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1. Introduction

Let G be a nilpotent Lie group and let (w,H,) be an irreducible, square-integrable
projective representation of G. For a lattice I' < GG, consider the orbit of 7 under a vector
g 6 HTI’;

m(L)g = (7(7)g)~er- (1.1)

The aim of this paper is to study the existence of a vector g € H, such that 7 (I")g forms
a frame or Riesz sequence (Riesz basis for its span) in H,, that is, 7(T")g satisfies the
frame inequalities

Alfl3, < DKL mM9P < BB, f € Ha, (1.2)

yel

for constants 0 < A < B < o0, or the Riesz inequalities

Z ()9

yel’

2
Allellz < < Blelz, ce (). (13)

Hor

A particular focus will be on the existence of frames and Riesz sequences 7(I")g for which
the associated diagonal matrix coefficient function Cyg : G — C, defined by

Cog(z) = (g9,m(x)g), z€G, (1.4)

possesses an additional form of localization, e.g., smoothness or L'-integrability.

Frames and Riesz sequences are classical notions in various areas of complex and har-
monic analysis, and play an important role in the applications of these areas as they
provide stable and unconditionally convergent Hilbert space expansions. More modern
variants of these notions have also been studied in the setting of operator theory and op-
erator algebras, most notably in Hilbert C*-modules, where they give rise to projections
in associated C*-algebras.

In this paper the existence of localized frames and Riesz sequences of the form (1.1)
will be studied via a correspondence to projections in an associated twisted group C*-
algebra. It turns out that recent results on C*-algebras (in particular, group C*-algebras)
provide adequate tools that are capable of treating localization properties in the existence
problem.

Before formulating the main results and describing the methods used in their proof,
the requisite background and context will be sketched.

1.1. Background and context

A first fundamental obstruction to the existence of frames and Riesz sequences of
lattice orbits 7(I")g is provided by the density theorem, relating the lattice co-volume
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vol(G/T') or its reciprocal (the so-called “density”) and the formal dimension d, > 0 of
7. Different versions of this theorem can be found in, e.g., [12,102,106].

Theorem 1.1. Let G be a nilpotent Lie group with a lattice T < G. Let (m,H,) be an
irreducible, square-integrable projective representation of G of formal dimension d, > 0.

(i) If there exists g € Hr such that w(T')g forms a frame, then vol(G/T)d, < 1.
(it) If there exists g € Hr such that w(I')g forms a Riesz sequence, then vol(G/I')d, > 1.

(The value vol(G/T")dr is independent of the choice of Haar measure on G.)

Theorem 1.1 provides a critical density for a lattice to admit a frame or Riesz sequence
in its orbit. In particular, a lattice admitting an orthonormal basis must have the critical
density vol(G/T') = d_!. Necessary conditions of this type are commonly referred to as
density conditions and can also be obtained for discrete index sets that do not necessarily
form a group, see, e.g., [43,82].

There is a converse to Theorem 1.1 for irreducible representations of a nilpotent Lie
group N that are square-integrable modulo the center Z = Z(N). Representations of
this type can be treated as projective representations of G = N/Z, so-called projective
relative discrete series representations (see Section 6.1). The following result can be
derived from [12,34] by combining [34, Theorem 1.3] and the arguments underlying [12,
Theorem 3].

Theorem 1.2. Let G be a connected, simply connected nilpotent Lie group with a lattice
T < @G. Let (7, Hz) be a projective relative discrete series representation of G of formal
dimension d, > 0.

(i) If vol(G/T)d, < 1, then there exists g € Hn such that w(I")g forms a frame.
(ii) Ifvol(G/T")d. > 1, then there exists g € Hr such that w(I")g forms a Riesz sequence.

Together, Theorem 1.1 and Theorem 1.2 provide a dichotomy that completely de-
scribes the reproducing properties (frame and Riesz sequence) of lattice orbits of square-
integrable representations in terms of the lattice co-volume or density. The existence
claims in Theorem 1.2 rely on techniques for von Neumann algebras and are not accom-
panied by explicit constructions. For more specific representations and lattices acting
via two group actions, special cases of the existence claims in Theorem 1.2 can also be
obtained via tiling arguments [29,57], in which case the generating vector can be chosen
to be an indicator function of a common fundamental domain. For historical expositions
on the density theorem in time-frequency analysis, see [39,59].

For vectors g € H, possessing certain localization properties (i.e., a smooth or inte-
grable vector), a second obstruction to the existence of frames and Riesz sequences of the
form 7(T")g is given by the strictness of the density conditions in Theorem 1.1. For the
Euclidean plane G = R? and its projective Schrodinger representation (m, L?(R)), the
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fundamental Balian—Low theorem in time-frequency analysis asserts that there exists no
orthonormal basis (or Riesz basis) of the form 7 (I')g for a Schwartz function g € S(R),
[14,27]. Alternatively, for a Schwartz function, the associated density inequalities in The-
orem 1.1 are strict [6,37,51]. Balian—Low type theorems for (classes of) nilpotent groups
have been obtained in [35,52] and show that the inequalities in Theorem 1.1 are strict
for integrable vectors. It should be mentioned that (non-localized) orthonormal bases in
the orbit of a nilpotent Lie group could still exist by Theorem 1.2, and even for nilpotent
Lie groups not admitting a lattice, cf. [54,91].

A key problem in time-frequency or phase-space analysis [38,46] is the existence of
smooth frames (resp. Riesz sequences) m(I')g for a given lattice I' < G with super-
critical (resp. sub-critical) density. While the mere existence of such frames and Riesz
sequences are well-known for lattices possessing a qualitative “covering density” [45],
there are currently no quantitative results that match the necessary conditions provided
by Theorem 1.1, except for the specific setting of the Heisenberg group. Indeed, for
G = R? and its projective Schrodinger representation (7, L2(R)) (for which d, = 1), the
density theorems for sampling and interpolation in Bargmann-Fock spaces [79,112,113]
can be recast as the Gaussian Gabor system 7(I')g with g(t) = e~™ forming a frame
(resp. Riesz sequence) for L?(R) if and only if vol(R?/T") < 1 (resp. vol(R?/T') > 1),
see also [53,55,64]. Although the frame and Riesz property of a multivariate Gaussian
Gabor system cannot be simply described in terms of a density condition [48,96], it is still
expected [48, Remark 2] that Gabor frames (resp. Riesz sequences) m(I')g with arbitrary
smooth window g € L?(R?) exist for any lattice I' < R?9 satisfying vol(R??/I") < 1 (resp.
vol(R2/T) > 1), see also [59,97]. Only recently has there been a first contribution [63]
to this existence problem for Gabor frames in higher dimensions, namely for so-called
non-rational lattices T < R?¢| by exploiting the structural results on (irrational) non-
commutative tori [104] and its link with Gabor frames [77]; see Section 7.1 for a more
detailed discussion.

1.2. Main results

Our main result concerns the existence of frames and Riesz sequences generated by
smooth vectors, i.e., vectors g € H, for which the orbit maps x — 7(z)g are smooth; in
notation, g € HS°. The result relies on a compatibility condition between the 2-cocycle
o of the projective representation 7 and the lattice I', known as “Kleppner’s condition”;
see [11,70,88,89,92]. A pair (T',0) satisfies Kleppner’s condition if, for any non-trivial
v € T satisfying o(vy,7) = o(y/,7) for all 4/ € T such that v'v = v/, the associated
conjugacy class {(y")71vy/ : 4/ € '} is infinite.

The following theorem is a special case of our main theorem (Theorem 6.6).

Theorem 1.3. Let (7, H,) be a o-projective relative discrete series representation of a
connected, simply connected nilpotent Lie group G of formal dimension d, > 0. Suppose
that T' < G is a lattice such that (T, o) satisfies Kleppner’s condition.
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(i) If vol(G/T)d, < 1, then there exists g € H2° such that w(T")g forms a frame.
(it) If vol(G/T)d, > 1, then there exists g € H° such that w(T')g forms a Riesz se-
quence.

Under Kleppner’s condition, Theorem 1.3 provides a full converse to the Balian—Low
type theorems [6,37,51,52] on the strictness of the density conditions (Theorem 1.1) for
smooth vectors. In fact, as a direct consequence of Theorem 1.3, the smooth vectors in
Theorem 1.3 could even be chosen to be analytic (cf. Corollary 6.9). A more general
version of Theorem 1.3, valid for projective representations arising from genuine repre-
sentations that are merely square-integrable modulo their projective kernel, is given in
Theorem 6.6.

It is currently not known whether the existence claims (i) and (ii) in Theorem 1.3 also
hold without the assumption of Kleppner’s condition. The fact that Kleppner’s condition
is not needed in Theorem 1.2 and in a version of Theorem 1.3 for the 3-dimensional
Heisenberg group indicates that it might be superfluous for Theorem 1.3 in general, too.

For applications to time-frequency analysis, we mention that the representations
(m, ") appearing in Theorem 1.3 can, by Kirillov’s orbit method, be realized to act
on some L?(R%), with the action of 7 in a coordinate parametrization given by

n(@)f(t) =TT f(Q(a 1), teR? zeR",

for polynomials P and @. In such a realization, the space of smooth vectors H° is
precisely the space S(R?) of Schwartz functions, and the corresponding matrix coeffi-
cients define functions in S(R™). Theorem 1.3 provides therefore new classes of localized
frames and Riesz sequences in L?(R9). A key feature of such localized systems is that,
via techniques underlying the theory of localized frames [1,9,41,47,107], the reproducing
properties of frames and Riesz sequences, namely

feL*RY ifand only if f = Z cym(y)g  for some (cy)qer € (T,
yel

respectively

c€ *(I) ifandonlyif ¢, = (f,m(7)g) for some f € L*(R?),

automatically extend to families of associated Banach spaces; in particular, so-called
coorbit spaces [36]. Therefore, such localized systems provide a description and char-
acterization of these Banach spaces and can be used for the purpose of (generalized)
time-frequency analysis on R?; see [49] for a concrete exposition associated to lower-
dimensional nilpotent groups.
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1.3. Methods

With notation as in Theorem 1.3, our proof method is based on the interpretation
of a vector g € H, defining a lattice orbit 7(I")g as an element of a module over an
associated operator algebra. The relevant operator algebras are generated by the o-
twisted left regular representation (A%, ¢?(I")) of I', determined by

A ()0 = (7,7 )0y, forv,9" €T,

where {8, : v € I'} is the canonical basis for £2(T"). The completion of the span of the
collection

MN(T) = {M(v) :v € T} € B(E(D))

in the strong operator topology gives the o-twisted group von Neumann algebra L(T', o),
while completion in the norm topology gives the (reduced) o-twisted group C*-algebra
C*(T, o). Since a lattice I' < G in a nilpotent Lie group G is finitely generated and nilpo-
tent, Kleppner’s condition on (T, o) is equivalent to the algebra L(T', o) (resp. C; (T, 0))
being a factor (resp. simple), cf. [70,92]. In addition, since I" is amenable, the reduced
algebra C*(T', o) is isomorphic to the full twisted group C*-algebra C*(T', o). Our ap-
proach makes a fundamental use of the algebras C(I', o) and C*(I', o) being simple. It
should be mentioned that the non-twisted group C*-algebra C*(T') (i.e., o being trivial)
is simple if and only if T is trivial, so that the use of cocycles is essential for our approach.

The question of the existence of a general vector g € H, generating a frame 7(I')g in
Hr (see Theorem 1.2) can be naturally approached using techniques for von Neumann
algebras and their Hilbert modules, as shown by Bekka [12] (cf. [34] for Riesz sequences).
The fundamental observation here is that there exists a frame (resp. Riesz sequence) of
the form 7(I")g for some g € H, if and only if 7|r is a subrepresentation of A7 (resp. AZ is
a subrepresentation of 7|r), cf. [12, Corollary 3 and 4]. By the square-integrability of ,
the restriction 7|r can be extended to give H, the structure of a Hilbert L(T', o)-module,
so that the existence of frames (resp. Riesz sequences) in H, is equivalent to H, being
a submodule of ¢2(T) (resp. £2(T') is a submodule of H), cf. [12, Proposition 1] and [34,
Theorem 5.1]. When L(T', o) is a factor, such submodule inclusions are in turn equivalent
to inequalities involving the associated von Neumann dimensions, which gives rise to the
inequalities vol(G/T)d, < 1 (resp. vol(G/T")d, > 1). The basis for these results is that
projections in a II; factor (such as L(T', 0)) are completely classified by their value under
the canonical tracial state by the Murray-von Neumann comparison theory.

