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Abstract—Many wheelchair users, such as the elderly or
children with Profound Intellectual and Multiple Disabilities
(PIMD), rely on a caregiver to push them. The lack of eye contact
between the wheelchair user and caregiver hinders communica-
tion and can even be dangerous, for example for children with
epilepsy. Conventional wheelchairs place the caregiver behind the
patient when pushing the wheelchair, but this position obstructs
communication and makes it harder to assess the user’s health.

To facilitate face-to-face communication while walking, Lucy
Bennett recently proposed a steering compensation method at
BME?2021 using a banked castor wheel to allow the caregiver to
walk next to the wheelchair. This thesis contains a mathematical
model for a castor wheel to determine how the three-dimensional
orientation of the castor swivel axis and wheel spin axis, and
external parameters such as rolling resistance affect the steering
compensation. Both the Lagrange and virtual power methods are
used to find the equations of motion of the castor wheel.

The steering effect was quantified as the moment generated
by the wheelchair around its center of mass in the up direction.
The cant angle of the castor wheel has the strongest steering
effect. In the future, the developed mathematical model can be
applied to calculate the influence of design variables to build a
better prototype.

I. INTRODUCTION

The manual wheelchair plays an essential role in the life of
many disabled people and caregivers, and usage of a manual
wheelchair has a positive influence on the occupants’ perceived
ability to work or lead an active lifestyle when compared to an
electrical wheelchair [1]]. In this thesis, any person sitting in
the wheelchair is referred to as the occupant, and any person
who pushes the wheelchair while standing or walking as the
caregiver. The caregiver or occupant can propel the wheelchair
forward by applying a force on the handles or rims. However,
if this propulsion is not symmetric, the wheelchair will turn
to one side.

The propulsion can be assumed to be symmetric for healthy
experienced wheelchair occupants [3[], even though the dom-
inant arm has a larger flexion strength [4]. People who have
suffered a stroke have difficulty keeping a straight path due
to the asymmetric forces of unilateral (one-sided) propulsion,
which can be compounded by cognitive problems [2]. Stroke
patients also desire the ability to move around independently
rather than be pushed by a caregiver.

For children with Profound Intellectual and Multiple Dis-
abilities (PIMD), face-to-face contact is crucial because they
often can only communicate non-verbally [5]. It is also hard
to assess the occupant’s well-being and alertness from the
position behind the wheelchair because the occupant and
caregiver cannot make eye contact due to their respective
positions.

It has been suggested to push the wheelchair from the side
using a push bar to facilitate direct communication between

the caregiver and occupant [|6], [7]]. However, if the caregiver
applies a pure pushing force on the wheelchair from the
side, a moment resulting from the push force will cause the
wheelchair to turn. The caregiver can compensate by applying
a free moment in the opposite direction, but this can lead
to fatigue as muscle activation requires energy even if no
mechanical work is done [8]].

A solution was presented by Storch [9]], where a clutch is
used to couple the rear wheels. This solution only permits the
wheelchair to drive in a straight trajectory, meaning that the
caregiver does not have to apply the additional free moment.

To compensate for the asymmetric propulsion without lim-
iting the trajectory of the wheelchair, Bennett [[10]] proposed a
castor wheel with a non-vertical swivel axis. A castor wheel is
defined as a wheel linked to a vehicle with a rigid connector,
called the castor fork. The castor fork is connected to the
vehicle with the castor stem, also called the swivel axis.
Conventionally the swivel axis is perpendicular to the ground
plane.

The castor wheel with a non-vertical swivel axis creates a
preferred position for the wheel, and as a result, the wheelchair
moves in a curve when a force is applied in the forward direc-
tion. Bennett performed a series of experiments to determine
how the cant and rake angle influenced this curve. ISO 7176-
26:2007 [11] defines the cant angle as the angle between the
swivel axis and the vertical axis in the frontal plane. The rake
angle is between the swivel axis and the vertical in the sagittal
plane. Both angles are shown in In this study, the
wheel bank angle, defined as the angle between the swivel
axis and the wheel spin axis, is also considered and shown in

Mathematical models for (castor) wheels with a rake angle
have been developed for vehicles such as motorcycles, wave
boards, and plane suspensions [12]-[14]], but the cant angle is
often ignored. A tilted steer axis was defined by de Falco et al.
[15]], but only results for the effect of the rake angle are shown.
For wheelchairs specifically, all found literature assumes that
the swivel axis is perpendicular to the ground plane.

This thesis aims to determine how a castor wheel can be
modified to exert a force or moment on the wheelchair and
validate the results of the experimental study conducted by
Bennett. To do so, a set of design parameters is defined, and
a dynamic model of the wheelchair with a single castor wheel
is proposed. This model is used to determine the force and
moment that the caregiver or occupant needs to provide to
achieve the desired trajectory.

II. PROBLEM DEFINITION

This section presents the parameters, geometry, and main
assumptions. The forces responsible for the dynamics are
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(a) Left: traditional castor wheel with swivel axis ds and wheel spin
axis §. Middle: cant angle ¢, of swivel axis relative to the wheelchair.
Right: wheel bank angle o of wheel spin axis relative to swivel axis.

l Swivel axis

(b) Left: traditional castor wheel. Right: rake angle 1, of swivel axis
relative to wheelchair.

Fig. 1: Overview of basic rotations for the swivel axis of the
castor wheel.

defined, and the equations of motion of the wheelchair are
established. In Sections [[II] and [[V] the unknown forces in the
equations of motion are derived.

A. Geometric description of the castor wheel and wheelchair

The parameters of the wheelchair can be split in multiple

groups:

o Generalized coordinates: variables that describe the con-
figuration of the wheelchair and change during simula-
tion.

o Design parameters: values that can be chosen for the
design.

o Environment parameters: values that cannot be chosen
and are imposed on the system.

o Use variables: values that the caregiver and wheelchair
occupant influence.

All parameters are constants, and the defined use variables
can be changed during simulation. The generalized coordinates
are used to describe the configuration of the wheelchair
in Cartesian space. Due to kinematic constraints, not every
combination of generalized coordinates is valid.

Consider a wheelchair with a single castor wheel at the
front, named f1. The ‘f” refers to a front wheel, and ‘1’ is the
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Fig. 2: Kinematic diagram with triad names and dimensions
of the wheelchair.

index of the front wheel. There is only one front wheel in this
case, so the index ‘1’ is often omitted. In a similar manner
the rear wheels are named r1 and 72 for the right and left
wheel respectively. The radii of these wheels are 771, .1, and
rro respectively. The kinematic diagram of the wheelchair is

shown in

A triad is defined as a set of orthonormal unit vectors. The
letter used for the names of these unit vectors is always the
same as the lowercase letter for the triad. A body-fixed triad
B consisting of unit vectors by, bs, and 133, is defined fixed to
the wheelchair. Point B lies on the symmetry plane of the rear
wheels. The location of points relative to point B is defined
as a; for dimensions in the 131 direction, b; for dimensions in
the 132 direction, and h; for dimensions in the 133 direction,
where i is the name of the point. The rear wheels of the
wheelchair are at positions b,; and b2 measured from point
B. The connection between the wheelchair and the top plate
of the castor wheel is named Dy;. The occupant is assumed
to be rigidly attached to the wheelchair, and their combined
center of mass is point G. An overview of these points and

triads is shown in

The forces and moments on the body of the wheelchair are
shown in the free-body diagram in The caregiver can
push the wheelchair at the handle, which extends laterally. The
point at which the pushing force Fp is applied is called P.
In addition to the moment generated by the pushing force,
the caregiver could also apply an additional free moment of
magnitude Mp on the handle in the 133 direction. Ideally, the
wheelchair is designed such that Mp is zero. Therefore, this
thesis aims to find design parameters such that the caregiver
can push the wheelchair at point P without applying an
additional free moment Mp.

The castor wheel can be modeled as a wheel and a castor
fork. The kinematic diagram of the castor wheel is shown in

To clarify the order of the rotations, a cans-in-series
representation [[16] is given in |Figure 6¢} Each can represents



Fig. 3: Free-body diagram of the wheelchair.

a rotation with the angle name printed next to it. Some angles
such as o are constant design parameters, while others such
as § can vary over time.

The wheel is modeled as a flat disk and can only rotate
relative to the castor fork around spin axis § with angle 6.
The fork can only rotate relative to the vehicle around the
swivel axis with angle §. All dimensions and the rotations 6
and § are shown in A triad D is defined along
the swivel axis to determine the rotation of the swivel axis
with respect to the wheelchair. This triad can be rotated with
respect to the wheelchair with cant angle ¢, and rake angle{ﬂ
dy.

Triads R and F are both fixed to the castor fork. Triad R
is rotated with swivel angle § with respect to triad D. The
orientation of the wheel spin axis § with respect to triad R is
given by wheel bank angle o, which is a rotation around 7.
The location of the center of the wheel with respect to point
F'is given by Ley and L.y, also referred to as the castor trail.
The full equations for the kinematics of the castor wheel can
be found in Appendix

B. Generalized coordinates

The configuration of the wheelchair chassis can be described
using the location and orientation of the body. The X, Y, and
Z location of point B are defined as x5, yp, and zp. The yaw,
pitch, and roll angles with respect to the inertial coordinate
system are (., Cy, and (; respectively. One additional degree
of freedom is added for the rotation of each rear wheel, named
0.;. Each castor wheel of the wheelchair adds two additional
degrees of freedom: one for swivel angle 5 and one for the
rotation of the wheel 05. Therefore a wheelchair with one
front and two rear wheels can be described with the following

'Names for cant and rake angle are determined by ISO 7176-26:2007(en)
(1]

generalized coordinate vecto

Gwe=(t5 ¥ 28 G G ¢ 6 b2 6n On)
D

Some of these generalized coordinates can be removed or
replaced if the following assumptions are made.

Assumption 1: The ground plane is flat and perpendicular
to gravity.

Assumption 2: The wheel is always in contact with the
ground and never slips, regardless of the reaction forces.

Assumption 3: The pitch angle ¢, of the wheelchair is
small, and does not contribute to lateral and longitudinal
displacements of any points. These displacements are shown
in Proof is shown in Appendix

Assumption 4: The height of point Dy is a linear function
of the pitch angle ¢, and can be substituted by a new variable
zp. Proof is shown in Appendix

___ Displacement of point
caused by ¢

Side

&

lZX Cﬂléx 61 I

Fig. 4: Displacement of points G and Dy, caused by the pitch
angle (, of the wheelchair. Pitch angle is a function of the
castor wheel swivel angle . A) smallest possible pitch angle
for a castor wheel with pure rake. B) largest possible pitch

angle for a castor wheel with pure rake.

Using these assumptions, the generalized coordinate vector

simplifies to
T
gq=(xp yp ¢ 0 & =zp) 2

The wheelchair with these generalized coordinates has a
constant pitch angle and instead only permits change in the
height of point Dy;. The inertia of the vertical translation of
the center of mass of the wheelchair chassis due to a change
in swivel angle ¢ is ignored with this description. The vertical
load on the castor is modeled as a constant-force spring. The
compressive force in this spring is the vertical load Fg3.p on
the castor wheel. The constant-force spring representation is

shown in

C. Equations of motion of the wheelchair

The equations of motion of the wheelchair can be deter-
mined using the free-body diagram in The caregiver
provides a pushing force of Fp at point P, which is at a
distance of bp from point B. In addition, the caregiver can
apply a free moment Mp on the push bar.

2This is a compact way of writing the generalized coordinates, but it is not
a proper vector. Most vector properties do not apply to g because its elements
can have different units, and its basis is usually not orthogonal.



