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ARTICLE INFO ABSTRACT

Invited Editor Ghatu Subhash We develop graph-based surrogate models to predict strain localization and collapse load in 2D elastic-perfectly
plastic porous solids. Plastic deformation is represented using a Delaunay graph, where nodes correspond to
void centers, edges represent potential shear bands, and edge values encode the local integral of the plastic
work rate (PWR). Two edge-regression graph neural network (GNN) models are built. The first is a purely
data-driven model (DDM) that maps local geometric features — edge length and orientation — to PWR. The
second is a hybrid model (HM) that augments the GNN with a mechanistic prior from a limit load analysis
model (LLAM) and learns a correction to its upper-bound bias. The models are trained on a dataset of 1200
representative volume elements with 20% porosity. The DDM can reliably reconstruct shear band patterns, but
its accuracy deteriorates when applied to porosity values different from that seen in training. The HM, like
the LLAM, does not fully capture the spatial pattern, but it removes the LLAM systematic bias and achieves
uniformly low errors in total work rate for porosities ranging from 10% to 30%. Moreover, the HM requires less
training data than the DDM and is more robust across random seeds. These results show that coupling a GNN
with a physics-based prior yields a fast and data-efficient surrogate that preserves accuracy in macroscopic
quantities while retaining meaningful spatial information, thereby offering a practical route to predict the
collapse of porous solids while accounting for the exact locations of a very large number of voids.

Dataset link: https://github.com/tobi2889/gnn
-plastic-strain-localization
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1. Introduction An example is the prediction of strain localization in porous ductile

solids with a non-uniform pore distribution. Experimental and numer-

Accurate prediction of the mechanical response of heterogeneous
materials is crucial for designing components and structures that are
stronger, safer, and more sustainable (Wu and Fan, 2020; Zhu and
Wu, 2023). Over the past decades, a wide range of techniques have
been developed, from analytical homogenization methods to advanced
multiscale numerical schemes (Gurson, 1977; Suquet, 1987; Matous
et al., 2017). Most of these approaches rely on the principle of scale
separation, which enables the decomposition of the problem into a
macroscale and a microscale level (Matous et al., 2017). This assump-
tion is valid when the characteristic microstructural length is much
smaller than the length scale over which macroscopic fields vary.
However, there are situations where classical homogenization methods
become suboptimal — either because scale separation does not hold, or
because accounting for microstructural variability makes the analysis
prohibitively expensive (Yvonnet et al., 2020).
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ical studies have shown that plastic deformation in porous ductile
solids tends to concentrate along narrow paths connecting neighbor-
ing voids, commonly referred to as strain localization bands or shear
bands (Fritzen et al., 2012; Buljac et al., 2018; Xu et al., 2020; Cadet
et al., 2022). The resulting shear band pattern is strongly influenced
by the overall geometry and loading conditions, implying that, in
principle, modeling the entire microstructure is necessary to accurately
capture the mechanical response. In practical applications, the pore
distribution can be obtained from advanced characterization techniques
such as scanning electron microscopy or X-ray computed tomogra-
phy (Withers et al., 2021). However, experimental datasets acquired
in this way may contain thousands of voids. As a result, models of
this kind can quickly become computationally prohibitive even for
relatively small parts if the number of pores per unit volume is large.
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To alleviate the computational burden, a promising strategy is
to leverage prior knowledge of the deformation pattern in order to
simplify the problem. An early application of this concept was given
by Pijnenburg and Van Der Giessen (2003), who employed a fully
resolved microstructural model while restricting the region where the
strain localization could develop. Specifically, they modeled polymers
with cavitated particles by using the particle centers as the nodes of
a triangular finite element (FE) mesh and inserting cohesive elements
along the mesh edges. The bulk elements captured the elastic response
of the polymer matrix, while the cohesive element captured the plastic
localization associated with the shear bands. This approach signifi-
cantly reduces the computational cost of modeling the microstructure,
but it still requires solving a nonlinear FE problem.

To further reduce the computational complexity, the concept of
microstructure-based limit load analysis was recently introduced by
Hund et al. (2025). The key idea is to exploit the tendency of shear
bands to connect neighboring voids to enable the application of a sim-
plified version of the discontinuity layout optimization (DLO) method.
The DLO method (Sloan and Kleeman, 1995; Smith and Gilbert, 2007;
Gilbert et al., 2014; Smith et al., 2019), which has mainly found ap-
plication in geotechnical engineering, assumes elastic-perfectly plastic
material behavior to exploit the power of limit load analysis. It consists
in partitioning the domain into rigid blocks, which may slip relative
to one another, thus creating velocity discontinuities, i.e. shear bands,
along the block edges. The block velocities are computed by solving a
linear programming (LP) problem, where the quantity to be minimized
is the total plastic work rate (PWR) along the discontinuities, and the
constraints consist of kinematic relationships enforcing no penetration
between adjacent blocks. In general, the block layout is part of the
solution, meaning that multiple LP problems must be solved to find
the layout that provides the minimum PWR. However, in the case of
porous solids the optimal block layout can be assumed to be known in
advance, since shear bands are expected to form by linking neighboring
voids. As shown by Hund et al. (2025), this reduces the analysis to
solving a single LP problem, resulting in highly efficient algorithms
for predicting shear band patterns and the maximum load-carrying
capacity of the material. However, the same authors demonstrated that
the approach can suffer from suboptimal accuracy, as evidenced by a
systematic overestimation of the macroscopic limit load, which is likely
attributable to the restrictive kinematic assumptions.

