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Summary

The injection of humid (or wet) CO, into geological aquifers offers a practical means of mitigating near-
wellbore impairment caused by connate-water evaporation and the consequent formation damage induced
by salt-precipitation in the dry zone. This study aims to develop a novel analytical model for this process.
We extend the traditional Vertical Equilibrium (VE) formulation for immiscible displacement of brine by
CO; in layer-cake reservoirs to incorporate partial brine- CO, miscibility, and formation damage due to
fines migration and salt precipitation in the dry zone. The depth-averaging of the quasi-2D VE model
yields explicit expressions for upscaled phase permeabilities and effective capillary pressure. The resulting
1D model allows for an exact self-similar solution, which provides explicit expressions for determining
sweep efficiency and injectivity decline. The analysis of the model reveals the emergence of two distinct
displacement fronts—a CO, dissolution-displacement front (advanced front) and a full-evaporation front
(receded front)—which delineate the two-phase flow region. The explicit analytical expressions derived
enable rapid multivariate sensitivity studies on how CO, humidity, reservoir heterogeneity, viscosity ratio
and formation damage parameters influence overall sweep efficiency and well injectivity.

Introduction

Effective storage of CO, in deep saline aquifers relies on the accurate prediction of both storage capacity
and well injectivity. However, uncertainties in geological structure, rock—fluid properties, and operational
conditions require extensive sensitivity analyses, making full-physics numerical simulation computationally
demanding. The development of analytical models provides an efficient alternative, delivering rapid
solutions, accelerating inversion and history-matching workflows, and offering clear insight into how
reservoir and fluid properties influence the key storage metrics (MacMinn et al. 2010, 2011, Bedrikovetsky
2013). One such promising approach is the development of reduced-order models based on the condition
of Vertical Equilibrium (VE). The introduction of VE pseudo-functions reduces the dimensionality of flow
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problems in (r,z,t) or (x,z,f) domains to simplified models in (7,f) or (x,f) (Alamara et al. 2023, Guo et
al. 2014; Nilsen et al. 2011; Anderson et al. 2015). VE models have therefore become widely used for
early-stage screening and conceptual evaluation of CO, storage projects in depleted gas fields and aquifers
(Alamara et al. 2025)

Traditional VE formulations assume immiscible displacement (Bruining 2021), with associated pseudo-
functions derived under the assumption that CO, and brine remain compositionally fixed during flow
(Yortsos 1995; Zapata & Lake 1981; Coats et al. 1971) for either gravity-dominated or capillary-dominated
regimes. Several extensions of the immiscible VE models have been extensively developed to accommodate
several flow assumptions and reservoir structures, as reflected by the enormous body of literature on the
subject (Eldoy et al. 1985; Zapata and Lake 1981; Coats et al. 1971; Sorbie et al 1994; Yortsos 1992,
1995; Bedrikovetsky 2013; Alamara et al. 2023). These formulations capture layered heterogeneity and
vertical segregation but neglect several processes known to exert a strong influence on injectivity and
plume evolution. In particular, humidity effects, partial miscibility, salt precipitation, and fines migration
can substantially alter phase mobilities, transition-zone behaviour, overall sweep efficiency and long-term
storage.

The humidity of the injected CO, plays a central role in near-wellbore behaviour. When dry or under-
saturated CO, enters the aquifer, water evaporates into the CO, across capillary-controlled menisci, leading
to salt supersaturation and pore-scale salt precipitation (Russell and Bedrikovetsky 2024; Smith et al, 2025).
This mechanism is widely recognised as a major contributor to injectivity decline in CO, storage projects
(Zhang et al. 2025). At the same time, the detachment, transport, and straining of reservoir fines further
reduces permeability in the gas-occupied region, amplifying injectivity losses while modifying fractional-
flow behaviour (Ge et al. 2022; Wang et al. 2022; Muneer et al. 2022; Othman et al. 2019; Wang et al. 2022).
These effects intensify when the capillary transition zone becomes large relative to reservoir thickness,
or when rock heterogeneity exhibits strong variation of permeability with depth, k(z). The variations in
k(z) interact with capillary forces to shape the nature of fractional flow curves and front stability (Raza
et al. 2015; Rasheed et al. 2020; Raza et al. 2019). Another source of complexity is partial miscibility,
that is, the dissolution of CO, into brine and the vaporization of water into CO,, resulting in spatial
variations in composition and mobility that cannot be captured by classical immiscible VE formulations.
The coupled influence of miscibility, humidity, salt precipitation, fines migration, and heterogeneity creates
displacement dynamics far more intricate than those represented by classical immiscible VE models. This
gap is particularly important because these processes jointly govern injectivity decline, transition-zone
structure, and sweep efficiency which are necessary performance metrics for CO, storage in geological
formations.

Motivated by these limitations, this study develops a novel analytical VE model for radial CO,-brine
displacement in layer-cake aquifers that accounts for: (i) partial CO,-brine miscibility; (i1) brine evaporation
and associated salt precipitation in the dry zone; and (iii) formation damage due to fines migration. By
applying depth-averaging on the quasi-2D VE system, we obtain explicit formulae for upscaled phase
permeabilities and effective capillary pressure. The resulting 1D hyperbolic conservation law admits an
exact self-similar solution that captures the emergence of two displacement fronts: a CO, dissolution—
displacement front (advanced front) and an evaporation front (receded front), which bound the two-
phase flow region. The explicit expressions for saturations, concentration of CO,, sweep efficiency, and
injectivity enable rapid multivariate sensitivity studies, providing clear insight into how CO, humidity,
reservoir heterogeneity, viscosity ratio, and fines-migration parameters jointly control injectivity and storage
performance.

This paper is organized into six main sections. The study first reviews the physical mechanisms governing
CO,-brine displacement and outlines their relevance to the modelling frameworks presented here. The study
then introduces the model assumption, followed by a description of the vertical averaging procedure and the
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resulting pseudo-functions. The subsequent part of this study develops the self-similar analytical solution
to the 1D governing equations, including the derivation of pressure diffusivity equation in the undisturbed
region and expressions for pressure and total mobility. A comprehensive sensitivity analysis is performed
to examine the influence of key reservoir parameters on flow dynamics and injectivity. The paper concludes
with a summary of the main findings and key implications of the study.

2D (r,z)-model for partly miscible displacement in layer-cake reservoir under
fines migration

This part of the paper first outlines the key assumptions underpinning the vertical-equilibrium (VE) model,
followed by a description of the upscaling procedure and the derivation of the averaged pseudo-functions
for saturation, overall concentration, and fractional flow.

