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Recursive Gabor Filtering

lan T. Young Senior Member, IEEH.ucas J. van Vliet, and Michael van Ginkel

Abstract—In this paper, we present a stable, recursive algo-
rithm for the Gabor filter that achieves—to within a multiplicative
constant—the fastest possible implementation. For a signal
consisting of N samples, our implementation requiresO(NV)
multiply-and-add (MADD) operations, that is, the number of com-
putations per input sample is constant. Further, the complexity is
independent of the values o and w in the Gabor kernel, and the
coefficients of the recursive equation have a simple, closed-form
solution given o and w. Our implementation admits not only a
“forward” Gabor filter but an inverse filter that is also O(IN)
complexity.

Index Terms—Gabor filtering, Gabor wavelets, IIR filters, mul- Fig. 1. (e}) MRI image revealing (local) anatomical structures. (b) Leaning
tidimensional filtering, recursive filtering. tower of Pisa.

I. INTRODUCTION—WHY GABOR FILTERING? frr(]aq.uency selectivity, the Gabor filter is, therefore, an optimum
choice.

HILE operators that focus on global information are es- gyrther, a number of authors have pointed out the close re-

sential to describing a variety of physiGistemsoper-  |ationship between the neurophysiological processing of visual
ators that focus on local information are essential to analyziggy tactile stimuli and families of 1-D and two-dimensional
physicalsignals For example, linear, time-i.nvariant (orshift—in—(Z_D) Gabor filters [3]-[8]. In particular, Bakeet al, in re-
variant) systems are usually analyzed with Fourier or Laplaggying to their observation of Gabor-type oscillations in neu-
transforms, which are global operations, but as the example%'bhysiological measurements [8, Fig. 9, p. 238], writtete
Fig. 1 show, the information in a signal is usually local. - gs¢illations are a pervasive feature of the nervous system
~ Alhtough there are many approaches to processing signal§he possibilities for fast implementation of the Gabor
in such a V\_/ay as to examine the local charactgr of StrUCtufﬁ'_ne-frequency spectrum (spectrogram) have been examined
the Gabor filter has a number of elegant properties that mf”‘k:gg [9]-[11]. To our knowledge, the fastest algorithms that have
highly suitable for this purpose. The complex, one-dimensiongben described are in Qiu [11] and, for a signal consisting

(1-D) Gabor filter is given by [1] of N samples, the time—frequency spectrum has complexity
1 o ' O(N e log N). Our implementation of an IIR Gabor filter (as
g(tlo,w) = ——e " /20 vt . (1) opposed to a complete determination of a Gabor spectrogram)
V2o Modu;;; term is based on our recursive Gaussian implementation. Because
Gaussian envelope of this, we summarize the salient aspects of the Gaussian
procedure.

It is clear that the Gabor filter is thmodulationof a Gaussian
kernel by the complex terr@*. The use of the complex term

means that we will be using complex arithmetic in all calcula- Il. REVIEW OF THE RECURSIVE GAUSSIAN
tions. _ )
To examine local structures, we seek a filter widthine [N two previous papers, we have developed [12] and refined

(or space) that is narrow. To obtain good frequency resolutidd3] @ method to implement the convolution of signals with
we seek a filter width infrequencythat is similarly narrow. Gaussian kernels through the use of two recursive filters of the

The Gaussian envelope in (1) achieves the smallest possfl%m _ ) )
time-bandwidth product and, thus, allows us to perform “local” forward (» increasing):[shown in (2) at the bottom of next
spectral analysis [1], [2]. In the sense of simultaneous time alf Page] andackward . decreasing [shown in (3) at the
bottom of the next page].
Note that in this implementation, shown in Fig. 2, the forward
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inln] wln] outln]  filters then have:-transforms given by
Forward Backward
—— Recursion ——— Recursion " 1
eq. 2 (causal) eq. 3 (anti-causal) H _
z) = 8
+( ) bo4+ b1zt +baz=2 4 b3z—3 ( )
B
Fig. 2. Gaussian filter as concatenation of two recursive filters. H (2) (9)

:bo —|— blzl —|— b222 —|— bgz?’ ’