Fig. 5: Side view of the wheelchair with the generalized
coordinates from [Equation 2] with the same swivel angles § as
With this description the pitch angle ¢, is constant,
but the castor wheel can still swivel due to the constant-force
spring.

The following assumptions are made to find the equations
of motion:

Assumption 5: Both rear wheels always have equal rolling
resistance. This assumption is only valid if the connection
between the wheelchair and castor D, and the center of mass
G lie close to or in the symmetry plane of the wheelchair.

Assumption 6: The center of mass G of the wheelchair lies
in the symmetry plane of the wheelchair, so bg = 0.

Assumption 7: The wheels have no turning resistance, so no
moment is transmitted at contact in direction 7.

Assumption 8: There is no friction in the bearings, so
Mps = 0.

Assumption 9: The fraction of weight supported by the front
wheels P; relative to the total weight is constant over time.
Proof given in Appendix [E]

Assumption 10: The rolling resistance coefficient only de-
pends on the floor type, wheel type, and wheel radius.

Assumption 11: The caregiver applies on point P a force
Fp in the forward 51 direction, and a free moment M p in the
down b; direction. There are no components of the force and
moment in other directions.

In Appendix |E| the derivation based on these assumption is
shown (Apppendix [E|[Equation A.109|to[A.TT1)). The equations
of motion are

2
mgrg-by = Fr1,p + ZFBl,ri + Fp, 3)
=1
2
mqgra - by = Frap + Z Fga i, “4)
=1

(.Ips.c = Mp —bpFp + Mpsp — by F1.p

2
&)
+(ap — ag)Fra2,p — Z agFBa i,
i=1
where
Fp  is the applied force by the caregiver,
is the applied free moment by the caregiver,

is a force in direction bj,

Mpj pis a moment in direction I;j calculated around point
B,

Fg;p is a force in direction Bj on point D,

Fgj,ri is a force in direction I;j on rear wheel i,

T is the acceleration of the center of mass G,

Ips ¢ is the mass moment of inertia of the wheelchair and

occupant around G in the b direction.

The roll resistance and forces on the castor connection D
in the equation of motion can be written as a function of the
vertical load on the wheels. implies that the
vertical load on the rear and front wheels is constant over
time. The vertical forces on front and rear wheels are equal to

Fp3.p = Prmy.g, (6)
P,
Fp3.i = = Mwed; @)

Py is the fraction of the total weight that is supported
by the front wheels,

P, is the fraction of the total weight that is supported
by the rear wheels such that P. =1 — Py,

g is the gravity constant of 9.81m/s?,

My 18 the total weight of the wheelchair and occupant.

The location of the center of mass ac can be written as
a function of Py. Johnson and Aylor [17]] approximated Py
as 1/3. The longitudinal location of the center of mass as a
function of Py is equal to

ag = ag Py. (®)

The rolling resistance can be approximated with a constant
coefficient of rolling resistance f;, for the rear wheels, and
fr,¢ for the front wheels. This coefficient depends on the floor
type, wheel type, wheel radius, velocity, and tire pressure [18].
Sauret et al. [19] determined that velocity and tire pressure
contribute less than 5 % to the roll resistance of the wheelchair,

so these are neglected in The values of the

roll resistance coefficients are shown in [Table 1}

Roll resistance coefficient

Wheel Type Radius Hard smooth surface ~ Carpet
Castor wheel Standard 10cm 0.02 0.035
Rear wheel Pneumatic 28 cm 0.005 0.015

TABLE I: Roll resistance coefficients for the front and rear
wheels on two different surface types. Values from work by
Sauret et al. [19].

The rolling resistance of the rear wheels combined is

. . P.
FBl,ri = sgn (Gri) FB3,ri fr,r = sgn (al'i) Myc g 7 fr,ra (9)

and the rolling resistance on the castor wheel in the direction
of unit vector 1 is

Fy = sgn (6n) Fap frg = sgn (0n1) mye g Pr for,  (10)

where
F is the force on the castor in the longitudinal contact

direction 1,
is the rolling resistance factor of the front wheel,

fr,f
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(c) Cans-in-series [16] representation of the used triads. The arrow (d) Free-body diagram of the castor wheel.
on each can indicates the direction of a positive rotation when the
triad on the left hand side is grounded.

Fig. 6: Overview of kinematics and dynamics of the wheelchair and castor wheel.
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The roll resistance on the castor wheel F; does not appear
in the equations of motion explicitly, but is required to find
the forces on the castor connection D.

is the rolling resistance factor of the rear wheel.

D. Preferred orientation of the castor wheel

The presence of a cant and/or rake angle will introduce a
preferred rotation of the castor wheel. The cant and rake angle
¢, and ¢, of the swivel axis will determine in what direction
the wheel will rotate and settle.

Mathematically the preferred position is the swivel angle §
where the potential energy is smallest. This means that the
height zp of point D is closest to the ground plane. In this
configuration the wheelchair is in static equilibrium. If the
swivel axis coincides with the wheel plane (o = 0, Ly, = 0,
see [Figure 6b), then the preferred direction is the projection
of d onto the ground plane.

. ds — (d= - 7)) 7
o = — B s m)n (11)
ds — (ds-n)n
where
ipref is the direction of the longitudinal contact of the

castor wheel I where the wheelchair is in a stable
static equilibrium,

n is the normal vector up out of the ground plane,

ds is the direction of the swivel axis.

III. STEADY-STATE APPROXIMATION OF THE REACTION
FORCES

In this section, a steady-state approximation is made for the
force and moment applied by the caregiver. This solution is
only valid if the wheelchair moves in uniform circular motion,
and can be used to select design parameters for the wheelchair
and castor wheel.

A. Equations of motion in uniform circular motion

In uniform circular motion, the forward velocity of B and
angular velocity of the wheelchair chassis are constant. Point
B is located between the two rear wheels, meaning that it
cannot have a velocity in the lateral i)g direction due to the
no slip condition of the rear wheels.

Since the caregiver can choose what force and moment to
apply, we can make the following assumption:

Assumption 12: The caregiver applies a force or moment
such that the motion of the body of the wheelchair is uniform
circular motion. The forward velocity and yaw rate of the
wheelchair are constant over time.

The turn radius 7¢un of the uniform circular motion is
defined positive for right turns, and is measured from point B.
The yaw rate éz for uniform circular motion of the wheelchair
is calculated with

e Vwe
C:= ; (12)
Tturn
where
éz is the time derivative of the yaw angle (. of the

wheelchair,

is the forward velocity of the wheelchair,
is the turn radius of the wheelchair.

UWC
Tturn
Even if vy and ry.n are constant, the acceleration of the
center of mass ¢ in both the forward and lateral direction
is not zero. In multiple studies [20]—[22]] this acceleration
is ignored. However, even on low velocities, it can have
a significant contribution [[17], [23]]. Sonenblum et al. [24]
determined that the daily average speed of wheelchair users
falls within a range of 0.5m/s to 0.8 m/s.
The acceleration of point B is given by
OWC.
Tturngg

0

In uniform circular motion, the component 0y, is zero because
the forward velocity is constant. The acceleration of the center
of mass G is found by adding the relative acceleration of
G with respect to B. Recall that by was assumed zero in
otherwise an extra term is required in the by

direction.

Bj, —

13)

i)wc - aG Cz2
Tturncg

0

The pushing force of the caregiver Fp can be found by

substituting [Equation 14| in Newton’s second law in the by
direction, as given in

B, B

#q =Prp +Prgp = (14)

2
19
Fp = —mycagl; — Fr1,p — g FBy
i=1

15)

In a case where the wheelchair drives in a straight line (p =
0), the force by the caregiver is given by

FP|p:0 = mwcg(PffT,’r + Prfnf)-

The sum of lateral forces on the rear wheels of the
wheelchair in uniform circular can be found by substituting
in Newton’s second law in the by direction, as
given in

(16)

2

Z FBayi = MycTournCs — Fpap. 17
i=1

The free moment Mp that the caregiver has to apply

depends on where on the push bar the wheelchair is pushed.

By substituting [Equation 17|in [Equation 5| the contribution of

the lateral forces on the rear wheels can be replaced.

(I, =0= Mp —bpFp + Mgy p — b1 F1.p

N (18)
+af1FB2,D - mwch TturnAG
Equation 18| can be split between M} and M/ , as
Mp+ M p=0 (19)
where
M}, is the contribution of the caregiver to the sum of

moments,

! p is the sum of all other moments that are not generated
by the user, such as the moment generated by the
castor wheel.



The contribution of the caregiver to is

M}, = Mp — bp Fp, (20)

and all other moments are equal to
M p = Mp3 p—bs1 Fp1.p+an F2 p—Mwe(Criumac. (21)

To maintain uniform circular motion, the caregiver must
choose the force Fp and moment M p such that the contribu-
tion by the caregiver M} is the exact opposite of M’ ..

B. Push location on the handlebar

The caregiver can choose the location bp on the push bar,
and change it while pushing. However, the ideal point might
not lie on the push bar, meaning that the caregiver must still
apply a free moment to reach the desired value of M. The
smallest distance to push is chosen to be above the rear wheel,
80 bpmin = br1, and the largest distance is determined by the
choice of the length of the push bar.

If we assume that the moment M p is not required to reach
equilibrium, then the ideal push position bp is calculated as
M’ p

Fp -

To find M’ and Fp, the lateral and longitudinal force
on castor connection D must be determined. The longitudinal
contact force Fj is given in but the lateral contact
force F; is still unknown.

bp|Mp=0 = (22)

C. Steady-state approximation of lateral force on the castor

In steady-state, the first and second time derivative of the
swivel angle § equal zero. The following set of assumptions
are used in addition to the ones defined in

Assumption 13: The wheelchair has converged to a steady-
state. This means that the body moves in uniform circular
motion, and in addition that the swivel angle § does not change
over time.

Assumption 14: The small-angle approximation can be
applied to ¢, ¢, and o.

Assumption 15: The weight of the components of the castor
wheel is negligible compared to the weight of the wheelchair
and occupant.

Since there is no friction in the bearings and the castor is
massless, the moment acting on the castor fork around the
swivel axis must equal zero.

Mps = Mp -ds =0, (23)

where
Mps is the magnitude of the moment around the swivel

axis Mps, drawn in

is the reaction moment vector around point D on the
castor fork, equal to Mpi + Mpe + Mps,

&3 is the unit vector in the direction of the swivel axis.

Mp

At contact point C' the reaction forces are parametrized as
F
c
F Cc = F t )
_Fn

(24)

where

Fy is the lateral force on the castor wheel along unit
vector i,
F is the longitudinal force on the castor wheel along
unit vector i,
F,  is the normal force on the castor wheel along unit
vector .
In Appendix is solved using the kinematics
from Appendix This results in the following equation
for the lateral force on the castor wheel F; (Appendix

Equation A.53)

o Ay (¢yFy + Fycos (6)) + By (¢ F,, — Fysin (6))
£ By cos (8) + A; sin (6) ’
(25)
where
Ay = Lex sin (0) — Ley cos (§) 4 1y, 0 cos (9) 26)
+rw sin (6) (¢y cos (0) — ¢y sin(d)),
By = Lex c0s (0) + Ley sin (6) — 7y, 0 sin () o7

7 €08 (8) (y cos (8) — ¢a sin (9)).

The force vector € F'¢; can be converted to the 3 triad using
rotation matrix “R. Because of the small-angle approxima-
tion, the swivel angle § is roughly equal to steer angle p

(Appendix [B] [Equation A.57). Therefore the rotation matrix
CRj can be simplified to

cos () —sin(d) 0
BRe = | sin(6) cos(6) 0 (28)
0 0 1
The force Fo projected on the directions of the B triad is
F} cos (0) — F; sin (0)
BFo=BReCFc = | F, cos () + F sin (0) (29)
—F,

From this equation the elements of the force vector drawn
in can be derived, given the fact that the castor wheel
is in massless and in steady-state. This means that the reaction
forces at C' are opposite of those at D.