To tackle the abovementioned systematic overestimation, the
present work investigates an alternative strategy based on data-driven
surrogate models. In fact, data-driven surrogates have emerged as
powerful alternatives to fully resolved FE simulations, particularly
in multiscale mechanics where direct modeling of the microscale is
prohibitively expensive. Examples of these surrogates are recurrent
neural networks (Ghavamian and Simone, 2019; Wu et al., 2020),
temporal convolutional networks (Wang et al., 2022; Abueidda et al.,
2021), convolutional neural networks (Krokos et al., 2022; Gupta et al.,
2023; Abueidda et al., 2019; Aldakheel et al., 2023), and graph neural
networks (GNNs) (Storm et al., 2024; Maurizi et al., 2022; Vlassis and
Sun, 2023; Frankel et al., 2022; Hendriks et al., 2025; Karapiperis
and Kochmann, 2023; Krokos et al., 2024). GNNs are well suited to the
present problem, particularly in the simplified 2D case, since the plastic
deformation pattern can be naturally represented as a graph whose
nodes correspond to void centers and edges to shear bands (Andriollo
et al., 2022).

GNNs have already been used successfully in several areas of me-
chanics, such as solid mechanics, fluid mechanics, and interdisciplinary
mechanics-related domains (Zhao et al., 2024). Several studies have
also demonstrated the capability of GNNs to serve as accurate and effi-
cient surrogates for mechanical simulations at the microstructural level.
Examples include a GNN that predicts full-field microscopic strains with
stresses obtained from physics-based constitutive models to accelerate
multiscale simulations (Storm et al., 2024); a GNN that predict defor-
mation, stress, and strain fields while capturing nonlinear effects such
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as linear hardening plasticity, wrinkling, and buckling (Maurizi et al.,
2022); a graph-based autoencoder that learns low-dimensional graph
embeddings of the plastic patterns (Vlassis and Sun, 2023); a GNN that
predicts the crack propagation in cellular materials (Karapiperis and
Kochmann, 2023); a similarity-equivariant GNN to predict global quan-
tities and pattern transformations in hyperelastic, two-dimensional,
microporous materials (Hendriks et al., 2025); and extensions to pre-
dicting the stress evolution in 3D porous materials using Bayesian and
convolutional GNNs (Krokos et al., 2024; Frankel et al., 2022). How-
ever, while these studies have mainly focused on node-level predictions,
much less attention has been paid to edge-level regression, where GNNs
are used to predict continuous variables associated with graph edges.

In this work, we extend the GNN methodology to the relatively
unexplored domain of edge-level regression and use it to predict the
PWR along the edges of a graph constructed by linking neighboring
voids, which are assumed to correspond to potential shear bands. This
allows us to not only identify which shear bands are active but also
to quantify their dissipation, providing a richer characterization of the
plastic deformation process in the porous solid. To mitigate demands in
terms of training data and improve generalization across void fractions,
we also introduce a hybrid surrogate that augments the GNN with a
physics-based prior. The prior is the microstructure-based limit load
analysis model of Hund et al. (2025), and the hybrid model essentially
learns to correct this reduced-order model.

The remainder of this article is structured as follows: In Section 2,
a precise statement of the problem to be addressed is presented along
with the method for generating the required training data. In Sections 3
and 4 the methodology and architecture of the GNN-based surrogate
models are presented. The first model (Section 3) is a data-driven model
(DDM), which learns the relationship between geometric features and
the corresponding PWRs. The second model (Section 4) is a hybrid
model (HM) where additional input features from a microstructure-
based limit analysis are provided. In Section 5, the results obtained
from the two approaches are benchmarked in terms of training effi-
ciency and generalizability towards other void fractions (VFs). Finally,
some concluding remarks are given in Section 6.

2. Problem definition
2.1. Assumptions and objectives

Following Hund et al. (2025), we consider a 2D porous solid con-
sisting of an elastic—perfectly plastic matrix and circular voids of radius
R. Plastic deformation in the matrix is governed by an associated flow
rule based on the von Mises yield criterion with yield stress o,. The
solid is modeled via a square representative element (RE) with edge
length L = 60R and fixed void volume fraction (VF) of 20% (VF20).
The voids are placed randomly in the RE and a minimum void-to-void
distance d,q,. = 0.5R is enforced. Periodic boundary conditions (PBCs)
are applied to all sides of the RE, enabling modeling of an effectively
infinite porous medium. The RE is subjected to uniaxial tensile loading
under generalized plane strain until limit load conditions are attained.

Under these assumptions, the PWR localizes in shear bands, which
can be mapped onto the edges of the Delaunay triangulation generated
by the void centers as shown by Andriollo et al. (2022). This Delaunay-
based approximation is considered reasonable for VFs in the range of
10%-30%, whereas for significantly lower fractions (e.g., 1%) the trian-
gulation no longer provides a reliable representation of the shear-band
network. The problem objectives are defined as:

1. Predicting the shear band pattern: Identify which potential shear
bands, represented by the edges of the Delaunay triangulation,
become active by quantifying the PWR of each edge.

2. Quantifying the total rate of internal work: Estimate the magnitude
of plastic dissipation along all the active shear bands to deter-
mine the total rate of internal work of the RE for assessing the
macroscopic load-carrying capacity of the solid.
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It is worth noting that the first objective is more stringent than
the second. Once the edge-wise PWR distribution is known, the total
rate of internal work of the RE follows directly by summation over all
edges, so Objective 1 implies Objective 2. The converse, however, does
not hold. Different shear band patterns may lead to the same global
dissipation, meaning that knowledge of the total rate of internal work
alone is insufficient to uniquely determine the underlying localization
pattern.

