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Abstract

The main aim of the research presented in this report is investigating analytical methods to model fluid-
structure interaction in large-scale offshore floating photovoltaics. The model that was attempted to be
solved analytically is based on a model presented by Pengpeng Xu (2022).

The dimensions in the equations were removed. Applying a perturbation method yielded hierarchic
partial differential equations by introducing the wave amplitude divided by the depth of the ocean as a
small perturbation parameter. The analytical solution of the first order problem was found by applying
separation of variables and by using a Fourier transform. For certain classes of problems it is shown in
this report that it is possible to analytically solve a model for fluid-structure interaction in offshore solar
farms for various initial conditions.
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Nomenclature

Abbreviations
Abbreviation Definition
EBVK Euler Bernoulli-von Karmann
LOFPV Large-scale offshore floating photovoltaics
FSI Fluid-structure interaction
Symbols
Symbol Definition Unit
b Beam width [m]
c1 External damping coefficient [kg/(m?s)]
co Internal damping coefficient [kg m /s]
d Beam thickness (in z-direction) [m]
E Young’s modulus [ (kg )/ (ms?)]
g Acceleration of gravity [m/s?]
h Depth of the ocean [m]
I Inertial moment [m*4]
L Length of the beam [m]
D Water pressure [N/m?]
Qu External distributed load [N/m]
S Cross-section area [m?]
t Time [s]
1% Velocity [m/s]
w Transverse displacement [m]
Winaz maximal transverse displacement [m]
x X coordinate [m]
z Z coordinate [m]
n Free surface elevation [m]
v Poisson’s ratio [-]
Puw Density (water) [kg/m3]
Ps Material Density (beam) [kg/m?]
¢ Fluid velocity potential [m?/s]




Introduction

Solar photovoltaics are expected to be the largest source of electricity by 2040 (IEA, 2020). Generating
large quantities of solar energy puts a heavy strain on land usage (Xu, 2022). Large-scale offshore
floating photovoltaics provides a solution to that problem (figure 1.1, Ocean Sun, 2019). Photovoltaic
panels are placed on a plate in the ocean. In figure 1.2 one can observe the detailed configuration
of a LOFPV (Ocean Sun, 2019). Modelling vibrations and forces in such a plate is crucial for the
construction of safe and reliable offshore solar farms.

Figure 1.2: Detailed Construction of LOFPV (Ocean
Figure 1.1: LOFPV (Ocean Sun, 2019) Sun, 2019)

The purpose of this report is examining analytical methods for modelling fluid-structure interaction
(FSI) in large-scale offshore floating photovoltaics (LOFPV). Xu (2022) models FSI in LOFPV by rep-
resenting the floating plate as a nonlinear Euler-Bernoulli-von Karmann (EBVK) beam coupled to the
water in the ocean. The model of Xu is used and slightly changed in our report. To find an analytical
approach for representing FSI in LOFPV, we investigate different ways to solve Xu’s (2022) model. A
perturbation method is applied to deal with weak nonlinearities. With separation of variables and a
Fourier transform one can solve the linear model.

This Thesis is organised as follows. In Chapter 2 one can find a Theoretical Model for depicting
the semi-nonlinear fluid-structure interaction of large scale offshore floating photovoltaics. Chapter 3
presents the nondimensionalized model and contains details about dividing the model into different
order equations by using a perturbation method. In Chapter 4 the analytical solution of the first order
model is derived. Finally, in chapter 5 the conclusions of the report are presented.



Model for Large-scale Offshore Floating
Photovoltaics

In this chapter one can find the representation of waves in a model for large-scale offshore floating
photovoltaics (LOFPV). The floating plate is modeled as a nonlinear Euler Bernoulli-van Karmann beam
(EBVK). The water potential in the ocean is modelled and the EBVK is linked to this model as a boundary
condition.

In section 2.1 one can find some key assumptions for modelling waves in a beam. Subsequently
section 2.2 contains the model beam. In particular in 2.1.2 it is shown how an equation of motion for
a vibrating beam can be obtained. Furthermore in section 2.1.3 the motion of water is explained with
linear potential theory. The derivations in section 2.1.4 connect the boundary conditions of the water
potential theory with the beam equation.

2.1. Assumptions

The transverse vibrations of the membrane is much bigger than the vertical displacement of the beam.
Therefore only the impact of the waves is used in our models. We make the following assumptions in
our model (Xu and Wellens, 2022), (Xu, 2022):

» Because the structural length is large compared to the deflection of the beam, an infinite domain
is chosen. Therefore there are boundary conditions on «x at infinity. That means 217;’? converges
to zero for every non-negative integer n as |z| — oo.This is true because, the total amount of

energy in the beam has to be finite.;
* One also assumes that the ocean has a uniform depth h;

* ALFPV is held in place by an anchor and its movement can change as a result of wave, current
and wind loads. These global motions are neglected in our model;

» The floating membrane is impermeable;

» Both the PV panels and marine growth on the bottom of the planes can impact the stresses in
the membrane. But these effects are so small that they are not part of the model.

Figure 2.1 (Xu, 2022) shows a 2D model of LOFPV on the sea. Thus the movements in the LOFPV
can be depicted as a EVBK beam that only takes transverse deflections into account.

2.2. Model

2.2.1. Equation of Motion
The equation of motion EOM (Xu, 2022):

9w w3 ow\? 92w ow 9w
pSSW—FEIw_QSE (81}) w—’_Cle +C2bW—Qw~ (21)



2.2. Model 3

Air w = Asin (kx — wt)

Water h
Pu

Seabed

Figure 2.1: A picture of waves in the LOFPV Xu, 2022

The variable ¢ represents the time in seconds. The variable x represents the place on the horizontal
axis. The transverse displacement of the beam is denoted by w. The function w depends on the
variables ¢t and z. Also, F is Young’s modulus and p; is the density of the material. The beam thickness
is d and b stands for the the width of the beam. The cross-section area is S = bd. The Poisson’s ratio
is represented by v. The inertial moment is given by I = #j’m- The viscous and structural damping
coefficients are given by ¢; and c,, respectively. The external distributed load has a constant value ¢,
and is uniformly distributed in the x-direction.

In appendix B the derivation of equation (2.1) can be found.

2.2.2. Potential Theory for Water

The water has a constant density p,,. The depth of the ocean is uniform and is equal to ~. The Veloc-
ity potential ¢(z, z,t) represents the invicid, irrotational and incompressible flow as (Xu and Wellens,
2022):

¢ 0%

Since there is no flow of water at the seabed of the ocean, one can obtain the following boundary
condition.

2%

o = 0. (2.3)

z=—h

Let n(z,t) be the free surface elevation. At the free surface one obtains the following boundary
condition:

o _ 9%

ot 0z (2:4)

z:n.

Xu chooses to set the boundary conditions at free surface elevation at z = 0 (Xu, 2022). To improve
this model the boundary conditions at the surface of the ocean is taken at 2 = 1. The free surface of
the ocean is not found at z = 0, but at z = 7.

With the Bernoulli equation the kinematic boundary condition is obtained (Xu and Wellens, 2022).

15]
P+ puw ¢

- wgn = 0. 2.5
ot z:n+p gn (2.5)



2.2. Model 4

2.2.3. FSI Equations
The water models and the EOM of the beam are coupled at the boundary conditions. At z = 7, substitute
w = n and ¢, = pb. Now the equations at the free surface are :

ow  0¢

= === 26
32& 62’ z:w’ ( )

gPw  BE 0tw  3Ed 0w\ 0w ] N L A B
P T 1ol — ) 9t 2 \ox) a2 PIV T PSlln T Yar T Patant T\

Here ¢,, has the unit [V] because the pressure p[N /m], is multiplied with beam width b.
The variables S and I are changed to S =bd and I = ﬁjyz). Also 7 is replaced by w.



Removing Dimensions & Nonlinearity
from FSE-equations

Before one wishes to solve the FSI equations in section 2.2.3, it is a good idea to nondimensionalize
the equations. We also look for ways deal with nonlinearity. In order to remove nonlinearity in these
equations one needs to apply a perturbation method.

In subsection 3.1 one can find an explanation of the Buckingham Pl Theorem. Subsequently sub-
section 3.2 contains the steps that remove the dimensions from the FSI equations. Furthermore in
subsection 3.2 we also split the FSI equations into different hierarchical differential equations by apply-
ing the perturbation method.

3.1. Buckingham Pl Theorem
The Buckingham II Theorem is a valuable concept for making equations dimensionless. This theorem
roughly states that an equation with n physical variables expressed in k physical dimensions, can be
reduced to to an equation with n — k& dimensionless variables. From this theorem one can obtain a
method for deriving groups of non dimensional variables from given dimensional parameters in an
equation.

In subsection 3.1.1. the Buckingham II theorem is stated and explained with a simple example.
Furthermore in subsection 3.1.2 one can find the application of the Buckingham II theorem to the FSI-
equations from equation 2.7.

3.1.1. Buckingham Pl Theorem explained

Statement

Let there exist n number of physical variables such as depth, density force and & number of units such
as kilograms or seconds in an equation. Then the equation can be reformulated such that there exists
p = n — k number of dimensionless Pi groups ( Torczynski, 1988).

An equation of the form f(x1,...,z,) = 0, with independent physical parameters 1, ..z, can be
restated to an equation with 71, ..., independent dimensionless parameters. These new independent
variables are called Pi-Groups. The new dimensionless equation has the form: g(r1,...,m,) = 0. Every
Pi-group is a product of powers of the dimensional parameters ( Torczynski, 1988):

T = r{twe? L.

Example
The acceleration of an object is be computed by dividing distance by time twice:

d
a= 5= acceleration(d, t).

