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Abstract

This thesis covers the implementation of Event-Triggering Control (ETC) on Cooperative
Adaptive Cruise Control (CACC). CACC has the potential to increase road capacity, by
having safe vehicle following with small intervehicle distance (less than 1 second), to increase
traffic flow by eliminating shockwave effects, such that string-stable behavior is achieved,
and it increases vehicle safety and driving comfort. CACC uses Vehicle-To-Vehicle (V2V)
or Vehicle-To-Infrastructure (V2I) communication. However, excessive use of this wireless
communication may result in reliability issues of the communication network. By means of
Event-Triggered Control, this issue can be tackled by establishing communication only when
it is necessary, while guaranteeing desired closed-loop performance.

In this thesis, an event-triggered controller for heterogeneous vehicle platooning is designed,
which is decentralized, guarantees vehicle-following with small intervehicle distances, is robust
against time-varying delays, and guarantees a positive minimum inter-event time. The algo-
rithm is backed up by simulations, and it shows that communication is significantly reduced
while maintaining desired closed-loop performance, when compared to periodic communica-
tion.
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“The vehicles will be self-driving. So you have your own personal space where you
can sit back and relax.”
— John Krafcik, CEO WAYMO





Chapter 1

Introduction

1-1 Motivation for Cooperative Adaptive Cruise Control (CACC)

Figure 1-1: Estimation of car sales from 2015 - 2040. [1]

Traffic density is increas-
ing due to the increas-
ing number of vehicles on
the road. Figure 1-1
shows the estimation of
the number of car sales
of the period 2015-2040
which can be observed
to increase from approxi-
mately 80 million vehicles
sold in 2015 to around 115
million sold in 2040 [1].
As the number of vehicles
is increasing faster than
the construction of pub-
lic roads, it causes traffic
congestion, longer travel-

ing times, and more accidents. Most of these situations occur due to human handling, such
as slow reaction times and bad decision making.

The desire is to increase road capacity, traffic throughput and make traveling safer and more
comfortable. Automated driving is a promising technology for this. Cooperative Adaptive
Cruise Control (CACC), which is part of automated driving, is a promising solution for this,
which is an extension of the Adaptive Cruise Control (ACC) system. ACC keeps a certain
desired speed while keeping a desired inter-vehicle distance to the predecessor vehicle. How-
ever, studies show that ACC cannot increase traffic throughput significantly with respect to
manual driving. The additional Vehicle-to-Vehicle (V2V) and Vehicle-to-Infrastructure (V2I)
communication gives more information to control the system, which gives the possibility to
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2 Introduction

anticipate to the vehicle in front as opposed to reacting to a change of state of the leading
vehicle. CACC has the potential to increase road capacity while maintaining a safe inter-
vehicle distance, and increasing traffic flow by attenuating shockwave effects. [2]. This is
all achieved by forming so-called vehicle strings or vehicle platoons, in which vehicles drive
closely behind each other in the same lane. Additional advantages of platooning are the
reduce of aerodynamic drag, resulting in lower fuel consumption, and enhanced safety and
driving comfort [2] [3] [4].

1-2 Necessity of Event-Triggered Control (ETC)

Cooperative Adaptive Cruise Control (CACC) belongs to the group of networked control
systems in which multiple agents collaborate to achieve a certain desired closed-loop per-
formance. In case of CACC there is a wireless communication between vehicles (V2V) or
between vehicles and infrastructure (V2I). Most CACC algorithms found in literature are
continuous-time based [5, 6, 7, 8]. Implementation of these algorithms on a digital platform
requires time sampling. The current paradigm used in digital control is the use of time-
triggered control, in which the actuator is updated periodically. However, the choice of the
sample time is not trivial. Generally, in engineering applications the sampling frequency is
chosen to be at a high rate, usually as high as the digital platform allows. It could result in
inefficient utilization of the available communication resources, which in case of CACC could
result in inefficient utilization of the wireless communication, and possible reliability issues
for the wireless communication network, due to excessive utilization.

Furthermore, it is more intuitive to update the controller when the system needs attention,
for instance based on the system’s state. This event-triggered scheduling paradigm results in
more efficient utilization of the available communication resources while maintaining desired
closed-loop performance. Furthermore, the vehicle’s state is continuously monitored, which
provides a high degree of robustness [9] [10] [11] [12].

Figure 1-2 shows the actuator scheduling time instants for both time-triggered and event-
triggered control [3]. Furthermore, Figure 1-3 depicts the event-triggering paradigm.

Figure 1-2: Time Triggered Con-
trol (TTC) versus Event Triggered
Control (ETC) with respect to actu-
ator update instants. [3] Figure 1-3: The event-triggering

paradigm

Event-triggered control suffers from a couple of disadvantages with respect to time-triggered
control. Firstly, the triggering system that detects when to close the loop must be monitored
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1-3 Current published work 3

continuously real-time on the digital platform. Furthermore, the control output is updated
aperiodically in event-triggered control, which could result in non-smooth actuation. Finally,
a strictly positive dwell-time τmiet = infk≥0 {tk+1 − tk} > 0 must be guaranteed in order to
make it implementable on a digital platform.

1-3 Current published work

Challenges in designing controllers for vehicle platooning is to guarantee vehicle-following
with small intervehicle distances, and guarantee attenuation of disturbances from head to
tail. Furthermore, the desire is to design these controllers in a decentralized fashion. Next,
since the controller will be implemented on a digital platform, it is subject to communication
constraints. Overcoming this can be achieved using event-triggered control. The challenge in
using event-triggered control is the guarantee of a strictly positive dwell-time, such that the
time in between two sampling instants is lower-bounded by the dwell-time. Next, the desire
is to design a decentralized triggering mechanism that preserves stability of the closed-loop
system. An additional advantage of Event-Triggered Control is that it can be designed to
trigger only whenever necessary, leading to efficient utilization of communication resource.
Finally, communication networks suffer from delays, and the challenge is to preserve stability
in presence of these delays.

Current work published on design of Event-Triggered Controller for vehicle platooning are
few. [13] designs event-triggered controllers for vehicle platoons, which is decentralized and
considers communication and actuator delay. By solving a set of Linear Matrix Inequalities
(LMI’s), internal stability and string stability are guaranteed, also in the presence of com-
munication delays, and actuator delays. However, no guarantee on positive dwell-time is
given.

[14] designs event-triggered controllers for vehicle platoons, using nonlinear vehicle dynamics,
for general vehicle look-ahead topologies. The communication with neighboring vehicles is
event-triggered and decentralized, and the vehicle’s position and velocity are communicated.
Due to the limited communication, this information is not continuously available. To overcome
this, each vehicle estimates neighboring vehicles’ position and velocity. The triggering rule is
based on the difference between the estimate and the latest received measurement. Stability
of the vehicle is guaranteed, but there is no guarantee of string stability. Furthermore, no
communication delays are considered.

[3] published promising results, designing linear event-triggered controllers for homogeneous
vehicle platoons, with decentralized controller structure, guaranteeing vehicle-following, and
a relaxed form of string stability in the presence of communication delays.

1-4 Contribution and outline of the thesis

There is no current published work that designs Event-Triggered Controllers for general ve-
hicle platoons, either homogeneous or heterogeneous, that is decentralized, event-triggered,
guarantees vehicle following and string stability, and is robust against time-varying delays.
The closest work that comes to satisfying all these requirements is [3]. Therefore, this thesis
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4 Introduction

uses the steps and approach used in [3], and it is extended to a more general case. To be
more concrete:

• An algorithm is proposed to design controllers for vehicles in vehicle platooning, which
is decentralized and resource-aware, robust against time-varying delays, and guarantees
vehicle following and a relaxed form of string stability. This is done in the following
steps:

– A decentralized controller is designed to guarantee vehicle following. This is de-
signed in continuous time, and therefore not yet resource-aware.

– The controller is made resource-aware by designing an Event-Triggered Controller,
which determines when to transmit a new measurement to a successor vehicle, while
guaranteeing a relaxed form of string stability. Part of the design is based on finding
a solution for an optimization problem, containing Linear Matrix Inequalities.

– Robustness against time-varying delays is guaranteed by showing a non-increase
of a storage function. The same principle is used to guarantee a strictly positive
dwell-time.