Fpi1p = F; cos () — F; sin (9)
Fgop = F; cos () + Fy sin (6)

(30)
€2y

The free moment around point D in the bs direction depends
linearly on both the lateral force F}; and the longitudinal force

F} and is equal to (Appendix

Mps,p = F; Ay + I} Bs, (32)

where
A2 - _Lex + Ldf ¢y COoS (5) - Ldf (bx sin (5) ) (33)
By =140 — Loy + ¢34 €08 (6) + ¢y 174y sin () (34)

+Lag ¢o 08 (8) + Lag ¢y sin (9) .

The term As is generally larger than Bs, since the longitudinal
castor trail Ley tends to be larger than the lateral castor trail
L

ey-



D. Special cases for the steady-state approximation

The wheelchair moves in a straight line if p is zero. One
case where this is true is if swivel angle ¢ and rake angle ¢,
both are zero. For this straight-line path, Equations [23] and [32]
simplify to

Fy (Ley — 714 0) — Lex ¢4 F,
Fils=ong¢,=0 = — ! (Ley T ) ¢ (35)
and
MB3,D|6:(]/\¢y:O = (36)

E(Ldf¢z*Ley+¢z7‘w+rw0—)*FtLex~

The influence of F; on F; can then be ignored by designing
the lateral trail L., and wheel bank angle o such that

(37

Ley —71wo =0.

A change in height between C' and D can be prevented by
choosing the length of the castor stem Lg¢ such that

— Lg¢ + 1 + Leyo = Constant. (38)

[Equation 37| and [38] can be used to design a castor wheel such
that the influence of F; on F} is small.

IV. MULTIBODY SIMULATION

A three dimensional multibody model is established to
determine the reaction forces of the castor and the required
forces and moments by the caregiver. First, the constraints
and generalized coordinates are established, then both the
Lagrange and TMT methods are used to derive the equations
of motion. The model is used to validate the steady-state
assumption made in and can be used to simulate
trajectories that are not steady-state.

A. Kinematic constraints

At least four constraint equations on the generalized coordi-
nates g and their derivatives are required. The first constraint
is holonomic and ensures that point C' is always in contact
with the ground plane.

C'C'_normaul =Tcj/o- n=0 (39)

Two nonholonomic constraints are used to prevent slip of
the castor wheel in the lateral and longitudinal directions:

(40)
(41)

CC_longitudinal = "-"C/O - 97"w = 0,
OC_tangent = ’iQC/O -t =0.

One nonholonomic constraint prevents lateral slip at the rear
wheels. Since the rotation of the rear wheels is not present in
the state vector g, no constraint is required for the longitudinal
direction.

CB_tangent = 'i'B/O : 62 =0 (42)

After applying these constraints, five degrees of freedom
are left in configuration space and two in velocity space.
If uniform circular motion is assumed (Assumption 12), the
caregiver can be modeled as a constraint on the forward
and angular velocity. These constraints encode the force and

moment that the caregiver needs to apply to keep the (angular)
velocity of the wheelchair constant.

CUB_fixed_velocity = TB/0 * b1 — Ve =0 (43)

: v
CB_ﬁxed_rotation = Cz - =0 (44)

Tturn
where

Tiurn 1S the constant turn radius of the wheelchair as
measured from point B. A positive turn radius cor-

responds to a right turn.

Uwe 18 the constant forward velocity of point B.

When these additional constraints are used, the system has
zero degrees of freedom in velocity space. Therefore the
motion is always the same regardless of forces once initial
conditions and parameters have been chosen.

B. External forces and moments

Forces on the system can be split in three groups: con-
straint forces, conservative forces F.,,s and forces that can
be non-conservative: Fjcons. Constraint forces are governed
by the Lagrange multipliers of the respective constraint, and
are not included in the applied forces and moments. Any
force which might be non-conservative must be included in
Flcons- The conservative non-constraint forces are gravity
on the wheelchair, castor fork, and castor wheel. The non-
conservative forces are rolling resistance on the front and rear
wheels. The equations for the conservative forces are

FNB,G = MwcY, (45)
Frg =myg, (46)
Fag = myg, 47)

where

N3, is the gravitational force on the center of mass of the
wheelchair frame and occupant combined, point G,

Frg is the gravitational force on the center of mass of the
castor fork, assumed to be point F',

Fag  1is the gravitational force on the center of mass of the
wheel, point A,

my is the mass of the castor fork,

m,, is the mass of the castor wheel (without fork).

The equations for the roll resistance forces are given in

and The contributions of the caregiver M}

are modelled as constraints, so they are included in neither
FCOHS nor FHCOHS'

C. Derivation of equations of motion

The equations of motion are derived using both the La-
grange method and the TMT method [25]]. The full derivation

can be found in Appendix [F} Both methods yield a system in
the form of
\ / T .
MGy () (T (48)
C, 0 A Cuq
where
M s the generalized mass matrix



q is the Jacobian matrix of constraints
is a zero matrix
is the vector of Lagrange multipliers for each con-
straint

q is the second time derivative of the generalized

coordinate vector q.

f is the vector with generalized forces

C,, is the Jacobian matrix of C4q over g, which includes
the terms that do not depend on the accelerations.

> on

From this description it is possible to determine the second
derivative of the generalized coordinates g. Since all other
variables only depend on g and ¢, it is possible to integrate
the system over time. The vector of Lagrange multipliers A
can be used to find the forces applied by the caregiver and the
castor wheel.

D. Integration of equations of motion over time

Once the equations of motion have been derived, an inte-
gration scheme can be used to find a solution over time. If
'Assumption is used, there are no degrees of freedom in
velocity space. The state of the system Y is defined as

(49)

and its derivative

(50)

During each integration step, g is determined by inverting

TRy

To execute this integration, the MATLAB function ode45
was used. Due to the kinematic constraints given in Equations
to not all states are feasible. To guarantee that the
initial condition is feasible the Gauss-Newton method is used
to project the initial condition on the constraint space. This
coordinate projection can also be used during the simulation
to correct deviations from the constraint space if the deviation
from the constraints is too large. An estimate of the state is

ChOSen as
<' > ’
q

and the error on the state is defined in configuration space as

(S

(52)

where

Y is the true state where the kinematic constraints are
satisfied,

Y is the estimate of the state,

AY is the error between the true and estimate state.

In appendix [F] the implementation of the constraint projection
is shown.

E. Determining the reaction forces from the Lagrange multi-
pliers

The main forces of interest are F; on the castor, M 1’3 on
the wheelchair in the down direction by the caregiver, and Fp
on the push handle by the caregiver. Each of these reactions
is governed by a constraint, C'c_tangent> CB_fixed_rotation, and
CB_fixed_velocity respectively. We can use the correspond-
ing Lagrange multipliers Ac_tangents AB_fixed_rotation, and
)\B_ﬁxcd_vclocity to find

Ft = —)\C_tangenta (54)
FP == _)\B_ﬁxed_velocity7 (55)
M;D = _)\B_ﬁxed_rotation~ (56)

V. SIMULATION PROTOCOL

In the simulation protocol, the methods to generate the
results are shown.

A. Variables and parameters

By default, the variables from are used unless
specified otherwise. During each simulation the system is sim-
ulated until steady-state is reached. Steady-state is quantified
as movement where the time derivative of the swivel angle )
has converged to a value smaller than 0.01 rad/s. Usually this
is achieved within one second of simulation. shows
the simulations that are performed using this method. Each
simulation is executed for both ¢, = Orad and ¢, = 0.1rad.

B. Protocol of comparison between steady-state approxima-
tion and multibody dynamics model

The results from the multibody dynamics model and the
steady-state approximation are compared by plotting both
solutions. The lateral force on the castor F}, the sum of
moments not applied by the caregiver M’ ,, and the push
force by the caregiver Fp.

C. Protocol of the lateral force on the castor wheel

The lateral force on the castor wheel F} is calculated using
as a function of the inverse of the turn radius
Tiurn- The swivel angle § is taken from the multibody simula-
tion which has converged to steady-state. To plot
as a function of 7. explicitly, the turn radius can also be
calculated as a function of ¢ using the analytic derivation of
the turn radius given in

D. Protocol of influence of design parameters on the force
and moment applied by the caregiver.

The push force of the user Fp and the moment on the
system excluding the caregiver M’ , can be calculated using
and [21] in steady-state. Both of these equations
have three summed terms that contribute to the final value.
The term a¢; Fg1,p does not contribute because ag; = 0 in the
considered case. Simulation 2 and 3 with wheel bank angle o



Generalized coordinates ~ Unit Initial value
B m 0

YB m 0

Cz rad 0

0 rad 0

0 rad 0

zZp m —rw — Lar
B m/s 0 *

UB m/s 0*

& rad/s 0 *

0 rad/s 0 *

) rad/s 0 *

2D m/s 0 *
Design parameters Unit Default value
Tw m 0.095

T m 0.28

Lex m 0.05

Ley m 0

Lgt m 0.175

ap m -0.1

o rad 0

b rad 0 and 0.1
by rad 0

ag m 0.44

bri m 0

bfl m 0

br1 m 0.56/2

br2 m - br 1
Maw kg 0 (negligible)
mpy kg 0 (negligible)
Mwe kg 1000/9.81
Environment parameters ~ Unit Default value
fr.6 — 0.02

f r,ri - 0.005

g m/s? 9.81

Use variables Unit Default value
Vwe m/s 0.8
Tturn m 1000

M P Nm 0 *

Fp N 0*

Py - 173

bp m 0.283

TABLE II: Default parameter values (* driven by constraint)

proved to have very little influence, so these simulations are
omitted.
The push location bp can be found by calculating M’ ./ Fp

(Equation 22). The push location is found for both a hard

smooth surface, and on a carpet.

VI. RESULTS

In the results section the figures corresponding to the
sections of the protocol in are shown, and a short
description is given.

A. Graphs of comparison between steady-state approximation
and multibody dynamics model

The Lagrange and TMT method yield numerically equiva-
lent results, so either can be used. The comparison between
the TMT method and steady-state approximation is plotted
in for simulation 1. Figures and [7d| show
the lateral force F; on the castor wheel, the moment M’ P
and the required pushing force F'p respectively. Note that the
moment M/ p is the antagonist of Mp, so Mp = —M! p, as

was shown in [Equation 19

10

The lines correspond to the solutions found with the TMT
method. The dot ‘-> markers are derived using the moment
around the swivel axis in steady-state without
the small-angle approximation. The cross ‘X’ markers corre-
spond to the simplified Equations and 23] A selection
of results is presented here. The rest can be found on the TU
Delft repository

B. Graphs of the lateral force on the castor wheel

Out of the parameters varied in simulations 1 to 6, only ¢,
alters the lateral force on the castor wheel when the wheelchair
is driving in a straight line. Therefore the results for the other
simulations are calculated for ¢, = 0.1rad. The lateral force
F, is shown in for simulations 1 to 6. The cases
where the wheelchair drives on a carpet and on a hard, smooth

surface are both plotted. Only in the roll resistance
has an effect on F;.

C. Graphs of influence of design parameters on the force and
moment applied by the user.

In Figures ] to the top left subfigure is the lateral force
on the castor Fp, and the top right subfigure is the moment
M! p. The variation of F'p to the roll resistance is shown in the
bottom left subfigures. The moment M/ , only has minimal
dependence on the roll resistance, so this result is omitted.

The push location bp = M! /Fp is shown in the bottom
right subfigure in Figures [9] to The red line corresponds
to the minimum size of bp, which is the distance between
the symmetry plane and the right rear wheel b,;. Because the
push force Fp can cross zero, the push location bp often has
asymptotes which correspond to the zero crossings of F'p.