Assumptions and formulation of 2D model

In the two-phase region, the gaseous and aqueous phases contain both CO, and brine components. We
assume that Amagat's law of additive volumes applies during the mixing of these components, and that
the individual densities of brine and CO, are the same in each phase. This assumption allows the use of
volumetric concentrations to represent the components, which can be expressed as:

pg=cwp? +(1=c)pG, p, = cepG+(1-cg)ph (1)

where p¢ and p” denote the densities of the pure components, while p,, and p, are phase densities. It is
assumed that the phases have attained equilibrium states hence, c, and c, are constant, representing the
fraction of brine vaporised into gas and the fraction of gas dissolved in brine, respectively, at a fixed
temperature and pressure as shown in Fig. 1.
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Figure 1—Details of a two-phase system in porous media: (a) volumetric composition of brine and CO,
components within each phase; (b) lllustration of CO, solubility in NaCl solution at elevated temperatures (T >
423 K) by Coelho et al. 2025, comparing predictions from the eCPA EoS (continuous curve) with experimental

measurements (Takenouchi 1965) (marked points) for varying pressures and salinities of 1.09 and 4.27 mol-kg"'.

me / mol.kg™!

Downl oaded from http://onepetro. org/ SPEFD proceedi ngs- pdf / 26FD/ 26FD/ D011S004R006/ 5331541/ spe- 230546-ns. pdf /1 by Bi bliotheek TU Del ft user on 07 May 2026



4 SPE-230546-MS

The flux of gas and volumetric concentration of CO, are given as

itgr=(1— ¢, ugr+ Cattyy, Cg=(1—cy)s+co(1—5) (2)
The pressure distribution in each phase varies only due to the weight of the fluid column above a given
datum. This assumption of hydrostatic pressure in each phase is expressed as
The rock is assumed to remain water-wet throughout the displacement process, hence
p5)=pg =D, 4)
and the capillary pressure is defined in terms of the dimensionless Leverett function J(s) as
gcosf

() =T—=J()
"o fe ®

In this study, we examine the impact of formation damage caused by fines migration and salt precipitation.
At the reservoir scale, it is assumed that the processes of fines detachment, migration, and straining occur
almost instantaneously relative to the time required for one pore volume injection (PVI) of CO,. The
capillary force acting to detach fines from the rock surface is significantly stronger than the attaching
electrostatic force. Consequently, all detachable fines are released by the advancing gas-brine menisci as it
passes through a pore (illustrated in Fig. 2). Therefore, the concentration of attached fines within the rock
depends on saturation and is described by the maximum retention function (MRF) (Russell et al. 2025;
Nguyen et al. 2022). Laboratory experiments indicate that the MRF can be effectively approximated by a
power-law relationship (Nguyen et al. 2022).

Vertical Equilibrium Attached particle Strained particle

K — 77
777 7
o7

wetco, [ i -7

k,,hr//; Brine | ~~--
/ - Suspended particle

CO,-brine mixture

Figure 2—Schematic illustrating two-phase flow processes accounting
for fines detachment, transport, and straining in pore constrictions

oeds) = o (s)’° (6)
The initial concentration of attached fines, denoted as ¢; and the power law exponent for straining, B,

characterize the retention behaviour. The concentration of strained fines, 40,,, at a given saturation s is
defined as the difference between the initial and current attached concentrations:

Ao = o{1) = o ls), (7)

In the undisturbed zone containing reservoir brine, the hydrostatic pressure distribution follows Eq. (3).
Within this region, both the reservoir brine and the rock matrix are considered to have low compressibility,
that is,
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Ap)p, ()= ¢0pwoe><p[ - p::—t%] (8)

Where the index "0" refers to initial conditions, and ¢, represents the total compressibility for the rock
and fluid (Dake 1983).

The dry zone containing CO, is considered to have a hydrostatic pressure distribution with depth as well.
In this zone, pressure changes are assumed negligible, so the gas density remains constant. Salt precipitation
occurs in the dry-out zone following the displacement of brine by gas, potentially causing significant
injectivity decline (Zhang et al. 2025). It is assumed that salt precipitates instantaneously once all brine has
evaporated into the gaseous phase. This dry zone forms behind the receded front and is occupied by the
displacing CO..

Recent advances in the thermodynamic description of CO,-water and CO,-brine systems have
significantly improved the prediction of phase behaviour under storage conditions. For example, new Cubic-
Plus-Association (CPA) and Electrolyte Cubic-Plus-Association (¢CPA) equations of state that account for
CO,-H,0 cross-association have been shown to reproduce CO, solubility, phase diagrams, and density
variations over a wide range of pressures, temperatures, and salinities using Gibbs ensemble Monte Carlo
(GEMC) simulations (Coelho et al. 2025). The PVT properties for the CO,-brine system discussed in this
study adopt the correlations proposed by Coelho et al. 2025 which incorporates data from Bando et al.
2003, Lui et al. 2021, Takenouchi 1965 and Yan et al. 2011. The correlation proposed in this recent study
capture the subtle increase or decrease in aqueous-phase density associated with CO, dissolution, and remain
accurate even under geothermal and deep-sequestration conditions.

Fig. 3 presents a schematic of brine displacement by CO,. Ahead of the displacement front, no CO, is
present. Hence;

Zone1 Zone 01 Zone 0
T T 7] T 4
ng Cg | I 7 ‘ y s ‘ Cg=0
s /s
— | I, |,/ \
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| |/ I/ |
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Zone 1 Zone 01 Zone 0
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R | // | | y I H
| / I | / \
sas/co: 2, PPl || |He | g PePal| Z
injection : . .
l st 1 ! L | s
/ /
R — I P | | s I
o~ | ¥ l | r
rio roo res o1
®)

Figure 3—lllustration of water displacement by CO, incorporating water evaporation and

CO, dissolution: (a) displacement in a thick reservoir; (b) displacement in a thin reservoir.

z<zyr, 1),s=0,cg=0

)
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Behind the receded or rear front of complete evaporation, no brine remains.
z>z((r, ) s=1 cg=c} (10)

Therefore, the gas saturation is s=0 ahead of the displacement front and s=/ behind the rear front.

The Darcy's law for gas phase velocity is modified to account for the formation damage due to both fines
migration and salt precipitation by introducing two resistance term into the effective permeability of gas.
The phase velocities are expressed as

o= ——— W P | Kl) Oy (11)
o i B B O A, or

where S, f, are the formation damage coefticient due to fines migration and salt precipitation, respectively,
and a is the concentration of precipitant behind the dry-out zone front.