• The algorithm is tested by simulation to test the performance of the vehicle platoon
under event-triggered communication and communication delays. It is compared to a
more conventional paradigm, periodic control, in terms of closed-loop performance, and
the amount of communication. This is tested for different driving scenario’s:

– Normal highway driving with gentle accelerations and decelerations of the platoon
leader.

– Stop-and-go driving by the platoon leader such as in traffic congestions.
– Emergency braking by the platoon leader, e.g. for a sudden obstacle on the road.

Outline

The chapters outlined in the thesis guide the reader through the step-by-step approach to
design such controllers.

In Chapter 2, preliminary information is given on the notation for CACC used throughout
the thesis. This consists of the used plant dynamics, controller structure, spacing topology,
and the problem formulation.

In Chapter 3 the Event-Triggered Controller is designed. In this chapter a relaxed form of
string stability and guaranteed internal stability in presence of event-triggered control and
time-varying delays is also guaranteed.

In Chapter 4 a recipe is given how to design a controller for vehicle platooning, how to
determine the dwell-time, and how to find an upper-bound on the time-varying delays for
which stability is preserved, and some recommendations on how to tune.

Chapter 5 carries out simulations to put the controller designed in Chapter 4 into practice
for the above-mentioned driving scenario’s.

Finally, a conclusion is given in Chapter 6.
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Chapter 2

Notation and Definition

2-1 Cooperative Adaptive Cruise Control

2-1-1 Introduction

Consider Figure 2-1, representing a vehicle platoon.

Figure 2-1: A vehicle platoon consisting of non-identical vehicles. All vehicles are equipped with a speed
sensor measuring the vehicle speed vi, a radar measuring the intervehicle distance di, sensor to measure the
vehicle’s acceleration, and hardware to communicate with a following vehicle. [8]

Figure 2-1 represents a vehicle platoon. Each vehicle in the vehicle string is equipped with the
hardware necessary for CACC, i.e. a radar/lidar to measure intervehicle distance di, a speed
sensor to measure vi, an acceleration sensor to measure ai, and hardware to establish commu-
nication over a wireless network with the first successor vehicle. Furthermore, it is assumed
that no packet losses occur, which means all transmitted data is successfully received by the
succeeding vehicle. In Figure 2-1 there is a one vehicle look-ahead communication topology
being used, in which there is vehicle communication only with the first successor vehicle.
This is the only communication topology considered throughout this report. Other possible
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6 Notation and Definition

communication topologies are bidirectional topology or two-vehicle look-ahead topology or
communication with the leader [15].

2-1-2 Plant dynamics

The intervehicle distance di is defined as:

di(t) := qi−1(t)− qi(t), i = 1...N (2-1)

with qi−1 the position of vehicle i− 1, and qi the position of vehicle i.
The goal of each vehicle is to follow the predecessor vehicle with a certain desired intervehicle
distance, which is denoted by dr,i. The spacing policy used for this is the constant time-
headway spacing policy.

dr,i(t) := d0i + hivi(t), i = 1...N (2-2)

with d0i defined as the standstill distance, hi defined as the time headway, i.e. the number of
seconds to the predecessor, and vi the speed of vehicle i.
The difference between the actual intervehicle distance and the desired intervehicle distance
is defined as the spacing error ei.

ei(t) := di(t)− dr,i(t), i = 1...N (2-3)

The vehicle dynamics considered for the longitudinal motion of vehicle i are defined in Eq. (2-
4). This model is not trivial at first sight. It is a third-order linear model extended with
controller dynamics ui, whose derivation can be found in Appendix B.

ėi(t)
v̇i(t)
ȧi(t)
u̇i(t)

 =


vi−1(t)− vi(t)− hiai(t)

ai(t)
− 1
τdi

ai(t) + 1
τdi

ui(t)

OiQiai(t)−OiRiui(t) +Oiχi(t)

 , i = 1...N (2-4)

with ei the spacing error, vi the vehicle velocity, ai the actual acceleration, ui the input into
the vehicle driveline, χi the controller output, and τdi

∈ R>0 a time constant representing
driveline dynamics. Oi, Qi, Ri are defined as in Eq. (2-5)-(2-7)

Oi = τdi

hiτdi−1

(2-5)

Qi =− 1 +
τdi−1

τdi

−
hiτdi−1

τd2
i

+ hi
τdi

(2-6)

Ri =
τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

(2-7)

The third-order model is adopted from [7], and the derivation of the third-order model from
a more detailed nonlinear model can be found in [16, 17]. The extension to Eq. (2-4) is given
in Appendix B.
Next, the problem that is addressed in this thesis is formulated.
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2-1 Cooperative Adaptive Cruise Control 7

2-1-3 Problem Formulation

A well-designed CACC guarantees that each individual vehicle is internally stable, and that
the vehicle platoon is string stable. The following problem statement is formulated, which
gives properties to satisfy internal vehicle stability and string stability.

Problem 1. Consider the vehicle platoon depicted in Figure 2-1, with the dynamics for each
vehicle defined by Eq. (2-4). Then for a well-designed CACC, each individual vehicle and the
entire platoon must comply with the following two things:

• Internal vehicle stability: For each vehicle i it must hold that if, v0(t) = vc, with vc a
constant velocity, ∀t ∈ R≥0, then

lim
t→∞

ei(t) = 0, lim
t→∞

vi(t) = vc, lim
t→∞

ui(t) = 0 ∀i = 1...N (2-8)

• Relaxed String stability: The disturbances are not amplified as they propagate through
the platoon in the sense that [3, 7, 8]

||χi||L2 ≤ αi||χi−1||L2 + βi(||xi(0)||) ∀i = 1...N (2-9)

with αi a nonnegative constant, βi a K∞-function1, and xi(0) the initial condition.

These two conditions must hold in presence of communication delays and it must hold when
data transmissions are significantly reduced to only when necessary.

In Eq. (2-9) accelerations are used for the L2-gain analysis, which is adopted from [3]. Due to
the communication topology that is used, and using this property, a state-space formulation
that analyzes the L2-gain from χi−1 to χi can be realized that is not affected by other vehicles,
and gives an overlapping decomposition of the entire platoon, making the state dimension
small and, therefore, computationally tractable. Other variables that may be used for the
string-stability analysis are attenuation of the spacing error ei, actual acceleration ai, or
velocity vi. Examples of other papers using this definition can be found in [7, 8, 18, 19].
Guaranteeing performance in terms of L2 is chosen for Eq. (2-9), because the L2-gain of a
linear time-invariant dynamical system in the time-domain is equivalent to the H∞-norm of
a linear time-invariant system in the frequency domain [20].

1See Appendix A for the definition of a K∞ function
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Chapter 3

Design of Event-Triggered Controllers
for heterogeneous platoons

3-1 Introduction

In this chapter, the controller is designed for vehicles in a vehicle platoon, which determines
when to communicate with the successor vehicle, and has guaranteed L2-gain performance
and internal stability. Firstly, the controller is designed in continuous-time. Then, an Event-
Triggered Controller is designed to make the continuous-time controller sampled and appli-
cable on a digital platform. Next, a pair of adjacent vehicles is modeled in presence of the
Event-Triggered Controller and communication delay. Finally, finite L2-gain performance of
a pair of adjacent vehicles and internal stability of an individual vehicle is guaranteed.

3-2 Design of the continuous-time controller

This section covers the design of the continuous-time controller, which includes the structure
of χi and guarantee of internal vehicle stability. This design also serves as a preliminary
recommendation on how to design continuous-time CACC controllers. The derivation can
also be found in Appendix B.
Consider Eq. (2-4), which are the plant dynamics used for the controller design. The structure
of χi is chosen such that it stabilizes the error dynamics ei, ėi, ëi by means of a feedback
controller, with kpi , kdi

, kddi
gains on the errors respectively, and simultaneously compensates

for the term ui−1, which is acquired through wireless communication with the predecessor
vehicle. For this reason, χi consists of a local feedback controller, and a feedforward part.

χi(t) = kpiei(t) + kdi
ėi(t) + kddi

ëi(t) + ui−1(t) (3-1)

In order to guarantee internal vehicle stability, the gains kpi , kdi
, kddi

must be chosen such
that Lemma 2 holds, i.e.