For providing density conditions for the existence of a localized vector g yielding a
frame or Riesz sequence of the form 7 (I")g, the above mentioned von Neumann algebra
techniques do not seem to be sufficient. In contrast, we show in the present paper that the
theory of C*-algebras and associated Hilbert C*-modules do provide powerful techniques
for approaching the localization problem. The following explicitly constructed Hilbert
C*-module plays a central role in the proof of Theorem 1.3.
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Theorem 1.4. Let (7, H,) be a o-projective relative discrete series representation of a
connected, simply connected, nilpotent Lie group G. Suppose I' < G is a lattice. Then
the space H® of smooth vectors can be completed into a finitely generated left Hilbert
Cx (T, 0)-module &, r, where the left action and the C(T', o)-valued inner product o-,-)
are determined by

a-f=2 a()()f foraeS(T) and feH,

vyel

L9 =(fim(g)  for frg e HT andy €T,
where S(T') C £X(T") denotes the Schwartz space on T, cf. Section 6.

A general method for the construction of a Hilbert C(T', o)-module from an inte-
grable o-projective representation of a discrete group I' was outlined by Rieffel [103].
However, the explicit construction of such modules was only accomplished in [104] for
the projective Heisenberg representation of a locally compact abelian group of the form
G x G. The modules constructed in [104] are usually called Heisenberg modules and have
found numerous applications in operator algebras and noncommutative geometry, see,
e.g., [20,23,30,73,78,119]. The explicit module provided by Theorem 1.4 forms a natural
generalization of the Heisenberg modules to all nilpotent Lie groups and is established
here via the representation theory of nilpotent Lie groups and associated coorbit space
theory. It should be mentioned that the Heisenberg modules of Rieffel [104] are, in
addition, also equipped with a natural right action which gives them the structure of
imprimitivity bimodules. No such extra structure is present for the modules provided by
Theorem 1.4.

The link between the Hilbert C*-module &; r and lattice orbits m(I')g with g € H>°
is given by the following theorem, see Proposition 4.3 for a more general version and
Section 3.3 for definitions of the terms used below.

Theorem 1.5. With notation as in Theorem 1.4, let A := C}(T',0) and let ¢1,...,g9n €
H°. Then the following assertions hold:

(i) The set {g1,...,9n} is an algebraic generating set for Err if and only if
(7(T)gj)1<j<n s a frame for Hn.

(i) The set {g1,...,gn} is A-linearly independent and has closed A-span in E. r if and
only if (m(I')g;)1<j<n is a Riesz sequence in M.

Theorem 1.5 provides a correspondence between spanning (resp. linear independent)
sets in & r and frames (resp. Riesz sequences) in H.. For the particular setting of the
projective Heisenberg representation (m, L?(R%)) of R2¢, the correspondence for frames
(part (1)) was first proved by Luef in [77]. Combined with the general fact that imprimi-
tivity bimodules between unital C*-algebras must be finitely generated, this was used in
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[77] to prove the existence of a Gabor frame (7(7)g;)yer,1<j<n for L2(R%) with finitely
many localized windows over any given lattice I" in R2?. In the present paper we prove
directly the existence of such frames in the orbit of nilpotent Lie groups by exploiting
classical sampling techniques [36,45].! Via Theorem 1.5, the existence of a multiwindow
frame with finitely many windows in H>° implies that the module & r constructed in
Theorem 1.4 is finitely generated, which is essential for our approach towards proving
Theorem 1.3.

A finitely generated Hilbert C*-module &; 1 as constructed in Theorem 1.4 corre-
sponds naturally to a projection in a matrix algebra over C (T, o), which can be explicitly
constructed using module frames, see, e.g., [42,105]. Using this interpretation, the ex-
istence of frames and Riesz sequences 7(I')g generated by a single g € H>° can be
approached via the comparison theory for projections in (matrix algebras over) the C*-
algebra C(T', o). This approach is reminiscent of the method [12] towards Theorem 1.2
using von Neumann algebras. However, in contrast to the setting of von Neumann al-
gebras, the comparison theory for projections in C*-algebras is remarkably subtle, see,
e.g., [16,115] and the references therein. Among others, this is caused by the fact that
C*-algebras, in contrast to von Neumann algebras, might not possess sufficiently many
projections for a satisfactory comparison theory. This has lead, among others, to the
more general notion of Cuntz subequivalence of positive elements in (matrix algebras
over) a C*-algebra [26], and the corresponding comparison then concerns whether Cuntz
subequivalence of positive elements can be described via tracial states. A C*-algebra
satisfying such a property is said to have strict comparison of positive elements and
it is this notion, which is stronger than strict comparison of projections, that forms a
central ingredient in the present paper (see Section 5.1). We mention that for irrational
non-commutative tori, the presence of strict comparison of projections was proven in
[104] (see also [16]) and (implicitly) exploited in [63] for the study of Gabor frames; see
Section 7.1.

A part of the (revised) Toms-Winter conjecture predicts that for any unital separable,
simple, nuclear, infinite-dimensional C*-algebra, strict comparison of positive elements
is equivalent to a regularity property known as finite nuclear dimension (see e.g. [115,
p. 302]). The implication from finite nuclear dimension to strict comparison of positive
elements is known,” and follows by combining results of Rgrdam [108] and Winter [120].
Therefore, for establishing strict comparison of positive elements in our setting, it would
suffice to prove that the twisted group C*-algebra C*(T", o) has finite nuclear dimension.
We prove the even stronger property that C)(I", o) has finite decomposition rank:

Theorem 1.6. Let " be a finitely generated, nilpotent group and let o be a 2-cocycle on T'.
Then the twisted group C*-algebra C*(T',0) has finite decomposition rank, in particular

1 This should be compared with the discussion [77, p. 1942], where it is asserted that the techniques
[36,45] would not provide an explanation for the fact that only finitely many generators are needed.
2 In fact, under various additional assumptions (which all hold in our setting), the full equivalence is

=

known, see, e.g., [115] and our discussion after Theorem 5.1.
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finite nuclear dimension. Hence C(T', o) has strict comparison of positive elements, and
therefore of projections, whenever (I, o) satisfies Kleppner’s condition.

Finite decomposition rank of group C*-algebras associated to finitely generated, nilpo-
tent groups is due to Eckhardt, Gillaspy and McKenney [32,33]. Our proof of Theorem 1.6
relies on [32] and extends their result to the twisted case via the theory of representation
groups; in particular, we use a recent result of Hatui, Narayanan and Singla [58, Theorem
3.5], cf. Section 5.3 for precise details.

Theorems 1.4, 1.5 and 1.6 are the essential ingredients in our proof of Theorem 1.3.

An additional result of independent interest, at least to operator algebraists, is the
following theorem, which provides new examples of classifiable C*-algebras in the sense
of the classification program for simple separable nuclear C*-algebras (see e.g. [115,
Chapter 18] and references therein).

Theorem 1.7. Let T' be a finitely generated, nilpotent group and let o be a 2-cocycle on T’
such that (T, o) satisfies Kleppner’s condition. Then C* (T, o) is a unital, separable, sim-
ple C*-algebra with finite nuclear dimension that satisfies the UCT, hence is classifiable
by the Elliott invariant. Moreover, C¥(T', o) has stable rank one.

We note that there are remarkably few examples in the literature of pairs (T, o) (with
I' countable) such that C*(T',o) has stable rank one (cf. the discussion in [11, p. 293
and Appendix A]). Within the class of countable amenable groups, our result about
this property in Theorem 1.7 has previously only been known for finitely generated free
abelian groups (this may be deduced from [19, Theorem 1.5], which deals with simple
noncommutative tori), and for some examples of finitely generated nilpotent groups (see
the comment after Theorem 4.7 in [90]). For a countable nilpotent group and a 2-cocycle
o on T such that (T',0) satisfies Kleppner’s condition, Osaka and Phillips raise in [90,
Problem 4.8] the question whether C*(T',o) ~ C*(T',0) has real rank zero and stable
rank one, and whether the order on projections over C*(I", o) is determined by traces
(this is equivalent to the one we call strict comparison of projections). Our Theorems 1.6
and 1.7 provide a partial answer to their question.

1.4. Extensions

The proof of Theorem 1.3 makes a fundamental use of the presence of strict compar-
ison of projections in twisted group C*-algebras C*(T", o) of finitely generated nilpotent
groups I', which we show by relying on the paper [32]. The results in [32] are, however,
also valid for virtually nilpotent groups, and it might be that a version of Theorem 1.3
is also valid for more general (classes of) groups of polynomial growth. For such an ex-
tension, several parts in our approach, among others, the explicitly constructed Hilbert
C*-modules (Theorem 1.4) would require different arguments, while there are also sev-
eral ingredients that do currently not have analogues for virtual nilpotent groups, among
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others, the existence of suitable representation groups [58]. With an eye on such possi-
ble extensions, we prove several auxiliary results in a slightly more general setting than
strictly needed for our main result Theorem 1.3, provided they do not require additional
arguments.

As another extension, we mention that our current approach also allows a version
of Theorem 1.3 for Gabor systems on general (compactly generated) locally compact
abelian groups, which was left open in [63]. For this extension, the module constructed
in Theorem 1.4 could be replaced by the Heisenberg modules of [104].

1.5. Outline

Section 2 provides preliminary results on frames, square-integrable representations
and group operator algebras. Hilbert C*-modules and their generating sets are discussed
in Section 3. A general construction of Hilbert C*-modules associated to projective rep-
resentations of discrete groups is outlined in Section 4. Section 5 is devoted to strict
comparison of positive elements in C*-algebras. In particular, the presence of strict com-
parison of projections in simple twisted group C*-algebras (Theorem 1.6) associated to
finitely generated nilpotent groups is proven in Section 5.3, along with Theorem 1.7. In
Section 6 the results obtained in previous sections are applied to the setting of nilpo-
tent Lie groups to prove Theorem 1.3 (cf. Theorem 6.6), along with Theorem 1.4 and
Theorem 1.5. Lastly, we discuss some examples in Section 7.

Notation. The notation Ny will be used for the natural numbers including zero 0. The
complex numbers without zero will be denoted by C* = C \ {0}. The cardinality of a
set X is denoted by |X| € [0, 00]. For functions f1, fa : X — [0,00), we write f; =< fo if
there exist constants Cq,Ce > 0 such that fi(z) < C;fa(x) and fo(z) < Cofi(x) for all
reX.

2. Preliminaries
2.1. Frames and Riesz sequences

Let J be a countable index set. A family (g;);es of vectors in a Hilbert space H is
called a frame for H if

I£13, =D " [f,g)F forall feH. (2.1)

jeJ

A frame (g;);e is called a Parseval frame if (2.1) can be chosen to be equality. A system
(g;)jes is called a Bessel sequence if the associated analysis operator € : H — (*(J) given
by

¢f=(f9j))jes for fEH
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is a bounded, linear operator. Its adjoint, the synthesis operator Z: £%(J) — H, is deter-
mined by Ze; = g;, where e; denotes the standard basis vector of £2(J) corresponding to
an index j € J. The frame operator associated to (g;) e is given by ./ = €*¢: H — H.
The system (g;) e is a frame for A if and only if .% is invertible.

The family (g;);jes is called a Riesz sequence in H if

2 2 2
lellz < H chng for all ¢ = (¢j)jes € £2(T).
j€J

Alternatively, (g;)jes is a Riesz sequence if and only if the associated Gramian operator
G = P*P: (*(J) — £2(J) is invertible, where Z is the synthesis operator of the sequence
(95)5-

For background and further results on frames and Riesz sequences, see, e.g., [22,121].

2.2. Cocycles and projective representations

Throughout, G denotes a second countable, locally compact, unimodular group with
identity element e. We assume that a Haar measure pug on G is fixed and let LP(G) be
the associated Lebesgue space for p € [1, oc].

By a cocycle on G we will mean a Borel measurable map o: G x G — T that satisfies
the identities

(1) o(z,y)o(zy, z) = o(x,yz)o(y,z) forall z,y,z € G,
(2) o(e,e) =1.

Such maps are frequently called normalized 2-cocycles, or multipliers, in the literature.
We denote by Z2(G, T) the set of all such cocycles.

Given a cocycle o on G, a o-projective unitary representation m of G on a Hilbert
space H, is a map 7: G — U(H,) (where U(H,) denotes the unitary operators on H)
such that

m(x)w(y) = o(x,y) w(xy) for all x,y € G.

We will always assume that representations are measurable, i.e., x — 7(x)f is a Borel
measurable function on G for every f € H,. A subspace of H, is said to be invariant
under 7 if it invariant under 7(z) for every x € G. We say that 7 is irreducible if {0}
and H, are the only closed subspaces of H, which are invariant under .

Given f,g € Hr, we can form the function C,f: G — C given by

Cyf(@) = (f.n(x)g) fora € G.

Such functions on G are called matriz coefficients associated to m. If f = g, then Cyf is
called a diagonal matrix coefficient. Matrix coefficients satisfy the relation
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Cy(m(z)f)(y) = a(x,x_ly)C’gf(m_ly) for f,g € Hy and z,y € G. (2.2)

The o-twisted left regular representation of GG is the o-projective unitary representation
of G on L*(G) given by

(\&(@)f)(y) = o(,27"y) fa™"y) forz,y € G, f € L*(G).

