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Adaptive Event-Triggered Output Synchronization of
Heterogeneous Multiagent Systems: A Model-Free
Reinforcement Learning Approach

Wenfeng Hu

Abstract—This paper proposes a reinforcement learning ap-
proach to the output synchronization problem for heterogeneous
leader-follower multi-agent systems, where the system dynamics
of all agents are completely unknown. First, to solve the chal-
lenge caused by unknown dynamics of the leader, we develop an
experience-replay learning method to estimate the leader’s dy-
namics, which only uses the leader’s past state and output infor-
mation as training data. Second, based on the newly estimated
leader’s dynamics, we design an event-triggered observer for each
follower to estimate the leader’s state and output. Furthermore,
the experience-replay learning method and the event-triggered
leader observer are co-designed, which ensures the convergence
and Zeno behavior exclusion. Subsequently, to free the followers
from reliance on system dynamics, a data-driven adaptive dynamic
programming (ADP) method is presented to iteratively derive the
optimal control gains, based on which we design a policy iteration
(PI) algorithm for output synchronization. Finally, the proposed
algorithm’s performance is validated through a simulation.

Index Terms—Event-triggered mechanism (ETM), experience-
replay, heterogeneous multi-agent systems (HMASs), output
synchronization, reinforcement learning (RL).

I. INTRODUCTION

ISTRIBUTED cooperative control of multi-agent systems

(MASs) has made remarkable progress, with widespread
applications in autonomous aerial vehicles [1], power sys-
tems [2], satellite networks [3] and so on. Current research on
multi-agent cooperative control primarily focuses on homoge-
neous agents, with the objective of achieving state synchroniza-
tion [4], [5], [6]. In contrast, this paper emphasizes the output
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synchronization problem for heterogeneous multi-agent systems
(HMASSs). The complexity of HMASs arises from variations
in the dimensions and dynamic matrices of each agent. Most
existing studies [7], [8] on output synchronization are based on
traditional control theory. They assume known system dynamics
and continuous communication conditions to optimize perfor-
mance. However, these assumptions are impractical in real-
world scenarios and lead to wasted communication resources.

To tackle the issue of unknown models, reinforcement learn-
ing (RL) and adaptive dynamic programming (ADP) are model-
free intelligent learning algorithms that autonomously inter-
act with the environment to optimize rewards [9], has gained
widespread attention in the field of MASs in recent years [10],
[11], [12], [13]. In [14], a new off-policy RL algorithm was
first proposed for HMASs output synchronization in online
scenarios, and an adaptive leader observer was designed un-
der a continuous-time communication. Experience-replay, as a
method in RL, has been applied to system dynamics estimation
in [15]. During the learning process, both past and current states
of the leader are required. Ref. [16] proposed a model-free
leader observer based on experience replay. Nevertheless, the
observer is designed only after the system dynamics are learned,
leading to a decoupled design and potential estimation errors.
In [17], a two-layer data-based neural network RL framework
is proposed for cooperative learning in MASs without requiring
prior knowledge of system models. In [18], a value iteration-
based method is proposed to solve the cooperative H,, output
regulation problem for HMASs. However, most current research
on multi-agent RL is based on fixed signal sampling, which can
result in excessive data transmission between agents, wasting
bandwidth and computational power.

Event-triggered mechanism (ETM) sampling is a non-
periodic sampling approach, where sampling only occurs when
specific triggering conditions are met [19]. Nowadadys, ETM
sampling is extensively used in first-order [20], [21], second-
order [22], and higher-order [23] MASs. The output synchro-
nization problem based on event-triggered control in HMASs is
studied in [24] and [25], but they require complete system dy-
namics information. Ref. [26] proposed an adaptive distributed
observer with event-triggered communication to estimate the
leader’s system model and observe its state. In [27], [28], [29],
[30], RL and ETM are combined to explore tracking control. A
fault-tolerant adaptive event-triggered tracking control scheme
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was introduced in [27], utilizing a multi-gradient recursive RL
algorithm. Ref. [28] uses ADP algorithm with event-triggered
output feedback to solve the output regulation for discrete sys-
tems. In [29], a Deep Q-Network (DQN) is used to online learn
an event-triggered controller. In [30], a dynamic event-triggered
control scheme based on RL and barrier Lyapunov functions is
proposed for perturbed nonlinear MASs under state constraints
and disturbances. Under completely unknown system models,
how to use RL to achieve output synchronization control with
ETM communication is akey motivation in our research. Current
studies on this topic remain limited.

This paper is dedicated to output synchronization in a class of
leader-follower HMASs under a directed graph. We introduce an
RL-based event-triggered optimal control strategy, which avoids
prior knowledge of the system’s dynamics. The contributions are
summarized as follows.

¢ Different from [14], [26], which use adaptive estimation
methods, a learning-based experience-replay method is
developed to estimate the leader’s system dynamics in this
paper. It is noted that ETM was not considered in [14].

e Different from existing observers, which require prior
knowledge of the leader’s dynamics [23], [31] or rely on
continuous-time communication [32], a model-free ob-
server is proposed based on ETM communication. The
leader’s dynamics estimation and event-triggered obser-
vation are co-designed simultaneously, ensuring that the
learning method does not affect the system stability, and
no Zeno behavior happens.

e A data-driven model-free RL algorithm is proposed for
real-time optimization of output synchronization control
protocols. By employing the ADP, the algorithm approxi-
mates the optimal solution without requiring the solution
of the algebraic Riccati equation (ARE) and knowledge of
the dynamics of the leader or followers.

