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Collision is a useful tool for revealing quantum effects and realizing quantum informational tasks. We
demonstrate that repeated collisions by itinerant electrons can dissipatively drive two remote spin qubits into
an entangled state in a generic collisional framework. A coherent spin exchange with either qubit facilitates

entanglement generation. When combined with proper local driving, these collisions induce an entangled steady
state in most collision configurations. Particularly, the collision which is symmetric for the two qubits results
in a unique steady state close to a maximally entangled state. Due to the dissipative nature of the process, the
entanglement persists in the presence of decoherence, provided the collision frequency exceeds the decoherence

rate. Our model can be experimentally implemented using single-electron sources.

DOI: 10.1103/PhysRevResearch.7.013145

I. INTRODUCTION

Collisions are ubiquitous in physics and play a significant
role in condensed matter systems, revealing quantum effects
such as fermionic antibunching [1-3], charge fractionalization
[4,5], anyonic braiding effect [6,7], Coulomb repulsion effect
at mesoscopic beam splitter [§—12], and quantum tomography
[13,14]. Furthermore, collisions among helical electrons and
nuclear spin memories have been proposed as mechanisms for
topological information engines [15-17].

Collisional models [18] have been a useful theoretical tool
for describing the dynamics of generic open quantum systems.
In these models, the macroscopic environment is represented
by a large collection of small units that sequentially collide
with the system. A recent model describes the environment
using itinerant wave packets [19-23]. The impact of these
collisions on the system relies on the competition between
the energy uncertainty of the packet and the level spacing
of the system. When the energy uncertainty is smaller, the
collisions tend to thermalize the system. Conversely, in the
opposite regime, collisions induce coherence in the system,
driving it out of thermal equilibrium. This regime provides
an opportunity to exploit coherent collisions as a resource for
quantum information processing, such as realization of quan-
tum gates [20] and dissipative generation of entanglement
[24-31].

Such a coherent collisional regime is experimentally feasi-
ble, thanks to single-electron sources [32—42]. Based on AC
voltages, these sources generate single-electron wave packets

“Contact author: sungguen@ifisc.uib-csic.es

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(1)/013145(12)

013145-1

on demand. High-energy sources [38—42] generate packets
with energy uncertainty as large as ~1 meV, exceeding the
typical level spacing of quantum-dot spin qubits [43]. The
application of the single-electron sources to quantum infor-
mation processing has been considered for realizing flying
qubits [44,45] by itinerant electron excitations. This applica-
tion seems promising, given that spin coherence lengths of
order of ums have been confirmed for such qubits [46]. Us-
ing collisions with itinerant electrons as a ancillary resource
for quantum informational tasks has been considered, with
the help of qubit initializations or post-selections [47-51].
However, using the collisions for deterministic and dissipa-
tive generation of entanglement has received limited attention
[29]. The dissipative entanglement generation has a remark-
able merit of being stable in the presence of decoherence due
the dissipative nature.

In this paper, we show that itinerant electrons can me-
diate two remote spin qubits to generate and stabilize the
entanglement in a generic collisional framework (see Fig. 1).
The collisions flip one of the qubits randomly but coherently,
generating entanglement. When combined with proper local
drivings, the collisions induce an entangled steady state across
most of the parameter space. Weak, symmetric collisions for
the two qubits result in a steady state with nearly maximal
entanglement. The entangled steady state remains stable even
in the presence of the thermal relaxations and dephasing, as
long as the collision occur at a frequency much higher than
the decoherence rates.

The paper is organized as follows. In Sec. II, we present
our model. In Sec. III A, we describe the dynamic mapping
of the qubits which are collided with an electron using multi-
particle scattering theory, which considers the spin exchange
during the collision. In Sec. III B, the dynamics when the
collision and the local drivings are combined is described. In
Sec. IV A, we analyze the steady state and find the condition to
achieve the maximal entanglement. In Sec. IV B, the steady-
state entanglement for general collsional configurations are

Published by the American Physical Society
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FIG. 1. Collisional model for entanglement. (a) Distant two spin
qubits, described by joint density matrix p, are collided repeatedly
with electron excitations of spin state y which are emitted into
a chiral channel by a single-electron source (SES). Each qubit is
subject to a tunable magnetic field and a thermal bath. (b)-(d) Two-
particle scattering matrix for a collision between an electron spin and
nth (n = 1, 2) qubit when the electron spin is initially |{}). Electron
(qubit) spin is denoted by the empty (filled) arrows.

discussed. Finally, we discuss our results and conclude in
Sec.V.

II. MODEL

Our system consists of two distant spin qubits, each subject
to local magnetic fields with tunable strength and orienta-
tions, as well as thermal baths [see Fig. 1(a)]. In addition, a
single-electron source generates electron excitations that are
injected into a one dimensional chiral channel at a frequency
feol- This channel passes near the system, causing colli-
sions between the electrons and the qubits, resulting in spin
exchange.

We make the following assumptions. The kinetic energy
uncertainty of the initial electron is much larger than the level
spacing of the qubits, preventing decoherence of the qubits by
the collision [19]. The channel is assumed to be chiral, elimi-
nating back-scattering, which can be achieved using quantum
Hall edges. We also assume a linear dispersion relation in
the channel to avoid wave packet spreading, a reasonable
approximation in typical single-electron source setups [52].
Finally, we assume that the coherence length for the electron
spin is larger than the distance between the qubits, allowing
us to study the effect of coherent collisions.

