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Yield-stress materials form an interesting class of materials that behave like solids at small stresses, but start to
flow once a critical stress is exceeded. It has already been reported both in experimental and simulation work that
flow curves of different yield-stress materials can be scaled with the distance to jamming or with the confining
pressure. However, different scaling exponents are found between experiments and simulations. In this paper we
identify sources of this discrepancy. We numerically relate the volume fraction with the confining pressure and

discuss the similarities and differences between rotational and oscillatory measurements. Whereas simulations
are performed in the elastic response regime close to the jamming transition and with very small amplitudes to
calculate the scaling exponents, these conditions are hardly possible to achieve experimentally. Measurements
are often performed far away from the critical volume fraction and at large amplitudes. We show that these
differences are the underlying reason for the different exponents for rescaling flow curves.

Complex fluids, such as emulsions, suspensions, foams and pastes,
form an important class of materials, exhibiting both solid- and liquid-
like behaviour. Understanding and predicting the flow behaviour of
these complex materials is of industrial and fundamental importance
[1,2]. These materials show the emergence of a yield stress for volume
fractions above a critical volume fraction ¢,, called the jamming transi-
tion. At small stresses yield-stress materials behave like solids, deform-
ing in an elastic manner. However, once a critical stress, called the yield
stress (ay), is exceeded, the material starts to flow. Describing the flow
properties of yield-stress materials as a function of the volume fraction
has become an important research topic, both in experimental [3-5] and
simulation work [6-8]. Universal rescaling of yield stress flow curves
would enable us to predict the yield stress of a material when the vol-
ume fraction and surface tension are known [4]. Flow curves for con-
centrated systems with ¢ > ¢, can be described by the Herschel-Bulkley
model [9]

0:0'y+KJ'/ﬂ (€8]

where ¢ is the stress, y is the shear rate and K and # are model param-
eters. The vanishing of the yield stress with decreasing volume fraction
can be described as a power law in the distance to jamming

o, = oplAp|* @

with 64 a constant on the order of the Laplace pressure of the droplets

and Ap = ¢ — ¢,.
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There have already been a large number of articles dealing with the
scaling of flow curves. Here we give a short overview of the work that
has already been done on scaling of flow curves from yield-stress ma-
terials. Paredes et al. [4] investigated experimentally the flow proper-
ties of one such yield-stress fluid: an emulsion with volume fractions
above and below the jamming transition. They were able to scale all
flow curves with respect to the volume fraction into two master curves,
one for the supercritical and one for the subcritical volume fractions, by
plotting o /|A¢|® versus 7/|A¢|". Similar scaling values were found by
Nordstrom et al. [3] and Basu et al. [10] when scaling flow curves of a
soft-colloid system.

Paredes et al. [4] interpreted scaling collapse as evidence for a crit-
ical transition in the dynamics, from liquid- to solid-like behaviour. In
the analogy with equilibrium phase transitions, they supposed that the
scaling exponent values are universal, i.e. independent of particle inter-
actions. Subsequent experimental studies provided support for this hy-
pothesis: Dinkgreve et al. [5] found that experimental flow properties of
other soft sphere systems, with different interparticle interactions, could
also be scaled with power laws in the distance to jamming. The scaling
parameters for all different systems have, within numerical uncertainty,
the same values of A~ 2 and I'~ 4.

Whereas experimental research on the flow curves of yield-stress ma-
terials give similar scaling parameters for soft sphere systems with differ-
ent interparticle interactions [3-5,10], numerical estimates of the scal-
ing exponents have tended to differ from experiments [7,8,11-16]. For
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example, the yield-stress exponent A is generally estimated to be lower
for particles with harmonic (spring-like) interactions [7,11,12,14],
which is believed to be a good model for emulsions [17]. Second, while
there is broad agreement that exponents for both static and flow proper-
ties are identical in two, three, and four dimensions [6,12,13,15], there
is generally a dependence on particle interactions. For example, when
elastic quantities such as the confining pressure, shear modulus and
yield stress are expressed as power laws in A¢, they scale with different
exponents when the particles have harmonic or Hertzian interactions
[6,18].

Recently, Dagois-Bohy et al. [8] reported the softening and yielding
of soft glassy materials, based on athermal soft sphere simulations of
both small and large amplitude oscillatory tests. They showed, amongst
other things, scaling of the linear elastic and loss moduli of a two-
dimensional system with respect to the quiescent confining pressure P
of the system. The results were in good agreement with theoretical mod-
els of small amplitude oscillatory shear [16,19]. Data collapse into two
master curves, one for the elastic modulus and one for the loss modulus,
was found when plotting G*/P* versus w/P? with a~0.45 and §~0.8,
close to the mean field exponents « = 1/2 and f =1 [8].