Derivation of the averaged pseudo-functions for saturation, overall concentration and fractional
flow

Here, the upscaling approach for determining pseudo-functions for saturation, overall concentration and
fractional flow is highlighted. In this study, the average gas saturation across the reservoir depth is
determined by the expression

H
S =7 Js(r, 2, i)z (12)
0

Zone 0 represents the vertical section of the flow domain corresponding to the transition region above
the brine phase. Zone 01 and Zone 1 represent the vertical sections corresponding to the transition region
between the gas and brine phases, and the transition region above the gas phase, respectively as shown in

Fig. 3, 1.e.,
,1.e,
0:r1<r<ry, Olirgg<r<ry, lirg<r<ry (13)
The fractional flow of the gaseous phase is expressed in terms of phase mobilities, Eq. (A7) as
H
J k(2)krg(s)dz
f: Oﬂg[1+ﬁSAGCr(S)+ﬁaa] _ Ag(S) :Ag(S) (14)
i i k) +gs)] A9

j‘k(z)km(s)dz J‘ k(z)kro(s)dz
I +
SRR V| Y YN CEY ¥

The overall fractional flow of the CO2 component is expressed as

F=(1=e)f +(1- f)eg (15)
From Egs. (B2) and (B6), the overall gas flux (detailed derivation of which is provided in Appendix B)
is obtained in terms of the overall fractional flow of CO, as expressed in Eq. (15) as
H
Ug=UF+[F—(1- cw)]j
0

k2krg(s)dz ~ OpLs)
w1+ B ls)+ B a] O

(16)

For thick reservoirs where the thickness H exceeds the characteristic thickness H. of the transition zone,
the averaged pseudo-functions are derived accordingly. The overall CO,-component concentration C, and
fractional flow F calculations in such a reservoir configuration, depicted in Fig. 3a, are summarized in Table
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1. Specifically, the second row of Table 1 lists the equations for overall gas saturation S), CO, concentration
Cy, and fractional flow of the gas phase f;(S) within Zone 0, which encompasses the zone with the transition
region above the brine phase. The third row presents the corresponding expressions for Zone 01, which
encompasses the zone where the transition region exist between the gas and brine phases. The fourth row
contains the formulas for Zone 1, where the transition region occurs below the gaseous phase. The overall
fractional flows of the CO, component for these zones, denoted Fy(C), F,(C), and F(C,), are computed
using Eq. (15).

Table 1—Derived expressions for averaged gas-component concentration
and fractional flux across the distinct flow regions of a thick reservoir.

Region | S(,5) Overall CO- concentration Fractional flow for gas phase f(S)
C,=S(1-¢,)+(1-S)c,
0 1 . Apg (2 (1-¢,-c,) T k(@ (
I]o[] +( 0) 4 dz c, + 7 . J~|:l+ﬂAg
Apg [k(z) 7 4 k(z)k ( Ydz
Jol| Ja +(z zo) ]ck e ((Ddz+ [ e A7)
e A I
01 0, T e —c)e ik |
L S(Z)dz+(H ]Zf 2) | t(ae) [ [ﬁz;kA( )dZ] [1+ﬁA:gW(E)+,B a] ] k(Z)dZ}
Zo 1 zp+H, (H—H —z ) 5 a Zyth,
= j s(z)dz 4+ ———2 s)k(2)dz
H % H { [J.k(z)dz+ j W7}+
Hy 5 '
j@ K2k, ( Kopue j “(o)s -
|:1+ﬁAcr s] [1+/3Aaﬂ(1)+ﬁajm

k(2)k,, ( )

1%,
E_!‘Jl['jm +(Zle)

+(H—Zl)

L R
A

5 k(2 (5)d

:I [l+ﬁAk +ﬁ ]jk(Z)dz:|o

{ﬂi { k(2)k,, (

dz++j—[ T hAo ()]+

—k'gwc k(z)d. §
[1+B.Ac, (1)+B,a ]-[ (2)dz

For thin reservoirs, where the capillary transition zone is thicker than the reservoir itself (Fig. 3b), the
expressions for capillary pressure, vertical saturation distribution, and gas concentration at the advancing
and receding fronts remain consistent with those derived for thick reservoirs. Table 2 details the relevant
equations, including overall gas saturation S(r,f) in column two, CO, concentration in column three, and
fractional flow for the gas phase f{S) in column four. The second row of the table presents these expressions
for Zone 0; the third row covers Zone 01; and the fourth row provides the formulas for Zone 1. The overall
fractional flow of the CO, component as a function of its concentration, F,(C,), 1s calculated using Eq. (15).
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Table 2—Derived expressions for averaged gas-component concentration
and fractional flux across the distinct flow regions of a thin reservoir.

Region | S(r.9) Overall CO- concentration Fractional flow for gas phase f(\S)
C,=S(1-¢,)+(1-9)c,
0 17 Apg k(z) (l—cw—eg) N k(z)k (S
gi’{"”@‘%)?\/ V3 Jf 5 Jfis o, o)
. _\Apg k(z) k. (s)dz
s AT
I ¥ RETND)
E!s(r,l)dz (1 c —cg)ﬁ_!‘s(l”,f)d .0[ 1+ Ao, ()]
g”k@km() pu [ FOke(s)
_/lw'o[ PR +'0[[1+ﬁsM"(S)]d
1 1% A (2 e, +(1 ¢,—¢ = k(2)k,q Forgone
ﬁfh[‘]“(z z) pg\/ (%Jd” > k) J.y[l+ﬂA(0') ()] [1+ﬂAo— )+p,a ]I (z)dz}
° I];[J + z— z Arg k(deﬁ- o e
M 1 ’ J'k( 2, ( dz+jm
" (4~ 21)} Hay [1+440,(s)]
H -1
#J.k(z)dz}
[1+8A0, ()+Ba]l:

1D Averaged mass balance for gas and salt
The 1D governing equation describing displacement of partially miscible CO,-brine in a heterogeneous,
non-deformable layer-cake reservoir with salt precipitation and fines migration is expressed as

%G, 1 6(2Ug) (17)
r
dei=s)+4] 1al-cua-F) _ (18)
ot r or

The initial and boundary conditions for Egs. (17) and (18), describing the displacement of brine by CO,,
is formulated as:

{t=0:Cg=0,C'S=C0,A'=O (19)

r=ry:Cg=Cg Cs=0,4=A4p
By substituting the overall CO, flux expression in Eq. (16) into the mass balance Eq. (17), and introducing
the dimensionless parameters defined in Eq. (B7), the displacement of brine by CO, in a heterogeneous

layer-cake system accounting for fines migration and salt precipitation is governed by the following
dimensionless system of equations:

1

Ce 0F 50 x 20
r Tox T %x #(1 P fa) O (20)
plc-9+4 olca-m]
5 ot ox (21)

and the associated initial and boundary conditions in dimensionless form are:
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1=0:Cg=0,Cs=1,4=0

, 22
== () Co= G €= 0, 4= /0 -
The flow problem with negligibly small & corresponds to large scale approximation, that is,
Arck
_4m OHacosﬁ\lqz «1 23)

Ou, \/1;

Using representative reservoir values, namely, injection rate of CO, Q = 1.25e-2 ms/s into a reservoir
initial saturated with brine with viscosity, u,, = 1.36mPas. Considering reservoir thickness is H = 15m,
average absolute permeability, k, = 3.5e-13m2; contact angle, 8 = 30°; interfacial tension ¢ = 20mN/m;
it is determined that the value of ¢ is negligibly small (0 = 0.08<<I). Therefore, applying large-scale
approximation to the conservation law for gas Eq. (20) yields

Ak ool (24)

where the second term in Eq. (24) is obtained by applying the chain rule.

Exact analytical solution
The 1D hyperbolic equation (24) allows for an exact solution constrained by the conditions Eq. (22). In this
section, the solution to the flow problem is derived in terms of the self-similar variable,

Ox=10¢

é=1, Or=—1/:0¢ (25)

The exact solution to Eq. (20) under conditions given by Eq. (22) is expressed in terms of the self-similar
variable, & = x/t as

1, xTW<f<D1
Ce@)={¢=%=F(Cy), Dy<&<Dy (26)
0, Dy<é <o

The mass balance (Hugoniot-Rankine) conditions on the shock fronts z, and z; require that the shock
velocities at the advancing and receding fronts satisfy the conservation of mass across these discontinuities.
Specifically, the shock velocities at the advancing and receding front are given as the ratio of the difference
in fluxes to the difference in concentrations across the shock front.

d Fc)-HC) HC) 4 FC)-FCy) _ Flc)-1
d_);(zo):Do: Ci-C, | G ,d—f(zJ=D1= Ci-Ce G-l 27)
Also, the Hugoniot-Rankine condition of mass balance of salt across the receding shock front at z, is
[C5(1=57)+ 4" c(1-5) - ATl =[C5(1- F) - c(1-F )y (28)

Assuming full dry-out of water and instantaneous salt precipitation at the receding front, the concentration
of precipitated salt is obtained from Eq. (26) as

(s UK (29)

Fig. 4 illustrates a typical fractional flow curve for a binary mixture of brine and CO, that incorporates
partial miscibility effects between the two fluids. This curve reflects how the fractional flow varies as a
function of the system variables, accounting for CO, dissolution in brine and brine vaporization into CO,.
The figure also demonstrates the nature of the self-similar solution expressed in terms of the similarity
variable & which characterizes the spatial-temporal evolution of the displacement process under partial
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miscibility conditions. This self-similar solution allows for graphical interpretation of displacement fronts
and phase concentrations pertinent to CO,-brine flow in porous media.

P,T

(a)

() F

Do

0
D,
(¢) Do 3

&=xIt

Figure 4—Fractional-flow formulation accounting for partial miscibility between brine and CO,: (a) phase
diagram showing pressure—temperature dependence on overall CO, concentration in the gaseous and
aqueous phases; (b) total CO, flux, expressed as the sum of phase-specific fluxes, as a function of overall
CO, concentration; (c) self-similar solution for total CO, concentration plotted against propagation speed v.

Pressure distribution in the reservoir

Condition of low compressibility ahead of the displacement front. This section demonstrates that the two-
dimensional single-phase flow of a low-compressibility fluid ahead of the advancing displacement front can
be averaged over the vertical coordinate z, resulting in the classical one-dimensional pressure-diffusivity
equation. The governing two-dimensional mass balance equation for low-compressible brine ahead of the
advancing front is given as

&0, )+ 7 55 rm,m)+ £ o, 102) =0 (30)
Assuming hydrostatic pressure distribution and low compressibility of the rock-brine system, the pressure
diffusivity equation can be written as:
opP 0 (0P
5r ~rEelex) (31
where « is the pressure-diffusivity coefficient associated with the averaged permeability (Eq. (C4)) and P
represents the depth-averaged reservoir pressure. The detailed derivation is provided in Appendix C.
By setting the advancing front flux equal to the injection rate and fixing far-field pressure equal to initial
reservoir pressure, Eq. (30) is governed by the following boundary conditions:

{;(_r ZO)’ Q:Qinj (32)

©)=p,
Introducing the dimensionless parameters in Eq. (B7) together with the self-similar variable defined in
Eq. (25) into Eq. (32) results in:

{=Dy 0-0,,~% - - 150 (33)

P(e0) =P
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By applying the boundary conditions in Eq. (33) to Eq. (31), the pressure distribution ahead of the brine-
gas front, accounting for low brine compressibility, is obtained as (see Appendix C):

sl ) 2

Calculations of total mobility in two-phase region

The overall flux, defined as the sum the averaged gas and brine fluxes is expressed in Eq. (B2). Applying
the assumption of large-scale approximation and introducing the dimensionless parameters Eq. (B7) yields
the following dimensionless form:

1= - ASweE (35)
where the total mobility is generally defined as
1 1
AS)= J KDk 47— # J K(Zkpls)dZ (36)
i+ procto)+pa

The detailed derivation of expression for the total mobility of phases in Zone 0, Zone 01 and Zone 1 are
given by Egs. (D5-D7) in Appendix D.

Sensitivity study
This section presents the sensitivity analysis of brine displacement by injected CO,, evaluating the effects
of reservoir heterogeneity, viscosity ratio, formation damage coefficient, and concentration of detachable
fines, while simultaneously varying the humidity of the injected CO,. The colour scheme is as follows: blue
denotes CO, injected at equilibrium vapour concentration (C, = C, equilibrium), red corresponds to humid
CO, (C, = C,™*), and yellow represents dry CO, (C, = 1) respectively.