The main ingredient to describe the collision is the two-
particle scattering amplitudes [53] between an electron and a
qubit n (= 1, 2). We first consider the case that the electron
spin is initially aligned to —Z, denoted by |{). When the
qubit is initially in |}), no spin exchange occurs, and the
electron scatters out, obtaining a forward-scattering phase ¢,
as described in Fig. 1(b). When the qubit is initially in [1),
the electron spin either remains unchanged with probability
amplitude 7, or flips with probability amplitude r, as shown in
Figs. 1(c) and 1(d), respectively. The scattering amplitude for
the initial electron spin |{}') is determined by the schematics
[Figs. 1(b)-1(d)] with all the spins flipped, due to the spin-flip
symmetry of the spin-spin interaction. Hence, the two-particle

scattering operator is written as

Su = € M) (M + € 13 L) (U]
+ 1y ) (L + 7 [0 (]
+ 1 1) (U + 7 1L (U (1

As described in Appendix A, the values of the amplitudes
t., 1, and phase ¢, are determined by the microscopic details
such as the strength of the electron-qubit interaction and the
electron velocity. Irrelevantly to the microscopic detail, we
treat t,, r,, and ¢, as model parameters, only restricted by
the unitarity of s,, namely, s's, = s,s/ = 1. The unitarity is
equivalent to

lta]* + |ral* = 1, )

arg(ru/ta) = Fm /2. 3

Thus, we choose the global phase of the scattering amplitudes
as t, = /T, r, = Fi/1 — T, without loss of generality. The
sign is — when the electron-qubit interaction is ferromagnetic
and + when antiferromagnetic, see Appendix A. Throughout
this paper, the upper and lower sign of F (or %) in the ana-
lytic results refer to the ferromagnetic and antiferromagnetic
cases, respectively. Furthermore, the spin conservation during
the collision, s;g(t + 0,)s, = T + 0, where T and o, are the
Pauli operators of the electron and qubit n respectively, is
equivalent to

¢n = Fatany/(1 —T,)/T, . “

Thus, the probabilities 77 and 7, are the only independent
model parameters which completely determines the colli-
sions. We remark that 7,, & 0 and 7,, & 1 correspond to strong
collision (resulting in perfect spin exchange) and weak colli-
sion (no spin exchange), respectively.

III. DYNAMIC MAPPING

A. Collisions

We first focus on the effect of the collision, assuming the
absence of external magnetic fields and thermal baths, follow-
ing the procedure of Ref. [19]. The reduced density matrix p
of the two qubits changes due to a collision as

p" = S[pl. 5)

The superoperator S is determined by evolving the joint state
of the electron and qubits from just before to just after a colli-
sion and then tracing out the electron. Specifically, the matrix
elements of the superoperator, S_’jf‘k, = Tr(|k) (j'| S[ 1)) (k| 1),
are given by [19]

STt = (' Tre[S(pe ® 1) (K)STIK) . 6)

where p, is the density matrix of the initial electron describing
both spatial and spin degrees of freedom, and the indexes
J, k,j and k' € [t1, 14, {1, L 1] denote the two-qubit basis
states. Tr, denotes tracing out the electron degrees of freedom.

S is the three-particle scattering operator describing the
scattering between one electron and two qubits. Its ma-
trix element (o’ j'|S|o j), where o, o’ € {1}, |}, describes the
transition amplitude initially from |oj) to |o’j’) after the
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FIG. 2. Three-particle scattering matrix, ({ j'|S| { j) (black)
and (1t j'IS| U Jj) (blue). The matrix elements for the initial electron
spin {} is determined through the spin-flip symmetry of S, namely
(o' j'IS| 1t j) = (o’ J'|S| 4 ), where the overlines indicate the flip.

scattering. Using that the three-particle scattering event is
composed of two sequential two-particle scattering events,
determined by Eq. (1) and Figs. 1(b)-1(d)], and assuming
interperiod independence, the three-particle scattering matrix
is obtained as shown in Fig. 2. The interperiod independence
is assured because the electron emission period fcgll 0.1-
10 ns) is typically much larger than the timescale for the
electron to complete the three-particle scattering (e.g., 10 ps
for the electron velocity of ~10°> m/s [54] and qubit distance
of 1um). Using the unitarity of the two-particle scattering,
Egs. (2) and (3), we confirm that the three-particle scattering
matrix of Fig. 2 also satisfies the unitarity,

ST =585 =1. (7)

The spin conservation during the two-particle scattering,
Eq. (4), leads to the spin conservation during the three-particle
scattering,

S'(t+o1+0)S=1+0+05. (®)

Using the condition that the energy uncertainty of the
electron packet is much larger than the qubit level spacings,
Eq. (6) is simplified to [19]

S'J’:f‘k,= Z (olxlo’) (" j'ISlo j) (a"K'|Slok)" . (9)
o,0',0"=M{

Here, x is the density matrix of the initial electron spin.
In Eq. (9), the terms with o # o’ describe the interference
between two scattering events (o j’|S|o j) and (o"k’|S|o’k).
The fact that the final electron spins of the two events are the
same as o” reflects the decoherence in the qubits induced by
being effectively measured via the electron spin. Egs. (5) and
(9) and Fig. 2 determine the evolution of the qubits through
collisions with the electron.