When comparing the experimental work of Paredes et al. [4] with
the simulation work of Dagois-Bohy et al. [8], some differences are im-
mediately obvious. Whereas similar systems of soft particles with har-
monic interactions are studied, different scaling parameters are found.
However, the control parameters are also different: in experiments the
volume fraction (distance to jamming) that is controlled, whereas in the
simulations it is the pressure (distance to jamming) that is the control
parameter. The tendency to express numerical scaling relations in terms
of the pressure, rather than excess volume fraction is advantageous be-
cause (i) the value of the confining pressure at jamming is strictly zero,
and therefore known with arbitrary precision, and (ii) the pressure is
easily accessible in simulations. A second difference between the simu-
lations and experiments is observed when looking at the type of mea-
surements. While experimental studies of jamming and rheology have
focused on continuous flow, simulations mainly used oscillatory shear.

In this paper we ask where the discrepancy between numerical and
experimental scaling exponents of flow curves from yield-stress materi-
als comes from. For clarity, we only investigate well-behaved emulsion
systems that can be modelled as soft harmonic particles. Therefore we
relate the volume fraction of the dispersed phase with the confining pres-
sure, to be able to compare scaling to the volume fraction distance to
jamming with the confining pressure. Furthermore, we compare contin-
uous shear experiments with oscillatory experiments. We observe that
above yielding, oscillatory and rotational flow curves overlap. Plotting
as a function of the confining pressure, the scaling exponents of exper-
imental and numerical work come closer together. However, this does
not solve the discrepancy between experimental and numerical scaling
exponents. We end this paper with a discussion on the possible explana-
tion that experiments and simulations probe different things and there-
fore do not have the same scaling exponents.

1. Materials and methods
1.1. Castor oil-in-water emulsions

Mobile castor oil-in-water emulsions stabilized by sodium dodecyl
sulphate (SDS) were prepared. For the continuous phase, 1 wt% of SDS
(from Sigma-Aldrich) was dissolved in demineralized water. Rhodamine
B (from Sigma-Aldrich) was added as a dye. The castor oil (from Sigma-
Aldrich) was added to the aqueous phase and stirred with a Silverson
L5M-A emulsifier at 8,000 rpm for 6 minutes. The SDS solution was
mixed with castor oil in a 1:4 volume ratio to obtain a 80% castor oil-in-
water emulsion. This 80% emulsion was diluted with the SDS solution
to obtain emulsions with lower ¢. All samples were centrifuged for 10
minutes at 1000 rpm to remove any air bubbles. The oil droplets have
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a mean diameter of 3.4 um with a dispersity of 20%, determined using
confocal laser scanning microscopy.

1.2. Rheological measurements

The rheological measurements were performed on an Anton Paar
MCR 302 rheometer. A 50 mm-diameter cone-and-plate geometry was
used with a 1° cone and roughened surfaces to avoid wall slip [20]. All
samples were pre-sheared at a shear rate of 100s~! for 30 s, followed by
a rest period of 30 s to create a controlled initial state in all samples [4].
The rotational tests were performed by carrying out a shear rate sweep
from 1000s~! to 1-1073 s~!. The oscillatory measurements were per-
formed by carrying out an amplitude sweep from 0.1% to 1-10* % at a
constant frequency of 1 Hz. A flow curve can be obtained from an oscilla-
tory measurement, using that the shear rate is linear related to the strain
amplitude and frequency, y = yw. All measurements were performed at
room temperature. The flow curves were fitted to the Herschel-Bulkley
model with a weight inversely proportional to the stress, meaning that
a larger discrepancy between the fit and the measured value is accepted
at higher stress values than at low stress values.

1.3. Numerical data

The relation between the experimental volume fraction of the dis-
persed phase and the confining pressure is calculated from a standard
relation based on the virial, p=1/(2V) 3, r;; f;;, where the sum runs
over contacting particle pairs, ry; is the centre-to-centre distance between
a pair, and fj; is its contact force. The numerical storage and loss mod-
uli as a function of the frequency are generated using an in-house code
that uses the non-linear conjugate gradient method to instantaneously
quench a periodic system of bidisperse particles from a random config-
uration to a local minimum of the elastic potential energy landscape.
This is the so-called “Ising model of jamming” [21]. Storage and loss
moduli are calculated for soft harmonic particles as these best model
experimental emulsions and for pressures close to the jamming transi-
tion. The numerical frequency was made dimensionless using the droplet
size, surface tension and the viscosity.

