss-New-
ton method. The resolution of the inversion results of the nonlinear
conjugate gradient method is lower than that of the FDCSI method.
However, in the nonlinear conjugate gradient method, we do not em-
ploy any preconditioning operator. One can improve this nonlinear
conjugate-gradient-method inversion result as described in Choi et
al. (2007) at an additional computation cost. Inversion results of the
Gauss-Newton method and the FDCSI method are comparable in
the zones where we have good sensitivity in the data (up to a depth of
z=2000m).

Finite-difference contrast-source inversion uses conjugate gradi-
ent methods to update both the contrast sources and the contrast
function. However, the minimization process is carried out by alter-
nately minimizing the contrast sources and the contrast function. All
the updating parameters in each step are found in closed form. The
latter helps in reducing the numerical errors in the minimization pro-

a) o b)

0
-100 -100
-200 -200
-300 . -300
-400 —-400
-500 -500
-600 | i = L} -600
-700 -700
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Depth (m)

10 20 30 40
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Figure 10. Velocity differences between the monitor and the baseline
models: (a) true difference and (b) reconstructed difference.
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cess. In the closed-form update of the contrast function of equation
35, the numerator represents the gradient direction and the denomi-
nator acts as a Jacobi preconditioner. In principle, we have reformu-
lated the minimization process in a well-posed updating process for
the contrast sources, whereas the ill-posed part of the updating pro-
cess is solved using a closed-form equation.

For more detail on these comparisons in Figure 12, we present the
extracted P-wave velocity vertical profiles at x = 4596 m for the
three inversion methods. From Figure 12, we observe that FDCSI
produces results that are close to the Gauss-Newton method.

As an extra check, we compare the responses of the true model
and the reconstructed model obtained using the FDCSI, Gauss-New-

1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

- -
- ‘.l.,’ I
1000 2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

1500 2000 2500 3000 3500 4000 4500 5000 5500

Figure 11. Reconstructed Marmousi velocity model using the stan-
dard methods: (a) nonlinear conjugate gradient inversion result and
(b) Gauss-Newton inversion result.
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. . . . . |
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Figure 12. P-wave velocity vertical profile at x = 4596 m of true
model (solid line) and the inversion results using the FDCSI (dashed
dotted line), Gauss-Newton (dashed line) and nonlinear conjugate
gradient (dotted line) method.
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ton, and nonlinear conjugate gradient methods. The time-waveform
responses in Figure 13a-d and Figure 14 are calculated using an
FDTD code that uses the same discretization grids as the frequency-
domain simulator used in the inversions. We use a source with a
Ricker wavelet with a dominant frequency of 7.5 Hz that is located
at x = 4620 m. The time waveforms are recorded at three receivers
located at x = 2292 m, x = 4596 m, and x = 6900 m. As shown in
Figure 14, the time waveforms of the true model and the reconstruct-
ed models are very close, except for the late time signals of the re-
sponses produced by the nonlinear conjugate gradient inversion re-
sults. These late time results carry mainly the information of the deep
region of the Marmousi model.

On average, the number of iterations in each inversion run is five
for the Gauss-Newton method, 30 for nonlinear conjugate gradient
inversion, and 128 for FDCSI. Total CPU time for all four frequency
inversions is 831,560 seconds for the Gauss-Newton method,
21,975 seconds for the nonlinear conjugate gradient method, and

a)

1000 2000 3000 4000 5000 6000 7000 8000 9000

Receiver position (m)

1000 2000 3000 4000 5000 6000 7000 8000 9000

Receiver position (m)

b)

Abubakar et al.

8801 seconds for FDCSI using a personal computer with a PIV
3.04 GHz processor.

Extension to 3D geometries

Because FDCSI does not require the explicit computation of the
full forward solution in each of the inversion iterations, we expect
the method to have a great potential for solving 3D problems. How-
ever, more research on efficient computation of the CSI finite-differ-
ence operator for the 3D configuration is needed. It will not be effi-
cient for FDCSI to employ a standard 3D iterative frequency-do-
main forward solver. We speculate that there are a few options for
FDCSI, such as constructing a basis for the CSI finite-difference op-
erator and using it in each FDCSI iteration, calculating the CSI fi-
nite-difference operator using a limited number of iterations of the
iterative solver, or even using a direct solver because we calculate
LU decompositions only twice in FDCSI. All these options need to
be investigated.

1000 2000 3000 4000 5000 6000 7000 8000
Receiver position (m)

1000 2000 3000 4000 5000 6000 7000 8000 9000
Receiver position (m)

Figure 13. The responses to the true model and the reconstructed model using the FDCSI, Gauss-Newton, and nonlinear conjugate gradient
methods. The source is a Ricker wavelet with dominant frequency of 7.5 Hz, located at (4620 m, 0 m).
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Figure 14. The responses to the true model (a) and the reconstructed
model using the FDCSI (b), Gauss-Newton (c), and nonlinear conju-
gate gradient (d) method. The source is a Ricker wavelet with domi-
nant frequency of 7.5 Hz, located at 4620 m, O m.