The distance is given by d and the time by ¢. The variable a corresponds to the acceleration. In this
equation there exist 3 physical variables. These 3 physical variables are expressed in 2 units: seconds

5



3.1. Buckingham Pl Theorem 6

and meters. Therefore there exists 3-2 = 1 dimensionless quantity. Let = be a dimensionless I1-Group.
T = a”d¥t*.

Because 7 does not have a dimension:

To find the expression of 7 the following linear system needs to be solved:

r+y=0,
—2x+2z=0.

A solution to this systemis: x =1,y = -1, z = 2.
7 =atd %
Now the equation for the acceleration can be rewritten as:
r=ad ? =1,
m—1=0.
3.1.2. Application to FSl-equations
In the equations 2.7 there exist 14 independent variables and 3 units ( s, m, kg). Thus these equations
can be restated as an equation with 11 dimensionless parameters (pi-groups).
First we list the dimensional parameters (in eq 2.7). Those are: z, z, t, ¢, w, ps, pw, d, E, g, h, L,

Wmaz, ¢1 @nd co. These dimensional parameters have units kg,m,s. Subsequently we choose ps, py,
d, E, g, h, L, wnaz, c1 and ¢, as a subset of parameters which can be used to nondimensionalize z, z,

t, ¢ and w.
The first 7-group can be written as:

T o= I'Zal tag ¢a3 wa4pgspig da7Eagga9 ham Lallw%2m0?13cgl4~
Next the equation is given in terms of its dimensions:

kQOmOSO _ mlm“13a2 (mQS—l)agma4(kgm—3)a5 (kgm—?))asmtm (k_gm—ls—Q)ag (mS—Q)ag

MmOtz (I~cgrrL_2$_1)“13 (k:gms_l)““.

The product of all these units must be equal to the product of kg, m and s to a zero power. Next,
the dimensions are separated and we try to find the exponent that obtains the right solution.

m:1+ay +2a3 +aq — 3as — 3ag + a7 — ag + ag + a9 + a11 + a12 — 2a13 + a1q =0,
kg :as+ag+as+aiz+aq =0,

s:ag—a3—2a8—2ag—a13—al4:O.

This linear system has an infinite number of solutions. Examples of possible solutions are:

a; =-—1, m =zL %
1 1 1 PO
a5_67 a8:67 a14:_§7 ﬂ—lzxpé)EGCQdo

To nondimensionalize z, ¢, ¢ and w, one can apply the same buckingham-r method to regroup
those variables into nondimensional w-groups. There are also an infinite number of ways to make z, t,
¢ and w nondimensional.



3.2. Nondimensionalisation 7

Using the same method to nondimensionalize x, the variable z can for example be nondimension-
alized in the following number of ways:
Ty = Zhil,
1 5 _1
my = zps Koy ®.
When we continue to nondimensionalize other variables, the options for ¢ are:
1 1
73 =tgzdz,
-1 2 -1
T3 =1ps *E3cy °.
Subsequently one can remove the dimensions in the variable w:
—1

Ty = wwmaz,
Ty = wh_l,

Ty = wpé,E_%.
Finally the velocity potential, ¢, can for example be restated as:

2 1 -1
s = ¢pwE 3¢y 3.

3.2. Nondimensionalisation

First the boundary conditions are made linear. Secondly the dimensions in the FSI-equations are
removed. After removing dimensions the size of different terms is examined with a perturbation method.
The higher order and lower order terms of are separated into different equations. This yields a series
of hierarchically linear partial differential equations that one can solve.

3.2.1. Removing Non-linearity in the Kinematic Boundary Condition
One can observe that the boundary conditions are nonlinear in the equation 2.6. To remove this non-

linearity the variable ¢(z, 2, t) = Z;Z&g is substituted in the function ¢, such that ¢(z, z,t) = ¢(z, &, t).

The domain of £ is —1 < & < 0, since the domain of z is —h < z < w(x,t). Substituting g?) in the
boundary conditions for z = w yields a linear kinematic boundary condition:

ow N A=W
E—%fz—(bsm’ §=0.
Moreover substituting 6 in equation 2.7 yields:
g Lo, E&Ow  3Ed (0w 2a2—w+ w + [%+g&—wt] i3
P T12(1 — 02 0at 2 \ 9z ) Bxz TPV TPl T ae hrwleco T ot T P ot0at

3.2.2. Nondimensionalizing Variables
In this sub section one can see how the system in section 2.2.3 are nondimensionalized.
The non-dimensional variables ¢, z, z, ¢ and w are introduced.

t

= (3.1)

= g, (3.2)

z= % (3.3)

¢(x,8,t) = d(x, 2, 1), (3:4)
oz w Z—u’)"‘“;;”

Sl 1+ e’ (3-5)
-9

_° 3.6

¢ = (3.6)

=2 (3.7)




3.2. Nondimensionalisation 8

With this normalisation the new domain of the modelis —co <z < o0, -1 <{<0and -1 <w < 1.
The values of t. and ¢. are chosen by judicious guessing in paragraph 3.2.3.
This yields the following FSl-equation:

_ t?E _ SE’LU?, t? — N2, % ngtQ _ pwd)ctc i n
Weg + mwﬁm - ﬁ(wi) Wgz + psdc w + peOmand [9255 + ¢§§f] (3.8)
t t
L g L e = 0, £ =0. (3.9)

ped t mwf’ia?:f

Substituting ¢(z, £(z, 1), t) = ¢(x, 2, t) in the water potential equation yields an equation with nonlin-
ear terms:

(b:mc + ¢zz = éazm + ngsffx + (<Z)£a: + (ﬁffgir)ga: + (ﬁffw:v + ¢£€€§
= ngac + 2(252551 + dgééfz + (Zgﬁgxzr + ¢A§§£§

= %@w + %%aﬁf + %5&5&% + %@g&m + %¢Ef§§ =0.
The derivatives for £(z, t) are:
e G L
(1 4 e (14 whmez)2 7
€on = Wag o " 2(wg rpes )2 n

71_’_@% (1+ww7nam)2

2(5 _ ww7;bl/(l.77 )u—)i(wr;;ar )2 B (2 _ ,lD’LUw;L,az )wii wr;LaT
(1+w%)3 (1+ww1;zLa7‘ 2 ’
1
52 = 1+ @ Ymac )
§z2 =10,
L _wfw7;;aw - (2 _ ww'r;;a:z )wfw7;;aw
(1 _’_ww'rzaw) (1 +/(I}w'r;;aw)2

The boundary equation at the free surface elevation is given at z = w which is equivalent to £ = 0.

When z = w, then z = w*=%==. The value of the function {; evaluated at z = w2z is : § = %
Substituting the values of &; at z = w in the equation (3.9) the boundary condition yields:

t2E 3Ew?, , t2 9 Puwgt? Puwdet
D+ Dprmn — e MOLE (1 * WI e wrere 3.10
Wet + d212(1 — 1/2)psw 2p5d4 (w ) wz$ + psd v + Pswmard ( )
_ R }—“’”;‘La“ cite teCo _
_ v h - —_— *_ia—:i, :O’ :0 311
¢t+¢f(1+ww72am) +psdwt+psd5wt E ( )

Substituting the values of £, £, ¢ and w in the kinematic boundary condition yields:

tc¢c n
Z = 0
T, Pelz & =

tC¢C " 1
T

Wi =

Wi =

£=0.

The boundary condition at the bottom of the ocean is restated as:

(Z]ic (5552 0; g =-1. =
Pe 1 -
h 1+ @p¥mas P =0, &



3.2. Nondimensionalisation 9

3.2.3. Simplifying FSl-equations
Choose ¢ as a very small and dimensionless variable. Substitute w = ¢ in the equations.
The boundary condition at £ = 0 can be restated as:

) 5 3Ew2, 2 9 Puwgt?
Dip e O Dppa — E2 o ATTC (5 V25 € 3.12
wee + 212(1 — v2)p, < T op.d (e) bz + psd v (3:12)
pude (5 | 5 “EUEET | abey  ttr om0, €20 (3.13)
pswmaxdﬁ t € (1 —|—€d)%) ,Osd t psd5 tTTTT > . .

Replacing w = ew in the equation for velocity potential yields:

d)a:ac + ¢zz = é:c:r + J)xfgﬂc + (Qgﬁx + dgfigzr)fx + dgﬁﬁxa: + ¢Ef£§

= (ﬁzw + 2&305530 + ééﬁf?g + (lgﬁfma: + ¢A££§,§

_ e 2¢. Pe Pe be

= ﬁ&ﬁ: + a2 Q_Siﬁfi + Efﬁggfﬁ + ﬁa’i@?f + ﬁﬁf’;{f; —0, =
) 5 3 . > -
Pzz + 2078z + ¢§§§% + Pelaz + ﬁébggfg _o.
the derivatives for ¢ are:
5 _ *5@1% (Z — &0 w,,;Laz )5@2%
T (]. + 6/ll~)w71}1;/a:c) (1 + gﬁ)w"};az )2 y
rxr —

N Y ew w'r;;u.w (1 ¥ e w'r;;a;c )2
2( — Fwtinan )22 (Bgus )2 (5 — e Upn oy, Lpes

(1 + Eﬁ}“’w’;am )3 (1 + W U’r;;;a:c )2

. =

= 7y Wmaz *
1+ ew==

i

Furthermore the derivatives are substituted in the equation for velocity potential:

_ _ — e~ Wmaz 7 — e Wmaz \oqp) . Wmax B — e Wmas 3 _ epWmaz ) gy, Wmaz 2
Qsii + 2¢jf < 1 z~ w?;u:zw B ( 1 h’“ w)7nawz2 . ) + QS{& < 1 I~ w?;Laaz B ( 1 h’“ w)'mamIQ . )
(1 4 e ez ) (1 4 e tmpes ) (1 4 e ez ) (1 + ew¥maz)
_ _wa,wm,am 2ew Wmazx )2
(g + e
T ewTme T (14 el
9% — et tnes o252 (Lnar)? (5 — g Lman Yoy, Luse @2 1
7) Wmaz \3 o 7 Wmaz |2 )+ 72¢££ 2 = 0.
(1 + e Zaar) (1 + e aar) A

The boundary condition at the surface, £ = 0 can be reformulated as :

tepe -~ 1
AWy az€ € + g Fmas

Wg =

, £=0.

