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Orthogonal signal-division multiplexing (OSDM) has recently emerged as a promising alternative to or-
thogonal frequency division multiplexing (OFDM) for high-rate wireless communications. Although pro-
viding more flexibility in system design, it suffers from a special interference structure, namely inter-
vector interference (IVI), when channel time variations are present. In this paper, we first derive the gen-
eral OSDM signal model over time-varying channels, and then show that a time-domain window can be
used to enhance the diagonal-block-banded (DBB) approximation of the channel matrix in a transformed
domain. Furthermore, based on the DBB matrix enhancement, a low-complexity OSDM equalization al-
gorithm is designed. Simulation results indicate that the proposed equalizer has significant performance
advantages over that using the direct DBB approximation.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Orthogonal signal-division multiplexing (OSDM) is a generalized
modulation scheme which contains orthogonal frequency-division
multiplexing (OFDM) and single-carrier block transmission (SCBT)
as two extreme cases. Compared to the per-subcarrier modulation
of OFDM in the frequency domain [1] and the per-sample modu-
lation of SCBT in the time domain [2], OSDM modulation operates
on segments of a block, termed as vectors, by which its symbol en-
ergy is distributed in both the time and frequency domains. Also,
by selecting the length of these vectors, OSDM can enable a more
flexible system design, and offer multiple tradeoffs between peak-
to-average power ratio and granularity in bandwidth management.

OSDM was first proposed in [3,4] and has a similar signal struc-
ture as vector OFDM, which was developed in [5-7]. All these
earlier works consider only time-invariant (TI) channels. More re-
cently, due to its flexibility, OSDM has also been applied for under-
water acoustic (UWA) communications [8-11], where the channels
are typically time-varying (TV). It has been shown that the vectors
in OSDM are a counterpart of the subcarriers in OFDM. Specifically,
for the TI case, just like OFDM, which preserves the orthogonality
of subcarriers, OSDM retains that of vectors [7]. Otherwise, when
channel time variations are present, inter-vector interference (IVI)
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is induced in OSDM, which is analogous to inter-carrier interfer-
ence (ICI) in OFDM [11].

In this paper, we focus on equalization of OSDM over TV chan-
nels. So far, the research on this issue is limited, and the exist-
ing methods are based on some simplified channel Doppler mod-
els. For instance, path-uniform Doppler models with a carrier fre-
quency offset or a TV phase distortion are used in [10,11], respec-
tively. These models assume a common Doppler effect on all chan-
nel paths, under which a phase compensation can be first per-
formed, and then only a standard OSDM equalizer for TI channels
is required. Moreover, by recognizing the risk of oversimplification
in the path-uniform Doppler assumption, the complex exponential
basis expansion model (CE-BEM) is adopted in [9,12] to accom-
modate more complex path-specific Doppler effects. It models the
time variation on each channel delay tap independently by a few
exponential functions, thus enabling more Doppler-resilient equal-
ization. However, due to the modeling error of the CE-BEM, the
OSDM equalization in this case may also suffer from a severe sys-
tem performance loss.

The aim of this paper is to further improve the performance of
OSDM equalization over TV channels. The main contributions can
be summarized as follows.

» A general OSDM signal model over TV channels is derived. It
shows that the composite channel matrix is normally a full ma-
trix and the CE-BEM actually enforces a diagonal-block-banded
(DBB) approximation on it in a transformed domain. To allevi-
ate the system performance loss thus caused, a special time-
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domain window is introduced, which can render the precision
of the DBB approximation enhanced.

A low-complexity OSDM equalization algorithm is designed ac-
cordingly based on the DBB matrix enhancement. It exploits
the special matrix structure and uses the block LDLH factor-
ization to achieve a linear complexity in the transformed do-
main. Moreover, thanks to the enhanced DBB approximation of
the channel matrix, it can significantly outperform the equal-
izer with a direct DBB approximation as done in [12].