The analysis begins with a layer-cake reservoir exhibiting depth-varying permeability, where k(z) is
prescribed as a third-order polynomial function

k(z)= (kmax - kminX%)3 +kinin — k(2)= (kmax - kmin)Z3 +kpmin (37)

The permeability distribution spans £,,;, = 2mD to k... = 700mD. We consider a reservoir of thickness,
H=25m, reservoir pressure of P,=400bars and temperature of 1800C. Based on the work of Coelho et al.
2025, we set the equilibrium concentrations of CO, in the gas and aqueous phases are ¢, = 0.03, ¢,, = 0.09,
respectively The salinity of the brine is fixed at 1.09 mol.kg-'. Capillary pressure is represented by a Leverett-
type function, and phase flow properties are described using Corey relative permeability curves as follows:

J(5)=C(5) ", krg(s) = Kyguils) . krg(s) = krwgr(s)™ (38)

The end point relative permeability of gas and brine are 4,,,; = 0.6 and £, = 1 respectively at end point
saturations of gas and brine given as 0 and 0.2, respectively. The fluid exponents for gas and brine are
ng =3 and n,, = 5 and the Corey index is # = 1.3. Formation-damage behaviour due to fines migration is
described using the following parameter values: total detachable fines concentration on the rock surface,
o(1) = 7.12*10; power law exponent for straining, B = 1.73; and the formation damage coefficient, f =
1.5*10%

Effects of heterogeneity

We use the relative range, v, which is defined as the difference between the maximum and minimum
permeability divided by the mean permeability. This relative range quantifies the spread of permeability
values relative to the average; a higher relative range indicates greater heterogeneity, while a lower relative
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range suggests more uniform permeability, as shown in Fig. 5a. As the reservoir heterogeneity increases,
both the fractional flow and the concavity of the fractional flow curve increase, which consequently results
in a higher gas cut (Fig. 5b). Fig. 5b-d further show that increasing heterogeneity reduces the breakthrough
period from 0.37 PVI to 0.2 PVI regardless of humidity levels. Additionally, greater heterogeneity extends
the evaporation period, which is most pronounced for dry CO, injection and least for CO, injected at
equilibrium. Increased heterogeneity also lowers sweep efficiency and reduces stabilized impedance, with
the strongest effects observed for dry CO, injection and the weakest under equilibrium conditions. Humid
CO, injection exhibits behaviour between these two extremes.
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Figure 5—Effect of reservoir heterogeneity on CO; injection into brine at varying humidity
levels: (a) dimensionless permeability profile with depth, Z; (b) CO, fractional-flow history at
the outlet; (c) sweep efficiency as a function of time; (d) impedance evolution during injection.

Effects of viscosity ratio

Fig. 6 shows the effect of different gas-to-brine viscosity ratios, u = u,/u,, on brine displacement by CO,.
In this analysis, the viscosity ratio ranges from 0.021— representative of gaseous CO, to 0.1, typical of
supercritical CO,. Fig. 6a presents the breakthrough gas cuts (F(C,) versus time (PVI) at the outlet x = 1,
showing that higher viscosity ratios result in a lower gas fraction at the outlet irrespective of the degree of
humidity. As a result, higher viscosity ratios lead to improved sweep efficiency (Fig. 6b) while independent
of the humidity level. Here, the time of arrival of the receding front is slower for dry gas injection compared
to the injection of CO, at equilibrium conditions. Also, the stabilized well impedance approximately doubles
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with increasing viscosity ratio (Fig. 6¢). For each given viscosity ratio, the impedance is marginally higher
for gas injection at equilibrium conditions than dry gas injection.
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Figure 6—Effect of viscosity ratio on CO, injection into brine at varying humidity levels: (a) CO, fractional-
flow history at the outlet; (b) sweep efficiency as a function of time; (c) impedance evolution during injection.

Effects of formation damage coefficient
Fig. 7a illustrates that increasing the formation damage coefficient from zero to 30,000 extends the
breakthrough period, while shortening the evaporation period for a given humidity level. The time arrival
of the receding front at the outlet is however greater for humid CO,, followed by dry CO, and CO, at
equilibrium conditions. Furthermore, as depicted in Fig. 7b, this increase in B results in a significant
improvement in sweep efficiency. Also, higher B results in increased the stabilized impedance at every given
condition of injected CO,. The impedance is marginally higher for gas injection at equilibrium conditions
than dry gas injection.
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Figure 7—Effect of damage coefficient on CO, injection into brine at varying humidity levels: (a) CO, fractional-
flow history at the outlet; (b) sweep efficiency as a function of time; (c) impedance evolution during injection.

Effects of total detachable fines concentration on rock surface

Fig 8 illustrates the impact of the total concentration of detachable fines. As this concentration increases, so
does the amount of strained fines, leading to greater formation damage in the gas phase and a corresponding
deceleration of gas flow. Fig 8 shows that increasing o(1) extends the breakthrough time and shortens the
evaporation period at all humidity level. The shortening of the evaporation period is non-monotonic when
the level of humidity in injected CO, is considered. While sweep efficiency improves as 6(1) increases from
5x107° to 4.1x1073 (Fig 8b), the variation of humidity levels causes no change in sweep efficiency at early
times. From Fig. 8c increasing the fines concentration also leads to higher impedance, where impedance
values are marginally higher for gas injection at equilibrium conditions than dry gas injection.
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Figure 8—Effect of total detachable fines on rock surface on CO; injection into brine at varying humidity levels: (a) CO,
fractional-flow history at the outlet; (b) sweep efficiency as a function of time; (c) impedance evolution during injection.

Discussion

This study developed an extended Vertical Equilibrium (VE) analytical model to describe brine
displacement by CO, in layer-cake aquifers, accounting simultaneously for partial CO,-brine miscibility,
humidity level of injected CO,, formation damage induced by fines-migration and salt precipitation.
The model yields exact analytical expressions for averaged saturations, concentration of CO,, sweep
efficiency, and well impedance. A thorough sensitivity study is perfomed to evaluate the effects of reservoir
heterogeneity, humidity level in injected CO,, viscosity ratio, fines concentration, and formation damage
coefficient on displacement efficiency and well injectivity. The key findings and the broader implications
of the model are summarised and discussed below.