We approach the Gaussian filtering through the complex fratgebraic manipulation of the various terms using Mathematica
quency domain and use a rational approximation to the Gausgia#] yields
spectrum given by [12] and [14, Eq. 26.2.20]:

bo =1 scale= (mg +q) (m] +m3 +2miq+q°)
agp

G = 4 2 2 2
) = T R T wd — (o)t gy o B i mi + (2mo o+ dma)g + 5)
scale
where by =¢2 (mo +2m + 3q)
scale
3
q
ag =2.490895 a9 = 1.466 003 3 scale (10)
ay =—0.024393 ag = 0.178257. (5)

The five coefficients by, by, bs, b3, Scalg are real and are func-

Note our use of; instead ofe, which is an issue that will be tions of just four numbergmo,m,,ms, ¢}, as given in (10).
discussed later. The sixth-order polynomial in the denominatbhe first three of these are given in (6). The last numpesp-
of G,(s) has six roots that, due to the special structure of th@Sents the value that must be used (@) and (9} to achieve

(7), where that is a significant improvement to the empirical one presented

in [12], the relationship betweenando for recursive Gaussian

mo = 116680 my = 1.10783 my = 1.40586.  (6) [e'ng s given by

q(0) = 1.31564 ® (\/1 +0.490811 @ 52 — 1) o> 1.0.
(11)
The details of the development of this formula are given in the
é%ppendix . Foro < 1.0, the Gaussian envelope in (1) is too
the values ofn will change as well. harrow and, consequently, undersampled and, in gen_e_:ral, to l:_)e
The expressiofi’, (s) is then factored into thproductof two avoided. The accuracy, speed, and guaranteed stability of this

termsG e e a ith noles in the left-half recursive Gaussian implementation are discussed extensively in
plane a(;]((gR(s) Sv(ifiz.pofegn trféii)gvﬁlt-hzw plalne [12] and [13], as is the choice of optimal values for the coeffi-

cient seta from (5).

These three valuea = {m,,m1,my} are central to the Gabor
filter as well. They are solely determined by the valueg cf
{ao, a2, a4, a6} and if another choice of is made—for ex-
ample, to optimize the Gaussian fit with another criterion—th

ag
G -
o(8) (g5 + mo)(gs + my + jma)(gs + my — jma) lll. GABOR ALGORITHM
y 1 7 A. From Gauss to Gabor
(g5 — mo)(gs — m1 — jma)(gs — m1 + jmo) Our recursive Gabor filter uses a combination of our recur-

sive Gaussian implementation plus a well-known property that

For reasons discussed in [12], we use the backward differenggytes modulation at a frequengy, in the (discrete) time do-
technique and the forward difference technique [2] to transforfisin and shifting in the frequency domain. To be specific, if the

the two, stable, analog filters characterizedly(s) andGg(s) signal k[n] hasz-transformH (=), then from [2, pp 650-651],
into two, stable, digital filterg?, (z) andH_(z). The backward ;& have

technique is used to transforéy, (s) into H4(z), and the for- ' '
ward technique is used to transfo#k(s) into H_(z). These Z{e* hn]} = H (e77%2). (12)

(tn[n] — (by @ wln — 1] + by e w[n — 2] + bs e wn — 3]))

3 @

wln] =

outln] = (B ew[n] — (by e out[n+ 1] + ZZ)O out[n + 2] + bz e out[n + 3])) 3)
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Note that the replacement efwith ¢~7*%- » represents a rota- The recursion then starts at= 4 and proceeds ta = N. In

tion of angle(2, around the point = (0, 0) in the complex the backward (anti-causal) direction, it is equally important to
z-plane. The direct consequence of this is that the Gaussian filtise proper values for the “first” three values of (17). These are
pair H(z) andH_(z) become the Gabor filter pal8,.(z) and given by

B_(z)
1 1 ouf N] =ouffN — 1] = ouf N — 2]
By(z,9,) = =p O] (13) _ B e w[N]
Z (bkcjk&’zosz) T\~ (1 + b ec % +byec 2% + bye 6_j3Qo) .
= 1)
B_(2,9Q,) = o S (14)
o 23: (bpe=9k%0 k) P_(2) The recursion then starts with = N — 3 and continues to

n = 1.