The remainder of this paper is organized as follows. In
Section 2, we derive the general OSDM signal model over TV chan-
nels. Based on that, in Section 3, we further describe the DBB ma-
trix enhancement and the proposed OSDM equalization algorithm.
The numerical simulation results are given in Section 4, and con-
clusions are drawn in Section 5.

Notation: (-)* stands for conjugate, (- )T for transpose, (- )" for
Hermitian transpose, || -|| for the Frobenius norm, and (-)x for
the modulo-K operation. Moreover, ® denotes the Kronecker prod-
uct, and © denotes the Hadamard (elementwise) product. We de-
fine [x], as the nth entry of the vector x, and [X]n, as the (m,
n)th entry of the matrix X, where all indices are starting from 0.
Similarly, [X]m:n indicates the subvector of x from entry m to n,
and [X]m:np:q indicates the submatrix of X from row m to n and
from column p to q, where only the colon is kept when all rows
or columns are included. We use diag{x} to represent a diagonal
matrix with x on its diagonal, and Diag{Ay,...,Ay_1} to repre-
sent a block-diagonal matrix created with the submatrices {An}N-1.
Also, circ{x} is a circulant matrix whose first column is x, and
Circ{Ag, ..., AN_1} is a block-circulant matrix with its first block
column being [Al,..., AL ,]7. Moreover, Fy stands for the NxN
unitary discrete Fourier transform (DFT) matrix; Iy and ey(n) refer
to the N x N identity matrix and its nth column, respectively; Oy
(1y) denotes the N x 1 all-zero (all-one) vector.

2. Signal model

Let us start with a brief introduction of OSDM and compare it
with conventional OFDM. We consider a data block d of K = MN
symbols. At the transmitter, conventional OFDM modulation is im-
plemented by a single length-K inverse DFT (IDFT), i.e., s = F{;’d. In
contrast, OSDM modulation is implemented by block interleaving
and M IDFTs of length N, which can be expressed as [11]

s= (Fi ®1y)d. (1)

Then, after inserting a cyclic prefix (CP) of length longer than the
channel impulse response (CIR), the OSDM signal is upconverted to
the carrier frequency and transmitted through the channel.

Accordingly, at the receiver, by CP removal the inter-block inter-
ference is eliminated, and the resulting K x 1 received block r can
be generally modeled as

r=Cs+n, (2)

where € is the K x K channel matrix whose form depends on the
specified channel model; n is the Kx 1 noise term. Likewise, in
comparison with conventional OFDM demodulation, which is im-
plemented by a single length-K DFT, i.e., X = Fyr, OSDM demodu-
lation is implemented by block interleaving and M DFTs of length
N, i.e., the K x 1 OSDM demodulated block is

x=(Fy®I,)r=Cd+z (3)

where C= (Fy ®IM)E(F% ®1,,) is termed as the composite chan-
nel matrix in this paper; z = (F, ® I;,)n is the demodulated noise.

From (1) and (3), it can be seen that OSDM is reduced to con-
ventional OFDM when M =1 and N = K; otherwise, OSDM will
have a different signal model from OFDM. In the following, we first

review the OSDM signal model over TI channels, based on which
our emphasis is to establish a general OSDM signal model over TV
channels.

2.1. TI channels

By defining the TI CIR vector as ¢ = [cg, Cq, ..., ¢]T, where L is
the channel order, the channel matrix in (2) has the form

C = circ{[c", 0%, ,I"}. (4)
It has been shown in [7,11] that, in this case,
C=Diag{C0,C1,...,CN,1}, (5)

where, forn=0,1,..., N—-1,

Cn = AIPFC.Fy AL, (6)
Al = diag{[1,e /%", ... e /F M-DT}, (7)
En = diag{[hnvh[‘H»Tlv"'sh(Mf'l)N+n]T}’ (8)

and by =YL (e i Flifori=0,1,... . K—1.