(1 + kddi
) kdi

− kpiτdi−1 > 0 (3-2)
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10 Design of Event-Triggered Controllers for heterogeneous platoons

with hi, τdi−1 , τdi
, kpi , kdi

> 0, kddi
> −1. The proof of this Lemma is given in Appendix B,

to guarantee asymptotic stability of the error dynamics ei, ėi, ëi.
For the remainder of the thesis, it is assumed that kddi

= 0, as this is a gain on ëi. ëi depends
on the vehicle jerk, which cannot be obtained from sensor data, such that

χi(t) = kpiei(t) + kdi
ėi(t) + ui−1(t) (3-3)

3-3 Design of the Event-Triggered Controller

Consider Eq. (3-3), the definition of χi. It is assumed that the term ui−1 is continuously
available, which in practice does not hold. In reality, this term is transmitted at time instants
tik, k ∈ N≥0. As such, χi becomes

χi(t) = kpiei(t) + kdi
ėi(t) + ûi−1(t) (3-4)

with ûi−1 the latest received measurement from vehicle i. The feedback controller remains
continuous under the assumption that a much higher frequency (100 Hz) is used for local
sensor data [3, 19]. To make ûi sampled, an event-triggered controller is designed, which
determines when to transmit a new measurement to the following vehicle. By means of the
Event-Triggered Controller, a messaging scheduler is designed, which is sampled and makes
this controller implementable on digital platforms.
The network-induced error is defined below.

eui(t) = ûi(t)− ui(t), i = 0...N − 1 (3-5)

with ûi the latest transmitted measurement of ui, and ui its current value.
In order to make the event-triggering controller decentralized, each vehicle determines indi-
vidually when to transmit a new measurement. Furthermore, the mechanism for each vehicle
must only consist of local variables, i.e. only variables that are accessible to the vehicle, e.g.
ui, χi, ai. Therefore, the event-triggering mechanism is defined below, which determines when
to transmit a new measurement of ui from vehicle i to vehicle i+ 1.

tik+1 := inf{t > tik + τmieti |ηi(t) ≤ 0}, ti0 = 0, k ∈ N≥0, ∀i = 0...N − 1 (3-6)

η̇i(t) :=%iu2
i + ω(τi)

(
(1− εi)O2

i |Riui − χi −Qiai|2 − γ2
i

(
1 + 1

εi
φ2
i,0(τmiet)

)
e2
ui

)
(3-7)

ûi(t) =
{
ui(tik), when ηi(t) ≤ 0
ûi(tik), when ηi(t) > 0

(3-8)

with Oi, Ri, Qi defined in Eq. (2-5)-(2-7), %i, εi ∈ R≥0 tuning variables, ω(τi) a logic variable
as defined in Eq. (3-10), φli(τi) defined in Eq. (3-9),

φ̇i,li(τi) =− (1− ω(τi))γi,li(φ2
i,li(τi) + 1), li ∈ {0, 1}

γi,0 := γi, γi,1 := γi
λi
, λi ∈ (0, 1) (λi : A tuning parameter) (3-9)

ω(τi) =
{

0, τi ≤ τmiet
1, τi > τmiet

(3-10)
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3-4 Presence of communication delay 11

τmiet ∈ R>0 the minimum inter-event times, and τi a timer that keeps track on the time
elapsed since the latest measurement.

The event-triggering variable ηi evolves continuously and its derivative changes based on
Eq. (3-7). Such an event-triggering variable is called a dynamic event-generator, which has
the advantage over a static event-generator that it results in larger inter-event times. This
dynamic event-generator is proposed in [21].

3-4 Presence of communication delay

Communication networks in general suffer from communication delays. Therefore, the com-
munication delay is taken into account in the design of the Event-Triggered Controller. The
communication delay is defined as ∆i

k, k ∈ N. This means that when a new transmission of ui
is scheduled at time tik, it gets received and updated by the following vehicle at time tik + ∆i

k,
such that

ûi((tik + ∆i
k)+) = ui(tik) (3-11)

In between two events, ûi is kept constant, such that the following assumption is adopted.

˙̂ui(t) = 0, ∀t ∈ (tik + ∆i
k, t

i
k+1 + ∆i

k+1), k ∈ N, ∀i = 0...N − 1 (3-12)

Finally, it is assumed that the communication delay ∆i
k is upper bounded by a maximum

allowable delay τmadi
. Furthermore, it is assumed a new transmission can only be scheduled

if the previous instant is received by the following vehicle.

Assumption 1. The communication delay is bounded according to

0 ≤ ∆i
k ≤ τmadi

≤ τmieti , k ∈ N, ∀i = 0...N − 1 (3-13)

with τmadi
∈ R≥0 the maximum allowable delay. This is a requirement on the choice of

parameters.

3-5 State-space of a heterogeneous pair of adjacent vehicles

As stated in Eq. (2-9), we aim to evaluate a relaxed form of string stability in the presence
of network-induced errors by analyzing the L2-gain with respect to χi as input and χi+1 as
output. To do that, a state-space is formulated, which models a pair of adjacent vehicles.

The lumped state vector is defined as

x̃i :=
[
vi ai ui ei+1 vi+1 ai+1 ui+1

]T
i = 0...N − 1 (3-14)
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12 Design of Event-Triggered Controllers for heterogeneous platoons

Then, using Eq. (2-4) and Eq. (3-4), the following state-space model can be derived.

˙̃xi(t) =Aix̃i(t) +Biχi(t) + Eiûi(t) (3-15)

Ai =



0 1 0 0 0 0 0
0 − 1

τdi

1
τdi

0 0 0 0
0 OiQi −OiRi 0 0 0 0
1 0 0 0 −1 −hi+1 0
0 0 0 0 0 1 0
0 0 0 0 0 − 1

τdi+1

1
τdi+1

kdi+1Oi+1 0 0 kpi+1Oi+1 −kdi+1Oi+1 Oi+1
(
Qi+1 − kdi+1hi+1

)
−Oi+1Ri+1


(3-16)

Bi =
(
0 0 Oi 0 0 0 0

)T
(3-17)

Ei =
(
0 0 0 0 0 0 Oi+1

)T
(3-18)

with Oi, Qi, Ri as in Eq. (2-5)-(2-7). It is assumed that the value of τdi+1 is known to vehicle
i.

This formulation gives an overlapping decomposition from two consecutive vehicles of the
vehicle platoon, which can be any two types of vehicles, depending on the value of τdi

and
τdi+1 respectively. If it can be shown that if this subsystem has a finite L2-gain, then it can
be shown that vehicle i+ 1’s χi+1 ∈ L2 if χi ∈ L2.

3-6 The pair of adjacent vehicles modeled in presence of ETC and
communication delay

In this section, Section 3-4 and Section 3-5 are combined into one model describing a pair of
adjacent vehicles. Next, this model is used for the L2-gain performance of a pair of adjacent
vehicles.

For the pair of adjacent vehicles, there are three cases that are considered. The first case is
when vehicle i sends a new measurement. This resets the local timer τi used in Eq. (3-7) and
Eq. (3-10), and the network induced error eui as defined in Eq. (3-5).

The second case is due to the communication delay, as can be seen in Eq. (3-11). This occurs
when a new measurement of ûi is received by the following vehicle, which updates the con-
troller χi+1. In presence of communication delay, the transmission of a new measurement by
vehicle i and the update of that measurement by vehicle i+1 does not happen simultaneously.
Finally, the third situation, is when no transmission or update occurs.

This addition reformulates the state-space of Eq. (3-15) to Eq. (3-21)-Eq. (3-22). The three
cases are distinguished as follows: 1) when vehicle i transmits a new measurement, 2) when

Ahmed Hashish Master of Science Thesis



3-6 The pair of adjacent vehicles modeled in presence of ETC and communication delay 13

vehicle i+1 receives the new measurement, 3) the pair of adjacent vehicles in between events.

