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A novel immersed boundary method based on a domain decomposition approach is proposed in the
context of a finite element discretisation method. It is applicable to incompressible flows past rigid, de-
forming, or moving bodies. In this method, unlike most immersed boundary methods, strong boundary
conditions are imposed in the regions of the computational domain that are occupied by the structure. In
order to achieve this, the proposed formulation decomposes the computational domain by splitting the
finite element test functions into solid and fluid parts. In the continuous Galerkin formulation, this pro-
duces a smeared representation of the fluid-structure interface. The absence of an immersed boundary
forcing term implies that the method itself has no influence on the CFL stability criterion. Furthermore,
the stiffness matrix in the momentum equation is sparser than compared with other forcing immersed
boundary methods, and symmetry and positive-definiteness of the Laplacian operator in the pressure
equation is preserved. As shown in this paper, stability and accurate imposition of boundary conditions
make the method promising for high Reynolds number flows. The method is applied to the simulations
of two-dimensional laminar flow over stationary and moving cylinders, as well as a moderately high
Reynolds number flow past an aerofoil. Good results are obtained when compared with those from pre-
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vious experimental and numerical studies.
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1. Introduction

Fluid-structure interactions (FSI) are encountered in many en-
gineering applications, such as the flow past large wind turbine
blades, the deployment of spacecraft parachutes, or blood flows
through arteries. Immersed boundary methods are attractive to nu-
merically simulate these problems, especially when the geometry
of the structure is complex and arbitrarily deforming [1-3]. These
methods immerse the structure in a fluid domain and mimic its
effect on the fluid dynamics. This contrasts with body-conforming
methods, in which the fluid domain excludes the structure and
the governing equations of the flow field are solved only in re-
gions surrounding the structure. The original immersed boundary
method was introduced by Peskin [4] to simulate cardiac flows.
Since then, several variations of this approach have been proposed,
as detailed hereafter.

Based on how the fluid-structure interface is represented
on the discrete mesh, immersed boundary methods can be
classified as sharp-interface and diffused-interface methods. In
diffused-interface methods, the discrete representation of the fluid-
structure interface spreads over one or more grid cells. Therefore,
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the interface is smeared and differs from the actual surface bound-
ary of the structure. Methods mimicking the effect of the struc-
ture through an additional forcing term in the fluid’s equations of
motion often fall under this category. The simplest of the forcing
methods are the penalty methods [5-7]. In that case, the force
term that is added to the right-hand-side of the fluid’s momen-
tum equation is proportional to the difference between fluid and
structure velocities with a certain penalty factor. The latter, which
is difficult to interpret physically, can change the strength at which
the penalty condition is enforced. Such penalised forcing meth-
ods are also popular in the context of finite element methods [8-
11]. The penalty force is always masked by a stepping function to
limit the region in which it acts. The stepping function can be a
Dirac function across the interface element [6,8], weighted func-
tions spread across multiple elements to avoid numerical oscilla-
tions [7] or a conservatively projected solid concentration field that
marks the presence of the body [11]. A slightly modified version of
the penalty method is the feedback control method [12]. In this
method, in addition to the damping term, the forcing term also
has a stiffness term. From a physical point of view, the bound-
ary condition is then imposed as a damped oscillator [1]. A differ-
ence between the penalty forcing method and the feedback con-
trol method lies in the way the boundary condition is satisfied:
it is always lagging behind in the penalty forcing method, while
it is oscillatory in the feedback control method. Another common
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forcing method is the direct forcing method, in which the addi-
tional forcing term balances out the convective, viscous, and pres-
sure gradient terms in the Navier-Stokes equations [13,14]. In this
class of immersed boundary methods, the physical interpretation
of the forcing term is clearer than in the penalty method. A draw-
back, however, is that the implicit evaluation of the forcing term
leads to a denser stiffness matrix in the discrete system of equa-
tions. In order to solve this, variations of the original direct forcing
method have been proposed and evaluate the forcing term at dif-
ferent time levels. For example, a semi-implicit staggered approach
was proposed and computed an intermediate velocity field with-
out the forcing term, then calculated the forcing term using the
intermediate velocity field, and eventually made a velocity correc-
tion using the forcing term [15,16]. Implicit approaches are usually
preferred in terms of accuracy, since the boundary conditions are
imposed while solving the momentum equations. However, in all
their variants, the no-slip condition at the interface could be vi-
olated in the staggered step to project velocity onto a solenoidal
field. Also, solution to the Poisson’s system that has to be solved
for the projection is affected by the quality of the grid, both in-
side and outside the immersed boundary. This can be particularly
challenging for problems involving thin membranes.