VII. DISCUSSION

In the discussion, the results are interpreted, and recommen-
dations for future research are given.

A. Accuracy of the steady-state approximation

Both the steady-state approximation (visualized with °.”)
and its small-angle approximation (visualized with ‘X’) cor-
relate closely with the multibody model. The largest absolute
difference in experiment 1 between the small-
angle approximation and MBD model on M/ , is 0.74N. On
the push force Fp the largest absolute error is 0.89 N. This
corresponds to 8 % and 1.8 % respectively.

The reason that the absolute error on the moment can be
large is that the multibody model has a roughly constant offset
from the steady-state approximation. If the moment calculated
by the multibody model approaches zero, the denominator to
calculate the percentage difference converges to zero.

3https://repository.tudelft.nl/


https://repository.tudelft.nl/

simulation number Vtcu'iable 1 (x-axis) . Yariable 2 (linf?s)
Variable  Unit Value min ~ Value max | Variable Unit | Value min  Value max

1 1/reurn m~ 1 | -1 1 b rad -0.2 0.2
2 1/rurn m~1 | -1 1 o rad -0.2 0.2
3 1/reurn m~1 | -1 1 o* rad -0.2 0.2
4 1/rurn m~1 | -1 1 oy rad -0.2 0.2
5 1/rurn m~1 | -1 1 Vwe m/s | -0.8 0.8
6 1/reurn . m~1 | -1 1 Py - 0 1

7 Py — 0 0. b rad -0.2 0.2

TABLE III: Overview of performed simulations (* in simulation 3 Lg¢
hold). Variable 1 is used as the x-axis of the plots, and a line is drawn for multiple values of Variable 2.

and Ley are chosen such that Equations and

Lateral castor force F;

80 - 40 -
MBD sim
60 - o ox x x x x4 Zf;fp“ 30— x ~
A F%,=0.2 _x_
g
40+ 20 1 —x_
=
$.=0.1 s

20 - g 10F
Z, Z
~ ~
b O = =] -
8 0 $a=0 5 0 S
= kS

20 F = -10

£ X X ——x IP S e ~— X X #2=-0.1
40 -20
=02
-60F X X ’ -30
-80 L L Il L L L

-1 -0.5 0 0.5
Pk, (Inv. turn rad.) / m™!

(a) Sim. 1: Lateral force on castor wheel given turn radius ¢y and

cant angle ¢.

Push force Fp

Moment M’

MBD sim
s.a.appr.
exact

$,=0.2

¢,=0.1

1
Tturn

0

(Inv. turn rad.) / m™!

radius 7urn and cant angle ¢@.

(b) Sim. 1: Moment M’ p exerted on wheelchair in down direction
given turn

20 . =0.2
15
10 $,=0.1
5
o I b
z P
8 0 ¢0,=0 ' ’ I
3 I
S . '
MBD sim . ]
10 b // X s.a.appr. \\\xp,:—().l I
// . exact F I
IS ! .,
/
///
/
20 .=-0.2 '
-1 -0.5 0 0.5 1 P

Tk (Inv. turn rad.) / m™!

(c) Sim. 1: Force Fp exerted in forward direction on B by caregiver

given turn radius 7turm and cant angle ¢.

(d) Quick reference of variables used in the plots, simplified from

Equation 19

[Figure 3| and [Figure 6d| M’ p is defined in

Fig. 7: Exp 1: Comparison between the multibody model (MBD sim), the steady-state approximation (exact), and the small-
angle approximation of steady-state approximation (s. a. approx.). A more positive r;&n is a sharp turn to the right, and a
more negative rt_u}m is a sharper turn to the left.
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. Lateral castor force F; varied for f,

6y T ,=02
Hard smooth surf.
40 | — — — Carpet
¢:=0.1
20 -
Z.
~—
; L — 6.=0
=
-20
— _ ———¢=-0.1
40 |
-60 vﬂ:m
| . .

-80 L
-1 -0.5 0

Pk, (Inv. turn rad.) / m™!

(a) Sim. 1: Lateral force F; for ¢, as function of r¢urn.

Lateral castor force F; varied for f,

30 »///l/—%-ca\,\‘,‘“
L T——vo
25 -
Z 20 -
~ Hard smooth surf.
8 Carpet
% — — — Carpe
m 15 F
10
5
5r
0 . | . .
-1 -0.5 0 0.5 1

Ton (Inv. turn rad.) / m™

(c) Sim. 3: Lateral force F} for o as function of 7, in a case where
¢z = 0.1rad, and where the design parameters are chosen such that
point C' does not move laterally when wheel bank angle o is changed.

Lateral castor force F; varied for f,

40 -
30— - — — Uge=0.5&
Vye=0.8
20
Hard smooth surf.
10 + Carpet
Z
~
g Of
=
-10
220 |
““““ Vye=-0.5 &
30 000 T H _ Uywe=-0.8
-40 . L . .
-1 -0.5 0 0.5 1

T (Inv. turn rad.) / m™!

(e) Sim. 5: Lateral force F} for vy as function of 7y in a case
where ¢, = 0.1rad.

(b) Sim. 2: Lateral force F} for o as function of 7y, in a case where
¢ = 0.1rad.

. Lateral castor force F; varied for f,

Hard smooth surf.

— — — Carpet

_$,=0.2
—

$,=0.1

6y=0

. | . )
-1 -0.5 0 0.5 1
Toun (Inv. turn rad.) / m™*

(d) Sim. 4: Lateral force F; for ¢, as function of r¢um in a case
where ¢, = 0.1rad.

100 Lateral castor force F; varied for f,

90 - T
L— ——p=1
80 +
70 F —
Hard smooth surf. Py=0.8
. — — — Carpet
60 -
-
~ .
g 50 L P;=0.6
5
oot
P=04
30 -
20 -
P ——— P02
10
0 . i . Pp=0
-1 -0.5 0 0.5 1

Ty (Inv. turn rad.) / m™!

(f) Sim. 6: Lateral force F} for Py as function of r¢um in a case
where ¢, = 0.1rad. Note that the forward location of the center of

mass ag = an P (Equation ).

Fig. 8: The lateral force F}; on the castor wheel as a function of the turn radius 7, for simulations 1 to 6. For all simulations

except 2 the rolling resistance has no effect on Fj.
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(a) Sim. 1: Push force Fp split in the terms of as a (b) Sim. 1: Moment M’ p split in the terms of as a

function of the inverse turn radius 7% for different cant angles ¢,. function of the inverse turn radius roL. for different cant angles

The bottom plot of F'p is equal to the sum of the plots above. ¢2. The term a1 Fi,p does not contribute because as; = 0 in the
considered case. The rolling resistance has almost no effect on the
components of M’ . The bottom plot of M. p is equal to the sum
of the plots above.

bp for ¢a=-0.2 bp for ¢a=-0.1 bp for ¢a=0
2 2
N\ ‘
g1 ‘ g1 21
—~ | ~ —
- ST S E— o N — -
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NG | F] g
% >N % %
£ N Ea Za
N \ [
2 | 2 L. 2
-1 0 1 -1 0 1 -1 0 1
T (Inv. turn rad.) / m™" 7oL (Inv. turn rad.) / m™" 7l (Inv. turn rad.) / m™!
bp for ¢,=0.1 ) bp for ¢,=0.2
| \
AN
g2 1 g
— —
[T S S _ & bp on hard smooth surf.
@ 0 g 0 | — — —bp on carpet
g r—pe—iee——e— g - } 77777777777777 Rear wheels b1 and by
g g0
z 7
A -1 A -1 :
2 PIAN |
-1 0 1 -1 0 1

T (Inv. turn rad.) / m™' 7ol (Inv. turn rad.) / m™!

(¢) Sim. 1: Force Fp in forward direction on point P by caregiver (d) Sim. 1: Push location bp as a function of the inverse turn radius
given turn radius ry.m for different cant angles ¢, varied for roll r;ulm for different cant angles ¢.. The push location bp is calculated

resistances. The values for the roll resistance are given in for a case where the careiiver does not apply a free moment Mp,

using bp = M’ p/Fp (Equation 22).

Fig. 9: Sim. 1: Overview of the effects of the cant angle ¢, on the push force Fp, moment M’ ,, and push location bp of
the wheelchair as a function of the inverse turn radius 7. . A more positive 7. is a sharp turn to the right, and a more
negative ;.1 is a sharper turn to the left.
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(a) Sim. 4: Push force Fp split in the terms of as a
function of the inverse turn radius 7} for different rake angles ¢,
given ¢, = 0.1rad. The bottom plot of Fp is equal to the sum of
the plots above.

10 Push force Fp varied for f,
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30
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Town (Inv. turn rad.) / m

.
-0.5

(c) Sim. 4: Force F'p in forward direction on point P by caregiver as
a function of the inverse turn radius . for different rake angles
¢y given ¢, = 0.1rad, varied for roll resistances. The values for the
roll resistance are given in [Table
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(b) Sim. 4: Moment M/ p split in the terms of as a

function of the inverse turn radius 7>, for different rake angles ¢,
given ¢, = 0.1rad. The term as F1,p does not contribute because
af1 = 0 in the considered case. The rolling resistance has almost no
effect on the components of M’ 5. The bottom plot of M’ p is equal
to the sum of the plots above.
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(d) Sim. 4: Push location bp as a function of the inverse turn radius
roL for different rake angles ¢, given ¢, = 0.1rad. The push
location bp is calculated for a case where the i

caregiver does not
apply a free moment Mp, using bp = M’ p/Fp .

Fig. 10: Sim. 4: Overview of the effects of the rake angle ¢, on the push force Fp, moment M’ ,, and push location bp of
the wheelchair as a function of the inverse turn radius ., for a case where cant angle ¢, = 0.1rad. A more positive ;>
is a sharp turn to the right, and a more negative ... is a sharper turn to the left.
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(a) Sim. 5: Push force Fp split in the terms of as

a function of the inverse turn radius r,., for different forward

velocities vwe given ¢, = 0.1rad. The bottom plot of Fp is equal
to the sum of the plots above.

(c) Sim. 5: Force F'p in forward direction on point P by caregiver
as a function of the inverse turn radius r} for different forward
velocities vwe given ¢, = 0.1rad, varied for roll resistances. The
values for the roll resistance are given in [Table I
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(b) Sim. 5: Moment M/ p split in the terms of as

a function of the inverse turn radius r;,., for different forward
velocities vwe given ¢, = 0.1rad. The term as Fs1,p does not
contribute because ary = O in the considered case. The rolling
resistance has almost no effect on the components of M’ p. The
bottom plot of M’ p is equal to the sum of the plots above.
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B. Influence of parameters

The lateral castor force F; is roughly linearly dependent on
the cant angle, as was determined in This makes
the cant angle an good choice to increase moment M’ , and
move the push location bp to the positive right side, as was
also found by Bennett [[10]].

The pushing force F'p is not affected by the cant angle ¢,,
rake angle ¢,, or wheel bank angle ¢ when the wheelchair
moves in a straight line ok, = 0). The direction
of the rolling resistance on the castor wheel [ must point
in the direction of movement due to the no-slip assumption.
The magnitude of the rolling resistance is assumed to be
only a function of the vertical load and the rolling resistance
coefficient. Since the magnitude and direction of F'; are equal,
the pushing force F'p is unaffected.

Rolling resistance on the front wheel can have effects on
the lateral force F; on the castor wheel as was shown in
This is not a desirable characteristic, as rolling
resistance depends on the surface type of the environment.
To prevent this, the moment arm between the swivel axis &3
and longitudinal force F'; should be as small as possible. In
experiment 1, Lo, and o are zero (see kinematic diagram in
[Figure 6b). This means that F} is independent from the rolling
resistance factor f; 4.