The validity of the VE assumption underlying the model has been rigorously established. Prior theoretical
analyses and 2D/3D reservoir-scale simulations by Yortsos (1995) and by Yuan and Shapiro (2011)
demonstrate that vertical equilibrium is achieved under a broad spectrum of conditions for immiscible
displacement in layered systems. Furthermore, the maximum-retention function used to describe fines
detachment arises directly from exact pore- to core-scale upscaling (Russell et al., 2025). The assumptions
of instantaneous fines straining and local thermodynamic equilibrium between CO, and brine are justified
by the much shorter characteristic relaxation times compared with the duration of one pore-volume injection
(PVI). Consequently, extending the VE model to include miscibility, humidity effects, and fines migration
introduces no additional conceptual restrictions beyond those inherent to classical VE formulations.
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The sensitivity study reveals several influencing factors with direct implications for field CO, injection. It
is determined that high variability of heterogeneity increases fractional flow of gas resulting to high gas cut
and reduced breakthrough time coupled with prolonged evaporation period. Sweep efficiency and stabilised
impedance both decline as the relative range of heterogeneity increases, with the strongest impact observed
for dry CO,, followed by humid CO,, and the mildest effects under equilibrium CO, injection. These trends
suggest that heterogeneity amplifies sensitivity to CO, humidity.

Higher viscosity ratios (from gaseous to supercritical CO,) reduce the fractional flow of gas and
significantly improve sweep efficiency. In all humidity cases, increased viscosity ratio increased the
stabilised impedance. These findings emphasize the benefit of injecting denser, higher-viscosity CO,
streams for improved sweep.

Larger B delays breakthrough but shortens the evaporation period. Sweep efficiency increases
substantially with 8, while stabilised impedance rises across all humidity levels. The receding front reaches
the outlet late for humid CO,, followed by dry CO,, and earliest for equilibrium CO,. This indicates a
strong coupling between fines-migration kinetics, humidity-controlled evaporation, and flow resistance.
Also, increasing fines concentration increases straining, reduces gas mobility, extends breakthrough time,
and shortens evaporation duration. Sweep efficiency improves with o(1), particularly at late times, whereas
early-time sweep is nearly insensitive to humidity. Impedance increases with o(1) with slightly higher values
for equilibrium CO,. These results highlight the dual role of fines migration, that is, injectivity is impaired
but sweep is improved due to the reduction of gas-phase mobility. Across all the parameters tested, CO,
humidity consistently influenced the severity of evaporation, salt precipitation, and fines migration.

The larger scale VE model (Eq. 24) presented in this study does not explicitly include capillary pressure,
which plays an important role in saturation distribution and transition-zone thickness. Incorporating
capillarity will enlarge the physically admissible space of displacement regimes and allow an exact self-
similar solution for Eq. (20) where initial saturation is reached asymptotically as radius approaches infinity.
This extension is an active direction of further research.

Conclusions

This study advances the classical VE framework by incorporating partial CO,-brine miscibility, humidity
of the injected CO, stream, and formation damage associated with fines migration and salt precipitation.
Vertical averaging of the microscale CO, concentration leads to a radial, quasi-2D analytical model
that governs brine displacement by CO, in stratified (layer-cake) aquifers. At the reservoir scale, the
resulting formulation admits an exact self-similar solution and yields closed-form expressions for saturation
profiles, CO, concentration, sweep efficiency, and well injectivity. Additionally, the pressure p(r.,f) in
the incompressible flow region is matched continuously to the initial reservoir pressure by imposing the
condition of slight compressibility of brine ahead of the displacement or advanced front. This enables the
continuity of pressure across the flow domain.

The results show that reservoir heterogeneity, viscosity ratio, fines migration, and CO, humidity
collectively exert strong influence over displacement dynamics. Increasing heterogeneity accelerates
breakthrough, lengthens the evaporation period, and reduces both sweep efficiency and stabilised
impedance, with the strongest deterioration observed for dry CO,. Higher viscosity ratios improve sweep
and increase impedance regardless of humidity. Increased fines concentration and formation damage delay
gas breakthrough, shorten the evaporation period, enhance sweep efficiency, and raise impedance.

Overall, the extended VE model offers a fast and robust tool for assessing injectivity and storage capacity
under coupled miscibility, evaporation, and fines-migration effects, providing clear guidance for optimising
CO, injection strategies in layer cake aquifers.
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Nomenclature

Microscale adsorbed or precipitated salt concentration, [-]
Adsorbed or precipitated salt concentration, [-]

Power law exponent for straining, [-]

Overall CO, component concentration, [-]

CO, component at the microscale, [-]

Total compressibility, [ML-1T-?]

Fractional flow of gas, [-]

Fractional flow of gas in zone 0, [-]

° \lewﬁwﬁkQ

~
2

Fractional flow of gas in zone 01, [-]
Fractional flow of gas in zone 1, [-]

e

F Opverall fractional flow of CO, component
g Gravitational acceleration, [LT-]
H Total height of reservoir, [L]
h. Dimensionless height of transition zone, [-]
J Leverett J function, [-]
J, Well Impedance, [-]
j Inverse of Leverett function, [-]
k(z) Horizontal permeability as a function of depth, [L?]
k(Z) Horizontal permeability as a function of dimensionless depth, [L?]
K(Z) Dimensionless horizontal permeability as a function of dimensionless depth, [-]
ki Minimum permeability, [L?]
kn Maximum permeability, [L?]
ko Average permeability, [L?]
k., Gas relative permeability, [-]
k., Brine relative permeability, [-]
k. End point gas relative permeability, [-]
k.- End point brine relative permeability, [-]
n, Corey fluid index for gas, [-]
n, Corey fluid index for brine, [-]
p Pressure, [ML-'T-]
P Microscale pressure, [ML-1T-]
P Dimensionless pressure, [-]
p. Capillary pressure [ML-'T-?]
pa Capillary pressure in brine filled region [ML-T-?]
p. Reservoir pressure, [ML-T?]
pn Capillary pressure in gas filled region [ML-T-]
P. Dimensionless reservoir pressure, [-]
O Rate, [L’T]
r Radial coordinate, [L]
r, Well radius, [L]
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Drainage radius, [L]

Averaged gas saturation, [-]
Microscale gas saturation, [-]
Normalized microscale gas saturation, [-]
Averaged gas saturation in zone 0, [-]
Averaged gas saturation in zone 01, [-]
Averaged gas saturation in zone 1, [-]
Time, [T]

Dimensionless time [-]

Total flux, [LT-']

Overall CO, component flux, [LT-']
Radial gas flux, [LT']

Radial brine flux, [LT-']

Overall radial brine flux, [LT-']
Overall vertical brine flux, [LT-]
Radial microscale gas flux, [LT']
Vertical microscale gas flux, [LT-!]
Dimensionless length, [-]
Dimensionless well length, [-]
Depth, [L]

Dimensionless depth, [-]

