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Abstract

We propose a novel method combining elements of supervised- and Q-learning for the control
of dynamical systems subject to unknown disturbances. By using the Inverse Optimization
framework and in-hindsight information we can derive a causal parametric optimization policy
that approximates a non-causal MPC expert. Furthermore, we propose a new min-max MPC
scheme that robustifies against a ball around a disturbance trajectory. This scheme yields
an exact convex reformulation using the S-Lemma, and is also approximated using Inverse
Optimization. Finally, simulation studies clarify and verify our approach.
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Chapter 1

Introduction

Reinforcement Learning has been growing in popularity immensely in recent years due to
promising advances in the field, such as mastering the game of Go [28], or playing Atari
games at or even beyond human level [23]. While works like these are advancing the frontiers
of what is possible for RL to achieve, they require a lot of computational resources. At
the same time, there is great demand for more practical, low-complexity solutions, that are
specialized for simpler tasks, such as the control of dynamical systems.

Such problems have been studied for decades under the scope of Control Theory, with he first
examples of data-driven control appearing as far back as the 70s [5]. Because of the simple
structure of such problems, we can leverage analytical tools to obtain optimal solutions (LQR)
or solve efficient optimization programs (MPC).

In this work we will attempt to derive a low-complexity solution that is building upon the
Inverse Optimization framework laid out by [3], with the goal to match and even surpass the
performance of simple MPC schemes, while cutting down on computational costs significantly.

1-1 Problem Statement

We consider linear discrete-time dynamical systems of the form

Ti+1 = A$t + But + EU)H_l, (1-1&)
yr = Cy, (1-1b)

subject to unknown, potentially stochastic, disturbances w;, which are not necessarily i.i.d.
nor zero-mean.

The objective is to derive an MPC-like policy 7(+) that will minimize the following cost

N-1

Costi (z, W) = Z c(Tpph, Wpk) + Cf(T4N)
k=0
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2 Introduction

subject to dynamics (1-1), constraints u; € U(s¢), and u; = 7(s¢), where s; are some po-
tentially non-Markovian features of past states and inputs, i.e. sy = ¢(x1.4,u1:¢), for some
feature map ¢(-,-). We want to use past information to mitigate the effect of disturbances in
a data-driven fashion.

Assumptions The system matrices A, B, E, C are assumed to be known, but not the
disturbance dynamics. Furthermore, F is assumed to be full column rank such that its left
pseudoinverse exists, i.e, ETE = I. Additionally, the state x; is available for measurement.

1-2 QOur contributions

To achieve our goal we will need to find a parameterized state-action value function Qg(s,u)
such that the greedy policy

mp(s) = arg min Qp(s,u)
u€U(s)
accomplishes the stated objective. In order to do that we will use the Inverse Optimization
framework [3] to approximate a non-causal MPC policy that at time ¢ has knowledge of the
future disturbances that are going to occur. We will use past disturbance realizations up to
time t as features, such that the resulting controller is causal and implementable.

We also propose a new min-max MPC scheme that will robustify against a ball around a
future disturbance trajectory. This yields an exact convex reformulation due to the S-Lemma
and, as far as we know, is a novel result. This will also act as a robust non-causal expert and
we will try to approximate it with Inverse Optimization as well.

1-3 Structure of the thesis

In Section 2, we review some of the related literature in Reinforcement Learning and we
also present a comparison of some recent results. In Section 3, we formulate the Inverse
Optimization problem, and describe how it can approximate both a causal MPC expert and
a non-causal one. In Section 4 we formulate the Robust MPC problem and provide its convex
reformulation, as well as describe how it can be approximated by Inverse Optimization. In
Section 5 we numerically showcase our proposal on a benchmark system. Finally, in Section
6 we conclude our work and offer some possible future research directions.

1-4 Notation

The dimension of a variable x is denoted by n,. We denote with N the MPC horizon, with
H the number of steps we look back, and with 7" the size of a dataset. We denote with bold a
sequence of stacked variables, i.e, x1.y = (z1,2,...,2N), unless noted otherwise. When no
exact range is given in the subscript, the default length of a bold variable is N, i.e. x = Xg.n_1
and x; = Xy n—1. With (-, -) we denote an inner product and with ||x|]?4 = (x, Ax). When
a norm has no subscript, the default Euclidean norm is implied, i.e, ||z| = (x,z). With ® we
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1-4 Notation 3

denote the Kronecker product. Since the letter Q will be used to indicate both matrices and
action-value functions, we will denote with @ the former and with Q(s, u) the latter, although
it should usually be clear from the context. Finally, we will denote Nj; 77 the set of natural
numbers between 1 and T, i.e, {1,...,T}.
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Chapter 2

Related Works

Here we will attempt to categorize some recent advances in Reinforcement Learning. Most
works fall under one of three categories: supervised learning, model-free, and model-based. A
summary of some advances in Reinforcement Learning for the control of dynamical systems
(a.k.a data-driven control) can be found in Table 2-1. The entries of this table will be discussed
in more detail in the subsections that follow.

2-1 Supervised Learning

Supervised Learning is when one has access to labeled data and tries to infer the relationship
between input and labels. The two main components that define a Supervised Learning
method are the hypothesis class, which defines how the approximation is parameterized,
and the loss function which dictates how the parameters will be updated. In the context
of Reinforcement Learning, such methods are named Imitation Learning, as they usually
involve an expert, whose demonstrations take the place of labels. There are two general
approaches in Imitation Learning: Behavioral Cloning, where the learner attempts to learn
the policy directly; and Inverse Reinforcement Learning, where the learner tries to reconstruct
the expert’s reward function. Here we will focus more on the latter approach, as it is more
relevant to our work.

2-1-1 Inverse Reinforcement Learning

The main motivation behind searching for the reward function instead of a policy stems from
the assumption that the expert has an unknown reward function that shapes their decision.
Therefore, if the reward function is discovered, then the expert’s behavior can be imitated
accurately. Furthermore, the reward is usually more dense in information than the policy
itself, and learning it can allow for better generalization than just approximating the policy
[26].