We first observe that entanglement is generated through
collisions. For example, when the initial qubits in |[11) are
collided with an electron spin ||} ), either one of the two qubits
is flipped. The specific qubit that flips is uncertain in a co-
herent manner, resulting in a state which is a superposition of
[14) and || 1) states, as illustrated in the first column of Fig. 2.

However, this entanglement is not stable as repeated collisions
eventually drive the qubits to become polarized, aligning their
spins with the electron spins.

B. Collisions with local driving

Now we consider the collisions in the presence of the
external magnetic fields and the baths. The three-particle scat-
tering is completed in a very short time (typically tens of
picoseconds) as discussed above. Hence, during scattering,
the effects of Larmor precession and thermal fluctuations are
negligible. This leads to the change in the qubits during one
period, 1/ f.o1, being determined by the sequential acts of the
scattering and the evolution in between the scatterings:

p = e g[p]]. (10)

Here, L is the Liouvillian superoperator describing the time
evolution of the two qubits under the influence of magnetic
fields and thermal fluctuations:

i 1
Lipl = —=[H.pl+ 3 T (LM p Ly = 5L, p})
n=1,2
A=e,a

+ Y val(By-0) p By - 04) = p). (1)

n=1,2

The first term describes the unitary evolution due to the
Hamiltonian of the qubits,

"2, 4
H==3 —"B, 0, (12)

n=1,2

where B, is the unit vector describing the direction of the
magnetic field applied to the nth qubit and €2, is the cor-
responding Larmor angular frequency. The second term of
Eq. (11) describes the thermal fluctuations induced by the
baths. L,, is the jump operator describing the spontaneous
emission of the nth qubit:

Li. = (1Bi;+) (B1; - ®1, (13)
Ly, = 1® (|By; +) (By; — ), 14)

where |B,; +) and |B,; —) are the spinors directed to B, and
—B,, respectively. L,, = le'e is the jump operator for the ab-
sorption process. The rates of the spontaneous emission and
absorption, 'y, and Iy, respectively, are related by the local

detailed balance [55]

Cha hQn (15)
= X — .
r, P TLT

Here, T is the temperature of the baths (assumed to be the
same in the two baths for simplicity). The third term of
Eq. (11) describes pure dephasing [56] with rate y,, induced
by the fluctuations of the magnetic field.

Equations (10)—(15) allow for the numerical calculation
of the time evolution of the system spins. The steady state
can be directly obtained through finding the eigenstate of the
superoperator ¢!//«S with eigenvalue of 1. The steady state is
unique when there is no degeneracy for the unit eigenvalue.
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IV. STEADY-STATE ENTANGLEMENT

We now study the conditions required to obtain a steady-
state entanglement. We find that a steady state close to a
maximally entangled state can be formed when the collision
strengths of each qubit are equal, i.e., T} = T,. Since these
strengths may not always be controllable, we also investigate
the conditions needed to maximize steady-state entanglement
for general values of 7} and 7.

A. Maximal entanglement

The necessary conditions for achieving maximal steady
state entanglement are as follows: (i) Entanglement requires
that the two qubits communicate beyond local operations and
classical communications [57]. This implies that the initial
electron spin must be coherent and the spin transfer from
the location of one qubit to another should be coherent. (ii)
Maximal entanglement requires that the steady state should be
symmetric to the qubit exchange. Hence, the collisional map
S and the Liouvillian L and should also have the exchange
symmetry. This leadsto 71 =T, =T ~ 1 and El = Ez. Note
that the weak collision condition, T & 1, is necessary due to
the chiral geometry of the collisional setup. The effect of the
collision on the second qubit differs from that on the first
qubit because the incident electron spins in the two cases
are different, unless the collisions are weak enough that the
electron exchanges spin with only one of the two qubits. (iii)
The reduced density matrix of the first qubit should be the
white-noise state 1/2. This requirement and the chirality of
the channel imply that the magnetic field B, should flip the
qubit in between the collisions to prevent the qubit from being
polarized along the initial electron spin. Indeed, the first qubit
becomes the white-noise state, when B, perpendicular to the
initial electron spin and €2 fc’ol1 = 1; see Appendix B.

Interestingly, we find that relaxing condition (ii) slightly by
allowing an azimuthal angle ¢ between B, and B, is critical.
The magnetic fields are described by

B, =%, (16)
By =cos¢ i +sing 39, (17)
Ql = Q2 = nfcol- (18)

Here we have chosen x = ||) ({}| (among any pure spinor)
and B, = % (among any direction perpendicular to the elec-
tron spin), without loss of generality. Figure 3(a) shows the
steady-state entanglement, quantified by concurrence C [58].
When the azimuthal angle equals the forward scattering phase,
namely ¢ = ¢ where ¢ = ¢ = ¢, the steady-state entan-
glement becomes nearly maximal for weak collisions, i.e.,
T — 1. However, when ¢ = 0 the steady-state entanglement
is drastically weaker, being 0 for 0 <7 < 0.5 and < 0.1
otherwise.

