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Abstract

We give a new proof of the boundedness of bilinear Schur multipliers of second order
divided difference functions, as obtained earlier by Potapov, Skripka and Sukochev
in their proof of Koplienko’s conjecture on the existence of higher order spectral shift
functions. Our proof is based on recent methods involving bilinear transference and the
Hormander—Mikhlin—Schur multiplier theorem. Our approach provides a significant
sharpening of the known asymptotic bounds of bilinear Schur multipliers of second
order divided difference functions. Furthermore, we give a new lower bound of these
bilinear Schur multipliers, giving again a fundamental improvement on the best known
bounds obtained by Coine, Le Merdy, Potapov, Sukochev and Tomskova. More pre-
cisely, we prove that for f € C2(R) and 1 < p, pi1, p» < oo with % = % + % we
have

IMf1 2 Sp % Sp, = Spll S oo D(p, P14 P2,

where the constant D(p, p1, p2) is specified in Theorem 7.1 and D(p,2p,2p) =~
p*p* with p* the Holder conjugate of p. We further show that for f(1) = AJA[,
L eR, forevery 1 < p < oo we have

P2p* S IMpe : Sap x S2p — Syll.

Here f (21 {5 the second order divided difference function of f with M Je) the associated
Schur multiplier. In particular it follows that our estimate D(p, 2p, 2p) is optimal for
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1 Introduction

In [35], Potapov, Skripka and Sukochev resolved a fundamental open conjecture
by Koplienko [26]. This conjecture asserts the existence of so-called spectral shift
Sfunctions n, g.v, for which the expression

n—1 1 dk o
Te( f(H+V) =) o fH+1V)| =fRf O,z (Dt (1.1)
k=0 """ N

is well-defined for the trace Tr on bounded operators on a Hilbert space, H a self-adjoint
operator, and V in the Schatten class S,,. The existence of the spectral shift function
goes back to the fundamental work of Krein [27, 28] and Lifschitz [31], and has
ample applications in perturbation theory, mathematical physics, and noncommutative
geometry. See [18] for an overview.

The key resultin [35] is [35, Remark 5.4], which is a direct consequence of the more
general result proved in [35, Theorem 5.3]. It asserts that multiple operator integrals of
higher order divided difference functions are bounded maps on Schatten classes. The
precise statement of [35, Remark 5.4] in the second order case, up to the boundedness
constant, is recorded below as Theorem A.

In the linear case, i.e. order one, the search for optimal proofs and constants for
operator integrals of divided difference functions has attracted great attention and a
considerable number of the most important problems have been solved. The existence
of first order spectral shift functions was first resolved in [36], and soon after the
proofs were optimised to yield sharp estimates for double operator integrals of divided
difference functions. In particular, the best constants were found in [2], and weak-L!
and BMO end-point estimates have been obtained in [5, 6] respectively. Furthermore,
in the range 0 < p < 1, the boundedness of double operator integrals of divided
difference functions has fully been clarified recently by McDonald and Sukochev [32].
For p = 1, the best known result goes back to Peller [34]. Finally, a rather general
Hormander—Mikhlin—Schur multiplier theorem was established in the groundbreaking
work [12], yielding the main results of [2, 36] as a special case.

When we consider the higher order problem of finding good bounds on multilinear
operator integrals of divided difference functions as in [35], nothing is known about
optimal bounds or end-point estimates except for the case of the generalised absolute
value map [7]. Since the key results from [35] were proven, which is over a decade ago,
significant advances have been made in the theory of Schur multipliers. This motivates
our re-examination of this result, as we investigate here whether recent proof methods
offer new insights. Let us first state our main result and then comment on the proof
methods.

Upper bounds. We first define the second order divided difference functions. Let
f € C2(R), then the first order divided difference function is defined by the difference
quotient

_ S0 —fw

[
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On the best constants of Schur multipliers. ..

for A # w, and by setting f M (x, 2) := f’(A). The second order divided difference
function is then defined by

FUG, A = fMOG, digr)

2o, A1, 20) 1=
Aic1 — Aigl

where i is chosen such that A;_1 # X;11, with A3 interpreted as Ao, and otherwise
we set fI21(1, A, 1) := f” (). The function f?! is well-defined and invariant under
permutation of the variables. Our main result is now stated as follows. The definition
of a Schur multiplier will be recalled in Sect. 2. Throughout the paper we use the
notation p* = % for the Holder conjugate of 1 < p < oo.

Theorem A Forevery f € C*(R) andforeveryl < p, pi, p2 < oowith% = %—}—%
we have

IM 12 Spy X Sp, = Spll S D(p, pr, pIf oo,

where

D(pv P, P2) = C(ps P, p2)(ﬂp1 + ﬂpz) + ﬁp]ﬁpz(ﬁp + ﬂp] + 13]72)1
C(p, p1, p2) = BpBpi Bpy +min(B; By, BoBp) +min(By, By, BrBpy)
+min(B5,Bp,. By, Bra)-

and By = qq*.

In particular, if we set p; = p» = 2p we get the following asymptotic behaviour
for the constant D(p, 2p, 2p). For p — oo, D(p, 2p, 2p) is of order at most O (p*),
and of order O(p™*) when p N\ 1. To see the latter limit, just note that (2p)* 2 and
in particular does not blow up. This improves on the constant obtained by the proof
method in [35] by eight orders, see Remark 7.3. Note that in Theorem B below, we
justify that our constants must be quite close to the optimal ones.

Proof methods. We now describe the novel parts of our proof. Essentially, there are
four aspects: avoidance of triangular truncations, bilinear transference, the use of the
Hoérmander—Mikhlin—Schur multiplier theorem [12], and finally, in combining the
estimates we use a range of bilinear multipliers that map to S;.

To start with, our proof relies on the following decomposition of the divided
difference function into two-variable terms and three-variable Toeplitz form terms.

A — A AM—A
2 0 1 2 1 2 2
P00 2,00 = =—= Plao, v+ O A, 20).
)\«0 - )\2 — )\() - )\'2 —
" Two-variable term ——— Two-variable term
Three-variable Three-variable
Toeplitz term Toeplitz term

(1.2)

This yields a decomposition of the corresponding Schur multiplier into linear Schur
multipliers and bilinear Toeplitz form Schur multipliers, which we can treat separately.
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Crucially, we refine the decomposition (1.2) such that we can avoid the use of triangular
truncations. This alone improves the upper bound on the norm of the Schur multiplier
by three orders in p compared to [35].

The boundedness of a linear Toeplitz form Schur multiplier is implied by the bound-
edness of an associated Fourier multiplier through the transference method [1, 3, 33].
This transference method was recently extended to multilinear Toeplitz form Schur
multipliers [8, 9]. We apply this to reduce our proof of the boundedness of the bilinear
Toeplitz form Schur multipliers to the boundedness of the associated bilinear Fourier
multiplier.

For this, we use that it is possible to show that this Fourier multiplier is a so-called
Calder6n—-Zygmund operator. Such operators are known to be well-behaved under
extension to UMD spaces in the linear case, such as for example the Schatten classes
Sp, p € (1, 00), see e.g. the monograph [23]. This result was recently extended to
multilinear Calderén—Zygmund operators [15]. Unfortunately, the proofs in [15] do
not keep track of the constants, though following the proof gives an explicit constant.
We have therefore carefully outlined the proof of [15] in the appendix of our paper, as
the p-dependence of the bound when considering Schatten classes concerns our main
result. A very important observation is that we are dealing in this paper with Calderén—
Zygmund operators that are Fourier multipliers, hence the paraproducts appearing in
the multilinear dyadic representation theorem used in [15] vanish. This also yields an
improvement on the bounds of our Calderén—Zygmund operators.

For non-Toeplitz form Schur multipliers, the transference method is generally dif-
ficult to apply, if at all possible. However, a recent result on the boundedness of linear
Schur multipliers, including those of non-Toeplitz form, gives a rather simple sufficient
condition for their boundedness. In [12], it was shown that a Hormander—Mihlin type
condition implies boundedness of the Schur multipliers M,,, even if the symbol m is
not of Toeplitz form. In fact, a slightly weaker condition is sufficient, as mixed deriva-
tives need not be considered. It turns out that these Hormander—Mihlin type conditions
can be used to effectively estimate the linear (non-Toeplitz) terms occurring in (1.2).

Finally we need to combine the estimates we get for the three-variable Toeplitz
terms with the ones for the two variable terms. Each of these terms yield a constant
of order O(p*) for p N\ 1 and so a naive combination of the estimates would yield
order O((p*)?). Interestingly, we have found a way to combine the two estimates
so that for the asymptotics for p N\ 1 only one of the terms is relevant, and we are
able to control the norm of our Schur multiplier with order O (p™*) again. For this we
prove that certain bilinear multipliers that appear in our decomposition actually map
boundedly to S;.

Lower bounds. In the final part of this paper we establish a lower bound for the bilinear
Schur multiplier appearing in Theorem A. An alternative form of this problem was
already considered in [11], where it was shown that there exists a function f € C 2(R)
for which M o does not map S> x S, to S7 boundedly. Outside of [—1, 1], this function
is given by f(s) = s|s|, and it is C? inside [—1, 1]. Such functions are generalised
versions of the absolute value map and have played an important role in perturbation
theory ever since the results of Kato [24] and Davies [13] on Lipschitz properties of
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the absolute value map. A weak type estimate for generalised absolute value maps
was obtained in [7].

We use the generalised absolute value function to provide lower bounds of bilinear
Schur multipliers in the following way. Note that since this function is not C2, we
make sense of the second order derivative as a weak derivative.

Theorem B Let f(s) = s|s|,s € R. Forevery 1 < p < 0o, we have
1M fi2 = Sap % S2p = Spll 2 p*p*. (13)

Our proof method is as follows. For Schur multipliers whose symbol is continuous
on an open subset 2 C R?, restricting the symbol to any discrete subset X x ¥ C Q
yields a new Schur multiplier whose norm is not larger than the norm of the original
Schur multiplier, see [29, Theorem 1.19] for this restriction theorem. Further, Davies
(see [13, Lemma 10]) showed that one can approximate the triangular truncation
map by restrictions of the divided difference function of the usual absolute value
map to discrete sets. Here we show that also for the second order divided difference
function of the generalised absolute value map, we can find restrictions to discrete sets
that approximate the triangular truncation map. In turn, sharp lower bounds for the
triangular truncation map are known and go back to Krein’s analysis of singular values
of the Volterra operator [19]. By combining these ideas, we are able to find good lower
bounds for our bilinear Schur multipliers of second order divided difference functions.
Remarkably, we obtain a square power p? for the asymptotics p — oo and a linear
term p* for p \ 1.

Theorem B closely relates to the main result of [11]; in fact it implies a mild variation
of the main theorem of [11]. In Remark 8.5 we conceptually compare our proof to
[11] and argue that it gives a fundamentally better lower bound than what the method
from [11] would give.

Note in particular that for p N\, 1, Theorems A and B yield that the asymptotics
of the norm of (1.3) for general f are precisely of order O(p*). The asymptotics
for p — oo are narrowed down to an order between O(p?) and O(p*), and both
the lower and upper bounds we find here are fundamentally better than what was
previously known.

Structure of the paper. Section 2 contains preliminaries on Schur multipliers and
Calder6n—Zygmund operators. In Sect. 3, we present a decomposition of the Schur
multiplier of second order divided difference functions into linear terms and bilinear
Toeplitz form terms. Their boundedness is shown in Sect. 4 (linear terms) and Sects. 5
and 6 (bilinear terms). In Sect. 7, we prove Theorem A, as well as an additional extrap-
olation result. Theorem B is proven in Sect. 8. In Appendix A we have incorporated
all arguments that are needed to obtain the explicit constants of Theorem 6.5; this
essentially requires a careful analysis of the proofs in [15] and references given there.
We decided to give full details here as this contributes directly to our main result.
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2 Preliminaries

We recall the following preliminaries, for which we refer to [39] for multilinear oper-
ator integrals, to [21] for harmonic analysis, and to [20] for (scalar-valued) multilinear
Calderén—Zygmund theory.