The roll resistance and the lateral force on the castor scale
linearly with the total weight of the wheelchair and occupant
mwe. Therefore, the total weight does not affect the push
location bp. The longitudinal location of the center of mass
ac does have an effect, as is shown in[Figure 12d] The weight
distribution between the front and rear wheels depends on the
body weight of the occupant and the design of the wheelchair.

The magnitude of the forward velocity vy, has no effect on
the lateral force F; on the castor (Figure 8¢), but does influence
the terms in Fp and M’ . that depend on ¢ considerably,
due to the centripetal acceleration in Even for
a conventional wheelchair, a forward velocity of 0.8m is
sufficient to reduce the push force to zero on a hard smooth
surface ¢, = 0) when the wheelchair drives in a
sharp turn with a turn radius 7, of 1 m. These centripetal
terms were ignored in some studies [20]-[22]], where it is
assumed that the acceleration of the center of mass is only
straight forward due to Uy.c.

C. Recommendations for design parameters

Good design parameters for a wheelchair pushed from the
side should allow the user to push on the push bar without
applying a free moment Mp. For usability, the lateral location
of point P must be right next to the wheelchair or further out.

The roll resistance has a large effect on push location bp.
This variability is so large because the moment M/ , changes
very little with roll resistance, while the required pushing

force shown in is linearly dependent on it for a
straight trajectory (Equation 16). The minimum length for a

bar that could push the wheelchair in a straight line on both
surface types is bp = 0.61m for ¢, = 0.5rad, measured
from the symmetry plane of the wheelchair. This value can be

determined by tuning parameters in such that the
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lines for bp for both surface types are above b,1. An additional
free moment Mp would still be required to make sharp turns
in either direction if bp is below the red line in or
exceeds length of the push bar.

When Fp converges to zero, bp diverges to infinity. The
pushing force can become zero due to the inertial term in
This inertial term always decreases Fp because
—ac(? is always negative. To a smaller extent, the lateral force
F; on the castor can also reduce F'p as it can have a component
in the backward direction, which is shown in To
make tighter turns, the caregiver must apply a moment Mp in
addition to the pushing force. The magnitude of this moment
can be calculated using M} = Mp — b, F,, (Equation 19).

The cant angle ¢, can be used to increase the lateral force
on the castor F; when the wheelchair moves in a straight line

(Figure 8a). The rake angle modifies the slope of the lateral

force with respect to the inverse turn radius (Figure 8d). By
combining the cant and rake angle, slope and y-intersection

of the lateral castor force F}; can be tuned.

The preferred position of the castor wheel is affected by
the rake and cant angle. A positive rake angle causes the
preferred position of the castor wheel to be in the backward
direction (see B)). When the wheelchair is in the
preferred position, the potential energy is minimal. To initiate
movement of the wheelchair, the caregiver must overcome this
energy deficiency before the wheelchair to push the wheelchair
forward. The preferred position for a pure cant angle is to
the side, which poses similar problems. The designer of a
wheelchair must weigh the advantages of a desirable preferred
position versus the steering characteristics provided by a
positive rake angle, or design a different solution such that
the preferred position is forward.

The weight distribution influences push location bp as is
shown in To prevent this, a wheelchair could be
designed such that the load on the castor wheel can be set
arbitrarily.

D. Recommendations for future work

The small-angle approximation is sufficient to determine the
reaction forces in steady-state. Therefore it is recommended
to use this approach over the TMT and Lagrange approach
when possible. If the moment and force of the caregiver are
considered as a free input rather than a constraint (so not using
uniform circular motion as was assumed in [Assumption 12)),
then the steady-state approximation is no longer valid.

Real-world experiments should be performed to validate
the model. A 6-axis force and torque sensor can be mounted
between the wheelchair and the castor top plate. Most of these
sensors are prone to damage caused by a bending moment.
A test can be conducted with a reduced total weight to
circumvent this. All forces and moments exerted by the ground
on the wheelchair scale linearly with vertical load, so if an
experiment is performed with half the weight, the reaction
forces can be doubled to get the real values.
(castor wheel and fork have negligible weight) might be
violated if the weight on the wheelchair is reduced too far.

The effect on the moment by the weight distribution shown
in could be used to reduce the moment that the



caregiver has to apply. The vertical load on the castor could
be controlled by attaching the castor wheel to the wheelchair
with a flexible component, and support a part of the load via
the regular castor wheels on the chair. If regular castor wheels
support the wheelchair, then the force on the modified castor
wheel is equal to the deflection of the flexible component times
its stiffness. This solution could also allow the wheelchair to
move in the backward direction easier by lowering the vertical
load on the castor in this direction. A possible implementation
could look similar to how the pitch of the wheelchair was
considered in this study, shown in

In this work, it was assumed that the wheel is a flat disk.
If the wheel has a width that is not negligible, the shape of
the wheel can be approximated as a toroid. This approach was
used by Garcia-Agundez et al. [13|] to analyze the motion of
a Waveboard.

During preparation for this study, it was considered whether
the cant angle could also help wheelchair users navigate
banked surfaces. Coolen et al. [20] investigate common skills
required for wheelchair propulsion, including turns, banked
surfaces, curbs, and wheelies. 100% of the study participants
passed the side-slope test, meaning that few to no wheelchair
users have trouble navigating side-sloped inclines.

This study focussed on the case where a caregiver pushes
the occupant, but this model can also be applied to an occupant
who propels the wheelchair by themself. In the introduction,
it was discussed that people who have suffered a stroke also
struggle with propelling the wheelchair in a straight line
[2]. Introducing a small cant angle could help counteract the
asymmetry of the propulsion.

VIII. CONCLUSION

This study established a relation between the pushing po-
sition of a caregiver and the design parameters of the castor
wheel using a steady-state approximation and a multibody sim-
ulation. By choosing the parameters accordingly, a wheelchair
can be designed to be pushed from a position next to the
occupant.

The cant angle provides a lateral force without increasing
the required pushing force for straight trajectories. The rake
and wheel bank angles can modify the amplitude of this steer-
ing effect and can be used to tune the desired characteristics of
the wheelchair. A positive rake angle reduces the slope of the
steering moment for different turn radii and shifts the castor
wheel’s preferred position more in the backward direction.
This situation allows the caregiver to achieve certain turn radii
from a push position closer to the wheelchair, but is also more
sensitive to the push force and location of the caregiver.

The weight distribution between the front and rear wheels
influences the moment generated by the castor, but the magni-
tude of the total weight of the wheelchair and occupant does
not.

The roll resistance affects the ideal location to push the
wheelchair, because the push force is Fp = 9.5 N at least and
21.01 N at most. This means that bp can increase by a factor
of 2.2 depending on the surface type.

It is unrealistic to push a three-wheeled wheelchair over any
forward trajectory with arbitrary turn radii on both a carpet and
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a hard, smooth surface without ever applying a free moment
on the push handle. When pushing a conventional wheelchair
in a sharp curve from the rear it is also required to apply a free
moment. It is recommended to design the wheelchair such that
for straight trajectories, the push bar is long enough to push
the wheelchair with a pure pushing force for both low and
high rolling resistance. The caregiver can then apply an extra
moment to make a turn.

For the considered parameters, a cant angle of ¢,
0.05rad allows the caregiver to achieve a straight trajectory
for any surface type without applying a free moment. A rake
angle of ¢, = 0.1rad can be used to reduce the required free
moment in sharper turns. This positive rake angle does shift
the preferred position further in the reverse orientation. The
push bar for this case must at least reach bp = 0.61m to
facilitate straight trajectories.

The model can be compared to real-world experimental
results in future work. The approximation can then be used
to choose suitable design parameters for wheelchairs and
other wheeled vehicles with castor wheels. The modification
can also be used for wheelchair users who propel their own
wheelchair asymmetrically, such as people who have suffered
a stroke.
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NOTATION
a Scalar variable
a Vector
a Unit vector
...T Transpose of a vector or matrix
Na  Vector expressed in triad A/
A Matrix
A Triad
a; Unit vector of triad A in x direction
74/ Position vector from point A to B
R4 Rotation matrix from triad A to triad A" such that

Nry=NRaAr4

LIST OF VARIABLES

Design parameters

Tw Castor wheel radius

T Rear wheel radius

Le, Castor trail

L., Lateral castor trail

Lgs  Length of swivel axis

o Wheel bank angle

o) Castor cant angle

Dy Castor rake angle, also called castor angle or castor
stem angle.

af1  « location of castor connection with respect to vehi-
cle origin

bgr  y location of castor connection with respect to vehi-
cle origin

Fe  Total gravitational force on wheelchair and user
combined

m,  Mass of castor wheel

my  Mass of castor fork

Mmwe Mass of wheelchair and user excluding the castor

wheel
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Use variables

Tturn
vwc
Fp
Mp
Py
P,
bp

Turn radius of wheelchair

Forward velocity of wheelchair

Force applied by user at point P on the push bar
Moment applied by user at point P on the push bar
Fraction of weight on the front wheels

Fraction of weight on the rear wheels

Lateral location of point P where the wheelchair is
pushed

Environment parameters

fr,ﬁ
fr,ri
g

Roll resistance coefficient of front wheel 7
Roll resistance coefficient of rear wheel
Gravity constant

Generalized coordinates

q
B
YB
ZB
Ca
Cy
C
eri
Og
05

Generalized coordinate vector

X position of point B

Y position of point B

Z position of point B

Euler angle for X rotation of wheelchair body
Euler angle for Y rotation of wheelchair body
Euler angle for Z rotation of wheelchair body
Roll angle of rear wheel i

Roll angle of front (castor) wheel i

Swivel angle of castor wheel i

Dependent variables

€

Y
n

P

Triads

SOLNR 9Bz

Rotation of fork with respect to triad A

Camber angle of wheel with respect to ground plane
Heading angle of wheel with respect to inertial triad
N

Steer angle of wheel with respect to body fixed
wheelchair triad

Inertial triad fixed to world

Wheelchair body fixed triad

Triad fixed to wheelchair with &3 in direction of
swivel axis

Triad rotated with respect to D around swivel axis
Castor fork body fixed triad

Triad in direction of contact point from wheel center
Triad fixed to contact point

Wheel body fixed triad

Important vectors

S

Q) O w>
w

Normal vector up out of the ground plane
Spin direction of castor wheel

Longitudinal (roll) direction of castor wheel
Transverse direction of castor wheel

Swivel axis of castor wheel
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APPENDIX A
DESCRIPTION OF KINEMATICS

A. Rotations definitions

In the rotations are shown with the cans in series method. Note that the inertial coordinate system occurs twice
since the rotations form a closed loop. To open this closed loop, the angles €, «, and 7 are functions of the other angles. The
rotation matrices for the free angles are:

c. s¢. 0
BRy = —sc. cc. O (A.1)
0 0 1
1 0 0 C¢y 0 —S¢y C¢Z S¢Z 0
PRE=1{0 c4, 54, 0 1 0 —84. Cp. O (A.2)
O _3¢m C¢I S¢y O C¢y O 0 1
Cs S5 0
RRp=|—-s5s ¢ 0 (A.3)
0 0 1
¢ So O
TRr=|-5 ¢ O (A.4)
0 0 1
Co 0 —Sp
WRr=|0 1 0 (AS5)
s9 0 co

Rotation matrix “R.» can be calculated using the unit vectors of triad C:

& =1 (A.6)

e =1 (A7)

é3=-"n (A.8)
A rotation matrix can be written as BT
&1

‘Ry = (b, by Cb3) = | Pey (A.9)
BéST

Using this relation and Equations [A.11] |A.14] and |A.13| R is calculated as

5jt
CRz= | 5" (A.10)
_BiT

These directions can be found assuming that 5R 7 is known. Vectors m and s are defined by the triad definitions.