To understand the importance of the condition ¢ = ¢, it
is convenient to express the dynamic mapping in a singular
value decomposition. The dynamic map describing the colli-
sion and Larmor precession is determined by two operators
f = e tH/(ifeo1) (UIS]4) and 7 = e~ tH/(feo) (IS4 as

eﬂ—/fml[s[p]] :fpr +;\',0 ;'\'T (19)

c
a
0 - (a) ‘ C
0.2 0.8
0.4r {1 o6
&~
0.6/ 1 1 ™oa4
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0.8+ . {11102
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1 ‘ 2 ‘ 0
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FIG. 3. Steady state with maximal entanglement. (a) Concur-
rence. Blue dashed line indicates the optimal condition, ¢ = ¢.
Inset: the concurrence at the optimal condition. (b) Spin current
(along 2) of electrons in the output channel subtracted by that of
input channel. Parameters: x = |{) ({}|, the magnetic fields are de-
termined by Eqgs. (16)—(18), the collision is symmetric, i.e., T} =
T, =T, and the decoherence is absent, i.e., [, = = 3, = 0.
The electron-qubit interaction is assumed to be ferromagnetic, hence

¢ = —atany/(1 —T)/T.

-1 -0.5 0 0.5

The operator 7 (7) describes the evolution given that the
electron spin has not flipped (flipped). The operators 7 and
7 are expressed in their singular decompositions as (see
Appendix C for the derivation),

F= =@ 101) (LU = T [34) (111
— T |W(r — V7, ¢ — 2¢)) (¥( — V7, —9)]
+ VW, T+ —20) (VW7 T — @), (20)

P = ie /1 — T2 M) (W(rr — 97, —¢)]
i1 T2 W@, —¢ —20)) (1] 2D)

Here ®7 = 2atan(v/T) is an angle describing the collision
strength; ¥7 changes from 7 /2 to 0 as the collision strength
is increased. |W (&, ¢)) = cos(?/2) [1]) + sin(F/2)e ||1)
is a state which has the polar angle ¥ and azimuthal angle
¢ in the Bloch sphere of the subspace spanned by |1 ) and
1)

Figure 4 illustrates the schematics of the dynamic mapping
by the collisions and the Larmor precession, as described by
Egs. (20) and (21). When ¢ = 0 [see Fig. 4(a)], the mapping
leads a product state |11) to an entangled state |W (97, —¢)).
Howeyver, this state is not stable and transferred to various
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(b) 1 1
) W

FIG. 4. Schematics of the dynamic mapping for ¢ = 0 (a) and
¢ = ¢ (b). The initial and final states of the mapping are shown
in Bloch spheres of basis of {|1]), |l 1)} and {|11),]J{)}. Black
and blue arrows denote the transition by 7 and #, respectively [see
Egs. (20) and (21)]. Dotted lines refer to the hopping through spinor
overlap. In the case of ¢ = 0, the steady state is formed by statistical
ensemble of many pure states (denoted as black and blue points). In
the optimal condition, ¢ = ¢, the steady state is formed by a unique
pure entangled state (denoted as the red point having polar angle
Y7 and azimuthal angle & — ¢). Here, the electron-qubit interaction

is assumed to be weak and ferromagnetic, namely ¥r =~ 7 /2 and

states, such as |V(d7,w + ¢@)), |W(T — 97, ¢)), [11), and
|44}, due to the mapping and hopping through spinor overlap.
Consequently, the steady state is formed as an ensemble of
these states, which does not exhibit entanglement as a whole.
In contrast, when ¢ = ¢ [see Fig. 4(b)], the structure of the
transition paths is simplified, leading to a unique stable point
at |¥(Jr, m — ¢)). Consequently, an arbitrary state eventually
converges to this state, forming a pure steady state given by

1)) — e VT 1)
V14T

where (H.c.) denotes to the Hermitian conjugate of the preced-
ing term. This state exhibits a concurrence value very close to
1 in the weak collisional limit, namely, T ~ 1,

4T
A+T)y

Equation (23) is consistent with the numerical results shown
in the inset of Fig. 3(a).

The forward-scattering phase ¢ is not initially known in
experiments, because it is determined by the type and strength
of the collision interaction, as seen in Eq. (4). However, the
optimal condition of the magnetic fields, ¢ = ¢, can be easily
tuned experimentally without prior knowledge of the collision
specifics. As discussed above, the purity of the steady state,
Tr p2, reaches unity under the optimal condition and is smaller
otherwise. In analogy to the dark state in photonic setups
[28], the qubits in this pure steady state do not exchange spin
with the electron. Indeed, one can verify that the amplitude
of transition (f}|S|{}) applied to Eq. (22) is zero. Therefore, ¢
can be tuned to its optimal value by measuring the electron
spin current along Z in the output channel and adjusting ¢
to minimize changes in the electron spin current between
the input and output channels. Figure 3(b) demonstrates this
behavior, where the spin current is obtained using the spin
conservation, Eq. (8), and by calculating the spin expectation
values of pg, Eq. (22), and S[pg].

The steady-state entanglement persists even in the presence
of decoherence when its rate is much slower than the collision

(H.c.), (22)

Pst =

Clps) = 23)

0 2 4 6 8 10
ln(t fCOl)

FIG. 5. Steady-state entanglement with relaxation (a) and de-
phasing (b), and entanglement dynamics (c). The results are shown
for various 7' (color-coded). Parameters are the same as Fig. 3 with
the optimal condition, ¢ = ¢, except: In panel (a), '), =T, =
Iy, = I'5, = T which corresponds to high-temperature limit k7 >
h2y, h2; and y = 0. In panel (b), y; = y» =y and I" = 0. In panel
(c), I' = y = 0 and the initial two-qubit state is chosen as p = 1/4.

rate, as illustrated in Figs. 5(a) and 5(b). The threshold of the
decoherence rate, up to which the steady state remains en-
tangled, decreases for weaker collisions. The behavior can be
understood from the entanglement dynamics; see Fig. 5(c). As
T approaches 1 (indicating weaker collisions), the generation
of entanglement slows down. As a result, decoherence more
effectively destroys entanglement near the weak collisional
limit.