3.2.4. Finding Constants
With judicious guessing the values for variables ¢. and ¢, are found:

d?p, Winazde
2 _ s _ Wmaz . 14
te=—7% be . (3.14)

Replacing the values ¢. and t. in equation (3.13) yields:

~ 1 - 23w72n(mc ~ N2 ~ pu;gd ~ Pw | 7 In _wa%
Wi + mwiwfc*é‘ W(waﬁ) Wzz + E W+E ¢{+¢f(1—i—T~W}f”) (3.15)

C1 C2

VB T B,

Wizzzz = 0, §=0. (3-16)
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After we replace ¢. and t. in the kinetic boundary condition at the surface:

3.2.5. Hierarchical Differential Equations

In both the water potential and vibrations of the beam the equations are nonlinear in the previous
sections. Therefore both the unknown functions w and ¢ are expanded accordingly:

W= wy +ewy + 2w, ¢ = do + ey + 2. (3.17)

We choose ¢ = (%22 )2, since it is assumed that the deflection of the beam is very small compared
to the depth of the ocean. The depth of a Norwegian Fjord is for example h = 200m and we assume
Winae = 0.02m — 0.2m. Thus e ~ 10~* — 107°.

Furthermore the value of ¢ = %gd. For a metal pontoon (for VLFS) the constants have the following

values: p, = 1.025-103, g = 9.81,d = 2.0-10~2 and E = 1.6416 - 10° (Xu, 2022, p.65). Now we find
that: ¢ ~ 1.225 - 1074,

First Order Equations

In this subsection the O(£°)-order components of the nondimensionalized FSl-equation are collected.

Because &; and &;, are of at least order O(£?), we can extract the O(<°) order equations for velocity
potential flow:

_ d? - )
¢fi+ﬁ¢§f£2 =0,=

o +d2¢7 ! =0,=>
T h2 ££(1+57.I)w";b"7)2 -

2

wm,am i
(L+ed—725)2 02z = =35

(1+ sz(wo +ewy + 52w2))2¢_>ﬁ = f—qﬁgg, =

The O(£%)-order boundary conditions are:
¢0£ = 07 g =-1L

_ d -
wt’:#% §=0,=

. 1 - Puw T~
_ IR C A P A
Wz + 12(1 — Vz)wwx;uv + Ds [(bt} (3 8)
c1L?\/ps _ C2\/Ps
Wi ITTTT — 0, = 0. 3.19
psVE ' pod2L2VE < (3.19)

1 Pw [

Wogg + mwomii + ’a 0t (3:20)
CILZ\/ps C24/Ps
+———wof + —————Woizzzz = 0, =0. 3.21
pVE " pd22VE T ‘ o
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Furthermore new damping coefficients ¢; and &, are introduced such that: ¢; = £%¢;, and ¢y = £26,.
This approach is valid because the damping coefficients are often very small. In addition one can
not find the precise values of the hybrid damping coefficients beforehand (Xu, 2022). Hybrid damping
is defined as (structural damping exluded): when energy is dissipated by flowing waves, damping
occurs(Xu, 2022). Substituting ¢; and &, in the normalized Bernoulli-Euler equation (3.21) and collecting
the O(£°)-terms yields:

1 Puw
Wog + mwomm + ’n (¢l =0, £=0. (3.22)
For ¢y one can find the first separate equation:
1 Pwh
¢%ﬁ+ﬁﬁt;5%mmﬂ+zﬂ%ﬁ:Q £=0. (3.23)

In appendix C one can find the computations that were used to find the equation for ¢.
For wy we can not find a separate equation:

1 Puw
(7 1201 = p2) Woseaat + e [boze] =0, £=0,=
1 d d
TFE —_——— FEETE — T H— 5 P0zzzT :O, :0,:>
Worzg + 1201 = Vz)szrxmt h%gtt ni2(1l —1?) o € £
1 1

Wotgt + mw&}:iiif — Wottt — mwomfﬂ =0, £=0,=

Second Order Equations

In this subsection one can see how the O(¢)-order terms from the FSl-equations have been extracted.
Because ¢; and &, are of at least order O(¢?), £2 is at least of order O(e*), removing O(e?)-order and
higher order components from the equation for water velocity potential yields:

- ? - 1
o) 02 Gee (1+220)°

Moreover multiplying with the previous equation with(1 + &2w)? and removing O(s?)-order terms yields:
_ d? -
¢zz + ﬁ@sgg =0.

Replacing ¢ and @ with wg,w;,ws, ¢o, 1, ¢2 and extracting the O(s)-order terms yields:

d2
Przz + ﬁ(ﬁlgg =0. (3.24)

The boundary condition at the surface, £ =0 :

d
(14 *(wo + ewy + e*w2)) (wor + ewrg + 2 woz) = E(%E +epie +2e), £=0.

The O(e) component is collected at the kinematic boundary condition:

d
wig = E(blg» §=0. (3.25)

TheO(e)-order boundary condition on the ocean floor:

$re =0, &=-L (3.26)
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Since Hﬁ can be written as a geometric series:
oo
L St =1 - o+ O(()?)
1L+ 4 - ’

the Bernoulli-Euler boundary condition at £ = 0 is:

1 23w72naw ~ \2 ~ ~ Pw | 7 e _EQ’J}{
Wz + To(1 = o) Wazez — € W('wi> Wzz + €W + 7 bt + de 1+ e2w)

e2¢1 L2\ /ps £2Cy\/Ps
G \/Piwf_’_ C2\/Ps ..
psd2VE d2L2\/>
2

Uj}t’f‘i’ 7y’lUfjjj*€ ﬂ(ﬁ) )wax“i’é‘f(U‘i’i [¢t+¢§( 3 wt)(l—e w+(9(( )2))}
€ C1L2\/E ~ € CQ\//)>S

= wi + tzzzz = 0.
psd>VE ! Ps d2L2\/>

After one substitutes @ = wg + cw; + 2w, and ¢ = ¢y + ¢y + £2¢, and extracts the O(e) order
terms, one obtains the following equation:

z=0,=>

1

mwlf zzz + P g = —wy, £€=0

w1 +

For ¢, one can find a separate non-homogeneous partial differential equation:

1

pwh
m¢lifif£ + m‘blﬁ =-wpz &=0. (3.27)

Pr¢it +
In appendix C one can find the steps that were used to derive the partial differential equation for ¢ .

Third Order Equations
In this subsection the O(s?) order equation is found. The functions &; and &;; are of at least order
O(e?). The function ¢2 is of order O(c?).

Removing O(e*)-terms from the differential equation for velocity potential yields:

Baz + 26 ( eyt (2t g >
TT 213 ~ Wraw) 7 Wmaz
o TN (L4 ewtme) (14 gtmes)?

_ —5@% Wmax Zsfd‘)ii Wmax d2 B 1
+¢s( ~wh + - e )+¢5£=0-
S 1+e¢ ma:l. (1 + ew 7;1la1_ )2 h2 (1 +<€U~]wyzam)2

Multiplying the previous equation with (1 + c2w)? and removing O(c*)-order terms yields:
_ d2
Grz(1+ 26%w) + 2¢z¢ (—* 1z —EQZ’wx)—I—(ng Wzz(—1 _2)+ﬁ¢55 =0.

Substituting ¢g, ¢1, ¢2, wo, wi, we and z = (1 +2w) + 2@ in the previous equation and collecting the
higher order terms yields:

d2
Goam + 2WoPozz + 200z Woz (—1 — &) + Pocwozz(—1 — &) + ﬁfmgg =0

The O(?)-order boundary conditions are:

d
Waf + WoWog = E¢2€7 §=0.

¢275 =0, &=-1.
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The Euler Bernoulli-boundary condition can be written as:
Wit + T5r ey Waser — € AL (1) *Wag + €W + pp*w (65 + de(—*wp) (1 — 2 + O((e*w)?))]

26 L%\ /ps . €2a\/ps 0

w Wizzzz
psVE ' pod?I2VE

Collecting the O(£?)-order components of the Euler-Bernoulli equation yields:

w**—!-#w ""_%(w z) wozz +w +@[¢’+¢ (—wog)]
2tt 12(1 — V2) 2TTITT 242 0z 0z 1 Ds 2t 0¢ 0t
aL?\/ps Ca/Ps
_i_u 7+ i =0, 520.

w Wotzzzz
deQ\/E 0t psd2L2\/E 0 T

£=0.



Solving the FSI-Equations

In chapter 3 the main FSl-equations were separated into different order problems. In this chapter the
O(eY)-order boundary value is solved analytically. In section 4.1 one can find the derivation for the
analytical solution with a Fourier transform. Section 4.2 contains a few examples for different initial
conditions.

4.1. Solving the First Order Problem

In this chapter one can see how it is possible to find the first order solution of the normalized FSI-
equations from the previous chapter 3
The boundary value problem for the first order variable ¢ :

d2
¢O§c’i’(£a€7ﬂ = _ﬁgbO&f('fvgai)a (41)
¢0§(fa€75207 62—1, (42)
1 wh
boetr + mﬁbomﬁg + /:lj(%ﬁ =0, £=0. (4.3)

To solve this equation separation of variables is applied. In section 4.1.2 a Fourier transform is
applied to solve the first order FSl-equations.