0
Na=1{ 0 (A.11)
—1
0
Fs=11 (A.12)
0

The longitudinal direction vector I is perpendicular to the ground plane and wheel spin vector s for circular wheels. The
product is divided by the norm as I and s are not perpendicular.
j— —5xn (A.13)
18 > 7|
The transverse direction ¢ can be determined with a single cross product without dividing by the norm, as both unit vectors
are orthogonal by definition.
t=Ilxn (A.14)
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In triad B, these vectors are given by the following expressions.

0
A= 0 (A.15)
-1

B

sin(¢z) sin(o)—cos(§) cos(¢p,) cos(o)

\/(cos(@c) sin(¢y) sin(o)—cos(¢y) cos(o) sin(d)+cos(d) cos(a) sin(py) sin(dz))?+(sin(¢e) sin(o)—cos(d) cos(pz) cos(a))?
cos(¢pz) sin(¢y) sin(o)—cos(¢y) cos(o) sin(d)+cos(d) cos(o) sin(¢y,) sin(¢q)

\/(cos(¢z) sin(¢,) sin(o)—cos(¢y) cos(a) sin(8)+cos(d) cos(a) sin(py) sin(dz))?+(sin(¢e) sin(o)—cos(d) cos(pz) cos(a))?
0

(A.16)
cos(pz) sin(¢,) sin(o)—cos(¢y) cos(o) sin(d)+cos(d) cos(o) sin(¢y) sin(¢g)
\/(Cos(qﬁm) sin(¢y) sin(o)—cos(¢y) cos(o) sin(d)+cos(d) cos(o) sin(py) sin(dz))?+(sin(¢e) sin(o)—cos(d) cos(pz) cos(a))?
sin(¢,) sin(o)—cos(§) cos(¢p,) cos(o)
\/(COS(Q&w) sin(¢y) sin(o)—cos(¢y) cos(o) sin(d)+cos(d) Coséa) sin(¢y) sin(¢z))?+(sin(¢s) sin(o)—cos(d) cos(¢,) cos(a))?

(A.17)
Using these unit vectors, can be solved. With this rotation found, all rotations that are relevant to find the
equations of motion of the castor wheel have been defined.

B. Positions definitions

The position of the origin of the wheelchair is defined as the point on the symmetry plane coincident with the spin axis of
the rear wheels. The X and Y coordinate are described by generalized coordinates zp and yp. The height is determined by
the radius of the rear wheels, r,. Recall that the positive Z axis of the inertial coordinate system points into the ground.

xR
Nrgjo =Vr= | ys (A.18)
—r,
Point D is the connection between the wheelchair and the castor wheel. Due to the small angle approximation for the pitch
angle of the wheelchair, the Z coordinate of this point is free with respect to point B, and governed by generalized coordinate
ZD.

N v5 N ok
rp=|ys | +" R |bn (A.19)
0 ZD
The castor fork contains points F' and A.
0
Nep =Nrp +¥RpPrpp =Nrp +VRp | 0 (A.20)
Lgr
_Lex
N’I“AZN’I“F +NR]:]:7‘A/F :NTD —i—NR]: Ly (A.21)
0

The direction of point C' with respect to point A can be found by taking the cross product of I and 3. This can be proven
using the fact that

e 7T¢/4 lies in the wheel plane a1, as
o 1 is tangent to the wheel at point C, and is therefore perpendicular to its radius ¢4
e §is parallel to as, and thus perpendicular to the wheel plane.

Since I and § are perpendicular unit vectors, it is not needed to divide by the norm, resulting in:

Foa=1x5 (A.22)
The contact point C is then defined using the relation found in
NTC:NTA+Nf’C/A~rw:NTA+(NixN§)orw (A.23)

Point T is defined as a point that is always fixed to the wheel. This point is mainly used to visualize the rotation of the

wheel during simulations.
0

Nea+ VR | 0 (A.24)
Tw

Nep =Nea+ YRy Wrp) 4 =
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C. Driven parameters

The camber angle ~ and fork pitch angle € can be determined uniquely if YRz is known. Recall that the arc cosine is
positive definite. To obtain the negative values for v and e two vectors that are perpendicular in the neutral position can be
used. Add or subtract 7/2 to obtain the correct angle. This method is only valid for [—7/2, 7/2], so if a larger range is required
a sign operator can be used.

~v=—acos(§-n)+ 3 (A.25)
P s
e=uacos(l- f3) — 5 (A.26)
P 0
p=acos(l-by) — 5 (A.27)
The heading angle n between the inertial coordinate system and longitudinal direction vector lis equal to
n=p+¢ (A.28)
These equations are not used in the calculations, but can become relevant if more tire effects need to be considered.
D. Calculation of (angular) velocities
Velocities are calculated using the partial derivative of the position with respect to the generalized coordinates.
6xi
Ty = —(qj; (A.29)
(9qj J

This equation can be evaluated in vector form by using & containing Cartesian coordinates and the pseudovector g containing
all generalized coordinates.
& = Jacobian(zx,q) - ¢ (A.30)

The angular velocity can be determined by calculating the tilde matrix of the angular velocity vector. This can be found by
multiplying the time derivative of the rotation with the transpose of the rotation matrix [25]. In this calculation ¢, 6, and ¥
are arbitrary Euler angles.

@ =RRT (A.31)
o ORpr,, Rprg, MR,
w—a¢R o+ 5 R 9+awa (A.32)

This equation can be generalized further when we realize that all Euler angles with nonzero time derivatives must appear
in q.

5 OR_ 1.
o= Z 9 R™g; (A.33)

From this tilde matrix the elements of w can be read. Notice that all elements are computed twice, this is useful to check
the consistency of the solution, but also means that all elements are computed twice.

O _wz wy w:r
w=| w, 0 Wy | ,w = | wy (A.34)
—Wy Wy 0 Wz
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APPENDIX B
SMALL ANGLE APPROXIMATION FOR LATERAL FORCE ON WHEEL AND STEERING MOMENT

A simpler expression for the moment required to maintain the trajectory can be found by calculating for what reaction forces
the moment around the swivel axis equals zero. Recall the following assumptions from
lAssumption 15| The weight of the castor wheel is negligible when compared to the weight of the wheelchair and user. Since
the castor weight does not accelerate in the Z direction in steady state and has negligible weight, it can be assumed that F},
is equal to the vertical load from the simulation variables, I}, ..
[Assumption 13| The wheelchair moves in steady state, which implies that § does not change over time.

A. Determining the lateral contact force on the castor wheel

Since the swivel axis can rotate freely without any friction, the following equation must hold:
Mpsp=Mp-d3 =0 (A.35)

where

Mps pis the moment around the swivel axis.

M p is the moment vector around point D.

&3 is the unit vector in the direction of the swivel axis.
The moment around point D can be calculated using the position of point C' with respect to D and the reaction forces. The
reaction forces at point C, CFq, are expressed in triad C'.

MD:"'C/D X F¢ (A.36)
Fy
CFc=| F, (A.37)
—F,

To make the dot product of as simple as possible, the calculations of can be performed in
triad D.

PMp="rop x PFc =PRyNre/p x PReCFe (A.38)

In previous research it was shown that small cant angles are sufficient to compensate steering. Therefore [Assumption 14|small
angle approximation) was made:

sin ¢, = ¢y (A.39)
cos ¢y =1 (A.40)
Sin ¢y = ¢ (A.41)
cosp, =1 (A.42)
sine = o (A.43)
coso =1 (A.44)
(A.45)

The position vector Prq /p remains a long expression containing many higher order values. It can be split in four parts:

—Lex c0s (6) — Ley sin (6) — AC'ry, cos(§) — ABry, 0 sin ()
DTC/D = Ley cos (6) — Lex sin (6) — AC'ry, sin (6) + A Bry, o cos ()
Las +Ley0 — ABry

1 (A.46)

VB2 +(C?
B =¢y0 cos(d)+ ¢y0sin(d) —1
C = ¢y cos(0) — ¢y sin (9)

Since ¢, and ¢, both are small terms, a square term is close to zero. Using this assumption the parts of are
simplified as:

A=1 (A.47)
B _1 (A.48)
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The position vector Pr ¢ /p can then be written as:

Tw 0 Sin (0) — Ley sin (0) — Lex c0s (§) — 14 cos (8) (¢ cos (8) — ¢4 sin (9))
Pro/p = | Ley c08(8) — Lex sin () — ry, 0 cos (6) — 1y, sin (6) (¢, cos (8) — ¢, sin (6)) (A.49)
Lat + 1y + Ley g
The force vector P F¢ is with a rotation matrix PR¢ as shown in This results in

¢y F + Fy cos (6) — Fy sin (6)
PFc= | F cos(8) — ¢ Fy + Fy sin () + ¢y ¢ (Fy cos (6) — Fy sin (0)) (A.50)
¢y (Fy cos (6) — Fy sin (0)) — F, — ¢g (Fy cos (6) + Fj sin (0))

In the second row the term —F} ¢, ¢, sin () is assumed to be equal to zero as it is much closer to zero than —¢, F,.
¢y Fy, + Fy cos (0) — Fy sin (9)

PFc= Fy cos (6) — ¢u Fy, 4 F) sin (6) (A.51)
&y (F1 cos (6) — Fy sin(0)) — F, — ¢g (Fy cos (6) + Fp sin (9))

Substituting [Equation A.51] and [A.49)] in [Equation A.38] results in a moment of:

Mpsp = Mp-ds = (Presp x PFc) ds = 0 =
A (¢py Fy, + F; cos (0) — Fy sin (§)) — B (Fy cos (6) — ¢4 Fy, + Fj sin (9))

A.52
A = Loy sin (8) — Ley cos (0) + 7y 0 cos (§) 4 1y sin (8) (¢y cos (6) — ¢y sin (6)) ( )
B = Lex 08 (6) + Loy sin (6) — 7y, 0 sin (8) + 7., cos (8) (¢y cos (6) — ¢, sin (6))

This equation can be rewritten explicitly for Fj.

P - A (¢y Fy, + Fy cos (0))+ B (qbw F, — F; sin (9)) (A.53)
B cos (0) + A sin (9)
B. Calculating the steering moment by the user
The moment around point B in the Z direction can be found using

Mgz = (r¢/p X Fc) - bs = Mgps.p — Fs1,a1bs1 + FBip0n (A54)
Mgsp = (rc/p X Fc) - b (A.55)

The force vector on the ground contact point F'¢ is defined in Given the small angle approximation of
Assumption 14} the rotation Rz from [Equation A.10| can be simplified.

T

B —Asin(d) 0 cn sy O
BRe =°RE = | Asin(d) B 0 =|-s, ¢ O
0 0 1 0 0 1

1 (A.56)

A:

\/sin (8)% + (cos (8) — ¢y 0)?
B = A (cos(0) — ¢z 0)
If terms with an order of two and higher for the small angle are omitted, this rotation matrix simply becomes equal to a pure

rotation around the 53 axis:
A=1

B =cosé

Y (A.57)
cos(d) —sin(d) O *
BRe = | sin(6) cos(6) 0
0 0 1

The reaction force vector F'¢ is known in triad C' as defined in Using the simplified rotation matrix of
IEquation A.57| this vector can be described with:

F; cos () — F; sin (§)
BFC :BRCCFC = Ft COS((S)—|—F[ Sln((s) (ASS)
-F,
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From this equation the elements of the force vector drawn in can already be derived given the fact that the castor
wheel is in steady state. This means that the reaction forces at C' are oppsite of those at D.

