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C h a p t e r I 

I N T R O D U C T I O N 

1. GENERAL INTRODUCTION AND REVIEW 
OF THE LITERATURE 

Recent developments in acoustic and electromagnetic diffrac
tion theory show that the formulation of diffraction problems in 
t e rms of integral equations is a subject of growing importance 
(see Bouwkamp (13)). Therefore, it seems worth while to attempt 
a generalization of the relevant methods to the field of elasto-
dynamic diffraction theory. Now it is a well-known fact that in a 
homogeneous, isotropic, elastic solid there are two velocities of 
propagation; the larger of the two is associated with the wave 
fronts of irrotational or compressional waves, the smaller of the 
two is associated with the wave fronts of equivoluminal or shear 
waves. In a medium of infinite extent the two types of waves can 
propagate independently; however, as soon as boundaries occur, 
an interaction between the two types of waves takes place. There
fore, the phenomena related to the diffraction of elastic waves are 
expected to be of a complicated nature. 

One of the most important applications of the theory of elastic 
wave propagation is the field of seismology. This explains why 
the emphasis is not on the steady-state behaviour of a system but 
rather on its transient response to a source which s tar ts to act at 
a certain instant. Also, most of the problems that have been inves
tigated deal with the radiation from a source located in an elastic 
medium consisting of several layers with different elastic prop
ert ies (model of the earth). In this respect we mention Lamb's 
(26) classical solution of the problem of the radiation from a line 
source or a point source located at the free surface bounding an 
elastic half-space. A recent book by Ewing, Jardetzky and Press 
(16) covers most of the work that has been done on this type of 
problems, 

Another publication we want to mention is Cagniard's mono
graph (14) on the generalization of Lamb's problem to the case of 
a point source located in one of two coupled elastic half-spaces. 
In this monograph the author develops a general method of solving 
transient problems. The idea is roughly as follows. After having 
taken the Laplace transform with respect to t ime, the remaining 
boundary value problem is solved. The solution of this boundary 
value problem is then written in such a form that the transient 
problem under consideration can be solved more or less by in
spection and not by evaluating a Mellin inversion integral. During 
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the whole procedure, the Laplace transform variable is real and 
positive, 

To the opinion of the present author, it is slightly unelegant that 
Gagniard introduces, be it temporarily, a complex variable which, 
after some transformations, plays the role of the actual t ime. 
In the present thesis Cagniard's method is modified in such a 
way that the relevant variable is real all the way through. The 
method thus developed can be applied to all sorts of mixed initial 
and boundary value problems associated with the acoustic, elec
tromagnetic or elastodynamic wave equation. 

Coming to our subject proper, we observe that the first step 
towards the formulation of diffraction problems in terms of inte
gral equations is a representation theorem for the displacement 
in an elastic solid similar to Kirchhoff's formula (19, 1,42) in 
scalar wave propagation. Part of the thesis deals with the deriva
tion of such a representation theorem. The special case of har
monic time dependence has been discussed by Kupradse and can 
be found in the German edition of his book (25). 

With the aid of the representation theorem the problems con
cerning the diffraction by a perfectly rigid or a perfectly weak 
screen are reduced to the solution of certain (differential-)inte
gral equations. Several problems dealing with the diffraction of a 
plane pulse by a half-plane are worked out in detail. In these 
examples, the Wiener-Hopf technique for solving certain integral 
equations plays an important role, 

Special attention has been paid to the saltus-problem formula
tion of the diffraction by a screen of vanishing thickness. This 
investigation has been inspired by Kottler's theory of diffraction 
(23, 24) by a black screen. 

The literature on the subject matter is scarce. Maue (32) solved 
the problem of the diffraction of a time-harmonic plane wave by a 
perfectly weak half-plane with the aid of the Wiener-Hopf tech
nique. A recent paper by Knopoff (21) is of a more general char
acter . In this paper the author derives a representation theorem 
for the acceleration vector. In applying this representation theo
rem to the Kirchhoff diffraction by an aperture in a plane screen, 
certain line integrals along the edge of the aperture are intro
duced. In Section 6 we show that the way in which this has been 
done is inconsistent with the proper saltus-problem formulation 
of the problem. 

Several useful formulae in relation to the reflection and refrac
tion of a plane elastic wave at the plane surface bounding two 
media with different elastic properties can be found in Kolsky's 
book (22) and in Schoch's review paper on acoustic diffraction 
theory (39). 

The present thesis deals mainly with the analytical methods in
volved in solving the diffraction problems under consideration, 
The numerical evaluation of the results is still a project of con
siderable extent. 
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2, BASIC PARTIAL DIFFERENTIAL EQUATIONS 
IN ELASTIC WAVE PROPAGATION 

We consider wave mot ions of sma l l amplitude in a homogene
ous, i so t rop ic , e l a s t i c solid occupying the en t i re t h r e e - d i m e n 
sional space . The d isp lacement and the s t r e s s , which c h a r a c 
t e r i z e the motion in th is medium, sat isfy the pa r t i a l differential 
equat ions 

BTij /3xj - p(32ui/3t2) = -fi, (2.1) 

T̂ ij = Cij,pq(3Up/BXq), (2, 2) 

where 

Cij.pq = ?^6ij6pq+ |J(6ip6jq + 6jp6iq). (2. 3) 

The symbols in these equations have the following meaning: 

Ui = d isp lacement vec to r , 
Tij = s t r e s s t e n s o r , 
f i = densi ty of body fo rces (per unit volume) , 
Xj = c a r t e s i a n coord ina tes , 
t = t i m e , 
p = densi ty of the e l a s t i c med ium, 
X, H = Lamé constants of the e las t i c med ium, 
&ij = unit t e n s o r : 611=622=633=1, 6ij = 0 if i / j . 

If in an exp re s s ion a lower case lat in subscr ip t occu r s twice, the 
exp re s s ion has to be summed over th i s subsc r ip t from 1 to 3. 

Eq. (2.1) i s Newton^s equation of motion for an e lement of vo l 
ume (27); eq. (2.2) is the s t r e s s - s t r a i n r e l a t ion (28). Substitution 
of (2.3) in (2. 2) shows the s t r e s s - s t r a i n r e l a t ion wr i t ten in full 

Tij = \(3Uk/3xi^)6ij +|J.(3Ui/3xj + 3Uj/3Xi). (2.4) 

In view of l a t e r appl icat ions we use the s t r e s s - s t r a i n re la t ion in 
the form (2 .3) . The t enso r cij^pq sa t i s f ies a number of symmet ry 
r e l a t i o n s : Clĵ pq = Ojl̂ pq = Cjl̂ qp = Clj^qp, Cjĵ pq = Cpq^ij. 

E l imina t ion of TJJ from (2,1) and (2.2) leads to the e las todynamic 
wave equation 

Cij.pqOS/3xj3Xq) - p(32ui/3t2) = - f j . (2,5) 

The m o r e f ami l i a r form of (2 .5 ) , 

vï>2 grad div u - vs^ cu r l cur l u - B^u/Bt^ = - ? /p , (2. 6) 

where u = (ui, uj , u ^ , 7 = (fi,f2,f3) and 
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vp = [{X+2\i)/p]i, (2.7) 

Vs = (\i/p)K (2,8) 

shows the occurrence of two velocities of propagation (29): vj. is 
the velocity of propagation of compressional, irrotational or P-
waves (for which curl u = ̂ ), Vj is the velocity of propagation of 
shear, equivoluminal or S-waves (for which div u = 0). In an 
elastic medium of infinite extent the two types of waves propagate 
independently. At boundaries an interaction between the two types 
of waves takes place. This property makes elastodynamic bound
ary value Iproblems of such a complicated nature. 

We now proceed to give the form to which the equations reduce 
in two-dimensional problems. A problem is called two-dimen
sional if the geometrical configuration and all physical quantities 
involved are independent of one of the cartesian coordinates. Con
sequently, all derivatives with respect to that coordinate vanish. 
Letx2be this particular coordinate. The differential equations 
(2.1) and (2.2) show that the general two-dimensional wave motion 
in an elastic solid is the superposition of two separate systems of 
displacements and stresses. One system only contains U2 and 
satisfies the equations * 

^Tjp/BXp - P(32u2/at2) = -fj, (2.9) 

Tap = H(3u2/3xp). (2.10) 

The other system only contains ui and U3 and satisfies the equa
tions 

3T^p/BXp - P02u^/3t2) = -f̂ , (2.U) 

•^ap" ^ap,Y6^^"Y''^^6)' "^22= H^^-^/'^^y)- (2.12) 

Elimination of the stress from (2.9) and (2.10) leads to the 
scalar wave equation 

lJ<32u2/3xp3xp) - p(B2u2/3t2) = -f2. (2.13) 

Eq. (2.13) indicates that a wave with displacement (0, Uj, 0) is a 
pure shear wave; it is often called a SH-wave (horizontally polar
ized shear wave). 

Elimination of the stress from (2. 11) and (2. 12) leads to the 
two-dimensional elastodynamic wave equation 

<=ap,Y6(^^^Y/3^p3'£5) - pCd^üJ^^) = -fa. (2.14) 

Eq. (2. 14) indicates that a wave with displacement (ui, 0, U3) con-

* Greek subscripts only run through the values 1 and 3 . As before, latin subscripts run through 
the values 1 ,2 and 3 . If useful, the subscript 2 will be written explicit ly . 
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sists of a compressional and a shear wave. The corresponding 
shear wave is often called a SV-wave (vertically polarized shear 
wave). 
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C h a p t e r I I 

R E P R E S E N T A T I O N T H E O R E M S 

3. DISPLACEMENT DUE TO A POINT FORCE VARYING IN TIME 

The displacement Tl = Tï(^i, ^2, ^3,t) due to a force of magnitude 
h(t), directed along the constant unit vector a and acting at the 
point ^i = Xj (i = 1,2,3) satisfies the inhomogeneous differential 
equation 

Vp2 grad div Ü - vs2 curl curl u - B^/3t2 = 

= -{3/P) 6(^i-Xi.^2-X2,C3-X3)h(t). (3.1) 

where 6(^1-xi, ^2"X2, ^s-xs) denotes the three-dimensional Dirac 
delta function. It is assumed that h(t) is a continuous function of 
t ime, together with its first and second derivative. In the right-
hand side of (3.1) we employ the identity 

- 3 6 (^ -x i , ^2-X2, ^3-X3) = grad div (a/4iir) - curl curl (a/4Tir), 

(3.2) 

where r = l(^i-X])^+(^2"^)^+(^3"X^l ^- "^^^ displacement ü is 
written in the form 

u = grad div ^p - curl curl S j . (3. 3) 

In order that the right-hand side of (3,3) is a solution of (3.1) it is 
sufficient that Kp and ^5 satisfy the equations 

Vp2v2lp - 3??p/3t2= (a/47ipr) h(t), (3.4) 

Vs272Ss - 3^s /9 t^ = (a/4npr) h(t), (3.5) 

where v^ = 32/3^i2+ 32/3^22+ 32/3^32 with I p = ApS and 7?s =As3, 
eqs.(3.4) and (3.5) reduce to the inhontiogeneous scalar wave equa
tions 

Vp272Ap -32Ap/3t2 = h(t)/4npr, (3.6) 

V^^^As - 32As/3t2 = h(t)/4iipr. (3.7) 

The solutions of (3.6) and (3.7) that are bounded at r=0 are 
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r ead i ly obtained as in tegra l s s i m i l a r to the advanced and r e t a r d e d 
potent ia ls in e l ec t romagne t i c theory (see , e . g . , S t ra t ton (41)). 
The r e s u l t can be wr i t ten in the form 

Ap(r . t ) = ^ [ i ( \ ( t + r / v p ± v ) v d v - i j ^ h ( t ± v ) v d v ] , (3. 8) 

A s ( r , t ) = ^ [ i j ~ h ( t ± r / v s + v ) v d v - ^ J ^ h ( t ± v ) v d v ] . (3.9) 

The upper sign co r r e sponds to a wave converging towards r = 0, 
the lower sign co r r e sponds to a wave diverging from r=0. The 
behaviour of h(t) at l a rge va lues of |t | i s supposed to be such that 
the in t eg ra l s in (3.8) and (3.9) ex i s t . With the aid of (3.9) it can be 
shown that 

1 h( t±r/vs) ^ 

4TtpVs2 r 
This r e s u l t enables u s to wr i te the d i sp lacement in the form 

c u r l c u r l As = grad div As - ' a. (3 . 10) 

- - - 1 h(t±r/vs) ^ 
u = grad div (Ap - As) + — !̂̂ —- -^ '—^a. (3.11) 

4upvs2 r 

Substitution of (3.8) and (3.9) in (3.11) gives, in subscript notation, 
the expression 

î = 4 ^ \Tmi [ ? lo [h(*^/^P^) - Mt±r/vs±v)] vd̂  

+ _ 1 M l È l M ö i j j a j . (3.12) 
Vs2 r ) 

In the right-hand side of (3.12) only the lower sign is physically 
acceptable, since only this choice leads to waves diverging from 
the source. Explicit expressions for the components of the dis
placement under consideration are given by Love (30). 