Applying this algorithm to a simple impulse input to achieve
the discrete time equivalent of (1) produces the impulse re-
sponseg[n|o, 2] shown in Fig. 3 for several values ©f and

?.
Il
=

whereP,(z) andP_(z) are polynomials ire. The Gabor filter
transfer function7(>) is thus given by

1 o.
== (15) in Fi i ;
Py (2)P_(2) The last example in Fig. 3 shows an interesting effect. The

total signal width isN = 100, ands is 20.0. For the impulse
The coefficient of each term ief in P_(z) [see (14)] is just the response to be sufficiently small at the boundary of the signal,

G(Z) = B+(zv QO)B—(Zv Qo)

complex conjugate of the term #T* in P, (z) [see (13)]. we usually require a Gaussian to be down by aBBeutor pur-
The resulting Gabor recursive equation pair is poses that will become clear later, we will require the Gaussian
forward (» increasing): impulse response to be down by. This must occur at both
' ends of the signal, that is, at= 1 andn = N. This means that
wln] = in[n] — ((by @ e/ e w[n — 1]) o andV should satisfy the constraigto < N. This constraint

+ ((,2 o %% o gy — 2]) + ((,3 o i3 o qy[n — 3])) (16) is not satisfied in ther = 20.0 example, and that explains the
truncated ends of the Gaussian.

backward(n decreasing): Extending this argument to the frequency domain means that
to avoid distortion of the frequency spectrum, we must have a
oufn] =B ewln] such that the Gaussian spectrum has also decreased by the same
— ((b1 @ ™% 00Ut + 1]) amount at the maximum frequen€y = =. This implies that
+ (b2 o c /2% ¢ outfn + 2]) o > 1. This translates into the constraint given in (11). Putting

these two constraints together—the avoidance of spatial aliasing

—j3%2,
+ (bg @ ™% @ outin + 3])) (17) " and spectral aliasing—leads to

where
) 1<o< g (22)
B- (M) | a8) i
scale
C. Accuracy of Approximation
B. Implementation Issues Although Fig. 3 and (22) give an indication of how the choice

Th ion hich is d ibed in (11 deri of & can produce obvious distortions in the final result, it is also
e expression fog, which is described in (11), was erlveq portant to examine the error that occurs due to the recursive

for the Gaussian filter. For the Gabor filter, the problem is muca_, . approximation itself. To do this, we use the error mea-
more complex. A simple, closed-form solution as in (11) does res that were used for evaluation of the recursive Gaussian

not seem possible. Based on the approach we used in _[12]’%%roximation: the maximum absolute error and the root-square
have performed a regression analysis{anc} to determine error. These are defined as [12], [13]

their relationship. This has led to the empirical result

ne 2.5091 + 0.9804(c — 3.556), o > 3.556.
(19) root_square_err(o, ) = Z le[n]e, €]]2 (23)
Further, let us assume that the 1-D signal that is to be filtered n

is of lengthV, thatis,n = 1,2, ..., N. In the forward (causal) _ _ _
direction, it is important to use proper values for the first threghere e[n|o, Q] is the complex difference between the ideal

(o) = { —0.2568 + 0.57840 + 0.056102, o < 3.556 max _abs_err(o, 2) = max{|e[n[o, ][}

values of (16). These are given by Gabor impulse response gapde, (2] and the result of the
recursive approximationout[n|g(o), ] from (17). Thus,
w[l] =w[2] = w[3] g[n|o, Q] = gabor[n|o, ] — out[n|q(s), 2]. However
_ in[1] |
T (14 by @i 4 by @20 4 by @ e3) (20) gabofn|o, Q] = gaus§|o]e’ ™ (24)
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Q,0 REAL{out[n]} IMAG{out[n]} | G(Q) |
Q, =m/10 iy
o =100 o
Q =n/2 iy
c=5.0
Q, = 3n/4 ot
o=20.0 o