One of the undesirable features of diffused-interface methods is
that the discrete fluid-structure interface is smeared across several
mesh nodes. Cut-cell methods are a type of sharp-interface meth-
ods that eliminate this issue by locally reconstructing the mesh
to align it with the boundary [17-20]. However, this approach is
mostly applied to two-dimensional problems as the mesh recon-
struction in three-dimensional cases is inherently difficult. Even in
two-dimensional problems, it was shown that a major challenge is
to properly define and manage the topology of cut cells [3]. An-
other sharp-interface approach is the hybrid Cartesian immersed
boundary method, which uses a Cartesian grid and applies strong
boundary conditions at the nodes located in the structure [21].
This method can be more accurate in applying the fluid-structure
interface conditions than the previous immersed boundary meth-
ods. However, the use of a Cartesian grid is inefficient to resolve
boundary layers near complex geometries, hence limiting the ap-
plicability of the method to flows past simple geometries. The
curvilinear immersed boundary method [22] is an extension of this
method and uses curvilinear grids. The latter are better than Carte-
sian grids to resolve boundary layers for relatively simple curved
geometries.

Finally, a completely different approach, relevant for both sharp
and diffused interfaces, is based on the idea that the forcing term
can be viewed as a Lagrange multiplier that imposes a velocity
boundary condition in regions occupied by the immersed body
[23-25]. The role of the multiplier is then similar to the role of
the pressure field in an incompressible flow, where pressure is ef-
fectively used to satisfy the divergence-free condition. This method
presents several advantages as it is able to impose boundary con-
ditions accurately, while preserving the symmetry of the Pois-
son’s system. Also, the operators can be tweaked to impose sharp-
interface or diffused-interface conditions.

In this paper, a novel method is proposed to accurately im-
pose the boundary condition at the fluid-structure interface, with-
out limitations to Cartesian grids and without requiring additional
equations to be solved. The method is developed in the context
of the finite-element discretisation and applies the no-slip condi-
tion at the interface as a strong boundary condition in the fluid’s
momentum equations. This is achieved by decomposing the com-
putational domain into two distinct regions, one for the fluid and
another one for the structure. The domain decomposition is per-
formed by splitting the finite element test functions into two parts.
The momentum equation is solved for across the whole compu-
tational domain with a strong imposition of the boundary condi-
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Fig. 1. Schematic representation of the computational domain (£2), and solid (%)
and fluid () sub-domains. <2 is the boundary of the computational domain. 9/
and 0 are the boundaries of the fluid and solid sub-domains. The blue curve is
the immersed boundary that is shared between the solid and fluid sub-domains.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

tion inside the solid phase. The Poisson’s equation for pressure is
solved on the computational sub-domain that belongs to the fluid
phase. The paper is organised as follows. Section 2 outlines the ba-
sic principle of the method and presents the governing equations
in the solid and fluid sub-domains. Section 3 converts the con-
tinuous equations into discrete forms. Section 4 demonstrates the
performance of the method on several test cases. First, three lam-
inar cases are considered: Taylor-Couette flow, flow past a station-
ary two-dimensional cylinder, and flow past an oscillating cylin-
der. Second, flow past a NACA0012 aerofoil at a Reynolds num-
ber of Re = 1000 is simulated to evaluate the stability and accu-
racy of the proposed method at a moderately high Reynolds num-
ber. Results are compared against analytical solutions, experimen-
tal data and other numerical simulations. In both flow regimes, re-
sults show good convergence rates and excellent agreement with
existing studies.

2. Continuous formulation
2.1. Strong form of the governing equations

As stated above, the computational domain in immersed
boundary problems encompasses both fluid and solid regions. This
is illustrated by Fig. 1, which shows how the computational do-
main € is decomposed into two sub-domains: a fluid domain ()
and a solid domain (), with Q = Qf U QS and Qf N QS = 0. The
boundary of the computational domain is denoted by 92, while
boundaries of the fluid and solid sub-domains are 9 and 9%,
respectively. Fig. 1 also shows that the immersed boundary of the
solid domain (025 shown by the blue curve) is a sub-set of the
boundary of the fluid domain, i.e. 9Q/ = 3Q U 3. The boundary
9% can be further decomposed into dQP, dQN, and IQR to apply
Dirichlet, Neumann, and Robin boundary conditions, respectively.

In the fluid domain, the advection-diffusion equation that gov-
erns the time evolution of a scalar field c is given in the conserva-
tive form by,

/m(g§+v.(uc)—v.(EvC)—F)dvzo, (1)

in which u is the transport velocity vector, & is the diffusivity ten-
sor, and F represents any forcing terms. The scalar field c is defined
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on the whole computational domain and can be, for example, one
of the velocity components, a species concentration, the tempera-
ture, the turbulent kinetic energy k, the turbulent frequency w, or
the turbulent dissipation €. The density p of the fluid is assumed
to be constant, so that the continuity equation for velocity is given
by,

/Q/(Vu)dv —o0. 2)

In the solid domain 2, the transport variable c is set to the
structural value ¢%, which generally speaking is either prescribed or
obtained from the resolution of the structural dynamics equations,
such that

ac acs
—dV = ——dv. 3
o Ot o Ot (3)
In this paper, results will be shown for fixed structures or struc-
tures undergoing a prescribed motion.