As we aim to predict the limit state of the solid, we are not con-
cerned with creating a surrogate for general FE simulations. Full-field
displacements, stress—strain paths and elastic properties are thus out of
the scope of this work. Similarly, the relatively narrow constraints on
the problem setup (such as circular pores and uniaxial tension) allow
us to focus on comparing the data-driven aspects to the existing limit
load analysis model without modifications. Future work could focus
on relaxing these assumptions and constraints. For example, while the
limit analysis theory used here is invalid for strain-hardening materials,
we suspect that the surrogate models could still learn to make accurate
predictions for them.

2.2. Data generation

To train and evaluate the surrogate models, a graph dataset is gen-
erated. The procedure is concisely described here. For a more detailed
overview, we refer to Hund et al. (2025). First, a total of 1200 unique
REs are created. For each RE, the predicted PWR field at limit load is
computed using the FE software Abaqus (Systémes, 2021) and exported
on a 1200 x 1200 pixel grid (see Fig. 1a). Pixel values are then assigned
to the edges of the Delaunay triangulation constructed from the void
location. For this purpose, each Delaunay triangle is subdivided into
three sub-triangles by connecting its centroid to the vertices. For any
given edge, the edge-wise PWR w is computed as the discrete area
integral of the pixel-wise PWR over the two sub-triangles adjacent to
that edge (see Fig. 1b).

The resulting graph dataset consists of nodes representing the void
centers in the microstructure, and edges representing the potential
shear bands from the Delaunay triangulation, with each edge associated
with a PWR value w. We remark that by assigning a continuous PWR
value to each potential shear band, there is no need to introduce a
threshold to distinguish between active and inactive bands. For con-
sistency and comparability, the w is scaled by (Ro€), where ¢ is the
assumed strain rate at the macroscale, while the edge length / is scaled
by the void radius R. The dataset is split 75%,/15%/10% for training,
validation, and test purposes, respectively.

Additionally, an extended dataset is created by considering 50 REs
for each of the following VFs: 10% (VF10), 15% (VF15), 25% (VF20),
30% (VF30). This is done to test the ability of the surrogate models to
generalize to other VFs without re-training them.

The FE simulations used for data generation of the 1200 REs with
VF20 are performed in Abaqus 2022 (Systemes, 2022), and are exe-
cuted on the DelftBlue high-performance cluster at Delft University of
Technology (Delft High Performance Computing Centre (DHPC), 2024).
The FE simulations of the 50 REs for each of the other four VFs (VF10,
VF15, VF25, VF30) are performed in Abaqus 2021 (Systemes, 2021),
and are executed on the AU PRIME high-performance cluster at Aarhus
University (Aarhus University Prime, 2025).

3. Data-driven model
3.1. Graph fundamentals

A graph, G = (¥, &), is a data structure that consists of nodes, V,
and edges, £. The nodes represent entities, while the edges represent
relationships between these entities. An edge that links node n € V to
node m € V is denoted (n, m) € £. Edges can be directed or undirected.
A directed edge only transfers information from one node to another,
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while an undirected edge transfers information between both nodes.
This is equivalent to having two opposite-directed edges, meaning that
if (n,m) € &, then (m, n) € €. If two edges share the same node, they are
called neighbors. The set of all neighboring edges that share the same
node n is denoted by N (n). Information of a graph can be in terms of
node features, x,, edge features, x, ,,), but also at the level of the graph
itself, depending on the application.

3.2. Edge-regression graph neural network

The DDM considered in this work is based on a GNN, which is a type
of artificial neural network designed to operate on graph data (Hamil-
ton, 2020; Bishop and Bishop, 2024). The objective of a GNN is to learn
relationships between the input features, i.e., the quantities provided to
the network for each node and edge, and the target variables, i.e., the
quantities the network is trained to predict. In the present case, both
the target and input features are defined at the edges. Specifically, the
targets are the edge-wise PWR values obtained from the FE simulations,
while the input features consist of the edge length and its orientation
relative to the global loading direction.

Training a GNN to predict a continuous variable at the edge level is
referred to as edge regression. The goal of edge regression is to learn
edge embeddings, which serve as compact, information-rich represen-
tations of the edges. These embeddings are generated by encoding the
edge features through a Multi-Layer Perceptron (MLP) as
h(O) = MLPencode(X(n,m)) (1)

(n,m)

where x,,, and h,,, denote the features and encoded embedding,
respectively, for edge (n, m).

Initially, the embeddings contain information only about the in-
dividual edge they represent. To incorporate information about the
broader graph, message passing layers (MPLs) are used. During each
message-passing iteration k, the embedding h* )m) of each edge (n,m) €
& is updated using a three-step procedure. Flrst all embeddings are

passed through a MLP to compute an edge message mE:)m):

m® = MLP® (h(k) ) )

(n,m) message (n,m)

Next, the messages associated with edges that share a common node
are aggregated into one node message m*’

N (n):
(k) _ (k)
N(n) Z m(n.m) (3)
meN (n)
Finally, each embedding h(k) 1s updated by concatenating it with the
node messages m* and m* N - , and passing the concatenated vector

through a MLP. To feduce over- smoothlng, a problem that can occur
when embeddings become indistinguishable as a result of too many
MPLs, the MLP output is added to the original embedding (residual
connection). Accordingly, the updated embedding is computed as

(k+1) (k) (k) (k) (k) (k)
by = MLP e (h(n my @M ) mN(m)) by “)

where the symbol (@) indicates the concatenation operation.