On the other hand, the solution of (3, 1) corresponding to waves 
converging towards r = 0 will play an important role in obtaining 
the three-dimensional representation theorem to be derived in 
Section 4. 

4. THREE-DIMENSIONAL REPRESENTATION THEOREM 

The object of the present section is to obtain a representation 
theorem similar to Kirchhoff's formula (19, 1,42) in scalar wave 
propagation. As usual, this will be derived from Gauss' diver
gence theorem applied to a suitably chosen vector. 

Let S be a sufficiently regular closed surface and let V be its 
interior. Further, we introduce the vectors Uj and wj, which,togeth
er with their first and second derivatives, are continuous functions 
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of posi t ion and t i m e . F r o m G a u s s ' t h e o r e m , applied to the vec to r 
WiCij^pq(3Up/3x<^, we obtain 

Jy Cij,pqWi(32up/3Xj3Xq)dXidX2dX3 + 

+ / y Cij,pq(9Wi/3Xj) (3Up/3Xq)dXidX2dX3 = 

= /s Cij_pqWi(3Up/3Xq)njdS, (4.1) 

where n; is the unit vec to r in the d i rec t ion of the outward norma l 
to S. Since Cjĵ pa = Cpq^ij, an in terchange of Uj and Wj, followed 
by subt rac t ion 'o i the resu l t ing identity from (4. 1), l eads to 

!y ^ij.pq [wi(32up/3Xj3Xq) - Ui(32wp/3Xj3Xq) ] dxidxgdxj = 

= /s <=ij>pq [wj(3Up/3Xq) - Ui(3Wp/3Xq)] njdS. (4.2) 

Let (xi, X2, X3) be any point of observa t ion located inside S and 
denote the va r i ab l e s of in tegra t ion in (4,2) by ^ 1,^2. ^3- In (4. 2), 
we take for U; a solution of (2 .5) . F u r t h e r , W; is chosen as 

where aj is a constant vec to r , r = [ (E,i-X])2+(E,2-X2)2+(^3-X3)2|ï = 0 
and h(t) is a continuous function of t ime , , toge ther with i t s f i r s t 
and second der iva t ive . The behaviour of h(t) at l a rge posit ive v a l 
u e s of t i s a s sumed to be such that the in teg ra l s in (4.3) exis t . The 
vec to r Wi, given by (4 .3) , r e p r e s e n t s a wave motion converging 
towards r = 0 and sa t i s f i e s , a s long a s r/^O, the homogeneous e l a s 
todynamic wave equation (see Section 3) 

Cij ,pq(3S/9^j3^q) - P(3^Wi/3t2) = 0. (4. 4) 

In the neighbourhood of r = 0 we have 
h ( t ) ^ l / l 1\1 1/1 1 V^i-Xj) (^j-Xj)^ 

"' = i^p h " W ^ ^ ^ ' ^ 2 ^ - ^ — - ^ — 5 ^ ^ + 
+ 0(1) , (4.5) 

which ind ica tes a behaviour of o r d e r 0(r-^) a s r->0, 
Since Wi is s ingular at r = 0, eq. (4,2) cannot be applied to the 

en t i r e domain inside S. To exclude the s ingular i ty , a sphere S^ 
with r ad ius E > 0 is c i r c u m s c r i b e d around ^ i= xj ( i= l , 2,3) and V 
is taken as the domain bounded ex te rna l ly by S and in ternal ly by 
Se. F r o m (2 .5) , (4.4) and (4.2) we obtain 

Jy [Wi(32ui/3t2) - Ui(32wi /3t2)] p d^id^2d^3 - JvA^fid^id^2d^3 = 

= /3^3 Cj3_pJWi(3Up/3^q) - U j O W p M q ) ] n.dS. (4 .6) 
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In the l imit E-»p, the contribution of the surface in tegra l over S£ 
r educes to 

l im f Cij_pqWi(3Up/3^q)njdS = 0, (4.7) 
e-*0 JS^ 
l im [ Cij,pqUi(3Wp/3^q)njdS = aiUi(xi,X2,X3,t) h(t) , • (4.8) 
£-0 -"Se 

With (4. 7), (4. 8) and the identity 

Wi(32ui/3t2) - Ui(32wi/3l2) = (3/3t) [ Wi(3Ui/3t) - Ui(3Wi /3t) ] . (4.9) 

in tegrat ion of both s ides of (4. 6) over all va lues of t gives 

.1 aiUi(Xj,x2,X3,t) h(t)dt + 

+ l y [wi(3Ui/3t) -Ui(3Wi/3t) ] pdCidC^^3 

= l ^ d t J^ Wifid^ld^d^3 + 

+ j°°dt j Cij,pq [ Wi(3Up/3^q) - Ui(3Wp/3^q) ] njdS. (4. 10) 

t=oo 

t = -JO 

Now, h(t) i s chosen such that the second t e r m on the left-hand 
side of (4. 10) van i shes . Introduction of the t ensor opera tor Qy, 
defined for any quantity 9 ( s ca l a r , vec tor , t ensor ) by 

Gij [ 9 ] =2 i j [9 (^ i .C»C3 . t ) ] = 

32 1 (^ 4^1^^^, IT ƒ J9(^l.^2.^3.t-r/vp-v)-

9(^l, ^2 .C3. t - r /vs-v)] vdv 

(4.11) 
enables us to wri te (4. 10) in the form 

ai J h(t)Ui(xi,X2.X3,t)dt = a. I h(t)dt [ G [f ] d ^ i d ^ ^ 3 + 

. 0 0 

+ ai J ^ h ( t ) d t f^ Cjk_pq I Gij [3Up/3^q] + 

+ (3/3Xq)Gip [ u j j n^dS, (4 .12) 

where the p rope r ty 3Wi/3^j=-3wi/3Xj h a s been used. Since eq . 
(4.12) holds for any h(t) satisfying the p rope r conditions a s r e 
g a r d s continuity and behaviour at infinity and since aj i s an a r b i 
t r a r y constant vec to r , it follows that 
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Ui(Xi,x2,X3,t) = Jy Sij [f j ] d^id^ad^s + j^ Cjk,pqSij [3Up/3^q] nkdS + 

+ (3/3Xq) j ^ Cjk.pqSip [uj] nkdS. (4. 13) 

Eq. (4.13) is valid for any point of observa t ion inside S. F o r 
points of observat ion located outside S, the function Wj, given by 
(4. 3), is r egu la r inside S and hence , the sum of the th ree e x p r e s 
s ions on the r ight -hand side of (4. 13) van ishes ident ical ly. The 
t h r ee t e r m s on the r ight -hand side of (4. 13) can be in te rp re ted as 
follows. The f i r s t t e r m r e p r e s e n t s the d isp lacement due to the 
d is t r ibut ion of the body fo rces in V with densi ty fi. The second 
t e r m r e p r e s e n t s the d isp lacement due to a single l ayer d i s t r i bu 
tion on S with densi ty cjk_pq(3Up/3^^nk. The th i rd t e r m r e p r e 
sents the d isp lacement due to a double layer d is t r ibut ion on S 
with densi ty Ujr^. 

In subsequent applicat ions we frequently deal with p rob lems 
where the s o u r c e s s t a r t to act at t=0, while the d isp lacement i s 
identical ly z e r o for negative va lues of t . In connection with these 
p r o b l e m s it will be useful to introduce the one-s ided Laplace 
t r a n s f o r m with r e spec t to t i m e . Let 

f DO 

exp(-st)u.(Xj, X2, X3,t)dt, (4.14) 

where s i s a r e a l , posi t ive number la rge enough to ensure the 
convergence of in tegra l s of the type (4. 14). If Uj and 3ui/3t a r e 
continuous functions of t i m e , Ui(xi, X2, X3;s) sa t i s f ies the equa
t ion 

Cij.pq {d^Up/dXjdx^) - ps^Ui = -Fi , (4. 15) 

where Fi = Fi (x i , X2, X3;s) denotes the one-s ided Laplace t r a n s 
form of fi(Xj, Xj, X3, t ) . 

The r ep re sen t a t i on theorem for Ui(xi, X2, X3;s) i s obtained by 
mult iplying through in eq. (4. 13) by exp(-s t ) and in tegra t ing over 
al l posi t ive va lues of t . The r e su l t i s 

Ui(Xi,X2,X3;s) = /^ GijFjd^idC2d^3 + 

S) / Cjk.pqGipU^rvc 
s 

(4.16) 

+ ƒ Cj, Gij(3Up/3^q)n^dS + (3/3Xq) ƒ c^.^p,, GipU.n^dS, 
s s 

in which 

Gj. (Xj, x^, Xj;^j, E,̂ , ^jis) = 

^ 1 ( 1 32 r e x p ( - s r / v p ) exp( - s r /vs ) "| 
4n:p ( s2 3xj3x, L r r J 

1 ) 

^ ^ e x p ( - s r / v s ) j ^̂ _ ^^^ 



Sec. 5 19 

is the G r e e n ' s function, for an infinite medium, assoc ia ted with 
the differential equation (4. 15). 

5 . TWO-DIMENSIONAL REPRESENTATION THEOREMS 

The two-dimens iona l r ep re sen t a t i on t h e o r e m s assoc ia ted with 
the wave equations (2. 13) and (2. 14) r espec t ive ly a re obtained as 
follows. Let C be a s imple closed curve in the Xi,X3-plane and 
let D be i ts i n t e r i o r . In the t h r e e - d i m e n s i o n a l r ep re sen t a t i on 
theorem (4. 13) we take for S the closed surface consis t ing of the 
plane por t ions ^2=X2-L, ^2=X2+L, (xi, X3)eD, together with the cy
l indr ica l pa r t - L = ^g"^-!""* (Xj, X3)eC, where L>0, Due to the 
behaviour of Sij[.9] at la rge va lues of l^2"X2j, the contr ibut ion 
of ^2"''2"I-' ^^'^ t2=X2+L, (Xj, X3)eD, to the surface in teg ra l s van
i shes in the l imit L-»t>o. In th i s way we obtain from (4. 13) 

Ui(Xi,X3,t) = / ^ T i j [fj] d^id53 + 

+ 1^ ^jH,p6rij [9Up/3C^] n^ds + (3/3x^) f^ Cj^,p6ripE ^j] " K ^ S . 

(5.1) 

where the opera to r £ . . [9 ] , for any quantity 9(^1, ^3, t) independ
ent of ^2, i s defined by 

r [ 9 ( 5 i , ^ 3 , t ) ] = ^Q [9(Ci .^3 ' t ) ]c l^2 . (5.2) 
J J -00 J 

It is a ssumed that the behaviour of 9(^1,^3, t) at l a rge negative 
va lues of t is such that the in tegra l in (5. 2) e x i s t s . 

F r o m the definition (4. 11) of Qĵ  [9 ] we see that 

C2s[9(^i' ^3^ t)] = 0 . Introduction of the var iab le of in tegra t ion 

•̂  = t - - i - n ^ rXi)'+(C2-X2)'+(^3-^3)'l ' (5.3) 

in the exp re s s ion for r22[9] gives the r e su l t 
r -1 1 f t -^ /vs (p(E,,, r T) 

, r 2 2 [ ? ( ^ 1 . ^ 3 . t ) ] = — ^ o l 2 2^ 2 dT, (5.4) 
2llpVs2-'-00 [(t-T)2-r2/vs2}2 

where now r = | (^i-Xi)2+(^3-X3)2}2=0, S imi la r ly , we obtain 

Cap [^(Z,,?,,,t)] = 

= 2-ÏÏP I 3 l ^ ^ p L L {(t-x)^-r2/vp2li J , ? ( ^ i ' ^ v - - v ) v d v 

^t-r/vg 
^ I r f'^CP(Ci, Ea,T-V)vdv 1 + 

•'-00 ((t-T)2-r2/vs2]i J o ^ ' "̂  J 
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r 1 f t - r /vs 9(^i ,£3,T) -| . 

l ' ^ i ^ [(t-T)2-r2/v3^.é ^^J \ P i • (^-^^ 

With these r e s u l t s we obtain f rom (5 . 1) the two-dimensional r e p 
resen ta t ion t h e o r e m s 

U2(Xi,X3,t) = /^ £22 [f2] d^id^3 + 

+ ƒ î £22 [3u2/3^^] n^^ds + (3/3x^) ƒ ^ £22 [U2] ^ s (5. 6) 
c c 

and 

Ua(xi, X3,t) = ƒ Tap [fp] dE,id^3 + 

+ 1^ cpK,Y6 Cap [ ^ i \ / ^ ^6 ] n>^s + (3/3x5) Ic ^PH.Y6 Coy t '^p] "H^^ 

(5.7) 

Eq. (5.6) is nothing but V o l t e r r a ' s solution (45,2) of the two-
dimens ional s c a l a r wave equation. This r e su l t , of cou r se , would 
be expected from eq. (2. 13). 