We can see that C in (5) is a block-diagonal matrix. By par-
titioning the Kx1 blocks d, x and z into N vectors of length
M, and defining dpn = [d]avinmem—1, Xn = [Xlpmiamem—1 and zp =
[z]im:nmam—1 as the nth symbol vector, demodulated vector and
noise vector, respectively, it can be obtained that

Xp = Cody + 2. (9)

This means that, over a TI channel, different from conventional
OFDM which can decouple all K tones at the receiver, OSDM pre-
serves orthogonality among its N vectors. In other words, the inter-
symbol interference (ISI) of OSDM in this case is confined within
each vector.

2.2. TV channels

In this paper, we consider the TV channel case. Here, the chan-
nel is directly modeled by the TV CIR {cy,}, where k and [ are
the time and delay indices, respectively. And the channel matrix
in (2) has entries

[Clik = €k (k-k), > (10)
forO<k k' <K-1.

To derive the structure of C in this case, we use the fact that
the DFT matrix of dimension K = MN can be factorized into [12]

Fx = Pym(Iy @ Fy) A (Fy @ Ly)., (11)

where A = Diag{A{,, A},..... AN}, and Py, is the K x K permu-
tation matrix defined as

IN®e[7\-,,(O)
Iy ey, (1)
Py = : . (12)
Iveel,(M-1)

Based on (11) and the Kronecker product property, i.e., (A; ®
B1)(A; ® By) = (A1A2) ® (B1By), it can be obtained that

C= [(FN ® lM)F%]E[FK(F% ® lM)]
= [A"(1y @ Fiy) |ClAy ® Fy)A], (13)

where B = FKEFZ and C =P}/ | BPy .
We know that B in (13) is the channel Doppler-frequency re-

sponse matrix. It has entries [B]; ; = b;_y y with
1k L o ik
o —J % (litkg)
bei =% ggck_,e ¢ i, (14)
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where q and i are the Doppler and frequency indices, respectively
[13]. As such, the matrix C in this case is no longer block-diagonal.
By partitioning it into M x M blocks

Cn.n’ = [c]nM:nM+M—l,n’M:n’M+M—1* (15)
for 0 <n,n” <N -1, and plugging it into (3), the nth OSDM de-
modulated vector has the form

Xn = Conn + Y Copdy + 2. (16)
n'#n

Here, on the right-hand side of (16), the second term represents

the IVI, which is analogous to the ICI in conventional OFDM. It

means that, over a TV channel, orthogonality among the N vectors

in OSDM is destroyed.

3. Channel equalization
3.1. Channel matrix structure

To achieve low-complexity equalization of OSDM over TV chan-
nels, let us further examine the matrix structures of B and C. It can
be observed that {bg;} are stored (cyclically) along diagonals in B.
To be specific, the Doppler index q =0 corresponds to the main
diagonal, while g >0 (q <0) corresponds to the gth lower (upper)
diagonal. Then, by pre- and post-multiplying by Pﬁ’ w and Py, the
matrix C performs interleaving on B along rows and columns, re-
spectively.

Since the TV CIR {cy,} is typically slow-varying, we first con-
sider a simple case where {bg;} is strictly band-limited in the
Doppler domain. Assuming that by; =0 for ¢ < —Q and g>Q, we
have that B in this case is a (cyclically) scalar-banded matrix. Then,
by further introducing the assumption that Q < N/2, after permuta-
tion, C is (cyclically) block-banded with block size M x M and block
semi-bandwidth (BSB) Q. To provide some intuition, an example of
B and C is illustrated in Fig. 1.

This matrix structure implies that IVI comes only from the
neighboring 2Q vectors. Moreover, it can be obtained that all
blocks in the main block band (except the bottom-left and top-
right corners) of C are diagonal. We can easily have

Cn.n’ = diag{[bn—n/,n’y bn—n’.n’+Nv R bn—n’,n’+(M—1)N]T}v (17)

for [n—n'| <Q, where C, , is the (n, n’)th block of C defined sim-
ilarly as (15).