In terms of AZ, (2.2) can be stated as the intertwining relation Cy(w(x)f) = A& (z)Cy f,
provided that C, f € L?(G).

An irreducible, projective unitary representation 7 is called square-integrable if there
exist nonzero f, g € H, such that [, |[(f,7(2)g)|*duc(x) < co. In that case, there exists
a unique d, > 0 called the formal dimension of © (depending on the Haar measure on
@) such that

[ @a T @] duc(e) = (. )G G) forall 1.0, € Hae (2:3)

G

Square-integrability of 7 implies that for each g € H, the coefficient operator Cy: Hr —
L?*(G), mapping each f € H, to Cyf, is a well-defined, bounded, linear operator. More-
over, dr 26’9 is an isometry which intertwines 7 and AZ, cf. (2.2), and thus realizes 7 as
a subrepresentation of AZ.

For more details on projective and square-integrable representations, cf. [3,93,110,118].

2.3. Lattices

Let T < G be a discrete subgroup of a second countable unimodular locally compact
group G. A left (resp. right) fundamental domain of " in G is a Borel set ¥ C G such
that G =T-X and 72 Ny'X =0 (resp. G =X -T and XyN Xy =) for all v,7 € T
with v # +/. The discrete I' < G is called a lattice if it admits a left or right fundamental
domain of finite measure. Alternatively, a discrete subgroup I' < G is a lattice if, and
only if, the quotient G/T" carries a finite G-invariant Radon measure. By Weil’s integral
formula, vol(G/T') = ug(X) for any choice of fundamental domain ¥ C G for I". See,
e.g., [100] for more details and properties.

2.4. Twisted group operator algebras

Let T' be a countable discrete group, and let ¢ be a cocycle on I'. The o-twisted
convolution of two functions a,b: I' — C in ¢}(T") is defined by

(axs b)) =D o(v,7 "V )a(b(y ') fory €T.
yel’

We often simply write x = *,. The o-twisted involution of a is given by
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a*(y) =o(y,y Ha(y™t) foryel.

The Banach space £*(T") becomes a unital Banach *-algebra with respect to o-twisted
convolution and o-twisted involution, which we denote by ¢}(T', 7).

The full o-twisted group C*-algebra of T is the completion C*(T, o) of ¢}(T, o) with
respect to the universal C*-norm

llall, = sup||7(a)|| for a € fl(F,U),

where the supremum is taken over all nondegenerate *-representations of ¢/1(I',o) on a
Hilbert space. We will frequently consider ¢}(T', o) as embedded in C*(T', o). There is a
bijective correspondence m — T between o-projective unitary representations of I and
nondegenerate #-representations of C*(T', o), where 7 is determined from 7 by

7a) = a()r(y)

vel

for all @ € ¢1(T, ). As 7 is irreducible if and only if 7 is irreducible, one deduces from
the Gelfand-Naimark theory for C'*-algebras that there always exist enough o-projective
irreducible unitary representations of I' to separate its elements.

Let A% be the o-twisted left regular representation of T' on ¢2(I"). The C*-algebra
generated by A2(I") C B(¢?(T)) is called the reduced o-twisted group C*-algebra of T and
is denoted by C}(I', o). Equivalently, we have C}(T',0) = X?(C*(I‘,a)). Similarly, the
von Neumann algebra generated by AZ(I") C B(¢2(I")) is called the o-twisted group von
Neumann algebra of T' and is denoted by L(T', o). It is equipped with a faithful, normal
tracial state 7 given by

7(a) = (ade, d.) for a € L(T,0),

where 6, € £%(T") denotes the characteristic function of {e} in I'. We refer to T as the
canonical tracial state, and denote its restriction to C(T', o) also by 7.

The canonical map 5\? : C*(T,0) — C*(T',0) is always faithful on ¢*(T, o). Hence
we will often consider ¢}(T', o) as embedded in C(T', ) via this map. If the group T is
amenable, then 5\? is a x-isomorphism. In this case, e.g., when I' is nilpotent, we will
frequently identify C*(T', o) with C*(T", o). For additional information about the operator
algebras associated to (I',0), the reader may consult, e.g., [10,93,122] and references
therein.

An element v € T is called o-regular if we have o(v,7’) = o(v/,7y) whenever 4’ € T
and 7y = v'v. If v is o-regular, then every element in the conjugacy class of ~ is o-
regular, hence it makes sense to talk about o-regular conjugacy classes. The pair (T, o)
is said to satisfy Kleppner’s condition if every nontrivial, o-regular conjugacy class is
infinite. The twisted group von Neumann algebra L(T', o) is a factor (i.e., has a trivial
center) if and only if (T", o) satisfies Kleppner’s condition, cf. [70, Theorem 2]. Kleppner’s
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argument shows that C;(G, o) has a nontrivial center whenever (G, o) does not satisfy
Kleppner’s condition. Hence this condition is necessary for C}(G, o) to be simple (i.e.,
to have no non-trivial ideals), but it is not always sufficient, cf. [11]. See also [88,92] for
other results relying on this condition.

A function a: T' — C is said to be o-positive definite if

Z cicia(vv; Doy tv) >0 forall vy, ...,y €T, ¢py..vycn € Cs (2.4)

ij=1

see [10,72] for a slightly different definition (where a would be called &-positive definite).
The following characterization of o-positive functions will be convenient for our pur-
poses. The result is part of the folklore for trivial cocycles o = 1.

Proposition 2.1. Assume a € (*(T',0). Then a is o-positive definite as a function on T’
if and only if X%(a) is positive as an element of C}(T, o). It follows that if a € (*(T,0)
is a diagonal matriz coefficient associated to a o-projective unitary representation of T,
then :\?(a) is positive in CF(T', o).

Proof. Given a finite subset F' = {71,...,7,} of ', denote by P the orthogonal projec-
tion of £2(I") onto span{d, : v € F'}. Then it is well-known that an operator 7' € B(¢*(T"))
is positive if and only if PrTPr is positive for any such F. Let n € ¢*(I'). Write
Prny = Z?zl cid4, for some scalars cy,...,c, € C and note that

(AE(@)35,,03,) = D ) AF (N30, 05,) = D alM)o (1,7 (G4m0,

yel’ yel
= a(y;; Doyt m)-
Hence

(PeAg(a)Ppn,n) = (\Z(a)Ppn, Pen) = Y cic; (AZ(a)ds,,0,,)

,j=1

= > eggati ol ).

1,j=1

Thus the condition X%(a) > 0 is equivalent to the condition that the above expression is
non-negative for all v1,...7, € G and cy,...,¢c, € C, i.e., to the o-positive definiteness
of a, as desired.

Assume now that the function a € ¢1(T',0) may be written as a(y) = (f,n(y)f) for
some o-projective unitary representation 7 of I' on H, and some f € H,. Then for
Y1,V € Land ¢q,...,¢, € ' we have that
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> e (fmty Dot ) Z cici(fom(y)m(i ) o (i e (vt

4,j=1 4,5=1

= 3 ainl RO o0 = (et £ Y (i)' ) 20

4,j=1
This shows that a is o-positive definite, hence that X%(a) is positive in C*(T",0). O
3. Hilbert C*-modules, generating sets and localization
Throughout this section, A denotes a unital C*-algebra with unit 14.

3.1. Hilbert C*-modules

We follow the conventions in [71,99], except that we prefer to work with lef¢t Hilbert
C*-modules. Thus, by an inner product A-module we mean a complex vector space £
together with a left A-module structure and a map o, -): € X &€ — A such that the
following axioms are satisfied:

(al) of{af +bg,h) = aof, h) +beg,h) for all a,b € A and f,g,h €E.

(a2) o(f,0)" = olg. f) for all f,g € E.
(a3) o f, f) = 0 (as a positive element of A) and f, f) = 0 if and only if f = 0.

An inner product A-module becomes a normed space with respect to

1£lle = ls(f, SIIM2 for f e €.

If £ is complete with respect to this norm, £ is called a Hilbert A-module. We will
often consider A itself as a Hilbert A-module with respect to the inner product «a,b) =
ab*,a,b € A.

If Ap is a dense #-subalgebra of A, then a pre-inner product Ag-module is a complex
vector space & together with a left Ap-module structure and a map o, -): Eg X Eg — Ag
such that the above three axioms are satisfied for a € Ag and f,g € &, where the
positivity is interpreted in the completion A of Ag. A pre-inner product Ag-module &
can always be completed into a Hilbert A-module &, see [99, Lemma 2.16].

Given a closed A-submodule & of a Hilbert A-module &, the orthogonal complement
of £ is the set & = {f € £ : o(f,g) = 0 for all g € &}. One always has & N EF = {0}
but not necessarily & + & = . If the latter is the case, & is called orthogonally
complementable in E.

One may form the direct sum of finitely many Hilbert A-modules in the obvious way.
The direct sum of n copies of a Hilbert A-module £ is denoted by £™.
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3.2. Adjointable operators

A map T: & — F between Hilbert A-modules is called adjointable if there exists a
(uniquely determined) map T*: F — &£ such that

oTf,9) =of,T*g) forall fe& and ge F.

An adjointable map is automatically a bounded, A-linear operator. We say that £ and
F are isomorphic (as Hilbert A-modules) if there exists an adjointable map T : &€ — F
which is a unitary, i.e., satisfies that T*T = I¢ and TT* = Ir. We denote by L4(E,F)
the set of all adjointable maps from £ into F, which is a Banach space with respect
to the operator norm. Furthermore, we set L4(€) = La(E,E). The map T — T is
an involution on L£4(€), and L4(€) becomes a C*-algebra with respect to the operator
norm.

Ifamap T: & — F is A-linear and isometric (as a map between the underlying Banach
spaces), it need not be adjointable. However, the following conditions are equivalent:

1) T is A-linear, isometric, and Im(7') is orthogonally complementable in &;
2) T is adjointable with T*T = Ig;
3) T is an adjointable isometry.

The equivalence between 1) and 2) is [71, Proposition 3.6]. The fact that 2) implies 3)
is straightforward. Finally, if 3) holds, then Im(7") is closed, and orthogonally comple-
mentable in F by [71, Theorem 3.2], so 1) holds. An immediate consequence is that
there exists an adjointable isometry & — F if and only if £ is isomorphic to a closed,
orthogonally complementable A-submodule of F.

Given g, h € &, the rank-one operator ©4, € L4(£) is given by Oy f = o f, g)h for
feké.

3.83. Spanning and independence

Let £ be a Hilbert A-module. The A-span of a set S C £ is the set span, S of all
finite A-linear combinations -, a;g; where g; € S, a; € A for 1 < j <n. A finite set
S C & is called a generating set for £ if spany S = &£, and £ is called finitely generated if
it admits a finite generating set. Note that this notion is often called algebraically finitely
generated in Hilbert C*-module theory to distinguish it from the weaker notion of being
topologically finitely generated.

Associated to a finite set {g1,...,gn} C & are the analysis operator €: € — A" and
the synthesis operator 2: A™ — & given by

Cf = (f,95))i=1,
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n
Daj)i—1 = a;g;
j=1

for f € £ and (a;); € A™. Both these operators are adjointable, with €* = 2. The opera-
tor .7 €*¢ : £ — £ is called the frame operator and the operator 4 = 2*9: A™ — A"
is called the Gramian operator.

The following characterization of generating sets will be convenient for our purposes,
cf. [42, Theorem 5.9].

Lemma 3.1 ([42]). A finite set {g1,...,9n} C & is a generating set for £ if and only if it
is a frame for &, that is, there exist C1,Cy > 0 such that

Cralf, £) <Y o£,95)6f,95)" < Cadlf, f) forall f €E, (3.1)
j=1

if and only if the associated frame operator 7 is invertible in L4(E).

Proof. Cousider the set {g1,...,g,} C &. If it is generating for &, then it is a frame for £
by [42, Theorem 5.9]. If it is a frame for &, satisfying (3.1), then, using [71, Lemma 4.1],
we get that the positive operator . = Z;;l Oy, g, satisfies that C1 [ < 7 < Oy I¢g;
since C7 > 0, it follows that . is invertible in £4(€). Finally, if . is invertible in £4(&),
and f € &, then f = 771 f =370 | (7' f,95) gj, which shows that {g1,...,gx} is
generating for £. O

As for Hilbert spaces, if one can choose C; = Cy = 1 in (3.1), the frame is called
Parseval.

We call a finite set {g1,...,9n} A-linearly independent if whenever aq, ..., a, € A are
such that 2?21 ajg; = 0, then a; = 0 for 1 < j < n. Note that contrary to the Hilbert
space case, the A-span of a finite set might not be topologically closed. We say that a
finite set S has closed A-span if span 4 S is topologically closed.

Lemma 3.2 (/5]). A finite set {g1,...,9n} C & is A-linearly independent with closed
A-span if and only if the associated Gramian operator ¢4 is invertible in L4(E).