After running K iterations of the MPLs, the final embedding of an
edge can be decoded. The decoding is performed by passing the final
embedding héf:n) through a MLP to compute the predicted PWR as

~pred K
w(mm) = MLPdecode (h( ) ) (5)

(n,m)

Each edge in our model is undirected. For implementation reasons,
this is handled by representing each undirected edge as two opposite
directed edges, which results in two predictions: one for the edge (n, m)
and one for the edge (m, n). When the edge is flipped from (n, m) to (m, n),
so is the source and target node in the concatenation. The MLP®

update
is therefore fed with two different vectors, leading to two slightly
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— High

Plastic Work Rate

Low

(b)

Fig. 1. (a) Example of RE microstructure with overlaid PWR field, periodically extended beyond the RE boundary (dashed bounding box). (b) Two Delaunay
triangles (solid black) sharing an edge e (green), and related sub-triangles defined by centroid—vertex splits (dotted black). The two sub-triangles adjacent to e
(hatched green) define the area over which the PWR is summed to obtain the PWR associated with e.

different outputs. To obtain a unique value, we compute the mean of
the two predictions:

. pred __ 1 ( ~pred ~pred
w?n,m) ) (w(n,m) + w(m,n)) (6)

The complete architecture of the DDM is illustrated in Fig. 2. The
model is trained by minimizing the error between the predicted and
true PWR values in the training data, quantified by the following loss
function based on the Mean Squared Error (MSE):

;\true ; pred 2
Z (wmm) - w(ﬂm)) ™

1
Lojsp = —
MSE |8| (n,m)e€

where u'zgl“;) denotes the target value at edge (n, m).

3.3. Physical considerations

When designing graph-based models for physical systems, it is
important to consider which symmetries the model should respect.
These symmetries determine which transformations of the input data
should leave the output unchanged. For the present DDM, permutation
invariance is fundamental, as reordering the nodes by changing their
numbering in the Delaunay triangulation must not affect the predic-
tions. This property is satisfied by aggregating information from neigh-
bors independently of index order, see Eq. (3). Similarly, the model
should be translation invariant, since shifting the entire microstructure
in space should not alter the mechanical response. Accordingly, the
voids are not labeled with coordinates, as only their relative position
matters.

Rotational transformation, however, requires more careful consid-
eration. The system studied here is subjected to a uniaxial tensile
load applied in a fixed, global direction, which introduces an inherent
anisotropy. Consequently, the response of the RE depends not on the
absolute orientation of the geometry, but on the relative orientation
between the edges and the loading direction. This distinction is crucial
when discussing rotational symmetry.

If both the microstructure and the loading direction were rotated
together, for example, by 90°, the underlying physical problem would
remain unchanged. In such a case, a rotationally equivariant model
would be expected to reproduce the same predictions in the rotated
coordinate system, since the geometry-load configuration is identical

in relative terms. However, in the present work, the loading direction
is fixed, and only the microstructure orientation varies. Rotating the RE
while keeping the load direction constant changes the relative orienta-
tion between each edge and the applied stress field, thereby producing
a different physical response. For the case of a 90° rotated RE, our
model would yield the same result as the unrotated RE subjected to
a 90° rotated tensile loading.

The DDM is therefore not rotationally equivariant by design. The
loading direction breaks rotational symmetry, meaning that the model
cannot be invariant to rotations. Instead, the orientation of each edge
relative to the load is explicitly encoded through the edge features. This
design enables the GNN to distinguish between edges that are parallel,
perpendicular, or oblique to the applied load, while still maintaining
invariance to node permutations and translations.

3.4. Hyperparameter selection

For any deep learning architecture, hyperparameters have a consid-
erable influence on model performance. For GNNs, these include the
number of MPLs, the number of edge embeddings, and optimization-
related choices such as learning rate, dropout, and batch size. Per-
forming a careful hyperparameter selection is therefore crucial. In the
present work, the DDM has been tested under a wide range of hyper-
parameter combinations, and the final choice reflects the best trade-off
observed between accuracy, robustness, and computational cost. For
a more thorough description of the hyperparameter optimization, we
refer to Appendix.

3.5. Performance

In this section we briefly evaluate how well the DDM generalizes
across VFs, in order to show a limitation that motivates the introduction
of the HM. A more detailed evaluation is presented in Section 5.

Fig. 3 overlays the target and predicted PWR distributions for the
VF20 test set, as well as for the test sets of VF10 and VF30. The counts
are shown on a logarithmic axis to reveal the heavy-tailed nature of
the data. It can be seen that while the target distributions exhibit VF-
dependent scale shifts, the distributions predicted by the DDM cluster
around a similar magnitude across VFs. This behavior is expected given
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Fig. 2. Architecture of the data-driven model (DDM).
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Fig. 3. Target and predicted PWR distributions. Predictions are based on the
DDM trained on a void fraction of 20%.

the current inputs. The DDM only “sees” the local edge length and ori-
entation relative to the load. These features encode anisotropy but do
not tell the model how the VF rescales dissipation across an RE. Under a
change in VF, the model has no mechanism to rescale edge magnitudes
coherently, making the DDM largely interpolate/extrapolate around the
VF20 statistics instead of adjusting to the correct scale. This means that
while the DDM may be able to predict which edges are active or not, it
fails to generalize the magnitude of the PWR values to other VFs. This
motivates the adoption of a physics-aware prior as described in the next
section.