Interestingly, the concurrence C in Fig. 5(c) for small T
shows an oscillation in early collisions. We find that the oscil-
lation is anticorrelated with an oscillation of probability of the
qubits being in |11). Namely, the concurrence reduction by a
collision is accompanied with the increase of the probability.
This is because that the transition from |11) to a superposition
of |[1)) and || 1) [upper blue arrow in Fig. 4(c)] and the
opposite transition (lower blue arrow) coexist in the early
collisions. Such oscillation is less pronounced in the larger
T as the collision is weak and qubits evolve in time smoothly.

To estimate the timescale on which the steady state
is approached, we have numerically searched the time at
which the concurrence C reaches the half of the converged
value in Fig. 5(c). We find that the timescale is well de-
scribed by (1 — T)=2f~!. Hence, the Bell state generation

col *

suggested by Eqgs. (22) and (23) in the limit of 7 — 1
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FIG. 6. Steady-state entanglement with various electron spin co-
herence. Parameters are the same as in Fig. 3 with the optimal
condition ¢ = ¢ except that y = py 1) (1| + (1 — pu) [4) (U1.

should be understood as asymptotic generation with diverging
timescale. As T approaches 1, the interaction between the
electron and qubits becomes weak, and hence the timescale
on which the steady state is reached grows divergently as
(1-T)2 fC;]'. Note that nearly maximal entanglement can
be achieved in accessible timescale, e.g., C = 0.9972 in
(1 = T)72f.y) ~ 100 ns timescale for f.o = 1GHz [39] and
T =0.9.

The coherence of electron spins is crucial for the steady-
state entanglement. Figure 6 demonstrates the concurrence
when the initial electron spin is an incoherent mixture of
up and down spins, described by x = (1 — py) |[I) | +
pu M) (N1]. As the probability py to occupy the up-spin
changes from O (corresponds to the fully coherent case) to
0.5 (fully incoherent case), the steady-state entanglement de-
creases and eventually vanishes. Furthermore, the coherence
of electron spin between the collisions with each qubit is
also crucial. There are two mechanisms which determine
the spin coherence length of the itinerant electron. One is
dephasing due to hyperfine interaction provided by nuclear
spins. The other is spin-flip due to spin-orbit coupling. Due
to the fast speed of the itinerant electron (which range from
4000 m/s [37] to 10° m/s [54] depending on the type of
single-electron sources), the coherence lengths of both mech-
anisms are expected to be larger than micrometers [46,59,60].
If the spin coherence length is shorter than the distance
between the qubits, then the collision changes |[11) to a
classical ensemble of |1]) and || 1), rather than their super-
position. Hence, the concurrence is expected to decrease with
increasing qubit distance per coherence length. Furthermore,
if the itinerant electron has experienced spin rotations due
to the spin-orbit interactions, the optimal condition of the
local magnetic fields will be different than the one found in
our work.

In the result of Fig. 3, we assume a ferromagnetic interac-
tion between the electron and qubit. The results, including the
concurrence and the electron spin current, of antiferromag-
netic interaction are the same as the ferromagnetic results to
which ¢ — —¢ is applied. The optimal condition ¢ = ¢ is
independent of the interaction type.

C

0 0.5 1
T,

FIG. 7. Steady-state entanglement for general 77 and 7,. At each
point, the magnetic fields are optimized to maximize the entan-
glement. The result of the optimized magnetic fields are given in
Fig. 8. Here we assume the absence of relaxation and dephasing,
ferromagnetic electron-qubit interaction, and x = |{) ({}].

B. General case

In experimental settings, controlling the strength of elec-
tron collisions with each qubit might not be straightforward.
However, local unitary operations on qubits are typically
well-controlled. Therefore, it is desirable to study how much
steady-state entanglement can be achieved by tuning these
local unitary operations under given collision strengths.

Figure 7 shows the maximum steady-state entanglement
achieved by numerically optimizing the directions of the local
magnetic fields, Bi— » = sin(6;) cos(¢;)% + sin(6;) sin(¢;)y +
cos(6;)Z, and the strengths €2;. These fields induce correspond-
ing Larmor precessions during the collision period 1/ f.q,
enabling arbitrary local unitary operations. Assuming x =
[{) (U], the entanglement depends on the difference in az-
imuthal angles, ¢, — ¢;, rather than their individual values.
The optimal parameters are given in Appendix Fig. 8. The
absence of spin relaxation and dephasing is assumed for the
itinerant electrons.