Position of the advanced front, [L]
Position of the receded front, [L]
Dimensionless pressure drops, [-]

Greek Symbols

Bs
Pa
¢
U
He
oy
PG
Pg
pw
Pw
K

¢

0y

<k§gm¥>s\<3

Formation damage coefficient due to fines migration, [-]
Formation damage coefficient due to salt precipitation, [-]
Porosity, [-]

Gas-brine viscosity ratio, [-]

Gas viscosity, [MLT-']

Brine viscosity, [ML-'T-]

CO, density, [ML-3]

Gaseous phase density, [ML-]

Brine density, [ML-3]

Aqueous phase density, [ML-]

Pressure-diffusivity coefficient

Self-similar variable, [-]

Initial fines concentration, [-]

Strained fines concentration, [-]

Dimensionless parameter, [-]

Total mobility, [M-'L3T]

Gas mobility, [M-'L3T]

Brine mobility, [M-L3T]

Dimensionless total mobility,

Relative range for permeability heterogeneity, [-]
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n Corey index for Leverett function, [-]
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Appendix A

Vertical phase distribution under hydrostatic pressure

Taking the difference of the hydrostatic pressure expressions in Eq. (3) leads directly to the first-order
derivative for capillary pressure, expressed as

dp.
7z —Avg Ap=p,—p, (AD)

The gas saturation and capillary pressure at the advanced front, z, and the receded front, z, are given

respectively by
z=zx0: s=0, p.=p, (A2)
=260 5=l p.=p, (A3)
Integrating Eq. (A1) gives
pf2)=Apgz+const (A4)

Substituting Egs. (A2) and (A3) into Eq. (A4) and taking the difference of the resulting expressions yields
the thickness of the capillary transition zone, H..

Pp=P,=BpgHe  He=z1- 2 (AS5)

Next, integrating Eq. (A1) from z to z,, while applying the boundary condition in Eq. (A2) gives the
capillary pressure at the advanced front:

a[J(s) 7 Apg
Apglz—z —, J)=J ;+\z—zo) 5 \[k(z
P~ p,=dpelz—z) = s 0=+~ 20 ke) / (A6)

Using the inverse of Eq. (A6),j=J", the vertical saturation distribution within the two-phase zone is

obtained as
s=](Jd (z Z()) G \/k(z)/(ﬁ ) (A7)

Substituting Eq. (A7) into the first relation in Eq. (2) gives the gas concentration at the bottom of the
two-phase zone, evaluated at z=z,:

Ce= j(Jd+z ZO \’k(z)/(ﬁ)( —Cy— cg +cg (A8)

Similarly, integrating Eq. (Al) from z to z,, and incorporating Eq. (A3) gives the corresponding
expression for the capillary pressure at the receding front:

A~ Ju]
©)—p =Apglz—z , J)=Jutlz—z )5 \Jk(z A9
r)=p,, peglz—z)= ) ( 1) \/ @/ (A9)

Finally, substituting the inverse function for Eq. (A9) into Eq. (2) yields the gas concentration at the
upper boundary of the two-phase zone, evaluated at z=z;:

Cg=](Jm+(Z*Z])$\’k(z)/¢ )(lfcwfcg)chg (A10)
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Appendix B
Total Phase Fluxes

The upscaled phase fluxes of brine and gas in the radial direction are obtained by integrating Eq. (11) across
the reservoir thickness:

H H H
o k(2)krg(s)d op
Utw:juwrdzz J‘w%, U*gr:jugrdZ: j (Z) g(S) = a_rg (Bl)
! S > 1+ pAots)+ . dl

By summing the phase velocities in Eq. (B1) and rewriting the resulting expression in terms of the brine
pressure and capillary pressure, we obtain

H H
Hk(z)k,w(s)dz k(2Ykrg(s)dz ]6pw k(@krg(s)dz ~ OpJs) B2
veo -[ R " g[1+ A + ]J or g[1+ A + ] or (B2)
0 oMol T BAes)+ B a o Mol LT PAoes)+ B a

Considering the upscaled gas flux, Eq. (B1) and the first relation of Eq. (2), the overall flux of the CO,
component is obtained as

H H
8
Vg (e j k(krg(s)dz  Opg N J K@k (s)dz OP,, (B3)

1+ B )+ B a] O P

0 0

Rearranging Eq. (B3) to express it in terms of brine-pressure and capillary-pressure yields

H H

k(z)krgls)dz ko (s)dz lon, k(@krg(s)dz_ Op[s) B4
(I_CW +CgJ‘ i ar _(I_CW ar ( )
ul+ paoeds)+ pa] L | u 1+ BAes) + )

Ug= -

0 0

Solving Eq. (B4) for the brine pressure gradient and substituting the resulting expression into Eq. (B3)
yields the overall flux of the CO, component as

_ - 0
- (1 cw)zgf(s;; chnls) {(1 cw)igg; Gl ) (1= )i g(s)} gi@ (BS)

Here, the gas, brine, and total mobilities are defined, respectively, as

H H
k(2)krg(s)dz k(2)ku(s)dz
2 )‘j s A E T A= Ag(s) HAs) (B6)
« Lid v ppoopa l Pl DTHITAL

Equations (B2)—~(B6) form the basis for the derivation of the averaged mass-balance equation (15) across
the three flow regions associated with thin and thick reservoir systems. To proceed, we introduce the
following dimensionless variables and parameters:

H
2 _z _ o _He _ ArkoH O'COSQJ; _ Arkg —lj~
x_R27 Z_Ha T_¢7TR2’ hC_Ha 5_ Q,uw J]g b} K_Qct/uw’ p_HOp(xnzat)dZ
H 1 1
drkoH dkgH 1 (B7)
P= b Py g, ko= [Kedz = [z, k2~ kK@) [K 2z =1
0 0 0
C A
G~
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Appendix C

Pressure Distribution Ahead of the Advanced
Front Accounting for Brine Compressibility Effects

Formulation of problem

We demonstrate here that two-dimensional single-phase, low-compressible flow under vertical gravity
equilibrium can be vertically averaged to yield the classical one-dimensional pressure-diffusivity equation.
The 2D mass-balance equation for low-compressible brine ahead of the advancing front is

L(pp,)+ 32 (v, 00r)+ 2 (p,10) =0 (C1)

Under vertical equilibrium conditions, the vertical brine velocity u,, is zero. Therefore, Eq. (C1)
simplifies to

%(¢pw) + %%(rpwuwr) =0 (Cz)

Substituting the total compressibility from Eq. (8) and the Darcy law for brine from Eq. (11) into Eq.
(C2), and neglecting the pressure dependence of brine density in the mass-transfer term, yields

op 10 (kzop
ot -+E 2 E) (C3)

In this form, z acts as a parameter. Considering the solution at the base of the flow domain, p(7,0,7) at
z=0, Eq. (C3) becomes

H
op 1 10 op
T HC;¢O/IW?E(FJ‘k(Z)dZ§) (C4)

The quasi-2D solution is then extended from z = 0 to 0<z<1 by using the hydrostatic relation.