Master of Science Thesis loannis Dimanidis



6 Related Works

Table 2-1: Classification of some Reinforcement Learning methods for the control of dynamical systems.

a sk b

Paper Policy class Training Dynamic
Model-based Learning policy parameters

Bradtke et al., 1994 [8] Linear X Policy Iteration X
Kiumarsi et al., 2014 [18] Linear X Policy Iteration X
Dean et al., 2018 [14] Linear v System Level Synthesis (SDP) X
Cohen et al., 2019 [9] Linear v Robust LQR (SDP) X
Lale et al., 2020 [19] Linear v Riccati X
Simchowitz & Foster, 2020 [29] Linear v Riccati X
Agarwal et al., 2019 [2] Linear v Online convex optimization v
Hazan et al., 2020 [17] Linear v Online convex optimization 4
Foster & Simchowitz, 2020 [15] Linear v Online convex optimization 4
De Persis & Tesi, 2020a;b [12, 13| Linear Ve LMI-based design (SDP) X
van Waarde et al., 2020 [31] Linear Ve S-Lemma-based design (SDP) X
Coulson et al., 2019; 2020 [10, 11] ~ MPC-N*! v? — X
Our work MPC-1* v Inverse Optimization /3

* Refers to the mapping between state/feature and input/action.

P Refers to whether the policy has states and dynamics of its own.

! The policy’s action stems from the minimization of a (quadratic) objective subject to linear constraints.
Such a policy is optimized over a N-step horizon.

2 Instead of casting the model identification and policy learning as two independent optimization problems,
these methods combine them into a single program, thereby finding the most optimal model for the control
objective.

3 While not necessary, these policies can be designed to be dependent on previous instances of the states
and/or actions.

One of the first works in this area was [1], where reward functions were parameterized as
linear combinations of feature mappings and policies were sampled from a set. Then feature
expectations were computed for each policy, and the policies were linearly mixed until the
feature expectations matched the expert’s. The resulting algorithm was very similar to an
SVM. Afterwards, a multitude of works started appearing that combined Feature Matching
with Game Theory [30], or Entropy Maximization [35]. The interested reader can look for
further information in the recent survey by [4]. One common issue with the aforementioned
approaches, is that they usually deal with discrete state (and/or action) spaces.

Another line of work that is similar to the above is that of Inverse Optimization [3], where
instead of searching for the reward function, the learner is looking for the action-value function
that the expert is minimizing when making a decision, from which the expert’s policy follows
naturally as an optimization problem. Depending on the hypothesis class this approach can
deal with continuous spaces. A more detailed look into Inverse can be found in Section 3.

2-2 Model-free methods

Model-free methods, as the name suggests, attempt to find the optimal policy without re-
quiring any knowledge of the system’s dynamics. There are two main subcategories: policy
gradient methods, where the policy is directly parameterized and is updated by minimizing
a performance measure; and Q-learning methods, where the objective is to find the optimal
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2-3 Model-based methods 7

Q-function, from which the optimal policy also follows. Here we are going to focus on the
latter, as it is more relevant to our work.

There are also algorithms that combine elements from both categories, such as the Actor-
Critic architecture, but these are outside of the scope of this discussion. As the most relevant
method to our work is Q-Learning, this is what we are going to focus on.

2-2-1 Q-Learning

One of the seminal algorithms for RL is Watkin’s Q-Learning [33], which considers discrete
state and action spaces. The core idea behind it is that the learner can discover the optimal
(greedy) policy 7*(s) = argmin, Q*(s,u) by performing Dynamic Programming iterations
over the Q-function estimate Qg(s,u) with updates in the direction that minimizes the Bell-
man error

855, u.) = Qo) = (es,0) 4+ min Qo' ) ) (2-1)

since, if @ is such that Qy = Q*, then ¢5F(s,u,s’) = 0. The advantage of Q-Learning is that
it is independent of the policy that is actually being executed to collect data.

However, a lot of problems necessitate the use of continuous spaces, which cannot be dis-
cretized due to the curse of dimensionality. This difficulty has been overcome in the context
of LQR problems [8, 18], where a modified version of Q-Learning using Policy Iteration has
been proposed. However, due to the scope of these works they are still considering the un-
constrained setting, and the resulting policy is linear.

Most modern Reinforcement Learning research uses function approximators in a deep con-
figuration. Specifically, Deep Reinforcement Learning methods use Neural Networks as ap-
proximators for the Q-function [23], and as such lift the restriction of working with only
finite-dimensional state spaces. However, this approach still relies on low-dimensional dis-
crete action spaces; otherwise, the non-convexity of the Q-function would require solving
inefficient optimization programs at each iteration. This was overcome in [20], by using the
aforementioned Deep Q-Network and an Actor-Critic architecture. This meant that the policy
had its own network which approximated the greedy policy. Even in these Deep Reinforce-
ment Learning approaches however, the updates for the Q-Network is still driven by gradients
of the Bellman loss (2-1).

2-3 Model-based methods

The traditional approach has been that of system identification and control design through a
variety of methods such as solving the Riccati equation, robust controller design, etc. This is
reflected in the following lines of work, where in regret minimization approaches, it is shown
that these traditional methods can also work in iterative/online schemes, whereas research
based on Willems’ lemma combines system identification and control design in one step.

Master of Science Thesis loannis Dimanidis



8 Related Works

2-3-1 Regret Minimization

There has also been a lot of recent research in the model-based setting in the context of
online optimization. Specifically, these works target systems of the form (1-1), where the
model parameters are unknown, and are searching for causal policies of the form:

H
WK(xt) = —K().%‘t — Z KT'LUt_T (2—2)
T=1

The aim is to find the appropriate gains K such that the regret in cost between the played
policy and the best policy in hindsight is minimized. Note that even though that’s the aim,
regret is not minimized explicitly; rather it’s proven to scale logarithmically or as a square
root of time.

When wy is entirely stochastic and i.i.d, then it is known from Optimal Control Theory that
certainty equivalence is optimal and the disturbance feedback gains can be ignored. Therefore,
it is known that the optimal policy is when Ky is the solution the to Riccati equation.
Therefore, works focusing on this setting usually require an initial stabilizing controller, and
by using e-greedy exploration they are able to find the A, B matrices through (online) least-
squares methods. The estimates for A, B along with their confidence intervals are then either
used to find robust-in-the-uncertainty LQR. controllers by solving semidefinite optimization
programs [14, 9], or they are projected to some safe sets determined by the model’s confidence
and then the LQR gain is found by solving the Riccati equation [19, 29].