4. Hybrid model

The HM couples the physics-based, limit-load analysis model
(LLAM) proposed by Hund et al. (2025) with an edge-regression GNN
to predict the total rate of internal work. We first present the key
components of the LLAM - referring the reader to the original article
for a detailed description — and then explain how it is used to construct
the HM.

4.1. Microstructure-based limit analysis

The starting point of the LLAM proposed by Hund et al. (2025) is
to partition the RE domain into rigid triangular blocks based on the
Delaunay graph of the void centroids. The block velocities are taken as
the primary kinematic variables, and it is assumed that the blocks may
slide relative to one other along their common edges, but separation or
interpenetration are not permitted due to plastic incompressibility. For
each edge (n, m), this requirement is formulated as

N
Av(nym) =0
where 4oV . is the normal velocity jump across the edge.

The edge-wise PWR is computed as

. _ y * * —
Winmy = % l(n m) |AU(n m)| l(n,m) - l("-m) -2R.
where Avl, is the tangential velocity jump, /(,,, is the void centroid

to centr01d spacing, and l* ) is the effective shearing length. By
expressing the tangential veloc1ty jump in terms of two nonnegative
discontinuity parameters:

_ .
A%y = Play = Panmy Pl Pinamy = 0

the edge-w1se PWR can be equivalently written as

w("gm) (p(n ) + p(n m)) (8)

\/— (nm)

The total rate of internal work is obtained by summing over all the
edges:
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Vth = Z w(n,m) = i ngs
(n,m)e& \/3
where the arrays g and p contain the values of the effective shearing
length and discontinuity parameters, respectively, for all the edges.
Collecting the ingredients above, the following linear programming
problem for the block velocities {v;} and discontinuity parameters
{p;,’m),p(‘n’m)} is obtained:

(o3
. _ %y T
min W, =—gp

V3
t Tium ! + - y=h v e ©
s.t. T : (Va - vb) - 0 ! (p(n.m) - p(n,m)) = Pm)> (n,m) €

n(nvm)

" _
Pums >0, P >0, V(n,m)eé&.

In this statement, 7, ,, and n, ,,, are unit vectors tangential and normal
to the edge (n, m), and v, and v, are the velocities of the blocks adjacent
to the same edge. The vector i)(,,ym) vanishes for interior edges, while it
equals the offset determined by the prescribed PBCs for edges on the
boundary of the RE, as described in Hund et al. (2025). Once the linear
programming problem is solved, the PWR can be found for each edge
via Eq. (8).

4.2. Model architecture

The architecture of the HM is similar to that of the DDM shown
in Fig. 2, but with two important modifications. First, the predicted
PWR from the LLAM is used as an edge-wise mechanistic prior supplied
to the GNN. This information is introduced as an additional edge
attribute, such that for each edge three attributes are considered: the
PWR estimate from Eq. (8), w!LAM the edge orientation, #, and the
edge length, /. Furthermore, instead of directly predicting the edge-wise
PWR as in the DDM, the HM predicts the residual with respect to the
LLAM prior. Let f,, denote the GNN. The network outputs become

Ay = fo (0,1, WHEAM) 10)
and the edge-level prediction is

.pred _ . LLAM .
Wiy = Wiy T A0 m) 1D

so that the GNN is conditioned by and corrects the LLAM solution rather
than learning the full mapping from scratch. This conditioned residual-
learning design leverages the broad generalizability of the LLAM while
reserving data capacity for localized corrections that capture effects
beyond the restricted LLAM kinematics.

The model is trained by minimizing the empirical squared 2-
Wasserstein loss, which measures the discrepancy between the pre-
dicted anddtarget edge-wise PWR distributions. Let us define the arrays
s = {wﬁi‘;)}(n,m)eg and t = {[’ }mee> and denote by s' and t!
their entries sorted in the same order (descending or ascending). The
Wasserstein loss is defined as

1 &l 1 N2
L o = — Y =1t 12
VV2 | 8| P (Sz i ) ( )
This loss is permutation-invariant and aligns quantiles (largest with
largest, etc.), thus matching distributions rather than enforcing spa-
tially correct edge-wise predictions (Frogner et al., 2015).

5. Results

The proposed DDM and HM are implemented in PyTorch Geomet-
ric (Matthias Fey and contributors, 2024). In this section, we evaluate
and benchmark their predictive performance against the two objectives
defined in Section 2.1. Unless stated otherwise, performance is com-
puted edge-wise on the predicted PWR, and metrics are averaged over
test REs within each VF.
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5.1. Shear band pattern

Fig. 4 illustrates the DDM predictions at VF20 for five REs of the
test set: the two with the lowest loss, one with median loss, and the
two with the highest loss. In the low-loss REs, the model recovers
both the location and topology of the dominant shear bands, and the
predicted PWR values closely follow the FE targets. Most edges with
negligible PWR remain inactive in the prediction, and high-PWR edges
are captured with only a slight underestimation on a few. In these cases,
the loss mainly reflects small local discrepancies in magnitude rather
than a misplacement of the bands themselves, indicating that the DDM
can accurately reconstruct the plastic localization pattern.