Egs. (1) =(3) are the governing equations of the problem with

the following boundary conditions in space and time.

c(-,0)=co(-) in @/, (4a)
c(.0)=cp() in€’, (4b)
c=¢ indQP, (4¢)
kVc-n=gq indQV, (4d)
—kVc-n=h(c—c;) in QK (4e)

where, ¢ is the fixed condition applied on 0QP, q is the flux across
AN, h is the surface transfer coefficient on dQR, and ¢, is an am-
bient field value.

2.2. Weak form of the governing equations

The weak form of Eq. (1) is obtained by multiplying its left-
hand-side with a test function v/ and using Green’s first identity
to integrate by parts over the domain €, such that,

/ <W3i VS uc+ vyl & Ve 1//fF>dV
Qf

+/an (¢! (uc—kVc) - n)dS =0, (5)

where n is the surface normal vector. Note that 3 includes both
the boundaries of the computational domain (£2) and the bound-
ary between the fluid domain (£) and the solid domain (Q°). Ad-
ditionally, the integral over the parts of 9 that coincide with the
boundaries of the computational domain (£2) is often subdivided
into various components depending on the boundary conditions
that are applied. For simplicity it is assumed that the parts of 9Qf
coinciding with the boundaries 02 are closed (with u-n =0) and
that Vc-n =0 (Neumann condition). Furthermore, the test func-
tion (y) is constructed such that its value is zero at the fluid-solid
interface (blue curve in Fig. 1). Under these conditions, the bound-
ary integral in Eq. (5) cancels out, which yields

/I(wfgi_wa.uc+vwf-K.VC—lﬁfF)dV:O, (6)
Q

Eq. (6) holds in the region  covered by the fluid. In order to
write the equations of motion of the transport variable c in the
whole computational domain € = Qf U QS, the weak forms of the
fluid- and solid-governing equations need to be added together.

The weak form of Eq. (3) is obtained by testing it with a test func-
tion ¥°. Adding this to Eq. (6) yields

[, (@995 9w et ve
Q t

- wa)dV =/Q (wsgcts)dv. 7

The weak form of Eq. (2) is obtained by multiplying the equa-
tion with another test function &/, as,

/mgf(v.u)dv —o. @)

Note that Eq. (8) is not integrated by parts and continuity is only
evaluated in . This choice will be reasoned in the following sec-
tion. Egs. (8) and (7) form the weak formulation associated with
Egs. (1)-(3).

3. Discrete formulation
3.1. General formulation

In this paper, continuous piecewise-linear finite element shape
functions (¢;) are used to approximate the continuous flow vari-
ables on the discretised domain, so that

N N N
cr Y api, ux) uwg, pxY pidi 9)
i=1 i=1 i=1

in which N is the number of nodes in the discretised domain and
p is the fluid pressure.

Several key points have to be noted before defining the test
functions for the problem. First, although /N QS=0 in a con-
tinuous sense, in the present discrete formulation as indicated in
Fig. 2, in which the shaded interface element is part of both Qf
and QF, @ N QS = 0. Because of this overlap, the test functions v/
and Y% used in the transport equation have to be complements of
each other to avoid doubling the common term, dc/dt. Second, the
pressure gradient operator will be tested using v/, and thus lim-
ited to & only. Thus, to make the Laplacian operator symmetric,
evaluation of continuity, and thereby &/, is also limited to . Fi-
nally, unlike v, the function &/ does not have a complementary
solid part. Thus, to fully evaluate continuity in €/, & should not
be forced to zero at the solid end of the interface. For this reason,
Eq. (8) is not integrated by parts since the surface integral term
would not vanish based on this definition of &/,

The test functions (v;, &;) are chosen from a function space
that is appropriate for the problem [26]. For a continuous Galerkin
approach this coincides with the function space from which the
shape functions are derived. We define W,f . Y7, and Eif as,

¥l =g —at) ¥ =g, (10)

Ixeal!:x<1= Skf = ¢y. (10Db)

Here, o (blue line in Fig. 2) is a solid concentration field that
represents the position of the structure on the fluid mesh, and the
superscript n+ 1 denotes that the solid position from the forth-
coming time step is considered. It is obtained by a consistent in-
terpolation or a bounded conservative projection of a unitary field
from the solid mesh onto the fluid mesh [27,28]. Furthermore, the
indices e and k in Eq. (10b) iterate over the total number of el-
ements and the local node number in the element, respectively.
In this method, the test functions 1//if are the nodal shape func-
tions of the fluid nodes (e, Fig. 2). They have a non-zero value in
the shaded region in Fig. 3b. Similarly, the test functions /7 are
the nodal shape functions of the solid nodes (M, Fig. 2) and have
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o=1