On the other hand, when the disturbances have their own (unknown) dynamics the rightmost
terms of (2-2) can no longer be neglected. Furthermore, a good model is necessary in order to
properly observe the disturbances, and thus there needs to be a distinct identification phase,
instead of having continual exploration as before. Works like [2, 17, 15] exploit the linearity
of the dynamics by minimizing the cost contribution incurred by the disturbances alone. This
happens in hindsight, as the disturbances are not immediately observable at time t.

2-3-2 Willems’ Lemma

This lemma states that trajectories of linear systems can be described as a linear combination
of previous trajectories that are sufficiently long and rich in information [34]. This means that
one can replace a model of the form (1-1) with a Hankel matrix containing past trajectories,
and thereby express any new trajectory as a linear combination of the columns of this matrix.
While it’s not a very recent result, and it has been used for some time in Subspace Identi-
fication methods [32], its newfound applications for direct data-driven control have recently
gathered a lot of research attention from the control community.

The idea of combining identification and control design in a single step can be both detrimental
and advantageous. It is common for more than one system to be explained by the data —
especially when stochastics are involved — and by combining the two phases we get the system
that minimizes the control cost. Furthermore, even though these works are often described
as model-free, in reality they are not: the data itself serves as an input-output model.

In [12, 13], the authors utilize Willems’ Lemma to formulate controller synthesis for a system
with process noise as a semidefinite optimization program. By utilizing LMIs they are able
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2-3 Model-based methods 9

to exploit their inherent robustness properties, and thus the resulting controller is robust
to additive noise. No statistics on the noise are assumed, only that it is sufficiently small
compared to the underlying states of the system. Another approach to this can be found
in [31], where it is shown that the conditions on the data can be relaxed such that only the
feasibility of the optimization program is required, not the stricter persistency of excitation
condition. However, for LQR synthesis the stricter PE condition is still necessary. Further,
the authors propose a different representation of the dynamics along with LQR synthesis
program based on the S-Lemma, which makes the decision variables independent of the size
of the dataset, allowing this method to scale to larger dimensions.

While a lot of research in this topic only considers the unconstrained scenario, there are also
works such as DeePC [10] where the constrained setting is examined. Specifically, as in other
works based on Willems’ Lemma, the linear dynamics constraints in an MPC are substituted
with a Hankel matrix containing past trajectories. One major caveat is that the decision
variable has a significantly higher dimension than a typical MPC scheme, making the problem
computationally harder for large system dimensions. Under the presence of stochastics, this
approach warrants regularization on the decision variable or else trajectories not belonging to
the system’s original subspace may be predicted, deteriorating the controller’s performance
[11].

Master of Science Thesis loannis Dimanidis
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Chapter 3

Inverse Optimization for RL

3-1 Inverse Optimization as supervised learning

The goal of Inverse Optimization is to learn the behavior of an expert whose actions depend
on an external signal. We assume that, for a given state s € S C R"s, the expert’s decisions
u®™ € U(s) € R™ stem from the minimization of a value function Q®*(s,u) which assesses
the cost of each decision. In other words, the expert follows the greedy policy

7% (s) = arg min Q% (s, u). (3-1)

u€U(s)

Since Q**(s,u) is unknown to us, our goal is to approximate it with a parametric model
Qg (s,u). To that end, we will use the suboptimality loss function, which was first introduced
in [24]:

Ezub(s,uet) = Qp(s,u®") — min Qg(s,u) (3-2)
u€U(s)

The main motivation behind this loss is that since u®* is the minimizer of Q®*, we want to
find the parameters in the hypothesis space that best explain u®*. The loss goes to zero
only if the parameterization of Q°* is exact. Furthermore, as we will see later on, this type
of loss function has beneficial computational properties when the hypothesis class for Qg is
quadratic.

Remark 1 (Relationship to Q-Learning). There are parallels that can be drawn between
Q-Learning and Inverse Optimization: the policy class is the same and the goal of both
methods is to recover the optimal Q-function. However, the notion of optimality is different
between that two methods, since the losses involved are different. As mentioned in Section
2-2-1, Q-Learning is an unsupervised method where the aim is to minimize the Bellman error
loss (2-1). On the other hand, in Inverse Optimization we want to minimize the degree of
suboptimality for a certain hypothesis between what the expert demonstrated and what is
actually its current minimum.

Remark 2 (Relationship to Regret). At first one might think that the suboptimality loss
(3-2) is similar with the notion of Regret that was discussed in Section 2-3-1. While that is
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12 Inverse Optimization for RL

somewhat true in a conceptual level, as both measure the degree of suboptimality there are key
differences between them. Specifically, Regret is usually not directly optimized over; rather,
it is used a performance metric for how well an online optimization algorithm approximates
the full offline solution of the same problem.

3-1-1 Hypothesis class

Since we will be dealing with linear systems such as (1-1) with quadratic costs, it makes sense
to choose the following quadratic hypothesis class:

Q = {Qq(s,u) = (u, Oyyu) + 2(s,05,u) : 6 € O} (3-3)

where the parameter space © C R(sFnu)x(ns+nu) pepresents a subset of all square matrices.
Specifically, we will work with strongly convex quadratic matrices, i.e:

0 esu .
o-fo-[2 0] »

su

Notice that the mapping 6 — Qg(s,u) is linear, and therefore the suboptimality loss (3-2) is
convex in #. Additionally, since we are only interested in the minimizers of Qg, we do not care
about the cost incurred by the current state, thus the relevant term is omitted from (3-3) and
(3-4).

3-1-2 Learning the optimal parameters

Given a dataset D = {(&,a5¥)}/_, of states & and expert actions 45* = 7°%(4;) we can
formulate the learning problem of Qg as the following optimization program:

T
. gsub PPN’ B
min 521: o (5, 07) (3-5)

We will consider the case when the input constraint set is ¢(s) is linear, and it can be written
as:

U(s) ={u: G(s)u < h(s)}.