In contrast, the high-loss REs reveal two characteristic situations
in which incorrect predictions can arise. First (Fig. 4d), when the
plastic work is strongly concentrated along a few edges, the DDM
systematically underpredicts the peak PWR on these dominant bands
while slightly overpredicting the many low-valued edges as seen in the
distribution of targets and predictions. The overall shear band pattern
is still recognizable, but the contrast between active and inactive edges
is compressed, leading to a large edge-wise MSE despite a visually
reasonable pattern. Second (Fig. 4e), in REs where the microstructure
admits two competing long shear band paths that intersect (e.g. two
potential “arms” of an X-shaped pattern at roughly 45° and -45°), the
model occasionally selects the wrong branch as dominant. In these
ambiguous cases, the predicted main band appears rotated by about 90°
relative to the FE solution, so the error is driven more by a topological
misassignment of the active path than by a uniform scaling mismatch.

Fig. 5 shows how well the DDM predicts the shear band pattern
for selected REs with void fractions different from the one used during
training. It can be seen that, while only trained on VF20, the DDM
can accurately generalize between VF15 to VF30 by predicting the
dominant bands in the RE. By contrast, at VF10, the predicted bands are
either misplaced or diffuse. Therefore, the DDM is able to identify the
dominant shear bands for REs with similar or higher void fractions, but
it underestimates the PWR values for smaller void fractions. A possible
reason is that, in the latter case, much higher PWR values arise, as
can be seen from the distributions in Fig. 3. These high PWR values,
associated with longer edges, are not part of the VF20 training data,
which can explain the inability of the DDM to extrapolate to low void
fractions.

Fig. 5 illustrates also the performance of the HM. The HM, trained
using the Wasserstein loss, does not target spatial correspondence and
therefore, as expected, does not predict the correct shear band pattern.

A more quantitative overview of the ability of the surrogate models
to predict the shear band pattern is provided in Fig. 6(a), which
compares the MSE-based loss across VFs for the DDM, the HM, and
the LLAM, considering the entire test set. Out of the three models,
the DDM is the best at predicting the spatial pattern, as its errors are
lower than both the HM and LLAM. The LLAM exhibits poor fidelity,
and the HM, which is conditioned on the LLAM output, inherits this
limitation. However, the HM still achieves lower spatial error than the
LLAM, indicating that the HM has learned to partially correct the LLAM
systematic overestimation.

Fig. 6(b) shows the Wasserstein loss for comparability. Unlike the
MSE-based loss, which reflects agreement in terms of spatial pattern,
the Wasserstein loss compares only the distributions of edge-wise PWR
within each RE. As expected, the HM, trained directly using this loss
and aided by the LLAM prior, achieves the lowest loss values across
void fractions, indicating good matching of the overall PWR distribu-
tion, even when the shear band pattern does not coincide with the
one predicted by the FE simulation. The DDM shows very high loss
values at VF10, consistent with its scale mismatch for low-VF tails, and
lower values near VF20-VF30, where its target values are closer to the
training distribution. The LLAM exhibits high loss values at all void
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Fig. 4. Shear band pattern predicted by the DDM at VF 20%. For five REs — selected to have the lowest, second-lowest, near-median, second-highest, and highest
loss in the test set — the target (left) and prediction (middle) are shown, with edge color indicating the PWR value. The right column shows the corresponding
PWR distributions. The loading direction is horizontal.
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Fig. 5. Impact of void fraction on the shear band pattern prediction quality. For each test set (VF10, VF15, VF20, VF25, VF30), one RE with median loss is
shown. The left column displays the target, the middle column the DDM prediction, and the right column the HM prediction. Edge color indicates the PWR value.
The loading direction is horizontal.
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trained using the Wasserstein loss.

fractions, which can be explained by the upper-bound character of its
predictions.

5.2. Total rate of internal work

As discussed in relation to Fig. 3, the DDM is unable to adjust the
PWR distribution when predicting at a void fraction lower than the one
used for training. Particularly, at low VFs, the DDM largely preserves
the VF20 amplitude scale instead of modifying the shape of the PWR
distribution. In contrast, Fig. 7 shows that the HM does recalibrate its
predicted PWR values across VFs, aligning the predicted distribution
with the VF-dependent target scale. Therefore, the HM is expected to
deliver more accurate predictions for quantities that are directly linked
to the PWR distribution, such as the total rate of internal work. As
already mentioned, this quantity is directly related to the macroscopic
load-carrying capacity of the solid: the collapse load can be obtained
by equating the total rate of internal work to the power of the external
loads (Christiansen, 1996).

In this respect, Fig. 8 shows the relative error on the predicted
total rate of internal work for the DDM, HM, and LLAM, across all
VFs. Consistently with its upper-bound basis, the LLAM systematically
overpredicts the total rate of internal work, and the overprediction
increases almost linearly with the VF (Hund et al., 2025). The DDM
performs best at the training void fraction (VF20), where the relative
error is minimal. As the void fraction moves away from VF20, the
model develops a systematic signed bias, consistently under- or over-
predicting depending on the direction of the shift. It underestimates the
total rate of internal work for REs with lower VF (heavier-tailed/higher-
peak PWR) and overestimates it for REs with higher VF (compressed
PWR range). By contrast, the HM yields uniformly low relative errors
across all VFs, indicating that the HM retains the physics guidance of
the LLAM while correcting its positive bias and its VF-dependent drift
even when only trained on a single VF. This shows that incorporating
the mechanistic prior into the HM architecture, together with the
use of the Wasserstein loss during training, constitutes an effective
approach for achieving accurate and robust predictions of the total rate
of internal work.
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Fig. 7. Target and predicted PWR distributions. Predictions are based on the
HM trained on a void fraction of 20%.