= o

éfi &fiﬂ &fi+2 &fi+3
L L
vSi it vt voi+3 yoi+4 yoi+5
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vl vlis vl yhiss vhisg vhies
\- » »
i i+1 1+2 i+3 i+4 1+5

Fig. 2. Schematic representation of the solid (v¥*), and fluid (v//, &/) linear test functions in a one-dimensional case. The shaded element represents the interface region
between the fluid and solid domains. The blue line on top represents the variation of @ across the one-dimensional computational domain. ¥* and v/ are used in the
transport equations in the solid and fluid domains, respectively. £/ is used to enforce the continuity constraint in the fluid domain. Note that &/ is discontinuous at the solid
end of the interface (i + 3). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

a non-zero value in the shaded region in Fig. 3c. Unlike 1/fl.f and
¥# which are defined on the global node basis, the functions Eif in

Eq. (10b) are defined on the local node basis. It is essentially Ip,.f,
without the requirement that its value is zero at the fluid-solid in-
terface. As explained before, the function &/ is discontinuous at the
solid end of the domain (Fig. 2, node i+ 3).

Egs. (8) and (7) can be written in discrete acceleration form

as,

n+1 _ ~n
(M+9At(A—D))%=7(A7D)c”+f+f5, (11a)
cutl = 0. (11b)

In Eq. (11), M is the mass matrix, A is the advection matrix,
and D is the diffusion matrix. Additionally, ¢’ is the discrete diver-
gence operator (superscript T denotes the transpose). The variable
At denotes the time step that can vary in the course of the simula-
tion to satisfy a certain CFL value, and 6 is a time differencing pa-
rameter to choose between different temporal integration schemes
(60 =0 for an explicit scheme, 6 = 0.5 for the semi-implicit Crank-

Nicolson scheme, and 6 =1 for a fully implicit discretisation). Fi-
nally, ff is the immersed body forcing term and f represents other
forcing terms (e.g. gravity force). More specifically, the discrete op-
erators and the forcing terms in the discrete equations are given
by,

My = [ @l + e, (12a)
Ajj = —/Qvl//l.f.uwjav, (12b)
Dl-j=/9v¢{.,2.v¢jdv, (12¢)
€= [ &/ vasav. (12d)
f,-=/91ﬁ,»f¢ij”dV, (12e)
ff:/waqﬁdev. (12f)
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Fig. 3. Schematic representation of the solid (a) and fluid (b, ¢, d) domains. Figure (a) shows the solid grid (I'*). Figures (b, ¢, d) show the fluid grid (I'), with circular
markers (o) representing fluid nodes (™! = 0) and square markers ((J) representing solid nodes (¢! > 0), where strong velocity boundary conditions are imposed. Shaded
elements represent: (b) the domain in which the fluid operators act, (c) the domain in which the solid operator acts, and (d) the interface region between the solid and fluid

domains.

Fig. 3b and ¢ show the decomposed domains in which these
operators act. The operator M acts on the whole domain, whilst
A,D,C", and f acts in the shaded fluid domain in Fig. 3b. The im-
mersed body forcing term, f5, acts in the shaded solid domain in
Fig. 3c.

3.2. Application to the Navier-Stokes equations

The discrete Navier-Stokes momentum equations are obtained
from Eq. (11a) by treating velocity as a transport variable and
adding Cp™*? to the right-hand-side, as

* __ qqNn
(M+9At(A—D))%=—(A—D)u”+Cp"+9+f+F, (13)

where,
Cu=—/ﬂw,fVéjfdv, C,-szfgéjifVI//jde. (14)

Bold letters denote that the matrices (M, A, D, f, and /) are now
in block matrix form and u* is the predicted velocity. The matrix
-C is the discrete pressure gradient operator. Note that we used
&f as pressure basis functions. This is because, just like continuity,
pressure is also defined only in €.

When solving the Navier-Stokes equations, it is common to de-
couple the solution procedures for velocity and pressure. Chorin’s
projection method [29] is used here for fractional time stepping.
The procedure starts by solving the pressure Poisson’s equation to
compute an initial pressure field. The Poisson’s equation for pres-
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sure is obtained by taking the divergence of Eq. (13) and applying
the incompressibility condition (Eq. (11b)) on the predicted veloc-
ity, i.e.