Proof. Consider a finite set {g1,...,9,} C £. Applying [5, Proposition 2.1] to the asso-
ciated analysis operator € : £ — A™, and setting 2 = €*, we get that the following
conditions are equivalent:

1) € is surjective;
2) There exists C' > 0 such that C'|[(a;);|lan < [Z(aj);lle for all (a;); € A™;
3) There exists C’ > 0 such that C’"«((a;);, (a;);) < P (a;);, Z(a;);) for all (a;); € A™.
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In fact, to show these equivalences, it is shown in [5] that 1) = 2*2 is invertible = 3)
= 2) = 2 is injective with closed range =-1). This means that the associated Gramian
operator ¥ = 2* 9 is invertible in £L4(&) if and only if 2 is injective with closed range,
which is equivalent to {g1, ..., g} being A-linearly independent with closed A-span. O

In [8], sets satisfying the properties of Lemma 3.2 are called module Riesz sequences.

We recall that if M,,(A) denotes the C*-algebra consisting of all n x n matrices over
A and p € M, (A) is a projection (i.e., p is self-adjoint and idempotent), then A"p is a
Hilbert A-submodule of A™ (we consider here elements of A™ as row vectors).

Proposition 3.3. Let n € N. Then the following hold:

(i) There exists a generating set with n elements in E if and only if there exists an
adjointable isometry € — A™, if and only if there exists a projection p in M, (A)
such that € = A™p.

(ii) There exists an A-linearly independent set with n elements and closed A-span in &
if and only if there exists an adjointable isometry A™ — £.

Furthermore, if there exists a generating set (resp. A-linearly independent set with closed
A-span) with n elements, then one can find a generating set (resp. A-linearly independent
set with closed A-span) with n elements that belong to any dense subspace &y of £.

Proof. (i) A generating set with n elements is a frame by Lemma 3.1. Hence, the corre-
sponding frame operator .7 is invertible. As in the Hilbert space case, by applying .7 ~1/2
to each element of the frame, one obtains a new frame with n elements which is Parseval.
But then the associated analysis operator €: £ — A™ is an adjointable isometry.

Next, assume that there exists an adjointable isometry ¢ : £ — A" for some n € N.
Then one checks readily that Im(%) = A"p, where p is the projection in M, (A) whose
i-th row vector is €% *e;, where e¢; = (6i,j1A)?:1 € A™. Thus, £ = A"p.

Finally, if there exists a projection p in M, (A) such that £ = A™p, then, as A"p has
clearly a generating set with n elements, this is also true for £.

(ii) Assume first that ¢1,..., g, are A-linearly independent and that F = span 4{g1,

..y gn} is closed in €. Then F is a Hilbert A-module, and {g1,...,9»} is a generating
set for F. Denoting by . € L4(F) the corresponding frame operator, . is positive
and invertible, and (g;)7_; is a frame. Since S f = Z?Zl of,9;)g; for every f € F, we
get that g; = 2;21 {7 1gi,g;)g; for every 1 < i < n. By A-linear independence, this
forces o 1g;, ;) = 6;; 1a. Hence, the set {g; : 1 < j < n}, where §; :== . 1/2g;, is
orthonormal in the sense that

{3, 35) = oL 9i,95) = 0ij 1a

for all 1 < 4,5 < n. It follows that the associated synthesis operator Z: A" — & given
by Z(a;); = Z?zl a;g; is an adjointable isometry.
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Conversely, suppose Z: A" — £ is an adjointable isometry. Set g; = Z(e;) for
each 1 < j < n, where e; denotes the jth element of the standard basis of A™. Then
{91,...,9;} is an orthonormal set, hence A-linearly independent. This finishes the proof
of (ii).

Suppose now that {g1,...,gn} is a generating set for £, which by the argument for
(i) above can be assumed to be a Parseval frame. Let . be the corresponding frame
operator. In terms of rank-one operators, we get . = Z?:l Oy,,9, = le. Now it is an
easy exercise to check that

184,96 = Ogr.grll < (llgll + lg'Dllg — ¢l

for all g,¢" € €. By density of & in &, we can find g; € & such that [|g; — g}|| < ¢ for
every j = 1,...,n, where M := max{[|g1],...,]|gn|} and & := min{1, ((2M + 1)n)"1}.
This gives that

e =304 0 <3 1044, — gn<2wr+1§:ub—%n< (2M + s < 1,

hence that " := 377 Og; g, is invertible in L4(€). Since . is the frame operator
associated to the family {g1,...,g,}, it follows from Lemma 3.1 that this family, which
lies in &, is a generating set for £. By considering the Gramian operator instead of
the frame operator, a similar argument shows the analogous property for A-linearly
independent sets with closed A-span. 0O

The first part of Proposition 3.3 is essentially known, see, e.g., [105, Section 7] and
[42, Section 5] for somewhat similar statements.

3.4. Localization of Hilbert C*-modules

We will repeatedly use the following simple observation, which relies on the elementary
fact that cac* < cbc* for every ¢ € A whenever a,b € A are self-adjoint and a < b.

Lemma 3.4. Assume 7T is a tracial state on A and let a,b € A be positive. Then
0 < r(ab) < |lall7(b).
Proof. Indeed, since a is positive, we have that 0 < a < |la||14. Hence we get
0 < b/2ab*? < b2 ||al|14b"% = ||allb,
which implies that

0 < 7(b/2ab?) < 7(|lallp) = llalI7(b).
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As 7 is tracial, 7(b'/2ab'/?) = 7(ab), and the result follows. O

We assume from now on that A has a faithful, tracial state 7. We denote by H
the Hilbert space obtained from the GNS construction applied to (A, 7). Thus H is the
Hilbert space completion of A with respect to the inner product given by {(a, b), = 7(ab*)
for a,b € A. To avoid confusion, we write @ when we view a € A as an element of H. Since
7 is faithful, we can view A as a C*-subalgebra of B(#), whose action on H is determined
by ab = ab for a,b € A. The vector fy := 14 € H is then cyclic and separating for A,
and we have 7(a) = (afo, fo)- for every a € A.

Let M = A” C B(H) be the von Neumann algebra on H generated by A. By [116,
Proposition V.3.19], the functional on M given by a — (afy, fo)- is a faithful tracial
normal state on M, which we also denote by 7. The GNS-space of (M, 7), which is
usually denoted by L?(M,7), can then be identified with H, and M acts also on it from
the right in the obvious way.

Throughout this subsection we also fix a Hilbert A-module £, where we denote the
A-valued inner product by -, -). We define a scalar-valued inner product on £ by setting

<f7g>'H§ :T(O<f7g>) for f?g € ga

and denote by HZ the corresponding Hilbert space completion of £. (This is a special
case of a procedure known as localization of Hilbert C*-modules, see [71, p. 7].) Since 7
is a tracial state, the left action of A on £ extends to a representation 77 of A on Hg.
Indeed, using Lemma 3.4, we get that for all a € A and f € £,

lafll3z = T(olaf,af)) = T(adf, Fla*) = T(@*adf, £)) < lla*allr({f, £)) = llal® || £z

It follows that the linear operator f — af extends to a bounded linear operator 7% (a) on
HE for each a € A, and one checks readily that the map a — 7Z(a) is a *-homomorphism
from A into B(HZ). We refer to the pair (HZ,nZ) as the localization of £ with respect
to (A, 7).

We recall the notion of a Hilbert module over a von Neumann algebra, which is
different from the notion of a Hilbert C*-module over a C*-algebra. If N denotes a von
Neumann algebra, a (left, normal) Hilbert N-module is a Hilbert space K together with
a normal unital representation of N on K.

The following proposition seems part of the folklore. As we could not find a suitable
reference in the literature, we include a proof, for the ease of the reader.

Proposition 3.5. The representation 7 of A on H} extends uniquely to a normal repre-
sentation of M on HE. In other words, HE is a Hilbert M-module.

Proof. Given a € M, we define a map ¢,: £ x £ — C by

¢a(f,9) = 7(aelf,g)) fora € M and f,g €E.



E. Bédos et al. / Journal of Functional Analysis 283 (2022) 109572 21

Then ¢, is linear in the first variable and conjugate-linear in the second. We also have
that

¢a(f;9) = 7(alf,9)) = 7((a")" g, [)") = 7((g, £)a")") = 7(lg; f)a*) = da- (9, [)-

In particular, if a is self-adjoint, then ¢,(f,g) = éa(g, f). Moreover, if a > 0, then by
Lemma 3.4 we have that ¢, (f, f) = 7(as(f, f)) > 0. Thus, for fixed a > 0 we have shown
that ¢, is a semi-inner product on £. Consequently it satisfies the Cauchy—Schwarz
inequality:

6a(f9)| < da(f. £)?dalg, 9)*/>. (3.2)

From Lemma 3.4 it also follows for a > 0 that

¢a(f, f) = 7(adf, ) < llallm (. £)) = llallllf 15z (3-3)

Combining (3.2) and (3.3), we arrive at

19a(f,9)| < llallllfllzllgllzz for a=0.

By writing a given a € M as a linear combination of positive elements in M, one easily
deduces that ¢, is a bounded, sesquilinear form on £ for every a € M, so it extends
uniquely to a bounded, sesquilinear form ¢, on HZ. By Riesz’ representation theorem
there exists a unique bounded linear operator 7% (a) on HZ such that

<7Tg(a)f7 g>?—l§ = ¢a(fvg) for all fag S HE
Thus we get a map 7z: M — B(HZ). Note that for a € A and f,g € £ we have that
<7Tg(a)f7 g>7‘l£ = T(a'<fa g>) = T('<a‘fa g>) = <af7g>7'[g

It follows that 77 extends the representation of A on HZ. Since ¢,(f,g) is linear in a
for fixed f,g € &, it also follows that 77 is linear on M. Further, from what we showed
earlier, we have that

(rg(a)" f,9) = (7E(a)g, f) = ¢alg, ) = ¢a~(f,9) = (7E(a") [, )

for f,g € £. This implies that 77 preserves adjoints.

Next, we claim that 77 is a positive map: Indeed, let a € M be positive. Then for
every f € £ we get from Lemma 3.4 that (7% (a)f, f)uz = 7(ae«f, f)) > 0. Writing a
general f € HE as a limit of a sequence (f,)nen in €, we get that

(RE(@)f, Pz = 1 (7E(a) s fa) 2 0.
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We will now show that 77 is normal. Since 77 is a positive linear map, it suffices to
show that for any given bounded, increasing net (a;);es of positive elements in M with
s.0.t. limit a, 7% (a) is the s.o.t. limit of (7Z(a;))ier. (By s.0.t., we mean the strong oper-
ator topology.) Note that (7Z(a;))ier is a bounded, increasing net of positive operators
in B(HZ), so it has a s.o.t. limit which we denote by T'. Thus, we want to show that
nz(a) = T. For this, let f,g € €. Since a is the s.o.t. limit of (a;);, the net (a;o(f, 9)):
converges in M to aef, g) in the s.o.t. Using the s.o.t. continuity of 7, we get

lim(mz (a;) f, 9)uz = lim7(aielf, 9)) = 7(aslf, 9)) = (me(a) f, 9)az
However, since T is the s.o.t. limit of (7Z(a;));, we have lim; 7% (a;)f =T f, so
hﬁm(ﬁ(%)ﬂ 9>Hg = (H?WE(%)JC,QMg = <Tf,9>yg

as well. We have thus shown that (7Z(a)f,g) = (T'f,g) for all f,g € €.

Next, let f € € and g € HE. Let g = lim,, g, where g,, € £ for all n. Then it follows
easily by the above that (T'f,g)nz = lim,(7Z(a)f,gn)nz = (7E(a)f, g)uz. Therefore,
(g (a)f, g)uz = (T'f, g)ny for arbitrary g € HE, so we can conclude that 7% (a)f = T'f
for all f € €. By deunsity, it follows that nZ(a) = T. This completes the proof of the
normality of 7.

To see that 77 is multiplicative on M, we first observe that w7, being normal, is
ultraweakly continuous. Moreover, 7z is multiplicative on A, and A is ultraweakly dense
in M. Since multiplication in a von Neumann algebra is separately continuous in each
variable for the ultraweak topology, it is then straightforward to check that 7Z(ab) =
7% (a)mZ(b), first for a € A and b € M, and next for a,b € M.

Finally, since any normal representation of M is ultraweakly continuous, 77 is clearly
the only normal representation of M on H extending the given representation of A on
H:. O

3.5. Localization of adjointable operators

As in Section 3.4, let 7 be a faithful tracial state on A and let M be the von Neumann
algebra coming from the GNS construction applied to (4, 7). Given two Hilbert M-
modules H and H’, we denote by By (H,H') the bounded, M-linear operators from H
into H'.

We will make use of a procedure called localization of adjointable operators. Parts of
the statements in the following result can be found in [7, p. 13] and [71, p. 58].