2.1 General notation

We let the natural numbers N be all integer numbers greater than or equal to 1. We shall
write A < B for saying that expression A is always smaller than B up to an absolute
constant, and A ~ B for A < B < A. We write f = O(g) if we have | f(L)| < g(A)
as A approaches some specified limit (usually A — oo). For f € C"(R) we let £
denote the n-th order derivative. We call a function smooth if it is a C°°-function on
its domain. For a continuous function f : D — C, D C R9, we define its support
to be the closure of the set {x € D | f(x) # 0}. We let C.(R) denote the continuous
functions on R with compact support. The Fourier transform of a Schwartz function
m is defined as

(Fm)(x) = 27)~3 /d m(€)e € de. @.1)
R

We extend F in the usual way to the space of tempered distributions.

For p € (1, o0) weset p* = p/(p—1), which is the Holder conjugate of p. The set
A C R3 is the set of diagonal elements (A, A, 1), A € R?; we shall often require this
only ford = 1. We use notations like {A = u} to denote the set {(A, ) € R? | 1 = pu).
The Euclidean norm of a vector & € R? is denoted by |£| = (Zfz |&; Iz)%.

We call a function ¢ : R?\{0} — C homogeneous if it is homogeneous of order 0,
i.e.if forevery r > 0, & € R?\{0} we have ¢(r¢) = ¢(&). Moreover, ¢ is called even
if p(—&) = @(¢) and odd if p(—£) = —¢@(£). We may define a function R‘/\A — C
to be homogeneous, even, and odd with precisely the same definitions.

2.2 Function spaces

We let Cp, (R) denote the complex valued continuous bounded functions on R. Further-

more, we let L }OC (R9) denote the locally integrable functions R¢ — C. The Banach

1
space of p-integrable functions R? — C with norm Ifllp = (Jga | f)Pdx)? is
denoted by L”(RY).

2.3 Schatten classes

For p € [1, 00), S,,(]Rd) denotes the Schatten p-class of B(L?(R?)), consisting
of all compact operators x € B(L*(R?)) for which lxll, = Tr(|x|P)V/? is finite.
Furthermore, S (RY) denotes the compact operators in B(LZ(R”I )). For p = 2 we
may identify S»(R¢) linearly with L2(R¢ x R?). This way, akernel A € L2(R¢ x RY)
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On the best constants of Schur multipliers. ..

corresponds to the operator (A£) (1) = f]Rd A(t, $)E(s)ds in So(RY). We shall mostly
be concerned with d = 1 and write S, = §,(R). Note that for 1 < p < o0, the dual
space of S}, is S+, where p* is the Holder conjugate of p.

2.4 Schur multipliers

For m € L®(R??), the multiplication map M,, : A — mA acts boundedly on
L?(R9Y x R9) and hence on S (RY). Now let us consider d = 1 and introduce multi-
linear Schur multipliers as follows. Let m € L% (R™*1). Then by [10, Proposition 5]
there exists a unique bounded linear map

My Sy x...x 8 —> S :(A,...,A) — My,(A1, ..., Ay),

where the kernel of M,, (A1, ..., Ay) is given by

Mm(A1,..-,An)(SO,sn)=/ m(so, ..., $n)A1(50, 1) - .. Ap(Sp—1, sp)dsy

Rr—1

co.dsy,—1, S0, 8, € R,

Moreover, this map is bounded by ||m | «; this follows from the Cauchy-Schwartz
inequality as observed in [10, Proposition 5]. We recall that in the linear case the
following elementary (in)equalities for 1 < p < oo hold

My 0 Sp — Spll = IMy 2 Spx — Sp=l,
M 2 S2 — Saoll < | My 2 Sp — Spll,
M 2 S2 = S2l = llm|l poowm2)- (2.2)

where the first equality follows from duality, the second from complex interpolation
between p and p*, and the last from the fact that we identified S> with L?(R x R) on
which m acts as a multiplication operator.

We may similarly define Schur multipliers on discrete sets as follows. Let X be
any set and let £2(X) be the Hilbert space of square summable functions on X. For
p € [1,00), let S, (€2(X)) be the Schatten Sp-space of B(£2(X)) consisting of all
operators x € B(£*(X)) for which the norm |lx ||, := Tr(|x|?)!/7 is finite. For x € X,
let p, be the orthogonal projection onto the span of §, € 02(X), where 8,(x) = 1
and 8, (y) = 0 for y # x. Letm € £°°(X x X x X) and consider the bilinear Schur
multiplier

My, = S2(E2(X)) x $2(62(X)) — $2(£%(X))
o) D> ma. 22, k) paXpay ypas. (2.3)
Al,A2,A3€X

As before, this map is bounded by ||m ||, see [10, Proposition 5].
For sets F, G consider the disjoint union X = F U G and let pr and pg
be the orthogonal projections of £2(X) onto ¢%2(F) and £2(G) respectively. Define
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S,(L2(F), €2(G)) = prS,(L*(X), £2(X))ps. Then by (2.3) we see that M,, maps
$2(E2(F), £2(G)) x $2(£*(G), L2(F)) to S2(E(F), £*(F)).

In either the continuous or discrete case, let 1 < p, p1,..., pn < 0o with p‘1 =
- p; ' We may consider the restriction of M,, where its i-th inputs are restricted
to the space SN S, . If this restriction takes values in S, and has a bounded multilinear
extension to S,; X ... x S, , then this extension, also denoted by M,,, is called an
(p1, .- -, pn)-Schur multiplier. In the discrete case, our terminology is the same but
with S, replaced by S, (£2(X)).

2.5 Divided difference functions

Definition 2.1 (Divided difference functions) Let f € C"(R), n € Ny. We define the
n-th order divided difference function f" of f inductively as follows. The first order

divided difference function is constructed as f 0l(ng) := f(X0). Then we set
6o, )
[n—1] . . _ rln—1] . .
_ f ()‘0*“")‘./—1’)‘_1‘*'] ----- )L):),)ij ()"Ov“")"l—l’)"l+l ----- }‘n)’ lfkl 7& )LI for some i 7& j7
R )
L0, Mo=...=hn,

(2.4)

where Ag, ..., A, € R.For A, u € R, we set

SO0 =Ry = f G ).

k times n+1—k
times

We shall use repeatedly that divided difference functions are invariant under per-
mutation of the variables, which can be checked by induction from its definition (or
see [14]).

Remark 2.2 For n = 2 and f(%) = A|A| we define f?! in the same way as in Defi-
nition 2.1, except that we set f [21(x, &, A) = 0. Note that this alternative definition is
required, as f is not a C2-function.

Remark 2.3 We have from e.g. [35, Lemma 5.1] that

I < n—"". 2.5)

LA
!

2.6 Fourier multipliers and Calderon-Zygmund operators

In analogy to the linear definition, we define a bilinear Fourier multiplier with symbol
m € LOO(Rd X Rd) as follows. For Schwartz functions fi, f> on RY, we set

1 ‘
Tn(f1, () = —d/ m(&1, £)(F f1)(ED(F f) (&) G g
2m)4 Jrdxra
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Note that as F f1 and F f, are Schwartz, the integral is over an integrable function
and hence this formula is well-defined.

We recall the following from [15], which we need only ford = 1. Let T be an bilin-
ear operator defined by an integral kernel, i.e. there exists a function K : R3\A — C
such that for compactly supported bounded measurable functions f1, f> € LSO(Rd),

3
(T, f), f3) = /R K (x3, x1, 32) 1‘[1 £ )dx
=

whenever supp f; N suppf; = @ for some i # j. Such an operator T is called a
Calderon—Zygmund operator if there exists some « € (0, 1] and Cx > 0 such that
the following conditions hold:

e (Size condition) for all x = (x1, x2, x3) € R3¥\A,

Ck
—x2| + |x1 — x3))%’

K
|K(x)| = 0

e (Smoothness condition) for all j = 1, 2, 3,

Cilxj —x}|*

— x2| + |x) — x3)2d+e

IK(x) — K(x)| <
(lx1

holds whenever x, x’ € R3\ A such that x; = x] fori # j and
2)xj — x| < max(lxy — x2l, [x1 — x3),

e (Boundedness) for some (equivalently, for all) exponents pi, p» € (1, 00) and
g3 € (1/2,00) such that 1/p1 + 1/p2 = 1/¢3,

UT o P ety S 1LF Loy L F2 o gty -

3 Decomposing second order divided difference functions

The aim of this section is to show that the bilinear Schur multiplier of the second order
divided difference function f?! admits a decomposition as sums of compositions of
bilinear Schur multipliers that are independent of f and of Toeplitz form as well as
linear Schur multipliers. Such decompositions appear already in [35], but we require
a different decomposition that allows us to incorporate the application of triangular
truncations into the bilinear part.

Let € > 0 be small and fixed. Define the sets
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Fig.1 The sets A;  as defined in (3.1). Note that the sets are partially overlapping

Ale = (—2¢,m/2+2€) U (m — 2¢,3m/2 4 2¢),
Are = (/2 4+€,3n/44+€)UQGBn/2+¢€,Tn/4+€),
A3 =0Crn/d—e,m —e)U(In/4 —€,2m —€).

For a point £ = (&1, &) € R?\{0} and A C R we say arg(&€1, &) € A in case there
exists 8 € A such that & = (cos(6), sin(0)). We cut ]Rz\{O} into the following areas:

Are = {(51, &) € RP\[0} | arg(&1, &) € Ay},
Ase = (&1, &) € R2\[0} | arg(&1, &) € An.c),
Ase = (51, &) € RA\(0} | arg(£1, &) € Asc). 3.1

All these sets are radial in the sense thatif § € Aj . thenré € Aj . forany r > 0.
All A . are open and satisfy —A; . = A .. Further, the sets A ¢, j = 1,2, 3 cover
R?\{0}. See Fig. 1 for an illustration.

Let T C R2 be the unit circle. Let 61,605,605 : T — [0, 1] be a partition of unity
of the sets Aj . NT, j = 1,2, 3. We may assume without loss of generality that the
support of 9;. is contained in A j . N'T. Furthermore, we may replace 9} (£),& €T, by

%(9} &)+ 9} (—&)) and may therefore assume without loss of generality that 0} &) =
0;(—£). Set 0;(&) = 0(§/I&]) for & € R?\{0}. Then 61,65, 63 : R?\{0} — [0, 1]
are smooth, even, homogeneous functions such that 61 + 6, + 63 = 1 on R*\{0} and

such that the support of 6; is contained in A j .
Let

0;(h0s A1, A2) = 0; (A1 — Ao, Ao — A1), (1, A2, A3) € RA\A, (3.2)
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where we recall A = {(A, A, 1) | A € R}. We obtain for (Ao, A1, A2) € R3\ A and
f € C%(R) that

3

00, A1, 22) = Z 8, (20, A1, 22) FH (R0, A1, 22). (3.3)
j=1

We shall now decompose each of these three summands. A general decomposition
method can be found in [35, Lemma 5.8]; however, in the special case of divided
difference functions, both the statement and the proof are more straightforward in our
version below.