2. Results
2.1. Volume fraction versus confining pressure

Whereas scaling of experimental flow curves is normally done with
a power law in the distance to jamming, A¢, simulation data are scaled
with a power law in the confining pressure. Relating the confining pres-
sure with ¢ or A¢ would solve one of the discrepancies that might ex-
plain the differences in scaling exponents. A numerical relation between
the quiescent (zero shear) confining pressure and the volume fraction
for a three-dimensional system with a binary mixture of soft spheres is
shown in Fig. 1. Below the critical jamming point, ¢, = 0.64, the confin-
ing pressure is zero. While the initial growth of the pressure with A¢ is
linear [6], significant corrections to linear scaling are present over the
experimentally accessible range of ¢, as can be seen from the slope of
the graph. Therefore, we expect different effective exponents when scal-
ing the flow curves with respect to the confining pressure in comparison
with scaling with respect to A¢.

Flow curves for castor oil-in-water emulsions with volume fractions
between 68% and 80% are obtained from rotational measurements, see
Fig. 2a. The data are fitted to the Herschel-Bulkley model, ¢ = ¢, + K 7P
to determine the yield stress. It can directly be seen from the curves in
Fig. 2a that the yield stress increases with increasing volume fraction.
The volume fractions were converted to confining pressure values using
the numerical relation as shown in Fig. 1. The values for the yield stress
as obtained from the Herschel-Bulkley fits were plotted against the con-
fining pressure, see Fig. 2b. The blue line shows a linear fit of the data
points through the origin. The fit shows a linear relation between the
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Fig. 1. Numerical relation between the confining pressure and the volume frac-
tion of the dispersed phase for a three-dimensional system. Below the critical
volume fraction for jamming, ¢, = 0.64, the pressure is zero.

yield stress and the confining pressure, with the yield stress vanishing
at zero confining pressure.

As discussed above, flow curves above the critical jamming volume
fraction can collapse into one master branch by plotting 6/0,|A¢|* ver-
sus 7 /0yl A¢|" [4,5]. We divide the stress by the Laplace pressure ¢ to
make the data dimensionless. Consistent with prior work, we find scal-
ing collapse using A~ 2.1 and I'~ 3.8, see Fig. 2c. The errors on A and
I' come from small fluctuations in the scaling of the flow curves. Scaling
requires f = A/T ~ 0.55, and indeed a direct fit to the master curve gives
fitting parameters # = 0.56 and K = 0.19.
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We now attempt to rescale the flow curves from Fig. 2a with the
confining pressure, rather than A¢. The linear relation between the yield
stress and the confining pressure, as shown in Fig. 2b, gives the first
scaling parameter a~ 1. We find that all data collapses into one master
curve by plotting ¢/[c,P?] versus /[, P?] with a = 1.02 +0.02 and b =
1.84 +0.22, see Fig. 2d. The master curve follows the Herschel-Bulkley
model with g = a/b = 0.56 + 0.07. This shows that we can scale the flow
curves with respect to the distance to jamming, but also with respect to
the confining pressure. Note that whereas a# A and b#T, their ratios
a/b and A/T" (which set g) are the same. This is because, precisely at the
jamming transition where both P and A¢ are zero, the flow curve is that
of a power law fluid ¢ « 7. Hence § cannot be sensitive to the choice
to rescale with P or A¢.

Scaling the experimental emulsion flow curves with a power law in
the confining pressure instead of the volume fraction distance to jam-
ming, brings the scaling parameters closer to the scaling parameters
found in simulations. However, for experiments we found scaling ex-
ponents ax1 and b~ 2, whereas for simulations scaling exponents of
a~1/2 and b~ 1 are found [8]. Scaling to the confining pressure thus
does not solve the discrepancy between experiments and simulations.
We therefore have to look further into the control parameters and the
differences between experiments and simulations.