The rest structure of this paper is as follows. Section II formu-
lates the problem of output synchronization in leader-follower
HMASs. Section IIT develops a learning-based event-triggered
observer. Sections III-A and II-B present the design of the
observer and its stability analysis, respectively. Section IV in-
troduces an RL-based policy iteration (PI) algorithm using ADP
to obtain the optimal control policy for output synchronization.
Section V illustrates the algorithm’s validity via simulations.
Finally, Section VI concludes the paper.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Graph Theory

A directed graph G = {V, £, A} consists of the set of nodes
V = [v1,va,...,vN], the set of edges £ C V x V, and the ad-
jacency matrix A = (a;;) € RV*N with a;; € {0,1}. If node i
receives the information fromnode j, namely (vj,v;) € £,a,; =
1; otherwise a;; = 0. The neighbor setis N; = {j|(v;,v;) € £}.
Define D = diag{z;\[:1 aj, .-, Zjvzl an;} as the in-degree
matrix and L = D — A as the Laplace matrix. Suppose a
diagraph has a root node with a directed path to others, it has a
spanning tree. Node O is the leader, if node 0 sends information
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to node ¢ directly, a;o = 1; otherwise a;o = 0. In this case, we
let the pinning matrix O = diag{a1¢,...,ano}. Z is the set
of non-negative integers. ® denotes the Kronecker product. For

any symmetric matrix P = [p;j]nxn € R™*", vecs(P)=[p11,
n(nt1)

2p12a"'72p1nap2272p237'"72p(n71)napnn]T € R™=— . For
any vector b= [by,...,b,]T € R", and vecv(b) = [b2, b1bo,
co bibn, b2 bobs, .o b 1by, 02]T € R®5. For  any
matrix A = [a;j]nxn € R™", vec(A) = [a11,. .., 0n1, 012,

B S S PR M < R"”. If matrix A is time-
varying, A(t) = [@i;(t)]nxn € R™".

The following lemmas will be used.

Lemma 1 ([33]): Under Assumption 2, every eigenvalue of
H = L + O has positive real part, with L being the Laplace
matrix and O being the pinning matrix, and there exists a positive
matrix G' = diag(g1, g2, . ..,gn) such that GH + HT'G > 0,
where g = col(g1,92,...,98) = H 'y

Lemma 2 ([34]): Consider the following system

& =Fx+ Fi(t)x + Fa(t) (1)

where x € R", F € R™*" is Hurwitz, Fj(t) € R"*" and
F5(t) € R™ are bounded and continuous for all ¢ > ¢,. If
lim; o F1(t) =0 and lim;_,, F5(t) = 0 exponentially, then
for any x(t), lim;,~ 2(t) = 0 exponentially.

B. Problem Formulation

Consider a class of continuous-time linear HMASs with one
leader and N followers, the leader’s dynamics are modeled as

.I"O = A()CL‘O (2)
yo = Coxo 3)

where zog € R™, yo € R™0 is the state and the output of the
leader respectively. Ay € R™*™0 and Cjy € R™0*™0 are the
leader’s system matrices.

The followers’ dynamics are described by

yi = Ciz; Q)

where x; € R™ is the state, u; € R™ is the control input, y; €
RPi is the output of the follower i. A; € R™*™i B, € R™*™i,
and C; € RPi*™i are the followers’ system matrices.

The interaction among all followers and the leader can be
represented by a directed graph G, where the leader is denoted as
node 0, and the followers are the remaining nodes. In particular,
only if a;; = 1 for i # 0 and j # 0, follower 4 receives the in-
formation (state/output) from follower 5. Besides, we use a;o to
denote the communication link between followers and the leader,
and thus only part of the followers with a;o =1, =1,..., N,
have direct access to the leader’s state and output, while other
followers can only indirectly get the information from the leader.
It is noted that the prior knowledge of agents’ dynamics, no
matter for followers or the leader, is not required.

The objective of this paper is to develop a distributed control
protocol u; with event-triggered communication, where all agent
dynamics are completely unknown for the HMASs under a
directed spanning tree, described by (2)—(5), to achieve:
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1) A leader observer is designed based on event-triggered
communication such that every follower can estimate the
leader’s state and output. Specifically, for all ¢ =1,..., N,
the observer satisfies limy,o (1;(t) — 20(¢)) = 0 and lim;_,
(Ci(t) —yo(t)) = 0. Here, n; € R™ and ¢; € R™° denote the
follower i’s estimated state and output of the leader, respectively.

2) All the followers’ outputs are to synchronize with the
leader’s output without requiring any information of the dynam-
ics, satisfying lim; . (v;(t) — yo(t)) = 0,i =1,..., N.

The following assumptions will be used.

Assumption 1: Each pair (A;, B;) is stabilizable and (4;, C;)
is observable.

Assumption2: The graph G has a spanning tree with the leader
as a root.

Assumption 3: Every eigenvalue of A is on the imaginary
axis and each eigenvalue appears only once without repetition.

Remark 1: For Assumption 1, the stability condition is neces-
sary for the feedback control, even for a single system. Similarly,
from a theoretical viewpoint, the observability condition is also
necessary for the design of the effective observers. Assump-
tion 1 is widely used in some literature on cooperative control
of MASs, like [14], [34], [35]. Assumption 2 is a necessary
condition for directed graphs, ensuring that all followers can
receive information from the leader. Assumption 3 guarantees
that the leader is marginally stable, so that the leader’s output
remains a persistent periodic signal, and it also allows the use of
LaSalle’s invariance principle to derive the convergence of the
closed-loop system.

Remark 2: The typical method for solving the output synchro-
nization problem relies on the solution of the output regulation
equation, which needs to know the agents’ system dynamics.
However, in this study, a novel model-free RL-based approach is
introduced. Firstly, a model-free event-triggered leader observer
is developed. Based on this observer, an RL-based algorithm is
proposed to tackle the output synchronization. The new method
alleviates the requirement of the system dynamics for all agents.

III. LEARNING-BASED EVENT-TRIGGERED LEADER OBSERVER

In this section, we first propose a learning-based event-
triggered observer for each follower to estimate the leader’s state
and output.