5.3. Data efficiency

This section investigates how predictive performance scales with
training set size by training both surrogate models on progressively
larger numbers of REs. For a given training set size, each model is
trained using identical optimization settings, and the attained vali-
dation loss is recorded. A decreasing validation loss with increasing
training data indicates that the model can still benefit from additional
REs. Conversely, if the validation loss remains approximately constant,
it can be concluded that the model has reached its optimal performance
with fewer REs.
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ber of REs used for training, whereas the vertical axis reports the validation
loss.

The learning curves in Fig. 9 shows a clear difference in data
scaling between the two models. The HM stagnates around 600 REs,
indicating data saturation under the current setup. In contrast, the DDM
continues to improve up to our maximum of 900 REs, suggesting it
remains data-limited. This pattern points to the HM having a higher
data efficiency. The physics built into the HM supplies a strong bias,
which reduces the amount of data needed to reach its performance
ceiling. By contrast, the DDM must learn from data alone, requiring
more REs to capture the underlying physical relationships. The benefits
of the HM data efficiency are amplified by the underlying simulation
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Table 1

Correlation between the MSE and the Top-5 edge share within a RE, expressed

in terms of the Spearman rank coefficient.
VF10 VF15

VF20 VF25 VF30

p(MSE, S5) +0.775%* +0.463** +0.307** +0.020 +0.465**

Significance: * ¢ < 0.05, ** ¢ < 0.01, *** g < 0.001.

costs, as the LLAM is more than 600 times quicker at solving one RE
than the corresponding FE model (Hund et al., 2025).

It is worth emphasizing that, beyond data scaling, the HM offers
operational efficiency through cross-VF generalization. As shown pre-
viously, the HM maintains high performance on VFs not seen during
training. The DDM, while capable of capturing the shear band pattern
at VF20 and, to a large extent, at VF15, VF25, and VF30, still requires
additional data generation and retraining to reliably predict the total
rate of internal work at different VFs, making its usage across VFs
substantially more costly.

5.4. Loss function of the data-driven model

Fig. 3 shows that high-PWR targets are underpredicted at VF10-VF20.
To probe whether large errors arise when the target PWR is concen-
trated on a few edges, we quantify tail concentration for each RE by
the Top-5 edges share

Zeetop-S(wm‘e) d)rérue

Ss= —w e
Deee 51
i.e., the fraction of total PWR carried by the five edges with the largest
PWR. Table 1 reports the correlation strength in terms of the Spearman
rank coefficient p, which is robust to non-Gaussian tails and monotone
rescalings. Effects are large at VF10, moderate at VF15 and VF30,
smaller but significant at VF20, and non-significant at VF25. Overall,
these results suggest that the model largest errors do occur when the
PWR is highly concentrated on a few edges. In such cases, the shear
bands connect voids into few dominant deformation paths across the
RE. This localization causes most remaining edges to effectively be
inactive, leading to a highly skewed PWR distribution.

The MSE-based loss penalizes large residuals quadratically, so an
overestimate on a zero-valued edge or an underestimate on a rare
high-valued edge leads to a large penalty. Because high-PWR edges are
scarce, the model can reduce its loss by fitting the numerous low-PWR
edges well while systematically underpredicting the rare, high-PWR
edges. The outcome is a bias towards underestimation precisely on the
critical edges where plastic deformation is concentrated, even when the
model correctly identifies the main shear bands.

To reduce tail-driven errors, a solution could be to adopt a loss
function less sensitive to extremes. For example, the Huber loss, which
behaves like the MSE for small errors but transitions to mean absolute
error for larger deviations. This hybrid nature can reduce the influence
of rare, high-PWR edges, while allowing the model to learn from them,
potentially resulting in more balanced predictions. Introducing the Hu-
ber loss would, however, also require specifying a new hyperparameter
for the threshold at which the loss switches from MSE to mean absolute
error, which could be challenging to optimize.

13)

5.5. Seed sensitivity and robustness

The learning curves in Fig. 9 are based on the DDM and HM
hyperparameter configurations that minimize the mean prediction er-
ror across all VFs. For these chosen configurations, we evaluated the
surrogate models trained with the largest training set, differing only
by the random seed (initialization, shuffling, and dropout). Fig. 10
shows the resulting per-VF performance considering the different seeds.
Across VFs, the HM exhibits only minor variations, whereas the DDM
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Fig. 10. Impact of the random seed on the HM and DDM prediction. Each

curve corresponds to a different random seed.

shows seed-to-seed fluctuations, particularly away from the training
VF. This suggests that the physics prior of the HM acts as a variance
reducer, stabilizing performance.

6. Conclusions

We developed and evaluated two graph-based surrogate models for
predicting strain localization pattern and macroscopic load carrying
capacity in 2D elastic—perfectly plastic porous solids under uniaxial
tension. Both models leverage a graph representation of the deforma-
tion, where nodes correspond to void centers, edges represent potential
shear bands, and edge values encode the local PWR. The first model
is purely data-driven and employs an edge-regression GNN to predict
edge-wise PWR from local geometrical features. The second is a hybrid
model that augments the edge-regression GNN with a mechanistic
prior from limit load analysis and learns residual corrections using a
permutation-invariant, distribution-matching loss.

Across extensive tests, the data-driven model accurately predicts the
shear band pattern, but its accuracy deteriorates at void fractions lower
than the one used for training. The hybrid model cannot reconstruct the
shear band pattern, however, it delivers uniformly low errors in the
total rate of internal work across all tested void fractions, effectively
removing the upper-bound bias of the underlying limit-analysis prior.
In addition to improved generalizability, the hybrid model requires
fewer data for training, making it highly data-efficient.