T

- T u’ C
Lp’ = -C (M7'RHS + — : 15
P ( - At) WZY; (15)
Here, RHS contains all the terms on the right hand side of
Eq. (13) except the pressure gradient term (Cp™+?), and L is a dis-
crete Laplacian expressed as L — C M~!C. However, L is not sym-

metric. A symmetric Poisson’s system of equations can be obtained
by reformulating the continuity equation for velocity using €', as

Cu = Oy = _TOs+D), (16a)
Lp’ = -’ (M‘RHS + Zi) - %‘:sm. (16b)
Here,
¢ = [ &/Vusav = [ &V, - w)av
=C; -, (17a)
L=C'M'C (17b)

An intermediate velocity field (u*) is then obtained by solving
the momentum equation (Eq. (13)). In general, the predicted ve-
locity field is not divergence-free and will not satisfy Eq. (16a).
The projection method tackles this issue by defining an irrotational
pressure correction, determined by solving the following Poisson
equation,

—(C" + Y Ou + (1 -0)u")

LAp"+9 _ A
_ T o+ (1-u) (18)
= : )

and correcting the velocity field as,

u"™! = u* + AtMTICAp™Y. (19)

It can be seen from Eqs. (16b) and (18) that, at the interface, a
smeared zero gradient (% = 0) boundary condition is applied on
the pressure field. The boundary condition is smeared in the sense
that the gradient gradually decreases across the interface and be-
comes zero at the end of the fluid domain. Finally, the Laplacian
operator is defined only in €. The rows and columns in the dis-
crete Laplacian, corresponding to the nodes in Q5\0€2°, would be
filled with zeros. Hence, while solving Eqs. (16b) and (18) those
rows and columns have to be set inactive. This can be done in two
ways. The efficient method is to discard these rows and columns
from the solution procedure and solve a subsystem instead. In that
case, the condition number of the matrix remains unchanged and
the size of the linear system to be solved is reduced. The second
option is to add unity to the diagonal entries of those nodes and
solve the full system. However, depending on the number of nodes
inside the solid domain the condition number of the matrix will
be worsened.

In this paper, Eqgs. (11), (13), (16), and (18) are solved using the
fluid dynamics model Fluidity, an open-source finite element nu-
merical tool that solves the Navier-Stokes equations on unstruc-
tured grids [30-32].

3.3. Treatment of moving interfaces

In a deforming/moving body problem, elements and nodes
move across the fluid-structure interface. It is known that, for di-
rect forcing immersed boundary methods, this can cause numeri-
cal oscillations [33]. One source of these oscillations comes from

—
- L
3 //[3 B \[3\\
Vi Aﬂ innl m o r;
| \l O ; f /
\ g
> N oL [3//
~N
P ——
D D

Fig. 4. Decomposed solid and fluid domains of a moving body on a finite ele-
ment grid at time level n + 1. Circular markers (o) represent fluid nodes («™' = 0).
Square markers ([J) represent solid nodes (a™*! = 1), where strong velocity bound-
ary conditions are imposed. Shaded elements represent the domain in which regu-
lar fluid operators act.

the difference in the order of the error between the fluid and solid
domains. In the present method, both the solid and fluid domains
are spatially discretised using the same shape functions. Hence, the
numerical errors associated with both domains are of the same or-
der of magnitude. However, the temporal discontinuity in the pro-
jection step (Eq. (18)) is amplified by a factor of 1/At. This is il-
lustrated by Fig. 4. The continuous circle highlights the position of
the body at time level n+ 1, while the dashed circle outlines its
position at time level n. At this time level, the node that is marked
with a dark square (M) is internal to the solid domain. Pressure has
no defined value inside the solid and is set to zero. However, when
the body moves, this node becomes part of the fluid-solid interface
and starts interacting with the fluid equations via the pressure gra-
dient term. Since velocity has defined values inside the solid, oper-
ators that act on the velocity field are unaffected. However, errors
are introduced in the evaluation of the pressure gradient and will
propagate onto the velocity field. To remedy this, the pressure gra-
dient term has to be moved entirely to the projection step. The
modified iteration scheme is then

* __ qqn
(M +0At(A - D)2 At“ = —(A-Du" +f+F, (20)
T
—C (Bu + (1 - H)u)
n+6 __
Lp™t? = At , (21)
u! = u* + AtMTICp™Y. (22)

In that case, the Poisson’s system solves the full pressure field
(p) and not a correction for pressure (Ap).

4. Results

The method described in the previous section is applied to
flows past fixed and moving structures. All the cases considered in
this section are solved on two-dimensional unstructured grids with
triangular elements and a CFL number equal to 0.95. The Crank-
Nicolson method is used for temporal integration.