For the sake of notation we will denote G; = G(s;) and hy = h(s;). Then, (3-5) admits the
following convex reformulation (Corollary 3, [3]):

T
9,’71r;nTi,I)1\1:T tz::l Qo (8¢, 45™) + %% + AT\
s.t. 8 € O,
At >0, t € Ny
Ouw  GTA + 207,53
* e

(3-6)
=0, t €Ny

Let us note here that even the above has been formulated for a single dataset, we can easily
extend this to multiple ones by just concatenating everything into a single one. This is possible
because the Inverse Optimization policy depends only on the current feature s;.

loannis Dimanidis Master of Science Thesis



3-2 MPC expert for Inverse Optimization 13

3-2 MPC expert for Inverse Optimization

Consider a dynamics model like (1-1), but without any external disturbances. Let us introduce
the quadratic stage costs

2 2 2
c(z,u) = |[zllg, +lullg, and cf(z,u) = [lzlg,

where Q,, @ = 0 and Q, > 0. Then, we can define the following MPC problem with horizon
N:

N-1
V]{fnpc(l-t) = Hlllltn Z C(:L‘H_k, ut+k) + Cf(xt+N)
k=0
st. Toppp1 = Azer + Bugr, k€ N y_q), (3-7)

GuTiip+1 < hay k € Ny y_1],
Guuiyk < hu, k€ N n-1),
Due to the principle of optimality we can break up the above problem as
VP (ay) = min c(ay, up) + Vi (Az, + Buy)
s.t. Gu(Azy + Buy) < hy,
Guut < hy,

where Vy'P{ is defined accordingly. Therefore, the Q-function of the MPC agent is Q™P°(z, u) =
c(z,u) + Vy'P{(Az + Bu) which is defined over the constraint set

LmPe (1) {u: lGéf u < [hx —hszxH

To approximate Q™P¢(x,u) with Inverse Optimization, we must solve (3-6) with s; = z; and
ug® = 7™P(z), where

7P () = arg min Q™P(z, u)
u

s.t. u € UMP(x)

Since the constraints are linear, it is known that Q™P¢ will be piecewise quadratic; therefore,
we cannot hope for an exact approximation by Qg. Despite that fact, this has been shown to
work quite successfully in [3]. Approximating (3-8) does not require knowledge of the stage
costs as it can be seen in (3-6), but if there are state constraints, then a dynamics model
could be required; otherwise, solving (3-6) does not require any knowledge of the dynamics.

(3-8)

Remark 3 (Trajectory tracking). The above problem has been formulated with stabilization
in mind, but it is equally as easy to track a trajectory r;: the stage costs will have to be time
varying, i.e, ¢k (Tiak, Ursk) = ||Year — rt+k||éy + ||ut+k\|éu, and the features s; will have to
contain the trajectory up until time ¢ + N, ie, s = (z¢,re41). Notice that r; does not need
to be included in the features even though it could exist in the MPC objective function, since
it does not contribute to the cost incurred by wu;.

Remark 4 (Unconstrained case). If there are no constraints, then we have a finite-horizon LQR
problem, whose Q-function is known to be quadratic and positive definite. Furthermore, if the
horizon N is large, then the Q-function will approach the stationary solution of the discrete
Riccati equation. Also, notice that when there are no constraints, the approximate policy
becomes mg(s) = —0,,101,s, which implies that instead of searching for Qy, we can search

directly for the optimal feedback gain.
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14 Inverse Optimization for RL

3-3 Exploiting in-hindsight information

When the disturbances have dynamics of their own there is a relationship between past and
future realizations, i.e, we can use past information to make an estimate about the future.
Our goal is to infer this relationship directly from the data itself and at the same time find
the best way to use that information in a feedback setting.

When we have access to the model parameters of (1-1), A, B, E, at time ¢ we can measure
wy since
Wt = ET(JZ‘t — Al‘t_l - But_1)

If the next IV disturbance realizations were available at time ¢, we would be able to compute
the optimal disturbance-aware input sequence. Hence, we can define the non-causal MPC
problem:

N-1
Vﬁc‘mpc(l’tawt-f—l) = Hllxltn Z A Tpqk, Uppk) + Cf(a:t+N) (3-9)
k=0

s.t. Titk+1 = AIH_]C + B’LLH_k + Ewt+k+1, ke N[O,N*l}’
Gupyr+1 < hey k € N n_q)s
Guuitk < hu, k € N y_1),

Similarly to Section 3-2, we can define Q"™P¢(x, w,u) and U™ ™P°(z, w) accordingly and
therefore we obtain the non-causal MPC expert policy:

Wnc—mpc(

x, W) = arg min QMR (1, W, u)

(3-10)

s.b. u € UNTPE(z, W)
As this policy is non-causal it cannot be implemented in real time, but only in hindsight, as
W1 is not available at time ¢. However, when the disturbances have their own dynamics, an
estimate for w;;1 can be inferred from the past H realizations. Hence, we can use wy_fy1.+
as features when approximating 7"“™P¢(z, w) with Inverse Optimization, and by doing so we
implicitly infer the prediction relationship between wy_r 414 and w41 and also the optimal
way to counteract wi.

The procedure used to approximate the non-causal MPC expert with Inverse Optimization
is outlined in Algorithm (1). Let us stress again the fact that while during training a non-
causal controller is used, the resulting controller is completely causal as it only depends on
disturbance realizations that are observable at time t.

Remark 5 (Handling of non-causal constraints). When solving problem (3-6) and there are
state constraints involved, the future disturbance trajectory wy41 will not be known to the
Inverse Optimization policy. Therefore, we will have to use a causal version of the constraints,
such as U™P¢, potentially with some constraint softening to avoid infeasibility issues. However,
as the expert takes into account w1, the learned Q-function Qg will have an embedded cost
on w;_py1.¢+ that will aid in constraint satisfaction. Learning or approximating non-causal
constraints with causal ones is a potential research avenue for the future.

Remark 6 (Comparisons with recent literature). This idea is similar to the Disturbance Feed-
back Control scheme used in some recent papers related to online control for adversarial
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3-3 Exploiting in-hindsight information 15

Algorithm 1 Using in-hindsight information for Inverse Optimization

Input: Trajectory {(2y,4¢)}7_,, horizon N, non-causal expert 7°(z, w)
fort=1tot=1T do
Observe ;1 = Ef(#41 — A2y — Biig)
Let tT=t—-—N+1
if 7> H + 1 then
Let 5, = (jTyvAVT—H—‘rliT)
Let 0% = "(2,, Wr41)
end if
end for
Solve (3-6) with {3,, %)} ;! to obtain 6*.
Return: 6*

disturbances [17, 2, 15]. Additionally, a similar problem was also considered in [16], where
the authors wanted to approximate a non-causal controller with a causal one, but in an offline
fashion. Contrary to these works, which consider a linear policy class akin to (2-2) and do
not support constraints on neither state or input, our controller can handle constraints and
is nonlinear in nature. As mentioned previously, in the unconstrained scenario the Inverse
Optimization controller would be equivalent to policy (2-2), and it would be more efficient to
search directly for the optimal linear feedback gains instead of Qg.