A. The Design of the Leader Observer

First, we define the local combined measurement error of
follower 7 as

N
gi =y aij(n; —m) (©)
j=0

where n; € R™0 is the state of the observer to be designed later.
When j = 0, define g = x.
The event-triggered leader observer is designed as follows

{fh‘ = {io(t)m + Bai(t},),t € [ty thyy)

7
G = Co(t)n; @

where ¢; € R™ is the output of follower i. Ay (t) and Cy(t) are
the estimation of the leader’s dynamics Ay and C that need to
be designed later, respectively. 8 > 0 is the positive weight to
be designed later. And, t{,t, ..., are the triggering times for
agent .

The design of this observer consists of three steps: to get
Ay(t) via Step 1, to get Co(t) via Step 2, and to determine the
triggering time sequence via Step 3.

Step 1: To get Ag(t)

Traditional observers rely on the model information including
Ap. To overcome this limitation, inspired by [15], we will de-
velop a data-driven experience-replay learning method to learn
Ag.

First, we apply the following filters

& (t) = — ki (t) + zo(?) (®)
i(t) = — ka(t) 4 @o(t) ©)
A(t) = — kA(t) + Y (1) (10)

where x;(t), z(t) and A(t) are the variables after filtering with
xo(t), #(t), and Y () with Y (t) = ¥ ® I,,,, respectively. k is
apositive gain to stabilize the filters and 2;(0) = z(0) = A(0) =
0.

And then, we set {z(ts)}2, and {A(ts)}2, as memory
stacks to store the past data at different time instants ¢t = ¢, with
1 <ty <...<tp,,wherep, > ng is the length of the stacks.

The data-driven update law to estimate Ay is designed as

) = 10 S AT (1) 850 an

where 7 (t) € R™”, 1, > 0 is a positive weight, A(t) is given
by (10), and ¢S () = z(ts) — A(ts) </ (t) with z(t,) = 2o (ts) —
e Fs20(0) — Ky (t,). Besides, the matrix form Ay (t) in (7) can
be obtained through .7 (¢) by noting that <7 (t) = vec(Ay(t)).

To proceed the analysis, we reconstruct the leader’s system
matrix in (2), the matrix can be vectorized as

Zo(t) =Y (t) o/ (12)
where Y (t) = 2 @ I,,, € R"0*™ | of = vec(Ay) € R™”.
The estimation error is defined as

bal(t) = A(t) (o — (1)) (13)

With such design, we can have the following lemma based on
some standard assumption.

Assumption 4: The memory stack {A(ts)}2e, is of full
row rank, i.e., rank([AT (t1), AT (t2),..., AT (t,,)]) = n3 with
Pa > no.

Remark 3: Assumption 4 ensures that matrix > -2 AT (t)
A(ts) is strictly positive definite, i.e., A%, > 0, where A2,
denote the minimum eigenvalue of > 72 AT (¢,)A(ts). In this
case, according to (69) as given in the appendix, we have V, <
—204A,Va <0, VE > t,, and V, # 0, where V, = 1(o&/ —
o (1))T (o — o/ (t)) (also given in (67) later). This guaran-
tees the exponential convergence of the estimation error. If
this assumption is not satisfied, we still have Va < 0 for all

Authorized licensed use limited to: TU Delft Library. Downloaded on July 09,2025 at 08:46:46 UTC from IEEE Xplore. Restrictions apply.



HU et al.: ADAPTIVE EVENT-TRIGGERED OUTPUT SYNCHRONIZATION OF HMASS

t > t,,, which only guarantees convergence and may result in
slower convergence. In practical, since A(t) € R™ xn , the rank
condition is generally fulfilled when p,, is much greater than ny,
indicating that enough amount of data is collected. Besides, un-
der Assumption 3 the leader state x (t) is a marginally stable and
persistent periodic signal, the rank condition is easily satisfied
when p, > ng. To verify the importance of Assumption 4, we
have also provided the simulation under the case if the required
rank condition is violated, please see Fig. 4 in the simulation
part.

Lemma 3: Under Assumption 4, consider the data-driven
update law (11) only using the leader’s past state information,
then the estimation error given by (13) exponentially converge
to zero.

Proof: The proof can be found in the Appendix. I

Remark 4: The memory stacks {z(¢s)}2*, and {A(t5)}0,
serve as training data. Thus, experience-replay method allows
the agent to store and replay past data, which is different
from [15]. In addition, due to the lag existed in followers
acquiring state information from the leader, this method reduces
reliance on real-time interactions, thereby enhancing learning
efficiency. Prior to utilizing this approach, it is essential to gather
asufficient amount of data to fulfill the rank condition. Moreover,
Lemma 3 ensures that flo(t) will converge to Aj exponentially.

Step 2: To get Cy(t)

After estimating A, we proceed to estimate Cy. The method
for estimating Cj is similar to that of Ay and also requires the
use of experience-replay method.

We set {yo(ts)}2e, and {M(ts)}2e, are memory stacks to
store the past data at different time instants ¢t = t, with 1 <
to <...<tp,, where p. > ng is the length of the stacks, and
M) =zt @ I,,.

And then, the data-driven update law to estimate Cy is de-
signed as

—LCZMT s

where € (t) € R™0", 1, > 0 is a positive weight, and ¢ (t) =
yO(ts) - M(ts)%(t)'

Following the learning process using the updated law (14),
the matrix form C‘O (t) in (7) can be obtained by transforming
the vectorized form % (t), that is €' (t) = vec(Co(t)).

To proceed the analysis, in respect of (3), we reconstruct as

(14)

yo = M(t)¢ (15)
where  M(t)=z! ® I, € Rmoxmono ¢ =vec(Cp) €
R™on0

The estimation error is defined as
¢e = yo(t) — M(D)E (1) (16)

Assumption 5: The memory stack { M (t5)}2< | is of full row
rank, ie., rvank([M7T(t;), M7 (ts),...,MT(t,,)]) = mono
where p. > my.

Lemma 4: Under Assumption 5, consider the data-driven
update law (14) only using the leader’s past state information,
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then the estimation error given by (16) exponentially converge
to zero.