Fgi1 = Fj cos(§) — F} sin (9) (A.59)
FBz)f]_ = Ft COSs ((5) + Fl sin ((5) (A60)
The position vector for point C' with respect to point B is constructed using
BTC/B = BTC/D + B'rD/B (A.61)
ari
Pros = | bn (A.62)
hf1

where

ay1  is the distance of point D with respect to B in the b, direction.

bri  is the distance of point D with respect to B in the b, direction.

hypi  is the distance of point D with respect to B in the b direction.
The position vector from can be reused and transformed to the B triad in To simplify the
equation, all terms that contain a square power or higher of a small angle are omitted.

B B D
rc/p="Rp“rc/p=

Lag ¢y + ¢y T — Lex €08 (6) — Loy sin (8) + 7 0 Sin (8) — ¢y 74 €08 (6)° 4 ¢ 74 cos (8) sin (6) (A.63)
Ley 08 (6) — Laf ¢px — Lex sin(0) — 1y 0 €08 (6) — ¢ 14y COS (8)* - ¢y T cos (6) sin ()
Lat + 7w + Ley 0 + Lex ¢y €08 (0) + Ley ¢ €08 (0) + Ley ¢y sin (0) — Lex ¢ sin (9)
The moment can then be calculated by substituting [Equation A.58| and [A.63]in [A.33] resulting in

Mpsp=FA+FB
A= —Ley + Lyt ¢y CcoS (5) — Lgf ¢, sin (5) (A.64)
B =140 — Ley + ¢y T4y €08 () 4 ¢y 7oy sin (6) + Lar ¢y cos (8) + Lar ¢y sin ()
Using the moment around the vertical wheelchair axis generated by the castor wheel is then calculated as
Mpsp = F; A+ Fy B — Fgi nby + Fpi,pan (A.65)

C. Special cases
If the contribution of the rolling resistance can be omitted either because B or Fj is small, the lateral force is calculated
using:

A¢y Fn+ B, Fy
B cos (6) + A sin (§)

Ft|Fl small —

A = Loy 8in (6) — Ley 0 (8) + 1 0 €08 (8) + 1 sin (8) (¢ cos (8) — ¢, sin (6)) (A.66)
B = Lex 08 (8) + Ley sin (8) — 7y 0 sin (§) 4 4 cos (8) (¢, cos (6) — ¢, sin ()
and the moment around point D in the down direction becomes
[ Miss p| i smatt = Fy (—Lex + Las & c0s (8) — Las 6. sin (9)) | (A67)
On point B this moment becomes
Mgs B|F, smanl = Fi (@ cos (8) — Lex + bpy sin (8) 4+ Lar ¢y cos (6) — Lar ¢ sin (9)) (A.68)

If § is zero, the wheelchair will approximately move in a straight line. The trajectory is not exactly straight since I is not
exactly parallel to b; due to ¢, as can be seen in In this special case the equations shorten to:

(F‘l+¢yFn) (LCy*TwU)*q&an (ch+¢yrw)

Fils—o = — A.69
tls=0 [ (A.69)
MB3‘5=O = I (Ldf Gz — b1 — Ley + PpTw + T 0') + I (afl — Lex + Lyt ¢y) (A.70)
If in addition to 6, ¢, is also zero, the wheelchair does move in a straight line and the equations simplify to:
F Le —TwO *Lex(szn
Filscon gy = —2tLey L) (A1)
MBS‘é:O/\q&y:O = E (Ldf (b:z: - bfl - Ley + ¢z Tw + Tw U) - Ft (Lex - afl) (A72)
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APPENDIX C
TURNING RADIUS FROM CASTOR SWIVEL ANGLE

The turning radius is defined for this system as the distance between the origin of the body fixed coordinate system B, and
the instantaneous center of rotation S. Due to the non-holonomic constraints of the wheels, the tangent vectors #; and ¢, must
intersect at this point. Therefore a radius 7, is defined as the distance between point S and B, and rg ¢, as the distance
between S and CY.

b1 T
rs.c, = —67;’/3 (A.73)
11y
Teurn = by - (ro/p + 1ty - 1s.c;) (A.74)

Since cant angle ¢, and wheel bank angle o are small and contribute little to the direction of ¢ » the small angle approximation
is used. [Equation A.39to |A.44] are used here. The vector r¢,p was already determined in [Equation A.61} substituting this in
the above equation and applying the small angle approximations results in:

o _Lex — af COS (5) - bfl sin (5) + Lgf ¢ sin (5) (A75)
sin (0)
This expression cannot be written explicitly for §, therefore the small angle approximation is applied to ¢ as well:
Lex —agr — b1 6 + Las 0 ¢y
Tturn'&:small = - an (f; + Lar ¢ (A.76)
Loy —
= o A0 (A77)

Tturn — b1 + Lag ¢:r
Keep in mind that by doing this, the second solution where the wheelchair is moving backwards is lost.
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APPENDIX D
DERIVATION OF THE CASTOR GENERALIZED COORDINATES

In [subsection II-B|it was shown that the generalized coordinates of a wheelchair with one front wheel can be described with
the following vector:

T
dwe=(rB yB 2B & G & O O On On) (A.78)
Due to the assumption that the ground is flat (Assumption I)) and that the wheels always make contact (Assumption 2)), the

rear wheels constrain the roll angle and the height of B:
=0 (A.79)
2B = —Trw (A80)

The pitch ¢, of conventional wheelchairs is constant as the swivel axis of the castor wheel is perpendicular to the ground
plane. However, if this axis is not perpendicular to the ground plane, then the height of point D is a function of 4:

Nrpjo-Ni=h(o) (A.81)

If rake angle ¢, = 0, lateral trail L., = 0, and wheel bank angle o = 0, then the height of D with respect to the ground plane
simplifies to

h(d) = Lar cos (¢z) + ruw \/cos (¢2)? + sin (8)” sin (¢g)® — Lex sin (8) sin (¢) (A.82)
To find the minimum and maximum value for § we can take the partial derivative and find its zeros

. . 2
Oh(5) __TwcOS (6) sin (0) sin (¢z)” Lex cos () sin (¢z) (A.83)

D feos (6,)° + sin (6)? sin ()
8};7(;):0 <~ 4=7/2 V d=-7/2 V ¢,=0 (A.84)

In previous research it was determined that a cant angle ¢, of approximately 6 degrees provides a moderately strong steering
effect. [[10] With ay; = 0.5m, Lex = 0.1m and Ley = Om the height can be simplified as:

Ahpmax = |h(w/2) —h(—7/2)] = 2Lesing, = 2.09cm (A.85)
For ¢, = 6° this difference results in a pitch angle difference of:
Ahmax
(y = tan =2.3° (A.86)
ag

This angle is sufficiently small to apply the small angle approximation, and therefore we can assume that (1) the pitch angle
Cy only affects the height of point D, and (2) the height of point D is a linear function of the pitch angle (,, and can be
substituted by a new variable zp.

Using this assumption a new generalized coordinate vector can be constructed for a single castor wheel. Some generalized
coordinates of the wheelchair appear directly in this vector:

ga=(5 ys G 0s 05 2py) (A.87)

In calculations the fi subscript will be omitted, resulting in the following final vector:

g=(z8 ys G 0 & zp) (A.88)
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APPENDIX E
JUSTIFICATION FOR TOP PROJECTED STEERING CALCULATIONS

A top planar projection is suitable to determine the trajectory of a wheelchair based on input forces and resistances [17],
[200, [23], [27], [28]. All of these models assume that the wheel configuration is symmetric. Therefore we have to define a
slightly more elaborate model to include the possibility for a modified castor wheel.

A. Sums of forces and moments

The full equilibrium equations can be determined using the free body diagram shown in All forces and moments
are drawn in the directions of the B triad, resulting in the following equations:

2
Z Fg1 = Fpin + Z Fgi.i+ Fp (A.89)

i=1

2
> Fpy=Feop + Y Foox (A.90)
i=1
2
Z Fg3 = Fpgn + Z Frsri + s, (A91)
i=1
2 2
Z Mpi,c = bpFran + Z biiFB3,ri — he1 FB2,e1 + Z Tw,rFB2,ri (A.92)
i=1 i=1

2 2
Z Mpoc = (hp —hg)Fp + (hit — ha)F1n + Z(Tw,r — ha)Feii — (a1 —ag)Fpsp + Z bri FB3 1 (A.93)

i=1 i=1
2 2
Z Mps,c = Mp —bpFp + Mps s1 — bpi Fpi,01 + (as1 — ag)Fpap + Z Mp3.ri — Z biiF'B1 v (A94)
i=1 i=1

where

Fgj  is a force in direction l;j.

Msg; g is a moment in direction Bj calculated around point G.

Fp  is the applied force by the user.

Fgj s is a force in direction b; generated by front wheel i.

Fg;j i is a force in direction l;j generated by rear wheel i.

Fp  is the applied force by the user.

If bg = 0, byy = —by2, and by = 0, then the moment equations [Equation A.92]to[A.94] can be simplified. In[subsection II-CJ it
is assumed that the wheels have no turn resistance (Assumption 7). Applying these two simplifications results in the following
sum of moments:

2 2
Z Mgy,q = Z briFB3,vi — (het — ha)Fpa,n + Z Tw,r FB2 1 (A.95)
i1 i—1
2
Z Mgac = (hp — ha)Fp + (hyt — ha)Fri0 + Z(Tw,r — ha)FBi,i — (a1 — ag) Fs (A.96)
i1
2
Z Mgps.c = Mp —bpFp + Mgz + (an — ag)Fr2.n — Z byi FB1 1 (A97)
i1

If the contributions of lateral forces are assumed small in comparison to the normal forces, only the normal forces on the
rear wheels contribute to the moment equilibrium around the forward axis:

Z Mgi.c = bri(FB3r1 — FB3r2) (A.98)

which means that the normal forces on the rear wheels are equal for a symmetric wheelchair moving at low velocities. Since
roll resistance is proportional to normal force, states that the roll resistance of both rear wheels is equal.
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The rolling resistance of the wheels is calculated using the coefficient of rolling resistance f,. ¢ and f,, for the front and
rear wheels respectively. The force is calculated as

Fg1 i = sgn (0ri) FB3 i fror (A.99)
Fig = sgn (0n) Fis i frf (A.100)

In Appendix E] it was shown that F} ¢ is also a function of the vertical load Fg3 1. Since the rolling resistance (and therefore
the pushing force F'p) is a function of vertical load as well, the moment equation along the lateral wheelchair axis can be split
in a part that is dependent on the vertical load on the front and rear wheels.

2
ZMBz,G = CiFp3n + C: ZFBS,ri =0 (A.101)
i=1
where
Ct is a constant such that C¢Fp3 s is equal to the contributions to that linearly depend on Fgs fi.
C. is a constant such that C. Zle Fgs,i is equal to the contributions to [Equation A.93| that linearly depend on

2
Zi:l F B3,ri-
Using the vertical equilibrium equation [A.91] the vertical force of gravity on the wheelchair Fi3 ¢ must equal the combined

normal forces of the wheels: )

Fns.c = —Fpan — Y Foai (A.102)
i=1
To achieve a certain weight distribution between the front and the rear wheels, the location of the center of mass can be
shifted. If the center of mass G is fully above the rear wheels (ag = 0) then all weight is on the rear wheels. If the center is
all the way to the front instead (ag = as1), then all weight is on the front wheels.

B > Fpsa
ae = —C B3,2fl _c D i1 2133,
Fes g+ FBaqi Fesp+ > 1 FBaxi
These fractions represent the part of the weight that is supported by the front or by the rear wheels, and is defined as

(A.103)

P, — Fr3
= 2
Fes+ > i FBaxi
2
_ Zi:l FB3,ri
= 2
Fes+ Y ;1 FBaxi

This leads to weight distribution is constant and can be expressed using a fraction. The forces Fys,; and
Fg3 11 then are constant and expressed as:

(A.104)

T

Fg3 11 = mycgPy (A.105)
P,
FBS,ri = mch? (A106)

Py s the fraction of the weight that is supported by the front wheels.