Fig. 3. Complex impulse respongé:] and Fourier spectrur@(£2) for various values of?, ands. Signal length iV = 100. Gaussian envelopes have been
drawn for purposes of comparison.

where gabde} and gabdw] are the true Gabor and Gauss fil- "
ters, respectively, and
outn|q, ] = OUtgauss[n]g]e’ " (25) 1LE01

where oufe] and ouf..ss[#] are our recursive approximations to

the Gabor and Gauss, respectively. The fact that this last res., 1.E-02
(25) can be factored is a direct consequence ofoustruction
of the Gabor approximation as given in (12). Using these tw
results we see that 1.E-03

root-square error

Erro

maximum absolute error

|e[n]o, Q]| =|gabotn|a, 2] — outin|q, ]|
= |gausfn|o]e’ ™" — OUtyuss[n]g]e’*™" | 1LE-04
:|gaus§n|a] - Ourgauss [n|(J]| (26)

The last term is simply the error associated with the recursivg. 4. Error measures as a functionoand2. Both curves are independent
Gaussian approximation: an error that was studied in [12]. Evaf<2.

uation of these error measures over the ranges < 20 yields

the results shown in Fig. 4: a result that is independefit.of forward (n increasing):

D. Inverse Filtering uln] = outln] + by ® ¢/ e outfn — 1]

Our procedure also admits a direct implementation of the in- 1, ¢ ¢/%% o outln — 2] + bz e I3 o outln — 3] (29)
verse filter. If the forward transform represented by (16) and
(17) is given (in thez-domain) by the equation backward(n decreasing): [see (30) at the bottom of the next

OUT(z) =G(z, Q,)IN(2) Pagel

=B _(2,9,)(B+(2,9,) # IN(2)) (27) E. Computational Complexity

Use of this recursive Gabor implementation then becomes a

then the inverse filtefnvG(z) is simply: matter of using the following “recipe”:

1 1 1) Chooser and(?, based onthe desired goal of the filtering.
InvG(z) = G(z.Q)  B_(z,9,)B+(z, Q) (28) 2) Use (19) to determing. . ' N
3) Use (10) and (18) to determine the various coefficients.
The filters B, (2) and B_(z) are all-pole filters, which means 4) Use (20) and (21) to initialize the procedure.
that their inverses are all-zero filters that are nonrecursive and5) Apply the forward filter with (16).
stable. The difference equations are given by 6) Apply the backward filter with (17).
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Test Pattern

i =m2

F=50.8=0" ao=508=-90° o=508-=45°

MET

fd =R/

Piza

{3 = nmio

Original

Fig. 5. Gabor filtering of a real image produces a complex result. We show here the absolute value of that complex result. The yaiutbefast two rows
is based on a neurophysiological model and is givefby= 7 /0.

As (16) and (17) require a total of seven complex multiplieBig. 5 the effect on three images of Gabor filtering applied in
and six complex additions for each output point, the complexigeveral directions. The 2-D Gabor filter kernel is defined as
of the Gabor filtering algorithm foV input data points i§ e 1 , ,
k ¢ N, wherek is the constant associated with one complexg (z, y; o, 0y, Qu, ) ==~ W/ /724v*/ 7))

MADD. The complexity per input point is thus a constant. moxoy

This means that to within this multiplicative constant, this is x ol (ertily)

the fastest possible implementation as every input poinst — 1 o (#7/207) i

be “visited” at least once. If we were to use an implementation V2moy,

based on an FFT for the Gabor filtering, which assumes that % 1 o~ (°1203) iy (31)
N is a composite number, then the complexity per input point 270y

would bek’ e log, V. While thiscouldbe less thar e £, this _ o _
would only be for trivially small values aV. For example, for In Fig. 5, we user, = o, = o. This filter can then be applied
N = 24 = 16, Gabor filtering with the recursive procedure it various orientation through variation of the frequencies as

a|ready faster than an FFT procedure_ Q. =Q,ecosf ande =Q,esinfd. We also show in Flg 5
the results of Gabor filtering for specific choicestofindo for

the images shown in Fig. 1. In the last two rows of these results,

we have imposed a constraint suggested by Lee [7, eq. (10)] that
Gabor filtering is frequently used in multidimensional signar e 2 = . As explained in his excellent paper, the inverse rela-

processing. By applying the recursive Gabor procedure pretibnship betweer and? is based on neurophysiological data

ously described along each dimension of the signal, it is possilide the visual cortex. The exact choice ©fis not critical, and

to implement the class &feparableGabor filters. We show in for the examples in Fig. 5, we have chosegr- «. This brings