Proof: For the update law in (14), the computation of M (¢)
and ¢3(t) can be directly obtained from the leader’s past state
and output. The proof of the convergence to C is similar to
Lemma 3 and thus is omitted here. ]

Step 3: To Determine the triggering time sequence

To reduce communication between agents, we will design an
ETM. The combined measurement error is defined as

ei(t) = qi(ty) — ai(t), t € [ty thy1) -
Then, we design the ETM as

{ﬁm = inf{t > ti[lles ()] — millai(O)II* — pa&i(t) > 0}
&i(t) = —v1i&i(t) + vai(sallaa (D)* — [lea(t)[I*)

a7)

(18)

where 51(0) >0, vy; >0, vy > ﬂHH”HP()H, i > 0and 0 <
ki < U—lziwithﬁ>0.

Remark 5: In the observer (7), Ao(t) and C(t) represent
the estimations of Ay and Cj learned via experience replay,
respectively. The term ¢;(t}) indicates that each agent com-
municates only at event-triggered time instants. These three
components are co-designed to simultaneously achieve system
model learning and event-triggered observation of the leader. In
contrast, Ref. [16] adopts a decoupled design, where the observer
is constructed only after completing system model estimation.
Directly relying on the estimated system model can result in
approximation errors, potentially affecting the stability of the
closed-loop system. Furthermore, it is theoretically proven that
the learning process does not compromise system stability or
cause Zeno behavior.

B. Stability Analysis of the Leader Observer
The state observation error and output observation error are
defined as

)i = 1 — Xo (19)

(=G~

Theorem 1: Under Assumptions 1-5, the learning-based
event-triggered leader observer (7), (11), and (14) are co-
designed simultaneously. Then, the state and output observation
error (19) and (20) exponentially decay to zero if the triggering
times are determined by the ETM (18).

Proof: Define the observer state 1 = col(n1,72,...,7n)
and g = col(q1,q2,...,qn), where q; = ¢;(¢ k,) with k) =

arg maxkeN{tﬂti < t}. It follows from (17) that ¢;(t}) =
ei(t) + qi(t), then rewrite (7) as the following compact form:

(20)

0= (In ® Ao)n + B3
= ((In ® Ag) — B(H @ I,,))n

+ B(H ® I, )(1n ® z0) + Pe (1)
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where ¢ = col(ey,ea,...,en), H= L+ O with L being the

Laplace matrix and O being the pinning matrix, and every

eigenvalue of H has positive real part according to Lemma 1.
It follows from (7) and (19) that

i = Ag(t)n; — Aoo + Bai(th)
= Ao(t)n; — Aomi + Aomi — Aozo + Bai(th)
= Ao + Ao ()i + Ao (t)xo + Bai(ty)

where §; = Z;V:O aij (s — ) = qis Ao(t) = Ag(t) — Ao.
Similar to (21), rewrite (22) into the compact form

1= ((In ® Ap) — B(H ® I,,))ii + (In ® Ag(t))i}
+ (In ® Ao(t))(1n ® z9) + Be. (23)

According to Lemma 2, (23) is analogous to (1), where (In ®
Ao) —BH®I,)) 2 F, (In®Ao(t)) £ Fi(t) and (Ix ®
Ag(t))(1n ® ) + Be £ Fy(t). Then, it is sufficient to show
that (23) satisfies the condition of Lemma 2, which implies
limg 0o 77 = 0.

Since H has positive real part according to Lemma 1, (Iy ®
Ap) — B(H ® I,,,) is Hurwitz if 8 > 0 under Assumption 3.

It follows from Lemma 3, that parameter estimation error
64(t) = o7 — </ (t) exponentially converges to 0, which im-
plies Ay exponentially converge to Ag for Vt > tp,, that is
limy_oo flo(t) = 0 exponentially. And under Assumption 3, it
is easy to obtain that (Iy ® Ag)(1y @ x0) will decay to zero
exponentially, too.

Next, we will prove that Se will decay to zero exponentially.
Construct the following Lyapunov function candidate

(22)

N N
V=Ygl ) Pi(t) + > &(1) (24)
i=1 i=1
where Py is a positive definite symmetric matrix, such that
AT Py + PyAg — aP2 4+ 1,, <0 (25)

and define V; = S| ¢ (t) Pogi ().
Referring to (18), we have ||e;||? — x;|qi||? < pi&;, which
implies that

& > —vi& — vaiuii. (26)
Using the comparison principle provides
&> é‘i(o)e_(vli"t‘v%/‘i)t > 0. 27

Moreover, it is easy to prove that V3 > 0 which leads to V' > 0.
The compact form ¢(t) = —(H @ I,,,)n(t). Then, based on
(7), the derivative of ¢(t) is given as

= (In ® Ao — B(H @ I,))q(t) — B(H ® I, )e  (28)
The derivative of V; along (28) is provided as
) N
Vi= qf Podi =2¢" (In ® Ry)g
i=1
= 2¢"(Iy ® Po)(In ® Ag)q — 284" (H ® Py)q
—28¢" (H ® Py)e

< q"(Iy ® (AT Py + PyAy))q+ BeT (H @ Py)e
— 284" (H @ Po)q + Bq" (H ® Py)q

< ¢"(In ® (AJ Py + PyAo))q — aq” (Ix ® P§)q
+ Bel' (H @ Py)e (29)

— )Lmin(H)
where o = 5705

> (. Then, we have
Vi < q"(I AT Py + PyAg — aPy?
1< ¢ (In® (Ag Py + PyAo — aPy”))q

+ ﬁeT(H ® Po)e

N N
< = > llaill® + BIHNI P Y lleal®. 30)
i=1 i=1

According to (18) and (30), the derivative of V' satisfies
. . N .
V=WVi+ Z &
i=1

N

= (1 vaik) il

i=1

IA

N N

+ Y BIHNPoll = vaa)lleil® =D vniés

=1 =1

N N
*WZQZTPO% - Zvu‘&
i=1

i=1

IN

< =V €29

where Vo; > BHHH”P()H and w = (1 — UQ,‘/ﬂ)/)Lmax(Po) > 0
by selecting 0 < k; < U%L And lp = min{w, v1,, } > 0 with
U1y, = min,; vy;. Thus, V() exponentially decays to zero. Since
Jomin (Po)||q()]|? < Vi(t) < V(t), one has lim; o q(t) =0
exponentially, and thus, lim;_, e(t) = 0 exponentially.