Lemma 3.6. Let £, F and K be Hilbert A-modules. Then the following hold:

(i) Every adjointable operator T: £ — F extends uniquely to a bounded, M -linear map
T7:Hy — H%. The map T — T7 defines an injective, bounded, linear operator
from LA(E,F) into Bar(Hz, H)
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(it) Let T € Lao(E,F) and S € LA(F,K). Then (ST)™ = S™T7" and (T7)* = (T*)".

Proof. (i) Let T: £ — F be an adjointable map, and denote by ||T|| its operator norm
as a bounded linear map between the Banach spaces £ and F. Then by [71, Proposition
1.2], we have that

(TFTF) < TIPS, f) forall feé&.

Applying 7 to the above inequality, it follows that ||Tf||${} < ||T||2||f||%£2 for all f € &.
Hence, T' extends uniquely to a bounded linear operator 77 : HZ — H%, which satisfies
that [|T7] < ||T||, where ||T7|| denotes the operator norm of T7 as a bounded linear map
from HZ to H%. Thus T +— T7 defines an injective, bounded linear map L4(&,F) —
B(Hg,H%). For the M-linearity, let a € M and let (a;)icr be a net in A that converges
to a in the strong operator topology. Then, for any f € &, we get that T7(af) =
T7(lim;(a; f)) = lim;(a;Tf) = aT"f. Hence, if f € HE, say f = lim, f, for some
sequence (fn)nen in &, then T7(af) = T7 (limy (afy)) = lim, T7(af,) = lim, aT7 f, =
aT” f, which shows that T7 is M-linear.

(ii) For f € &, we get that (S™T7)f = S™Tf = STf since T (resp. S7) extends T
(resp. S). Thus, by uniqueness of the extension (ST)7, it follows that (ST)™ = S7T7.

For f € £ and g € F, applying 7 to the equality T'f,g) = «f,T*g) immediately
gives that (T'f,g)uz = (f,T"g)nz, from which it readily follows that (T7f,g)nz =
(fs(T*) g)nz for f € HE and g € HE. Hence, (T7)" = (T*)". O

Setting &€ = F = K in Lemma 3.6, we get that the map T+ T7 from L4(€) into
B(HE) is an injective *-homomorphism, hence an isometry, see, e.g., [85, Theorem 3.1.5].
Thus, £4(€) can be viewed as a unital C*-subalgebra of B(#HZ), and spectral invariance
is known to hold (see, e.g., [85, Theorem 2.1.11]), that is, if T € L4(£) is invertible as
an element of B(HE), then its inverse is necessarily in £4(&).

4. Hilbert C*-modules from projective representations of discrete groups

This section provides a general method for the construction of Hilbert C*-modules
from (integrable) o-projective representations of discrete groups. Our method follows the
approach outlined in [103] and [104, Section 1] closely, complementing it with statements
on frames/Riesz sequences.

Henceforth, I denotes a countable discrete group, and o denotes a cocycle on I'. In this
section we set A equal to C*(T",0), the reduced twisted group C*-algebra of (', o), and
let 7 denote the canonical tracial state on A. We let C,(T', o) denote the *-subalgebra of
?H(T', o) consisting of all finitely supported functions on I'. We fix a o-projective unitary
group representation 7 of I' on a Hilbert space H . In this context we make the following
definition:
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Definition 4.1. Let Ay be a *-subalgebra of ¢1(I", o) containing C.(T, o), and let Hg be
a dense subspace of H,. We call the pair (Ao, Ho) admissible for 7 if the following hold:

(1) For every a € Ag and f € Hy, the vector

a-f=")f=> aly)r()f (4.1)

yel’

is an element of H,.
(2) For every f,g € Ho, the function f,g): I' — C given by

{r9)(0) = {f,im()g)n, foryel (4.2)

is an element of Ay.

Proposition 4.2. Let (A, Ho) be an admissible pair for w. Then, with the action of Ag
on Hg given by (4.1) and the Ag-valued inner product on Hy given by (4.2), Ho becomes
a left pre-inner product Ag-module, which can be completed to a Hilbert A-module E.

Proof. The assumption that (Ag, Ho) is an admissible pair ensures that the action of A,
on Hg is well-defined into Ho and that the inner product on Hg takes values in Ag. Since
Ag contains C,(T, ), it is dense in £*(T, o). Moreover, ¢}(T, o) is dense in C*(T, o), and
the ¢!-norm dominates the C-norm on (T, o). Hence it follows that Ay is dense in
Cr(T,0).

For the Aq-linearity in the first argument of o, -), let f, g € Ho. Consider first a = d,
for some vy € I'. Note that o f, g) is simply the matrix coefficient Cy f associated to 7 as
in Section 2.2. Using relation (2.2), we get

da-1,900) = w77V )9, = [ColmNHIG) = Cof (V) (v, 77 1)
=, Y)o(r, 7 7Y) = (%0 o £,9)) (Y)

for every v € T, i.e., o{a- f,g) = a *, o f,¢g). This formula clearly extends by linearity
to every a € C.(T', o). Now assume that a € Ag and pick a sequence (a,)52; in C. (T, 0)
such that ||a — a,|l1 — 0 as n — co. Using what we just have shown, we get that, for
every v/ €T,

< [olla=an)- £, 9)()] + |((an = a) %5 o £:9)) ()]
< [(@=an)- £,7(V) )] + @ = an) 5o o f,9) 10
< la—an) - fllae, 7)) fllae. + la—anlls l1of. 9) 11
< lla—=anli [£15, + lla—anli £ 9]

—0

[(la- f.9) — axo of.9)) (7))
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as n — oo. Hence, o(a- f,g) = a*, o[, g) for every a € Ay, as desired.

Moreover, for each f € Ho, the function «f, f) € Ag C £*(T,0) is a diagonal matrix
coefficient on I" associated to 7, hence positive in C(I', o) by Proposition 2.1.

Lastly, if o f, f} = 0 for some f € Hg, then Hf||§_17r = [, )(e) =0, hence f = 0. This
proves all the properties needed for Hy to be a pre-inner product Ap-module as defined
in Section 3.1. O

Let (Ao, Ho) be an admissible pair for 7, as in Proposition 4.2. Note that for f,g € Ho
we have

T(o(f:9)) = o{fr9)(€) = (f,m(e)D)n, = (f, 9)n-

This implies that the localization space HZ can be naturally identified with #,. Thus,
the representation 77 of A on M} induces a representation m, of A = C}(T',0) on H,
which satisfies that 7 = m,. o 5\? . (This shows that 7 is weakly contained in A% whenever
there exists an admissible pair for 7.)

Similarly, for a,b € ¢}(T', o), the localized inner product on A as a left module over
itself is given by:

T(ofa,b) = (axb*)(e) = Y_olr,y te)a(Mb (v e) = Y o(v.7 alme (L 7)b()

yel’ yel’
= <a7 b>g2(p).
Consequently, the localization space H7 of A, considered as a left module over itself, can
be naturally identified with ¢2(T). It is readily verified that the representation 77, of A

on H7, corresponds then to the identity representation of A on ¢(T').

Proposition 4.3. Let (Ao, Ho) be an admissible pair for w, and £ be the associated Hilbert
A-module. Let g1,...,gn € Ho. Then the following hold:

(i) The finite set {g1,...,gn} i an algebraic generating set for £ if and only if
(m(7)gj)er1<i<n
is a frame for H,.

(ii) The finite set {g1,...,gn} is an A-linearly independent set in & with closed A-span
if and only if

(7(7)9j)er1<i<n

is a Riesz sequence in H.
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Proof. Denote by €: &€ — A" the analysis operator associated to a finite set
{91, sgn} € &, 50 €f = (f,95))}=y for f € &£ Tt maps Hy into £1(T)" =
(T x {1,...,n}), and after this identification, it acts on Hq by

Cf = ({(f,7(7)9;))ver1<i<n-

Thus, the action of ¥ on Hy coincides with the action of the analysis operator
€: Hr — 2T x {1,...,n}) associated to the system (7(7)g;) er,1<j<n. By density,
it follows that the localized operator €7 : HZ — H7. can be identified with %. Simi-
larly, the localization of the synthesis operator 2: A™ — £ can be identified with the
synthesis operator Z: £2(I' x {1,...,n}) = H, of (7(7)gj)~er,1<j<n- Consequently, by
Lemma 3.6, the same identifications hold for the frame operator . € L4(€) and the
Gramian operator 4 € L4(A™).

(i) By the discussion below Lemma 3.6, the frame operator . € L4(€) is invertible
if and only if its localization, the frame operator .7 associated to (7(7)g;)~er1<j<n, iS
invertible. Invertibility of the former is equivalent to {g,..., g} being a generating set
by Lemma 3.1, while invertibility of the latter is equivalent to (7(v)g;)yer,1<j<n being
a frame for H,.

(ii) Similarly, the Gramian associated to {gi,...,gn} is invertible if and only if
the Gramian & associated to (m(7)g;)yer.1<j<n is invertible. The former invertibil-
ity is equivalent to {g1,...,gn} being A-linearly independent with closed A-span by
Lemma 3.2, while the latter invertibility is equivalent to (7(v)g;)~er,1<j<n being a Riesz
sequence for H,. O

5. Strict comparison in C*-algebras
Throughout this section, A denotes a unital C*-algebra.
5.1. Strict comparison of positive elements and of projections

We first recall a few facts about the comparison of positive elements in C*-algebras,
originally introduced by Cuntz [26]. We follow Rgrdam [109] (see e.g. [4,108,115] for
alternative presentations).

Let A™ denote the cone of positive elements of A. For m,n € N, we let M,, ,(A)
denote the space of m x n matrices over A. We let My (A)T denote the (disjoint) union
Unpen Mn(A)T. For a,b € My (A)*T, say a € M, (A)* and b € M,,(A)", we say that a is
Cuntz subequivalent to b, and write a < b, if there exists a sequence (1) in My, ,(A)
such that ||ribry — a|| — 0 in M, (A4) as k — oo.

Assume now that A has at least one tracial state. If 7 is a tracial state on A, we
define 7 : M, (A) — C for each n € N by 7([a;;]) := >_i~, 7(a;;). Moreover, we define
dr @ Myo(A)t = [0,00) by dr(a) = limg_,00 7(a'/*) whenever a € M, (A)T. Then we
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say that A has strict comparison of positive elements whenever the following implication
holds for a,b € M, (A)*:

If d-(a) < d.(b) for every tracial state 7 on A, then a < b.

We note that this property implies that A has strict comparison of projections, in the
following extended sense (compared to [16, FCQ2, p. 22] and [115, Definition 11.3.8]):

If n € N and p, q are projections in M,,(A) such that 7(p) < 7(q) for every tracial
state 7 on A, then p is Murray-von Neumann subequivalent to q in M, (A), i.e.,
there exists some v € M, (A) such that p = v*v and vv* < gq.

Indeed, if A has strict comparison of positive elements and the projections p,q €
M,,(A) satisfy the assumption above, then we readily get that d,(p) = 7(p) < 7(q) =
d-(q) for every tracial state 7 on A, hence that p < ¢. This means that there exists
a sequence ()72, in M,(A) such that rigry — p as k — oo, and it is well-known
that this implies that p is Murray-von Neumann subequivalent to ¢ in M, (A), cf. [108,
Proposition 2.1] or [115, Proposition 14.2.1].

We next mention some conditions ensuring that strict comparison of positive elements
hold whenever A belongs to a certain class of C*-algebras. As we will not work explicitly
with any of the properties involved, we do not recall the lengthy definitions and simply
refer the reader to Strung’s book [115] for undefined terminology in the following theorem
and in the comments related to it.

Theorem 5.1 ([108,109,120]). Let A be a wunital, separable, simple, nuclear, infinite-
dimensional C*-algebra with at least one tracial state, and let Z denote the Jiang-Su
algebra [66]. Consider the following conditions:

1
2) A has finite nuclear dimension;

) A has finite decomposition rank;
)
3) A is Z-stable;
)
)

4
)

A has strict comparison of positive elements.
A has stable rank one.

Then 1) = 2) = 3) = 4). We also have 3) = 5).

The first implication is by definition, the second is due to Winter, cf. [120, Corol-
lary 7.3], and the third is due to Rgrdam, cf. [109, Corollary 4.6] and [115, Theorem
15.4.6]; to be a bit more precise, this implication can be deduced from [109, Theorem
4.5] by arguing in the same way as in the proof of [108, Theorem 5.2 (a)], taking into ac-
count Blackadar and Handelman’s characterization of lower semi-continuous dimension
functions, cf. [18], and Haagerup’s result that quasitraces on exact C*-algebras, hence
on nuclear C*-algebras, are traces, cf. [56]. The implication 3) = 5) follows from [109,
Theorem 6.7].
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Let A be as in Theorem 5.1. For completeness, we add that if A is also assumed to
have a unique tracial state (or more generally, if the extreme boundary of the tracial
state space of A has a finite topological dimension), then Matui and Sato have shown
in [80] that 4) implies 2), i.e., conditions 2), 3) and 4) are equivalent in this case. This
means that the (revised) Toms-Winter conjecture (cf. [115, p. 302]) holds in this case.