Lemma3.1 Let f € C"(R), n > 1 and let Ao, ..., , € R be such that for some
i,j€{0,...,n}wehave A; # A;. Let u € R. Then,

Ai—
P00, k) = "0 A A A)
Ai —Aj
H—2Aj
+—jf[n]()"07 . '?)\‘i—17 M?A'l'-ﬁ-la oo ,)\n)-
Ai —Aj

Proof Since f!"!is invariant under permutation of its variables [14], we assume with-
out loss of generality that (i, j) = (0, 1) to simplify the notation. It follows for & # A;,
i =0,1, that

0w, A A2, - An)

_1 - —
= (f[n U(h0 A2s A3 oo A= f1 1](A1,x2,...,xn))
1 - p—
= = (G0 ks ) = £ R )
+ f[n—l]( Y o) — f[n—l]()\ A )
)\’0_)\‘1 I’Lv 2y A3y ...y Ap 1, A2, «cos Ap
R =
— f ()&07 “, )u27 )\133-.-,)\4}1)-’_ f (M’A'15A27~--,Atn).
Ao =M Ao — A

Note the same formula holds for Ay = p or A1 = p as long as A9 # Aj. Indeed,
assume without loss of generality Ag = u # A1, then

A)— 1 W — Al
o, s o, As e A+ I A A )
Ao — Al A0 — A
——— ~———
-0 =1

= Mo, Ay A2, An).
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We define the following functions for (Ao, A1, A2) € R3. Let

U1 (ho, A G = MO, £

1(ho, A1 A2) = 7 0 # A2,
A2 — A0

Y2(ro, A1, A2) = Y1(A2, Ao, A1) = . A2 FE AL
Aoy — M
1— A2

Y3(ro, A1, A2) = Y1(A1, A2, Ag) = . Ao F AL
Al — Ao

and
) = A w0, dr,w = A0 a1, A upek

As divided difference functions are permutation invariant, we have <5f()», w =
b7 (. h).

At this point we note that 0 ¥, j = 1,2,3 extends to a bounded continuous
function on R3\ A. Indeed, let A € R\ A be in the support of 6; ;. Note that the support
is by definition a closed set contained in A ., and that A ; . does not intersect the rays
ro = A2 (for j = 1), .o = Aq (for] =2),0r g = A (for] = 3), see (3.2). Hence
9 ¥ is bounded on the support of 0 We may thus extend 9 ¥ ; by setting it equal to
zero outside the support of 9 This extended function is a smooth even homogeneous
function on R3\ A.

We now apply the decomposition of Lemma 3.1 in the case n = 2. In case
(X0, A1, X2) € A1 we have, as also noted in the previous paragraph, that Ag # A2,
and we get

A A
20, 11, 00) = AZ_ 00 200+ 5= f[2 (12 A1, 22)
= Y1 (Ao, A1, A2)P s (ho, A1) + (1 - 1#1)(?»0, A A2)@r (A1, A2).

(3.4)

Similarly, we may use the permutation invariance of divided difference functions and
find for (Ao, A1, A2) € Ap ¢ that

G, 21, A2)
A — Ao
= 0,50, 20) = 5 _Mf 12, 20, 10) + fm(ko,ko,)\l)

= Y2(h0, A1, 22)df (ho, 42) + (1 = ¥2) (o, A1, )»2)05/’()\0, Ap). (3.5

Finally, for (A9, A1, A2) € A3z ¢, we have that

26w, A1, 22)

= f[z]()\.l, )\.2, )L()) = —if f21 ()"17 )"27 )"2) + f[z]()\’z’ )\'2’ )\'O)
— A0
= Y3(ho, A1, 22)r (A1, 22) + (1 — ¥3) (o A1 ?»2)47f()‘07 32). (3.6)
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Combining (3.3), (3.4), (3.5), and (3.6) we find that

3o, 11, 22)
= 61 (10 A1, 12) (101()»0, A, A2 (ho, A1) + (1= Y1) (ho, A, M)y (A, ?»2))

+52000, 7, 72) (V2(ho, 21, 220 (Ro, 22) + (1= ¥2) Gro, A1, A2)y Gro, 21) )

+03 (10, A1, A2) (¥3(ho, A1, A2)p (A1, A2) 4+ (1 — ¥3) (Ao, A1, A2)pr (ho, A2)) -
(3.7

This decomposition (3.7) is not yet optimal for our purposes. In Sect. 6, we shall
require that the symbols of the bilinear Toeplitz form Schur multipliers in our decompo-
sition are odd (instead of even) homogeneous. This in particular implies the vanishing
of the paraproduct terms that occur in transference methods for the bilinear term,
improving the bound on the norm of our Schur multiplier. In order to achieve this, we
include an extra sign function in the three-variable terms, for which we compensate
by including a sign function in the two-variable terms. Set

€(h, u) = sign(u — 1), €1(Xo, A1, A2) = sign(A1 — Ap),
€2(ho, A, A2) = ssign(ha — A1), €3(Xo, A1, A2) = sign(A2 — Ag),

where we use the convention that sign(0) = 1. Then we obtain the following
decomposition, that we record here as a proposition.

Proposition 3.2 Let f € C*(R) and let (Ao, A1, A2) € R3\A. Then,

S0, 112 22) = €1(ho, A1. 22)81 (Mo, A1, A2) W1 (k0. A1. 22) - €(ho. A £ (R, A1)
+ea(h0. 212 A2)01 (Ro. A1, A2)(1 = Y1) (ho. A1, A2) - €(hp. A2)df (A1, A2)
+e3(10. A1, A2)02 (M0, A1, A Y2 (Ao, A1, A2) - €(Ag. 22) (Ao, A2)
+e1 (Ao, A1, A2)82 (Ao, A1, A2) (1 = ¥2) (ho. A1, A2) - €(ho. A £ (Ao, A1)
+ea(ro. A1, A2)83 (Ao, A1, A2) W3 (A0, A1, A2) - €(r1, A2)9 r (A1, A2)
+e3(h0. A1 22)83 (k0. A1 A2) (1 = ¥3) (Ao A1, A2) - €(A0. A2)df (Ao, A2).

Remark 3.3 In the previous expression we separated the two-variable terms from the
three-variable terms with a ‘-’.

For the corresponding Schur multipliers we find the following decomposition.

Proposition 3.4 Let f € C*(R). For x, y € S» we have

Mf[Z] (x,y) = M€1§11ﬁ1 (M€¢f(x)7 )+ M€2§1(1ﬂ01)(x’ Mquf(y))
+Me¢°5f (M€3§21/,2 (x,y) + M€1§2(1_¢2)(M6¢‘3f x), y)
+M62§31/,3 (x, M€¢f o)+ Meqbf (M53§3(1_1/,3)(x’ ). (3.8)
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Proof Note by Sect. 2.4 (or [10, Proposition 5]) that all linear and bilinear Schur
multipliers appearing in (3.8) are bounded as maps on S, — Sy or §» x §» — S».
The proposition is now a consequence of a mild variation of [35, Lemma 3.2], which
can easily be verified directly in the same way. O

Now we outline our proof strategy for the next sections. All the linear Schur mul-
tipliers appearing in the decomposition (3.8) shall be estimated in Sect. 4. Each of
the six summands in (3.8) contains a bilinear Schur multiplier. The last four of these
summands shall be estimated in Sect. 5. The first two summands shall be estimated in
Sect. 6. In fact, the methods of Sect. 6 can be used to estimate all six bilinear terms
in (3.8). However, the constants obtained in Sect. 5 have better asymptotics, which is
particularly relevant for the asymptotics for p N\ 1 (as in Theorem A) for the third
and sixth summand.

Strictly speaking, the sign functions €, ¢; in the last four summands of (3.8) are not
needed for the estimates in Sect. 5. We have included them to show that these terms
can also be estimated with the methods of Sect. 6.

4 Bounding linear terms with the Hormander-Mikhlin-Schur
multiplier theorem

In this section, we show the boundedness of the linear Schur multipliers My and M, by

defined in Sect. 3. Note that while the majority of this paper is concerned with second
order divided difference functions, we will prove the results in this section for general
n-th order divided difference functions.

We will use the following theorem.

d
Theorem 4.1 [12, Theorem A] Let ¢ € CL2/THR2\{x = u}), p € (1, 00), and
let My be the Schur multiplier associated with ¢. Then

IMplls,—s, S pr*lI@llams

with || llams == Y [y ) = A — w18 @k, )] 4197 @ (ks 1D lloo-

d
yI<L§1+1

We want to apply Theorem 4.1 to multipliers with symbol ¢r(A, u) =
FG® | m+1=6y for some 1 < k < n. Here, we use the notation introduced
in Sect. 2.5. We need the following two lemmas.

Lemmad.2 Letn > 1,0 <k <n+1,andlet f € C"+1(R). Then the partial
derivatives of the map (h, ) — fIO® | 1t H =Y gre given by

8, fI®) | 1=y g plnt ) G D il —hy
aﬂf[l‘l]()\’(k)’ M(n+1—k)) — (n + 1 _ k)f‘[l‘l-‘rl]()\'(k)7 M(n+2—k))

Furthermore, (A, p) — GO, 1 0H1=0)) e CHR2\{A = u}).
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Proof Since f "] is invariant under permutation of its variables, it is sufficient to
calculate the partial derivatives in A. For n = 1, there are three cases to consider:

o k=0:9 fMM(u, n) =0.

o k = 2: 9, fM,0) = 8, /() = /() = 2f2N A, A, 1), where we used
Definition 2.1.

e k = 1: We use the product rule to show

W o S = F R fR) = fW
M0 = 0= =

(1] _ fl1l
_IUON ) _

By definition, continuity of fI!l follows from continuity of f. Furthermore, its
derivatives are continuous in A # u by continuity of f” and fI1.

Now let n € N. For k = 0, the statement is immediate. For0 < k <n + 1, we use
the product rule and induction to show

0, SO =0y
_ (fIIO0, k) - G R, ety
A=
~ f[n—l](k(k)’ M(ﬂ—k)) _ f[n—l](k(k—l)’ M(n+1—k))
(A —p)?
B kD =Ry (k — 1) fII B a1k gl () -y (nt 1=k
= R

— kf[n+1] ()L(kJrl)’ M(n+lfk)).

Continuity of (A, ) — fIHOA® | O +1=0Yy in & £ u follows by induction from
continuity of the corresponding f"~!-terms. As in the base case, continuity of its
first derivatives in A # p follows from continuity of £**+1 and £, O

Lemmad3 Forn e NNO<k<n+1,0<y <min{k,n+ 1 -k}, and (A, n) €
RA\{A = pu},

A= ul? 19 Fo®,
A = wul” 10, f7OT, * =) Py

Proof Fory = 0, this statement is immediate from (2.5). Letnow 0 < y < min{k, n+
1 — k}. By repeatedly applying Lemma 4.2, we obtain

- (k+y—1! -
3)]\/f[n](k(k)’ M(n—i—l k)) — ﬁf[rﬁy]()\(k-i-y)’ M(n+1 k)).
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We now decompose f"+71 by applying the definition of divided difference functions
multiple times as

f[n+y](k(k+y)’ M(nﬂ,k))
1
= —)\ > (fln+yfll()\(k+y)’ M(nfk)) _ f[n+y71](k(k+y71)’ M(Vl‘i’l*k)))

1 14 Ay X . 1—k .
- (_1)1< .)f["]()»( tr=p k= lr=iy
=y ]Z:;) J

. . )
Using the estimate || £ o < % from (2.5), we conclude
=l 18] fM GO, p 0y

k+y—D! & (v i o
< = Z ; |f[”](k(k+y 4/)’M(n+l k—(y /)))|
.

_ Gty 1) i (y) 1f P leo _ oy Gty = DU oo

= k=1 pard j nl (k= D! n!

Altogether we can now show the following.

Theorem4.4 Letn € N, f €e C"(R), 1 <k <n,and p € (1,00). Set py (A, ) :=
FIGEO | O+ 1=0y Thep

n+3

n!

Mg, lls,—s, S PPN llos-

Proof We can apply Theorem 4.1, since ¢ 7 € CHR:\{x = u}) by Lemma 4.2. From
Lemma 4.3, we conclude

Il 7 llms
< bslloot NG, 1) = 2= 12l33 s Chs 1) lloo + 1Gh ) > 1A= 128 (1 1) 1o

1/ @lloo _ 2243
n! N

< +2k+2(+1—k) IF ™ oo

n!
O

Remark 4.5 Recall that we set €(A, u) = sign( — A). Under the assumptions of
Theorem 4.4 if follows also that

n+3
n!