Therefore, by Lemma 2, lim; , 7;(t) = 0 exponentially.
And according to Lemma 4, Co (t) exponentially converges to
Coy, we obtain lim;_,., fz (t) = 0 exponentially. The proof is
completed. |

Remark 6: It is worth mentioning that the estimation ap-
proach designed in [34] requires parts of the followers ex-
actly know the leader’s system dynamics. In contrast, our
experience-replay learning method does not require any agents
have knowledge of the leader’s system dynamics by using the
past data. Furthermore, the observer in [34] relies on contin-
uous communication, whereas our proposed observer is based
on event-triggered communication. Moreover, the three steps
are co-designed simultaneously in the observer to ensure the
convergence.

Lemma 5: The learning-based event-triggered leader ob-
server (7) under the ETM (18) ensures all agents are capable
of avoiding Zeno behavior.

Proof: We will employ a proof by contradiction to establish
that if agent ¢ has Zeno behavior, i.e., limy_, ti =Ty < 0.
Then we have for any € > 0, there exists kg such that t}‘C e (Ty —
e,To + ¢) for Vk > ko, implying ¢}, | —t} < 2e.
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Because V) = Zi\]:l ql (t)Pogi(t), it is easy to acquire
Sty Il = lla()]” < (Vi(t)/Amin(Po)). From (31), it

follows V (t) < V(0)e~!ot, thus Vi (t) < V(t) < V(0). Then,
one has
V(o) .
(D) < llg)]| < | ——== =W 32
I <l <[ =V G

In the interval [t} .t} ), [le;(t)|| is piecewise continuously
differentiable. Using (6)—(7), its Dini derivative is given by
||6T||

N
= 11> ai;(n:(t)
j=0

leill = II = gi(®)]l

—n;(t))

= [—Ao(t)a a;(t}.))

(33)

+ﬁza13 Qz tk]

=0

Based on (32), it follows

D¥[lei()]| < Aol (0]

+ 8D ai (gt + llg )1
j=0
< Vol Ao(®)]l + B(L+ | Ni])
=V (34)

where k' = arg max, .\ {t,|t] <t,j € N;} denotes the most
recent triggering time of follower j prior to the current time ¢.
According to the ETM (18), when ¢ = ¢}, one has ||e;(t)]]

> Veillgi (D% + pi&i(t) > /ui&i(t).  Define  f(t7) =
limss f(s). When t = ¢i, one has
leaE = \Jrllas (1) 112 + piti(t)
>\ a&i(ty)
G0 (35)

By (34) and (35), then

; 1 _V1itY2ik i
ho = = Vmki(0)e” 7 o
Vo

i —
ko+1

> L 116 (0) e~ “EFH (Torte)
0

= 2¢ (36)

_ Y14 +v21' i,

where ¢ > 0 satisfies the equat10n —+/pi&(0)e
Yii

+” ik
2¢ee “he This is contradlctory of the fact that tk 11
t;;o < 2¢. Therefore, we can exclude the Zeno behavior. The
proof is completed. |
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IV. RL-BASED EVENT-TRIGGERED PI ALGORITHM FOR
OUTPUT SYNCHRONIZATION

In this part, we propose a data-driven method based on ADP
to obtain the optimal control gains K. Then, an RL-based
event-triggered PI algorithm is developed by combining the ob-
server and the ADP method, such that the output synchronization
problem can be solved.

We establish the augmented system as

X; = A X; + B (37)

where X; = € RP* with p; = n; + ng, and the dynamics
xo
- Az 0 — Bl
A= , b= .
0 A 0

We consider the augment distributed state-feedback controller
as follows

u; = K; X; (38)

with K; = [Ky; Ko;]. It is noted that z is assumed to be
available for feedback control. In the later, the estimation of
x0, namely, n; will be used to replace x( by combining with the
leader observer.

The output error is given by

Yi = Yi — Yo (39)
Then the performance function can be proposed as
o0
Ji(yi wi) = / e T (g — y0) " Qi(yi — o)
t

where ~; is a positive discount factor, (); and R; are symmet-
ric positive definite weight matrices. It is noted that the term
(yi — y0)TQ:(y; — yo) represents the tracking error between
the follower and the leader, while the term uiT R;u; is the control
cost. Define C; = [C; — Cy], and based on (38), then (40) can
be reformulated as

Jz(Xl) :/ ei’Yi(Tit)X,LT(éiTQici —|—KLTR1KZ)XLCZT
t

= X'PX; (41)

where P; = [ e ((CTQ;C; + KI' R, K;)dr. By mini-
mizing the performance function, we can determine the optimal
control gains K by

K= -R;'BI P} (42)
where P;" satisfies the following discounted ARE
AP+ P,A; — P+ CTQ:C; — P,B;R;*BI' P, = 0.
(43)

Lemma 6 ([14]): The control policy (38) with the optimal
control gains K in (42) makes the output error (39) locally
asymptotically converge to zero if

B _ = 1
vi <vf =2|[(B:R;' Bl Q)7 ||
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Remark 7: This problem can be formulated as a linear
quadratic Regulator (LQR) problem, and the optimal control
gains can be found by solving the ARE. However, this approach
necessitates full understanding of the system’s dynamics. More-
over, due to the nonlinearity of the ARE equation, directly solv-
ing the equation for P} is highly challenging. Moving forward,
we will adopt ADP to determine the optimal control gains K7
without relying on the system dynamics.