Remark 7 (Model mismatch). In the case of model mismatch, the non-causal MPC expert can
be used as an approximation for an MPC expert formulated with the correct model. However,
the quality of this approximation largely depends on how wrong our model is, and whether
the mismatch is due to non-linearities. In the case of the latter, the closed-loop system might
end up in a different equilibrium. If the non-causal MPC expert yields good results, then we
can expect its approximation by Inverse Optimization to be similarly good as well.
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Chapter 4

Robust disturbance-aware MPC

The non-causal MPC expert (3-10) optimizes directly against the noisy disturbance trajectory
directly. However, due to stochastics and/or potential distribution shifts in data, performance
might be degraded and we could even have instability arise. Therefore, an expert that is robust
to such issues might be warranted. Before we proceed, let us consider the non-causal MPC
problem (3-9) written in vectorized form:

min HAxt—l—Bu—i-EthHz + HutH2
uy QX Qu (4_1)
s.t. F.Tt + Gllt < h(Wt+1)

where
A B 0 0O O
A A2 B AB B 0 O
AN AN-1p AN-2pB ... B
E 0 0 O
AF E 0 O
E= ,
AN-1p AN—2F ... F
IN1®Q, O
x — 3 u— In® u
Q [ 0 Qf] Q N®Q
and
GXA _ GxB o hx—GxEW

with Gx = In ® Gz, Gu = Iy ® Gy, hy = 15 ® hy, hy = 1§ ® hy. In what is to follow, we
are going to omit the time indexes in variables for the sake of notation.
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18 Robust disturbance-aware MPC

4-1 Robustification around disturbance trajectory

Suppose that we access to a disturbance trajectory w of length N and we want to robustify
against possible variations around it. Therefore let us define a ball around the measured
trajectory

B, p(w) = {w: |w—wl[} < o} (4-2)
Let us denote the constraint set of (4-1) as
Uy (z,w) = {u: Fzr + Gu < h(w)}
so that we can define the following robust constraint set over the uncertainty set (4-2)

u]r\l[c-rmpC(SC’ W) _ {ll ‘uc u]r\lfC-mpC(x’ V_V), Yw € %Q7P(W)} (4—3)

We are then interested in solving the following min-max optimization problem

max )|yAx+Bu+Ev-vugx + [[ullg, (4-4)

n
ueld P (@, w) WEB,, p(W

While min-max MPC problems such as the above have been considered before in the literature
[21], they relied on conservative relaxations. Contrary to such works however, problem (4-4)
has an exact convex reformulation, but before we proceed with it we need to introduce the
the following Lemma.

Lemma 1 (Polytopic representation of robust constraint set). Given that P > 0, the con-
straint set (4-3) has the following polytopic representation

Fz 4+ Gu < h(w)

where h(w)T = [(hX —g(w))T huT}ﬂ g(w)T = {?1 (W) Ga(w) }7 andg;(w) = o HP_1/29iu+

Proof. The original constraint expresses an row-wise inequality. With the parameterization
|GXEw], = g/w, the inequality

Fz + Gu < h(w), Vw € B, p(w)
is equivalent to solving the following optimization program for every i:
_ _ _ 2 2
Gi(w) = max {glw, st. % —w|} < o?}
To that end, let W = p~!PY/2(w — w). Then the above becomes
gi(w) = max { gl (oP™/*W + w), s.t. |[w]| <1}
w

The maximization of a linear function on the unit disk has an analytical solution and that is

gi(w) =0 HPilﬂgi

+gZ-TW

By putting everything together we conclude the proof. O
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4-1 Robustification around disturbance trajectory 19

We are now in position to introduce the following theorem:

Theorem 1 (Semidefinite reformulation). The min-max MPC problem (4-4) admits the fol-
lowing convex reformulation

min 1 + 2
w,A\, 1,72
s.t. A >0,
Fz 4+ Gu < h(w),
ETQ.E — AP ETQy (Az + Bu) + \Pw (4-5)
2 2 =< 0
* = A (w7 - ?)
—Iy Q'/%u <0
x  2(BTQyAz,u) + |Az[§, — 72|

Proof. From Lemma 1, we have that the problem (4-4) is equivalent to

min _max [[Az +Bu+Ew|g_+ [ulg,

u WE%Q’ID (w)

s.t. Fr 4+ Gu < h(w)
Let us denote the inner maximization as

J(u) = a A+Bu+E72+u2
(w) = max (A w3, + lul,

and its corresponding Lagrangian as
L;(\u,w) = Az + Bu+Ew|g,
+[ufg, = A (Iw = wif} - o?)
After some manipulations and rearrangements we have

L\ u, W) = (%, (ETQLE — \P) w)
+2(ETQx (Az + Bu) + \Pw,w)
+ | Az + Bullg, +[lullg,
=2 (Wl - ¢
Let us introduce the following notation
A(\) =ETQE — AP
M(A\ u) =ETQx (Az + Bu) + \Pw
n\) == A (w3 - o)
)
) =

s

=||Az + Bullg, + [[ullg,
vi(A) + va(u)
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20 Robust disturbance-aware MPC

The dual of this problem is then
—M(\u)TAN)TM (A u) 4+ v(\ ),
if A(A) <0 and
(1= A)ANT) M(A,w) =0

400, otherwise

dJ()‘7 LI) = max EJ(/\v u, V_V) =

Strong duality holds due to the S-Lemma [7]. Therefore, J(u) = miny>ods(A,u). Now
consider the following epigraph reformulation

J(u) = m}n% + v2(u)
s.t. A >0,
A(N) <0,
(7= AANT) M(A,w) =0,
— M u)TAN M u) +v1(\) <7