2
IMeg,lls,—s, S PP ™ lloo-
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Indeed, €¢ ¢ satisfies the same Hormander—Mikhlin differentiability criteria as ¢ 7, so
that we may appeal again to Theorem 4.1.

5 Bilinear Schur multipliers that map to S,

The aim of this section is to estimate the last four of the bilinear Schur multipliers
occurring in the six summands of (3.4). It turns out that these Schur multipliers are
special, as they admit an Sj-bound.

Theorem 5.1 Let m : R*\{0} — C be smooth and homogeneous with support con-
tained in one of the four quadrants o1R~o x 02R~q, where o; € {+, —}. Define i as

in (3.2). Then for every 1 < p < 00, 1 < py, p2 < oo with % + ﬁ = % we have

1M = Spy x Sp, = Spll < C(m)p1pip2p3.
for a constant C(m) > 0 only depending on m.

Proof For simplicity assume that oo = +, as the other case can be treated similarly. Set
then p(A) = m(A, 1), A € R. Then p(&1/&) = m(&1/&, 1) = m(&1, &), where the
last equality follows as m is homogeneous and supported on (&1, &) with &; positive.
Further, note once more that m is homogeneous and thus constant on rays. Since
its support is a closed set contained in the quadrant 01R-g x R.¢, it must thus be
a proper radial subsector of that quadrant. Therefore, it follows that p has compact
support contained in o1(0, 00). In particular, p is a compactly supported Schwartz
function.

It follows that the function r — p(o1e’), t € R is Schwartz. So using Fourier
inversion we write

p(ore’) = / g(s)e'ds
R

with g a Schwartz function. Substitute ¢ = log(c1£€1/&>), where (&1, &) € o1R-o X
R-p. This gives

m(1, &) = p(é—l) = /}Rg(s)|$1|”§2_isds, (€1, &) € o1R~¢ x R.o.

&
Let
1 v = xol'S, ifor (A — Ao) > 0,
ks (o, A1) = {O, otherwise.
2 _ [ Ga =), i (g — A1) >0,
kO, 22) = { 0, otherwise.
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Hence
(o, A1, h2) = /R g()k; (o, ADKZ (01, A2)ds.
It then follows that
M (x, y) = fR g My (\)Myz (y)ds.

Note that [k} [lumms = ll2lams = 1 + 2|s|. Thus by Theorem 4.1,

IMzi = Sp, % Spy = Spll S [ g(s)(1+2s)?ds p1p}paps.

This concludes the proof. O
For the following corollary we recall the notation from Proposition 3.4.

COLO"aryS.Z Let a3 = 63521,02, a4 = 6152(1 — ), as = 62531//3 and ag =

€303(1 — yYr3). Then for every 1 < p < 00,1 < p1, p2 < 0o with % + % = % we

have
[Ma; 2 Sp, X Sp, = Spll S Claj)pi1pipaps, 3<j <6,

or a constant C(a;) > 0 only depending on a;.
J J

Proof Each of the functions a; is smooth, homogeneous, of Toeplitz form, and sup-
ported on one of the two quadrants —ocR.g X 0R-g with ¢ € {4, —}. Therefore the
conclusion follows from Theorem 5.1. O

Remark 5.3 The constant C(a;) depends in particular on the choice of € > Oin Sect. 3,
see (3.1). Note that we cannot expect a bound as in Corollary 5.2 that is uniform as
€ \{ 0, since in [8, Theorem 5.3] and its proof it is shown that such Schur multipliers
do not map to Sj.

6 Bilinear transference
The aim of this section is to estimate the remaining bilinear terms occurring in
Proposition 3.4. The crucial observation is that these multipliers are of Toeplitz form

and therefore, using bilinear transference techniques, can be estimated by Fourier
multipliers and Calder6n—Zygmund operators.

6.1 Bilinear Calderon-Zygmund operators and Fourier multipliers

We say K : R? — C satisfies the size condition if for some constant C; > 0 we have

C
K@) < —5

|Z|12, z € RA\(0). ©.1)
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We say that K satisfies the smoothness condition if K is continuously differentiable
on R?\ {0} and there exists some constant C» > 0 such that

IVK(z)| = E—é z € R*\{0}. (6.2)

Set K(x,y,2) = K(x — y,x — 2), x, v, z € R. If K satisfies (6.1) and (6.2), then

Cy

1K (x,y,2)| < , (.2 eRA\A, (6.3)
(Jx =yl + |x —z])?
and it follows from the chain rule that
VK (x, y,2)| < C2 (x,y,2) € RA\A (6.4)
N (P P R o

It is assumingly well-known (see e.g. the introduction of [20]) that Condition 6.4
implies the following more general condition. We provide a proof for completeness
as we did not find it in the literature.

Lemma 6.1 Suppose that K satisfies the smoothness condition. Let (x1, x2,X3) €
R3O\A. LetX; € R, j = 1,2, 3, be such that

~ 1
xj = Xjl = Zmax(jxy = xzl. b — x3)). (6.5)

Then,

lx1 — X1l

(Jx1 — x2| + |x1 —x3D)3’
|x2 — X2

(Jx1 — x2| + |x1 — x3))3"
|x3 — X3

(Jx1 — x2| + |x1 — x3))3°

IK (x1,x2,x3) — K(X1, X2, x3)| S

|K(X1, X2, -x3) - K(X], ;CJZ?-X:;)' S

IK (x1,x2,x3) — K(x1,x2,X%3)| S

Proof We only prove the first estimate, the other two are proved in a similar way. It
suffices to prove the case xo # x3, since R3\{x, = x3} is a dense subset of R\ A and
K is continuous. Take x| in the interval [x1, X] (or in [X}, x1] in case x| > X ) such
that

1K (x1, %2, x3) — K (%1, %2, x3)| = |x1 — %1181 K (x], x2, x3)).
But then the assumptions (6.3) and (6.5) imply that
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lx1 — X1
(Ix] — x2| + |x1 — x3)3
lx1 — X1

|K (x1,x2,x3) — K(X1,x2, x3)| S

™ (a1 = xal 4 =33
where the second inequality follows from (6.5) since

Ix1 — x2| < |x1 — x| + |x] — x2]

< lx1 =Xl + |x] — x2

IA

1
§|X1 —xa| + |x] — x2.

m}

Lemma 6.1 shows that the conditions (6.1) and (6.2) imply that the kernel K
satisfies the size and smoothness conditions appearing in [15]. Next, we show that
for bilinear Fourier multipliers with odd homogeneous symbols, their associated
Calderén—Zygmund kernels satisfy these criteria. Recall that the Fourier transform
F was defined in the preliminaries (2.1) in a distributional sense.

Proposition 6.2 Ler m : R2\{0} — R be smooth and odd homogeneous, and set
m(0,0) = 0. Then Fm : R? - Cis a function satisfying conditions (6.1), (6.2), and
(Fm)(0,0) =0.

Proof The proof is essentially the same as [5, Lemma 4.3] but for the convenience of
the reader we give it here. We identify R? with C. Since m is smooth on the circle, we
may write

m(e'?y = Zakeikg, 0 € [0, 27),
keZ

where the Fourier coefficients o« decay faster than any polynomial. As m is odd, it
has mean zero on the circle, and thus «g = 0. It follows that

Zk

m= Z Ok 8k gk(Z)ZW, 0#zeC.
0#£keZ <

We have for k # 0 that (Fgx)(0) = 0, and as in [5, Lemma 4.3] one can show that

Far@ = 2 gizec
8Kz T ook |Z|k+2’ z ’

Hence (Fm)(0) = 0 and

lklog  2F
2rik |Z|k+2 ’

Fm)@) = Y

0#keZ

0#zeC.
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As the coefficients |k|oy are summable it follows therefore that
(Fm)@|~ 0(z]™%),  [V(Fm)@)| ~ 0(lz7),

which finishes the proof. O

Proposition 6.3 Letr m : Rz\{O} — R be smooth, odd, homogeneous, and set
m(0, 0) = 0. Then the Fourier multiplier T, is a bilinear Calderon—Zygmund operator

with kernel —(27‘[)_1/]?1;, see the definition below (6.2). More precisely, for Schwartz
functions f1, fo we have

1
T(fi, £2)00) = =5 / / Fm)x =y, x — 2 fi() fr(2)dydz,
7T JRJR
x € R\(supp(f1) Nsupp(f2)). (6.6)

Proof We have for x € R\ (supp(f1) N supp(f2)) that
1 .
Tn(fis )@ = 5 / / mEr, £)(F ) ED(F f2) () € e ey
7T JRJR
1 . .
== / / m(Er, £2)(F f1)EDESN) (F f)(£2)e2)dE dE,
T JRJR

1
= 2—/ / m(&1, &) (F f1(- +x)ED(F f2(- +x))(52)dE1dE
7T JRJR

1
2—/ /(}_m)(él,%z)fl(él + x) f2(62 + x)dE1d&>
7 JrJr

1
2—/ /(Fm)(ifl —x, & —x) f1(61) f2(62)d§1dE.
T JRJR

As m is odd so is Fm, hence we conclude (6.6).

To show that Ty, is indeed a Calderén—Zygmund operator as defined in Sect. 2.6, it
remains to show conditions (6.1), (6.2), and boundedness of T;,,. The first two of these
conditions hold by Proposition 6.2. Finally, the boundedness condition follows from
[25, Theorem 8]. O

Remark 6.4 For Calder6n—Zygmund operators 7 on R with a convolution kernel

K@Yl os ) =KX = Y1, X = Yn)s X, Y1s.oosyn €R,

it holds that (T(1,...,1),¢) = 0 for all ¢ € L°(R) with [p¢dx = 0, ie.
T(,...,1) vanishes in BMO. As is common in the literature, we will refer to this
as “T(1,...,1) = 0”. We decided to omit the detailed proof of this fact as it is
commonly used in the literature. We refer the reader to the last equation in the proof
of [20, Proposition 6] which applies to our situation; though we note that the proof
there is only formal. Similarly, all partial adjoints 7*! and 72 of T (defined via
(T*(f, 8), h) == (T(h,8), ), (T*(f,8),h) := (T(f,h),g), see [16]) vanish
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for these operators. See e.g. [16, 30] for well-defined constructions of these expres-
sions. Hence in particular, for a bilinear Calderén—Zygmund operator with convolution
kernel, it holds that (T'(1,1),¢) = (T*!(1,1),¢) = (T**(1,1),¢) = 0 for all
¢ € LX(R) with [ ¢pdx = 0.

6.2 Completely bounded estimates and constants for bilinear multipliers

The following is a special case of the main theorem of [15], specialised to our setting
of Proposition 6.3 and Schatten classes. Unfortunately [15] does not keep track of the
constants, though they can be made explicit by following the proof. We have outlined
the proof of (6.8) in Appendix A. Note that Remark 6.4 implies the vanishing of
the paraproduct terms in [15], which allows for a significantly better bound of (6.8)
compared to general Calder6n—Zygmund operators, see Remark 6.6.

Theorem 6.5 (Special case of [15, Theorem 1.1]) Let T be a bilinear Calderon—
Zygmund operator on R. Then the bilinear operator

J K
ch(ij ®yj. Y 8 ®Zk> =Y T(f g) ® yjzk
j=1 k=1 .k
with fj, gk € LP(R), y;j € Sp,, 2k € Sp,, extends to a bounded operator
Tep : LP'(R, Sp)) x LP2(R, §),) = LP(R, S))

for p1, p2, p € (1,00) such that 1/p1 + 1/p> = 1/p. Moreover, if for every ¢ €
L (R) with [ ¢dx = 0, we have

(T(1,1), ) = (T* (1, 1), ¢) = (T**(1, 1), ¢) =0, (6.7)
then
ITep : LYV (R, Sp,) x LP2(R, Sp,) — LP(R, Sp)Il < C(p, p1, p2),  (6.8)
where

C(p. p1. p2) = BpBpiBpy +min(B By. BaBpy) + min(B2 By, BrBpy)
+min(B> By, By Bp):  (6.9)

and By = qq*, 1 < q < o0.