Furthermore, to remove the nondiagonal blocks in the two cor-
ners, we place 2Q zero vectors at the edges of the transmitted data
block, ie., d = [OEM, d’, OEM]T and d contains N = N — 2Q vectors.
Accordingly, at the OSDM receiver, we extract the central N vectors
in the block to obtain x = Tx, where T = [Ix]om.(v_q)m-1,.- Based
on (3) and (13), the signal model in this case can be rewritten as

x=Cd+z
= [A"ay e F]C[Uy e Fy)Ald+z, (18)

where C=TCTH, C=TCT", z=Tz and A = Diag{A} A% ...
A} %1} Note that, after the truncation, the resulting matrix C in
(18) is block-banded (not cyclically) with BSB ¢ = min{Q,N — 1}
and all its nonzero blocks are diagonal. This matrix structure is
termed to be DBB in this paper, which is fundamental to en-
able low-complexity equalization of OSDM over TV channels (see
Section 3.3 for details).

However, we should also note that in practice the channel as-
sumption of limited Doppler spread would not be perfectly satis-
fied. As a result, C is in general not block-banded and its blocks are
actually not diagonal.

3.2. DBB matrix enhancement

In our previous work [12], the CE-BEM is used to model the TV
channel, and its CIR is approximated by

Q
1= Y hgelTha, (19)
=-Q

where Q <N/2 represents the Doppler spread, and hg; is the BEM
coefficient at Doppler index q and delay index I. It can be seen
that the TV CIR is here modeled by a superposition of 2Q +1
complex exponential basis functions, which enforces the limited
Doppler spread assumption in Section 3.1. Then, based on (14), we
can write

L
bgi= Y hge T, (20)
1=0

for |q| <Q, and by ; = 0 otherwise. In this case, the matrix Cis ac-
tually replaced by its direct DBB approximation

C=CoM, (21)

T TR ©

Fig. 1. An example of the matrix structures of B and C with M =4, N=8 and Q = 2.
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where Mc is the DBB mask matrix, i.e., 1-valued on the block di-
agonals within the main block band and 0-valued elsewhere. How-
ever, nulling entries of C directly as in (21) may sometimes lead to
a large channel approximation error.

To counteract this problem, a time-domain window is intro-
duced at the OSDM receiver to enhance the DBB approximation
of the matrix C. We denote the length-K receiver window with
W = diag{w}. Compared to (2), the windowed version of the re-
ceived block is

Iw = CwS + Ny, (22)
where ry = VNVr, ny = Wn agd EW = VNVE.iFurtheanore, by §imi—
larly defining Cy = (Fy ®I,,)Cw(F ®1,,), By = F,CyFi and Cy =
P} BwPny as in (3) and (13), we can repeat the derivation in
(18) and obtain
x, =C,d+z,

= [A"(y @ FD]C, [y ® Fy)A]d +z,,. (23)

where C,, = TC,TH, C,, = TC,T" and z,, = T(Fy ® Iy;)ny.

To achieve an enhanced DBB approximation of C,, (compared
to the unwindowed version C), the optimum window can be com-
puted by solving

- 2

max ng o Mc H , s.t. wlw=N. (24)
w

Moreover, due to the permutation relationship between By and

Cw, the optimization problem in (24) can be approximately refor-

mulated as

= 2
max HBW o Mg H , s.t. wlw=N, (25)
where Mg = circ{[1,,0¢_,,_;. 151"} is the corresponding scalar-

banded mask matrix.

We here adopt the minimum band-approximation-error sum-
of-exponentials (MBAE-SOE) window design strategy in [14], which
models w as a sum of exponentials, i.e.,

W=[f,Q,...,f0,...,fQ]a, (26)
;2 ;21

where f,=[1.e/ %" ... el T ®DJT for g=-Q....Q. and a=

la_q,....dp,...,aq]" is the coefficient vector. With this model, a

similar approach as in [13,14] can be used to obtain an optimum
window for the problem (24). It squeezes the significant coeffi-
cients of C,, into the entries indicated by Mc and thus achieves
an enhanced DBB structure.