The last three constraints can be cast as an LMI using the non-strict Schur complement [6]
and we have

J(u) = miny, + va(u)

>‘7'71
s.t. A >0,
AN M\ u)
<0
[ * vi(A) —m

Therefore the overall robust MPC problem can now be written as miny, {J(u), s.t. Fx + Gu < h}.
In order to write this in the standard SDP form, we will have to use another epigraph refor-
mulation, that of vy(u):

min 7y + 72
u7>‘7717"/2
s.t. A >0,
AN M(\u)
<0,
[ * vi(A) —m

Fz + Gu < h(w),
|Az +Bullg, + [lulg, <7

The last constraint can now be written as
v2 > (u,(BTQxBQu) u) + 2 (BTQyAxz, u) + || Azl
Denote

Q :BTQXB + Qu
5(u) =2 (BTQxAz, u) + || Az||g,
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4-1 Robustification around disturbance trajectory 21

and then we get that this constraint is equivalent to the following LMI

-In  QY?u
l *  0(u) —72] <0

Let us denote the LMIs in the constraints as

A MO
Ll“’“)‘[ ) 1/1(/\)—71]

and

_ /24,
L2(“>:[ Y o iw]

Hence, by putting everything together we arrive at

min 1 + 72
u7)"’yl Y2

s.t. A >0,
Fz + Gu < h(w),
Li(A\u) %0,
Ly(u) 0

which corresponds to the formulation in the theorem statement, and with this we conclude
the proof. 0

Remark 8 (Uncertainty set). The uncertainty set (4-2) is not necessarily uniform in time as
it is a ball on Nn,,-dimensional space, i.e, not all w; components of w need to be distanced
equally from wy. For instance, consider the case when P = Iy, ; then we have that

N
B, Iy, (W) = {V_V DY JJwy, — @y |)* < 92}
=1

Therefore, our proposed uncertainty set includes disturbances with similar measures of energy
to w. Therefore, the program (4-4) might try to robustify against variations of w that have all
their energy concentrated on a single time instance, and this in turn might make our proposed
solution too conservative. Other similar approaches [21] try to mitigate this by considering
robustifying against sets such as

¢* > max |lwy — wy|”

where each realization is bounded uniformly in time. However, a set like the above still
introduces conservativeness, since it introduces multiple quadratic inequalities as constraints,
for which the inexact S-Lemma is used [6]. On the other hand, our approach uses the exact
version of the S-Lemma, since only one quadratic inequality is involved in the constraints,
which allows for an exact reformulation.

Remark 9 (Choice of metric). The disturbances considered in our uncertainty set (4-2) are
greatly influenced by the choice of the underlying distance metric P. An obvious choice would
be to choose it as the identity matrix which, as mentioned before, would consider disturbances
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22 Robust disturbance-aware MPC

that are close in energy to the measured trajectory w. One more interesting choice might
be to pick P = ETQ4E, which can be linked to the cost contribution of w. Furthermore, if
information regarding the disturbance dynamics is available, it could potentially be used in
P; for instance, P could be linked to the variance/confidence propagation of w in time. In
conclusion, the choice of P is not trivial at all as it can greatly affect the end result, and
provides an interesting research direction for future work.

4-2 Approximating with Inverse Optimization

The non-causal policy (4-4) can be expressed in the standard form

ﬂ_nc—rmpC(

x,w) = argmin Q""" (z, w,u)
u

(4-6)
s.b. u € UNTTPE (2, W)

with UT™Pe(x, w) and Q"™P¢(x, w,u) are defined accordingly. The procedure to approxi-

mate (4-6) with Inverse Optimization is exactly the same as with the non-robust disturbance-

aware MPC of Section 3-3 and it outlined by Algorithm 1. The only difference is in the expert

policy used, where now policy (4-6) should be used instead of (3-10).

One key difference with (3-10), is that (4-6) requires solving a semidefinite program at each
iteration —instead of a quadratic one— so we can expect greater computational improvement.
This of course comes with a cost, as now the quality of the approximation will be potentially
worse. However, as it will be seen in Section 5, the performance of the resulting approximation
can be promising.
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Chapter 5

Numerical experiments

To showcase our proposal on a practical level, we will use two linear systems as benchmarks.
To implement our work we used MATLAB, the YALMIP toolbox [22], and the MOSEK
optimizer [25]. Each benchmark will be used in two scenarios: in the first one, the disturbances
used for training the Inverse Optimization policy will have the same dynamics/distribution
during evaluation, whereas in the second scenario, the disturbances will undergo a distribution
shift between training and evaluation. The first scenario will be useful for demonstrating the
Inverse Optimization approximation of the non-robust MPC, while the second will showcase
the validity of the robust MPC approximation.

Since our disturbances will have a stochastic component and different initial conditions will
be used over many trials, a good way to evaluate our results is to make use of histograms of
the running costs c¢(x, u), such the one in Figure 5-1. For the sake of simplicity and in order
for this to be an equivalent criterion to the control objective mentioned in the Introduction,
we will choose Q¢ = Q.

5-1 Three-dimensional system

Here, we will use an unstable linear system found in [21] as a benchmark, that has the
following dynamics:

2.938 —0.7345 0.25 0.25
A=| 4 0 0|,B=1|0
0 1 0 0
(5-1)
0.0625 ~0.2072
E=| 0 |,C"=0.04141
0 0.07256

The initial conditions of this system are sampled from a normal distribution as zy ~ N (0, 0.213).
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We subjected system (1-1, 5-1) to a disturbance model with the following dynamics:

§t+1 = P& + Gt (5-2a)
Wy = ‘I’ét (5—2b)
with ¢; ~ N(0,%¢), and
0 099 0 0
&= 1-099 15 0 |, o= 0|,
—-0.5 0.5 0.99 3
0.05 0 0
Sc=]0 005 0
0 0 0.01

The disturbances have their initial conditions sample a normal distribution, specifically £y ~
N(0,0.113).

The control objective is for the output of our system y; to track a constant reference r = 1
with the costs Q, = @y = 100 and @, = 1. We use an MPC horizon of N = 10. Furthermore,
we will only impose constraints on the control input such that U4 = {u : |u| < 1}.