Remark 6.6 Without the condition (6.7) the paraproducts in the representation theorem
described in Appendix A.1 do not vanish. Theorem 6.5 remains true but with a worse
constant C'(p, p1, p2) given by

C'(p, p1, p2) = C(p, p1, p2) +min(C"(p, p1), C"(p, p2))
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+min(C"(p1, p2), C"(p1, p)) + min(C"(p2, p1), C"(p2, p)),
C"(p,q) = B;,B;Camo,
where Cgmo, = 2e(epI"(p)) 1/P refers to the constant in the J ohn—Nirenberg inequal-
ity, see e.g. [21]. For p — oo, we have CBMOP = O(p). The constant C’ is derived
through a combination of the permutation argument that we present at the end of

Appendix A, and explicit calculations found in [38]. The facts we present in this
remark shall not be used in this paper.

Next, we translate this statement to Fourier multipliers. This allows us to use trans-
ference to estimate bilinear Schur multipliers such as the ones in Proposition 3.4 by
their corresponding Fourier multipliers.

Theorem 6.7 Letm : Rz\{O} — R be smooth, odd, homogeneous, and set m(0, 0) =

0. Then for 1 < p, p1, p2 < o0 with % = % + % we have

[T : LPY(R?, Sp,) x LP2(R?, S,,) — LP(R?, S,) | < C(p, p1, p2),

where C(p, p1, p2) is as in (6.9).

Proof By Proposition 6.3, T, is a bilinear Calderon—Zygmund operator. By
Remark 6.4, we see that (6.7) holds. Therefore, the statement follows directly from
Theorem 6.5. ]

Theorem 6.8 Letm : Rz\{O} — R be smooth, odd, homogeneous, and set m(0, 0) =
0. Set

(Ao, A, A2) = m(hy — Ao, Ao — A1), (Ao, A1, A2) € RS,
Then

M5 : Sp, X Spy, = Spll
S|\ Tw : LY (R, Spy) x LP2(R, Sp,) — LP(R, Sp)[| S C(p, p1. p2),

with C(p, p1, p2) as given in (6.9).

Proof We will apply [8, Theorem A] to a modification of m that is continuous at zero.
Define m(A1, A2; 1, n2) = m(ry — p1, Ao — p2), Ai, i € R.Let f € Cp(R) with
compact support be such that f > O and || f||; = 1. We set

mf()»l»)\Z):/R/Rf(lll)f(lm)m()\l’)»%Ml»MZ)dl/vldML

which is continuous. Set again r%f (Ao, A1, A2) = m (A1 —Xo, A2 —A1). Itnow follows
from [8, Theorem A] that

M5, = Spy X Spy = Spll < Ty 2 LYY R, Sp,) x LP2(R, Sp,) — LP(R, Sp)|.
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Next, observe that [9, Lemma 4.3] shows that T;;, and Ty(. ..., u,) have the same
norm as bilinear maps. Therefore, it follows that

1T+ LPY(R; Spy) x LP2(R; Sp,) — LP(R; Sp)l

= /Réf(m)f(uz)lle D LPY(R; Sp,) x LP2(R; Spy) — LP(R; Sp)lldpidpn
= T : L7 (R; Spy) x LP2(R; Spy) — LY (R; Syl

Combining the previous two estimates with Theorem 6.7 yields that
Mz, = Spy X Sp, = Spll S C(p, p1, p2)- (6.10)

Now replace f by functions f; € C.(R) satisfying f; > 0, || f;ll1 = 1, supp(f;) C
supp(fj—1), and ﬂj supp(f;) = {0}. Take x; € Sy, N S2,x2 € §p, N Sz, and
x3 € Sp+ N Sy. Assume that each of these operators is rank one with respective kernels
Ai(s,t) = & (s)n;(t) (see Sect. 2.4), where we assume &;,n; € C.(R), i = 1,2, 3.
Then as j — oo we get for the Schatten class duality pairing

(Miij, (x1, %2), X3) p,p*

= /M 7 1, (50, 51, $2)€1(50)62(51)83(52)m1 (51)m2(52) M3 (S0)d sods1d 52

= /R3 /]RZ FiCmwn) fj(ua)m(sy — so — pi, s2 = s1 — j2)
x&1(s0)62(s1)83(s2)m1 (s1)N2(s52)n3(s0)d e 1d adsodsidsy

N /R3 /Rz Fi ) fi(u2)m(sy — so, 52 = s1) x §1(s0 — w)éa(s1)83(s2
+u2)n1 (s1)n2(s2 + p2)nz(so — w1)dpidpadsodsidsy. (6.11)

As each &; and n; is continuous and compactly supported, we have

/RZ LD fj(a)&1(so — m1)&2(s1)E3(s2 + uaIni (s)n2(s2 + u2)nz(so — updpidus

2% e (s0)E (s1)E3(52)11 (5112 (52)n3(50). (6.12)

in the L'(R3)-norm, where we see the expressions in (6.12) as functions of
(s0, 51, 82) € R3. Therefore, taking the limit j — oo in (6.11) gives

(MG, (x1, x2), X3) p, p*
Eina - m(s1 — S0, 52 — 51)§1(50)82(51)&3(s2)n1 (s1)n2(52) 3 (s0)dsods1d s>

= (Mpi(x1, X2), X3) p, p*
(6.13)
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By linearity, density, and uniform boundedness of Mz and M ;. asmaps S, X S, — S»
(see Sect. 2.4) the convergence (6.13) holds forany x| € SN Sp1 , X2 € NSy, x3 €
S, N Sp+. Hence,

IMii = Sy, X Spy — Syl
= sup [{MG (x1, x2), X3) p, p*|
x1652f'15p1 ,xzeSzﬂS,,z,X3652ﬁSp*,
Xl py =lx2ll py =lx3ll px =1

= sup lim (Mg, (x1,x2), X3)p, p*|
x1€SzﬂSpl x2€S2ﬂSl,2 x3€SzﬂS *, Jj—00 J
lIxtllpy =lx2ll py=lix3ll px=1
< lim sup ||M,;fj 28p X Sp, = Syl

j—o0

which concludes the proof. O

7 Proof of Theorem A and extrapolation
7.1 Main result

We now collect all estimates we have obtained so far in this paper.

Theorem 7.1 (Theorem A) For every f € C*(R) and for every 1 < p, p1, p2 < 00
such that % = % + % we have that

IMse1 2 Spy X Spy = Spll < D(p. p1. I oo,

where

D(p’ P, P2) = C(p’ P1s p2)(:3p1 + ﬁpz) + 5[71:3172(:319 + ﬂp| + :3172)

where C(p, p1, p2) was defined in (6.9) and B; = qq*.

Proof Consider the decomposition of M e given in (3.8) in terms of bilinear Schur
multipliers of Toeplitz form and linear Schur multipliers. It is sufficient to show that
each of these maps are bounded on the corresponding Schatten classes. Each of the
functions a; := €161y, a a := = &01(1 — Y1), a3 := €362y, as := €162(1 — Y2),
as = exbhp and ag = 6393(1 — Yr3) is smooth, odd, homogeneous, and has value
zero at zero. Note that we added the ¢; terms to assure that the functions are odd.
Therefore by Theorem 6.8 we get the bounds

”Mai :SPI XSP2_>SP||SC(p1p19p2)’ 15156
We shall only use this fact for i = 1, 2. By Corollary 5.2 we also get
1My, 2 Spy X Sp, = Spll S p1piP2ps = BpiBpyy 3 =i 6.
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For the linear term Mcg, , we apply Remark 4.5 to see that for any 1 < g < oo,
IMeg; = Sq = Sqll SN f"llo0qq™ = By,

and similarly for €d 7. These estimates together with the decomposition (3.8) allow
us to conclude

||Mf121 2 8p X Sp, = Spll S Cp, prs P2)(Bpy + Bpy) + Bpi Bp(Bp + Bpy + Bp,)-
O

Remark 7.2 We examine the constant D(p, 2p, 2p) with 1 < p < oco and its asymp-
totics for p going either to co or 1. Note that if p N\ 1 then (2p)* 7 2. In fact, 2p)*
is uniformly bounded for 1 < p < oo. We therefore find for 1 < p < oo that

D(p,2p,2p) ~ p*p*.

Remark 7.3 The p-dependence of the norm of the triple operator integral appearing
in [35, Remark 5.4] is not made explicit in [35]. Following the proof of [35] in the
bilinear case we find that D(p,2p,2p) = O(plz) as p — oo. This is justified as
follows.

(1) The three triangular truncations used on [35, p. 533] yield a factor of order O (p?).

(2) Estimating the linear terms in decomposition [35, Eqn. (4.3)] yields a factor of
order O(p?), arising from the application of [35, Lemma 4.5], which is of order
0(p).

(3) Estimating the bilinear terms in decomposition [35, Eqn. (4.5)] yields a factor of
order O(p®). As shown on [35, p. 519], these estimates require two applications
of [35, Lemma 4.5], which is of order O ( p3), to estimate the operator R; of [35].

A detailed account of these facts is contained in [38]. Our proof thus gives a sig-
nificant improvement of estimate for D(p, 2p, 2p) from O(plz) to 0(p4) in case
p — oo. In Sect. 8 we show that the order of D(p,2p, 2p) is at least O(p?) for
p — oo.

7.2 Extrapolation

Let x € B(H) be a compact operator. We set the decreasing rearrangement of r €
[0, c0) as

w:(x) = inf{||xp|l | p € B(H) projection with Tr(p) < t}.

We define M o as the Marcinkiewicz space of all compact operators x such that

t
lx1l31) o := sup log(l —l—t)_I/ Us(X)ds < o0.
0

t€[0,00)
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Theorem 7.1 now yields the following extrapolation result, which should be compared
to [2, Corollary 5.6].

Theorem 7.4 For every f € C*(R) we have
M fi21 2 $2 X So > M1 ool < 00.

Proof Let s > 0 be large, set p = log(s) and set ¢ = p* = p(p — 1)~! to be the
Holder conjugate of p. Note that as s — oo we thus have g \( 1. Let x, y € $> and
setT =M fi21 (x, ). Then by Holder’s inequality, Theorem 7.1, and the fact that the
embedding S> < Sy, is contractive, we have

$ 1 $ q 1 1
/ wi(T)dt < s» (/ uz(T)th> <s?|Tlg <57 D(q,2q,2q)1xl24 11124
0 0

1
=s7D(q,2q.2q)|x]2llyll2.

We have
1 1 1
s7D(q,2q.2q) < 100s7g* = 100e7 5% p = 100e' log(s).

So we see that

s
/0 e (Thdt S Tog(s)llx 21y ll2-

This proves the extrapolation result. O

Remark 7.5 The question what the best recipient space for triple operator integrals
of second order divided difference functions is remains open. In particular we do not
know whether for f € C%(R) we have

M pr21 2 S2 X S2 = Si 0ol < 00,

where S| « is the weak Si-space. Only in case f(s) = s|s|, as well as some simple
modifications of this function, this question is answered in the affirmative [7]. In Sect. 8
we prove lower bounds for Schur multipliers associated with the latter function.