F. Two-Dimensional Filtering

uln loc_onoun 2.C_j2900un 3oe_j3900un
infn] = {1+ 0 [r+1]) + (b . [ +2)) + (b [ +3)) (30)
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us to a consistent representation with respect to (22). Automatiots. The expressialy (P4 P_) can therefore be rewritten as a
contrast scaling has been applied to the resulting images. parallel operation instead of the series one illustrated in Fig. 2:

IV. GABOR WAVELETS ! (4t L 42 43
, . : . . Pr(z)P-(z) \z7'+zp1 27'+ze 270+
With one addition, the technique described previously can be ~ ~—
used to produce a Gabor wavelet representation of a signal. A forward recursion
requirement for a family of signals to be admissible as wavelets + < it ST B ) (36)
is that they have zero mean, that is, a dc component of zero N2tz 24z z2+2s
[7, eq. (10)]. From the results shown in Fig. 3 as well as the backward recursion

form of (1), it is obvious that although the imaginary part of the
Gabor impulse responsgn] has zero mean because itis an odNeré {z+1, #4221} are the roots of Py(z), and
function, the real part o§[n] is even and does not have zerd?—1:#—2;#—3} are the roots ofP’_(z). The variousa’s

mean. The following well-known result gives us a mechanisl€ constants that must be determined by standard partial
to explicitly determine the value of the dc component fraction expansion techniques. The actual subtractiom pof
need only be associated with one of the six terms, for example

pg =G(z =1) = B4 (1,2,)B_(1,9,) o_3 (g — pgz_3) — lg?
- - — Hg = . (37)
n=+oo n=+oo Z24+ 2_3 z24+ 2_3
= n]z"" = nl. 32
n;mg[ ] » n:z_:oog[ ] (32) The wavelet filtering from (35) can thus be implemented as six

parallel operations that are then added together. If our purpose
The result is quite complicated but is presented here for the sékavavelet analysis, then the presence of zeroes will not be a

of completeness: problem, but if our intent is to reconstruct the original signal
from the wavelet representation, then the inverse technique in-
Numeratofmo, m1,ma, q) volving recursive filtering described previously will not work
Hg = Denominatofro, my, ma, q) (33)  duetothe guarantedastabilityof (W,(z))~'. We are currently
exploring a recursive procedure for signal reconstruction from
where the wavelet representation that will avoid this problem.
Numeratofmg, my,me, q) = (mo (m% + mg))Q V. CONCLUSIONS
Denominatotrm, mi, ms, q) This approach to Gabor filtering described here provides an
) o accurate and fast algorithm that is appropriate when the values
= (mg +2moq + 2¢° — 2g(mo + ) cos(2,)) of o and(2 are known. When a range fifs must be investigated
x (m$ +2m3m} +m3 + 4miq + 4mimiq (as, for example, in a Gabor tlme-frequ_ency spectrum), then the
) s ) 5 . more general approach, such as that in [11], should be consid-
+10m1q” + 2m5q” + 12m1g” + 64~ — 4g(m1 + q) ered. As presented in Section IlI-C, the accuracy is the same
x (m3 +mj + 2miq + 2¢%) cos(Q,) as the results we achieved for recursive Gaussian filtering: re-
9/ o ) ) sults that are sufficient to the task. We will, however, continue to
+2q° (m] +m3 + 2m1q + 2¢7) cos(29)) . (34)  seek an analytical solution to replace the empirical resultin (19).