An iterative method is adopted based on the knowledge of
the system dynamics [36], where P;" is given by the following
lemma. '

Lemma 7 ([36]): Let Pi(J), where j = 0, 1, ... represents the
number of iterations, be the unique solution of the following
ARE

0= AEJ)TPi(j) 4 R(J)AEJ) _ 'Yipi(j) 4 éleéz
+ KV"REY (44)

where AY) = 4; + BKY), K = ~R'BTPY V. K is
chosen to satisfy AZ(-O) has negative real parts. And then, we have
lim; oo P = Pr im0 K9 = K7

Next, we will develop an ADP method to get K without
knowledge of the system dynamics. First, we can rewrite the
augmented system (37) as

X; = AV X, + Bi(u; — KV X,) (45)
By (41), (44) and (45), the Bellman equation is given by
e XTI (t+ 5t) PO Xi(t + 6t) — XT ()P Xi(8)

t+40t d )
= / df (e*"/ai(T*t)Xi(T)TPi(J)Xi (T))dT
t T

)
— /tjL te*’Yi(‘rft) (XT(*’)QP(]) + A(J)TP(J) + P(])A(J))Xz
t
+2(u; — K9 X)T BT PY X, )dr
t+0t B _ . .
_ 7/ e T OXT(CTQ,0 + KT R, KD) X dr
t
t+ot . .
— _2/ e i(T—1) (u; — Ki(])Xi)TRiKi(J-H)XZ'dT
t
(46)

Replace XZT(C’ITQ,C'Z)XZ with (yz - yo)TQ1(yz - yo) And
then, the Bellman equation is

e XTI (t+ 6t)PY X (1 + 6t) — XT ()PP X, (t)
t+dt
= */ e T (y; — o) Qi (yi — yo)dr
t
t+0t . .
- / e OXT (KT R KD Xidr
t

t+4ot . .
—2 / e 0 (u; — KO X)TR KT Xidr (47)
t

By Kronecker product representation, there holds
XI'PYx; = (XTI @ X )vee(PY))
XTEITR,KD) X, = (XT @ XT vee( KT R KY))
(u; — Ki(j)Xi)TRiKi(jH)XZ—
= (X ®u] )1, ® Ri)vec(Ki(jH))

— (XF © XI)(L,, © K" R)vee(KPHY)

i

We define
II, = _e*Vi(T’tO)vecv(Xi) ié,
. T
e T D vecy(X;) t::—1:| (48)
-
P, = / eiyi(T*to)Xi ® X,dr,
L/ to
‘. T
N ’/ e*’Yi(T*tr—l)Xi ® XidT:| (49)
tro1
t1
U, = [/ e"“(Tft")Xi R uidt, . ..,
to
t, T
/ e*’Yi(T*t,-—l)Xi ® uidT:| (50)
tro1
t1
0, = [/ e T (g — o) T Qi (s — yo)dr,
to
t, T
/ e VT (g — )T Q4 (yi — yo)dr
tr-1
(51)
Then, (47) can be rewritten in the compact form
qo | vees®) | Lo (52)
‘ Vec(Ki(jH)) ‘

where Q) = [I1;, 2(W, (I,, ® R;)—®;(I,, ® K¥'TR;))), 1
=0, + vec(KVT R,

To calculate the solution to (52), we further need the assump-
tion. ,

Assumption 6 ([37]): Q,Ej ) has full column rank for all j €
Zy,ie., rank([®;, U;]) = w + pim;.

Remark 8: Assumption 6 is to ensure the existence and
uniqueness of the solution, so that the least-squares method

yields a unique solution in each iteration, thereby allowing Pi(j )

and K i(j +1) to be computed. In each iteration, we collect data at

time instants ¢, ¢, . . ., t,, and as long as r is sufficiently large,
the rank condition can be easily guaranteed.
Thus, under Assumption 6, the modified form of (52) is

i

vecs(P(j))
Vec(Ki(]H))

] _ _(Qy(:j)TQEJ))flggj)T'rv(:j). (53)
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The data-driven update | __
law (11) (14) \

Followerj | ¢
“)-(5)
To

w @-3)
Controller
(54)

ETM (18)

Communi-
cation
network

K
The Bellman L P P
cquation (53) 3 Observer (7) - -
Ay (t) Co(®) q.(t)
Fig. 1. Control block diagram.

Remark 9: By (53), it is evident that P’ and KY™") can
be obtained by computing the online input-output data. Further-
more, under Assumption 6, it follows from [37] that Pi(j ) and
K Z-(j b converge to the optimal strategy P and K respectively.

The preceding analysis assumes that all followers can access
to information from the leader. And then, we will integrate the
designed event-triggered observer with the controller to address
the output synchronization.

The observer (7) estimates the state and output of the leader
for every follower. As a result, we can substitute 7; for xg to
represent the leader’s state in (38) and (; for yo to denote the
leader’s output. Thus, the modified optimal distributed controller
is given as
(54)
where X; = [T #7]" and K} is to be determined later.

According to (51), the calculation of ©; depends on yo(t),

which is not available for every follower. We use (; to replace
Yo in the calculation to get

t1
61’ == |:/ 67'772(77150) (yz o C’L)T Q1 (yl - Cl) d’r, o
to

T

tr
/ e Tt (g — )T Qi (i — G) dr

tro1

(55)

Based on the above analysis, an RL-based event-Triggered PI al-
gorithm for output synchronization will be given in Algorithm 1.
The control block diagram is shown in Fig. 1.

Theorem 2: Under Assumptions 1-6, consider HMASs (2)—
(5) with the event-triggered leader observer (7) and ETM (18).
Let u; = u; be the optimal control protocol obtained from
Algorithm 1, then the output error ; in (39) will asymptotically
converge to zero, provided that the discounted factor ; satisfies
0 <~ < 2[[(BiR; BT Qi) .

Proof: The augment system dynamics is determined by

R R A N

where A; = Bg;(tL).

611

Algorithm 1: RL-Based Event-Triggered PI Algorithm for
Output Synchronization.