8 Lower bounds and proof of Theorem B

In this section we investigate the lower bounds of Schur multipliers of second order
divided difference functions. In [11] it was already shown that for general f € C2(R)
we do not necessarily have that M 121 Maps 7 x 83 to S1. The counterexample of [11]
is given by the function f(s) = s|s|, s € R (or in fact a perturbation of this function
around zero that makes the function C2). Here we improve on this result by providing
explicit lower bounds for the corresponding problem on Schatten classes. Our proof
gives in fact better asymptotics for p — oo than [11], as we explain in Remark 8.5.
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Theorem 8.1 (Theorem B, Part 1) Let f(s) = s|s|,s € R. Thenforeveryl < p < 00
we have

1M s 2 S2p X S2p — Spll 2 p’

We prove Theorem 8.1 through a couple of lemmas.

Lemma8.2 Let f(s) = s|s|,s € R. Letq € (0,1) and let i, j,l € N be such that
i #jand j #1. Then

-1 ifj<i,andj <l
[2] ¢, ki kj kl _ J , J ,
hm VAR UAE )= { 1 otherwise. ®.1)

Proof Let g, A2 > 0and A; < 0, then f(ho) = A3, f(A1) = —A3, f(%2) = AJ. First
expand

FW o, 2) — FI, A2)

6w, 11, 22)

Ao — A
_ 1 (f(ko)—f()nl) 3 f()tl)_f()\Z))
_)\.()—)\,2 Ao — A A — A2
_ 1 (A%H% =M —x%)_ 52
A —A2 \ Ao — A Al — A2

We setxl := —A1. Then ,\O,Il, A2 > 0 and

A+ 7D+ 22) — (3 +23) (ko + A1)
(o — A2) (Ao + A1) (A1 + A2)
,\ZA 1 A3 W2 — A2 — A3ho — A3
(ho — 22)(ro + A1) (it + 1)
_ (Ao + )\2))»1 + AoAo2 — )\1
T (o4 A)0a 4 A)

o, =21, 22) =

(8.3)

Let g € (0, 1) as in the statement of the lemma and let £k € N. Set 1y = qki, 3:1 =
g, xy = ¢, where i, j,I € N are natural numbers with i # j and j # [. By
considering each of the 6 possible orderings of Ag, A1, and A2, we see from (8.3) that

: 1 ki ki ki _ J—1 ifj <iandj </.
kli>IIolo e a7 = { 1 otherwise. 8.4
This concludes the proof. o

Lemma8.3 Let f(s) = s|s|,s € R. Let ¢ € (0,1) and for i, j,l € N, let
ok, j, 1) = (q", —q", g*"). Then for all 1 < p < oo we have

1M f210g, = Sap(E*(N)) X S2p(€*(N)) = S, (NNl < M jin : S2p X S2p = Spll.

@ Springer



On the best constants of Schur multipliers. ..

Proof Let F, G C R be finite sets not containing 0. Then F U G is contained in a set
X5 C R of the form (—o0, —§) U (8, 0o) for some § > 0. Note that f[z] is continuous
on X5 x X5 x Xs and so we may apply [8, Theorem 2.2]. By using respectively a
restriction of the domain of a bilinear Schur multiplier, then applying [8, Theorem 2.2]
and then again a restriction of the domain, we get

1M i 2 S2p (E(F), £2(G)) x S2,(£*(G), L2(F)) — S,(*(F))|
< Mo 2 Sap(E(F U G)) x $2,(02(F UG)) — S,(L%(F U G))|
< M pin : $2p(L*(X5)) x S2p(L*(X5)) = Sp(L*(X5))|
< Mz Sap(L2(R)) x Sap(LA(R)) = Sp(L2R)].

Now let F', G C R be any subsets not containing 0. The union of all vector spaces
S, (L2(F), £?(Go)) with Fy € F, Gy C G finite is dense in S,(€2(F), (*(G)).
Therefore we have,

1M p21 2 Sap(E2(F), £2(G)) x S2p(¢(G). L2(F)) — Sp(£*(F))|

= sup 1M p21 2 Sap (€2 (Fo), €2(Go))
FoCF,GoCG finite

82, (£*(Go), £(Fo)) — S, (£*(Fo))|
1M i1 = S2p(L*(R)) x S2p(L*(R)) — S,(LAR))]].

IA

Now let
Fi=1{q"ieN}, Gy=-F={—¢"|ieN)
Let §, be as in Sect. 2.4 and define unitary maps
U : P(N) = C(F) 8 > Sppn, Vit 2(N) > €2(Gi) 2 8y > 8_ g

By interpreting these maps as base change operators, one can relate M (2o, and M ri2)
via

Mf[z]o(pk(x, y) = U:Mf[Z](kaVk*, kaUk)U,:, X,y € Sz(ﬁz(N)).
Therefore

1M f210g, 2 Sap(E*(N)) X S, (L2 (N)) — S, (2 (N))]|
= |M i : S2p (P (Fi). £2(G1)) X S2p(*(Gi), €2 (Fr)) = Sp(Fo)|
< M 2 $op(L*(R)) x S2p(L*(R)) = Sp(L*R))]I.

This concludes the proof. O
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Proofof Theorem 8.1 Let T+ = Tj> : $5,(t*(N)) — S,,(¢*(N)) be the triangular
truncation given by the Schur multiplier with symbol,

~ 1 if £A2 <0,

There exist constants C, D > 0 such that forall 1 < p < oo,
Cp < IT* : $,(L*(N)) > S5, (*(N))|| < Dp. (8.5)

The lower bound of this inequality, which is well-known and most relevant to us,
follows for instance from the explicit sequence of singular values of the Volterra
operator due to Krein (see [19, Theorem IV.8.2 and IV.7.4]). Nowset MT = T+ — T~
and M~ = T~ — T™. Let P be the projection of Szp(ZZ(N)) onto the diagonal
elements. Then P is a contraction (see [4, Lemma 2.1]). Note that M* is a Schur
multiplier acting on Szp(£2(N)) with symbol ﬁi A, ) =He(A—p), A, u € N, and
Hy(A) = £1if £A < 0. Similarly, P is a Schur multiplier with symbol p(A, n) = 1
if A = pand p(A, u) = 0 otherwise, where again A, u € N. In particular, T+ =
%(M * +1d — P). Therefore, from (8.5) we get by the reverse triangle inequality

2Cp—2 < (Mt +1d— P)|| — |ld — P|| < |M™],

where all norms are operator norms of linear maps on S, ((?’(N)). For 1 < p < 00
we have by (2.2), which also hold for discrete symbols,

1= | Hylleemxny = 1M 2 $(2(N)) — S22 (M)
< IMT : $5,(€*(N)) — S5, (2 (N))].

We thus obtain max(2Cp—2, 1) < [[M™* : $5,(¢*(N)) — S5, (¢(N))||. Furthermore,
forany 1 < p < oo we have %Cp < max(2Cp — 2, 1). Altogether, we see that for all
1 < p < oo we have

2 + 2 2
3CP < M7 2 $2,(E(N)) = S2p (C M)l (8.6)

Now fix I < p < oo. By (8.6) we can for any € > 0 choose x € Szp(Ez(N)) such
that

2
IM*()l2p > §Cp(IIXII2p —€). 8.7
It follows that
— ok g +ok gt + 2 4.2 2 2
M™M= M) M)l = IIMT (03, > §C poUlxll2p — €.
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Now for i, j,! € N as in Lemma 8.3 we define ¢ (i, j, 1) := (¢g*, —¢*/, ¢*'). Then
the limit in Lemma 8.2 shows that for x, y € S, (Zz(F)) with F C N finite we have

lim M ya1o4, (1 = P)(y), (1 = P)(x))

= lim > (P o dr)(hos M1 22) pagXpay ¥,
ro,A1,A€F,
AFEAL A FEA2

=M~ ((1 = PYO)MT((1 = P)(x))
=M~ ()M*(x). (8.8)

As we are deal with finite dimensional spaces, the limit (8.8) holds in the norm of
Sy (£2(F)). Moreover, as M FPlogy is bounded uniformly in k by Lemma 8.3, it fol-

lows by density of the span of {S;, (¢3(F)) | F C N finite} in Sop (¢2(N)) that this
convergence holds for any x, y € Sz, (L2(N)).
We now have the estimates
4

9C2P2(|IXI|2p —e)? < M~ (M),

< limkSUP 1M fi2164, (1 = P)(x)*, (1 = PYCO) ] p-
Thus by Lemma 8.3 we get,

4 22 N2 . _ 2
§C Po(lxllzp —€)* < IMprr 2 S2p X S2p = Spllll(1 — P)(0)l3,

< 4IM i : Sap x S2p = Splllixl3,-
Hence
1M p21 2 Sap X Sap — Spll 2 p*

]

Note that if p N\ 1, then 2p N\ 2 and hence the norm in (8.6) remains bounded.
Therefore, we need a different proof to treat p N\ 1, which we present below as a
separate theorem. Since many parts of the proof are similar to the proof of Theorem 8.1
we present it in a more concise manner.

Theorem 8.4 (Theorem B, Part2) Let f(s) = s|s|, s € R. Thenforeveryl < p < 0o
we have

IM g 2 S2p % S2p = Spll 2 p*
Proof Assume that Ao > 0, A1 > 0, Ay < 0 so that f(ho) = A§, f(h1) = A,

fh) = —A%. In the proof we will take A to be very close to zero and infinitesimally
smaller than both X¢ and |A;|. As in (8.2), we expand
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1 MR 22 A2 42
P, 1, 2a) = 3 (8.9)
A=A \ Ao — A Al — A

Take some g € (0, 1) fixed and let k € N. Assume that Ay = Ao(k) = ¢, 1 =

qk("”), A = Aa(k) = —qkl for i,/ € N different natural numbers. By our definition

zero is not included in N, and therefore A1 is strictly smaller than both Ag and |X1>]|.
Again we see from (8.9) that

1 ifi <,

. 21 ki kG kly _
Aam ST g e )_{—1 if1<i. (8.10)

Now for i, j,I € N, let
$li, j, D) = (g, ¢" D, —g".
Let the diagonal projection P and the Schur multiplier M be defined as in the proof of

Theorem 8.1. Then from the limit (8.10) and the fact that as in the proof of Theorem 8.1
we can show that M FPlogy is bounded uniformly in k, we can show that

M (yx) =lim(l = P)(M fiziog, (¥, X)), ¥, x € S2p(N),

with convergence in the norm of S, (N).
We recall from (8.6) and by duality, that there exist C, D > 0 such that for every
1 < p < oo we have

Cpp* < |IM*: S,(N) - S,(N)|| < Dpp*. (8.11)
Forany € > 0and 1 < p < oo we can choose z € S, (N) such that
IM* @), > Cplizll, — €).

Write z = yx with y, x € S2,(N) such that [|z]|, = [|yll2pllx]l2p. We now have the
estimates

Cp*lizlly —€) < IM™ (y, )l
< limkSUP (1 = PY(M 109, (x, YDl p

< limsup | M pi21op, (x, Y)|l p-
k

Then by [8, Theorem 2.2],

Cp*(llzlly — ) < IMyp1 2 Sap x S2p = Spllllxll2pllyll2p
< IMye: S2p x S2p = Splllizllp-
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Hence we have obtained
M re: Sap X S2p — Spll 2 p*.

]

Remark 8.5 We argue that our result of Theorem 8.1 is fundamentally better than the
methods employed in [11]. In principle, the method of proof in [11] can be adjusted
to yield that M S2p X S2p — Spll > pp* for the same function f as in
Theorems 8.1 and 8.4. Indeed, the idea of [11] is to first prove the reduction inequality

||Mf[2] 282y X S2p = Spll = )LSUIE{ ||Mf[21(,))m.) 28y = Syl
1€

The right hand side has order O(pp*), which can be seen from Theorem 4.1 for
instance. So the reduction of [11] is not efficient enough to capture the optimal
constants.

Appendix A: Proof of Theorem 6.5 following [15]
A.1 Dyadic definitions and notations

We first give a brief overview over the dyadic notions used in the proof of Theorem 6.5.
Unless noted otherwise, all definitions are from [15, Section 2.2]. While the concepts
introduced in this section are well-defined on R?, we restrict our discussiontod = 1,
as it simplifies the notation and is in fact the only relevant case to our special case of
Theorem 6.5.