4.1.1. Separation of Variables

We apply separation of variables: ¢o(z,¢,%) = ¢(z,)h(¢). Substituting both ¢ and h(¢) in equation
(4.3) yields:

o —Ad2 .
e (B, DH(E) = —5- 0@, DA"(E), @4)
B (~1) =0, (4.5)
bieh! (0) + ﬁ aaash (0) + %’; 512h(0) = 0. (4.6)

Let h,(o) = K. We also introduce the variable ¢: ¢ = 1 _
h'(0) 12(17u2)(1+%

beam equation (4.6) can be restated as:

>. We assume ¢ > 0. The

b5 + Cbzzzz = 0. (4.7)
Furthermore we assume that for the variable ¢(z, #) two initial conditions exist:

(;AS(E7O) = f(‘%)ﬂ (b{(i’, O) = g(i’) (4.8)

14
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4.1.2. Fourier Transform
Subsequently the Fourier transform of equations (4.4-4.8) with respect to the spatial variable z is taken.
The Fourier transform of variable ¢(z, ) is given by U = U (w, t).

UM = - Tun©, = 1e) = o), “9)
W (-1) =0, (4.10)

U + wiU =0, (4.11)

Uw,0) = f(w), Ug(w,0) = gw). (4.12)

The functions f(w) and §(w) are respectively the Fourier transforms of f(z) and g(z).
The equation (4.11) is an ordinary differential equation and can easily be solved. The solution is:

sin(cw?t)

Ulw,t) = f(w)cos(cw?t) + §(w) 2 (4.13)
According to Guenther and Lee, 1988 (p. 203-204), the Fourier inverse of (4.13) is
b0 = [ IKly-20f0)+ Ll - 2090 i, (4.14)

where the functions K and L are:

K(3,7) = 1 sin z2 4T s
x =
vV 4770 4Ct 4)°

L(z,1) = ﬂlc{?;i {S <f;) +C< )] + Vet sin <4ct Z)}

The functions S(z) and C(z) are (Guenther and Lee, 1988):

C(z) = \/127_/ s71/2 cos sds,
S( /2 sin s ds.
() \/277/

The steps that are necessary to obtain the solution (4.14) can be found in appendix D.
The function h (&) is obtained by solving equation (4.9):
h(g) = c1e'TEFD 4 e " (EFD),
h(&) = Cle—\w\(ﬁ-*-l)}i’

h ,
W(-1) = —cl|w|ge_‘“‘(o)% =0,= ¢ =0

For real values of w the solution is 2 (&) = 0 and the solution ¢, = 0 is trivial. Hence the values of w are
not purely real. To find a function h(£) we investigate solutions of equation (4.9) for complex values of
w.

Purely Imaginary Values for Omega
If one assumes that w is purely imaginary and can be written as w = i@. Such that @ is real. Replacing
w with i@ in equation (4.11) will ultimately yield the same solution ¢(z, 7) in equation (4.14).

Now one can solve the following ODE to find A(¢):

2 2
we) = 0 o) (4.15)

h'(~1) = 0. (4.16)



4.1. Solving the First Order Problem 16

The ODE (4.15), satisfying the boundary condition (4.16) can be solved by:

QBB (E+1) 4 =il (641)

h(§) = ¢ cos (}?(g + 1)) =¢ 5 . (4.17)

The inverse Fourier transform of function (4.17) is (Haberman, 2014, p.483):
_h _h
(&) = meq (5 (x—d(£+1)> +5<x—|—d(£—|—1)>). (4.18)

The value of = depends on w. This means that the constant c in equation (4.7) depends on w. In

h(O

this report the value of 29 is estimated.

h' (0)

h(O):clcos(%), R(0) = — y sin(j), (4.19)
h(0) cos(22)
O™ ) (420
coq 7l

We have not found the inverse Fourier transform of + At & = 1, the value of K is equal to

sm(hw)
,fojr(](h). In our model we choose to compute ¢, with th|s value of K. Studying the dependence of
:,((0)) on w and the impact of this dependence on the constant ¢ and the final solution is recommended
for further research.

Complex Values for Omega
If one assumes that w is a complex number with both a real and an imaginary part one can write
w = wy + iws.The values of w; and w, are both real.

For these values of w one can solve the following ODE to find A(¢):

h2(wy + iws)?

R (&) = g7 (4.21)
h(§), (4.22)
R'(-1) = 0. (4.23)
The ODE (4.23) with boundary condition (4.22) have the solution:
h(€) = e<m+iwz)%<5+1>, (4.24)
W) = el la &t (¢ cos(ng(g +1)) + o sm(wg (5 +1)) (4.25)
1) = P h _ _ el
h'(—1) = |w1|dC1 twze=0=0=q o (4.26)
h(€) = cle—lwll%@“)(cos(wzg(g +1)) + Jeon] sm(wr(g +1))). (4.27)
w2

25 (¢+1)

The Fourier inverse of e~ l«1la(¢+1) jg: 24870
22452 (641)2

The Fourier inverse of cos(wz%(¢ + 1) is

27r‘5(“"_*(£+1))+5(ﬂ+ E+Y) Fourier inverse of w%z sin(wa (& + 1) is:

0 |z]>2E+1
T |2l < Z(€+1).
The function F'(€) = |wi|e~l«1/d¢+D) has the anti derivative F(¢) = Ze~l«1ld(€+1) The Fourier
72 h2 2y, kB2 2 2_ h
inverse of F'is F(§) = _ 2+ gpg F'(€) = 22+ (641)°)—485 (641)?  2(2°-L5(¢41)7)

B2+ 17 (641)2 (72413 (6+1)2)2 T (@2+hy L e )2
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After applying an inverse Fourier transform:

286+ 1) 277(5(@— hle+1)+o(@+b(E+1))
72+ B¢+ 1)2 2

N B 1
22—y (641)%) | h
™ & < d

i |

h(§) =c1

)+ 1 (4.29)

(4.30)

Final Solution
We can find ¢ by taking a convolution integral (Haberman, 2014, p.483). In case w is purely imaginary:

oo@et) =am [ ([ U507 + Ly~ 5.0000)] dy) (6 7 - G+ 1) + 00 -7+ (64 1) da =

—00

c17r/_icO {K(y —(z - g(f-i— 1)), 0)f(y)+ Ly — (z — %(5+ 1)7{)g(y)] dy+

;"‘

ar [~ |K- @+ Ger 01070 + Lo - @+ ]

For the other case, where: w = w; + iws :

oo 00 Wﬁ
¢o(i,€,t')=01/_ (/ [K(y—i‘,f)f(y)+L(y—i,f)g(y)]dy)( 2;(5;1)

— 00

£+ 1),5)9(11)} dy

d
(36 =7 = S(E+ 1)) + 6 — 7+ {6+ 1) di
GErn oo ) ) 2@~ B+ 1))
+cl/_g o (/_OO [K(y—2,8)f(y) + Ly — &,£)g(y)] dy) i Z§(5+ 1)2)2 dr =

([ froe
o[ ot

. /3(£+1) </Z (K(y— %8 f(y) + Ly — & Dgy)] dy> 7T2(92=2 —h?; €+

B (e+1) (72 + %

The initial conditions are when w is purely imaginary:

Q‘\? &\;‘

€+ 1) D)+ Ly~ (@ + 2(e+ 1)), ()

oo(@. 6.0 =2r [ f@ 20 -7 - e 1) +oa—a+ Ser 1) i =

_h _
(@~ 56+ 1) + f(z — 56+ 1)),
ou@,6.0) =27 [ 9@ 20—~ e+ 1)+ 6@ -2+

| =

S(E+ 1)) di =

Ul

(€ +1) +g( - 2(E+ 1)),

c1mg(T —
The initial conditions are for complex values of w equal to:

27rh§—|—1) o
xfO—cl/ f(z G2 d2(£+1) (6(x —x —

_ ©o 214 (€ +1) . h h
e, 60 =er | gl L 0 = G D) 40 (€ )
N (R
dz.
N
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4.2. Example: Vibrations in a Metal Beam

In this section of behaviour of the functions ¢, and wy; on a metal beam for different initial conditions is
shown. First the behaviour of a standing wave on a metal plate is predicted. Secondly a source-term
is added to the standing wave.

4.2.1. Modelling a Standing Wave in a Metal Beam
The following functions and constants are chosen for modelling a standing wave in a metal beam: g = 0,
c1 = 1 and f = sin(Z)1;_go000,80000]- W€ choose to define f one large domain instead of an infinite
domain. This is done because Maple is used to compute the functions of ¢y and wy; and computing
the values of ¢, an infinite domain is extremely time-consuming. In this example we use the solution
¢o in equation 4.31.

The initial conditions on the metal plate are:

@60 = (f (2= e+ 1)+ 1 (2= Sern)).
¢(z,-1,0) = 2nf(z),
b0z (Z,&,0) = 0.
The water velocity potential is:
80000

oo(@ 6 = | [K@ - ern)) sin(yﬂ v+ [

—80000 —80000

Ky~ o+ 5+ 1) DsinG)
(4.31)

With the kinematic boundary condition, one can obtain the function for the speed of the deflections
of the beam:

wor = o0, 0,1) = (4.32)
80000 9 ~ h .
[ B KO @ 6 DS |y (4.3
80000 9 h
7r/ — [K(y —(@+=(+1),7) Sin(y)] ‘ dy. (4.34)
—s0000 9§ d §=0

For the computations we model waves in a metal beam. The constants have the following values:

ps =6.0x10%,d=2.0x10"2,v=3.0x 107, p, = 1.025 x 103 and h = 8.0 x 10~ (Xu, 2022, p. 65).