Remarkably, significant steady-state entanglement is ob-
served across a wide range of 7} and 7,. This implies that in
experiments where 77 and 75> can be measured, one can nearly
always adjust local unitary operations to achieve an entangled
steady state, guided by the optimal parameters given by Fig. 8.
The strengths of collisions 77 and 7, can be extracted in exper-
iments by measuring the electron spin current. When strong
magnetic fields are applied to the qubits along the opposite
direction of the initial electron spin polarization, specifically
when By =By =2, x = [§) ({|, and Qy, 2 > kzT /i, the
electron spin currents (measured along Z) at the channel
between the qubits, Ij, and at the output channel, I{, are
given by

h
I = f°°‘(1 —2Ty), (24)
h
I{ = %(1 — 2T\ T), (25)
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respectively. Thus, by measuring the spin currents Ig, I and
applying Egs. (24) and (25), one can determine 7} and 7,. Due
to the chirality of the channel, Eq. (24) is valid irrelevantly
to what happens in the downstream. Therefore, to measure
I conveniently, one can divert the channel using a potential
barrier or quantum point contact, and measure the spin current
adopting a method convenient in experimental platform [43].

Further analysis of the entanglement and optimal con-
ditions reveals that when 7} &~ T,, the optimal magnetic
fields remain almost the same as the ones found in
Sec. IV A: specifically Q) = Q & 7w foo, 01 = 0, & /2, and
¢ — d1 = (1 + ¢2)/2. Hence, if T} & T, can be assumed
without precise knowledge about their specific values, then
one can tune ¢ by minimizing the change of the electron spin
current, as discussed in Sec. IV A.

When 7, = 0, substantial entanglement is observed for
any 71 # 0, 1. In this scenario, the collision between the ini-
tial electron and the first qubit in the steady state induces
their entanglement the most when Q| = 7 fo] and 6, = 7 /2,
see Appendix B and Eq. (B6). The strong collision (namely
T, = 0) between the electron and the second qubit results
in perfect spin exchange, described by s, = —i(|[f+1) (1] +
) (M4 1) (Ut + 13 ) (B D), according to Eq. (1).
Hence, the entanglement originally present between the elec-
tron and the first qubit is transferred to entanglement between
the two qubits. The optimal conditions for the magnetic fields
are Q| = 7 feo, 01 = /2 for l§1 while Ez is irrelevant as it
does not affect the entanglement generation in this scenario.

Conversely, when 77 = 0, no entanglement is observed for
any 7. Here, the electron and the first qubit are not entangled
at all, as the strong collision between them leads the first qubit
to align with the initial electron spin, as per Eq. (B7). Hence,
the electron cannot mediate any entanglement between the
qubits.

In cases where 77 &~ 1 or T & 1, the entanglement gener-
ation between the electron and the first (second, respectively)
by each collision is small. Hence, unless forming an entangled
steady state as in the case 71 = T, case, the entanglement
vanishes.

When the electron-qubit interaction changes from ferro-
magnetic (the setup of Fig. 7) to antiferromagnetic type, the
steady-state entanglement is the same as Fig. 7 when the mag-
netic field directions are changed as 6,, - 7w — 6, and ¢, —
—@, (while maintaining the field strengths €2, the same). This
symmetry operation ensures that the dynamics and resulting
steady states of the antiferromagnetic case map directly onto
those of the ferromagnetic case under time-reversal and spin-
flip transformations. Therefore, both cases exhibit identical
entanglement properties.

V. DISCUSSION

We show that coherent collisions involving itinerant elec-
trons can effectively generate and stabilize entanglement
between two remote spin qubits. Entanglement is generated
during collisions where the electron exchanges spins coher-
ently with either qubit. By optimizing local magnetic fields,
the collisions drive the qubits into an entangled steady state
across a broad parameter space. Particularly, when the colli-
sion strengths between the electron and each qubit are similar,

the steady-state entanglement achieves the maximum in the
regime of weak collisions. Interestingly, the optimal condition
requires that the two fields should not only be perpendicular
to the initial electron spin, but also differ themselves by an
angle equal to the forward-scattering phase of the collisions.
This optimal condition can be established in experiments by
measuring the electron spin current at the output channel.

In contrast to recent studies, such as Li er al. [61], which
require a temperature bias and system interactions absent in
our model, we observe significant entanglement generation
solely through coherent electron collisions. Another study
[62] consider the collisional model with depolarized electron
spins, corresponding to our model with py = 0.5, and con-
cludes that the steady-state entanglement is generated by the
collisions. However, their reliance on von Neumann entropy
of reduced density matrices for quantifying entanglement,
which does not fully capture entanglement in mixed states,
led to the conclusion which contrast with our emphasis on
the crucial role of coherent electron spins for entanglement
generation, as illustrated in Fig. 6.

M. Benito et al. [29] have considered an electronic analog
which approximates the dissipative entanglement generation
mediated by photons [26-28]. The master equation of the
qubits is approximated to the one suggested in Ref. [28],
when the couplings between the qubits and the itinerant elec-
tron are symmetric and weak, and when the local magnetic
fields are even weaker. Then sizable steady-state entangle-
ment is achieved, up to 0.7 of the entanglement of formation
[63] which corresponds to 0.78 of the concurrence. The lack
of full entanglement is due to the high-order effect of the
coupling, which causes the deviation from the dynamics of
the photonic setup. However, our work does not prioritize to
realize the master equation suggested in Ref. [28]. Instead,
we have considered a generic collisional setup and searched
optimal condition of the local drivings which maximizes the
steady-state entanglement without the approximations, thanks
to the scattering formalism. Our result shows that the full
entanglement not only requires the symmetric and weak cou-
pling, but also the strong transverse local fields [namely,
Q =1 feo > (1 — T)f.01] Wwhose angle differ by the forward-
scattering phase.