The Laplace t rans form U2(xi,X3;s) of U2(Xi, X3,t) sa t i s f ies the 
different ia l equation 

H(32u2/3xp 3xp) - ps2u2 = -F2. (5.8) 

The r ep resen ta t ion t heo rem for U2(Xi, X3;s) is obtained by m u l t i 
plying through in eq. (5.6) by exp(-s t ) and integrat ing o v e r a l l 
posi t ive va lues of t . Since (46) 

j ^ exp(-s t ) ( t2-r2/v2)4dt = K„(sf /v) , (s>0), (5. 9) 

where K Q d e n o t e s the modified B e s s e l function of the second kind 
and o rde r z e r o , the r e su l t i s 

U2(xi,X3;s) = ƒ r22F2dCid^3 + 

+ j^\i r22(3U2/3^^)n^ds + (3/3x^) /^ n r22U2n^ds, (5. 10) 

where 

r22(xi, X3;^i,^3;s) = 2np\^2 Ko(sr/vs). (5. 11) 

S imi la r ly , Ua(xj,X3;s) sa t i s f ies the differential equation 

^a^.-^di^^^y/^^^'^^b) - Ps2Ua= "Fa- (5-12) 

Multiplying through in eq. (5.7) by exp(-s t ) and integrat ing over 
al l posi t ive va lues of t , we obtain the r e p r e s e n t a t i o n theorem for 
Ua(xi,X3;s): 
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Ua(Xi,X3;s) = f^T^^ FpdCid!^3 + 

+ i^ cp^^.y5rj^(3U.y/3C5)n^ds + (3/3x6) Je cpM.YÖ^OYUp.nMds, 

.(5.13) 
where 

rap(Xi,X3;^l,^3;s) = 2 i p ' ] ^ ^ ^ ^ ^ [ Ko(sr/vp) - K „ ( s r / v s ) ] + 

+ - ^ K d ( s r / v s ) 6 ( ^ p j . (5.14) 

Since (5. 9) can be r ewr i t t en as 

f « exp[-(s/v)(^2^r2)i] _ 
J-oo ^ ^ ^ ; ; Ï ^ Ï ^^ = 2 K ^ s r / v ) . :(s>0), (5. 15) 

eqs , (5. 11) and (5. 14) a re in accordance with (4. 17). 
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C h a p t e r I I I 

D I F F R A C T I O N OF E L A S T I C WAVES BY A 
S C R E E N OF VANISHING T H I C K N E S S 

6. GENERAL REMARKS ON DIFFRACTION OF 
ELASTIC WAVES 

Consider the scattering or diffraction of an arbitrary incident 
wave by a "screen" E of finite extent and vanishing thickness. In 
the elastic solid, E is a two-dimensional region across which the 
displacement and the s t ress may be discontinuous. The shape, 
dimensions and location of E are assumed to be independent of 
time. Although the displacement and its first spatial derivatives 
are , in general, discontinuous across E, we still assume that at 
an arbi trary distance from E the displacement and its first and 
second derivatives are continuous and that Newton's equation of 
motion (2.1) and the s t ress-s t ra in relation (2.2) are satisfied. 
This condition limits the number of quantities, the jumps of which 
can be prescribed arbitrarily. It is easy to verify that, e. g. , the 
three components of the displacement and the three components 
of the traction ( i .e . the force per unit area) may jump across E 
by arbitrary amounts. This is an important fact, since these are 
the quantities that appear in the representation theorem (4. 13). 

Let the incident wave Uj' hit the screen at 1=1 .̂ When t - t̂ ,, 
due to the presence of the screen, a scattered wave Uî  is gener
ated; when t<to, Uî  =0 everywhere in space. In subsequent calcu
lations the effect of body forces will be neglected. Both the inci
dent and the scattered wave then satisfy the homogeneous elasto
dynamic wave equation 

Cij,pq(3%/3Xj3Xq) - p(32u./3t2) = 0. (6. 1) 

With the aid of the representation theorem (4.13) the displacement 
Uî  will now be expressed in t e rms of the jumps across E in the 
displacement and the traction. Let ni"̂  and ni" denote the unit 
vectors in the direction of the normal to E"*" and E ~ respectively; 
E"*" is one face of E and E" is the other face. The positive sense 
of ni+ and nf is taken "towards E; hence, n i"*" = -ni". The jump in 
the displacement is denoted by 

[ui.Jt =Ui+ -Ui" . (6.2) 

A similar notation will be used to denote the jumps in the first 
derivatives of Ui, In order that the representation theorem can be 
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applied, we have to construct a closed surface on which the no r 
ma l i s defined eve rywhere . To th i s aim we introduce a to ro id- l ike 
surface Sg consis t ing of the poiiits at a d is tance £ from the edge 
of the s c r e e n (Fig. 1). F u r t h e r , let SR be a sphere around the 
point of observat ion (Xj, X2, X3), the rad ius R of which is chosen 
such that E l i es en t i re ly within SR. Application of the r e p r e s e n t a 
t ion theorem (4. 13) to the domain bounded ex te rna l ly by S R and 
in ternal ly by E"*", Z" and Sg g ives 

u,^(Xj,X2,X3,t) = j ^ c^^^^. [ 3 U p V 3 g ! n^+ dS + 

+ (3/3Xq) j ^ Cjk^pqGip [ u / ] t nk+ dS + 

+ ^ S R + S ^ ^Jk.pqSj [9UpV9^q] n^dS + 

M5/9X, ) Js^+S^ Cjk.pqSip [ u / ] n , d S . . (6.3) 

Fig. 1. Domain to which the representation theorem is applied. 

By vi r tue of the ini t ial condition Ui'' = 0, when t<to, toge ther with 
the f in i teness of the veloci t ies of propagat ion, the contr ibution of 
S R to the surface in tegra l s van i shes for sufficiently la rge va lues 
of R, F u r t h e r , it i s a ssumed that the quant i t ies {ui^]^ and 

Cji,^pq.[3UpV3^q]- a re such that the in teg ra l s over Sg vanish in 

the l imit e-»0. Moreover , s ince Ui' and i t s de r iva t ives a r e con
t inuous a c r o s s E we have , when ui = Uj' + Uj* i s the to ta l wave 
motion, [ui^] . = [ u i ] + and [3UpV3fq] + = [3Up/3Cq] +. The ex
p r e s s i o n (6, 3) for Uî  then r educes to 

UiMXi,X2,X3.t) = j ^ c. , p^g.. [3Up/3Cq]t n > d S + 

+ (3 /3Xq) f^ Cjk^pqgip [uj . ] t n + dS. (6. 4) 

The f i r s t t e r m on the r ight-hand side of (6.4) i s the d i s p l a c e 
ment due to a single l aye r d is t r ibut ion on E, The second t e r m is 



24 Sec. 6 

the displacement due to a double layer distribution onE, It can be 
shown that the term due to the single layer distribution leads to a 
displacement which is continuous across E, but gives a traction 
which jumps across E by the assumed amount. On the other hand, 
the term due to the double layer distribution leads to a displace
ment which jumps across E by the assumed amount, but gives a 
traction which is continuous across E. The proofs run along the 
same lines as those in potential theory (see Kellogg (18)) and are 
given in Kupradse (25) in the case of harmonic time dependence. 

The corresponding two-dimensional results follow from the rep
resentation theorems (5. 6) and (5.7). A method similar to the one 
given above leads to the following expressions for the scattered 
wave 

U2'(Xi,X3,t) = 1̂  ^£22 [3u2/3Cvt]t n / d s + 

+ (3/3x.^) /^ | l r22[u2]t n / d s , (6.5) 

U(xUXi,X3,t) = }^ cp^, ^sr^p [3u^/3^6]t n / ds + 

+ (^/o^b) j^<^,,.y6loLy [uplt V d s , (6.6) 

where E now denotes the intersection of the screen with the plane 
X2 = constant. 

For convenience, we also list the corresponding results for the 
Laplace transform of the scattered wave. They are obtained in the 
usual way by multiplying through in the relevant equation by 
exp(-st) and integrating over all positive values of t. 

For three-dimensional diffraction problems we obtain in this 
way 

U,̂ (Xj,X2,X3;s) = /^ ĉ ^p^Gij [3Up/3^q]! n,+dS + 

+ (3/3Xq) ƒ Cjk.pqGip [Uj ] t nk+ dS. (6. 7) 

For two-dimensional diffraction problems we have 

U/(Xi.X3;s) = 1̂  ^ r22[3U2/3E^,]t n^+ds + 

+ (9/3Xn) jj, VI r22 [Uz]! nn+ds (6. 8) 

and 

U '̂(Xj,X3;s) = 1̂  c^^^yb'^a^ [3Uy/^^ól t n^^ds + 

+ (3/3x5)/ cp^^yoTaY [Upltn^+ds. (6.9) 

In (6.8) and (6.9), E denotes the intersection of the screen with the 
plane X2 = constant, 

We now include some remarks on the analogous problems in 
electromagnetic diffraction theory. For an extensive investigation 
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of electromagnetic representation theorems the reader is refer
red to Bouwkamp's review paper (7) and to the relevant chapter 
in Baker and Copson (3). Consider the diffraction of an electro
magnetic wave by a screen of vanishing thickness. In general, all 
three components of the electric field and all three components of 
the magnetic field will be discontinuous across the screen. How
ever, since Maxwell's equations have to be satisfied at an arbi
t ra ry distance from the screen, the amounts by which the six 
aforementioned quantities jump cannot be prescribed arbitrari ly. 
It is easy to verify that if, e . g . , the amounts by which the tan
gential components of the electric and the magnetic field jump are 
prescribed, the jumps in the normal components follow by virtue 
of Maxwell's equations. This implies that a representation theo
rem, in which only the tangential components of the electric and 
the magnetic field occur, is a suitable one. Such a representation 
theorem is known (Bouwkamp (8)). Physically, the surface dis
tribution of the jumps in the tangential components of the electric 
and the magnetic field are equivalent to a surface distribution of 
magnetic and electric currents respectively. The Green's function 
occurring in this representation theorem is not of a point source 
type but of a dipole type; this ensures that the divergences of the 
fields thus generated vanish identically. Some authors (Heins and 
Silver (17)), however, prefer the use of a different represen
tation theorem, in which the Green's function is of a point source 
type. Such a representation theorem is known, too, but here also 
the normal components of the electric and the magnetic field occur 
(Bouwkamp (9)). When the latter type of representation theorem 
is applied to the diffraction by a screen of vanishing thickness, 
the jumps in the normal components have to be in accordance with 
the prescribed jumps in the tangential components of the field 
quantities. Moreover, it turns out that, in order to get the same 
scattered field as the one determined from the surface distribu
tion of magnetic and electric currents, certain line integrals 
along the edge of the diffracting screen have to be added (Bouw
kamp (10)), The physical explanation of this is as follows. The 
surface distributions of the jumps in the normal components of 
the electric and the magnetic field are equivalent to a surface 
distribution of electric and magnetic charges respectively. By 
virtue of the equation of continuity (for both electric and magnetic 
currents and charges) the charge distributions follow from the 
assumed current distributions. Furthermore, the sudden termina
tion of a current at the edge of the screen leads to a line charge 
along the edge of the screen (Stratton (43)). These line charges 
give rise to the line integrals mentioned earl ier . 