The constant ¢ has for this case the value:

1
c= ~ 0.1787906717. (4.35)
=)
v hsin( &
121—2v2) | 1+ ood <

Furthermore the values of function wg; are shown in figure 4.1. The speed of the beam is modelled
on a domain of —4000 < z < 4000. Because of z = 3 = 545, the domain of the function in the real
world is: —80m < x < 80m. In addition the nondimensionalised values of ¢ are shown in the plot for
0 < t < 10000. Because t = -~ and t. ~ 0.0003824s, the values of ¢ are 0s < t < 3.83s. In figure 4.1
one can see 3.5 standing waves in 5.74 seconds. Thus the period of the wave can be approximated by
T = 28 ~ 0.509s. In figure 4.2 the function ¢, (z, £, t) is shown for different values of ¢. One can notice
that the amplitude of the waves for different values of ¢ is different. However, there is no displacement
of the waves in the z- or ¢-direction.

In appendix A one can find the Maple-code that was used to produce the figures 4.1 and 4.2.
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Figure 4.1: The function wyz (On a metal plate)

(a) ¢o at £ = 0.001 (b) ¢o at £ = 1000 (c) ¢o at £ = 15000

Figure 4.2: Water Velocity Potential: ¢o
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4.2.2. Modelling a Standing Wave in a Metal Beam with an Added Source
The following functions and constants are chosen for modelling a standing wave in a plate: g = 0,
c1 = land f = sin(Z)1[—so000,80000] + 201}0,5. Here the function f from the previous subsection is
applied again and a source is added between z = 0 and z = 5.

The initial conditions on the metal plate are:

60(,€,0) = 7(f(@ — S(E+ 1)) + F@— S(E+ 1)),

¢(2,—1,0) = 27 f(Z) = sin(Z)1[—so000,80000] + 201[0 5],
¢Of(‘f7 ga 0) = 0.

From these equations one can notice that we are adding a source-term to the bottom of the ocean
(£ = —1). This source can be caused by for example an explosion on the bottom of the ocean.
The water velocity potential is:

~ B 80000 ~ h ] 5 ~ h
o) =7 [ G- @G+ 0)Dsin)] ay+20m [ K- @ - Ge+0)0] a
(4.36)

”/_S;ZOO [K(y ~ (@ gl 1), Dsingy } vt 20”/05 [K(y @t e 1))@] dy.
(4.37)

By applying the kinematic boundary condition, one can obtain the function for the speed of the
deflections of the beam:

Wot = 7(]5()5 z, 0 t_> = (438)
80000 8 h 7
/ {K —@-2er).nsin)||  dy+ (4.39)
80000 € d Ile=o0
d 59 _h T
pom [ 2 K= @ = e+ 1)) i (4.40)
d 80000 8 ~ h . b
i [ e K- @ e ) Dsing)| L (4.41)
d 59 h T
poor [ {K(y( + g€+ 01Dy (4.42)

Furthermore the values of function woz are plotted in figure 4.3. The values of ¢ are shown in the
plot for 0 < £ < 10000. Because t = - and ¢. ~ 0.0003824, the values of t are 0s < t < 3.83. In figure
4.1 one can see 6 standing waves in 5 74 seconds. Thus the period of the wave can be estimated by
T = 38 ~ 0.589s. The waves in figure 4.1 have a similar frequency compared to the waves in figure
4.3.

In figure 4.4 the values of function ¢,(z, ¢, t) are presented for different values of . One can see
that the source first spreads from ¢ = —1 to £ = 0 between figure 4.4a and 4.4b. Between ¢ = 1000
and ¢ = 15000 the increase in velocity potential between z = 0 and = 5 decreases gradually.




4.2. Example: Vibrations in a Metal Beam 21

Figure 4.3: The function wqy; (On Metal Plate) with a source-term

(a) ¢o at £ = 0.001 (b) ¢o at £ = 1000 (c) ¢o at £ = 15000

Figure 4.4: Water Velocity Potential ¢ with source-term at £ = —1, beweenz =0 and z = 5.



Conclusion

5.1. Examining Analytical Solutions

The purpose of this report is to investigate analytical methods for modelling fluid structure interaction
in large-scale offshore floating photovoltaics. To do so, we looked at nonlinear FSI equations. Fur-
thermore these equations were nondimensionalized. With a perturbation method the non-linearity was
dealt with. Different order equations were found by collecting the different order terms. The perturbation
constant ¢ was equal to the amplitude of w,,.,. divided by the depth of the ocean, h. By applying sep-
aration of variables and a Fourier transform we tried to examine analytical solutions to the O(1)-order
equations.

The equations which we tied to solve are (Xu, 2022):

Po PP
@ @—0, —oo < x <00, —h<z<w, (51)
99
y o 0, —-h<z<w, (5.2
ow  0¢
E—az:w, 0<t<007 —h<z<w, (53)
gPw B 0tw 3B (0w)® 0w N aﬁ‘ U LD sy
P T 1ol — ) 9t 2 \ox) 922 PV TPl T Yar T P otoat T '

The function ¢(z, z,t) denotes the water velocity potential. The vertical deflection of the beam is
expressed by the function w(z,t). To get rid of the non-linearity at the boundary conditions placed at
z = w, the variable z is replaced with { = Z=*. Next the equations are nondimensionalized. After
applying a perturbation method with a small dimensionless constant ¢ we can collect the first order-
terms.

The O(£°)-order equations expressed in ¢, are:

d2
(]5()55(.%,57{) = _ﬁd)off(i.aga{% (55)
¢0§(jvgvﬂ:07 52_17 (56)
1 wh
Poetr + m%mm + /;j%if =0, £=0, (5.7)
d
Wi = E¢Ea §=0. (5.8)

in order to find a solution separation of variables is applied. In equation (5.7) we substitute ¢ (z, ¢, ) =
o(z,t)h(€) and obtain a beam equation. By applying a Fourier transform with respect to z to (5.5 to
5.7), a solution can be found. The function of  with initial conditions:

6(%,0) = f(z), ¢(7,0) = g(z),

22



5.2. Recommendations for Further Research 23

is equal to:

ban = [ K- 20 )+ - 209 dy (5.9)

where the functions K and L are:
1 72 T
K(z,t) = sin [ —
(#.0) Amct <4ct * 4)

L@,t‘):;{?{S(f;)*C(u)] FS'”( ﬁD}

The functions C' and S are respectively cosine and sine Fresnel integrals. The constant ¢ is equal
to c? = L ) . To find the function K (&) the following equation has to be solved:

h(0)
12(1 112) M

h2w?

HI(E) = ah(e), W(-1)=0. (5.10)

If w is purely real this ordinary differential equation cannot be solved. Also if the values of w are complex
values with a nonzero real there does exist a solution for equations 5.10. Furthermore if w has purely
imaginary values, one can also find a solution for 4(£). Applying an inverse Fourier transform to solution
h(§) for purely imaginary values of w with respect to w yields:

h(€) = mey (6(;@ - g(g +1)+d(z+ g(g + 1))) )

The analytical solution of (5.5- 5.7) is:

w0 =am [~ |Kly- (o §<5+ D)0+ Ll (2 = 5€+ 10,0000 dy+ 611
o [ |Kl - @ e 0).050)+ L @+ e+ 0,000 . (612)
The initial conditions are:
B0(@,€,0) = exn(F(F + 56+ 1) + 1@~ S(+ 1))
408(#,6,0) = ern(9(a + (€ + 1) + (& — (€ +1).

5.2. Recommendations for Further Research

In this section two ideas are presented that could be explored for further research. First one can
study the Impact of Dispersion by solving a higher order equation. This higher order equation is found
by collecting the O(s!)-terms after implementing a perturbation method. Secondly the value of the
variable ¢ depends on w. After applying both separation of variables and a Fourier transform to the
equations (5.5-5.7) one can observe that ¢ does depend on w. In our research we have chosen c as a
constant. Can one find a solution ¢, if ¢ depends on w?

5.2.1. The Impact of Dispersion
With the perturbation method one can also find the O(c!)-terms in the FSl-equations. The nonhomo-
geneous O(e!)-order problem is:

d2
O1zz + ﬁ¢1££ =0, (5.13)
1 Puwh
remr + méf?lmmf + ﬁ(blﬁ =-—wpi, &=0, (5.15)

d
Egblg, £E=0. (5.16)
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The equation (5.15) is nonhomogeneous because the gp,,w-term in equation (5.4) becomes a O(s!)-
term after nondimensionalizing the FSl-equations. This gp,, w-component represents the dispersion of
the water. Collecting the O(c!)-terms after applying the perturbation method yields the nonhomoge-
neous equation (5.15). For further research we recommend solving the O(c!)-problem. By obtaining
the solution one can study the impact of dispersion for fluid-structure interaction in LOFPV.

5.2.2. Constant c
The main solution in (5.12) depends on the constant c. This constant ¢ depends on the values of h(0)
and h’(0):

1

2 puwh :/(83))
121 —v?) [ 1+ oo

(5.17)

CcC =

To find this constant we solve (5.10) for purely imaginary values of w and evaluate the solution in
& = 0. This yields:
h(0) d cos 1
h'(0) hw sin %" .

Xu (2022, p.61) solves FSl-equations with an eigenvalue of w = 1. Therefore we choose substitute the
value of ;0 atw = 1in (5.17);
h(0) _ dcosh
MO hsin&’
1

C .
chos(ﬁ)
$ 12(1 — v2) (1 — Lareld )

For further research we recommend examining the impact of the w-dependency on ¢ and the final
solution ¢ by trying to compute the values of ¢ for different values of w.