4.1. Taylor-Couette flow

Taylor-Couette flow is the flow between two concentric hollow
cylinders [34]. The Reynolds number for this flow is defined based
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Fig. 5. Taylor-Couette flow results. (a) Projected solid concentration field on the fluid mesh, the domain shaded in red being the inner solid cylinder whilst the region of zero
solid concentration (shaded in blue) being filled with fluid. (b) Computed velocity on the fluid mesh, where inside the solid domain, the velocity is equal to the projected
solid velocity. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

on the relative angular velocity of the cylinders and the diame-
ter of one of the cylinders. At low Reynolds numbers, the flow
is steady and purely azimuthal. The critical value of the Reynolds
number corresponds to the point at which the flow becomes un-
stable and three-dimensional. Below the critical point, an analytical
solution exists and is given by, in cylindrical coordinates,

ug=Ar+—-, u,=u,=0,
“w-n 1-p
A=Qin1_ 7 B=QinRi2n_—nz
Qout ROUf

” Qin . Rin ' (23)
where R is the radius, 2 is the angular velocity, and subscripts in
and out denote the cylinder to which the parameter belongs. The
existence of an analytical solution makes Taylor-Couette flow an
ideal case for grid convergence study. For the current test case,
flow parameters are chosen as follows: i, =4, Qo =0, R, =
0.5, Royr = 1, and the kinematic viscosity v = 1. The Reynolds num-
ber based on the diameter of the inner cylinder is Re;, = 2, which
is well below the known critical Reynolds number for this setup,
i.e. Regritical — 68 4.

To model this problem using the current immersed boundary
method, the hollow cylinders are replaced by solid discs. The mo-
tion of the inner cylinder is prescribed using an immersed solid,
which rotates at an angular velocity of €2;, = 4. The domain shaded
in red in Fig. 5a represents the solid inner disc that is projected
onto the fluid mesh. Inside this solid domain, velocity is pre-
scribed and varies linearly along the radial direction, as shown by
Fig. 5b. The fixed outer cylinder is modelled using a regular body-
conforming wall. The fluid field is initialised as at rest and the im-
mersed body is impulsively set into motion.

Results are plotted at steady-state. Fig. 6a and b show the varia-
tion in tangential velocity in the radial direction. In Fig. 6a, the red
line shows the exact solution and the black lines show the com-
puted profiles at varying spatial resolutions. During the grid refine-
ment study, the element edge length is varied only at the interface
located at r = 0.5, that is at the boundary of the inner cylinder.

By contrast, near the outer-wall, the edge length is kept at a con-
stant value of Ax =2 x 102, The profile shows good agreement
with the analytical solution and convergence is observed when the
mesh density is increased. By focusing the increment in spatial res-
olution at the interface, it can be inferred from Fig. 6a that the er-
ror is a maximum at the interface (r = 0.5). This is a consequence
of the conservative projection onto a non-matching grid. In the in-
set of Fig. 6a, it can be seen that the point from which the solid
concentration field (blue lines) starts to drop varies depending on
the mesh resolution. Because of the conservative projection, the ra-
dius of the projected cylinder is slightly smaller than the actual
solid body. Since, in this particular case, the velocity boundary con-
dition that has to be imposed at the fluid-structure interface is a
function of the radius of the cylinder (uy(r)), the imposed angu-
lar velocity at the interface is reduced. As shown in the figure, this
effect disappears for sufficiently fine grids at the fluid-structure in-
terface.

Fig. 6b shows the L, (o) and L, (O) spatial velocity error
(|luel]) norms plotted against the element edge length at the
fluid-structure interface. The spatial error norms are evaluated at
steady-state by comparing the results with the analytical solution.
Convergence study shows an order of about 1.31 and 2.06 for the
L. and L, error norms, respectively.

4.2. Flow past a stationary cylinder

In this section, flow past a stationary circular cylinder is con-
sidered as a test problem. As shown in Fig. 7, the computational
domain has the dimensions 25d x 20d (d being the cylinder di-
ameter) and the cylinder is centred at a distance 5d from the in-
let and 10d from the sides. On the left boundary, that is marked
with arrows pointing inwards, a uniform velocity profile is pre-
scribed as inlet boundary condition. Open boundary conditions are
applied on all the other domain boundaries. Fig. 7 also shows
the characteristic dimensions of the wake structure as defined in
Coutanceau and Bouard [36]. Dimensions I, a, and b represent the
length of the recirculation zone, distance to the vortex core, and
gap between the vortex cores, respectively. The separation angle
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Fig. 6. (a) Variation of tangential velocity in the radial direction in a Taylor-Couette flow. Red line shows the analytical solution [34]. Black lines show results using the
current method at different grid resolutions close to the fluid-structure interface. Blue lines in the inset show the variation of the solid concentration field («). (b) The L:
O and L,: O spatial velocity error (|[u.||) norms plotted against the element edge length at the interface. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)
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Fig. 7. Dimensions of the computational domain in terms of the cylinder diameter
d and characteristic dimensions of the wake structure, as defined in [24].

is denoted by 6. Two Reynolds numbers are considered: Re =20
and Re = 40. The steady-state results from the present immersed
boundary method are compared with several results from the lit-
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Fig. 9. Non-dimensionalised inline force acting on the cylinder in one cycle at
Re=100 and KC=5. Black lines are results obtained using the immersed boundary
method presented in this paper at varying grid resolutions near the interface. Black
cross markers are from experimental data [40].