In elastodynamic diffraction theory the situation is different. 
Since there is no restriction upon the source distributions (single 
layer and double layer) occurring in the representation theorem 
for the displacement, analogous to the equation of continuity in 
electromagnetic theory, no additional line integrals are to be ex
pected. In this respect we mention a recent paper by Knopoff (21), 
In this paper, the author derives a three-dimensional representa-
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tion theorem for the acceleration vector, in which the divergence 
of Ü, the tangential components of curl u, the normal component 
of U and the tangential components of ïï occur. It is easy to verify 
that the jumps in these six quantities can be prescribed arb i t ra r 
ily. Nevertheless, in applying this representation theorem to the 
diffraction of elastic waves by a screen of vanishing thickness, 
the author introduces certain line integrals along the edge of the 
screen. The way in which this has been done is inconsistent with 
the proper saltus problem formulation of the problem. 

7. DIFFRACTION OF ELASTIC WAVES AS A BOUNDARY 
VALUE PROBLEM 

When the physical properties of the diffracting screen E are 
given in terms of boundary values of the different quantities on E, 
two cases are of primary interest: (a) E is perfectly rigid ( i .e . E 
is a domain of vanishing displacement), (b) E is perfectly weak 
(i. e. E is a domain of vanishing traction). 

The scattered wave Uî  arising from the diffraction of an inci
dent wave Uj' by a perfectly rigid screen is subject to the following 
conditions: 

(i) Ui' is a solution of the elastodynamic wave equation (6.1); 
(ii) Uj' = -Ui' on E"*" and E"; 

(ill) u.s = 0 everywhere in space when t<to; 
(iv) the kinetic and the potential energy density are integrable 

everywhere in space. 
The scattered wave Ui' arising from the diffraction of an inci

dent wave Ui' by a perfectly weak screen is subject to the follow
ing conditions: 

(i) Uĵ  is a solution of the elastodynamic wave equation (6.1); 
(ii) Cij,pqni(3UpV3Xq) = -Cij_pqnj(3Upi/3Xq) onE+ andE"; 

(ill) Ui*̂  = 0 everywhere in space when Ktj,; 
(iv) the kinetic and the potential energy density are integrable 

everywhere in space. 
It will now be shown that in both cases the scattered wave Uj' is 

uniquely determined by the conditions (i) - (iv). Let Ui be the dif
ference of two possible solutions. In (4.1) we take Wj = 3Ui/3t. 
Since Ui satisfies the homogeneous elastodynamic wave equation 
(6,1) we obtain 

è ^ Iv (^"i /3t)(3Ui/3t) p dXidX2dX3 + 

+ 2 " ^ Iv Cij,pq(3'^i/3^j)(3'^p/3^q)d^ldX2dX3 = 

= ƒ 2+ + J - + S f s <=ij,pq(^"i/3t)(3Up/3Xq)njdS, (7,1) 

where Sg is the toroid-like surface introduced in Section 6 and 



Sec. 7 27 

SR is a sphere of radius R around'the origin. The radius of SR is 
chosen such that E lies entirely within SR, In (7. 1), V is the do
main bounded externally by SR and internally by E"*", Z' and S^. 
The first term on the left-hand side is the time derivative of the 
kinetic energy; the second term on the left-hand side is the time 
derivative of the potential energy. By virtue of condition (ii) the 
surface integral over E+ and E" vanishes. By virtue of condition 
(iii), together with the finiteness of the velocities of propagation, 
the surface integral over Sj^ vanishes for sufficiently large values 
of R, By virtue of condition (iv) the surface integral over Sg van
ishes in the limit £-»0. Consequently, eq. (7". 1) requires that the 
sum of the kinetic and the potential energy is a constant,independ
ent of time, at all instants t>to. By virtue of the initial condition 
and the continuity of Ui and its first derivatives, this constant has 
the value zero. Since, further, the potential and the kinetic energy 
density are non-negative functions of position and time this means 
that Ui is a constant, independent of position and time. Since Uj 
vanishes at t = to, we have Ui = 0. Hence, the uniqueness has 
been proved (see also Love (31)). It may be remarked that condi
tion (iv) is necessary to ensure the existence of the integrals on 
the left-hand side of (7. 1), especially in the neighbourhood of the 
edge of E. 

To obtain the solution of the boundary value problems stated 
above, there are principally two different methods. The first 
method assumes that the technique of the separation of variables 
can be applied, thus reducing the problem to solving ordinary dif
ferential equations. The separation constants are then determined 
from the initial and boundary conditions. This method can only 
be applied in a limited number of geometrical configurations. The 
second method reduces the problem to solving certain (differen
tial-) integral equations. This method has no restriction concern
ing the geometry of the diffraction problem. The way in which 
these (differential-)integral equations are obtained will be briefly 
outlined below. 

In the case of diffraction by a perfectly rigid screen we obtain 
from (6.4) the expression 

n.^ (Xi, X2, X3, t) = j ^ c.,_p^a. [3Up/3C J t n,+ dS . (7. 2) 

The boundary condition then leads, for points located on E, to the 
(pure) integral equation 

j ^ < Ĵk,pqSij [3Up/3^q]_ "k*" dS = -Uii(Xi,X2,X3,t), 

(Xi,Xj>X3)eE. (7.3) 

For the analogous two-dinnensional diffraction problems we have, 
from (6. 5), 

U2'(Xi,X3,t) = /^ Ii r22[3U2/3^^]t n / d s (7. 4) 
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and, from (6. 6), 

"a' (xi,X3,t) = f^ c^v.,yb^a^ [auy/B^gJt n^+ds, (7.5) 

with the resu l t ing (pure) in tegra l equat ions 

i^ \^lz2l'^^2f^tM.t ^H<is = -ii2Hxi,X3,t), (Xj,X3)eE, (7.6) 

and 

ƒ J, cpH,Y6rap [ 9 U Y / 3 ^ 6 ] - '^M'^'^S = -U(^'(Xi, X3, t ) , (Xi,X3)eE . 

(7.7) 

In t e r m s of the corresponding Laplace t r a n s f o r m s with r e s p e c t 
to t ime we have, from (6. 7), 

UiMxi,X2,X3;s) = j ^ c,,_pqGj. [ 3 U p / 3 g t n^+dS, (7.8) 

which leads to the in tegra l equation 

Ij, Cjk,pqGij [ 3Up/3E,q]t n^+dS = -Uj' (xi, X2, X3;s), (xi, X2, X3)eE. 

(7 .9) 

F o r the analogous two-d imens iona l diffraction p rob l ems we have, 
from (6, 8), 

U2^(xi,X3;s) = j ^ ^ r22[BU2/3C^]t n^+ds (7. 10) 

and, from (6. 9), 

Ua'(xi ,x3;s) = /^ cp^^ ^gF^p [ 3 U ^ / S ^ g ] ! n / d s , (7. 11) 

which lead to the in tegra l equations 

/ j n r 2 2 [3U2/3^^] t nn+ds = -U2'(Xi,_X3;s), (Xj,X3)eE, (7.12) 

and 

L CpH, Y6^ap t3U.^/3^6^t V d s = -^a ( ^ P ^ S ' S ) , (Xi,X3)eE . 
(7.13) 

In the case of diffraction by a perfect ly weak s c r e e n we obtain 
from (6.4) the expres s ion 

UiMxi,X2,X3,t) = (3/3Xq) 1^ c.^,pq2ip [Uj]t nj^+dS. (7. 14) 

The boundary condition then leads , for points located o n E , to the 
d i f fe ren t ia l - in tegra l equation 
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Crs,ihnr+(3 2/3Xh3Xq) f C ji,_pqgip [uj .]_ I^+dS = 
Li 

= -Crs.ihn^"^ (3Ui V3Xh), (Xi,X2,X3)eE. ( 7 . 1 5 ) 

F o r the analogous two-d imens iona l diffraction p r o b l e m s we have, 
from (6 ,5) , 

U2'(Xi,X3,t)= (3/3Xj^) \^ |i l22h^2t. "M^ds (7. 16) 

and, from (6 .6) , 

UaMxi.X3,t) = (3/3x6) \^ c p ^ , ^ ^ ! : ^ ^ [ u p j ^ n / d s , (7.17) 

with the resu l t ing d i f fe ren t ia l - in tegra l equations 

Hn^+ (3 2/3xj^3x^ J^^L £22 [ug l t n^i'^ds = -nnx+ (SugVSx^, 

(Xi,X3)eE, (7.18) 

and 

c \ ^ , a v "x^ (32/3x^3x5) \^ cp^^Y6 r a Y ^ ^ p ^ "K'^'^^ = 

= -c\M, av"X^ ( 3 " a * / ^ ^ ) ' (Xi,x3)eE. (7,19) 

In t e r m s of the cor responding Laplace t r a n s f o r m s with r e spec t 
to t ime we have, from (6. 7), 

Ui^(Xi,X2,X3;s) = (3/3Xq) J^ c^.pqGip [ Û  j ^ n^'^dS, (7.20) 

which leads to the d i f fe ren t ia l - in tegra l equation 

Crs.ihHr"^ (sVSXhSXq) | ^ Cjk_pqGip[Uj t_ n^ dS = 

= -Crs.ih ï̂ r"̂  (3Ui ' /3Xj,), (Xi,X2,X3)eE. ( 7 . 2 1 ) 

F o r the analogous two-d imens iona l diffraction p rob lems we have, 
from (6. 8), 

U2MXi,X3;s) = (3/3x^) ƒ ü r22[U2]t n^+ds (7,22) 

and, from (6. 9), 

Uo^^(Xi,X3;s) = (3/3x6) / ^ cp^^^s rayCUp.]! n^+ ds , (7.23) 

which e x p r e s s i o n s lead to the d i f fe ren t ia l - in tegra l equations 

^ n^+ (3 2/3xx3x^) \^ ,.ir22 [U2.]! n J d s = - î r^+ (3U2'/3x;^), 

(Xi.X3)eE, (7.24) 
and 
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cX\x,<xv "X"̂  (32/3x^3x6) f^ c ^^^^ T^y {Up ] t n^+ ds = 

= -^Xn,av " \^ (^U^'/3%)' (Xi.X3)£E. (7.25) 

The theory outlined in the present section will be applied to a 
few problems concerning the diffraction by a half-plane. When the 
relevant problem is formulated in terms of the Laplace t rans
forms, the (differential-)integral equations are of the Wiener-
Hopf type and hence, can be solved with the aid of the Wiener-Hopf 
technique (6, 12). 

8. DIFFRACTION OF ELASTIC WAVES AS A SALTUS PROBLEM 

In the optical theory of diffraction by a black screen of vanish
ing thickness the following assumptions concerning the wave func
tion (due to Kirchhoff (20, 4)) are often made: on the illuminated 
part of the screen (in the sense of geometrical optics) the wave 
function and its normal derivative are equal to their correspond
ing values as if the screen were absent; on the dark part of the 
screen the wave function and its normal derivative vanish. Sub
stitution of these assumed values in Kirchhoff's formula (19, 1) 
gives the well-known "Kirchhoff approximation" *. It can be shown 
that the wave function thus obtained does not reproduce the a s 
sumed values at the screen (Poincaré (35), Bouwkamp (11), Baker 
and Copson (5)) and hence, is not a solution of the diffraction 
problem stated as a boundary value problem. In fact, the values 
of the wave function and of its normal derivative cannot be pre
scribed simultaneously on a closed surface (the corresponding 
three-dimensional hypersurface in four-dimensional x x , x , t -
space has a space-like orientation, see M.Riesz (36)). 

Kottler (23) has pointed out that if, in applying Kirchhoff's for
mula, it is assumed that the wave function and its normal deriva
tive jump across the screen by given amounts, the assumed dis
continuities are exactly reproduced. Consequently, from Kirch
hoff's assumptions a rigourous solution of a saltus problem is 
obtained rather than an approximate solution of a boundary value 
problem. The physical properties of the screen are now specified 
in te rms of the jumps of the wave function and of its normal de
rivative across the screen. If these jumps are numerically equal 
to the corresponding values of the incident wave at the screen, 
the screen is called perfectly absorbing or "black". 

An analogous method will now be developed in elastodynamic 
diffraction theory. Let E be a screen of vanishing thickness. The 
physical properties of E are now specified in terms of the?amounts 
by which the displacement and the traction jump across E . This 
implies that the densities of the single layer distribution and the 
double layer distribution on E are known functions of position and 

* Usually the Kirchhoff approximation is given in the case of harmonic time dependence. 