5.2. Relation to finitely generated Hilbert C*-modules

Consider the Hilbert A-modules &€ = A"p and F = A™q associated to some projections
p,q € M,(A). Then p is Murray—von Neumann subequivalent to ¢ if and only if £ is
isomorphic to an orthogonally complementable submodule of F, i.e., there exists an A-
submodule £ of F such that £ = & and & @ &'+ = F. This is again equivalent to the
existence of an adjointable isometry & — F.

Let £ be a finitely generated Hilbert A-module. If A has a tracial state 7, then we
define

7€) =7(p) = ) (pii)

%

for any projection p = [p;;] € M, (A) such that £ = A™p. (It is not difficult to check that
7(p) = 7(q) if we also have £ = A¥q for some projection ¢ € My(A).)

The correspondence between finitely generated Hilbert A-modules and projections in
matrix algebras over A allows us to prove the following result in the presence of strict
comparison of projections (in the sense defined in the previous subsection):

Proposition 5.2. Suppose A has at least one tracial state and strict comparison of pro-
jections. Let £ be a finitely generated Hilbert A-module and n € N. Then the following
hold:

(i) If 7(€£) < n for all tracial states T on A, then £ admits a generating set with n
elements.

(i) If 7(E) > n for all tracial states T on A, then £ admits an A-linearly independent
set with n elements such that its A-span is closed.

Proof. (i) Assume that 7(£) < n for all tracial states 7 on A. Since € is finitely generated,
we can find & € N and a projection p € My(A) such that £ = AFp. We let I,, denote
the n x n identity matrix in M, (A), and 0, denote the zero matrix in M, (A) for r € N.
If b € M,(A) and ¢ € M,(A), we denote by b @ ¢ the matrix in M,4,.(A4) given by

(b 0
b c:= (0 C>.Set

. p®O0,_p ifk<n, i 1, if k<n,
p= =
P ifn <k, I, ®0,_, ifn<k.
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Further, set m = max(n, k). Then p and I,, are projections in M,,(A), satisfying that

7(p) =71(p) <n=71(1,) = 7(In)

for all tracial states 7 on A. Strict comparison of projections implies that p < I,,. In terms
of Hilbert A-modules, this means that there exists an adjointable isometry A™p — A™I,,
so we get an adjointable isometry

ExAFp > A™p 5 AT, > A",

which by Proposition 3.3 means that £ admits a generating set consisting of n elements.

(ii) Arguing similarly as in (i), we now get that there exists an adjointable isometry
A™ — &, which by Proposition 3.3 means that £ admits an A-linearly independent set
with n elements that has closed A-span. 0O

Assume now that A has a faithful tracial state 7 and £ is a finitely generated Hilbert
A-module. Then one may use the localization procedure of Section 3.4 to express 7(&)
in terms of the dimension of the Hilbert M-module HZ, where M is the von Neumann
algebra associated to (A4, 7). Indeed, by Proposition 3.3 (and its proof), we can find an
adjointable isometry €: £ — A" for some n € N, and we then have Im(%) = A"p for
some projection p € M, (A). Considering the localization of € (with respect to 7) as in
Lemma 3.6, we obtain a bounded, M-linear map €7 : Hz — H74. = (H)" = L*(M, )™,
In addition, since ¥*% = I, we obtain by Lemma 3.6 that (¢7)*¢™ = (¢*%¢)” = I,
hence €7 is an isometry. Moreover, we have Im(%¢7) = L?(M, 7)"p, where we consider p
as a projection in M, (M). It follows that HZ is finitely generated as a Hilbert M-module
(cf. [2, Proposition 8.5.3]) and that its dimension (with respect to 7) is given by

dim(M,T) H:‘,—' = T(p>7

cf. [2, Definition 8.5.4]; see also [74, Definition 1.6], and [68, Chapter 2] in the case where
M is a II;-factor.
The above discussion yields the following result.

Proposition 5.3. Suppose £ is finitely generated Hilbert A-module and T is a faithful
tracial state on A. Then

7'(5) = dim(M,T) ’HE
5.8. Twisted group C*-algebras of finitely generated, nilpotent groups
In this section we will extend the results from [32,33] on the finite decomposition

rank (nuclear dimension) of group C*-algebras associated to finitely generated nilpotent
groups to twisted group algebras of such groups. By Theorem 5.1, this will imply the
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presence of strict comparison of projections, which will allow us to exploit Proposition 5.2
in the setting of Section 4.

The following result (cf. [58, Theorem 3.5]) will be useful to us for extending the
relevant results in [32,33].

Theorem 5.4 ([58]). Let T be a finitely generated nilpotent group. Then T’ has a repre-
sentation group I' which is finitely generated and nilpotent.

In [58, Definition 1.1], a group [ is called a representation group® of a discrete group I'
if there is a central extension 1 — B — ' — I' — 1 such that the associated transgression
map from Hom(B, C*) into the second cohomology group H?(T',C*) is an isomorphism.
As pointed out in [58, Section 3|, see [15,114] for more information, T has always a
representation group f, and one may alternatively say that [ is a Schur cover of T
(sometimes called a stem cover of '), meaning that there is a central extension

1o N=>T =T =1

such that N is contained in the commutator subgroup of I and is isomorphic to the second
homology group Ha(I',Z). We let ¢ : I — T denote the homomorphism appearing in the
sequence above.

The relevance of representation groups for our purposes lies in the fact that any
projective representation of I' corresponds to a genuine representation of L. Indeed, let
o € Z*(T,T) and let 7 be a o-projective unitary representation I' on a Hilbert space
‘Hr. Identifying the circle group T with the center T - Iy of the group of unitary
operators U(H ), and letting ¢ : U(H,) = U(H:)/T denote the quotient map, we get
a homomorphism p, : T' — U(H,)/T given by p, = q o w. Since Ext(Ta,, T) = 0
(because T is divisible, cf. [60, Chapter III, Proposition 2.6]), we may then invoke [114,
Proposition V.5.5], and deduce that there exists a homomorphism 7 : I' — U(H,), i.e.,
a unitary representation 7 of T on H,, satisfying that g o ™ = p, 0 ¢.

From the relation between m and 7, it follows readily that for every v € f, there exists
(a unique) py € T such that

() = py m(B(7)) -

Note that 7 is irreducible if and only if 7 is irreducible: Indeed, as ¢ is surjective, we

obviously have n(I') = 7(T")’, so this is a consequence of Schur’s lemma. It is also
immediate that 7(I') and 7(I') generate the same C*-algebra of operators on H.

If 7 is a o-projective unitary representation of I" on a Hilbert space H,, we will
denote by C*(w(T")) the C*-subalgebra of B(H,) generated by m(T"). In other words,

C*(m(T)) = 7(C*(T', 0)). Since C*(T", o) is nuclear whenever I" is amenable [94, Corollary

3 There is a similar notion of representation group for certain locally compact groups which was introduced
by C.C. Moore [83], see also [93, Section 3].
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3.9], and as any *-homomorphic image of a nuclear C*-algebra is also nuclear (see for
example [17, Corollary IV.1.13]), we get in particular that C*(w(I")) is nuclear whenever
T is nilpotent. Moreover, using results due to Eckhardt, Gillaspy and McKenney [32] and
Eckhardt and Gillaspy [31] in the case of ordinary unitary representations, we obtain the
following;:

Theorem 5.5. Let I' be a finitely generated nilpotent group and o € Z*(T', T). Let 7 be a
o-projective unitary representation of I' on a Hilbert space H,. Then

(i) C*(w(T)) and C*(T,0) ~ C*(T,0) are nuclear, quasidiagonal and have finite de-
composition rank;

(ii) If 7 is irreducible, then C*(w(T")) is also simple, it satisfies the universal coefficient
theorem (UCT), and its decomposition rank is less or equal to 1.

Proof. (i) The assertion about nuclearity follows from our comment above. Next, accord-
ing to Theorem 5.4, I" has a representation group T which is finitely generated and nilpo-
tent. As explained previously, there exists a unitary representation 7 of T on Hr such that
C*(n(T)) = C*(7(T)). Now, [32, Theorem 5.1] gives that C*(I) has finite decomposition
rank. Using [69, (3.3)], we deduce that any *-homomorphic image of C*(T), in particu-
lar C*(7(T')), has finite decomposition rank. Since Ci(,0) =C*(N¢(T)) = C’*(S\\I‘E(f)),
this implies that C*(T", o) ~ C*(T', o) has finite decomposition rank. Since any separable
C*-algebra with finite decomposition rank is quasidiagonal (cf. [115, Theorem 17.4.3)),
we have shown (i).

(ii) Assume now that 7 is irreducible. Then 7 is irreducible too. As any primitive
ideal of C*(I') is maximal [98], we get that C*(7(I')) is simple. Further, [31, Theorem
3.5] gives that C*(7(T')) satisfies the UCT. Finally, [32, Theorem 6.2] gives that the
decomposition rank of C*(7(T)) is less or equal to 1. O

Remark 5.6. By definition, the decomposition rank of a separable C*-algebra bounds
its nuclear dimension. Thus, in Theorem 5.5 we could replace finite decomposition rank
with finite nuclear dimension. To show that this weaker property holds, we could then
have invoked [33, Theorem 4.4] instead of quoting [32, Theorem 5.1].

Theorem 5.7. Let T' be a finitely generated nilpotent group and o € Z*(I', T). Assume
that (T', o) satisfies Kleppner’s condition.

Then C*(I,0) ~ C*(T,0) is a (unital, separable, nuclear) simple, quasidiagonal C*-
algebra with a unique tracial state, which satisfies the UCT and has decomposition rank
less or equal to 1.

Proof. The fact that C*(I', o) ~ C}(T", o) is simple with a unique tracial state whenever
T is nilpotent and (T", o) satisfies Kleppner’s condition is due to Packer, cf. [92]. Let now
7 be any o-projective irreducible unitary representation of I'. Since C*(T", o) is simple,
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we have C*(T',0) ~ C*(w(T')), which we know is quasidiagonal and has decomposition
rank less or equal to 1 from Theorem 5.5. O

Combining Theorem 5.1 and Theorem 5.7, we finally get:

Corollary 5.8. Let T' be a finitely generated nilpotent group, o € Z*(I', T), and assume
(T, o) satisfies Kleppner’s condition. Then C*(T',0) ~ C*(T', o) has strict comparison of
positive elements and stable rank one. In particular, C}(T',0) has strict comparison of
projections (in our extended sense).

Note that a combination of Theorem 5.7 and Corollary 5.8 directly provides Theo-
rem 1.6. Lastly, we mention how to obtain Theorem 1.7 from these results.

Proof of Theorem 1.7. As shown by Tikuisis, White and Winter, cf. [117, Corollary D],
the class C of all separable, unital, simple, infinite-dimensional C*-algebras with finite
nuclear dimension and which satisfy the UCT is classified by the Elliott invariant. Now
Theorem 5.7 gives that C(I", o) belongs to C whenever I' and o satisfy the assumptions
of this theorem (and T is infinite). O

6. Lattice orbits of nilpotent Lie groups

Let (m,H,) be a projective representation of a nilpotent Lie group G on H,. For a
lattice I' < G and a vector g € H,, we consider the system of vectors

m([)g = (w(7)g) er- (6.1)

A system (6.1) will be treated as a I'-indexed family, possibly with repetitions.
In this section the results obtained in the previous sections are applied to the restric-
tion 7| of 7 to " and an explicitly constructed associated Hilbert C*-module.

6.1. Relative discrete series and projective representations

Let N be a connected, simply connected nilpotent Lie group and let (7, H,) be an
irreducible unitary representation of N. Denote by P, = {x € N :nwzx) e C ~IHW}
the projective kernel of w. Then P, < N forms a connected, simply connected normal
subgroup. Assume that (7, H,) is square-integrable modulo P;, i.e., there exist f,g €
H\ {0} such that

| 165 @) dunp, oPr) < oc. (6:2)
N/ P

Since 7(x) = x(xz)Iy, for a character x € P,, the integrand N 3 z [(f,m(x)g)| €
[0,00) in (6.2) defines a function on N/ P;.
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The orthogonality relations for (7, H,) yield that there exists a unique d, > 0 such
that

/ [(f,m(@)9)? dunyp, (@Pr) = d | 15, 9030, fr9 € Has (6.3)
N/Ps

see, e.g., [25,84,95]. An irreducible representation 7 that is square-integrable modulo Py
is called a relative discrete series representations; this will be denoted by © € SI/P;.
In particular, if 7 is irreducible and square-integrable modulo the center Z of N, then
m € S1/Py, and P, = Z by [25, Theorem 3.2.3] and [25, Corollary 4.5.4].
A representation m € ST/P, can be treated as a square-integrable projective repre-
sentation of N/P;: Given a smooth cross-section s : N/P; — N for the quotient map
p: N — N/Py, the mapping

7 N/Pr = UH,), zPr+— w(s(xPy)) (6.4)

defines an irreducible projective unitary representation of N/P,. The assumption on 7
yields that (7', H,) is square-integrable on N/P; in the strict sense, i.e., (g1, 7'(-)g2) €
L?(N/Py) for all g1,92 € H,. The constant d, > 0 in (2.3) coincides with the formal
dimension d, of 7’ normalized according to Haar measure on N/P; (see Section 2.2).
A different choice of cross-section yields equivalent projective unitary representations
(cf. [3] for details).