5-1-1 Approximating the non-causal MPC with Inverse Optimization

In order to use the Inverse Optimization framework we first need to define a feature map.
Since we want to track a constant reference, we can add a constant bias term to our fea-
tures. Additionally, we use the past 3 disturbances as features, since that’s the rank of the
disturbance dynamics. Therefore, the features we will use will be s; == (z¢, 1, Wi_9.).

The expert policy we will use is that of the non-causal MPC, i.e, (3-10). To collect data we will
run an MPC policy that is oblivious to the disturbances for 10 different initial conditions, to
create 10 trajectories of length T' = 50 each. Then, after computing features for each dataset
separately, we concatenate everything into a single dataset and we feed it to Algorithm 1.

We will compare the following three policies:

MPC (obl) An MPC that is oblivious to the disturbance dynamics, akin to that described
in (3-7). In other words, this policy can only measure x; and has knowledge of A, B,
E, C.

MPC (dst) An MPC with access to the disturbance dynamics model but not their stochastic
inputs. This policy can measure both x; and &, and has knowledge of A, B, E, C, ®,
V. This is the best that can be achieved without resorting to non-causal approaches
that also know the stochastics that are going to occur.

IO-MPC This is the result of applying Algorithm 1 to the dataset resulting from MPC (obl).
During training there is only access to xz; and A, B, E, C are used.

The cost histograms obtained by running each policy 1000 times are shown in Figure 5-1 for
the whole trajectory and for the steady state. As we can see that, while IO-MPC does not
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[C—MPC (obl) [__IMPC (dst) 10 - MPC]

log prob
5

log prob (ss)
5
IS
T

L

1072 10° 10
cost

10°° 10°

Figure 5-1: Cost histogram in log-log scale of the stage cost for the experiments described in
Section 5-1-1. The top plot showcases the histogram for the whole experiment duration, whereas
the bottom plot only after the steady state. The dashed line represents the mean value and the
dotted line represents the median.

fully recover the performance of the disturbance-aware policy MPC (dst), it offers a significant
improvement in the mean over the oblivious policy MPC (obl). The reason that MPC (dst)
still outperforms the IO-MPC is because it has access to the full state &, which offers more
accurate predictions than just the disturbance’s output wy.

5-1-2 Approximating the non-causal RMPC with Inverse Optimization

Our experimental setup remains the same, with the same disturbance dynamics as before be-
ing used while collecting data and training. However, during evaluation there is a distribution
shift in the disturbance by adding a constant bias to wy, specifically

’U}t:\i[/ﬁt—f—l

In this section we will also evaluate the Inverse Optimization approximation of robust MPC
policies like (4-4). Furthermore, we want to investigate the effect of different choices of the
metric P used to define the uncertainty set (4-2). We will focus on two possible metrics: the
identity matrix, and ETQxE. Therefore, in this section we will evaluate the following policies:

MPC (obl) Same as before.

MPC (p-dst) An MPC with partial access to the disturbance dynamics model but not their
stochastic inputs. This policy can measure both z; and &, and has knowledge of A, B,
E, C, &, U, and is exactly the same as MPC (dst) of the previous section.
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|[C—J10-MPC [_110-RMPC (P1) I0-RMPC (P2) |
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Figure 5-2: Cost histogram in log-log scale of the stage cost for each Inverse Optimization
approximation as described in Section 5-1-2.

MPC (f-dst) Similar to MPC (p-dst), with the exception that it is also aware of the addi-
tional bias added to wy.

IO-MPC Same as before.

IO-RMPC (P1) A robust MPC of the form (4-4), trained the same way as I0O-MPC, with
access to the same knowledge. The metric is chosen to be P = ETQxE and the uncer-
tainty ball radius is o> = 0.0005.

IO-RMPC (P2) Same as IO-RMPC (P1), but equipped with the identity metric and o> =
1.

In Figure 5-2 we compare the three Inverse Optimization approximations. We can see that
their cost distributions are largely the same, with the robust versions offering slightly tighter
variance. This is partly due to the ball radius being small in both cases, which means that
only disturbance trajectories very close to the original are considered in the robust versions.
During experiments, using significantly larger radii led to worse performance than 10-MPC.
However, upon inspecting the cost distribution of MPC (p-dst) in Figure 5-3, we can see that
even the non-robust policy IO-MPC outperforms MPC (p-dst) when faced with a distribution
shift. This is very interesting, as it seems — at least in this simulation example — that even
the non-robust policy has some inherent robustness. Overfitting to the noise is unlikely as
these results were obtained over 1000 trials which were not used during training. The policy
MPC (f-dst), having full knowledge of the new disturbance dynamics, outperforms all three
data-driven approaches by a good margin, but that is to be expected as the bias term in wy
was not present during training.
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Figure 5-3: Cost histogram in log-log scale of the stage cost for the best Inverse Optimization
approximation along with the MPC policies as described in Section 5-1-2.

5-2 Fighter jet

Here we will use the (unstable) linearized dynamics of a fighter jet [27] that have been dis-
cretized with a sample time of 0.035s. The system matrices are:

[0.9991 —1.3736 —0.6730 —1.1226 0.3420 —0.2069] 0 0
0.0000 0.9422  0.0319 —0.0000 —0.0166 0.0091 0 0
4 _ [00004 03795 09184 —0.0002 —0.6518 04612 | . |1 0
0.0000 0.0068 0.0335  1.0000 —0.0136 0.0096 |’ 0 1|’
0 0 0 0 0.3499 0 0 0 (5-3)
L0 0 0 0 0 0.3499 | 0 0]
BT l0.1457 —0.0072 —0.4085 —0.0052 0.6501 0 ] C— 1,
—0.0819 0.0035 0.2893  0.0037 0 06501’

The initial conditions are sampled from a normal distribution xg ~ N (0,0.115).

We subject our system to the following disturbances

001 0
0 0.001] "ttt

0.5 sin(wt + ¢)

Wet1 = l 0.01 +

with w = 4.488rad/s and v; ~ N(0,I3). The phase ¢ is also sampled randomly from a
uniform distribution on [0, 7/2].
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The control objective is stabilization to the origin with costs

1 0 0 0 00
0 1000 0 0 0 0
0 0 100 0 0 0
Qr=Q:= 15 | 0 1000 0 o] Qu=1
O 0 0 0 10
o o o 0 0 1]

and horizon N = 20. Furthermore, we have the following state constraints

1 00000 1
Ga = -1 OOOOO]’hx_[J

and the following input constraints

1 0 2
-1 0 2
G 0 1 u 3
0 -1 3

As our disturbances have a stochastic component, we will soften our state constraints to
avoid infeasibility issues by adding some slack, that is penalized quadratically in the objective
function with a factor of 10°.