Another challenging problem for further research could be examining whether analytical solutions
exist of the O(e")-order equations (5.5-5.7) for values of ¢ depending on w.
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Maple Computations

The code in figure A.1 and A.2 was used to produce the plots for water velocity potential and speed of
beam deflection in chapter 4.

30000 a4 1) 2 30000 L ezt 1) 2
n YT a 4 n yot d 4
> fi=— sin + — |sin(y) dy + —— sin + — [-sin(y) dy:
J et 4ot T Jdernm det T
. - 80000 ~ - 80000
> —— a - .
> &T 54 (f):
> 1= eval( g [d=0.02,h=08&=0.0c=0.1787906717]):
>
> plot3d(1*(0.02/0.8) ,t =10 ..10000, x= -4000 ..4000)

Figure A.1: Code for figures of wg;z

80000 (i 2 80000 (xi 2
. [__%) \ i [}._x+f?()<ifi+u] ‘
> fi=— sin + — |'sin(y)dy + —— sin + — |-sin(y) dv:
[ 4-met 4-ct T d-ctT 4t
L - 80000 - 80000

> = subs({d=0.02,h=08.c= 0.1787906717 }.f):

> plot3d(eval(g, t=15000),x =-4000 .4000,xi=-1..0)

| > plots[animate|( plot3d, [ g.x =-4000 ..4000,xi= -1..0], r=1..5000,frames= 50):
> plotdd(eval(g.t =1000),x =-4000..4000,xi=-1..0)

> plot3d(eval(g,t=0.001),x=-4000.4000,xi=-1..0)

Figure A.2: Code for figures of ¢g
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Modelling Transverse Vibrations in a
Beam

In this appendix the beam equation from section 2.2.1 is derived from physics.

The transverse vibrations are modelled for a homogeneous beam which can have fixed length L.
In our paper an infinite length is chosen. One can think of a nonbended beam as composed of many
horizontal fibers. When a beam is bent, a portion of the fibers will be compressed and another portion
of the fibers will be pulled out.

The deflection is modelled with the x and z coordinates. In this model the beam is only subject
to small, transverse vibrations. The beam will only move in a vertical direction. In this model the
transverse vibrations of the beam are represented by the movement of the neutral axis. In figure B.1
one can see the neutral axis (Guenther& Lee, 1988, p.195). The unbent beam fibre at (z,0,0) on the
neutral axis will after bending be (z,0, w(z,t)) at time t. The variable w(x,t) represents the bending of
the beam.

One assumes that the density of the beam p, stays constant over time. Because composition of
the beam material is equal everywhere on the beam, the density does not depend on z. Thus p, is
constant.

To derive a differential equation of the vibrating beam, a part of the beam is considered between =
and = + Az. With Newton’s second law:

d z+Ax ]
%/L Spswi (€, t)dE = Zvertlcal forces. (B.1)
The vertical forces are:
z+Azx
/ b(*clwt (67 t) — CQQWigzax (67 t) + Q'w)d5~ (BZ)

Here —ciw; (&, t) represents viscous damping and cawy,... corresponds to the structural damping
of the material. Both the upthrust of the water and the gravitational forces cancel each other out and
are therefore not included in this model. The load in the one dimensional x-direction on the structure
is uniform and equal to q,,.

F is the shear. The surface forces are:

F(z + Az, t) — Flz,t) = / e Fo (€, t)de. (B.3)

After substituting, one can obtain the equation:
Spswtt(% t) = Fl(ﬂi, t) + S[_Clwt(xa t) — CoWitpgay + Qw]- (B4)

Let M (z,t) be the bending moment in the cross section at x as a result of the beam to the right of x.
Let F(x + Az, t) be the positive upward shear force and M (z + Az, t) be the positive bending moment
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u
A Unbent beam
/ neutral axis
¥ -
u
Bent beam
neutral axis
-\ > X

~—=—

Figure B.1: Movement in a beam (Guenther & Lee, 1988, p.193)

acting on the area (z,z + Ax) at the point z + Axz. The part beam at the left of the cross section will
exert a shear F(z,t). Then we find:

M(x + Az, t) + F(x,t) Az = M (z,1). (B.5)
As Az goes to zero:
oM _ (B.6)
or

Geometric reasoning (Guenther & Lee, 1988, p.194) is used to describe M in terms of w. In figure
B.2 one can observe the bending of the beam (Guenther and Lee, 1988,p.195). At z units above the
neutral axis the fiber has length (R — z) A#. This fiber is compressed by zA#f units. The unstrained fiber
has length As = Axz = RA6. Therefore the strain in the fiber is: z% = %. By Hooke’s law the force
on the small area from z to z + Az and from z to = + Az is equal to: F, = £;(%)bAz. The bending
moment M is caused by F.:

(=¥

Eb h/2 EI
M= — _ dz = — B.7
| | R(l _ 1/2) /—h/2 zaz R ’ ( )
where I represents:
bh3
I —_ m. (B.8)

If the limit of Az approaches 0, the radius R converges to the radius of the curvature of the neutral
axis. Also + is the curvature of the neutral axis at = (Guenther and Lee, 1988, p. 195):

1 | W]
B W R Wy (B.9)

For small vibrations one can obtain: |M| = EI|w,.|. If M is positive, then the neutral axis bends
downward. Thus w is concave and w,, > 0. If M is negative, then the neutral axis bends upward. In
that case w is convex and w,, < 0. Thus M = Elu,, is true.
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u

4

%e Neutral axis
of length As = Ax

X x + Ax

Figure B.2: Bending of a Beam (Guenther & Lee, 1988, p.195)

M = Elw,,, (B.10)
F=—-FElwgg,. (B.11)
Substituting (B.11)in (B.4) yields:
EI
Pz Wit + ?wrxzz = —C1W¢ — CoWigpgx + qu- (B12)

Boertjens (2022) formulates an equation for the beam by deriving the Hamiltonian integral. First the
work performed to bend the beam can be computed with the following integral :

1 o 1 505 1 Lo,
o =-ES | [uy+ -wi]°de+ -FEI | wZ,dzx. (B.13)
277 J, 2 27" ),

Here w is the horizontal displacement of the beam and w is the vertical displacement of the beam.
Furthermore the kinetic energy of the beam is given by (Boertjens, 2000):

L
Ej = %/ [u? + w}] da. (B.14)
0

The mass of the beam per unit length is given by u = Sp,, The Hamiltonian integral is given by:

to L
7 = % / / {ES[um + %wff + EIw?, — pld? + w,?]} da dt. (B.15)
t1 0

Hamilton’s principle asserts that the variation of .% is equal to 0. After computing the variation of .7,
one can derive the Euler equations. Then the beam equation is:

1
PsSwy + Elwggey — SE%[wm(um + iwg)] =0. (B.16)
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Because the horizontal deflection « is ignored in our model, we can say that u,, = 0. Therefore the
beam equation becomes:

psSwit + Elwgppy — SE% (wg)? Way = 0. (B.17)

If one adds the load and the damping from equation (B.12) to equation (B.17) one can find the
equation shown in section 2.2.1:

3
psSwy + Elwg gy — §SE (uzm)2 Wee + c1bw; + CobWisrrr = Q- (B.18)



Computations of the Equations

C.1. Finding Equations for phi

In this section the main goal is to extract a homogeneous PDE for ¢y and a non-homogeneous PDE for
#1 using respectively the O(£°)-order differential equations and O(s!)-order differential equations from
chapter 3.

C.1.1. Differential Equation for phi0
The first order Bernoulli-Euler equation is:

1 Puw
Wogz + mwomﬁ + z [QSOE} =0, £=0. (C-1)

Next we differentiate kinematic boundary condition with respect to £ and eliminate <2-order compo-
nents. The function &; has order O(¢?):
d
woiz = 3 (bogz + Pogela), € =0, (C.2)
d
Wotr = E¢O§fv §=0. (C-3)

Substituting the values of (C.3) in equation (C.1) yields:

1 w
Wozzzs T P [pog] =0, £=0.

é(b P —
RO 191 — 12) Ds

Differentiating to # and removing higher order terms yields:

1 w
Wozzsat + L2 [dor] =0, £=0. (C.4)

ggb 7 —
h 0&tt 12(1 7V2) TTTT Ds

Substituting the four times differentiated (to z) kinematic boundary condition in (C.4) and removing
terms of orders and &2 yields:

d d Puw
EQSO&?E + mﬁbomi‘g + Z [poiz] =0, £=0. (C.5)
C.1.2. Differential Equation for phi1
The second order Bernoulli-Euler equation is:
1 Pw
Wi + mwlizm + e [17] = —wo, & =0. (C.6)
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Next we differentiate kinematic boundary condition with respect to ¢ and eliminate higher order
components. The function &; has order O(£?):

d
Wi = E(%g{ + p1e¢éz), =0, (C.7)
d
Witt = E¢15t‘7 §=0. (C.8)

Substituting the values of (C.6) in equation (C.8) yields:

]' w
+ 22 6] = —wp, €=0.

dgb +
— P — ] P
L 1£t 12(1 — 1/2) lzxxx Ds

Differentiating to ¢ and removing higher order terms yields:

1 P
mwlmﬁf + E [p17] = —wor, € =0. (C.9)

d
E¢1§EE +
Differentiating the second order kinematic boundary condition four times with respect to z, removing
higher-order terms and substituting in (C.9) yields:

d

d Puw
7, Qrei + m(bliff’f + . (P17 = —wor, £ =0. (C.10)



Solving a Beam Equation on an Infinite
Domain

In section 4.1. we try to solve a model for a variable q@that is similar to a beam equation. In this appendix
one can see how this model is solved with a Fourier transform.
The model in subsection 4.1. is equal to:
G5 + P dzzzs =0, —o00<T<oo, t>0, (D.1)

(i)(i’,O) = f(‘i)a d){((f,O) = g(f), —00 < T < 00, (DZ)

where ¢ > 0. To this initial value problem a Fourier transform is applied with respect to z:
7+ Cwll =0,
U(w, O) = f(w)7 Uf(w7 0) = g(w)v

where U = U(w,t is the Fourier transform of g?)(j,i). After applying the Fourier transform we can
solve an ordinary differential equation. The solution is:

_ R H 2
Ulw, ) = f(w) cos(cw??) + ﬁ(w)w. (D.3)
The solution gb is acquired by implementing an inverse Fourier transform:
~ 1 0 R N H 2 /
o(z,t) = —/ e~ W | f(w) cos(cw?t) +g(w)M dw. (D.4)
27 J_ o cw?