A square-integrable projective representation 7’ obtained via a cross-section as in (6.4)
will be referred to as a projective relative discrete series representation of the connected,
simply connected nilpotent Lie group G = N/P,. For simplicity, it will often also be
written m = 7',

Notation. Throughout, unless stated otherwise, any nilpotent Lie group G is assumed
to be connected and simply connected. The Lie algebra of G is denoted by g and its
dimension by d. The associated exponential map is denoted by exps : g — G and forms
a global diffeomorphism. The Schwartz space on G consists of all F' : G — C such that
Foexpg € S(g).

6.2. Smooth vectors and matriz coefficients

Let (7, H,) be an irreducible unitary representation of a nilpotent Lie group N. The
space of smooth vectors HS° consists of all vectors g € H, such that the orbit maps
N 5 z — w(x)g € Hr are smooth. The Lie algebra n acts on H>° via the derived
representation

dn(X)g=—| w(expy(tX))g, X €n, geHy.
t=0
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For a basis {Xy, ..., X4} for n, a family of semi-norms in H2° is defined by
lglls == lldm(XP)glla, = lldm(X7") - dn (X ")glln., B € N§.

The space HS® is m-invariant and is norm dense in H,, see, e.g., [25, Appendix A.1].

For smooth vectors, the associated matrix coefficients of a square-integrable repre-
sentation define Schwartz functions, see, e.g., [24,25,61,95] for different versions. For our
purposes, the following version is most convenient, cf. [95, Theorem 2.6] and [95, Remark
2.2.8].

Lemma 6.1 (/95]). Let m € SI/P;. If f,g € H°, then Cyf = (f,7'(-)g) € S(N/Py).

Proof. The result follows from the general theorem [95, Theorem 2.6] in the following
manner.

Let p C n denote the Lie algebra of Pr. As in [95, Remark 2.2.8], let n, C n be
a subspace of even dimension, so that the orthogonal decomposition n = n, & p gives
rise to the diffeomorphism ¢ : n, — N/P,, X — expy(X)P; (cf. [25, Section 1.2]),
with inverse ¢~ : N/P; — n. given by expy(X)P, — X. Hence, a (smooth) cross-
section s : N/P; — N for p: N — N/P, is given by s(expy(X)Py) = expy(X), ie.,
pos = idy,p,. For this cross-section, denote by 7’ the projective representation of N/ Py
as defined in (6.4).

If f,g € HS®, then [95, Theorem 2.6] yields that n, 3 X — (f, w(expy(X))g) € C is
in S(n.). A direct calculation using expy,p_(X +p) = p(expy (X)) and the definition of
7' shows

(f, 7" (expu/p (X +p))g) = (f, 7' (expn (X) Pr)g) = (f, m(expy(X))g), X en.

Therefore, X +p — (f, 7' (expy,p, (X + p))g) defines a Schwartz function on n/p = n,
ic., (f,7()g) € S(N/Py). D

Lemma 6.1 allows to prove a convenient characterization of the space HS°. For this
and other purposes, a family of semi-norms on S(N/P;) defined via polynomial weights
and left-invariant differential operators will be used, cf. [62,75,111] for more details on
what follows.

Let U be fixed a symmetric, compact generating set for G = N/P, and define the
length function 7 : G — [0, 00) by

7(xz) =min{n € Ny |z € U"},
with U% := {e}. Then 7(zy) < 7(z) + 7(y), 7(z7!) = 7(x) and 7(e) = 0 for 2,y € G.

Given a € Ny, let w, : G — [1,00) be defined as x + (1 + 7(x))* and define L, (G) to
be the collection of all F' € LP(G) such that ||[F||z s = |lwe - Fl[Ls < oo
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Let ©(G) be the (unital) algebra of all left-invariant differential operators on G, i.e.,
all linear operators D : C*(G) — C*°(G) of the form D = ZﬁeN{f csX?, where all but
finitely many cs € C are zero and X” = XIB1 ~-~X§d for a basis {X1, ..., X4} for g.

Let p € [1,00]. Then a function F' € C*°(G) belongs to S(G) if, and only if, for all
D € ©(G) and a € Ny,

IEN|D.avp = ||DF|{L€JQ < oo. (6.5)

The space S(G) is independent of the choice of the neighborhood U and the exponent
p, cf. [62,75,111].

Proposition 6.2. Let m € SI/P,. For g € H° \ {0} and o € Ny, let
e = {1 € e 1C ey, = [ 1€ @) ducta) < oo
G

Then Hy® = Naen, Ha®-
Proof. As in the proof of Lemma 6.1, consider the orthogonal decomposition n = n. @ p
and the diffeomorphism ¢ : n, — N/P,, X — exppy(X)Py. Let 7’ denote the projective
representation of G = N/P, defined via the section s : N/Pr — N, s(expy(X)Pr) =
expy(X) as in (6.4).

If f e HX, then Cyf € S(G) by Lemma 6.1. In particular, using the semi-norms
(6.5) with p = 1, yields directly that Cyf € L}Ua (@) for all a € Ny. For the converse, let

f € Naen, Hy® and let g € #2°\ {0} be normalized such that

;= / (. (@)g)n (2)g duc(z) = / Uf 7 (s(2Py))g)m(s(xPr))g i, (2P2)E6.6)
G

N/Pr

cf. the orthogonality relations (2.3) and (6.3). By [25, Theorem 1.2.10], the map ¢ : n, —
N/ P, transforms the Lebesgue measure dY on n, to Haar measure pug on G = N/P;.
Therefore, the reproducing formula (6.6) and the change-of-variables formula yields

;= / (f. m(expy (Y))g)m(expy (Y))g dY.

Given a basis {X1,..., X4} of n and a multi-index 8 € N¢, a direct calculation entails
then that dr(X?)f = [ (f,m(expy(Y))g)dn(X?)m(expy(Y))g dY. Since g € H, it
follows as in the proof of [25, Lemma A.1.1] that

dr(X%)m(expy(Y))g = m(expy(Y)) Y ppr(expy(Y))dn(X?)g,
1/1<18]
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where pg/ are polynomial functions on IV, i.e., pgroexp is a polynomial on n. Combining
these identities with norm estimates for vector-valued integrals (see, e.g., [40, Theorem
A.22]) gives

ldm(X7) f I3,

< > HdW(XB')gHm/|<f,W(expN(Y))gHIpﬁ’(expN(Y))\dY
181<18] ae

= > ldn(X)glln, / [(fsm(s(zPr))g) s (s(2Pr))| dpnyp, (€ Pr).

1871<18] N/ P,
(6.7)

By the assumption g € H;°, we have C} := max|g/|<g| |dm (X5 ) g2, < oo. Since pgr o
expy is a polynomial on ne, it follows by the identity pg (expy (Y)) = ppr(s(expy,p, (Y +
p))) that ps o s is a polynomial function on G = N/P,. By [75, Section 1.5] or [76,
Section 3.5], any polynomial function p on N/ P, is comparable to the polynomial weight
w = 1+ 7(-) in the sense that there exist Co, M > 0 (depending on p) such that
p(z) < Cow(x)M for z € G. Choosing a > 0 sufficiently large, it follows therefore easily
from this and (6.7) that there exists C' > 0 such that

ldr(XP) flln. < C / [, w((2)) ) wa () dpc() < oo. (6.8)
G

Since 8 € N¢ was chosen arbitrary, it follows that f € HX. O

The arguments used in the proof of Proposition 6.2 are reminiscent of some arguments
used in [46, Section 11.2] and [13, Section 2.2], which require different assumptions than
used here.

6.3. Mapping properties for smooth vectors

Henceforth, # = 7’ will denote a projective relative discrete series representation of
G = N/P; and T < G will denote a lattice.
The Schwartz space S(I') on the discrete subgroup I' < G is defined by

S = {c ecl: Z ey |wa(y) < 00, Yo € NO},

yell

and equipped with the semi-norms ||c[|o := [[c[ley, = [[wa-c||o for o € No; see [65,67,111].
The following result shows that the action of the analysis (resp. synthesis) operator
associated to smooth vectors is well-defined into (resp. on) the space S(T').
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Proposition 6.3. Let (m,H,) be a projective relative discrete series representation of a
nilpotent Lie group G. Suppose that I' < G is a lattice. Then the following assertions
hold:

(i) For all f,g € H>°, the mapping
I'>ye (f,m(v)g) €C

defines an element of S(I).
(1t) For (cy)yer € S(I') and g € HY°, the series

Z cym(7)g

~el’

defines an element of H°.
Thus (S(I"), HS®) forms an admissible pair for w|r in the sense of Definition /.1.

Proof. The space Ly, (G) is invariant under translations L, F := F(z~!:) and R, F :=

F(-z) for z € G, Wlth I Lzl s 1Rzl o < wq (), see, e.g., [101, Proposition
3.7.6]. In particular, the weight we : G — 1, oo) is a control weight for L}, (G) in the
sense of [36, Section 3]. Throughout, let H1“ be as defined in Proposition 6.2, see [21,36]
for basic properties.

(i) Let oo € No. If f,g € H®, then Cyf € S(G) by Lemma 6.1. In particular, this
implies, by using the semi-norms (6.5) with p = oo, that, for all &’ € Ny, there exists
Cor > 0 such that |C, f(z)] < Cor(1 4+ 7(x))~* for z € G. Since (1+7(-))" € LY, (G)
for a sufficiently large o’ > « (cf. [111, Proposition 1.5.1]), the submultiplicativity and
local boundedness of w = (1 + 7(+)) yield that

yeVv

/bup|C flzy)|wa(x) dpg(x) < Cy /sup (14 7(zy) " wa(z) dug(zx)
G

< Corsup(1+7(y~ 1)) /(1 +7(x))” a'wa(z) dug(z)
yeVv P

(6.9)

< 0

for any relatively compact unit neighborhood V' C G. The property (6.9) allows an
application of [36, Lemma 3.8], which yields that ((f, 7(7)g))~ p € £, (T). Since o € Ny
was chosen arbitrary, it follows that ((f,7(7)g)) er € ﬂaENg w, (I) =S(T).

(ii) If (¢y)yer € S(T) and g € H°, then (¢y)qer € £y, (T) and g satisfies (6.9) with
the choice g = f for all & € Ny. Hence, by [36, Proposition 5.2] or [21, Theorem 6.1], the



38 E. Bédos et al. / Journal of Functional Analysis 283 (2022) 109572

mapping (¢y)yer = > cp ¢ym(7)g is bounded from ¢}, (') into HL™ for v € Ny. This
shows >-_ p ey m(7)g € Naen, Hr™ = H5° by Proposition 6.2.

For the admissibility of the pair (S(I"), H2°) for «|p, it is obvious that C.(T',0) is
contained in S(I'), so it remains only to show that S(I') is a x-subalgebra of ¢*(T, o). It
is straightforward to see that S(T") is closed under twisted involution. For the algebra
property, note that S(T') = M, .. (T) and that each £, (T'), where a € Ny, is an
ordinary convolution algebra. Since |c *, d| < |c| x |d| for ¢,d € £1(T), it follows readily
that S(T") is also closed under twisted convolution. O

6.4. Finitely generated modules associated to lattices

This section is devoted to the construction of a Hilbert C*-module from H2°. The
following observation will guarantee that this module is finitely generated.

Proposition 6.4. Let (m,H,) be a projective relative discrete series representation of a
nilpotent Lie group G. Suppose that I' < G is a lattice. Then there exists a finite family
(gj)?=1 of vectors g; € HY® such that (7(7)gj)ver,1<j<n 15 a frame for Hr.

Proof. Let g € #°\{0}, so that Cyg satisfies the property (6.9) with g = f. Then, by [21,
Theorem 6.4] or [45, Section 4], there exists a compact unit neighborhood U C G such
that for any discrete family A in G satisfying G = |J,cp AU and sup,cq [ANaxU| < oo,

I£153, =< DKL mNGP, f € Ha

AEA

Since G is a nilpotent Lie group, I' < G is also co-compact, see, e.g., [25, Corollary 5.4.6].
Hence, there exists a relatively compact fundamental domain ¥ C G for I'. Let (z;U );?:1
be a finite cover of ¥. Then A" := {yx; : v € I',j = 1,...,n} satisfies G = [J,,cp, U
and sup,cq |A' N2U| < oo, so that

112, = S 1)) 2 = S5 U mn(@) ) f € Ha.