P, is the fraction of the weight that is supported by the rear wheels.

g is the gravity constant of 9.81m/s?.

My 1s the total weight of the wheelchair and user.

Since the weight distribution is constant, the rolling resistances are constant as well. The total rolling resistance of the front
and rear wheels can be calculated as

FBl,ri = sgn (gri)FBS,rifr,r = sgn (eri)mwcgpffr,r (A.107)
. . P,
Fip =sgn (0n)FB3 1 fr.f =sgn (6f1>mw097fr,f (A.108)

Combining the above results, the movement of the wheelchair can be described using only three equilibrium equations,
which can be simplified to:

2
> Fpi=Fain+ Y Fei + Fp (A.109)
i=1
2
ZFB2 = Ip2,n + ZFBQ,ri (A.110)
=1
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2
> Mgy = Mp —bpFp + Mpsp — b Fe1.p + (an — ag)Feap — »_ agFpar (A.111)
i=1
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APPENDIX F
DERIVATION OF EQUATIONS OF MOTION USING LAGRANGE AND TMT METHOD

In the constraint equations and assumptions are defined. In this section the Lagrange and TMT method are used

to write the equations of motion in the form
M CI /g f
q =
(e, ) ()= (el

where
M s the generalized mass matrix
C, is the Jacobian matrix of constraints
0 is a zero matrix
A is the vector of Lagrange multipliers for each constraint
f is the vector with generalized forces
Cy, is the Jacobian matrix of Cyq over g, which includes the terms that do not depend on the accelerations.

All terms except M and f are the same for both the Lagrange and TMT method. The Jacobian of the constraints C, and
Cg4q were defined in [Equation A.119] and [Equation A.121] respectively.

A. Kinematic constraints and their derivatives

The constraint equations from can be split between holonomic and nonholonomic constraints. The constraint
vector C}, is defined for holonomic constraints, and C;, for nonholonomic constraints:

Ch = (Cc_normal) =0 (A.113)
CC_longitudinal
CC_tangent
Cu = CB_tangent =0 (A.114)

CB_fixed_velocity
C'B_ﬁxcd_rot ation

The time derivatives of these vectors can be calculated using

Cy, = Jacobian(Cl, q) - ¢ = 0 (A.115)
C.n = Jacobian(Cup, §) - ¢ =0 (A.116)
The Jacobian is defined as
dai Qa1
a1 "7 9w
Jacobian(a, g) = ; (A.117)
Oay Oan
0q1 e 9qn
These equations can be combined using
_( Jacobian(Cl, q)
Cq = <Jacobian(C’nh, q) (A.118)
C,-g=0 (A.119)
Since the equation of motion are solved using g, this equation has to be differentiated with respect to time once more:
C,-qg+Cy-q=0 (A.120)
where
Cyq = Jacobian(Cy, - g, q) (A.121)
B. Generalized forces
The generalized forces are calculated as: 5
r;
= F, — A.122
Q=> F; 7a (A.122)
where
Q is the generalized force pseudovector. Each element Q; corresponds to g;.

F,; s a force vector ¢ in Cartesian space.
T is the application point of the considered force vector .
All conservative forces are inlcuded in @, and all other forces, including forces which might be conservative, are included

in Q.

32



C. Lagrange
The kinetic energy for any body can be found using the linear and angular velocity in the inertial coordinate system A
The derivation for these is given in Appendix [A] The kinetic energy of a body i is then equal to:

1. : 1
T; = 5%?’3/0 "Tajo+ 5“5//\/ LG - wi/n (A.123)

m;  is the mass of body i.

0 is the origin of the inertial coordinate system.

G;  is the center of mass of body i.

B is the body fixed triad of body i.

Ii g, is the mass moment of inertia tensor of body 4 around its center of mass G;.
wp,/n is the angular velocity of body 7 with respect to N.

For potential energy only conservative forces contribute. Therefore it can be written as
Vi=—re - Fo (A.124)
Since gravity is the only conservative force in this system, the potential energy for each body 7 can be written as
Vi=-migra,jo-n3 (A.125)

where

Tq,; 0 is the location of the center of mass of body 1.
g is the down direction of the inertial coordinate system.

The wheelchair is considered to be driving on a flat surface, 23 is equal to —n. The Lagrangian of the system is equal to
L= (T; -V (A.126)

The Lagrange’s equation can be used to find the equations of motion using the Lagrangian. Each generalized coordinate g;
will yield the following equation:

d /oL oL
— =) ——=0Q, Aaij A.127
a (aq'j> 5g, ~ @ 2y (A127)
When written in vector form this equation is calculated as
d /oL oL
— =) -5 = C,A A.128
The (partial) derivatives of the Lagrangian are calculated using the following equations:
oL . T
%4 = Jacobian(L,q) = V" L(q) (A.129)
oL . . Th.
kR = Jacobian(L,q) = V" L(q) (A.130)
d /0L oL oL
! ((9(1) = Jacobian ((9(’1’ q) q + Jacobian (8(]’ q) q (A.131)
These expressions are used to write and the constraint equations in the form of
M = Jacobian (85, (j) (A.132)
0q
oL oL
f=Q,.+ - — Jacobian | ——,q | ¢ (A.133)
9q 9q

resulting in the system

. L T .. oL _ ; oL ;
(Jacoblan (8q7q) Cq> <Q) _ (an + 54 — Jacobian (aq7Q) Q> (A.134)

C, 0 A Cyqa
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D. TMT
The TMT method [25]] uses virtual power as a function of the pose of each body ¢ to derive the equation of motion. The

pose contains the Cartesian coordinates of the center of mass and the Euler angles to reach its orientation with respect to the
inertial coordinate system N. The virtual power can then be written as

OP; = o6&l (F; — Myit;) (A.135)

where

0P; s the virtual power

x; is the pose of body ¢

0x; are the virtual velocities

F; are all external forces and moments on body ¢, decomposed in the directions of ;.

M, is the mass matrix for body ¢, where the masses and mass moment of inertia terms are written on the diagonal

To calculate the sum of the virtual power of the entire system can be written in a similar form. The vectors = and F' are

built combining the vectors from

z=(zf 2} ... @)’ (A.136)
T
F=(Ff F, ... F}) (A.137)
and the mass matrix M can be written as
M; 0 ... O
0 M; ... 0
M= . . . (A.138)
0 0 M,,

The virtual velocities can also be written as a function of the generalized coordinates. The vector T' is defined such that

xz=T(q) (A.139)
The velocities and accelerations are then equal to
z="Tyq (A.140)
=Tyq+ Tyq (A.141)
where
T, = Jacobian(T, q) (A.142)
T,, = Jacobian(T,q, q) (A.143)

The virtual power in terms of the generalized coordinates is given by
§P = 5(T4q)" (F — M(T¢qd + T4eq)) (A.144)

The system is in equilibrium if and only if the sum of the virtual powers for all bodies of the system is zero for all virtual
velocities which do not violate the kinematic constraints.

n
System in equilibrium <= » 0P, =0V i (A.145)
i=0
To solve this equation, 0@ should be chosen such that the virtual velocity does not point in a constrained direction. By definition,
the derivative of T" over g must point in a direction that is kinematically admissible.

5 = T,0q (A.146)

always satisfy the kinematic constraints if all the generalized coordinates ¢; are independent in velocity space. If extra constraints
are imposed on the generalized coordinates, an extra term with Lagrange multipliers must be included. These additional

constraints are defined in [section IV] and lead to a term similar to [Equation A.128] The sum of virtual power in|[Equation A.144]

can be rewritten to contain terms dependent on ¢ and X on the left, and the rest on the right.

T (F — M(T,q + Tgeq)) = CyA (A.147)
T, F — TIMT,.§ + T)MTy,q = C; A (A.148)
T;MT,g+ CiA = T, F + T,MT,.q (A.149)
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The additional constraint equations described in must also be satisfied, so

C, 4g=-Cy-q (A.150)
These equations can be written in the form of as
TIMT, CT\ (i) _ (TIF +TIMT,q ALSD)
C, 0/ \\ Cuqq '

It is worth noting that the term TgF is equal to @ as defined in [Equation A.122| if both conservative and nonconservative
forces are included.

E. Constraint projection for the initial state

An estimate of the state is chosen as

Y = (?) (A.152)
q
and the error on the state is defined in configuration space as
Y=Y +AY (A.153)
where
Y is the true positions where the kinematic constraints are satisfied
Y is the estimate of the positions

AY is the error between the true and estimate positions
This equation can be considered separately for the positions and velocities.

q=q+A4q (A.154)
qg=q+Aq (A.155)

Since there are multiple degrees of freedom in configuration space, there is an infinite number of feasible positions g on the
constraint surface. The true position is defined as the closest valid position relative to the estimated position g in configuration
space. The estimated position does not have to lie on the constraint surface, as if it did the true and estimate position are equal.
For a system with only linear constraints, the smallest distance between the true and estimated position is calculated as [25]]

Aq=C,(C,C))"! (A.156)

Since the only holonomic constraint (Equation 39) of this system is not linear, the coordinate projection has to be applied
iteratively. The equation
g=q-C](C,C])"'C (A.157)

is applied until ¢ = g, which is approximately true if the violation of the constraints C(g) approaches the zero vector.
The velocities can be projected using a similar method. Since the nonholonimic constraint equations are linear in velocity
space, this projection can be applied in a single step

Ag=cCl(c,chH'C (A.158)
where '
C=Cu (A.159)
resulting in
. T T\—1/
g=q-C,(C,C;)" C (A.160)

For the chosen constraints, the number of degrees of freedom in velocity space is zero. This means that there is only one
feasible g, regardless of the choice of q.

35



	Introduction
	Problem definition
	Geometric description of the castor wheel and wheelchair
	Generalized coordinates
	Equations of motion of the wheelchair
	Preferred orientation of the castor wheel

	Steady-state approximation of the reaction forces
	Equations of motion in uniform circular motion
	Push location on the handlebar
	Steady-state approximation of lateral force on the castor
	Special cases for the steady-state approximation

	Multibody simulation
	Kinematic constraints
	External forces and moments
	Derivation of equations of motion
	Integration of equations of motion over time
	Determining the reaction forces from the Lagrange multipliers

	Simulation protocol
	Variables and parameters
	Protocol of comparison between steady-state approximation and multibody dynamics model
	Protocol of the lateral force on the castor wheel
	Protocol of influence of design parameters on the force and moment applied by the caregiver. 

	Results
	Graphs of comparison between steady-state approximation and multibody dynamics model
	Graphs of the lateral force on the castor wheel
	Graphs of influence of design parameters on the force and moment applied by the user. 

	Discussion
	Accuracy of the steady-state approximation
	Influence of parameters
	Recommendations for design parameters
	Recommendations for future work

	Conclusion
	References
	Appendix A: Description of kinematics
	Rotations definitions
	Positions definitions
	Driven parameters
	Calculation of (angular) velocities

	Appendix B: Small angle approximation for lateral force on wheel and steering moment
	Determining the lateral contact force on the castor wheel
	Calculating the steering moment by the user
	Special cases

	Appendix C: Turning radius from castor swivel angle
	Appendix D: Derivation of the castor generalized coordinates
	Appendix E: Justification for top projected steering calculations
	Sums of forces and moments

	Appendix F: Derivation of equations of motion using Lagrange and TMT method
	Kinematic constraints and their derivatives
	Generalized forces
	Lagrange
	TMT
	Constraint projection for the initial state