Solution of pressure diffusivity equation

Introducing the dimensionless variables and parameters, including the definition of average pressure p
from Eq. (B7), into Eq. (C4) yields the dimensionless pressure-diffusivity equation:

oer)-*or (C5)

Applying the self-similar transformation in Eq. (25) to Eq. (C5) transforms the equation into a second-
order ordinary differential form:

2
d°pP %dP (C6)

dé +§d52 <

The order of Eq. (C6) is reduced by defining an auxiliary variable, w = ?[—?, yielding

a{1+§): -l (C7)
Integrating both sides of Eq. (C7) using separation of variables gives
@) =IO+ F e = LD (C8)

Hence, the general solution of the ODE in Eq. (C6) is
P:CIEI(_%)'FCZ (C9)

where ¢; and ¢, denote the constants of integration.
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Appendix D
Total Phase Mobility

Summing the overall gas and brine velocities from Eq. (B1) gives

e H H
, 8 . B
2mrlU= 0= J‘k(z)k[;v‘v,(s)dz s j k(zYkrg(s)dz ] - ;W - j k(2)kro(s)dz ]2/“ gcr(S) (D1)
dud 1+ paclo)+ B a 1+ pacots)+ B a
Substituting the dimensionless quantities defined in Eq. (B7) into Eq. (D1) yields
1 1 1
K(Z)Yky VA K(ZYkrg(s)dZ
- - IK(@km(s)dZ+j @rgls)d Laa’;w - 5J Dz 076) (D2)
b J i1+ poets) + B gl L1+ pals) + B gl
For large-scale systems where J <<1, the pressure drops in the gas and brine phases become equal, such
that
0Pg 0P, 9P
o " ox " ox (D3)

Using Eq. (D2) under this approximation, the expression for the total flux becomes

) |
K@Dkrg)Z | opP

1= —||K(2)k, dZ+j = D4

! @iz ] AHMJU(S)W]%@X (D4)

The total mobility in the three flow zones (0, 01, and 1) defined in Eq. (36) is given by the following

relations:
1. Zone 0: comprising of the transition region and the brine region below it;

1 Z,

K@krels)dZ

Ag(s)= K(2)dzZ D5
o(s) jy{HﬁAacr(s)Jr,b’ a}*l (2) (D5)

% a

ii. Zone 01: contains the mixed transition region between the injected gas (upper sub-zone) and displaced
brine (lower sub-zone)

Z Zothe Zothe " |
Ag((s) = j K(Z)dZ+ J ko $)K(Z)dZ + .[ K@krd)dz Krge j KZ)dzZ (D6)
b A 5 MV B+ Ba] 1+ PAoeD+ Bal s,
iii. Zone 1: encompasses the transition region and the injected-gas plume beneath it
1 i K@)k
Afs)= Frgne j K(Z)dZ + J (k,w(s)K(aJr (@erels) )dZ (D7)
1+ pAce)+ B d] Tiohe ) 1+ prceds)+ B gl
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Appendix E
Derivation of Injectivity and Sweep Efficiency

According to Eq. (35) the pressure drop at any given moment, 7 is given by
opP 1
AP(7)= j.( Gx)dx_ dex (E1)
Xw
For any given moment z; < 7(D,), three flow regions are present: the gas zone, the two-phase transition
zone, and the brine zone ahead of the advancing front. The corresponding pressure drop at this moment
is expressed as

Dl‘[ D()‘L' 0
AP@)= | A—dx+ | = d+j£d I+ (E2)
g A(Dx ¥ AS)x 4* dx =TT
Xy Dyt Dyt

In this expression, the first, second, and third integrals represent contributions from the gas zone,
the transition zone, and the brine zone, respectively. Within the two-phase region, the pressure drop is
reformulated using the self-similar variable &, where

dé=F(Cg)dCyq (E3)

Introducing the self-similar variable from Eq. (25) into the second integral of Eq. (E2) gives pressure
drop within the two-phase zone as

Cg() "( )
_ | %) E4
b cj ! (Cg)l ‘(Cg) 1 (=9
gl

For the low-compressible brine zone ahead of the advancing front, the pressure drop is obtained by
applying the solution in Eq. (34) to the diffusivity equation (Eq. (31)), yielding

)
Dy

b e 0]~y an) ®

Substituting Eqgs. (E4) and (ES) into Eq. (E2) results in an expression for the total pressure drop at time z:

Dl‘[ Cg() "
B Flcy) 1 _
AP(T) = xj A( I)X dx+ j F"(Cg)A(Cg) ng A(O) e(AD())Ei( AD()) (E6)
w Cgl

The well impedance, defined as the normalised reciprocal of the injectivity index, is expressed in terms
of the pressure drop as

I(z=0) Or=0) AP()

SO="TI0) ~ Apc=0) 00 (E7)

The ordinary differential equation in Eq. (24) admits a first integral that is useful for evaluating
sweep efficiency. Integrating both sides of Eq. (24) over the domain Q in the plane (x,7) bounded by
the characteristics of velocities D, and D; and applying Green's theorem to compute the resulting double
integral, yields

1l [6 Ce 6F

drdx = ﬁFdr*ngx 0 (EB)
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Because CO, concentration C, remains constant along characteristics, the contour integral in Eq. (E8)

reduced to
Cod=(1-x,)Cef2)~ FC )+ (E9)
where the average CO, concentration is defined as
1
Cylr)= J Colx, t)dx (E10)

At early times, before the breakthrough of gas, (O <r< D_lo)’ the average CO, concentration is
T = with C2)=0,  F(C1))=0 (E11)
At intermediate times, (D_lo <7< D_ll)’ the average CO, concentration becomes
Co0=(1-x,)C2) - F(Cl )+« (E12)
At late times, once the system reaches a stable regime (D_ll <r< oo), the average CO, concentration

approaches Cg(zr) = (1—x,,) with Cg(%) =1, F(Cg(fl)) =1
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