0 50 100 150
0

Fig. 8. Time averaged coefficients of pressure and friction from flow past a cylinder at a Reynolds number of 200 with varying edge lengths near the interface and compared
to DNS data from existing literature [39]. 6 is measured clockwise from the stagnation point. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)
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Fig. 10. Comparison of non-dimensionalised velocity components at four cross-sections between present computation (lines) and experimental data [40]| (markers) at three
different phases within one cycle of oscillation: (a) 180°, (b) 210> and (c) 330°.
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erature [24,35-38]. In particular, the characteristic lengths of the
flow (non-dimensionalised by the cylinder diameter d) and the
drag coefficient are presented in Table 1. It is shown that the flow
profiles and the force coefficient from the present method agree
well with those reported in the literature.

Furthermore, an unsteady test case is considered at a Reynolds
number of 200. Fig. 8 shows time averaged pressure and fric-
tion coefficients along the periphery of the cylinder. Coefficients
are averaged using a simple mean and 6 is measured from the
stagnation point. Results are plotted at three different grid edge
lengths near the boundary of the cylinder: [, = 0.01d (dash-dot
line), lo = 0.0075d (dash-dash line), and I, = 0.005d (solid black
line). Results show grid covergence and agrees very well with data
available from a body-conforming DNS simulation (red line) [39].
As with the steady cases, it can be noticed from the coefficient of
friction curves that the average point of separation is predicted ac-
curately.

(c)

Fig. 11. Velocity field and streamlines at three different phases within one cycle of
oscillation: (a) 180°, (b) 210°: and (c) 330°.

Table 1
Steady state non-dimensionalised wake dimensions and coefficient of drag from
flow past a cylinder at Reynolds numbers of 20 and 40.

I/d ald b/d 6 Cp
Re =20 Dennis and Chang [35] 094 - - 43.7°  2.05
Coutanceau and Bouard [36] 093 033 046 450° -
Tritton [37] - - - - 2.09
Linnick and Fasel [38] 093 036 043 435 2.06
Taira and Colonius [24] 094 037 043 433° 2.06
Present study 094 034 043 438° 2.05
Re =40 Dennis and Chang [35] 235 - - 53.8° 1.52
Coutanceau and Bouard [36] 2.13 0.76 0.59 53.8° -
Tritton [37] - - - - 1.59
Linnick and Fasel [38] 228 0.72 0.60 53.6° 154
Taira and Colonius [24] 230 0.75 0.60 53.7° 154
Present study 230 071 0.61 533° 1.55

4.3. Flow past an oscillating cylinder

In this section, the vortices generated by an oscillating cylin-
der placed in still fluid are simulated and compared against exper-
imental data [40]. The cylinder is rigid and irrotational. The hori-
zontal oscillation of the cylinder is defined by,

x(t) = —Asin(2m ft), u(t) = 27w fAcos(2m ft), (24)

where, x(t) is the position of the centre of the cylinder and u(t) is
the velocity of the cylinder. The parameters A and f are the ampli-
tude and frequency of the prescribed oscillation. Reynolds number
and Keulegan-Carpenter number (KC) are further defined as,
Umaxd Umax

Re = o KC = fd (25)

For the simulation, the cylinder with diameter d is placed at
the centre of a computational domain of size 55d x 35d. Reynolds
number is set at 100 and Keulegan-Carpenter number is set at 5.
Time (t) and horizontal force (F) are non-dimensionalised as f =t f
and F = F/pdumax, respectively. Fig. 9 shows the variation of non-
dimensionalised inline force (F) against non-dimensionalised time
(f), for one period of oscillation, and at varying grid resolutions
near the interface: I, = 0.05d (dash-dot line), I, = 0.025d (dash-
dash line), and [, = 0.0125d (solid black line). The results have
good agreement with the reference data [40] and shows grid con-
vergence.