See e.g. [15, Section 2.2] for the definitions on RY ford > 1.

Dyadic grids. The standard dyadic grid on R is defined as
Do = {2750, 1) +m) | k,m € Z}.

Let Q@ = {0, 1}% and equip Q with a probability measure such that its coordinates
are independent and uniformly distributed on {0, 1}. The random dyadic grid on R
associated with w = (wg)rez € Q2 is defined as

Dy :={0 +w| Q € Do},
O+w:=0+ Z 2 %y,

keZ
27k <]

where |Q| denotes the length of the cube Q in R. By a dyadic grid D we refer to

D = D, for some w € Q. For Q € D, D dyadic grid, define Q© as the cube
R € D such that Q C R and 2¥|Q| = |R)|. Further set chp(Q) :={Q' € D | Q' C
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Q and there exists no Q” € D such that Q' C Q” C Q}. We refer to this set as the
children of Q in D. The index denoting the dyadic grid may be omitted.

Haar functions. Let D be a dyadic grid on R and let Q € D. Let Qjef; (resp. Oright)
denote the left (resp. right) half of Q. For n € {0, 1}, we define the Haar function

o 101710, n=0,
¢ e ow — Lo n=1.
To simplify the notation, we set hg = h1Q Note that [, ho(x)dx = 0, hence

we refer to hg as a cancellative Haar function. Furthermore, note that for any Qg €
D, an orthonormal basis of L*(Qp) is given by the family (a9, } U {hg | Q <
Qg dyadic cube}.

From the Haar functions we construct the dyadic martingale difference of a locally
integrable function f as (Dg f) o, where

Do f =(f) 0wl 0w + <f)QrighllQright —(flolo =(f.ho)ho,

(f) o denotes the average of f overaregion Q, and (f, g) fR (x)g(x)dx.Further
define

= Y Drf= Y, Y (IRl

ReD ReD R’echD(R)
R(l)=Q R(l>=Q

Shifts, paraproducts, and representation of Calderon-Zygmund Operators. The
proof of Theorem 6.5 heavily relies on a dyadic representation theorem for Calderén—
Zygmund operators, see [30]. For the convenience of the reader, we repeat the relevant
definitions here; see [15] for the general n-linear case.

Let X be a Banach space and D a dyadic grid on R. A bilinear dyadic shift SkD of

complexity k = (ky, k2, k3) € Ng isdefinedon f, g € L2°(R, X) as

Sp(f.8) = ) Ap(f, 9, (A1)
QeD

Ao(fi®) = Y annnolf kg ks, (A2)
I, 1320
11j1=2"%110]

where exactly one of h Iis h I h 1, is a non-cancellative Haar function and the other
two are cancellative Haar functions. The index corresponding to the cancellative Haar
function is denoted by jo. Furthermore, the coefficients oy, 1,.1;,0 € C must satisfy

. .15, 0] < |Q|2 H|1 |72, (A3)
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A bilinear paraproduct is defined on f, g € L (R) as

mp(f,8) =Y ap(f, h1.0)(g h2.0)h3.0,
QeD

where (h 1,0 hz 0> h3 Q) are such that there is exactly one jo € {1, 2, 3} such that
forall Q € D we have hij, 0 = hg and iij o = 19/|Q| for all j # jo. The scalar
sequence (ag) gep is such that

172
sup Z la Q|2 <1.
00eD |Q0| oD

0CQo

Note that we will usually suppress the dyadic grid from the notation and refer to dyadic
shifts and paraproducts as S* and 7, respectively.
Let T be a bilinear Calder6n—-Zygmund operator and f, g, h € L2°(R). Then

(T(f,8),h)=CrE, Y Y 27™ 2wy (f,¢),h), (A4)

keN

where Cr is a constant depending only on 7', the sum over u is finite, and D, is
a random dyadic grid. For max; k; > 0, Ué‘) denotes a bilinear dyadic shift of

complexity k, whereas for max; k; =0, UD denotes either a bilinear dyadic shift
of complexity O or a bilinear paraproduct Note that by Equation (4.4) in [30], the
paraproducts in this representation are constructed from a scalar sequence

ag = Cr(T(1,1), hg),

hence T (1, 1) = 0 implies that the paraproducts in the representation of 7' vanish.
This applies in particular to the situation of Remark 6.4, where we have

(T(f,8),h)=CrBy, » Y 27 ™k/2(5h  (f,8),h). (A'5)

keNg u

A.2 Relevant inequalities

Before presenting the proof of Theorem 6.5, we first list the estimates that will be
used, alongside the constants they introduce.

Following [15], it is sufficient to consider the following special case of the
decoupling estimate [22, Theorem 6].

Theorem A.1 (Decoupling Inequality [22, Theorem 6]) Let p € (1, 00), let X be a
UMD space with UMD constant B, x, and let D be a dyadic grid. Further define the
following:
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e Dj;:={0eD||Q|=2"* D for some m € Z} for j, k € 7 fixed,

o the probability space Vo = (Q,Leb(Q),Lp), where Leb(Q) denotes the
Lebesgue measurable subsets of Q and Lg the normalised restriction of the
Lebesgue measure to Q,

e the product probability space V = HQGD Vo with measure v and elements

y = (y0)geD-
Let (¢9) gep be a Rademacher sequence. Let (fp)gep be a sequence of functions

R — X such that for all Q € D, fq is (1) supported on Q, (2) constant on every
Q' € chp(Q), and (3) (fo)o = 0 holds. Then

1
——E / f 1> eolow) foyo)lkdv(y)dx
p.X RJY

QeDj «

sf Yy fg(x)ﬂf;dxsﬂg,XE// I Y eolo()foyo)lzdv(y)dsx.
R Q€Dj k RV 0€Dj
(A.6)

This inequality also holds when replacing D ; with D.

Theorem A.2 (Kahane—Khintchine inequality, [23, Theorem 3.2.23]) Let (e,), be
a Rademacher sequence on a probability space 2, and let X be a Banach space.
For p, q € (0, 00) there exists K 4 < 00 suchthatforall N € Nand xy,...,xy € X
we have

N N
I Z enXnllLr@,x) < Kkpgll Z €nXnllLa@,x)-

n=1 n=1

Remark A.3 Relevant in this section is the case p = 2, g > 1. Following the proof
of Theorem A.2 in [23], the constant k) , is the same as in [23, Theorem 3.2.17]
for p,q > 1, namely «p 4 = 21+, <1 + 2§> . In particular, we thus have «2 4 <
12(1+4/g) <60 forall g > 1.

The following theorem has been specialised to our dyadic setting. Stein’s inequality
is originally due to Bourgain, and for the explicit constant we refer to the proofin [17]
which is also contained in the monograph [23].

Theorem A.4 (Stein’s inequality, Eqn. (2.3) of [15], Theorem 4.2.23 of [23], or
Lemma 34 of [17]) Let X be a UMD space with UMD constant B, x and let D
be a dyadic grid. Let (fg)gep be a sequence in Llloc(X) such that supp fo € 0O,
Q € D, and such that only finitely many of them are nonzero, and let p € (1, 00).
Then

Ell Y eolfodololr@x < BpxEI Y eofollLr@x).
0eD QeD
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Theorem A.5 (Kahane contraction principle, [23, Proposition 3.2.10]) Let (¢,,), be a
Rademacher sequence on a probability space 2, (ay), a finite scalar sequence, and
(x3)n a finite sequence in a Banach space X. Let 1 < p < 00. Then

N N
I Zan811x11||L1’(Q;X) = m’?X lanll anxn”Ll’(Q;X)'

n=1 n=1

A.3 Proof of Theorem 6.5

We repeat the proof of Theorem 3.17 in [15], specialised to the bilinear case for
d = 1and T(1, 1) = O (in the sense of Remark 6.4). By the representation theorem
introduced in Appendix A.1, the proof reduces to the following theorem from [15,
Section 4].

Theorem A.6 Let p, p1, p2 € (1,00) such that 1/py + 1/py = 1/p. Set p3 := p*.
Let S be a bilinear dyadic shift of complexity k = (ky, ky, k3) € Ng and let f; €
LE (R, Sp)), j = 1,2, 3. Define the associated trilinear form

Ag(fi.fan f3)= D Y. annnot (<f1, hi){fa h)(f3, 513)) :
0eD 11,1, 1320
11j1=2"" 10|

where T denotes the trace. It then holds that

|Ase(fis fo OIS Cpspro o) [T 1filiri s, - (A7)
j=1

Proof The trilinear form is first rewritten as

K
Ag(fi, fo 1) = ) Age(fi. fo. o), (A.8)
—
3
Ag(fio o =Y Y bkt [ [0 ] (A9
KeD;, Ly, Lz L3eD j=1
L; W _g
|Q] 1/2
brL,,13.k = Z ag,,0,,03.K 1_[ L2 (A.10)
Ql;{QZva3€D
Q;jij)=L./

where 0 < /; < kj andx = max k;. This is a new shift operator with h’ € {h0 e hL }

such that there may be more than two indices j such that their associated Haar functlons
are cancellative, whereas in (A.2), the Haar functions are cancellative for exactly two
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indices. Furthermore, the construction is such that if h’ ~is not cancellative, then
[; = 0. For details on how to construct this new shift, see [15]

The proof now proceeds as follows. First, boundedness is shown in the case where
all Haar functions h’Lj are cancellative. In the second case, where not all Haar functions
are cancellative, the fact h’L/_ = h%j = [; = 0 allows us to reduce the trilinear form
(A.9) to a bilinear form with only cancellative Haar functions. For this new bilinear
form, boundedness follows by the same proof method as in the first case.

Case 1. Let 0 < i < « be such that all associated Haar functions in (A.9) are
cancellative. Note that for Lgm € D; «, orthogonality of the Haar functions yields

Z Allzthz Z Z Dphp, = Z Z (hpy  hipYhp = hp,.

KeD; KeD;, LeD KeD;, LeD
L=k LB =K

Using the decoupling inequality from Theorem A.1, we thus have

ISECf1s ) llLe.s,)
> > bryiars k(i he) (fo iyl res,)

KeD; Ly,Ly,L3€D

)
Lf =K

< Bps, (E / / 1Y exlk@ Y brisasax

KeD; Li,Ly,L3¢D
LYk
J

[T/ he )b GrONS, dv(ndx) 2.
j=1

We can rewrite the inner sum in the integral by using (fj, hr;) = (All'éfj, hi;).
Indeed,

l.
Ay fjhe;) = E (DLfj he;) = E (fishi)the, he;) = (fj hi;).
LeD LeD
L=k L=k

Hence we can write

2
Z bLl,Lz,LS,K H(fjthj>hL3()’K)
Ly,L),L3€D j=1
1:
Lj.f):K

2
[.
= Y briirek | [(ARF ke iy (k)
Li,Ly,L3eD j=1

)
Lf =K
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2
l.
=f2 > briisrsk [ [ AL FiG)RL @)Ly (yK)dz.
K ,
j=1

Ly,Ly,L3eD
5
L;” =K
By setting
2
2
bk (yk.z) = K] E bryL.L5.Kk l_[ hp;(zjp)hey(Yk),
Ly,Ly,L3€D j=1
)
L=k
we have

2
l.
/2 > buiiarsk [ Ay fiphr;(z))hp;(vk)dz
K 11,1y, 136D j=1
)
L =K

2 2
1 1 N
= %P sz br (k.2 [ [ A} fizj)dz = /vz br (k- zk) [ | AR £ () x)dv (),
j=1 j=1

where V and v are as defined in Theorem A.1. We can use the triangle inequality and
as V? is a probability space then apply Jensen’s inequality to show

ISFCf e .s,)

2 1/p
< Bp.s, (IE /R fv I fv D axlx(x)bK(yK,zK)]'[A’,é.f,-(z,,.;<>dv<z>|;,dv(y)dx)
Jj=1