3.3. Equalization algorithm

Different from the algorithms in [12], the channel equalization
of OSDM in this paper has to deal with colored noise. Specifically,
assuming that n in (2) is additive white Gaussian noise with en-
tries of zero mean and variance o2, we have E{zz"} = E{nn"} =
021 However, due to the receiver windowing, z,, in (23) is col-
ored with covariance matrix

m, =E{z,z}} = o’ TWWHTY, (27)

where W = (F, ®IM)\7V(FZ ®1,,). And, similar to (13), we can ob-
tain that

W= [(FN ® IM)F;-(I]V[FK (Fﬂ ® IM)]
= [A"(1ly @ Ffy) [W[(1y ® Fy)A], (28)

where V = FK\KIFI*(’ and W =P¥, VPy . Thus, by further defining
W =TW, (27) can be rewritten as

1, = o?[A" 1y  F)) |WW' [(1y ® F,)A]. (29)

We now assume that the symbols in d are independent and
identically distributed with unit power, i.e., E{dd"} = Iyy. Then,
from (23) and (27), a straightforward minimum mean-square error
(MMSE) block equalizer can be expressed as

-~ -1
d=c(c,C +10,) x,. (30)

where & is the estimate of d. Due to the matrix inversion, direct
computation of (30) incurs a complexity of O(K3).

To achieve a low-complexity equalization algorithm, we alter-
natively use the matrix factorizations in (23) and (29). Moreover,
since C,, has an enhanced DBB structure, we can approximate it by
C,, = C,, ®Mc. The channel equalization in this case can be rewrit-
ten as

d=[A"(y e B |TuR, [y © Fy)AJX,, (31)

where R, = gwgﬁ, + UZ\IV\IVH is a DBB matrix with BSB fBg =
min {2Q, N — 1}. This is because @W@VHV is DBB with BSB SBr. On
the other hand, based on the receiver window modeled in (26), we
can easily obtain that V = circ{[ap, ..., g, 0f_,;_;.a-q.---» 11"},

and thus WW" is also DBB with BSB Br.

Actually, (31) can be interpreted as a transformed-domain chan-
nel equalization algorithm. Here, the transform and its inverse are
implemented by premultiplying with (Iy ® F;;)A and its Hermitian
transpose, respectively. We can see that each direction of the trans-
form involves a frequency (un)shifting operation and N (I)DFTs of
size M. Accordingly, channel equalization in this case is performed
not directly on x,, as in (30), but on its transformed version. Given
the DBB structure of R,,, we can use the block LDL¥ factorization
as in [12] to invert it, and the OSDM equalization algorithm re-
quires only a complexity of O(K) in the transformed domain.

4. Numerical simulations

In this section, numerical simulation results are provided to il-
lustrate the performance improvement achieved by using the DBB
matrix enhancement and its corresponding equalization algorithm
in an OSDM system. We here adopt a similar UWA communication
scenario as in [12], where OSDM blocks are composed of K = 1024
quaternary phase-shift keying (QPSK) symbols with symbol period
Ts = 0.25 ms, and thus the block duration is T = KT; = 256 ms.
The doubly-selective channel is assumed to be Rayleigh distributed
with uniform power delay profile and U-shaped Doppler spectrum.
Specifically, the channel memory length is set to L =24, which
corresponds to a multipath delay spread of Tmax =LT; =6 ms,
while the channel time variation is parameterized by its maximum
Doppler spread f;. Moreover, since OSDM can actually be deemed
as a precoded version of OFDM with subcarrier spacing 1/T [11], in
the following simulations we use the normalized Doppler spread
faT.