ξ+
i,(1) =


x̃+
i

e+
ui

τ+
i

η+
i

 =


x̃i
0
0
ηi

 (3-19)

ξ+
i,(2) =


x̃+
i

e+
ui

τ+
i

η+
i

 =


x̃i
eui

τi
ηi

 (3-20)

ξ̇i =


˙̃xi
ėui

τ̇i
η̇i

 =


A11i x̃i +A12ieui +A13iχi
Oi (Riui − χi −Qiai)

1
%iu

2
i + ω(τi)

(
(1− εi)O2

i (Riui − χi −Qiai)2 − γ2
i

(
1 + 1

εi
φ(τmieti)

)
e2
ui

)


(3-21)
χi+1 =Czi x̃i +Dzieui (Performance output) (3-22)

with eui = ûi − ui, τi the local timer which keeps track of the time elapsed since the latest
transmission, εi ∈ (0, 1) a tuning parameter, % ∈ R≥0 a tuning parameter, γ ∈ R>0 a solution
to a matrix inequality given in Eq. (3-30). Oi, Ri, Qi are defined in Eq. (2-5)- (2-7), and
φi, ω(τi) defined in Eq. (3-9), and Eq. (3-10).

Finally,

A11i =Ai + EiC1 (3-23)
A12i =Ei (3-24)
A13i =Bi (3-25)
ui =C1x̃i (3-26)
ai =C2x̃i (3-27)

with Ai, Bi, Ei defined as in Eq. (3-16)-Eq. (3-18), C1 =
(
0 0 1 0 0 0 0

)
and, C2 =(

0 1 0 0 0 0 0
)

Czi =
(
kdi+1 0 1 kpi+1 −kdi+1 −kdi+1hi+1 0

)
(3-28)

Dzi =1 (3-29)
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14 Design of Event-Triggered Controllers for heterogeneous platoons

3-7 L2-gain performance of the pair of adjacent vehicles

Theorem 1. Consider the pair of adjacent vehicles formulated by Eq. (3-19)-Eq. (3-22).
Then there exists γi, µi ∈ R>0, Pi = P Ti � 0 such that Mi � 0 holds, with Mi equal to

Mi =

 M1 PiA12i + µiC
T
zi
Dzi PiA13i −O2

iG
T
1

AT12i
Pi + µiD

T
zi
Czi µiD

T
zi
Dzi − γ2

i 0
AT13i

Pi −O2
iG1 0 O2

i − µi(1 + εi)

 (3-30)

M1 =AT11i
Pi + PiA11i + µiC

T
zi
Czi + %iC

T
1 C1 +O2

iG
T
1 G1

G1 = (RiC1 −QiC2)

and τmadi
∈ R≥0, τmieti ∈ R>0, with τmadi

≤ τmieti, such that the system given in Eq. (3-19)-
Eq. (3-22) has a finite L2-gain not greater than

√
1 + εi, εi ∈ R≥0, with respect to χi as input

and χi+1 as output.

The proof is given in Appendix C.

Showing this guarantees the relaxed string-stability condition for a pair of adjacent vehicles
defined in Eq. (2-9). String-stability can be guaranteed for εi = 0, ∀i = 0...N − 1. Although
this is usually not found in experiments, εi can often be chosen small, which guarantees almost
string-stability.

3-8 Guarantee of internal stability

Finally, convergence of the spacing error ei needs to be guaranteed, which is proven in the
following lemma.

Lemma 1. Consider the system defined by Eq. (2-4), and assuming the conditions from
Theorem 1 hold. Furthermore, assume that the leader vehicle drives with constant speed,
v0 = vc, with vc a constant velocity. Then, ei → 0.

Proof. Firstly, we use the assumption that the condition from Theorem 1 holds, such that if
χi−1 ∈ L2, then χi ∈ L2. Next, consider the matrix Zi given in Eq. (B-14), which is the closed-
loop form of the system. It already contains χi in the form of kpi and kdi

. Under the condition
that kpi , kdi

are chosen in accordance with Lemma 2 and Eq. (3-2), the matrix Zi in Eq. (B-
14) is asymptotically stable. Since χi ∈ L2, and Zi is asymptotically stable, e1i , e2i , e3i ∈ L2.
Recall the definition for e1i , e2i , e3i from Eq. (B-2), i.e. e1i = ei, e2i = ėi, e3i = ëi. Therefore,
since ei, ėi, ëi ∈ L2, it can be concluded using Barbalat’s Lemma, that ei → 0. [22]
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Chapter 4

Design of the controller in practice

4-1 Introduction

In this chapter, it is explained how to design the feedback controller and the Event-Triggered
Controller.

4-2 Design of feedback controller and event-triggered controller

We start with the design of the feedback controller. The gains kpi , and kdi
are chosen such

that Lemma 2 holds. Next, the Event-Triggered Controller is designed, which is given in
Eq. (3-7). For this, the parameters γi and τmieti are needed. γi ∈ R>0 is a solution for which
the matrix inequality Mi � 0 holds, with Mi as in Eq. (3-30).
The design of the controller is set as an optimization problem in which γi is minimized, which
is done to maximize the value of τmieti .

min γi (4-1)
s.t Mi � 0 i = 0...N − 1

Pi = P Ti � 0
kdi
− kpiτdi−1 > 0 (4-2)

When trying to find a solution to the optimization problem, we tend to keep εi low as we
want to keep the L2-gain low, but on the other hand this may result in a large value for γi,
which results in a small value for τmieti . Therefore, a trade-off needs to be found. Simulations
suggest that through trial-and-error, γ < 10 is a good value for the event-triggered controller.
Furthermore, finding a solution for Eq. (4-1) for εi = 0 cannot be found for all vehicles. This
implies that string-stability cannot be guaranteed from the algorithm.
Finally, tuning parameters such as %i ∈ R≥0, and εi ∈ (0, 1), are used in the optimization
problem in Eq. (4-1), and in the Event-Triggered Controller in Eq. (3-7).
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16 Design of the controller in practice

The optimization problem posed in Eq. (4-1) can be solved using online solvers. The solver
used here is the SeDuMi solver [23] together with the yalmip interface [24].
Next step in the design of the controller, is the determination of the time constants τmadi

and
τmiet.

4-3 Determination of τmieti and τmadi

For the determination of the time constants, we make use of Theorem 1, in particular Eq. (C-
14) and Eq. (C-15). We determine τmieti and τmadi

, i = 0...N−1 such that these inequalities
hold, which is outlined below.

τmadi
= inf {0 ≤ τi ≤ τmadi

|γi,0φi,0(τi) ≤ γi,1φi,1(τi)} (4-3)
τmieti = inf {τi ≥ τmadi

|γi,0φi,0(τi) ≥ 0} (4-4)

with γi the solution of the optimization problem in Eq. (4-1), and γi,0, γi,1 defined in Eq. (3-9),
and φi,li(τi), li ∈ {0, 1} defined in Eq. (3-9). It is crucial that τmieti ≥ τmadi

to not violate
Assumption 1. The initial conditions of φi,0 and φi,1 must be chosen such that the inequalities

in Eq. (4-3) and Eq. (4-4) hold, such that φi,0(0) ≥ 0, and φi,1(0) ≥ γi,0φi,0(0)
γi,1

.

In practice, a lower value for λi, results in a higher value for τmieti and a lower value for τmadi
,

such that lowering λi lets these variables go further away from each other. A larger value
for λi brings these variables closer to each other. Increasing or decreasing of λi can be done
up to a certain point. Lowering can be done as long as no discontinuities appear in one of
the design functions (See Figure 4-1 for the functions), which may happen for the function
γi,1φi,1(τi). Next, increasing λi can be done as long as the condition τmadi

≤ τmieti holds.
An example of how τmadi

and τmieti are determined in practice is depicted in Figure 4-1.

Figure 4-1: Determination of τmadi
and τmieti
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Chapter 5

Simulation

5-1 Introduction

In this Chapter, simulations are carried out to evaluate vehicle platoons with event-triggered
controllers for a heterogeneous platoon, using the recipe given in Chapter 4. The vehicle
platoon is tested for three different driving scenario’s: normal highway driving, stop-and-go
driving, and emergency braking. [25].

A heterogeneous platoon of six vehicles is considered in the simulation. Table 5-1 displays
the parameters for the design of the event-triggered control and the simulation.

Each vehicle knows his own parameter time constant, i.e. τdi
, and the time constant τdi−1 of

the predecessor vehicle, and the time constant τdi+1 of the successor vehicle.