2.2. Rotational versus oscillatory measurements

Rotational measurements are the most common way in experimental
research to obtain flow curves of emulsions. A shear rate is applied and
the stress is measured. However, scaling of simulation data is often ap-
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Fig. 2. Rescaling of flow curves of castor oil-in-water emulsions. (a) Flow curves of castor oil-in-water with 1wt% SDS emulsions for volume fractions between 0.68
and 0.80 of the oil phase. The lines show Herschel-Bulkley fittings of the experimental data. (b) Yield stress as a function of pressure with a linear fit through the
origin. The yield stress is obtained from Herschel-Bulkley fits of the flow curves as shown in (a). The volume fraction is related to the pressure using the numerical
relation as shown in Fig. 1. (c) Master curve showing the collapse of the flow curves into one when plotted as 6/0|A¢|* versus 7/cy|A¢|" with A =2.13 +0.15 and
I' = 3.84 +0.59. The black line corresponds to a Herschel-Bulkley fit with § = a/b = 0.56 and K = 0.19. (d) Similar to (c) but now plotted as ¢/6,P? versus y /GOP”
with @ = 1.02 + 0.02 and b = 1.84 + 0.22. The black line corresponds to a Herschel-Bulkley fit with § = a/b = 0.56 and K = 0.19.
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Fig. 3. Shear stress as a function of the shear rate for a castor oil-in-water with 1wt% SDS emulsion with a volume fraction of (a) 0.68 and (b) 0.80 of the oil phase.
The circles show a flow curve measured with a rotational test, whereas the squares show a flow curve measured with an oscillatory test. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Comparison between experimental and numerical shear moduli (a) Experimental storage (closed circles) and loss (open circles) moduli as a function of
frequency for a 80% castor oil-in-water with 1wt% SDS emulsion. At low frequencies, the storage and loss modulus are independent of frequency. (b) Numerical
storage (closed symbols) and loss (open symbols) moduli as a function of dimensionless frequency w for various confining pressures close to jamming. An increase
in the loss modulus is observed with increasing frequency, whereas the storage modulus remains constant in a large range of frequencies.

plied using the storage and loss moduli data [8,19], obtained from oscil-
latory measurements. These measurements can also be plotted as stress
versus shear rate flow curves, which allows us to compare both meth-
ods. Flow curves were obtained for castor oil-in-water emulsions with
volume fractions of the oil phase between 68% and 80% both from rota-
tional and oscillatory measurements. The results for the emulsions with
the lowest (68%) and the highest (80%) volume fractions are shown in
Fig. 3. The graphs show a clear overlap between the curves of the rota-
tional and the oscillatory tests at high shear rates (7 > 1s~!) above yield-
ing (in the oscillatory tests, we vary y by sweeping strain amplitude at
fixed frequency). The difference between the flow curves at lower shear
rates reflects insufficient strain in the oscillatory measurements to reach
a steady flow [22]. The low-shear part of the oscillatory measurements
shows the elastic behaviour of the sample.

From the overlap between both flow curves at high shear rates, we
can conclude that the same information can be obtained from rotational
and oscillatory measurements. Therefore, we do not obtain different
scaling exponents if we scale flow curves obtained from oscillatory mea-
surements. The fact that experimental flow curves are measured in con-
tinuous shear, whereas numerical flow curves are obtained in oscillatory
mode, consequently does not explain the difference between experimen-
tal and numerical scaling exponents.

3. Discussion and conclusion

We can conclude that simulations and experiments really show dif-
ferent scaling exponents for the rescaling of flow curves and cannot be
assigned to a difference in measurements protocol or control parame-
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ters (confining pressure or volume fraction of the dispersed phase). A
possible explanation for the discrepancy is then that experiments and
simulations probe different things. A direct comparison of oscillatory
measurements in experiments and simulations indeed reveals important
differences. As can be seen in Fig. 4a, G’ and G” for a 80% castor oil-in-
water emulsion are independent of the frequency in the low frequency
regime, indicating that they are characterised by a very broad spectrum
of visco-elastic relaxation times. Numerical data from soft sphere sys-
tems at various confining pressures show no such plateau in G”, see
Fig. 4b. Whilst the storage modulus remains constant with increasing
frequency, the loss modulus increases and so this system is likely char-
acterised by a narrower distribution of relaxation times. The origin of
this discrepancy between experimental and numerical loss moduli is not
clear and merits further study.

Another important difference is that in simulations of viscous soft
spheres one is able to approach the jamming point much closer than in
experiments: they can easily reach excess volume fractions, strain am-
plitudes, and dimensionless strain rates on the order of 10~ or lower,
which is orders of magnitude smaller than typical experimental lower
bounds. As a result, simulations and experiments have typically probed
different windows of response. This is because the focus of simulations
has largely been on determining critical exponents as accurately as pos-
sible, which requires approaching ¢, as closely as possible.

A difference in material properties of the jammed material, indi-
cated by the frequency-independent loss modulus in experiments and
the frequency-dependent loss modulus in simulations, and a difference
in the response window could then explain the discrepancy in scaling
exponents. However, it is yet unknown how to resolve these differences;
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if that could be done, this would be the final step to get similar scaling
exponents from both simulations and experiments.
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