Sec . 8 31 

t i m e . The sca t t e red wave is then d i rec t ly given by e q s . (6. 4), 
(6.5) and (6 .6 ) . S imi la r ly , the Laplace t r ans fo rm of the s ca t t e r ed 
wave is given by eqs . (6. 7), (6. 8) and (6. 9). 

The solution of the sal tus problem is unique when the following 
conditions a r e sa t i s f ied: 

(i) Uj' i s a solution of the e las todynamic wave equation; 
(ii) the quant i t ies Cjĵ  [3Up/3^q] _ ni+ and [uj];!] a r e known, in

t eg rab l e , functions of posit ion on E and t i m e ; 
(iii) Ui' = 0 everywhere in space , when t<to; 
(iv) when Se denotes the to ro id - l ike surface consis t ing of the 

points at a dis tance e from the edge of E, 

l im fs Cj,_pqgij [3UpV3^q.] n,<dS = 0 
e-»0 • ^ 

and 

l im (3/3Xq) [ Cjk.pqSip [ u / ] n^dS = 0. 
e.*0 ' ^ 

F o r the proof we observe that the difference of two poss ible so lu
t ions sa t i s f ies al l the r e q u i r e m e n t s that were needed in the d e r 
ivation of eq. (6. 4). Since th is difference is continuous a c r o s s E, 
the resu l t ing sca t t e red wave vanishes ident ical ly. 
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C h a p t e r I V 

D I F F R A C T I O N O F S H - W A V E S BY A H A L F - P L A N E 

9. DIFFRACTION OF A PLANE SH-PULSE BY A 
PERFECTLY RIGID HALF-PLANE 

Let X, y. z denote r ight -handed c a r t e s i a n coordina tes in t h r e e -
d imens iona l space . Cons ider the two-d imens iona l problem of the 
diffraction of a plane SH-pulse by a perfec t ly r igid half-plane co 
inciding with z=0, 0<x<oo(Fig. 2). The incident wave u' = (0, Uy'. 0) 
is given by 

UyHx,z,t) = f [ t - (x /vs )cos 0s-(z/vs)s in Q^ , (9. 1) 

where Gs is the angle of incidence and f(t) = 0 when t<.0. We r e 
s t r i c t the angle of incidence to O.$0S^TI/2; the sca t t e red wave 
Ü* = (0, Uy% 0) then sa t i s f i es , eve rywhere in space , the condition 
a ' = 0 when t<0 . 

z 
diffracting 

X screen 

Fig. 2. Cartesian and polar coordinates used in the diffraction by a half-plane. 

The Laplace t r ans fo rm of the s ca t t e r ed wave i s given by 
••00 

Uy'(x, z;s) = exp(-s t )Uy'(x ,z , t )dt , (9.2) 
• 'o ' 

where s i s a real posi t ive number , l a rge enough to ensu re the 
convergence of in tegra l s of the type (9.2). The Laplace t r ans fo rm 
of the incident wave is given by 

Uy'(x, z;s) = F(s)exp [-(s/vs) (x cos Gj+z s in Gg)], (9. 3) 

where 

F(s) = r'exp(-st)f(t)dt. (9.4) 
o 

S imi la r ly , Ty^ denotes the Laplace t r ans fo rm of Ty .̂ 
F r o m (7. 10) we obtain the following exp re s s ion for the Laplace 

t r ans fo rm of the sca t t e red wave 



Sec. 9 33 

U/(x,z;s) = - J^ryy[Ty,]td '^, (9.5) 

where [TyJ"!^ = Tyj(^,+0;s) - Tyj(^, -0;s). According to (5. 11) we 
have 

ryy= aèji Ko(sR/vs), (9.6) 

where R = f (x-C)2+z2|i>0. 
It is anticipated that the diffraction problem will be solved with 

the aid of two-sided Laplace transforms With respect to x. Let 

rexp(-sp^) [T .f d^ = F(s)A(p), (-(l/vs)cos 9s<Re p). (9. 7) 
•̂ o ' " 

In view of subsequent calculations the transform variable has 
been chosen as sp rather than p; since s is a real and positive 
number this amounts to a change of scale in the complex p-plane. 
As will be seen from the solution of the problem, A(p) does not 
depend on s. The indicated domain of regularity of A(p) is deter
mined from the asymptotic relation 
[ T y j t ~ 0 [ e x p [-(st/vs)cos Gsj ] as^-»oQ. This relation follows 
from the physical assumption that the scattered wave predicted 
from the geometrical solution of the diffraction problem is pre
dominant. Further, it can be shown (Watson (47)) that 

1 roo r , r. ,. t-, e x p ( - S Y s | z | ) 
i exp(-spx)Ko (s/vs)(x2+z2)l dx = ^ ^ ^ ^ ' \ 

(-l/vs<Re p<l/vs), (9.8) 

where Ys ^s(P) - (l/vs2-p2)2. The sign of the square root has tobe 
chosen such that Re Yŝ O in the indicated strip of convergence. 
In view of subsequent calculations we choose ReYs^O everywhere 
in the p-plane. This implies that branch cuts are introduced at 
Im p=0, l/vs<|Re p|<oo. Eq. (9. 5) is multiplied through by 
exp(-spx) and integrated over all x. Application of the convolution 
theorem to the right-hand side gives 

1 ^ exp(-spx) U/(x,z;s)dx = - ^ eM-^^ïsN) A(p). (9. 9) 

In the limit z = 0 we obtain 

j_^exp(-spx)Uy^(x,0;s)dx= " | J ^ ^ - • (9.10) 

By virtue of the boundary condition, Uy^(x, 0;s) = -Uy'(x, 0;s) when 
0<x<t>o, we have 

( exp(-spx)Uy^(x, 0;s)dx = - ^ ^ y (-(l/vs)cos9s< Re p). 
(9.11) 
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where Po = -(l/vs)cos Gs. Further, let 

,[° exp(-spx)U/(x, 0;s)dx = - ^ ^ B ( p ) , ( R e p < l / v s ) , (9.12) 

where the domain of regularity has beep determined from the 
asymptotic relation Uy^(x, 0;s) ~ O [(-x)-ïexp(sx/vs)] as x-»-oo. 
This relation follows from (9.5) by substituting in the right-hand 
side the asymptotic expansion of KQ. Again, the factor in front of 
B(p) has been chosen such that B(p) does not depend on s. 
Eq. (9. 10) reduces to 

^ ( P ) + ^ = 2 F ^ ' (-(l/vs)cos Gs < R e p < l/vs). (9.13) 

Eq. (9.13) holds in the indicated strip of regularity common to all 
transforms involved. The kernel function YS(P) is now written in 
the form (6,12) 

TS(P) = Ï S ^ ( P ) Ï S ' ( P ) . (9.14) 

where Ys^(P) '̂ '̂ d its reciprocal are regular in the right half-plane 
- l /vs < Re p and Ys (P) and its reciprocal are regular in the left 
half-plane Re p<l/vs. By inspection we see that this is accom
plished by writing 

Ys"'(P) = (1/vs + p)^ Ys'(P) = (1/vs - P) i (9. 15) 

Eq. (9. 13) is now rewritten as 

Ys-(P) B(p) + ^ ^ ;YS-(P) - Ys-(Po)i - i ^ ) - ^ • (9.16) 

The left-hand side of (9. 16) is regular in the left half-plane 
Re p<l/vs; the right-hand side is regular in the right half-plane 
-(l/vs)cps 0s<Re p. Eq. (9.16), valid in the common strip, implies 
that either side of (9. 16) is the analytic continuation of the other 
side. Therefore, both sides represent one and the same entire 
function. Since A(p) and B(p) are bounded in -(1/vs)cos Gs<Re p 
and Re p<l/vs respectively, this entire function is at most 
0(pi) as (p|-»<x'. An extension of Liouville's theorem (44) shows 
that this is a constant. The behaviour of the right-hand side aa 
|p|—00 shows that this constant has the value zero. Consequently, 

. ^ Y S ^ P ) Ys'(Po) ,„ ,„ , 
A(p) = 2^ ^^^ . (9. 17) 

From (9. 9) we deduce that the scattered wave can be written as 
the following Mellin inversion integral 

C'ï'i^ 
^yi''-^'^) = - S f } i _ . ^ e x p ( s p x - S Y s | z | ) ^ d p , (9.18) 
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where the path of integration, Re p=c, is restricted to the strip 
-(l/vs)cos 0s<c<l/vs. The singularities of the integrand are: a 
simple pole at p=Po and branch points at p=+l/vs. Besides, the 
behaviour of the integrand as |p|-»oo shows that the conditions for 
the apjilication of Jordan's lemma (48) are satisfied. 

The next step towards the solution of the transient problem is 
to transform the integral on the right-hand side in such a waythat 
it can be recognized as the Laplace transform of a certain func
tion of time (Cagniard (14), Pekeris (33,34)) *. Let r=(x2+z2)5 
and G=arc tan (z/x) be polar coordinates in the plane y=constant 
(0^ r <oo, 0 4 0-^ 2 IT). By virtue of the symmetry property 
U^(x,z;s) = Uy^(x,-z;s), it is sufficient to investigate the region 
z ^ 0 (or 0 •$ G •̂  It) only. The path of integration is modified such 
that 

px - Ys(P) z = -t, (9,19) 

where t, the new variable of integration, is real and positive. 
Solving for p we find 

p = -(t /r)cos 0 ±i(t2/r2 - l/vs^)^sin G, (9.20) 

where the positive square root is taken. When r /vs^$t<<», 
eq. (9.20) represents a hyperbola whose point of intersection with 
the real axis always lies between the branch points p = - l /vs and 
p = 1/vs (Fig. 3). Therefore, no difficulties arise in connection 
with the branch cuts. On the other hand, the contribution of the 
pole p = Pghas to be taken into account separately for values of 0 

p-plane 

Fig. 3. Paths of integration for diffraction of a plane SH-wave by a half-plane. 

* For another modification of the technique, see Sauter (37,38). 
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in the reg ion 0 <; 0 < ©5. It i s eas i ly verif ied that th is cont r ibu
tion gives the s c a t t e r e d wave that would be predic ted from the 
geome t r i c a l solution of Jhe diffraction problem. The in tegra l 
along the hyperbola i s introduced as the diffracted wave 
U ' \ r , 0;s). Since the modified path of in tegra t ion i s s y m m e t r i c 
with r e s p e c t to the r e a l axis and since s and t a r e both r e a l , the 
diffracted wave can be wr i t t en in the form 

"vV,«:s) • - 1 | L i ; -P(-s.,i„ j ^ ^ | a . , (9.21, 11 . o ; B 1 = - „ ' ' I 

where 

^s =t^s(r, 0, t) = - ( t / r ) c o s G + i(t^/r2 - l / v s ^ s i n ö - (9.22) 

A fur ther s implif icat ion is obtained by making use of the re la t ion 

] , ^ = i ( t 2 - r 2 / v , 2 ) - i . (9.23) 

Eq. (9. 21) then r educes to 

r / v 
Uy'*(r,G;s) = - | ^ ƒ , exp(-s t ) ( t2-r 2/vs2)-iRe (A(Ws)] d t . 

(9. 24) 

The r igh t -hand side of (9,24) indicates that the diffracted wave is 
influenced by both the wave shape of the incident wave and the 
geomet ry of the diffraction p rob lem. In o rde r to sepa ra t e the two 
effects , (9.24) is wr i t ten in the form 

Uy-^r, G;s) = F(s) $y(^^r , 0;s), (9.25) 

where 

^}^\T. G;S) 

1 r*" 
^ I exp(-s t ) (t2-r2/vs2)4Re |A(Us)} dt. (9.26) 
'i'lM' " r /vs 

_ _ _ „ . ^ ^ ^ V . 6 , t ) o f which$y(^^' 
form sa t i s f ies the in tegra l equation 
The function 9ŷ  ' ( r , G,t) of which $y*̂  ' ( r , 0;s) is the Laplace t r a n s -

$y(^^(r ,0;s) = ( ' ^exp( - s t )9y (^ \ r , 0 , t )d t , (9.27) 
• o 

where $y^ ' ( r , G;s) i s given by (9 .26 ) , By inspect ion we obtain 
the solution 

9 y ( ^ V . e , t ) = - ^ ( t 2 - r 2 / v s 2 ) 4 R e lA(ü)s)j H( t - r / v s ) , 

(0<$ G ^ u ) , (9,28) 
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where H(t) denotes Heavis ide ' s unit s tep function: H(t) = O when 
t < O, H(t) = 1 when t > 0. Since the r ight-hand side sa t i s f ies the 
condit ions for the application of L e r c h ' s t h e o r e m (Doetsch (15)), 
the solution i s unique. The diffracted wave is then given by the 
composi t ion product 

Uy'»(r,G,t) = j f ^ f(t-T)9y<^\r,e.T:)dT j H( t - r /vs ) , (04 Q4 n). 