Initialize:
Setty=t2=...=0,e;0)=0,k=0,j=0,Vie N
Set the stable 7);(0), <7 (0), €'(0)

Start with an arbitrary initial control policy:

W =K9X +¢i=1,... N

where ¢ is an exploration signal, and K i(o) is the
stabilizing control gain
for t = 0 to toyq (final time) do
Compute <7 (t) from (11) and ¢ (t) from (14)
Compute 7;(t) and ¢;(t) from (7)
if the ETM (18) is satisfied then
Update k < k + 1, ¢;(t}) = ¢i(t), and e;(0) = 0
end if }
Using online data to compute QZ(.J ) from (48), (49), and
(50)
Using online data to compute 'I"z(»j ) from (49) and (55)
if Assumption 6 holds then
Solve P and KUY from the (53)
u = KUK v qi=1,.. N
Update j < j + 1
end if _
if [ K9 — KY™Y|| < £ (a small positive constant) then
Break
end if
end for
Set K} = K9, Pr = PYU™Y andu; = KX,

According to the separation principle, because (56) is the
block-triangular structure, the design of the event-triggered ob-
server and the distributed controller can proceed independently
of each other.

According to Theorem 1, the leadeg state estimation error
7 in (19) and the leader output error ¢ in (20) will exponen-
tially converge to zero under the event-triggering mechanism
(18), namely, limy o (7;(t) — 2o(t)) = 0 and lim; (¢ (¢) —
yo(t)) = 0,4 =1,..., N.Thus, it is obvious that lim; ,,(©; —
0,)=0,i=1,...,N.

The uniqueness of solution to (53) is guaranteed under As-
sumption 6. It follows from Lemma 7 that lim;_,, K i(J ) K 5
which means that the solution calculated from (53) converges
to (42). According to Lemma 6, under the boundary condition
v < 2|(B;R;* BT Q;)2 ||, the output error (39) locally asymp-
totically converge to zero, i.e., lim; . (y; (t) — yo(t)) = 0,i =
1,..., N. This completes the proof. |

V. SIMULATION EXAMPLE

In this section, a simulation is used to validate the performance
of the proposed model-free RL-based event-triggered output
synchronization algorithm in HMASs.
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Fig. 2. Topology in the simulation.
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Estimation of A0
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We select a sinusoidal trajectoey generator as the leader, with
its dynamics as follows:

'
N

Estimation of C0
o

o
-
N
w

4 5 6 7 8
Time(s)

0 2
Aoz[z ol Co=[1 0] (57)

Fig. 3. Estimation of Ag and C besed on experience-replay with p, = 500
and p. = 300.

And the leader’s initial state is zo = [1,1]. The four heteroge-
neous followers’ dynamics are given as

= = = o 5 T T T T T
Al 07 Bl 10, 01 1 :<_ |—Am — 4 T —4,
B o
0 1 0
Ay = : By=|_|, Cy= [1 2] S o
0 0 5 g
- : . ki
0 1 0 0 5
&:—100,&:2,@—ﬁ1@
0 0 0 6 o4
- - - o
[0 0 0] 3] g 2f
Ar=1{0 0 1|, Bi=|o|, Ci=[1 1 1] 68  §
0 1 0] 5 Z

o
-
[N)
w
P
[&)]
[}
~
(o]

And the initial states of the four observers are setasn; = [1,2]7,
no = 2,17, n3 = [1,0]", ns = [0,1]7 and the simulation step
sizeist = 0.001 s. Fig. 4. Estimation of Ag and Cy besed on experience-replay with p, = 10
The directed network topology graph of HMASs is shownin 24P = 10-
Fig. 2. In this context, agent O represents the leader, while agent
1-4 represent the followers.
In the first step, presented in Section II, we apply an

Time(s)

(&)

experience-replay method to estimate Ay and C. According i:_:) F\ | Ao Ao, Aug Aus
to Lemmas 3 and 4, we select ¢, = 0.8, p, = 500 and ¢ = 0.8, s ol

pe = 300, respectively. The trajectory of Ay and C estimation *é W

is illustrated in Fig. 3. In the legend, Ay; and Cp; respectively 2

represent the corresponding elements in the Ag and Cp matrices. - -50 1 2 3 “‘ 5 (‘3 7 .
From the figure, it can be observed that the method rapidly and Time(s)

precisely captures the system dynamics. To verify the impor-
tance of Assumptions 4 and 5, we set p, = 10 and p. = 10,
which violates the required rank conditions. As shown in Fig. 4,
although convergence can still be achieved, the convergence
speed is significantly slower. The adaptive method in [14] is used
to estimate the leader’s system model, as illustrated in Fig. 5. Un-
der the same initial conditions, the experience-replay approach
proposed in this paper significantly improves the convergence Time(s)
speed. Specifically, our method achieves convergence within 3
seconds, whereas the method in [14] requires up to 10 seconds.

IN

N

Estimation of Co
o

N
o
N
o b
w L
~ L
o L
o L
~ L
®

Fig. 5. Estimation of Ay and Cj in [14].
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:
2 732
722 T

Time(s)

Fig. 6. Trajectory of state observation error.

Time(s)

Fig. 7. Trajectory of output observation error.

In the presented event-triggered leader observer (7), we set
£ = 3andinthe ETM (18), wesetx; = 1, u; = 1,v1; = 0.5and
vg; = 1. The state observation error 7; = 7; — x( trajectories
for the four observers are illustrated in Fig. 6, while the output
observation error (fi = (; —yo are presented in Fig. 7. In
Fig. 6, 7,1 and 7);2 represent the first and second dimensions
of the state estimation error, respectively. It is evident that
this event-triggered observer can accurately estimate the
leader’s information. Furthermore, the event-triggering instants
are recorded, displayed in Fig. 8. The communication of
information between agents is effectively reduced. Compared
to the event-triggered observer proposed in [26], we further
assume the prior knowledge of the leader’s system dynamics for
the algorithm in [26]. The observer (7) demonstrates significant
advantages in multiple aspects. The method in [26] exhibits
a notably slower convergence rate of the state observation
error (see Fig. 9), while also resulting in a significantly higher
number of triggering events (see Fig. 10). Moreover, Table I
further quantifies this advantage. Compared with the method
in [26], the proposed observer in this chapter reduces the

613

4 P
+ follower1
L + follower2| |
35 follower3
+ follower4
3
251 s

follower i

2 HH + e A R A

Time(s)

Fig. 8. Triggering time instants of each follower.