Approximating the non-causal MPC with Inverse Optimization

Our experimental procedure here is very similar to the one described in Section 5-1-1. Since
a sine wave can be described by a second-order system, it makes sense to have wy_1.; in our
features. Furthermore, as there is also bias in our disturbances, we should add a bias term to
our features as well. This leads us to the feature map s; == (x4, 1, W¢_1.¢).

As before, the expert policy we will use is that of the non-causal MPC, i.e, (3-10). We will
use again 10 trajectories for training, but this time they will contain 61 samples each. Then,
after computing features for each dataset separately, we concatenate everything into a single
dataset and we feed it to Algorithm 1.

We will compare the same policies as before: MPC (obl), which is oblivious to the distur-
bances; MPC (dst), which has knowledge of the deterministic part of the disturbances; and
IO-MPC, which is the result of applying Algorithm 1 to our dataset.

We ran each policy for 100 trials. In Figure 5-4 we can see that the IO-MPC almost com-
pletely recovers the performance of MPC (dst), both in terms of mean and of variance. This
significantly improved result is likely due to the fact that the stochastics do not affect the
disturbance dynamics, but only their output, and as such measurements of w; yield accurate
predictions. Furthermore, in Figure 5-5, we can see the evolution of the state trajectories
under each policy. We can see that the constraints were upheld despite the stochastics, but
this is to be expected as even MPC (obl) managed to contain the first state in the constraint
set. This is due to the fact that the noise does not enter the first state directly and therefore
the control can compensate. Furthermore, we can see that the state trajectories induced by
IO-MPC are very close to those generated by MPC (dst), but this is to be expected as their
cost distributions also line up.
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Figure 5-4: Cost histogram in log-log scale of the stage cost for the experiments described in
Section 5-2.
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Figure 5-5: State trajectories after for the experiments described in Section 5-2. The solid
lines refer to the median values at each timestep and the tubes correspond to the minimum and
maximum values attained (pointwise).
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Figure 5-6: Cost histogram in log-log scale of the stage cost for each Inverse Optimization
approximation as described in Section 5-2-1.

5-2-1 Approximating the non-causal RMPC with Inverse Optimization

As in Section 5-1-2, here we will also evaluate the Inverse Optimization approximation of the
robust MPC (4-4). The data used in training is exactly the same as in Section 5-2. However,
during evaluation a bias is added such that the applied disturbances are

L foor 0
0 0.001] "ttt

In the following we will test the following policies: MPC (obl), which is oblivious to the
disturbances; MPC (p-dst), which is the same as MPC (dst) of Section 5-2; MPC (f-
dst), which is also aware of the additional bias; IO-MPC, which is the same as IO-MPC of
Section 5-2; IO-RMPC (P1), which is an approximation of the robust MPC with metric
P = ETQ,E and an uncertainty radius of ¢> = 10; and IO-RMPC (P2), which uses the
identity metric and the uncertainty radius ¢ = 0.0001.

0.5sin(wt + ¢) + 0.1
Wil = 0.015

As in Section 5-2, we ran everything for 100 trials. In Figure 5-6 we can see the cost dis-
tributions for each Inverse Optimization based policy. We can see that the identity metric
IO-RMPC (P2) outperforms the other two in the mean during the steady-state. However,
IO-RMPC (P1) has a tighter variance than the others, with its mean being really close the
IO-MPC. When compared to the MPC policies (Figure 5-7), we can see that IO-RMPC (P2)
recovers the average performance of MPC (f-dst), which its variance however exceeding that
of MPC (p-dst). Overall the performance of all controllers has worsened due to the additional
bias.

Furthermore, in Figure 5-8 we can observe the trajectories generated by each Inverse Op-
timization policy. All three policies managed to maintain the first state in the constraint

loannis Dimanidis Master of Science Thesis



5-2 Fighter jet 31

[l:IMPc (f-dst) [ IMPC (p-dst)y | IMPC (obl) [_]IO-RMPC (Pz)]

1072

10t

102

log prob (ss)

107

; ;
10° 10t 102
cost

Figure 5-7: Cost histogram in log-log scale of the stage cost for the best Inverse Optimization
approximation along with the MPC policies as described in Section 5-2-1.
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Figure 5-8: State trajectories generated by each Inverse Optimization approximation as described
in Section 5-2-1.
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Figure 5-9: State trajectories generated by the best Inverse Optimization approximation along
with the MPC policies as described in Section 5-2-1.

set. The policy IO-RMPC (P1) is the most conservative, as around the 1-1.4 second mark
we can see that the first state is the furthest from the constraint boundary. This showcases
that during run-time there is no knowledge of the disturbances that are going to occur in the
future, the learned policy has learned managed to map the cost associated with constraint
satisfaction given w,y1 to the features wy_;.,;. Finally, when compared to the MPC policies,
we can see in Figure 5-9 that IO-RMPC (P2) induces trajectories that are really close to the
optimal ones generated by MPC (f-dst).
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Chapter 6

Conclusions and future works

To conclude, in this work we presented some potential uses for the Inverse Optimization
framework that not only approximate existing policies, but can also aid in the creation of new
data-driven ones that mitigate the effect of unknown disturbances. However, as this is a new
framework, further research is warranted. Potential future directions can include: (i) approxi-
mating controllers in real-time with online optimization; (ii) regularizing 6 to avoid accidental
over-fitting when stochastics are involved; (iii) investigate on how Inverse Optimization can
work with nonlinear systems by including for instance nonlinear features; (iv) explore how
non-causal constraints could be approximated with causal ones by mapping future disturbance
realizations to features containing past disturbance instances. Furthermore, we developed a
novel min-max MPC scheme, which warrants further research on its own, with possible topics
including: (i) a game-theoretic analysis to investigate whether there is a Nash equilibrium;
(ii) further investigation in the choice and impact of metric; (iii) state-dependent uncertainty
sets, with a potential application on nonlinear systems.
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