The gains kpi and kdi
, i = 1...3 are chosen such that they comply with Lemma 2. The

solution to the optimization problem given in Eq. (4-1) is given below with their respective
tuning parameters % and ε. Finally, the values of τmadi

and τmieti are determined according
to Eq. (4-3) and Eq. (4-4). The initial conditions used for φi,li , i = 1...5, li ∈ {0, 1} are

φi,0(0) = 1
λi

, φi,1(0) = γi,0φi,0(0)
γi,0λi

.
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18 Simulation

Table 5-1: Table listing all variables used for simulation

Variable (unit) Vehicle 1 Vehicle 2 Vehicle 3 vehicle 4 vehicle 5 vehicle 6
τdi

(s) 0.1 1 0.5 0.8 0.3 1
hi (s) 0.6 0.6 0.6 0.6 0.6 0.6
kpi 0.2 0.2 0.2 0.2 0.2 0.2
kdi

0.7 0.7 0.7 0.7 0.7 0.7
d0i [m] 2.5 2.5 2.5 2.5 2.5 2.5
γi 8.1652 9.9843 6.3392 9.9551 5.3818 -
%i 0.05 0.05 0.01 0.01 0.01 -
εi 0.01 10 0 0.3 0 -
λi 0.454 0.455 0.453 0.455 0.451 -
τmadi

(s) 0.037 0.03 0.048 0.030 0.057 -
τmieti (s) 0.14 0.114 0.18 0.114 0.213 -
εi 0.01 0.01 0.01 0.01 0.01 -

It is assumed that the communication delay from vehicle 1 to vehicle 2 is equal to the maximum
allowable delay τmad1 , and from vehicle 2 to vehicle 3 τmad2 , and the same principle holds for
the remaining vehicles, as denoted in Table 5-1. All vehicles perform the computations at a
frequency of 100 Hz. In the simulations, the vehicles in the platoon equipped with an event-
triggered controller are compared to a vehicle platoon in which the vehicles are equipped with
a time-triggered controller, in which communication is established at a frequency of 10 Hz.

The three scenario’s are discussed separately in detail. For all three scenario’s the L2-
gain is evaluated by computing the L2-norm, as defined in Appendix A, of the controller
χi, i = 1...6 over the simulation time, and evaluate if string-stability is actually violated.
Furthermore, the L2-norm of the spacing error ei is also computed for comparison purposes.

5-2 Simulation results for different driving scenario’s

This section covers the simulation results for different typical driving maneuvers of the leader
vehicle. The results depicted for each scenario for both compared platoons are: the controller
χi, the transmitted wireless signal, the acceleration ui, the intervehicle distance di, the vehicle
velocity vi, the spacing error ei, and the inter-transmission times.

5-2-1 Normal highway driving

In normal highway driving the leader vehicle follows a velocity profile with gentle velocity
increase and gentle velocity decrease. The profile used for the simulations is depicted in
Figure 5-1.
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5-2 Simulation results for different driving scenario’s 19

Figure 5-1: Velocity profile leader vehicle for normal highway driving

The simulation results for this scenario are depicted below.

(a) The controller χi (b) The transmitted acceleration ui
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20 Simulation

(c) The spacing error ei (d) The intervehicle distance di

(e) The velocities vi (f) The inter-transmission times

Figure 5-1: The simulation results for normal driving scenario

Discussion

In this section, we discuss the simulation results for the normal-driving scenario.

We start with Figure 5-1e, which depicts the velocity trajectory of each vehicle. It can be
observed that the velocity profile that the leader vehicle must follow, is nicely followed by all
vehicles in the platoon. It can be concluded that vi → vc ∀i = 1, 2, 3, with vc the desired
constant speed of the velocity trajectory of the leader. Furthermore, when comparing the
two different platoons, the platoon equipped with periodic communication (TTC), and the
platoon with aperiodic communication (ETC), it can be observed that the velocity trajectory
for each vehicle is similar.
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5-2 Simulation results for different driving scenario’s 21

Next, we discuss the intervehicle distances from vehicle 2 to 1, and from vehicle 3 to 2, as
depicted in Figure 5-1d. It can be observed that the intervehicle distance are equal for all
vehicles, due to the same time headway hi and the same velocity vi. Next, it can be observed
that the vehicles do not crash as the intervehicle distances are strictly positive.

Next, we discuss the spacing errors, which is depicted in Figure 5-1c. The spacing errors of
the two different platoons (TTC and ETC) do not show similar responses. It can be observed
that the ETC equipped vehicle platoon has more fluctuations in its spacing error response.
However, it seems worse than it actually is, as the spacing error response for all vehicles is
not greater than 0.1 m, with the maximum difference between the responses of the TTC and
ETC equipped platoon 0.045 m. This implies similar closed-loop performance for the two
platoons. Furthermore, it can be seen that the spacing error ei → 0 for constant velocity, and
therefore, complying with Eq. (2-8).

Now, the responses of the controller, χi, and the communicated variable ui, are observed,
depicted in Figure 5-2a and Figure 5-2b. It can be observed that the closed-loop responses
of χi and ui are similar for the two different platoons, and the accelerations converge to zero,
implying constant speed of each vehicle.

Observe Table 5-2, which displays the L2-norms of the controller χi, and spacing error ei.
Observe that string-stability is almost guaranteed as the L2-gain from χ2 to χ3 is indeed
larger than 1. However, notice that when the L2-gain in terms of controller inputs is larger
than 1, the L2-gain in terms of spacing errors is smaller than 1, e.g. for instance the L2-gain
between vehicle 2 and 3 in terms of acceleration and spacing error. This suggests that the
L2-gain stability in terms of acceleration does not simply carry over to L2-gain stability in
terms of spacing error.

Table 5-2: L2-norm of χi, ei, defined over time [0, 150]

Vehicle 1 Vehicle 2 Vehicle 3 Vehicle 4 Vehicle 5 Vehicle 6
χi 28.81 28.72 29.36 28.83 29.01 28.69
ei - 3.80 3.29 3.61 2.46 4.09

Finally, the comparison in inter-transmission times is discussed, as depicted in Figure 5-1f.
Firstly, the inter-transmission times are always lower-bounded by the minimum inter-event
time τmiet, which is a necessity. Next, it can be observed that the event-triggered controllers
are decentralized, as the vehicles trigger at different instances. Finally, in Table 5-3, the
number of inter transmissions, the average inter-transmission time, and the reduction in
inter-transmission time compared to the TTC equipped platoon is outlined. Observe that
the average inter-transmission time for both vehicles is already larger than its TTC counter-
part. Next, it can be observed that a reduction of at least 39% is achieved when applying
Event-Triggered Control for the communication, with the observation that the closed-loop
performance is similar. This shows the advantage of event-triggered control over periodic
control.

Master of Science Thesis Ahmed Hashish



22 Simulation

Table 5-3: Comparison of inter-transmission times between TTC and ETC for the vehicle platoons

Inter-transmissions (#) Average inter-transmission time (s) Reduced number of events (%)
TTC 1500 0.1 -
Vehicle 1 706 0.2023 52.9
Vehicle 2 770 0.1848 48.7
Vehicle 3 615 0.2339 59
Vehicle 4 910 0.1548 39.3
Vehicle 5 520 0.2785 65.3

Remark 1. Observe from Figure 5-1f that vehicles 1 and 2 are still transmitting to their
respective successor vehicle when driving with constant speed, for instance after 100 seconds.
This is unnecessary and suggests to add another condition to the current event-triggering
mechanism. By adding the condition that communication can only be established for nonzero
acceleration will eliminate communication after 100 seconds for instance. This reduces the
communication from the current 39% to at least 50% while maintaining similar closed loop
performance.

5-2-2 Stop-And-Go

For a stop-and-go scenario we simulate driving in e.g. heavy traffic, in which the leader vehicle
brake from an initial velocity to a full stop, starts accelerating again to a final speed, and
then again brakes to a full stop. Its velocity profile is depicted in Figure 5-2.