^ (9.29) 

This r e s u l t shows that the diffracted wave is a cy l indr ica l wave 
originat ing at the edge of the diffracting half-plane and whose 
wave front t r a v e l s with the veloci ty vs. 

The geomet r i ca l solution of the diffraction problem (contr ibu
tion from the pole p=Po) is given by 

geom, 0 t \ = 
0, "'̂  ^ '''•^' (0<: 9 < Gs), 

= j f [ t - ( r / v s ) c o s ( G - 0 s ) ] . (^<G<2Ti-Gs), 

f [ t - ( r / v s ) c o s (0-0s)] -f[t-(r/vs)cos(G-t-G5)], (2n-0s<G<^2Ti). 

(9. 30) 

The total wave motion is obtained as the superposi t ion of the 
diffracted wave and the geomet r i ca l solution given in (9.30). The 
spec ia l va lues G = 0s and 0 = 2TI - 0S have to be invest igated in
dividually. In o rde r to get an exp re s s ion which i s valid at a l l 
va lues of G, the definition of the geomet r i ca l solution i s g e n e r a l 
ized to 

Uy» "̂"" ( r , G , t ) = ^ Juy^"-" ( r , G - 0 , t ) + U y 8 - ' " ( r , G + 0 , t ) j , (9.31) 

where the t e r m s on the r ight-hand side a r e given by (9.30). In ad
dition, the express ion for the diffracted wave is genera l ized to 

Uy'\r,G,t) = lim [ , f(t-T)q)y(^V,e.T)dT H( t - r /vs ) , 
( E-0 r/vs+e ) 

(0 4 G<Ti). (9.32) 

When It <i 6 ^ 2n, the diffracted wave is obtained from the s y m 
m e t r y re la t ion Uy'\r, 0, t) = Uy'\r, 2TI-0, t ) . F o r al l va lues of 0, the 
total wave motion is then given by 

Uy(r, G, t) = Uy»^""" (r , 9, t) + n/{r. G, t ) . (9. 33) 

The cor responding wave fronts a re shown in F ig . 4. 
Ca r ry ing out, in the r ight -hand side of (9 .28) , the a lgebra ic 

opera t ions , we obtain 
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q)y(^)(r,e,t) = 

f vst 

sini(Gs-9) sini(Gs+G) ) H( t - r /vs) 

2*7ir ( vst/r-cos(Gfe-G) Vjt/r-cos(0s+G) ' (Vs t / r - l ) i ' 

(0<9<2u). (9.34) 

Th i s exp re s s ion a l so follows from the r e s u l t s obtained by Som-
merfe ld (40), who d i scussed the problem of s c a l a r diffraction by 
a hal f -p lane with the aid of mul t i -va lued wave functions. 

I = incident wave 

n = reflected wave 

111= diffracted wave 

Fig. 4. Wave fronts for diffraction of a plane SH-wave by a half-plane. 

10. DIFFRACTION OF A PLANE SH-PULSE BY A P E R F E C T L Y 
WEAK HALF-PLANE 

Consider the diffraction of a plane SH-pulse by a perfect ly weak 
half-plane coinciding with z = 0, 0<x<i>o. F r o m (7. .22) we obtain the 
following expres s ion for the Laplace t r ans fo rm of the sca t t e red 
wave 

U.,»(x,z;s) = - ^ p t i PyylUyJt d^, 

where [Uy]t = \Jy(l,+Q;s)-\Jy(l, -0;s) and 

^yy=^^o[is/ys)[(^-lf+^^f] . 

(10.1) 

(10.2) 

Since the analys is in the p resen t sec t ion runs pa ra l l e l to the 
one given in Section 9, we confine our at tention to the e s sen t i a l 
s t e p s . Again the two-s ided Laplace t r a n s f o r m s with r e spec t to x 
a r e in t roduced. Let 
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Pexp(-sp^)[Uy]tdC = - Ï ^ ' B ( P ) , ( - ( 1 / V S ) C O S Gs<Re p). (10. 3) 

From (10. 1), (10.3) and (9,8) we obtain 

. /^exp(-spx)U/(x,z;s)dx = + ^ e x p ( - S Y s N ) B ( p ) , (10.4) 

where the upper sign applies when z>0 and the lower sign when 
z <0. Hence, 

. { ^ exp(-spx)Ty,^(x,z;s)dx = ^ F(s)exp(-SYs|z| )Ys(P)B(p). 
"^ (10.5) 

In the limit z=0 we obtain from the last equation 

,|_'^exp(-spx)Ty,^(x,0;s)dx = ̂  F(s)Ys(p)B(p). (10,6) 

By virtue of the boundary condition we have Ty/(x, 0;s) = 
= -T '(x, 0;s) when 0<x<oo. Consequently, 

J°°exp(-spx)Ty,^(x. 0;s)dx = ^'- liE^HL^, (-(l/vs)cos Gs<Re p), 
•̂ O V j t» Ho 

(10.7) 
where p^ = -(l/vs)cos Q^. Further, let 

.f° exp(-spx)Ty/(x, 0;s)dx = F(s)A(p), (Rep<l/vs). (10.8) 
• '-00 

Eq. (10. 6) then reduces to 

A ( P ) + ^ ^ ^ =fYs(P)B(P), (-(l/vs)cos6s<Rep<l/vs).(10.9) 
Vs p-p 

Eq. (10,.9) holds in the indicated strip of regularity common to all 
transforms involved. With the factorization of Ys(P)' given in 
(9. 14), eq. (10.9) is rewritten as 

A(p) JJ_ sin Gs / 1 1 
Ys"(P) ^Vs p-Po VYS"(P) " Ys"(Po) (10. 10) 

Application of the usual reasoning leads to the solution 

2 sin Gs 

^^P^-^(p-Po)Ys"(P)Ys-(Po)- ^''-''^ 

From (10.4) we deduce that the scattered wave can be written 
as the following Mellin inversion integral 

U;(x,z;s) = + ^ . . exp(spx-sYs|z|)B(p)dp, (10.12) 
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where the path of in tegra t ion . Re p=c, is r e s t r i c t e d to the s t r i p 
- ( l / v s ) cos G^<c<l/vs. In the same way as in Section 9 the path <rf 
in tegra t ion is changed into the hyperbola , given by (9 .20) . The 
in tegra l along the hyperbola i s introduced as the diffracted wave 
and can, when 0<;G<ii, be wr i t t en in the form 

Uy'»(r,0;s) = - ^ [°° exp(-st)(t2-r2/vs2)-iRe[Ys(<^s)B((*)s)jdt. 

' ^ (10.13) 

in which ü)s=Ws(r, G, t) is given by (9 .22) . The r ight -hand side of 
(10. 13) i s of the genera l form 

Uy'*(r, G;s) = F(s) ^ y ^ ^ V . e;s) , (10.14) 

where 

fy(^V,e;s) = - ^ r exp(-st)(t2-r2/vs2)-i Re|Ys(Ws)B(ü)s)}dt 
^ r /v 

' s (10.15) 
r e p r e s e n t s the effect of the geomet ry of the diffraction p rob lem. 
The function c|jy(^)(r, 0, t) of which ïy(S)(r ,0;s) is the Laplace t r a n s 
form sa t i s f ies the in tegra l equation 

ï ' y ( ^ V . 8;s) = j ^ exp(-st)(j;y(^V, 0, t)dt , (10. 16) 

where 1'y(^)(r, 0;s) i s given by (10.15). By inspect ion we obtain 
the solut ion 

V ^ \ r , G , t ) = - ^ (l2-r2/vs2)-iRe|Ys(a)s)BtJs)lH(t-r/v3), 

(O<0<Ti).(lO. 17) 

The diffracted wave is then given by the composit ion product 

U y V . e , t ) = \j f(t-T)(|.y(^)(r.0,T)dTJ H( t - r /vs ) , (O<0^7i). 

^ '^^ (10,18) 

In th i s case , too, the diffracted wave is a cy l indr ica l wave o r ig 
inating at the edge of the diffracting half-plane and whose wave 
front t r a v e l s with the veloci ty vs, 

The geome t r i ca l solution of the diffraction problem (contr ibu
t ion from the pole p=Po) is in th i s case given by 

^^geom ( r , 0 , t) = 

/ 0, (O<0<0s), 

=jf [ t - (r /vs)cos(G-Gt)] , (Gs<G<2Tt-Gs), 

' f [ t - ( r /vs)cos(0-0s)] + f [ t - ( r /vs)cos(0+Gs)] , (2TI-0S<0<2TI;), 
(10.19) 

In o rde r to get an exp re s s ion which is a l so valid at G = 0s and 
0=2n;-9s, the definition of the geome t r i c a l s o l u t i o n i s genera l ized 
to 
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Uy8~" (r, G,t) = iluy»^""" (r,'G-0,t) + Uy»»"" (r, G+0,t) j , 
(10.20) 

where the terms on the right-hand side are given by (10. 19). In 
addition, the expression for the diffracted wave is generalized to 

Uy'Hr.G.t) = j l im ( f(t-T)4./^V. e,i^)di: H(t-r/vs). 
(e-O Jr/vs+E '(O<0<ii). (10.21) 

Whemi-^G<2ii, the diffracted wave is obtained from thé symmetry 
relation Uy'^r,G,t) = -Uy'^(r,2Ti-G,t). For all values of G, the total 
wave motion is then given by 

Uy(r.9,t) =Uy8*'°°' (r.G.t) +Uy' \ r .e , t ) . (10.22) 

The correspondihg wave fronts are shown in Fig, 4, Section 9, 
Carrying out, in the right-hand side of (10,17), the algebraic 

operations, we obtain 

4./^)(r,e,t) = 

_ ys ^ sini(0s-0) ^ sini(Gs+G) ) H(t-r/vs) 
2̂ Tir ( Vst/r-cos(Gs-G) Vst/r-cos(0s+0) 1 (Vjt/r-l)^' 

(0^G<27i). (10.23) 

This expression, too, follows from the results obtained by Som-
merfeld (40). 

11, DIFFRACTION OF A PLANE SH-PULSE BY A HALF-PLANE 
AS A SALTUS PROBLEM 

When an elastodynamic diffraction problem is stated as a saltus 
problem, we prescribe the amounts by which the displacement 
and the traction jump across the screen. In Section 8 we have 
seen that these amounts can be prescribed arbitrarily as long as 
they are integrable functions of position on the screen. Further, 
it is clear that either the jumps themselves can be prescribed 
as a function of time or their Laplace transforms as a function of 
the transform variable s. In order to give a uniform presenta
tion, we prescribe the Laplace transforms of the jumps. In this 
case, the transient solution is obtained in exactly the same way as 
in Section9 and Section 10, namely by a modification of Cagniard's 
method. 

Although the jumps can be prescribed more or less arbitrari ly, 
only a few examples are of practical interest. It has often been 
attempted to consider the solution of certain saltus problems as 
"approximate" solutions of certain boundary value problems. How
ever, in what sense this would be an approximation is not quite 
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c l ea r without fur ther explanation. The examples we intend to give 
show that , when the jumps are p r e s c r i b e d as if the geome t r i ca l 
solution of the diffraction problem were the exact one, the geo
m e t r i c a l par t of the solution is reproduced; in addition, t he re a p 
p e a r s a diffracted wave which is continuous a c r o s s the s c r e e n . 

We now proceed to give some examples in which the incident 
wave is the plane SH-pulse 

Uyi(x,z,t) = f [ t - ( x / v s ) c o s 9s - (z/vs)sin Gs], (11.1) 

where the angle of incidence Gs is r e s t r i c t e d to va lues O^̂ Gŝ n /2 
and f(t) = 0 when t<0. The Laplace t r ans fo rm of the incident wave 
i s then given by 

Uy'(x, z;s) = F(s )exp[ - ( s /vs ) (x cos % + z s in Q^)] , (11. 2) 

where 

F(s) = j exp(-st)f(t)dt. (11.3) 

In the f i r s t place the jumps a r e p r e s c r i b e d in accordance with 
the geomet r i ca l solution of the diffraction by a perfect ly r igid 
ha l f -p lane , viz . 