Fig. 2 shows the performance of the DBB matrix enhancement
method. The quality of the DBB approximation is measured by its
normalized mean-square error (NMSE)

NMSE=E{||§W®1\7lc||2}/E{||§w||2], (32)

where Mc is the complement of Mc, and E{-} stands for the ex-
pectation operation. As stated in Section 3.2, the direct DBB ap-
proximation masks the channel matrix straightforwardly accord-
ing to (21), while the enhanced DBB approximation first imposes
the MBAE-SOE window computed in (24) and (26) on the received
block. Here, the vector length is fixed to M =4, and the normal-
ized Doppler spread f;T is generated in the range [0.1, 0.5]. It is
easy to verify from (26) that, when Q =0, the MBAE-SOE win-
dow reduces to a rectangular one, and thus the enhanced and di-
rect DBB approximations are equivalent. However, as Q increases to
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DBB Approx. NMSE

DBB Approx., Q =0
—--©—-- DBB Approx. (direct), Q =1
4 —©— DBB Approx. (enhanced), Q =1
107 —-%—-- DBB Approx. (direct), Q = 2
—3%— DBB Approx. (enhanced), Q = 2

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Normalized Doppler Spread

Fig. 2. NMSE performance comparison of the direct and enhanced DBB approxima-
tions.
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Fig. 3. BER performance of the proposed OSDM equalization algorithm as a func-
tion of the SNR with M =4 and f,;T =0.5.

1 and 2, the NMSE of the enhanced DBB approximation becomes
much lower than that of direct masking. We can thus sparsify C,
by its DBB approximation C,, with more accuracy, which enables
the design of low-complexity OSDM equalization.

Furthermore, Figs. 3 and 4 present the bit error rate (BER) per-
formance of the proposed low-complexity OSDM equalization al-
gorithm. Specifically, in Fig. 3, we fix M=4 and f;T =0.5, and
evaluate the performance as a function of the signal-to-noise ra-
tio (SNR) for various Q values. It can be seen that, when Q =0,
all entries off the main diagonal of C,, are ignored and the chan-
nel is actually treated as TI, which leads to the highest BER. On
the other hand, by using the full channel matrix, i.e., without any
DBB approximation, the lowest BER is achieved. However, since no
special matrix structure is now available, we can only resort to the
direct equalization in (30) which has a cubic complexity. Bounded
by these two extreme cases, the equalization performance is al-
ways better with the enhanced DBB approximation and the error
floor improves as Q increases. These observations can be attributed
to the corresponding NMSE results shown in Fig. 2.

T T T T T T T
—-©---M = 1, DBB Approx. (direct)
—6— M = 1, DBB Approx. (enhanced)
101k —-3—-- M i 4, DBB Approx. (direct)
—%— M = 4, DBB Approx. (enhanced)
—-#~-- M = 16, DBB Approx. (direct)
—A— M = 16, DBB Approx. (enhanced)

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Normalized Doppler Spread

Fig. 4. BER performance of the proposed OSDM equalization algorithm as a func-
tion of the normalized Doppler spread with SNR =20 dB and Q = 2.

In addition, in Fig. 4, we fix SNR =20 dB and Q = 2, and eval-
uate the equalization performance as a function of the normalized
Doppler spread for various vector lengths M = 1 (i.e., OFDM), 4 and
16. It can be seen that the BER performance benefits from a larger
M. This is because OSDM can implicitly offer an intra-vector fre-
quency diversity and its order generally increases with the vector
length [7,11]. However, as f;T increases, the direct DBB approxima-
tion gets worse quickly. The IVI and (intra-vector) ISI caused by
the masked entries in C,, become no longer negligible. As a result,
the OSDM system suffers a large performance degradation in this
case, and the gaps among the BER curves for different M values are
much narrower at high Doppler spreads. In contrast, by using the
enhanced DBB approximation, the leakage of IVI and ISI can be sig-
nificantly reduced, and the proposed OSDM equalization algorithm
can mitigate the Doppler-induced performance loss effectively.

5. Conclusion

An equalization algorithm for OSDM is proposed in this paper
to counteract the doubly-selective fading over TV channels. It of-
fers two appealing features: 1) the algorithm is performed in a
transformed domain and thus can achieve a low complexity (by
using the block LDLY factorization); 2) the algorithm is based on
DBB matrix enhancement (by imposing the MBAE-SOE window)
and thus can significantly improve the system performance com-
pared to that using a direct DBB approximation.
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