Figure 5-2: Velocity profile leader vehicle for stop-and-go scenario

The simulation results for this scenario are depicted below.
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5-2 Simulation results for different driving scenario’s 23

(a) The controller χi (b) The transmitted acceleration ui
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(c) The spacing error ei (d) The intervehicle distance di

(e) The velocities vi (f) The inter-transmission times

Figure 5-2: The simulation results for stop-and-go scenario

Discussion

In this section, we discuss the results for the stop-and-go scenario. It will not be discussed in
detail, as the discussion follows along the same lines as the discussion about the normal driving
scenario. It can be observed that all vehicles follow the velocity trajectory, that all vehicles
have a strictly positive intervehicle distance, implying that no crashed occur. Furthermore,
the spacing error converges to zero when the leader drives with constant speed, such that
vehicle internal stability is preserved. However, it can also be observed that just as for the
normal driving scenario, this scenario does not preserve string stability.

Observe from Table 5-4 that the string-stability is not guaranteed in terms of χi and spacing
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errors.

Finally, from Table 5-5 and Figure 5-2f it can be observed that the event-triggered controller
reduces the communication significantly, while maintaining similar closed-loop performance
compared to periodic communication.

Table 5-4: L2-norm of χi, ei, defined over time [0, 150]

Vehicle 1 Vehicle 2 Vehicle 3 Vehicle 4 Vehicle 5 Vehicle 6
χi 113.75 112.73 116.03 112.76 113.54 112.0
ei - 11.68 13.84 14.21 10.20 15.79

Table 5-5: Comparison of inter-transmission times between TTC and ETC for the vehicle platoons

Inter-transmissions (#) Average inter-transmission time (s) Reduced number of events (%)
TTC 1500 0.1 -
Vehicle 1 794 0.1787 47
Vehicle 2 765 0.1860 49
Vehicle 3 558 0.2587 62.8
Vehicle 4 851 0.1662 43.3
Vehicle 5 467 0.3107 68.9

5-2-3 Emergency braking scenario

In this scenario the leader vehicle brakes heavily from an initial speed to full-stop, i.e. emer-
gency braking. The goal of this scenario is to evaluate that vehicles do not crash into each
other. The velocity profile for the leader vehicle for this maneuver is depicted in Figure 5-3.

Figure 5-3: Velocity profile leader vehicle for emergency braking scenario

The simulation results for this scenario are depicted below.
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(a) The controller χi (b) The transmitted acceleration ui

(c) The spacing error ei (d) The intervehicle distance di
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(e) The velocities vi (f) The inter-transmission times

Figure 5-3: The simulation results for emergency braking

Discussion

In this section, a brief discussion is given about the simulation results for the emergency
braking scenario. It is short and not in full detail, as the explanation is along the same lines
as the discussion given for the normal driving scenario.

Firstly, it can be observed that the velocity of all vehicles converges to zero, while maintaining
strictly positive inter-vehicle distance, and therefore, preventing a crash from happening.
Next, the spacing error does converge to zero all vehicles.

Observe from Table 5-6 that string-stability is violated for this maneuver for the vehicle
platoon.

Finally, it can be observed that similar closed-loop performance is achieved, while reducing
communication significantly, showing the advantage of event-triggered control.

Table 5-6: L2-norm of χi, ei, defined over time [0, 50]

Vehicle 1 Vehicle 2 Vehicle 3 Vehicle 4 Vehicle 5 Vehicle 6
χi 93.93 91.48 101.1 91.94 94.23 89.72
ei - 10.29 11.18 12.78 10.33 13.69
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Table 5-7: Comparison of inter-transmission times between TTC and ETC for the vehicle platoons

Inter-transmissions (#) Average inter-transmission time (s) Reduced number of events (%)
TTC 500 0.1 -
Vehicle 1 283 0.1663 43.4
Vehicle 2 323 0.1447 35.4
Vehicle 3 236 0.2015 52.8
Vehicle 4 348 0.1336 30.4
Vehicle 5 200 0.2398 60
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Chapter 6

Conclusion

Automated driving is a promising solution to increase traffic flow, road capacity, driving safety,
and driving comfort. Vehicles are forming platoons, in which they follow one another with
short intervehicle distances. Furthermore, shockwave effects can potentially be eliminated,
which means string-stable behavior can be achieved. Current technology on the market as
Adaptive Cruise Control (ACC) is not able to guarantee string-stable behavior. An extension
to ACC, Cooperative Adaptive Cruise Control (CACC), is a promising solution for this, which
lets vehicles cooperate by using communication.

Using Event-Triggered Control, continuous-time controllers are made resource-aware by de-
termining when to transmit a new measurement to other vehicles. Furthermore, resources are
used efficiently by transmitting only when it is necessary, reducing potential reliability issues
while maintaining desired closed-loop performance.

In this thesis, Event-Triggered Controllers are designed for CACC, which is resource-aware
and decentralized, to guarantee vehicle following for heterogeneous vehicle platoons. Fur-
thermore, a weaker form of string stability is guaranteed for sufficient conditions, and in the
presence of communication delays. Finally, a strictly positive minimum inter-event time is
guaranteed.

Simulations are carried out to backup the mathematical results, and a comparison is made
with the time-triggered paradigm, and it is shown that the event-triggering mechanism reduces
the communication significantly, while maintaining similar closed-loop performance.

Future work

There are open problems that still need to be solved. Firstly, the guarantee of string-stable
behavior of the vehicle platoon in presence of aperiodic communication and communication
delays for a vehicle platoon. A possible solution for this is by using a different communica-
tion topology, such as the bidirectional topology, or the two-vehicle look-ahead, which gives
additional information for tighter control. The challenge lies in formally guaranteeing this,
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and develop an algorithm, which is computationally tractable. Other open problems are the
presence of constraints, such as actuator constraints and safety constraints, and guarantee of
desired closed-loop performance in presence of measurement noise.
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Appendix A

Preliminary mathematical notation

The following notation is going to be used in the thesis.

N denotes the set of all non-negative integers. R denotes the set of all real numbers, and R≤0
the set of all non-negative real numbers. For a matrix P ∈ Rn×n, P � 0, P is symmetrix and
positive semi-definite, such that xTPx ≥ 0 ∀x 6= 0. Also, P � 0 denotes a symmetrix matrix
P that is negative semi-definite, such that xTPx ≤ 0 ∀x 6= 0. A function β(·) is said to be
of class K∞-functions, if it is continuous, strictly increasing, β(0) = 0, and limt→∞ β(r) =∞.

The L2-gain of a input-output system is used in the design of the controllers. Therefore, its
definition is given below.

Definition 1. The L2-norm of a function u (·), defined on [0,∞), is defined as

||u||L2 =
√∫ ∞

0
uT (t)u(t)dt (A-1)

If ||u||L2 <∞, then u ∈ L2.

Definition 2. A system with input u and output y has a finite L2-gain if there exist a
nonnegative constant γ, and a class K-function β, defined on [0,∞) such that [22]

||y||L2 ≤ γ||u||L2 + β (||x(0)||) (A-2)

which should hold for the initial condition x(0), for any u(·) and any solution.
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Appendix B

Design of Continuous Time CACC

B-1 Introduction

This section covers the design of a vehicle platooning controller in continuous-time. The
design is an extension of [7] to heterogeneous vehicles, and serves as a recommendation on
how to design linear continuous-time controllers for CACC. It gives a derivation of the plant
dynamics used in the design of the controller, the controller structure, and guaranteed internal
stability. This section refers to the plant dynamics given in Chapter 2, and Section 3-2.

B-2 The control law

The plant dynamics considered are adopted from [7].

ėi(t)v̇i(t)
ȧi(t)

 =


vi−1(t)− vi(t)− hiai(t)

ai(t)
− 1
τdi

ai(t) + 1
τdi

ui(t)

 i = 1...N (B-1)

with ei the spacing error as defined in Eq. (2-3), vi the vehicle speed, ai the vehicle’s accel-
eration, and ui the input. τdi

is a time constant representing the vehicle driveline dynamics.