The equation (D.4) must be considered as a formal solution. We check whether the formal solution
solves the original problem. To verify this solution, we first need a proposition:

Proposition

A proposition in (Guenther and Lee, 1988, p. 85) is used in our derivations. Let h(z,y) and h.(z,y) be
continuous for —oo < a < z < b < 0o and —oco < y < oo. The following equality holds for « € (a, b):

d o0 o0
%/_mh(x,y)dy—/_mhx(w,y)dy-

This equality holds if the integral on the is convergent and the integral on the right is uniformly conver-
gent on each closed and bounded subinterval of (a,b).

33



34

Secondly we verify if the formal solution satisfies the initial conditions :

o0 =5 | T ) d.

:% .

7 (= 1 > —iWT A
7(7,0) = by /_OO e g(w) dw.
With the Proposition the differentiation under the integral sign is justified. Thus the formal solution
satisfies the initial conditions.

Likewise we check whether the formal solution satisfies the original PDE (D.1). The proposition
allows ¢ to be differentiated twice with respect to ¢ under the integral.

— —1 >

. o iwE [c%“f(w) cos(cw?t) + cw?G(w) sin(cwzf)} dw.

T )

Finally we can also use the proposition to differentiate under the integral times four times with respect

to z.

cw?

00 R H 2
—/ wiem? {f(w) cos(cw?t) + chQ(w)SIn(M)} dw.

Thus our the formal solution (D.4) satisfies ¢z + 2z = 0.

We would like to express the formal solution directly in terms of f(z) and g(z). To achieve this we
first consider the integral:

1 [ _. -
— e T f(w) cos (cw?t) dw =
27 J_ o
1 o0 o0 . _
Py f(y) / =) cos(cw?t) dw dy.
T J—c0 —00

According to Guenther and Lee, 1988, this integral can be rewritten with by applying a coordinate and
an inverse Fourier transform (Guenther and Lee, 1988, p.204):

1 [~
e e f(w) cos (cw?t) dw =

% 2. i(%—r)w /_o; (cos ((y;;)Q) +sin ((yicf)2)> fly)dy =
\/jg/:} F(y)sin ((y ;@?2 + D dy.

Furthermore the second part of the integral from the formal solution can be expressed as (Guenther
and Lee, 1988, p.204):

1 [ sin (cw?t)

an | ¢ ) T =
1 [ 2 sin(cw?t)
— iw(y=2) 27\ Y g dy =
o mg(y)/iooe 2 dwdy

L[ () () v (45 + )

Where the functions C(z) and S(z) are the Fresnel integrals:

1 8 1 #
C(z) = \/—2?/0 s1/2cossds, S(z)= \/—27_/0 5712 sin s ds.
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Subsequently the functions K (z,%) and L(z,t) are chosen such that:
1 z2 T
K(z,t) = -sin | — + —
(@,8) = oz SN <4at + 4) :

L(z,1) = ch{ﬂ; {S <i{) +C<f;)] + Vretsin <f;+z>}.

Finally one can state the solution of the PDE (D.1) in terms of its initial conditions:

b0 = [ K=2070) + L 209 dy.

From this solution in its final form we can see that it is important for the functions f and g to decay
fast when z approaches infinity.



How Not To Solve The Problem

The main goal of this project is to find a solution for the FSl-equations in chapter 2. This appendix
contains methods to solve this equation that do not work. In the first section of this appendix one can
observe how a 2-dimensional beam equation with a dispersion competent cannot be solved with a
Fourier transform. In the second section of this appendix one can observe how only using separation

of variables is an impractical way to solve the beam-equations.

E.1. Beam Equation with Dispersion-terms
The FSl-equations in chapter 2 are nondimensionalized with different constants (compared to the

normalization from chapter 3). When we apply a perturbation method, a different first order equation is

obtained with a dispersion component.

E.1.1. Nondimensionalising equations
The FSI equations are nondimensionalized:

oz _ oz
= — zZ=—
L’ h’
. Z—w zZ — wwmaz
) = t = = .
¢(‘r’§l ) (b(xaza )7 g h+w 1 +1Dw";LaI )
¢ = ﬂ7 0= — w = ew,
be Wmax
t2 — L4ps (;5 _ wmaazd5
€ Eq? ¢ te
With this normalisation the domain of the modelis —c0 <z < 0, -1 <¢<0and -1 <w <1
The equation for water velocity potential:
Ge + 23 e tps (2 edtges)edptyes ) 3 —elig Ymaz  (F — grp¥man )gqjy Ymas
P ERE (e (1 4 e Umas )2 SN eptmar) (1 4 e Umas )2
gy Ymas 2(&1)5: Wmaz )2
+¢€( h h

2(2 — e wn’;am )5212}%(107,’;“ )2

(2 — E?I)M%)E’LD@@ 7/11)72“:

(1 + e Zopar )3 (1 + e @ )2

The boundary condition at the bottom of the ocean:

£=-1.

¢ =0,
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Ty Wmax
1 + LL:U)T

2 -
)+ ﬁéﬁgg

(1+

(1 4 e Hmas )2

1

e ee)”
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The FSI equations are:

ol " ey
pEE" T ¢ +qbg(lJraa%)

Wi + 7ywﬁm — € 7(@55)2117%

a L? Co
: roaee =0, £=0.
+d2 /7E‘pS wt + d2L2 /7E‘pS f LTI g

The boundary condition at the surface is:

U5 = :O =
V= T e £
~meLI ~ d_
(1+ Jig= —¢e¢ £=0
h h

E.1.2. Finding the First Order Problem
Lete = ===, since the depth of the ocean is great compared to the maximum amplitude of the waves.
We also split both ¢ and @ in a O(¢°)- and a O(¢?)-order component:

~ 2 y 2
W=wo+ew, ¢=¢o+ePr.
The constants ¢; and ¢, are of order O(g?):
c1 = 5251, Cco = 5262.

After substituting the values for @, ¢, ¢; and ¢, we collect the O(c°)-terms of the equations. The
following Partial Differential Equations can be obtained:

L2
¢Oif:_ﬁ¢0££, —-1<€éE<0 —00<T <00, (E.1)
d -
Wo .t = E(bﬁa 6 =0, (E2)
(bO.E = 07 é- = _17 (E3)
_ . pwyl Pw i _
wogr + To(1 7y Woseen o EEv T . [poz] =0, €=0. (E.4)

For ¢q the following equation can be found:

pwgL?

boerr + ozzzze + D BT ———5 do¢ + ¢0tt §=0. (E.5)

12(1 — 02)

E.1.3. Solving the First Order Problem
Separation Of Variables
First we apply separation of variables: ¢o(z, ¢, %) = ¢(z, £)h(£). Substituting ¢ in (E.1-E.4) yields:

~ —d2 .
Bas (2, M) = 532, D0 (E6)
B(~1) =0, (E.7)

. 1 . » wh -
Biah'(0) + gy gy dresah () + 20 L)+ P diah(0) = 0. (E8)

Fourier & Laplace transforms
A Fourier transform is applied to the previous equations in the z-direction. Let U(w,t) be the Fourier
transform of ¢(z, t):

Fldaal@ DA(E) = F( S50z, DI (),
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To the boundary condition at £ = 0 a Fourier transformation is applied:

4 w wh_ . h(0
Ug + v U—l—pg U P Uz (0)

12(1 — 12) Ed? pod Vo) =

In the ¢ variable we apply a Laplace transformation to the equation. Let W (w, s) be the Laplace
transformation of U (w, ?).

4 4
2 o w PwgL puwl o0 . h(0) _ . _
[s*W = sU(w,0) — Ug(w,0)] + 12(1_V2)W+ i Py [sW — sU(w,0) Ut(w,O)]h/(O) =0, =
W(w, s) = sU(w,O)j— Uz(w,&) _ SU(OJ,QO) - UZ(W,O)-
e R 5%+ q(w?)
8% + H e —
I+ osano)

From Haberman (2014, p.612), the inverse Laplace transformation of W(w, s) can be obtained
( Haberman, 2014) :

U(w,t) = U(w,0) cos(v/q(w*)t) + U (w,0)

sin wht (E.9)
D) (Va(whi).

sin(y/q(w*)t) we could not find a Fourier inverse.

For both the functions cos(y/q(w?)f) and —=

(v q(w?)t) V@) )
For a beam equation without the dispersion term: %W(O) one could solve the problem by comput-
° W
B0

owhh(0) -
a7 (o)

not be removed with a perturbation method, because the dispersion term is quite large:

ing the Fourier Inverse of cos(w?ct)and —- sin(w?ct). Where ¢? = The dispersion term can

puwgLl?
psEd?