[Uy] t = 0, (11.4) 

[ T y j t = 2 s F ( s ) ( ^ / v s ) s i n 0 ^ exp[ - ( s /vs )^ cos Q^]. (11.5) 

Consequently, we have 

J ^ e x p ( - s p ^ ) [ T y J _ d ^ = F(s)A(p), ( - ( l /vs )cos Gs<Re p),(11.6) 

where 
(2)1/vs) s in Gs 

i:. which Po = - ( 1 / v ^ c o s 0$. F r o m (9.9) it follows that the s c a t 
t e r e d wave is given by the Mellin invers ion in tegra l 

(^^U/(x,z;s) = - | l | l ( ^ ^ ^ ^ e x p ( s p x - S Y s | z | ) . ^ d p . (11.8) 

The path of in tegra t ion. Re p=c, i s r e s t r i c t e d to the s t r ip 
- ( l /vs )cos 9gCc<l/vs. I n e x a c t l y the same way as outlined in Sec 
t ion 9 we a r r i v e at the expres s ion for the diffracted wave 

(I) ' ''̂  ' u y ' \ r , e , t ) = h i m ( , f ( t -T )W9y^^ r ,0 ,T )dTJH( t - r / v s ) , 

(11.9) 
in which 
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(ï)(p^(^)(r,G,t) = - A^( t2_r2/vs2 ' ) - iRe J A(ü)s)j H ( t - r / v j ) , 

(O^G^U), (11.10) 

and(jOs=Ws('̂ * O,t) i s given by (9. 22). In the region•rt<0^2Ti the dif
fracted wave follows from the s y m m e t r y re la t ion ( l ) u T r , G,t) = 
= (^)uy''(r,2ir-G,t). The geomet r i ca l solution i s g iven by 

( IJuy^^- ( r . G , t ) = i P u y « ' = ° " ' ( r ,0-O,t ) +( I )uy«"" ' ( r ,9+0, t ) ( , 

(11.11) 

(I)„ geom 

where the t e r m s on the r ight -hand side follow from 

lyS^""" ( r , 0 . t ) = 

/ O , (O<9<0s), 

= j f [ t - ( r / v s ) c o s ( 0 - 0 s ) ] , (Gs<9<2Ti-0s), 

\ f [ t - ( r /vs )cos(0-Gs) ] - f[ t-(r /vs)cos(G+Gs)], (2Tt-Gs<6<2Ti). 
(11.12) 

The to ta l wave motion is then the superpos i t ion of the geome t r i ca l 
solution and the diffracted wave. The cor responding wave fronts 
a re shown in F i g . 4, Section 9. 

Ca r ry ing out, in the r ight-hand side of (11, 10), the a lgebra ic 
opera t ions we find 

_ vs_ S sin(9s-9) + sin(9s+0) ) H( t - r /vs) _ 
a i r ^ Vst / r-cos(0s-0) Vst/r-cos(Gs+0) S (Vs2t2/r2-i;ï ' 

(O<0<2TI), (11.13) 

In the second place the jumps a re p r e s c r i b e d in accordance 
with the geome t r i c a l solution of the diffraction by a per fec t ly weak 
hal f -p lane , v iz . 

{Uyjt = -2 F(s )exp[ - ( s /vs )5 cos Q^ . (11 , 14) 

•[Ty,]! = 0. (11.15) 

Consequently, we have 

f % x p ( - s p ^ ) [ U y ] t d^ = - ^ B ( p ) , ( - ( l /vs )cos G^Re p), 

(11.16) 

where 

B(p) = - ^ . (11.17) 
*̂̂ ' p-po *• ' 

F r o m (10. 4) it follows that the s ca t t e r ed wave i s given by the 
Mell in inve r s ion in t eg ra l 
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(^^UyMx,z;s) = + ^ J exp(spx-SYsN)B(p)dp, (11.18) 
'c-ioo 

in which the path of in tegra t ion is r e s t r i c t e d to the s t r i p 
" ( l /vs )cos Gs<c<l/vs. In exact ly the s ame way as outlined in Sec 
t ion 10 we a r r i v e at the e x p r e s s i o n for the diffracted wave 

<")uyV,e,t) = Jlim f f(t-T)(%(^)(r,e,T)dTJH(t-r/vs), 
( e_,o - r /vc+e ' ) 

e -u s (11.19) 
in which 

( " ) (4^ ) ( r ,0 , t ) = - ^ (t2-r2/vs2)-iRe|Ys(Ws)B('^s)lH(t-r/Vs), 

(0^G<7t). (11.20) 

In the region T I ^ < 2 T I , the diffracted wave follows from the s y m 
m e t r y r e l a t ion (n)uy'^(r, G,t) = - (l^)uy'\r, 2TI-6, t) . The g e o m e t r i 
cal solution is given by 

( " V " * " ( r . e , t ) = i 5 (" )uy«"° ' ( r .G-0 , t ) + ( I ^ ^ - - ( r ,G+0, t ) j , 

(11.21) 

where the t e r m s on the r ight -hand side follow from 

(Il)^^geom ^^^Q^^j ^ 

/ 0, (O<G<0s), 

= j f [ t - ( r /vs )cos (G-Gs) ] , (Gs<0<27i-0s), 
' f [ t - ( r / v s ) c o s ( 9 - 0 s ) ] + f [ t - ( r / v s ) cos (0+0s ) ] , (2i[-0s<0<2ii). 

(11. 22) 
The to ta l wave motion is then the superpos i t ion of the geomet r i ca l 
solut ion and the diffracted wave. The cor responding wave fronts 
a r e shown in F ig , 4, Section 9, 

C a r r y i n g out, in the r ight -hand side of (11.20), the a lgebra ic 
ope ra t ions , we find 

("Uy<^V.e,t) = 
Vs I sin(0s-0) sin(GsfG) ) H( t - r /vs ) S sin(0s-0) sin(6s<-G) ) 

( Vct/r-cos(Ge-G) vct/r-cos(G<-+0) V 2TÏÏ' ^ Vst/r-cos(Gs-G) vst/r-cos(Gs+0) MVj^Vr^-1)^ ' 

(O<0^2-n:). (11.23) 

Final ly , we cons ider the sa l tus problem where the jumps in the 
d i sp lacement and the t r ac t i on a r e numer ica l ly equal to the c o r r e 
sponding va lues of the incident wave (Kirchhoff 's a ssumpt ions ) , 
v iz . 

.[Uy]t = -F(s )exp[- (s /vs)C cos 0s ] , (11.24) 
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[ T „ ] t = s F(s)(n/vs)s in Os exp[ - ( s /v s )^ cos 0s] . 
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(11.25) 

Compar i son of (11.24) and (11.25) with (11. 4), (11.5) , (11,14) and 
(11, 15) shows that the total wave motion in th is case is given by 

(*^^Uy(r, 0, t) = i j (^)uy(r, G, t) + ^"^Uy(r, 0. t) j . 

This leads to a geomet r i ca l solution which is given by 

(11.26) 

(11.28) 

(K) gee* (^^e^^^ __ i WK) geom (^^ 9,-0,t) +(K), «-m (^ 9+o,t)( , 

(11.27) 
where the t e r m s on the r ight rhand side follow from 

,^^^ ( 0 , (0«G<Gs), 
(^y^- - (r,G,t) = 

{f[ t-(r /vs)cos(G-Gs)] , (Gs<G<2n) 

F u r t h e r , we have from (11. 13) and (11. 23) the r e su l t 

i ! ( V ' V , e , t ) . ( i V S ^ r , 0 , t ) j = 

sin(0s-
:es-e) S 

) , ( " ^ i T / r ^ 1' (0<G<2U). (11.29) 
27ir ( vs t / r -cos (0s -0) S (Vs2t2/r2-i)i 

The cor responding wave fronts a r e shown in F i g . 5. 
The s t ruc tu re of the geomet r i ca l solution (K.)uyg«°"' (r , 0,t) e x 

pla ins why the assumpt ions (11.24) and (11.25) a r e supposed to 
solve the problem of the diffraction by a perfect ly absorb ing 
s c r e e n fin optical t e r m s a "black" s c r een ) . 

I = incident wave 
n = diffracted wave 

Fig.5. Wave fronts for Kirchhoff diffraction of a plane SH-wave by a half-plane. 
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C h a p t e r V 

D I F F R A C T I O N OF P - W A V E S BY A H A L F - P L A N E 

12. DIFFRACTION OF A PLANE P-PULSE BY A 
PERFECTLY RIGID HALF-PLANE 

The present section deals with the two-dimensional problem of 
the diffraction of a plane compressional pulse by a perfectly rigid 
half-plane coinciding with z = 0, 0<x<oo. The incident wave is rep
resented by 

Ux'(x, z,t) = cos 0p f[t-(x/vp)cos 0p -(z/vp)sin Gp], (12,1) 

Uj'(x, z,t) = sin Gp f[t-(x/vp)cos Gp -(z/vp)sin 9p], (12.2) 

where 0p is the angle of incidence (O^0p<;n;/2) and f(t) = 0 when 
t<0. For the corresponding Laplace transforms with respect to 
time we obtain 

U^'(x,z;s) = F(s)cos 0p exp [-(s/vp)(x cos 0p + z sin 9p)], (12. 3) 

Uĵ  (x,z;s) = F(s)sin 0p exp[-(s/vp)(x cos Gp + z sin Gp) ], (12,4) 

where 
, 0 0 

F(s) = J exp(-st)f(t)dt. (12.5) 

Similarly, U ,̂ U ,̂ T ẑ and T^ denote the Laplace transforms of 
Ux, iiz, Txz and Ta respectively. Eq. (7,11) leads to the follow
ing expressions for the Laplace transforms of the components of 
the scattered wave 

u,V.z;s) = - I ' r ^ j T j t d c - (~r,jT^]tdL (12.6) 

U,» (x,z;s) = - ( J ' r „ [ T „ ] t dC - I " rzz[T, ] ! d^. (12. 7) 

n which [ T J " * " = T^,(^,+0;s)-T„(^,-0;s), [ T ^ ] " ^ = T^(^,+0;s) -
T„(^ , -0;s) and 

r x x = 2 i k ^ S ^ K „ ( s R / v p ) + ^ 2 K „ ( s R / v s ) ( . (12,8) 
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Txz = r 
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ro.ci2 ( 2kps2 ' 3x3z 
^ ' K„(sR/vp) 3 

3x3z 
Ko(sR/vs) j , (12.9) 

r „ = - ^ J ^ K^sR/vp) + ^ K , ( s R / v s ) ( , (12.10) 
27108" ' 3z 3x ' 

with R = [(x-C)2+z2]ï>.0. The r igh t -hand s ides of (12 .8) . (12.9) and 
(12. 10) follow from (5 . 14) together with the equation 

(3 2/3x2+3 2/3z2-s2/vs2)Ko(sR/Vs) = 0, (12.11) 

In the same way as in the p reced ing sect ions we introduce the 
two-s ided Laplace t r a n s f o r m s with r e spec t to x. Let 

, 0 0 , 

J e x p ( - s p ^ ) [ T j _ d4 = F(s)A(p), ( - ( l / vp )cos 0p<Re p), 
0 (12.12) 

1^ exp( - sp^ ) [T , , ] d^ = F(s)B(p), ( - ( l / vp )cos 0p<Re p). 
(12.13) ' 0 

The indicated domain of r egu la r i t y of A(p) and B(p) follows from 
the assumpt ion that the geomet r i ca l solution of the diffraction 

f roblem d e t e r m i n e s the asymptot ic expansion of [ T ^ Z ] - and 
Tzz] t a s t-xio, which means [ T „ . ] t "- Ofexp [-(s/vp) I cos Op] ] 

and [ T n ] ~ o [ exp J-(s/vp)E, cos ^ j ]. T rans fo rma t ion of the 
r i g h t - h a n d ' s i d e s of (12.6) and (12.7) g ives , with the aid of (9.8) 
and the convolution t h e o r e m , the r e su l t 

(-00 

exp(-spx)Ux^(x,z;s)dx = 

j p'A(p) + p Yp B(p) \ 

exp(-SYs|z|)" 
2ps 

+ JYS' A(p) tpYsB(p) j ^ 

( 00 
exp(-spx)U^ (x, z;s)dx = 

exp(-SYp |z |] 

YP 

(12. 14) 

EM 
2ps [\ P Y p A(p) + Yr '•B(p) \ 

exp(-sYp|z|) 

Y, 

+ j ± P Y s A(p) + p2B(p) I 

where 

Yp = Yp(P) = (l/Vp2-p2)ï 

exp(-SYslz|)" 

Ys 

and 

Ys = Ys(P) = ( l /vs2-p2) i . 