To start with the control design, the following control law defining the error states, is used,
which is formulated for a general vehicle platoon:e1,i

e2,i
e3,i

 =

eiėi
ëi

 , i = 1...N (B-2)
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with ė1,i = e2,i, and ė2,i = e3,i. The derivative of e3,i is given below:

ė3,i = e
(3)
3,i = ȧi−1 − ȧi − hiäi (B-3)

(B−1)= 1
τdi−1

(−ai−1 + ui−1)− 1
τdi

(−ai + ui)−
hi
τdi

(−ȧi + u̇i) (B-4)

= 1
τdi−1

(−ai−1 + ui−1)− 1
τdi

(−ai + ui)−
hi
τdi

(
u̇i −

1
τi

(−ai + ui)
)

(B-5)

Next, we solve a set of equations to get a differential equation with both e3,i and ė3,i. This is
done by using the following equations.

e3,i = ëi =ai−1 − ai − hiȧi = ai−1 − ai −
hi
τdi

(−ai + ui) (B-6)

ė3,i = 1
τdi−1

(−ai−1 + ui−1)− 1
τdi

(−ai + ui)−
hi
τdi

(
u̇i −

1
τdi

(−ai + ui)
)

(B-7)

(
e3,i
ė3,i

)
=

 1 hi
τdi
− 1

− 1
τdi−1

1
τdi
− hi

τ2
di


︸ ︷︷ ︸

V1

(
ai−1
ai

)
+

 − hi
τdi

0 0
hi

τ2
di

− 1
τdi

− hi
τdi

1
τdi−1


︸ ︷︷ ︸

V2

 ui
u̇i
ui−1

 (B-8)

Next, Eq. (B-8) is solved for ai−1, ai. This requires V1 to be invertible, which holds ∀ τdi−1\{τdi
}∧

{hi, τdi
}\{1, 1}.

Finally, inserting the solution of Eq. (B-8), ai−1 into Eq. (B-6), and then solving for ė3,i gives
the following equation.

ė3,i = − 1
τdi−1

e3,i+
(
− 1
τdi−1

+ 1
τdi

− hi
τ2
di

+ hi
τdi−1τdi

)
ai+

(
− 1
τdi

+ hi
τ2
di

− hi
τdi−1τdi

)
ui−

hi
τdi

u̇i+
1

τdi−1

ui−1

(B-9)

By defining the input χi as

χi =
(

1−
τdi−1

τdi

+
hiτdi−1

τ2
di

− hi
τdi

)
ai +

(
τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

)
ui +

hiτdi−1

τdi

u̇i (B-10)

Eq. (B-9) becomes
ė3,i = − 1

τdi−1

e3,i −
1

τdi−1

χi + 1
τdi−1

ui−1 (B-11)

It becomes clear from Eq. (B-11) that χi must be designed to stabilize the error dynamics and
compensate for ui−1 in order to get exact vehicle following. Hence, χi is chosen as follows.

χi =
(
kpi kdi

kddi

)e1,i
e2,i
e3,i


︸ ︷︷ ︸

ACC

+ ui−1︸︷︷︸
CACC

, i = 1...N (B-12)

with kpi , kdi
, and kddi

gains on the errors e1,i, e2,i, and e3,i respectively, and ui−1 a feedforward
term acquired through wireless communication from the predecessor vehicle. The feedback
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controller is usually referred to as the ACC part of the controller, and the feedforward term
is referred to as the CACC part of the controller. [3, 19]

Substituting Eq. (B-10) into Eq. (B-12), we get the following expression for u̇i, which is
defined as the controller dynamics.

u̇i = τdi

hiτdi−1

(kpi kdi
kddi

)e1,i
e2,i
e3,i

+ ui−1

+ τdi

hiτdi−1

(
−1 +

τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

)
ai−

τdi

hiτdi−1

(
τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

)
ui (B-13)

The error states in Eq. (B-2), the controller dynamics in Eq. (B-13), and the differential
equation for ai, given in Eq. (B-1) for completeness, are combined in one state-space equation,
which is given below.


ė1,i
ė2,i
ė3,i
u̇i
ȧi

 =



0 1 0 0 0
0 0 1 0 0

− kpi

τdi−1

− kdi

τdi−1

−1 + kddi

τdi−1

0 0

kpiτdi

hiτdi−1

kdi
τdi

hiτdi−1

kddi
τdi

hiτdi−1

τdi

hiτdi−1

(
−
τdi−1

τdi

+
hiτdi−1

τ2
di

− hi
τdi

)
τdi

hiτdi−1

(
−1 +

τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

)
0 0 0 1

τdi

− 1
τdi

︸ ︷︷ ︸
Zi


e1,i
e2,i
e3,i
ui
ai



+


0
0
0
τdi

hiτdi−1

ui−1 (B-14)

B-3 Guarantee of internal vehicle stability

The stability of Zi is analyzed, for which a Lemma is formulated.

Lemma 2. Consider Zi as in Eq. (B-14). Then Zi is asymptotically stable for any hi, τdi−1 , τdi
, kpi , kdi

>
0, kddi

> −1 iff (1 + kddi
) kdi

> kpiτdi−1 holds.

Proof. Firstly, observe that Zi is block-triangular, which means that the eigenvalues of Zi are
equal to the eigenvalues of the upper-left and the lower-right matrix. Therefore, we analyze
for which conditions these two matrices are asymptotically stable.

We start with the upper-left matrix. It can easily be seen that the characteristic polynomial
is equal to

s3 + 1 + kddi

τdi−1︸ ︷︷ ︸
a2

s2 + kdi

τdi−1︸ ︷︷ ︸
a1

s+ kpi

τdi−1︸ ︷︷ ︸
a0

(B-15)

Master of Science Thesis Ahmed Hashish



36 Design of Continuous Time CACC

Next, we apply the Routh-Hurwitz stability criterion. for a third order polynomial a3s
3 +

a2s
2 + a1s + a0, the roots are negative iff a0, a2 > 0, a2a1 > a0. Applying this, we get the

following inequality. (
1 + kddi

τdi−1

)(
kdi

τdi−1

)
>

(
kpi

τdi−1

)
(B-16)

Multiplying left and right-hand side with τ2
di−1

, we get the inequality (1 + kddi
) kdi

> kpiτdi−1 .
Furthermore, a2, a0 > 0 holds for kddi

> −1, kdi
, kpi > 0, τdi−1 > 0.

Next, we consider the lower-right matrix, which is a 2x2 matrix. A 2x2 matrix is Hurwitz
iff its trace is negative, and its determinant is positive. Applying this gives the following
condition for the trace.

τdi

hiτdi−1

(
−
τdi−1

τdi

+
hiτdi−1

τ2
di

− hi
τdi

)
− 1
τdi

< 0 (B-17)

− 1
hi

+ 1
τdi

− 1
τdi−1

− 1
τdi

< 0 (B-18)

− 1
hi
− 1
τdi−1

< 0 (B-19)

which holds for all hi, τdi−1 , τdi
> 0.

Next, the determinant must be positive, which holds if

− τdi

hiτdi−1

(
−
τdi−1

τdi

+
hiτdi−1

τ2
di

− hi
τdi

)
1
τdi

− τdi

hiτdi−1

(
−1 +

τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

)
1
τdi

> 0

(B-20)

− τdi

hiτdi−1

(
−
τdi−1

τdi

+
hiτdi−1

τ2
di

− hi
τdi

− 1 +
τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

)
1
τdi

> 0 (B-21)

1 > 0 (B-22)

which always holds.

To conclude the proof, Zi is asymptotically stable iff hi, τdi−1 , τdi
, kpi , kdi

> 0, kddi
> −1, and

(1 + kddi
) kdi

> kpiτdi−1 .

Translating the result of Lemma 2 to the physical system, it means that the vehicle is internally
stable.

Remark 2. Note that when a homogeneous vehicle platoon is considered, i.e. τdi−1 = τdi
= τd,

the original result of [7] is obtained.

It must be noted that according to Lemma 2, for the design of the feedback controllers gains
kpi and kdi

, the time constant τdi−1 of the predecessor vehicle is necessary. It is assumed this
constant is known to vehicle i.