. Therefore in chapter 3 we nondimensionalize the equations differently and apply the perturbation
method to deal the dispersion-term from the first order equation.

~10% — 103

E.1.4. Separation of Variables & Fourier Transform
Separation of Variables
First we apply separation of variables: ¢o(z, £, %) = ¢(z, £)h(£). Substituting ¢ in (E.1-E.4) yields:

Bre (2, DH(E) = ~3- 0@, D'(©), =

$zs _ A H(¢)
— = =—-\=
6 h?h©)
n d2 "
Ozz = — A, ﬁh = \h
n(=1)=0
T 1 png J _
Because qASM = —/\¢ we know that J) = —)\QASM = )\2¢>. Therefore we replace %Hi with )\2(25 in
our equations:
2
Bt (0) 4 — g (0) + LI o) 4+ 2P G n(0) = 0, = (E.10)
i 12(1 —12) Ed3 psd ’ '
n Pw9L4 A p“,gL4h,(O) )‘2h/(0)
it _ __EF T Baoy ___ EP =12 _ N (E)
¢ 14 2uh 20 1(0) + 2221 (0)
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For different values of A there exist different solutions: If A = 0, the solution has the form: ¢ =
a(t) + b()z. If T — oo or z — —oo then ¢ converges to zero. Therefore we can set the values of b to
zero: b(t) = 0.

Moreover if A > 0 is positive, then the solution is equal to ¢ = ¢, (£) cos(VAZ) + ¢2(f) sin(VAZ).

Furthermore if A < 0, we set A = —s. The solution is equal to ¢ = ¢3(£)eV™* + c4()e V3. If 2 — oo
or z — —oo, the function of ¢ converges to zero. Thus cs(f) = 0if z > 0 and ¢4(f) = 0 if z < 0.
Therefore the velocity potential is: ¢(z,7) = é(f)e V517l = &(f)e~ VA2l

If one assumes h'(0) + %hd(o) > 0, then u > 0. Therefore the solution of ¢ has the form ¢ =
a(z) cos(\/it) + b(z) sin(\/iit).

If one assumes 1/(0) = —%’f}o), the solution ¢ becomes equal to zero and is trivial. Hence A’(0)
is not equal to —%’50).

The following wave-equation can be obtained for A > 0:

N _ Y
Ty ¢zz = 0, = N (E.12)

Whenever ) is zero:
sz = 0. (E.13)

If A < 0 one substitutes a variable s such that: s = —\.

R (E.14)

Substituting ¢zz = —u(\)¢ into equation E.11 and dividing by ¢ yields:

pwgL*h’(0) A2R/(0) pwgL*h'(0) AR/ (0)
+ 5ao, A2K(0 wgL*h' (0 wh + 2
B ( Ed3 12(1 2)) h,(O)Jr (0) + Pwg 0) »p Ed3 12(1-v2) h(0) = 0, =

1(0) + 22 (0) 12(1 — v2) Ed* pud \ 1(0) + 22 h(0)

— ; / B Pwh ; _
<h/<0> + ’;‘;’é‘hw)) HO <h/<o> + 2’;%(0)) =0

_ pwh

Y (o) 4 Pel _
h'(0) 4+ 1'(0) + oud h(0) oud h(0) =0,=
0=0.
Therefore h(0) or A’/(0) can have any value in order to satisfy the boundary conditions.
The ODE one needs to solve:
h2\
W'(€) = 5 h() (E.15)

Whenever \ = 0, the solution is h(§) = ¢;.
In case that A > 0:

h(€) = ¢ cosh(xf)%(& +1)+c sinh(ﬁ%(f +1)).
W(=1) = erVA Sin(VAT (0)) + esV/Ar cosh(v/A(0)) = 0 == ¢ =0

h
h(0) =1 cosh(ﬁf) =0, =
eV = —e_ﬁ%, = 2V L = -1, = A<0
R'(0)=0 = X <0.
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Also supposing that A < 0, the following solution can be found:

H(E) = e 00S(VAL (€ +1)) + 2 Sin(v A (€ + 1)
n(-1) = —clm% sin(0) + 02\/7 cos(0) =0, == ¢ = 0.
h(€) = e cos(ﬂ%(g +1)).

The value of A has to be a real number. The following proof is given:

2, .
L(h) = 751" = Ah == 517 = Xh. (E.16)

h2
(E.17)

Let s = h and hy = h be the eigenfunctions to the corresponding eigenvalues A\; = X and Ay = .
Therefore one can obtain the following equality:

0
(Alfxg)/ hihod¢ =0
-1

if [h1(0)h(0) — 71 (0)h2(0)] — [ha(—1)ho(— )+ hy(=Dha(=1)] =
[ (0)h5(0) — R (0)h2(0)] = 0, =
_W

This implies that A = ), since both h(0) and k’(0) are real numbers. Therefore ) is a real number.

Fourier Transform
Let two Initial conditions exist:

For A > 0 we solve the wave equation in (E.12) Let U(w,t) be the Fourier transform of ¢3 Apply a
Fourier transform to the equation (E.12). Taking the Fourier transform of the wave equation yields:

Uy = —c2w?U.

The Fourier transforms of the initial conditions are:

The solution is:

Aw) =5 [ @t ar
1 oo
B(w) = " /_Oo (Z)e*™* dx



E.2. Separation of Variables 41

After using the inverse Fourier transform:

b(z,1) = /_00 % /_OO f(z)e™? dz cos(cwt)e ™™ dw + /_00

o 2mew

/ g(Z)e™* dz sin(cwt)e ™™ dw

- iﬂ/ﬁ‘” f(x—y)m(6(y — ct) + 0y + ct)) dy + % /jo o)
h(z) =1if |z] < ct
flz—ct)+ flx + ct) N i /a:-i-ct

o(z,t) = 5 o 9(y) dy.

—ct

For A = 0 the solution of equation (E.13) is
(@) = a(t).

Let U(w,?) be the Fourier transform of ¢. Apply a Fourier transform to the equation (E.14). Taking
the Fourler transform of the wave equation in z yields:

= Cw?U.

The solution is:

U(wv E) =0 (UJ)B_CW£ + 02((,())@6“’{7
U(w, f) =D (w)efc\wlf’ Di(w) = U(w,0).

The Fourier inverse of e~ ¢I*It js 2—20—Ct2t2 The solution for equation (E.14) is: gf) f fcéﬁ)f(m—
y) dy.
The final solution is equal to :

o0 — /Y u(k £) Ry/PIESY!
$o(z,6,8) = [ (N (f(x X t)—;f(:w \/T/ = dy) cosh(ﬁ%(f—i—l))d)\
0+ 9 o H(X t
(E.18)
> = [ 2y h
+/o+ d(s) (/_OO (W) flz—y) dy) COS(\/gz(f‘i‘ 1))ds
(E.19)

Finding the functions ¢(\) and d(s) is quite complicated.

E.2. Separation of Variables

From chapter 3 we obtain the first order problem. In this section we attempt to solve this first order
problem with separation of variables.
The first order PDE is:

2
¢0ii(£757ﬂ:_ﬁ¢055<‘%7§aﬂa _1<£<O —OO<LE<OO,

¢05(i‘?€aﬂzo7 5:—1’

1 wh
)éf’ommg + ppjéﬁoff =0, £&=0.

Poeir + 20 =07

First we apply separation of variables: ¢o(z,&,t) = T'(t)®(z, £).
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The boundary-value problem can now be restated as:

—d?
Dyz = ?4355, -1<¢<0, —00<Z<o00, (E.20)
®(z,—1) =0, (E.21)
T”(f) O, 1 Dizzze pwh T"
L L _o = E.22
TH o 10— ® paT 0T (E-22)
1" —Pazaz
= = SEY (E.23)
T 10— v)e (5 + o)

We apply separation of variables again: ®(z,¢) = H(z)G(§). Substituting H and G in (E.20 - E.23)
yields:

H”(J_?) B d2 G”(g)

_o- _ ne_ "n_ 2
Hir) ~ W Ol w,=>H wH W H, (E.24)
G(-1)=0, (E.25)
_2HO —u2G’
A== 2 . HGB(I%‘)’(O) puwh - 2 — (C?’)(O) puh)’ (E.26)
12(1 — v2)HG(0) (Hg(o) + ,;j;d) 12(1 = v2)G(0) (G(O) + ,f;’d)
(E.27)

The function of G has the form: G(¢) = ¢ cosh(h%f‘(g + 1)) for u > 0. Substituting G(¢) in the
boundary value problem yields:

1 hyE v

1h i _ny
G(0) = Jear(eF +e7 ), G(0)=5 \d/ﬁcl(e’#fe*’ﬂ, (E.28)
G0)  hymer " 41 (£.29)
G00)  d 2bE_ ) :

©? h\/ﬁth\d/ﬁ +1
A= . (E.30)

oy (hvES 1 pun) @ 25 1

12(1 = 02) ( B L+ e

The function H has the shape H(z) = cysin(y/uz) + c3 cos(y/uz) for > 0. The function T'(z) =
c4 SiN(VE) + c5 cos(VAL).

When one applies superposition to the solution for positive values of u:

do = / " cosh (hf@ - 1)) (calp) Sin(Viz) + es(u)cos(viz)  (E31)

hy/E

. 12 hype?— +1 |-
(ca(p)sin e h \df ot il + (E.32)
e” d w I —
12(1-02) (B et s o) ¢
e d —1
2 ho e 41|
¢ (1) cos K i AP (E.33)
hyE 2 ) 4 20
121 02) (BT o) @ -
e” d —

Here the ¢5,c3, ¢4 and c5 are unknown functions of . Because A depends on p as a function with
an exponential component, we cannot solve the superposition integral.
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