Sauer et al. [64,65] considered optimizing Hamiltonian for
the two interacting qubits subject to given local decoherence
channel to maximize the steady-state entanglement. In con-
trast, our work consider optimizing local Hamiltonians for two
noninteracting remote qubits, subject to local decoherence
and nonlocal dissipation mediated by the itinerant electrons.
The mechanism responsible for the entanglement is the qubit
interaction in the former and the nonlocal dissipation in the
latter. Due to this difference, the maximal concurrence in our
protocol exceeds the maximal stabilizable entanglement of
C = 1/2 found in Refs. [64,65].

We discuss the effect of fluctuation in the single-electron
source to the performance of our protocol. As analyzed
in Ref. [66], single-electron sources of high energy types
emit wave packets which are in identical form except
picoseconds fluctuations in the emission timing.The
standard deviation of the fluctuation, op, is expected to
be order of picoseconds in the case of high-energy sources.
Hence, the fluctuation of f., is estimated to be small, as
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8 feol ~ (fcgll - O—P)_1 — feol ™~ fcz()laP ~ 10_3fcol for GHz
sources. Among the parameters to be optimized, only the
strengths of local magnetic fields, €2, and €2;, depend on f;.
One can roughly estimate the effect of fluctuation in f., by
investigating the change of steady-state entanglement when
) and €2, deviate from the optimal condition, Eq. (18), by
amount of 7§ f.,;. We confirm that the change of the entan-
glement is negligible, 8C/C < 107> for §fio1/feot = 1073.
The other model parameters, 7 and 75, do not depend on
the emission timing. Hence, we expect that the small timimg
noise will barely impact the performance of the protocol.

Implementing our proposed model is experimentally fea-
sible. Decoherence rates of spin qubits are typically much
slower than the collision rate f.,. For example, 0.1GHz <
feot < 10GHz in single-electron sources [33,36,39], while the
relaxation (Tl’l) and dephasing (Tz’l) rates are in the orders
of 0.1 kHz and 1 MHz, respectively, for GaAs quantum-dot
spin qubits [43,59]. The condition for the coherent collision,
namely that the energy uncertainty of the wave packet is
much larger than the qubit level spacing, is feasible when
using quantum-dot single-electron sources; the Zeeman split-
ting E; = 26 ueV/T (obtained using up = 58 ueV/T and g =
0.44 for GaAs [43]) is much smaller than the energy uncer-
tainty (~1 meV [41]) of the wave packet, in typical situations
(B < 10 T). Furthermore, our protocol covers broad experi-
mental setups, as it does not not rely on specific microscopic
details. The local drivings can be realized by any mechanisms,
e.g., Rabi oscillations, and the electron-qubit interaction can
be any type. Therefore, our protocol will help increase the
connectivity of remote qubits (whose distance is limited by the
spin coherence length ranging from 5 um [46] to 100 um [60])
in generic solid-state devices, when the photonic interface
[67] is not available.
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APPENDIX A: INTERACTION BETWEEN
ELECTRONS AND QUBITS

In this Appendix, we consider the interaction between
an electron spin and a spin qubit and show that how
it determines the electron-qubit scattering amplitudes. Al-
though here we consider a specific interaction model, its
details such as spatial dependence or type of spin-spin

coupling (ferromagnetic/antiferromagnetic), are irrelevant for
the results in the main text.

The most dominant interaction between an electron and
a spin qubit is given by the on-site Heisenberg exchange
Hamiltonian [68]:

Hin((x) = FAT - 0,8(x — Xp), (AD)

where x denotes the electron position, T is the vector of
Pauli spin matrices in electron spin subspace, g, is the vector
of Pauli spin matrices for the spin qubit located at x,, and
A (> 0) is the effective interaction strength between electron
spin and spin qubit. The sign is — (4) when the interaction is
ferromagnetic (antiferromagnetic).

Due to the assumptions that the electron travels with a
constant velocity v and that the initial electron’s kinetic energy
uncertainty is much larger than the qubits’ level spacing (so
that the spatial form of the electronic wave function remains
unchanged by the exchange interaction), the time-dependent
effective interaction between the electron and qubit becomes

H(t) = FAT - 0,Y(0;1)]%, (A2)

where 1/ (0;¢) is the electronic wave function at the location
of the qubit at time 7. Then the electron and qubit spins evolve
in time according to the operator

U(t—>oo)=exp|:—%/ooH(t)dti|, (A3)

= exp |:ZF%)\,T . an/v]. (A4)

Using that T - 0, is 1 for the triplets and —3 for the singlet,
one obtains

(LUt — co)[ i) = eTH W), (AS)
(U Ut — 00)|U1) = L[eFH ) 4 23/ )] (A6)
(MU — 00)[I1) = A[eFH ) — =34/ (A7)

Equations (A5)-(A7) correspond to eion [Fig. 1(b)], ¢,
[Fig. 1(c)], and r, [Fig. 1(d)], respectively. ‘Equations (A5)—
(A7) give gauge-invariant relations among e'#", t,, and r,,

ei(p” =ty + 1y, (AS)

arg (r,) = arg (t,) ¥ /2. (A9)

APPENDIX B: STEADY STATE OF THE FIRST QUBIT

Here we analyze the reduced density matrix of the first
qubit in the steady state, which helps to find optimal con-
ditions for the steady-state entanglement between the two
qubits.