Time(s)

Fig. 9. Trajectory of state observation error in [26].

4. ---—- A T ¥ N
follower1
+ follower2
3.5 follower3
+ followerd
3
.
$
3 25¢ b
Rel
2 HH++++
1.5F R
1 W S HHHHHHHHHHHHHH HHHHHHH
0 2 4 6 8

Fig. 10. Triggering time instants of each follower in [26].

TABLE I
COMPARISON BETWEEN OBSERVER (7) AND OBSERVER [26] IN TERMS OF
TRIGGERING TIMES

Follower 1 Follower 2 Follower 3  Follower 4
Observer (7) 35 30 34 25
Observer [26] 63 59 53 63
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Fig. 11.  Output synchronization trajectory of leader and followers.
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Fig. 12.  TIterations of convergence of HKim - K7

number of triggering events by nearly half, effectively lowering
communication burden and improving system efficiency.

Moving forward, we adopt the date-driven ADP algorithm
to attain the optimal control strategy, consequently achieving
output synchronization. Set the four followers’ initial states to
=2, 22 =[1,1]T, 23 =[1,-2,1]T, 24 = [-1,0,4]". The
optimal control gains obtained through the iterative process of
Algorithm 1 are

Kj =[-3.5411 3.5364 0.0473]
Kj = [-5.0888 —10.2278 5.0711 0.0955]
Kj=[-3.6079 —3.6632 —3.6311 —3.6311 3.6297]

K} 3.5012 —3.4620 —3.5325 3.4911 0.0607]

(39
In the end, a comparison of the output synchronization trajecto-
ries between the followers and the leader is visualized in Fig. 11.
The convergence of || K i(] ) K 7]| over iterations is shown in
Fig. 12 and the convergence of ||Pi(j ) Pyl over iterations is

shown in Fig. 13. This algorithm is capable of learning optimal
control gains and precisely tracking the leader’s output.

—— 1P~y | 40
2 002‘\\&& 200
0.01
0 D
6 8 10
0 = 0-6-© 0 D
0 5 10 0 0
Iteration numbers
100 —¢
100 N
—e—||IPY — P
50 50 0.20
0.1
0
6 8 10
0 D 0 o—e—e—e-2-9
0 0 0 5 10

Iteration numbers Iteration numbers

Fig. 13. Iterations of convergence of HPi(j ) P

In our method, both the observer and controller are designed
in a distributed manner, where each agent performs its own
computations and communicates only with its local neighbors.
Therefore, the computational complexity does not scale with the
total number of agents, and the performance is not significantly
affected by network sparsity. This ensures the scalability and
robustness of the proposed algorithm in large-scale multi-agent
systems.

VI. CONCLUSION

In summary, this paper has introduced a model-free event-
triggered optimal control approach for output synchronization,
employing RL-based algorithm for HMASs. The leader’s sys-
tem dynamics has been estimated using an experience-replay
learning method. Building upon this, an event-triggered leader
observer has been co-designed, and its effectiveness, as well
as the exclusion of Zeno behavior, has been demonstrated.
Subsequently, a data-driven algorithm based on ADP has been
presented, enabling the derivation of an optimal control gains.
The algorithm proposed in this paper not only achieves output
synchronization control of HMASs without prior knowledge
of systems, but also effectively reduces information exchange
between agents. Finally, a simulation example has validated the
proposed control strategy’s performance.

APPENDIX

A. Proof of Lemma 3

Proof: Since (13) cannot be directly used because it requires
the information of Ay. Thus, we introduce the filtered state z; (t),
z(t) and A(t). Integrating (8), (9) and (10) yields

t
x(t) = e_kt/ e*Tao(T)dr (60)
0
¢
2(t) = ekt / e io()dr (61)
0
t
At) = e‘kt/ Y (1)dr (62)
0
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According to (12), (61) and (62), it is not difficult to obtain
z2(t) = A(t) o . (63)

It is noted that z(¢) cannot be calculated by (61) or (63) because
they both depend on the knowledge of system dynamics. Thus,
applying integration to (61) yields

2(t) = zo(t) — e Fay(0) — ke‘kt/o e*Tao(T)dr

= 2o(t) — e "o (0) — kxy(t) (64)
where the last step is obtained by using (60).
It follows from (63) that (13) can be reformulated as
balt) = 2(t) — A (1) (65)

from which ¢ (¢) can be obtained only using the leader’s past
state information without knowing the leader’s dynamics Ay.

Next, we prove that .7 can be estimated by using (11). Define
the system parameter estimation error as

6a(t) = o — (1) (66)
And then consider the Lyapunov function
1
= =6, 04 67
2 a ( )
The error dynamics for d, is given by
da(t) = —LGZAT )5 (t) (68)
According to (11) and (13), take time derivative of (67) as
Vo = —La5TZAT )¢5 (t)
p(l
= —taby [ D AT(t)A(Ls)] ba
s=1
< =2\ VL, <0 V> tpe (69)

where AA.is the minimum eigenvalue of the argument matrix

Pa AT (t5)A(ts). Based on Lyapunov stability analysis, the
estimation error d,(t) is convergent.

Moreover, under Assumption 4, the argument matrix is posi-

tive definite and then we have )\ﬁlm > 0, we have

Vo < =220,V <0Vt >t, (70)

Therefore, J,(t) is exponentially decreasing Vt > ¢, , which
means that &/ exponentially converges to <7, namely, the es-
timation A exponentially converges to Ag for V¢ > ¢, . The
proof is thus completed. ]
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