Fig. 10 compares velocity components of the flow field at four
cross-sections along the line of oscillation with experimental data
[40]. For the most part, the profiles agree very well. Where it dif-

—— Guilmineau & Queutey
Lo} —— A% =001
Ax =0.0075

A% =0.005

Fig. 12. Coefficient of pressure on the surface of the cylinder at a phase angle of
270° with varying edge lengths near the interface and compared to DNS data from
existing literature [42]. 6 is measured clockwise from the stagnation point. (For in-
terpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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Fig. 13. Time evolution of the coefficients of lift (top) and drag (bottom) on a NACA0012 aerofoil at Re = 1000 and an angle of attack 10°. Black lines are results obtained
using the immersed boundary method presented in this paper at varying grid resolutions near the interface. Red line is a body-conforming simulation result using the solver
Fluidity, and black cross markers are DNS results from existing literature [43]. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

fers, the mismatch is only on one side of the symmetric plane
(y =0) and is due to the asymmetry in the experimental data. In
Fig. 11, streamlines in the vicinity of the cylinder and the velocity
field are plotted at different phases in the cycle. Streamline curves
are a good match, and can be compared against plots from the ref-
erence [40] at the same phase in the cycle.

As an extension, we now add a high enough background ve-
locity to the previously quiescent fluid such that the cylinder can
naturally shed vortices even when it is stationary. From here on,
we switch back to the flow velocity based definition for Reynolds
number (instead of umax of the oscillation), and use Strouhal num-
ber (instead of Keulegan-Carpenter number) to define our test case.
For our test case, we set the Reynolds number at 185, and this
gives us a Strouhal number of 0.193 [41]. Additionally, the am-
plitude of oscillation (A) is set as 0.2d, and the ratio of the fre-
quencies of excitation and natural vortex shedding (f/f,) is set to
0.9. Fig. 12 plots the coefficient of pressure on the surface of the
cylinder at a phase angle of 270°, (centre of the cylinder, x(t) = A)
for three different grid resolutions near the immersed interface:
lo =0.01d (dash-dot line), [ = 0.0075d (dash-dash line), and [, =
0.005d (solid black line). The results match with the reference data
(red line) [42] and shows grid convergence.

4.4. Flow past a NACA0012 aerofoil

Flow past the NACA0012 aerofoil is considered to demonstrate
the capabilities of the method with moderately turbulent flows.
The chord-based Reynolds number is 1000. The size of the com-
putational domain is the same as in Fig. 7, except that dimensions
are here expressed in terms of the chord length (c). The bound-
ary conditions are also the same. Fig. 13 shows the time evolu-
tion of the lift and drag coefficients at an angle of attack 10° us-
ing the present immersed boundary method at three grid edge
lengths near the aerofoil boundary: lo = 0.0025c¢ (dash-dot line),
le = 0.00175c (dash-dash line), and I, = 0.001c (solid black line).
The results are further compared with a body-conforming DNS

available in the literature [43] (black cross markers) and a body-
conforming simulation using Fluidity and I, = 0.0025c (red line). It
can be seen from the plots that there is a difference in amplitude
of the oscillations between the body conforming simulation from
Fluidity (red line) and the DNS data obtained from literature (black
cross markers). The relative difference in magnitude between the
body-conforming results is maximum 4% for the drag coefficient
and 1% for the lift coefficient. This could be explained by the use
of linear shape functions for both velocity and pressure fields in
the present simulations and the use of fully unstructured meshes.
The agreement between the present immersed boundary method
and the body-conforming simulation using Fluidity is however very
good. In particular, the lift coefficients from all the Fluidity simula-
tions almost match perfectly with one another. The drag coefficient
is more sensitive to the mesh resolution used near the aerofoil. The
drag coefficient given by the immersed boundary method deviates
by ~ 5% with the coarser mesh (dash-dot line) compared to the
body-conforming case (red line), and this percentage decreases as
the mesh is refined, to ~ 3% for the intermediate mesh and ~ 1%
for the finest mesh.

5. Conclusions

This paper presents a new formulation of the immersed bound-
ary method that is specific to finite-element discretisation meth-
ods. The proposed method modifies the test functions in such a
way that the spaces occupied by the fluid and solid, respectively,
are decomposed into two sub-domains. Unlike many of the forc-
ing immersed boundary methods available in the literature, the
present method satisfies both the divergence-free and no-slip con-
ditions without introducing an additional forcing term in the mo-
mentum equations of the fluid. The absence of a forcing term im-
plies that the overall CFL limit is not affected by the immersed
boundary implementation. Furthermore, the modified test func-
tions preserve symmetry and positive definiteness of the Laplacian
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operator, so that the Poisson’s system can be efficiently solved us-
ing existing numerical methods.

It is shown that the method provides accurate results on a
series of test cases with both fixed and moving bodies, as well
as laminar and moderately turbulent flows. In particular, excel-
lent agreement was found between the present method and ex-
perimental data for low-Reynolds numbers flows. For flow past
an aerofoil at a higher Reynolds number, an accurate prediction
of the lift coefficient was obtained at the same grid size require-
ment of a body-conforming simulation. The present method how-
ever required a slightly finer mesh resolution compared to a body-
conforming method, in order to provide a drag coefficient of equal
accuracy. Future work will focus on extending the present method
to highly turbulent flows of interest for engineering applications.
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