AEN’ j=1~eTl

Therefore, defining ¢; := n(z;)g € HY for j =1,...,n, gives the desired result. O

The existence of localized multi-window Gabor frames was proven in [77, Theorem
4.6] via a correspondence to projective modules over non-commutative tori. The proof
of Proposition 6.4 shows that this is also a direct consequence of the classical sampling
techniques [21,36].

Theorem 6.5. Let (7, H,) be a o-projective relative discrete series representation of a
nilpotent Lie group G of formal dimension d, > 0. Suppose that I’ < G is a lattice. Then
(S(T), He®) is an admissible pair for w|r in the sense of Definition 4.1, so that HX° can
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be completed into a Hilbert C (T, 0)-module £. The module £ is finitely generated, and
if T denotes the canonical tracial state on C*(T',0), then

7(&) = vol(G/T)d.
(The constant vol(G/T")d, is independent of the choice of Haar measure on G.)

Proof. Admissibility of the pair (S(T"), H2°) was proved in Proposition 6.3. Combining
Proposition 6.4 with Proposition 4.3, we get that £ is finitely generated.

By the discussion preceding Proposition 4.3, the localization space HE of £ with
respect to 7 can be naturally identified with #,, and the representation 77 of C;(I', o) on

% induces a representation 7, of C}(T', o) on H,. By Proposition 3.5, this representation
can be extended to give H, the structure of a Hilbert L(T", )-module, where the action is
determined by AZ(v) - f = m(v)f for v € " and f € H,. The dimension dim,r,¢),-) Hr
of this Hilbert L(T", o)-module was computed in [34] to be vol(G/T")d,, see [34, Theorem
4.3]. Therefore, by Proposition 5.3, it follows that 7(£) = dim,r,),7) Hx = vol(G/T)dx,
as required. O

Proof of Theorem 1.4. The statement of Theorem 1.4 follows directly from Theorem 6.5
combined with the fact that # € SI/P; and P, = Z, cf. Section 6.1. O

Proof of Theorem 1.5. Theorem 1.5 follows by applying Proposition 4.3 to the module
of Theorem 6.5. O

6.5. Existence of smooth frames and Riesz sequences

The following theorem is the main result of this paper.

Theorem 6.6. Let (7, H,) be a o-projective relative discrete series representation of a
nilpotent Lie group G. Suppose I' < G is a lattice such that (I',0) satisfies Kleppner’s
condition. Then the following assertions hold:

(i) If vol(G/T)d, < 1, then there exists g € H2® such that 7(I')g is a frame for Hr.
(it) If vol(G/T)d, > 1, then there exists g € HS® such that m(T')g is a Riesz sequence
n Hx.

Proof. For the applicability of the results of Section 5.3, we note that a discrete I' < G
is finitely generated, see, e.g., [25, Corollary 5.4.4].

(i) Suppose vol(G/T")d, < 1. By Theorem 6.5, it follows that 7(€) < 1 for the canonical
trace 7 on C;(I', o), which is the unique tracial state on C*(T', o) by [92]. Since C; (T, o)
has strict comparison of projections by Corollary 5.8, it follows from Proposition 5.2 that
£ admits a generating set with one element. By Proposition 3.3, the generating element
may be chosen to be g € H2°. Hence, n(T")g is a frame for H, by Proposition 4.3.
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(ii) Suppose vol(G/T)d, > 1. Just as in (i), we get 7(£) > 1 for the unique tracial
state 7 on C} (T, o), so by strict comparison of projections and Proposition 5.2, £ admits
an A-linearly independent set {g} which is closed in £. By Proposition 3.3, g can be
chosen in H2°, so m(T")g is a Riesz sequence by Proposition 4.3. O

Proof of Theorem 1.3. The statement of Theorem 1.3 follows directly from Theorem 6.6
combined with the fact that = € ST/P, and P, = Z, cf. Section 6.1. O

Remark 6.7. Theorem 6.6 can be extended to multi-window and super systems, cf. [34]
for these notions. Under Kleppner’s condition, the inequality vol(G/T")d, < n/d (resp.
vol(G/T")d, > n/d) implies the existence of an n-multiwindow d-super frame (resp. Riesz
sequence) in H< with windows in H°.

6.6. Special classes of smooth vectors

Theorem 6.6 can also be used to prove the existence of frames and Riesz sequences
generated by smooth vectors with additional qualities, such as Garding vectors or ana-
lytic vectors for a representation (w,H,) of a Lie group N.

For k € C°(N) and g € Hr, a Gdrding vector is defined by

w(b)g = [ ba)m(o)g du(o) (6.10)

N

The Garding subspace H) C H, is the linear span of all vectors of the form (6.10). The
space HJ is m-invariant and norm dense in H, and satisfies H} C H3°, cf. [25, Appendix
Al.

A vector g € H, is called analytic if the orbit map = — w(x)g is real-analytic. The
space of all analytic vectors is denoted by H% and is a m-invariant dense subspace of H,
cf. [44,86].

The following modification result can be proved in a similar manner as [52, Proposition
4.4] (ct. also [50, Proposition 1]). Its proof will be omitted here.

Lemma 6.8. Let 7 be an irreducible, square-integrable projective representation of a nilpo-
tent Lie group G. For g € H°\ {0}, let HL = {f € H, : Cyf € L (G)} be equipped with
the norm || f |42 = |Cy fllLr. Suppose that V C ML is a norm dense subspace. Then the
following assertions hold:

(i) If 7(I')g is a frame, then there exists g € V such that n(I')g is a frame.
(i) If m(I')g is a Riesz sequence, then there exists g € V such that n(I')g is a Riesz

sequence.

Corollary 6.9. Under the assumptions of Theorem 6.0, the following hold:
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(i) If vol(G/T)d, < 1, there exists g € HY (resp. g € HY) such that m(T')g is a frame.
(it) If vol(G/T')d, > 1, there exists g € HY (resp. g € HY) such that w(I')g is a Riesz
sequence.

Proof. The result follows from Theorem 6.6 and Lemma 6.8 after showing that H% (resp.
H7) is dense in HL. To show the latter, let h € H% (resp. h € H)) be non-zero. By the
atomic decomposition of HL (cf. [21,36]), there exists a sequence (z;);en in G such that
any f € HL can be represented as a norm convergent series f = > icr Cim(x;)h for some
(ci)ier € X(I). If f,, ==Y ¢im(x;)h for n € N, then f,, € HY (resp. f, € H}), and
fn — fin HL as n — oo. This completes the proof. O

Remark 6.10. An alternative argument for the existence claims (i) and (ii) in Corol-
lary 6.9 for the Garding space H, can be obtained via the Dixmier-Malliavin theorem
[28], which asserts that H>° = H7 for a nilpotent Lie group. Then (i) and (ii) follow
already from Theorem 6.6.

7. Examples

In this section we discuss two examples that illustrate our main result.

Example 7.1 (The Heisenberg group). Let N be the 2d+ 1-dimensional Heisenberg group,
ie., N=R?%x R% x R with multiplication

(r,w,s)(z',w',8) = (r+ 2w+, s+ +x-u).

The center of N is given by Z = {0} x {0} x R & R, hence the quotient G = N/Z is
isomorphic to the abelian group R?% x R¢.
The Schrodinger representation of N on L?(R?) is given by

m(x,w, 8)f(t) = 2™ e 2T (1 — ),
The corresponding projective representation of R?? = R¢ x R? can be given by

m(z,w)f(t) = e T f(t - @)

where the associated cocycle is given by o((z,w), (z/,w’)) = e~ 2=« A lattice orbit
7([')g for T a lattice in R?? and g € L?(R?) is in this context known as a Gabor system.

A lattice I' in R?? is of the form T' = MZ?? for some M € G Ly, (R). Viewing instead
I' as Z2?, the cocycle is given by oe(k,1) = e 2{OR)L for k1 € Z??, where © = M'JM
and J denotes the standard symplectic 2n x 2n matrix

0 I,
=55
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With this notation, Kleppner’s condition translates into the statement that whenever
k € 7?4 satisfies €>™(OK)L = 1 for all | € Z2?, then k = 0. For a lattice of the form
I' = aZ? x BZ? with o, > 0, this translates into the number o/ being irrational.
Kleppner’s condition implies a weaker condition, namely that © contains at least one
irrational entry. Let us call I nonrational when the latter condition holds. For nonrational
lattices, Rieffel proved that the non-commutative tori C*(T', o) have strict comparison
of projections and cancellation [104] (see also [16, Theorem 5.3.2]). A consequence of
this (cf. [104, Corollary 7.10]) was used in [63, Theorem 5.4], combined with the link
between Heisenberg modules over non-commutative tori and Gabor frames [77], to prove
the existence of Gabor frames 7(T")g with integrable vector g € HL (hence, g € S(R?)
by Lemma 6.8) for nonrational lattices I' satisfying vol(R2?/T") < 1. Therefore, in this
setting, our main result is already covered by the result in [63].

The following example considers the group G5 3 from Nielsen’s catalogue [87]. This
example is of interest to time-frequency analysis as it leads to so-called coorbit spaces [36]
that are different [49, Example 3.3] from the coorbit spaces associated to the Schrodinger
representation defined in Example 7.1, so-called modulation spaces. In addition, we men-
tion that group C*-algebras associated with lattices in G5 3 have been studied in [81].

Example 7.2 (The group G5 3). Consider the group G5 3 from [87, p. 6]. This is a step 3
nilpotent Lie group with R® as underlying manifold. The group operation is given by

(.’El, .. 'amf))(yh o 7y5>
= (z1+ Y1 + TaY2 + T5Y3 + T3Ya/2, T2 + Y2, T3 + Y3 + T5Ya, T + Ya, T5 + Ys5).

The center of G5 3 is given by R x {0}*. An irreducible representation (w, L?(R?)) of
G5 3 which is square-integrable modulo the center is given by

7T($1, o ,l‘5)f(8, t) — eQm‘(xl—x2x4+x4s—x3t+x4t2/2)g(8 — o, — $5>_

The formal dimension of 7 is d, = 1. The quotient of G5 3 by the center is isomorphic
to G := R x N, where N denotes the 3-dimensional Heisenberg group from the previous
example, although the multiplication is in a different order:

(1,2, 3, 24) (Y1, Y2, Y3, Ya) = (1 + Y1, T2 + Y2 + TaY3, T3 + Y3, Ta + Ya).

Here we have relabeled the coordinates from z; to x;_; for j = 2,3,4,5. The Haar
measure ug on G is just the 4-dimensional Lebesgue measure. The center Z of G is
R? x {0}2. The corresponding projective representation of R x N corresponding to m
(which we denote also by ) is given by

T(@1,. ., 2a) f(s,1) = TSI (s gy f ),



E. Bédos et al. / Journal of Functional Analysis 283 (2022) 109572 43

The cocycle is given by

o((x1, 22,23, 74), (Y1, Y2, Y3, Ya)) = exp(2mi(—z1y3 + T4y2 + miy3/2)).

Let N’ = N N Z3 denote the discrete Heisenberg group, which is a cocompact lattice
in the Heisenberg group. Hence the group I' = Z x N’ is a lattice in G. The conjugacy
class of an element (ki, ko, k3, k4) € T is given by

{(k1, ko + pks + qka, k3, k) : p,q € Z}.

From this we see that the elements with finite conjugacy class in I' are exactly elements
of the center Z NT = Z2 x {0}?, and these elements have singleton conjugacy classes.
Let us consider the dilation automorphisms d, 5 of G (o, 8 > 0) given by

b5 (T1, T2, T3, 24) = (a1, B222, B3, Bra).

Applying these to I' C G, we get a family of lattices 'y g := 04,5(I') in G which are
isomorphic as discrete groups to I'. We can compute the covolume of I',, 5 as

vol(G/Ta,p) = 16 (0a,5([0,1]%)) = pa([0, ] x [0, %] x [0, 5] x [0, 8]) = af*.

Let us check Kleppner’s condition for (I'y, g,0). We need only check the elements with
finite conjugacy class, i.e., those in the center of I'y, 5. Thus, an element (aky, 32k2,0,0)
is o-regular if and only if for all (aly, %1z, Bl3, Bls) € Tw s we have that

1 = o((aks, Bk, 0,0), (alv, B2, Bls, Bla))o((aly, B2, Bls, Bly), (aki, B2k, 0,0))
= exp(—27ri(a,6’k113 + ﬂgk‘gl4)).

For this to happen, we need afkils + B3kels € Z for all I3,14 € Z. Hence, we see that if
at least one of the numbers a3 and 32 is rational, then nontrivial o-regular conjugacy
classes exist. On the other hand, if both of and 3 are irrational, then Kleppner’s
condition is satisfied.

Our main result now states the following: Let «, 3 > 0 such that both 53 and o are
irrational numbers. If 3% < 1 (resp. aB* > 1), then there exists g € H>° = S(R?) such
that (L 5)g is a frame (resp. Riesz sequence) for L?(IR?).
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