KeD;

5 P 1/p
<Bp.s, (E/R/\-/(/w I Z SKlk(x)hK()’K,ZK)HAl,éfj(Zj.K)ls,,dV(Z)) dV()’)dx)

KeDi j=1

5 1/p
< Bps, (JE fR fv /V > sklk(x)bmx,m]"[A’,f;fj<z_,-,,<>|g’,,dv(z)dv(y)dx) :
j=1

KeD;j

Note that by construction, |bx (yk, zx)| < 1. Indeed, by unfolding definitions and
applying estimate (A.3) we have

bk (YK zK)|
2
<IK® Y bryionsk! [T 1o, GOl GOl
Li,Ly,L3€D j=1
Li.lj):K
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1/2
2 Q175 1,(z1,k) 10,(z2,5) 11, (k)
K2 2 '“Ql’QZQ*’K'Hm 2 AL 2 L L)
Ly,L2,L3€D Q1,Q2,03€D

xS s
J_ Jor .
L=k 07 =L

101
= Y > ]_[IQ |12 ]'[ |£ y lLl<ZI,K)1L2(zz,K)1L3<yK).
Ly,Ly,L3€D Q1,02,03€D =1

)
J J .
L/ =Kk 0, =L,

Since the size of | Q ;| relative to |L | is fixed, we can rewrite this expression as

Z Z HlQ |1/21_[ |Q|£ | 1z, @ik, (22, 105 (VK-

Ly,Ly,L3€D Q1,02,03€D =1 Jj=1
j kj=tj)
L=k @)=L,
3

= Y > T2 M1 o, @)1 (k).
L1,ng,L3€D QI}(QZ;Q3€,D Jj=1
Lj_ﬂ:K Q;rﬂ:Lj

Finally, we use

3
ORI | O
Ql}(.Qzl,_QzeD Jj=1
Q; "7"):L,-

and the disjointness of the children of K to conclude

3
Z Z 1_[ 267y, 1 k) 1, (22,601 15 (k)

Ly,Ly,L3€D Q1,02,03€D j=1
L_e ok
jo=K e =

3
= Z 1_[ 2Ki=linli=hily (21,6011, (22.K) 11, (k)
Ly,Ly,L3€D j=1
i
Lj./ =K
= > InG@oln @)1 0k)
Ly,Ly,L3€D
a5
Lj./ =K
= 1k (z1,)1k(z2,x) 1k (yK)

<.
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172
Letting ||(xk),f:l IRad(s,) = (EH Z,{;l Ex Xk ||§p> , we can now finish the proof of
this case as follows. From the previous estimates and [15, Lemma 4.1], it follows that

ISFCf10 ) ILr sy

2 1/p
l.
<Bps, (E /R fv /v D> 8K1K<x)bK(yK,z;<>HA,gf,-(z,;m|§pdv(z>dv<y>dx)

KeD; i j=1
2 1/p
< kAT £z 4 dv(z)dv(y)d
<bpsp | Jo o [Tk k11 G KKeD; IRaa(s, V@AV |
j=1 :

Using that V is a probability space and applying Holder’s inequality yields
1/p

2
Bo.s, A /v /V 0T 500 ke, Wacs, V@AV
j=1

1/p

2
l.
= Bp.s, /R /v 0T 1500 ke, W, AV
j=1

2 1/pj
I. .
sﬂp,s,,l_[< /R /V 2 ||<1K(x>A,gfj<z,-,K>>Kepi,K||§gd(spj)dv<z>dx> .
j=1

By unfolding the definition of || - |[Rad, We can apply the Kahane—Khintchine equality
to obtain

2 1/p;
l, .
IBP’SP l_[ <A /};2 ||(1K(X)Aléfj(Z/,K))KE’D,K ”ﬁéd(spj)dv(z)dx>
j=1

5 1/pj
j 2 /2
~ b, T1 /Rfvz(E” > ek Ik @AY £ 03, P dv
j=1 KeD;
2 1/pj
l. .
< Bp.s, [ [ w2, /szn Y exlk AL fi(z 0l dv()dx
j=1 RIVE kep,, !
Finally, Fubini’s theorem and the decoupling estimate yield
’ 1/pj
l. .
Bp.s, | [ <2, / / El Y ek k@A fGE0lg dv@dx
j=1 RIVE . keD;, !
1/pj

2
l. .
=Bp.s, | [ 20 E/}é/y I 20 k1AL £ 0l dv@dx
j=1

KGD,'.K
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2

< Bps, [ 1220805, il es, -
j=1 '

concluding the proof of Case 1. Altogether, this case yields the estimate

2
k
ISE e D leras,) S Bp.s, [ k2piBrses,, -
j=1

Case 2. Let 0 < i < k be such that one Haar function in (A.9) is not cancellative.
We assume that h’L2 = h(zz and h/L/ = hr;, j = 1,3; the estimates for the other
cases follow in the same manner. Note that (A.9) has been constructed such that this
implies /o = 0, hence L, = K; see [15] for details. We use the decoupling estimate
(Theorem A.1) to estimate

ISECAL P ler@sy =10 Y. D bry sk (ke IKIY 2 () khisliee,s,)
KE'D,'YKLl,L3E'D
Lj-/):K

1/p
< Bp.s, (]EA;{/VII Z 5KIK(X)<§0K,y>K||§pdV(Y)dx) ,

KG’DI"K

where the function gk, : R — §), is defined as

ok y () = |K["* " bry gk (ko) L (9K).

L,L3eD
;)
Ll./ =K

We can now apply Stein’s inequality (Theorem A.4) with respect to x € R to obtain

1/p

Bp.s, | E /R /v I D" exlk ) ox ks dv(y)dx

KE/D,'VK
1/p

<Bs, |E fR fv I Y exlk ek, y@I§ dv(y)dx

KEDI',,(

By Holder’s inequality we can further estimate

1/p

]E/R[v” > 8K1K(x)‘PK,y(x)||§pdv()’)dx

KGD,'.K
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s(EfR/Vn Y exlxk@IKIY? Y bk (i he)he GROIS,

KeD; L,L3eD
“W_

L;

K

12015, dv(y)dx)''P

s(E// I Y exlxk@IKIY? Y bk (b, GoOIS,
kRJY KeD; L,,L3eD
ij):K

xdv(y)dx)'"P'| fall L2 .5, )-

We now proceed as in Case 1 to estimate the remaining term. We use

K['2 > bLl,Lg,K<f1,hL1>hL3(yK)=[bK(yk’ZK)Alléfl(ZK)dV(Z)’

Li,L3eD v
ap _

L;

K

where we define

b, zk) = K12 Y7 bry 1y khi, (Dhis (k)

Ly,L3eD
)
Lj =K

and estimate the remaining integral as

1/p1
(E/f 1Y exig@Ik 2 Y bLl,L3.K<f1,hL.>hL3<y1<)||§;ldv(y)dx>
RIV keD, Li.L3€D

I
L</."):K

1/p1
1
:(E/R[v” > sK1K<x>/va(yk,zmA,‘(mK)dv(z)|§;,ldv<y>dx)

KED,‘,K

1/p1
S(E[R/V/V” Z 8K1K(x)bK(yk,ZK)A1,éf1(ZK)|§;,ldU(Z)dV(Y)dX)

KED,"K

Using Fubini’s theorem and the Kahane contraction principle (Theorem A.5) we
further have

1/p1
1
(IE /R /v /v >y eK1K<x>bK<yk,zmA,éfl(zK)ng;ldv(z)dv(y)dx)

KEDi,K

1/p1
:(/]R/\.)/V]El Z sKIK(x)bK(yk,ZK)Al,}fl(ZK)I§1‘01dv(z)dv(y)dx)

KEDi,K
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1/p1
(/ f [ O zolEL Y ek k@A RGOS, dv(z)dV(y)dx) .

KED[K

As in Case 1, we have the pointwise estimate |bg (yk, zx)| < 1, since

bk Gk 2k < KPP 3" Ibry 1 k1L, 1ALy (k)]
Ly,L3eD

a
LJ =K

1, (@) 1,(0k)
=K Y bkl Ty
L3, 2 12
Ly LD [L1] [L3]
)
Lj/ =K
1121 1
3/2 10 L, 1,(k)
= IK| Z Z |aQ1 02,03, Kl l_[ |L |l/2 |L1|1/2 |L3|l/2
Ly,L3eD Qlezl.Q3ED
L<,>7K Q(, f)=L,-

< > > H'Q’ 1L, @115 (k)

ILjl
Ll( L)seD Ql(szl )QsEDJ 1
L, Yok 0,7 =L,

<1

Using the decoupling estimate (Theorem A.1) we thus conclude

1/p1

// Jax IbK(yk zx)|E| Z SKIK(X)AKfl(ZK)II 1dv(z)dV(y)dx
KeD;
1/p1
< ///EII Z 8K1K(X)AKf1(ZK)|I dv(Z)dV(y)dx
KeD;
1/p1
= /fn > eklk@ARAIGKIE! dv(dx sﬂpl,smf A5 dx.
KeD; R "

The second case hence yields the estimate

ISFCfrs P lees,) S Bys,Bri.so,

in the case where the index of the non-cancellative Haar function is jo = 2.
Boundedness of the cases jo = 1,3 already follows from this result by cyclic
permutation of the functions in the trilinear estimate (A.7) for A g«. However, we can

improve the resulting constant as follows.
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Case 2 is self-improving using cyclic permutations. Let jo = 1 denote the index
of the non-cancellative Haar function. By applying the decoupling estimate, Stein’s
inequality, and Holder’s inequality in the same manner as in the jo = 2 case, we
obtain

ISECf1 D lrr,s,) < By s, If1llLr ®s,)

x(E/fn Y ek ik K Y biy kU b b ORI dv()dn /7.
KeD; Ly, L3eD

(D)
Lf =K

Proceeding to estimate the remaining integral as in the jo = 2 case yields

ISFCfts I Lr@,s,) < Bys,Bpasy I fillLr s, I f2llLm @ s,y)-

In order to optimise the behaviour of this constant as p N\, 1, we now apply the
following permutation argument.

By writing out the trilinear form associated with Sf‘, see (A.9), where we add the
index of the non-cancellative Haar function as a superscript, we see that

AP = DY branakt (U HO U b))

KeD;  Ly,L3eD
()
Lf =K

= 3 Y braraxt (U )i B o k)

KeD; Ly, L3€D
4
L; =k

jo=2
= Aéj/(,ﬂ "(Fs fis f2)
where §; ks a dyadic shift with jo = 2 and the same scalar sequence (bL K) as Sk

up to renumbermg Noting that 8+ S = Bp.s, (see e.g. [23]), we can thus apply the
estimate of the jo = 2 case to conclude

3
1 =2
A= i o fs)I—IA("’ oo f1o LS Bnis, Bosy [T i ln s,

i=1

and by similar cyclic permutation arguments

3
=2 1
A(J0 "(fis fo. f3)| = A(’° "o 50 DI S ﬂ,z,l,sp] Bp.s, H I fillri s,

i=1

3
=3 jo=1 2
ALV for V= IAET s fio P21 S B, By, [ 1N,

i=1
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AL o, 9] = |A(’° P (f 5 OIS By s, B sn]"[nf,nWR Sy

i=1

where S;k may denote different shifts in each line.
Combining all cases, where we consider all possible locations of the non-
cancellative Haar function in Case 2, we conclude (using k2 ; < 60, see Remark A.3)

C(p, P1> P2) S BpBp By + +min(B}, By, B3Bp) + min(B5, By, BBp2)
+min(:3l272:3171 ) 1312;1 Bpa)s

where we set B, := By s,. Note that by [37], we have B, 5, = pp*, hence this
notation agrees with the notation of the constant C in (6.9) used in the main body of
this paper. O
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