Due to the causality, the reduced density matrix of the first
qubit is determined by the collision with the incident elec-
trons, irrelevantly to the subsequent collision with the second
qubit. (This is analogous to the photonic setup of Ref. [28]).
Hence, the reduced density matrix can be obtained from a
situation simplified by detaching the second qubit, namely by
setting t, = 1.
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We find that the reduced density matrix in the steady state

psftl) is determined as

1) = + Sin 261 sin” (£ /2),

1
(o I4) = < sin(@)sin (21 /51/2)

1

[;(1 — T +iJTi(1=T)) )cos( °°1>
—1
+(-1-T+iyT(1 -T)) )sm( Jeol ) 005(91)],

(B

(11o1)", and N

LI = 1= (4 1pd 1), (el 1) =

is the normalization factor,

N=1+T — —(3+cos(291))cos( o)

col

— Ty sin®(61) £ 2/Ti (1 — T;) cos(6)) sin (21 fig})-
(B2)

We recall that 6, is the polar angle of the magnetic field
applied to the first qubit (the azimuthal angle is assumed to be
zero without loss of generality) and €2 is the Larmor angular
frequency.

In the weak collision limit, namely when 73 — 1, the re-
duced density matrix is approximated in the lowest order w.r.t.
the collision strength as

o = 1 sin®(6)) —sin(26,)
U7 34 cos(26;) | —sin(26;) 1+ 3cos?(6y)

+0G/1=T1). (B3)

Equation (B3) provides us the optimal direction of the mag-
netic field to form the maximal entanglement in the two-qubit
steady state. Namely, the optimal field should be perpendicu-
lar to the initial electron spin, 6; = 7 /2, to make the reduced
density matrix the white-noise state, ps(tl) = 1/2. The higher-
order corrections suggest the optimal field strength, €2;. For
0, = /2 and general T}, Eq. (B1) is simplified as

sin® (2.4, /2)

(1) —
<T|Io |T) - 1 _ 7,1 cos (Qlfil)’ (B4)
(tp (1)“/) {id-T)F/Th(1-T) }Sln( Col) . (BS)

21— T cos (@1/))]

Hence, €2 f .1 = 7 is optimal, thereby causmg maximal de-
coherence of the reduced density matrix, (1|04 )|¢) =0.

For arbitrary collision strength, we confirm that the op-
timal condition remains the same as the above prediction,
namely, 8 = /2 and Q fc_ol1 = . Via numerical calculation
using Eq. (B1), we observe that the purity of the reduced
dens1ty matrix, Tr (/oSt ))2, becomes minimal at 6 = 7 /2 and
Q fcol = m. This is plausible because the corresponding Lar-
mor precession, namely the spin flip along the z direction,
prohibits the most the collisions from polarizing the qubit to
[4). In the optimal condition, the concurrence of the bipartite
entanglement of electron and the first qubit, whose joint state

is described by p©!, becomes

41 —T)T

Co“ =~

(B6)

In the strong collision limit, namely when 77 — 0, the
entanglement C(p“!") vanishes. In such limit, the reduced
density matrix approaches to a pure state (which is as expected
from the vanishing entanglement),

L e D N P N (:7)

This is because the strong collision makes the qubit to polarize
along the initial electron spin, |{}), and the following Larmor
precession rotates the qubit according to the unitary operation,
exp(iQf. o1 - Bi/2).

APPENDIX C: SINGULAR VALUE
DECOMPOSITION OF COLLISION

Here we present the singular value decomposition of the
electron-qubits scattering operator S and the derivation of
Egs. (20) and (21). When the strength of the collision is sym-
metric for the two qubits, namely when 7] = T, = T (hence

¢1 = ¢ = @), we find that
(WISIY) = e 1L) (LU + T 141) (111
+ Te¥ |¥(Or, —@)) (V(mr — V7, —¢)|
+ &Y W — O, — @) (V@77 — )|,
(CD)
] (a) 91/271-]0001 91/27‘(’
0.9 0.45
08 0.4
0.7 0.35
0.6 0.3
0 0.5 0.25
0 1
92/27['
1
0.4
0.3
0.2
0 0.1

FIG. 8. Parameters of the magnetic fields for Fig. (7).
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MISI) =FiV1I -T2 1) (¥ — O7, —9)|

(C2)
Fiv1l=T2|W(r — 7, 9) (11].
We recall that o7 =2atan(~/T) and |W¥(9,¢)) =

cos(/2) |1 + sin(¥/2)e |} 1) . Equations (20) and (21)
are derived when using Egs. (Cl1), (C2), and the following
relations:

e T [L4) = —e " |11), €3
¢t M) = —e® L)), €

i H :
e Tl [W(D, @) = =T W — 9, —p —2¢)), (C5)
where H is determined by Egs. (12) and (16)—(18).

APPENDIX D: PARAMETERS OF MAGNETIC
FIELDS FOR FIG. (7)

Figure 8 shows the parameters of the magnetic fields which
was used to obtain the steady-state entanglement in Fig. 7.
Theses are the results of the numerical optimization maximiz-
ing the steady-state entanglement. Small fluctuations around
T, T, = 0 are due to the hopping among multiple solutions
giving the same entanglement.
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