As shown in Section IlI-E, the computational complexity fér
For a specific setr and specific choices fde, ande, the value input samples i$)(V), which is faster than an FFT approach.
of 114 can be determined. For the example shown at the topgfevery case, the avoidance of aliasing requires a constraint on
Fig. 3, wheref), = /10 ando = 10, p, = 0.0280448. By  the choice ofr for a given signal lengthV, as given in (22):
subtracting this value from the total transfer functiBn(z) e | < ; < N/2x.
B_(z) [7, eq. (14)], we create a new (Gabor wavelet) transfer The algorithm can be applied to multidimensional signals
function W,(z) whose value is zero for = 1. This transfer \hen one is interested in the class of separable filters such as

function will have both zeroes and poles gln,m|{e}] = g[n|{e}g[m|{e}], as shown in (31). While this
limits the domain of applicability, there are still sufficient ex-
Wy(z) =G(2) — pg = B4 (2,92,)B_(2,Q,) — g amples that fall into this category as to warrant its description.
1 1 Examples include the detection of lines and edges in man-made
~(me) (=)~ e h

We have developed an inverse to the Gabor filter as well as
an algorithm for Gabor wavelet representation. It should be ap-
parent that we do not (as yet) have a mechanism for producing a
recursion based on eitheror 2. This means that a signal must
The actual implementation of (35) as a recursive filter requirée filtered for eactand everyvalue of (s, 2) to produce the
an alternative approach. Each of the polynomiBls>) and desired result. In certain application domains, however, when a
P_(z) is a third-order polynomial and, thus, has three compleglationship, such as e 2 = &, is known, an evaluation over

1= 5y ()P (2)
PGPE

(35)
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all 2's is unnecessary when a search over the desired rangdoifvever, let us first examine the value of this expression for the
o’'s is performed. specific values ofn given in (6). Substitution leads to

2 2
APPENDIX o =1.17709¢" + 3.097 27q. (43)

There is a well-known relationship between the calculation @he first term is recognizable from (40) as being due to the poly-
the second moment of a distribution and its exponential transemial approximation in (4). The second term in (43) (the term
form. We will assume for this discussion that we are dealirtpat is linear ing) is due to the finite difference approximation.
with even, Gaussian-shaped distributions or their even approitthis point, we can solve the quadratic (43) to deterngifee),
mations that are everywhere non-negative. If the distributionas given in (11). Considering the general case as defined in (42),

continuous, then the variance is given by however, allows us to develop an expressiondiar) that can
be used with other optimization criteria that lead to another set
d® H(s) +o0 9 m
5 ds2 =0 f—oo t h(t)dt } ) . . .
o° = = (38) To determine the requiregcorresponding to a desired we

_ oo
H(s =0) f—oo h(t)dt use the standard quadratic equatigf + bg + ¢ = 0 and then

: . . write one of the solutions as
where H(s) is the Laplace transform 0i(¢). If the signal is

discrete, then
o= (1ot ) (44)
n=4+oo 2a b

22% > n(n+ 1hn] _ o - )
o2 = * le=1 _ m=—o0 Mathematica [15] easily identifies the ternfs, b, c} in (42),
H(z=1) "=i°° hn] giving the general solution
oo e b _mo (m2 +m3) (2momy +m? +m3)
L k] 20 2 (2m3 (m2 - m3) + (m3 +m3)*)
- /n=+0<> (39) 2, 2 2 2 2\2
S hn] dac 2 (2m0 (ml — m2) + (ml + m2) ) ) (45)
e — 50 —_— = — a-.
b2 (2momy +m3 + mg)2

whereH (z) is thez-transform ofi.[n]. To treat the second mo-
ments as the variances of distributions, we have normalized (

J@e values of the coefficienta are given in (6), and this gives,
and (39) withH (s = 0) andH (z = 1) and used the assumption0

substitution in (45)

of an even distribution (e.gh[n] = h[—n]), meaning that the b i sised
average is zero. o 1o

Applying (38) to (4) implies that if we were implementing @ _ 9
Gaussian filtering by differential equations and not difference 2 0.490 8110~ (46)

equations, we would then have the resultin [13], namely This leads immediately to (11). Should we desire to use another

. 203 optimization criterion to choose the sgtthen this will lead to

L 1.17709¢%. (40)  another setn and, eventually, to new values for (46).
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