The third-order model defined in Eq. (B-1) is extended with the controller dynamics given in
Eq. (B-13), such that the following fourth-order model is used throughout the thesis.
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ėi(t)
v̇i(t)
ȧi(t)
u̇i(t)

 =


vi−1(t)− vi(t)− hiai(t)

ai(t)
− 1
τdi

ai(t) + 1
τdi

ui(t)

Oi (Qiai(t)−Riui(t) + χi(t))

 , i = 1...N (B-23)

with Oi, Qi, Ri as in Eq. (2-5)-(2-7), and with the controller χi given as

χi(t) =kpiei(t) + kdi
ėi(t) + kddi

ëi(t) + ui−1(t) (B-24)

Oi = τdi

hiτdi−1

(B-25)

Qi =− 1 +
τdi−1

τdi

−
hiτdi−1

τd2
i

+ hi
τdi

(B-26)

Ri =
τdi−1

τdi

−
hiτdi−1

τ2
di

+ hi
τdi

(B-27)
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Appendix C

Proof of Theorem 1

To proof finite L2-gain from χi to χi+1, we aim to find positive semi-definite storage function Si
of the state for the pair of adjacent vehicles defined by Eq. (3-21)-Eq. (3-22) that satisfies [26]

Ṡi ≤ (1 + εi)|χi|2 − |χi+1|2, i = 0...N − 1 (C-1)

in between events, and
Si(ξ+

i )− Si(ξi) ≤ 0 (C-2)

during jumps.

Consider the following positive semi-definite candidate storage function Ui. It will be shown
that Si = Ui

µi
satisfies Eq. (C-1) and Eq. (C-2), with µi ∈ R>0 one of the solutions to the

Linear Matrix Inequality, with the matrix given in Eq. (3-30).

Ui = V (x̃i) + ηi + γliφli(τi)W 2
i (eui) (C-3)

with V (x̃i) = x̃Ti Pix̃i, and Pi = P Ti � 0 a positive semi-definite matrix, for which Mi � 0
holds, with Mi defined in Eq. (3-30), and ηi the triggering variable as in Eq. (3-7), and φli(τi)
defined in Eq. (3-9).

Wi is a positive semi-definite function of the network-induced error eui .

Wi(eui) := |eui | (C-4)

Before we look at the evolution of Ui, we look at the evolution of Vi, ηi, Wi(eui).

The evolution of Vi is treated first. Its derivative is equal to the following expression, using
Eq. (3-21) for ˙̃xi.

V̇i = ˙̃xTi Pix̃i + x̃Ti Pi ˙̃xi = (A11i x̃i +A12ieui +A13iχi)TPix̃i + x̃Ti Pi(A11i x̃i +A12ieui +A13iχi)
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Next, we use the condition that Mi � 0, with Mi given in Eq. (3-30). Substituting χi+1 from
Eq. (3-22), with Czi and Dzi as in Eq. (3-28) and Eq. (3-29) respectively, and using Eq. (3-26)
for ui and Eq. (3-27) for ai, we get the following inequality for V̇i.

V̇i ≤− %ix̃Ti CT1 C1x̃i −O2
i

(
(−χi + (RiC1 −QiC2) x̃i)T (−χi + (RiC1 −QiC2) x̃i)

)
+

µi
(
(1 + εi)χTi χi − (Czi x̃i +Dzieui)

T (Czi x̃i +Dzieui)
)

+ γ2
lie

T
ui
eui (C-5)

≤− %iu2
i −O2

i (−χi −Qiai +Riui)2 + µi((1 + εi)|χi|2 − |χi+1|2) + γ2
lie

2
ui

(C-6)

Finally, the evolution of Wi in between events is given below.

Ẇi = d

dt
|eui |

=sgn(eui)ėui

(
From this, Ẇi ≤ |ėui |, therefore

)
Ẇi ≤|ėui | = Oi|Riui − χi −Qiai| (C-7)

As V̇i, η̇i, φ̇li(τi), and Ẇi are defined, the evolution of Ui is now considered.

U̇i ≤V̇i + 2γliφliWiẆi + γli φ̇liW
2
i + η̇i (C-8)

(Fill in Eq. (C-6) for V̇i, Eq. (3-7) for η̇i, Eq. (C-7) for Ẇi, and Eq. (3-9) for φ̇)
≤− %iu2

i −O2
i |Riui − χi −Qiai|2 + µi((1 + εi)|χi|2 − |χi+1|2) + γ2

lie
2
ui

+
2γliφliWi (Oi|Riui − χi −Qiai|)− (1− ω(τi))γ2

li(φ
2
li + 1)W 2

i +

%iu
2
i + ω(τi)

(
(1− εi)O2

i |Riui − χi −Qiai|2 − γ2
li(1 + 1

εi
φ2
li)e

2
ui

)
(C-9)

(Using Eq. (C-4), we get Wi = |eui |)
≤− %iu2

i −O2
i |Riui − χi −Qiai|2 + µi((1 + εi)|χi|2 − |χi+1|2) + γ2

liW
2
i +

2γliφliWi (Oi|Riui − χi −Qiai|)− (1− ω(τi))γ2
li(φ

2
li + 1)W 2

i +

%iu
2
i + ω(τi)

(
(1− εi)O2

i |Riui − χi −Qiai|2 − γ2
li(1 + 1

εi
φ2
li)W

2
i

)
(C-10)

(Simplifying the right-hand side of the inequality)
≤−O2

i |Riui − χi −Qiai|2 + µi((1 + εi)|χi|2 − |χi+1|2) + 2γliφliWi (Oi|Riui − χi −Qiai|)−

γ2
liφ

2
liW

2
i + ω(τi)

(
(1− εi)O2

i |Riui − χi −Qiai|2 + γ2
li

(
1− 1

εi

)
φ2
liW

2
i

)
(Using the completion-of-squares, we can write the above inequality in the following form)
≤(ω(τi)− 1) (Oi|Riui − χi −Qiai| − γliφliWi)2−

ω(τi)
(
εiO

2
i |Riui − χi −Qiai|2 + γ2

li

1
εi
φ2
liW

2
i + 2γliφliWiOi|Riui − χi −Qiai|

)
+ µi

(
(1 + εi)|χi|2 − |χi+1|2

)
≤ (ω(τi)− 1) (Oi|Riui − χi −Qiai| − γliφliWi)2 + µi

(
(1 + εi)|χi|2 − |χi+1|2

)
≤µi

(
(1 + εi)|χi|2 − |χi+1|2

)
(C-11)
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The evolution of Ui during transmission and receiving instants is evaluated is now evaluated.

We start with the case of a transmission instant, i.e. when vehicle i sends a new measurement.
During transmission instants τi > τmieti , eui = 0, using Eq. (3-19) and Eq. (3-21).

Ui(ξ+)− Ui(ξ) =(V (x̃i) + ηi + γ1φ1(0)W 2
i (0)−(

V (x̃i) + ηi + γ0φ0(τi)W 2
i (eui)

)
=γ1φ1(0)0− γ0φ0(τi)W 2

i (eui)
=(−γ0φ0(τmieti))|eui |2 (C-12)

The evolution of Ui during an update event of vehicle i + 1, i.e. when vehicle i + 1 receives
the measurement, is considered below. It can only update if τi > τmadi

. Using Eq. (3-20) and
Eq. (3-21).

Ui(ξ+)− Ui(ξ) =(V (x̃i) + ηi + γ0φ0(τi)W 2
i (eui)−

(V (x̃i) + ηi + γ1φ1(τi)W 2
i (eui)

=(γ0φ0(τi)− γ1φ1(τi))|eui |2 (C-13)

A non-increase of Ui during transmission and update events needs to be guaranteed, i.e.
Ui(ξ+) − Ui(ξ) ≤ 0. For Eq. (C-12), and Eq. (C-13), this can be guaranteed by setting the
following inequalities.

γ0φ0(τmieti) ≥ 0 (C-14)
γ0φ0(τi) ≤ γ1φ1(τi) (C-15)

From Eq. (C-11), Eq. (C-12), and Eq. (C-13), it can be concluded that the storage function
Si = Ui

µi
satisfies Eq. (C-1) and Eq. (C-2), as Ui is a positive semi-definite storage function

which decays in between events and does not increase during transmission or update events.
Therefore, the system defined by Eq. (3-21)-Eq. (3-22) has a finite L2-gain of

√
1 + εi with

respect to χi as input and χi+1 as output.
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Glossary

List of Acronyms

CACC Cooperative Adaptive Cruise Control

ACC Adaptive Cruise Control

V2V Vehicle-To-Vehicle

V2I Vehicle-To-Infrastructure

ETC Event-Triggered Control

TTC Time-Triggered Control
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