CONCLUSIONS

We have presented a finite-difference contrast-source inversion
(FDCSI) method and compared its performance against the Gauss-
Newton method and the nonlinear conjugate gradient method. Our
numerical simulation results show that FDCSI is able to produce in-
version results that are comparable to those obtained by the Gauss-
Newton method, however with significantly less computation cost.
The FDCSI inversion results are also better than those obtained by
the unpreconditioned nonlinear conjugate gradient method.

When a priori knowledge is known about parts of the model to be
inverted, FDCSI has the capability to incorporate this a priori infor-
mation in the construction of the background medium, better pre-
serving the known part of the model. This a priori knowledge might
come from either other independent measurements or seismic data
processing techniques. We also showed that FDCSI has great poten-
tial for time-lapse inversion applications. In such applications,
FDCSI preserves the baseline model and can allow one to focus the
inversion on a particular area of interest.

Future work will be focused on testing the method on more com-
plicated models and on any available field data.
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APPENDIX A

MULTIPLICATIVE REGULARIZATION

The CSI algorithm can be improved significantly with the inclu-
sion of a multiplicative-regularization (MR) term shown in van den

WCC57

Berg et al. (1999). Here we utilize the weighted L,-norm regularizer
introduced in Abubakar et al. (2002). With the MR term, the CSI cost
function then becomes

Clx.w) =[FS(w) + F)(x.wpIFR(x), (A1)

where the regularization cost function is given by

ﬁm=fﬁmwww+ﬁﬁ, (A-2)
D

in which

bir) = 1 (A-3)

J'dew4un2+6bdr
D

for the L,-norm regularization and

1
A(Vx, 10+ 82

BAr) = (A-4)

for the weighted L,-norm regularization. Quantity 52 is defined as

D
52 — Fn (Xn—l’wj,n—l)

s A-5
" AxAz (A-5)

where A = [,dr is the area of the inversion domain D and AxAz is
the area of the inversion domain cell. The L,-norm regularizer is
known to favor smooth profiles, and the weighted L,-norm regular-
izer is known for its ability to preserve edges (see Abubakar et al.,
2002; van den Berg et al., 2003; Abubakar et al., 2008a). This
weighted L,-norm regularization factor belongs to the same class as
the well-known total-variation regularization (see Rudin et al.,
1992; Charbonnier et al., 1996; Dobson and Santosa, 1996; Vogel
and Oman, 1996; Farquharson and Oldenburg, 1998). This cost
function of a weighted L,-norm regularization has all the advantages
of the total-variation regularization function. Moreover, it is a qua-
dratic function. It has a mathematically defined gradient so it is more
suitable to be used with a gradient-based approach.

By introducing this extra regularization, there is no change in the
updating procedure for the contrast sources w; because FX(x) does
not depend on the contrast sources and F*(y,_,) = 1. However, up-
dating for contrast y now must be done using a CG step

Xn= X:’:l + azdn’ (A_6)

where x¢ is the closed-form solution (which is the minimizer of
F2(w;,,x)) given in equation 35, and d, is the Polak-Ribiere search
direction

(gX.eX —gX_p

||g§_1||,2;,

in which gY is the gradient of the cost function with respect to y eval-
uated at the (n — 1)thiteration. The gradient can be shown to be giv-
en by (see Abubakar et al., 2008b)

d,=g"+

n

d,_, (A-7)

gif = Fff(xi)anfE (X:,”j,n - Wj,n)m - Z[FS(Wj,n)
J

+ F (5w )1V - 03V x3) = = 2[FS(w;,,)
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+ FP (xS w; )1V - (B2V x5). (A-8)

The first term in the right side of equation A-8 vanishes because gra-
dient g is evaluated at y = x;.. The real parameter minimizer «; is
found from a line minimization of

aX =min[C,(x, + a¥d,w;,)]. (A-9)

aX

Minimization of the multiplicative cost functional can be performed
analytically because the cost functional is a fourth-degree polynomi-
alin aX:

C,(aX) =[A + B(a®)*][X + 2YaX + Z(a*)?].

(A-10)
Here,
A= FS(Wj’n) + FnD(XSij,n),
B = nnDE ||dnuj,n| %)’
J
X = b, Vx5lp + SHbalb
Y =Reb,Vx..b,Vd,)p,
Z=|p,Va,5. (A-11)

Differentiation with respect to aX yields a cubic equation with one
real root and two complex conjugate roots. The real root is the de-
sired minimizer.
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