These results demonstrate that coupling a GNN with a physics-based
prior yields a fast and data-efficient surrogate model that preserves
accuracy in macroscopic quantities while retaining meaningful spatial
information. This provides a practical approach for predicting the
collapse of porous solids while accounting for the exact locations of
a large number of voids. As such, the present work represents a step
towards developing computational models that are compatible with the
large datasets generated by advanced experimental techniques, which
are currently not fully exploited. Furthermore, we foresee potential
applications in mesh instantiation: our method can provide insight into
where shear bands are likely to form, which could be used to guide
adaptive mesh refinement in high-fidelity finite element simulations,
thereby improving computational efficiency.
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Appendix. Hyperparameter selection

This section presents the primary hyperparameters of the two surro-
gate models, discussing what their influence on the model is and how
their values were either optimized or estimated. The hyperparameters
are categorized into two groups: (1) those estimated based on prior
experience and small-scale grid or random searches (see Appendix A.1),
and (2) those selected through a more systematic grid search (see
Appendix A.2).

A.1. Hyperparameters from experience

Residual Connections: Skip connections, specifically residuals
added to the edge during their updates, were employed to prevent
over-smoothing in deeper architectures by keeping information from
the original embeddings in the update embedding as in Eq. (4). Ex-
periments were conducted with and without residuals to evaluate
their impact on information retention, and models that had residual
connections performed better than those without. Experiments were
also conducted by adding the initial embeddings hzg?m) to the final

embeddings hEnK')n just before decoding. However, this did not seem to
improve the model and was not implemented.

Optimizer: The learning rate controls the step size of the opti-
mization algorithm. A too-small value can result in slow convergence,

while a too-large value may cause instability. The AdamW optimizer



R.B. Jakobsen et al.

Mechanics of Materials 219 (2026) 105733

[ J [ ]
60 - 256
180 PY 180
° O F48 A < ® o
160 - = 1604 @ 200 E
36 2 @
= PS o - =
140 A = - - F 128 =2
Q [, = 140 a ° * B
5 ° P
120 1@ e w 120 L 64 &
o F12 7 20 ~ ® 64 3
o
100{® = l . 100 + s . I 3
. o
T T T T T T T T T T T
50 100 150 200 250 10 20 30 40 50 60
Embedding Size Count of MPLs
(@) (b)
Fig. 11. Mean MSE vs Complexity of the DDM.
14 ® 14 _
Y 60 - 256
124 — 12 1
Zi\o/ [ g) Zi\o/ 200 =
*5» 10 N g *s 10 T g"
§ 36 = § a
= 8 ® <X - 8 - 128 EQ‘
2 ® o [ % - 7
S 64 I g 6 <
g ) o al [ £° $ o4 S
SV L e & SHPN NS o 8 o
A 4
¢ [ 6 /] o [ ° l 32
T T T T T T T T T T T
32 64 128 200 256 6 12 24 36 48 60

Embedding Size
(a)

Count of MPLs
(b

Fig. 12. Mean absolute relative error on the total rate of internal work vs Complexity of the HM.

was used, and learning rates between 0.01 and 0.0001 were evalu-
ated. A learning rate of 0.001 gave the best results. A weight decay
(L2-regularization) of 0.0001 was chosen and not investigated further.

Batch Size and Early Stopping: Training was carried out using
mini-batches with a size of 30 REs per batch for quicker convergence.
Early stopping was implemented based on validation loss to avoid
overfitting. The threshold for early stopping was 25 epochs without
improvement of the validation loss.

Random Seed: All experiments were carried out with fixed random
seeds for reproducibility, where seed 20 was chosen.

Normalization: Neither the input data nor the target values were
normalized, as models trained on the raw, unnormalized data gave the
best results.

Activation Function: The activation function used in the MLPs is
ReLU.

A.2. Hyperparameters for grid search

Number of Message-Passing Layers: The number of MPLs controls
how much information is passed around the network. Increasing the
number of MPLs will allow the graph to have better global awareness,
but can also lead to over-smoothing and unwanted computational costs
if set too high.

12

Embedding Size: Embedding size of the feature vectors in the
MLPs plays an important role in the performance of the models. Larger
embedding sizes allow the model to learn more complex patterns.
However, the risk that the model overfits the training data by being too
complex also increases, as well as the computational cost for training
the model.

Dropout: Dropout is used to prevent overfitting by randomly de-
activating a fraction of the neurons in each layer of the MLPs during
training. This is done to ensure that the model does not rely too heavily
on the weights of one or a few neurons.

A.3. Grid search

A systematic grid search was conducted to investigate the effect of
the hyperparameters discussed in Appendix A.2. The ranges for each
hyperparameter were determined on the basis of prior experience with
the models. Each model configuration is trained 5 times using different
seeds. The hyperparameters and the ranges of each are shown below:

* Number of MPLs: {6, 12,24,36,48,60}
» Embedding size: {32, 64, 128,200,256}
* Dropout: {0.5}
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Performance for the DDM in the grid search was measured against
the MSE on the validation set for VF20. Both the training set and the
validation set were kept constant for all models by giving them the
same seed for randomness. The outcome is shown in Fig. 11. For the
HM, all model configurations were evaluated on all the VFs instead, and
the performance was measured in terms of the relative error on the total
rate of internal work. The outcome is shown in Fig. 12. Eventually, the
configuration with 60 MPLs and 6 embeddings was selected and used
to generate the results presented in this paper.

Data availability

The Python implementation of the two surrogate models is available
at https://github.com/tobi2889/gnn-plastic-strain-localization. The full
graph dataset will be made available on request.
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