(12,15) 

(12.16) 

(12.17) 
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The s ign of the squa re roo t s has to be taken such that Re YP ^ 0 
and Re Ys •̂  0, The upper sign in (12. 14) and (12,15) appl ies when 
z>0 and the lower sign when z<0. In the l imit z = 0 these equat ions 
reduce to 

P exp ( - spx )U; (x , 0;s)dx = - | ^ (p2+YpYs) ^ > (12.18) 
.-00 ^f^° Yp 

( ^ e x p ( - s p x ) U ; ( x , 0 ; s ) d x = - | ^ (P^+YPYS) ^ • (12.19) 

By vi r tue of the bo.undary conditions we have Ux* (x, 0;s) = 
= - U,*(x, 0;s) and Uj''(x, 0;s) = -U^' (x, 0;s) when 0<x<oo; hence 

[0° s F ( s )cos Op 
J exp(-spx)Ux (X, 0;s)dx = - g^^.^^) . 

( - ( l / vp )cos Gp<Re p), (12,20) 

roo s F ( s ) s i n Gp 
: ^ exp(-spx)U, (X. 0;s)dx = - ^^^_^^^ , 

( - ( l / vp )cos 0p<Re p), (12,21) 

where po = - ( l / v p ) c o s 0p, F u r t h e r , we introduce the functions 

L o o ' " " ' ---'-'• ^--' s 

rO 

f exp ( - spx )U/ (x .O; s )dx = - Ï M c ( p ) , (Re p< l /vp) , (12.22) 
•' - 0 0 ö 

f exp( - spx)U/{x ,0 ; s )dx = - I M D(p), ( R e p < l / v p ) . (12.23) 

The indicated domain of r egu la r i t y follows from the asymptot ic 
behaviour of the r ight -hand s ides of (12.6) and (12.7) as x-*-°o. 
and z = 0. Substi tution of (12.20) - (12.23) in (12.18) and (12.19) , 
followed by division by the common factor F ( s ) / s , gives 

cos Gp 1 / 1 1 \ A(p) 

( - ( l /Vp)cos 0p<Re p< l /vp) , (12.24) 

s in %, 1 / 1 1 \ B(p) 
D(P)^-F^ = 4 ^ V ^ ; K ( P ) ^ - ^ . 

( - ( l / vp )cos Gp<Re p< l /vp) , (12.25) 

where 

K(p) = —i~-^ [p'+Yp(P)Ys(P)]. (12.26) 
Vs-2+Vp-2 
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The only s ingu la r i t i e s of K(p) a r e b r anch points at p = d; 1/vp and 
p = t 1/vs. I t s behaviour at infinity i s found to be 

K(p) = 1 + 0(p-2) a s |p| -MX). (12. 27) 

E q s . (12.24) and (12.25) hold in the indicated s t r i p of r egu l a r i t y 
common to al l t r a n s f o r m s involved, 

In o rde r to apply the Wiener-Hopf technique, K(p) is wr i t ten in 
the form 

K(p) = K+(p)K-(p), (12.28) 

where K'''(p) and i ts r e c i p r o c a l a re r e g u l a r in the r ight half-plane 
- l / v p < R e p and K~(p) and i t s r e c i p r o c a l a r e r egu la r in the left 
half-plane Re p < l / v p . F u r t h e r m o r e , we make th is fac tor iza t ion 
unique by requ i r ing 

K+(p) = 1 + 0 ( p - V s (p|-*oo (12.29) 

and 

K-(p) = 1 + O(p-l) a s | p | - , « ) . (12.30) 

Explici t exp re s s ions for K"'"(p) and K"(p) a re der ived in Section 13. 
S imi la r ly , we wri te 

(12.31) Yp 

where 

Yp 

Yp 

(P) = 

^(P) 

"(P) 

Yp^(P) 

= (1/Vp 

= (1/Vp 

Yp"(P) . 

+ P ) ^ 

-P)i 

(12.32) 

(12. 33) 

It is c l ea r that Yp^(p) and i t s r e c i p r o c a l a r e r e g u l a r in the r ight 
half-plane - l / vp<Re p and that Yp~(P)andits r e c i p r o c a l a r e r e g 
u l a r in the left half-plane Re p<l/Vp. A s i m i l a r fac tor iza t ion 
holds for Ys(P); it is obtained by rep lac ing , in the re levan t e x 
p r e s s i o n s , V p b y v s , 

E q s . (12,24) and (12. 25) a re now r ewr i t t en as 

C ( P ) Y P ' ( P ) ^ cos Op ( Y P " ( P ) YP"(PO) 

K'(p) p-Po ^ K (p) K - ( p J 

= J ^ M , M ^ ^ ( P ) A ( P ) Yp ' (R. )cos9p 
4p V Vs2 Vp2; Yp+(P) (P-P„)K-(PJ ' 

(12.34) 

D(P) YS (P) , s i " Op /Ys"(P) Ys'(Po) 
K (p) p -p„ V K (p) K (p„) 

= 1 f J _ + J ^ ) ^""(P) B(p) - Ys"(PJsin 0, 
4p V vs2 vp2/ Ys^(p) ( P - P J K - ( P J 

(12. 35) 
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The usual r eason ing leads to the solution 

4p Yp'^(P)Yp'(Po)cos 0p 
A(P) = 

B(p) = 

V3-2+Vp-2 (p-pJK+(p)K-(pJ 

4p 

V "2+v 
S P 

_ Ys^(P)Ys"(Po)si" Op 

•̂  (p -pJK+(p)K-(pJ 

(12.36) 

(12.37) 

Now that e x p r e s s i o n s for A(p) and B(p) have been obtained, we 
t u r n our at tention to the de te rmina t ion of the t r ans ien t solution of 
the p rob lem. F r o m (12.14) and (12.15) we conclude that Ux*(x, z;s) 
and U / ( x , z;s) can be wr i t t en as the following Mellin invers ion 
in t eg ra l s 

rc+ioo 
Ux^(x,z;s) 

F(s) 
4-n;pi exp(spx) . 

. C -100 

jp2A(p) + PYp(P)B(p)' 

-'t Y '(p)A(p) ±pYJp)B(p) 

exp[-SYp(p)|z |] _̂  

Yp(P) 

) exp[-SYs(P)|z|] -] 

Ys(P) 
dp, (12.38) 

U / ( x , z ; s ) 
FXsi f 
4T:pi j 

c+ii>o 

C -100 
exp(spx) . 

exp[ -SYp(p) |z |] 
j+PYp(P)A(p) + Yp'(P)B(p)^ ^ (p^ 

(p)A(p).p^(p)î 4^S^^^^ iPY. 
S Ys(P) 

dp. (12.39) 

where the path of in tegra t ion . Re p=c, i s located in the s t r i p 
- ( l / v p ) c o s 0p<c<l/vp. The in tegrands at the r ight -hand s ides of 
(12. 38) and (12. 39) a re s ingular at the s imple pole p=Po and at the 
b ranch points p=dil/vp and p=ii l /vs . It has been mentioned e a r l i e r 
in th i s sect ion that the square roo ts defining Yp and Ys have t o b e 
chosen such that Re Yp ^ 0 and Re YS ^ 0 on the path of i n t eg ra 
t ion. With a view to subsequent deformat ions of the path of in te 
gra t ion, we impose th i s condition on YP andYs everywhere in the 
p -p lane . Th i s impl ies that the in tegrands a re made s ingle-valued 
by introducing branch cuts at Im p=0, l/vp< |Re p|<oo and at Im p = 0, 
l/vs< |Re p|<oo. 

The r igh t -hand s ides of (12. 38) and (12. 39) show that the s ca t 
t e r ed wave cons i s t s of a compres s iona l wave and a shea r wave, 
both having a par t which is s y m m e t r i c a l * with r e s p e c t to z = 0 

• A vector (Ux,0,Uz) is ca l led symmetr ica l with respect to z=0 when Ux(-2)=Ux(z)and Uj(-z)=-Uj(z)j 
it is ca l l ed ant isymmetr ica l when Ux(-z)=-%(z) and U2(-z)=U2(z). 
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and a par t which is a n t i s y m m e t r i c a l with r e s p e c t to z=0. Due to 
the complexi ty of the exp re s s ions involved, the different t e r m s 
will be d i scussed sepa ra t e ly . In each t e r m the path of in tegra t ion 
will b e modified in such a way that the r e su l t ing expres s ion can 
be recognized as the Laplace t r ans fo rm of a ce r t a in function of 
t i m e . 

In the f i r s t place we cons ider the compres s iona l wave which is 
s y m m e t r i c a l with r e s p e c t to z = 0. I ts components a re given by 

rc+ioo 
(^)u,^(x.z;s) = - | [ | l f^_.^exp[spx-SYp (p) iz|] p2A(p) 

( ^ )u ; (x , z ; s ) = t | g ] - p " ^ e x p [ s p x - s y p ( p ) | z | ] p Y p ( p ) A ( p ) - ^ 

Yp(P) 
(12. 

J 

40) 

^̂ ^̂ 77̂ ) 
(12. 41) 

We introduce the polar coord ina tes r = (x2+z2)ï and 0=arc tan (z /x) , 
(0<r<oo, O<0<2T[), and confine our at tention to the region z >0 or 
0<;G<TI, The path of in tegrat ion is t r ans fo rmed into the hyperbola 

p = - ( t / r ) c o s G i i ( t 2 / r 2 - l / v p 2 ) ï s i n G, (12.42) 

with r/vp4t<i>o. The contribution from additional c i r c u l a r a r c s at 
infinity van i shes by v i r tue of J o r d a n ' s l e m m a (48). Since the point 
of i n t e r sec t ion of the hyperbola (12. 42) with the r e a l axis always 
l i es between p = -1/vp and p = 1/vp, no difficulties a r i s e in con
nection with the b ranch cu t s . In changing the path of in tegrat ion 
we may p a s s the pole p=Po. The contr ibution from the l a t t e r will 
be taken into account l a t e r on; the in tegra l along the hyperbola i s 
introduced as the diffracted wave. Introduction of the function 

cop =cjp(r, 0,t) = - ( t / r ) c o s G + i(t2/r2-l/Vp2)5sin G, (O^G^n), 

(12.43) 

where the square root i s taken to be posi t ive, enables us to wr i te 
the diffracted wave in the form 

(^)u/(r, G;s) = 

= - I S - r , exp(-st)(t2-r2/v 2)-i Re [cOp̂ AC.)p)j dt, 
'^^P - r /vp (12.44) 

(^)u,'^(r,G;s) = 

= ^ r , exp(-st)(t2-r2/vp2)-l Re[üüpYp(tOp)A(^p)|dt. 
^P -r/vp (12.45) 

where we have used the re la t ion 
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Yp(C0p) = ( t / r ) s i n O + i ( tVr^- l /vp2)^cos 9, (0^9<TI) , (12.46) 

The e x p r e s s i o n s a re simplif ied by introducing the polar compo
nents of the d i sp lacement . The r e s u l t i s 

(V(r,0;s) = 

^ I ^ . C ^ exp(-st)( l -r2/vp2t2)- i ReJcOpAfcüp)! dt, (12.47) 

(^^U^^r, G;s) = - ^ ( ^ exp(-s t ) I m K A ( a ) p ) } dt. (12.48) 
«Ipi -'r/vp 

The r igh t -hand s ides of these e x p r e s s i o n s a r e of the forni 

(^^u/( r , 0;s) = F(s) ^}'^\r, 0;s), (12. 49) 

(^^Ue'^(r. 0 ; s ) = F ( s ) $ e ^ ^ ^ r ' , 0 ; s ) , (12.50) 

where 

<è}^\r. 0;s) = 
, 0 0 

= 5 ^ - - exp(-st)( l-r2/vp2t2)-^ Re ja)pA(a)p) j dt . 
^ P ^ - r / v p (12.51) 

$e^PV,0;s) = - 2^7 r, exp(-st) Im {u)pA(u)p)} dt. (12.52) 
"''•^ " r /vp 

The functions 9j^^^(r, 0, t) and cp g ^ ^ ^ , 0,t) of w h i c h $ / ' ( r . 0;s) 
and $e (P) ( r ,0 ; s ) a re the r e spec t ive Laplace t r a n s f o r m s a r e read i ly 
obtained as 

9 / ^ \ r , 0 , t ) = 2 ^ ( l - r V v p V ) - ^ R e [ u ) p A ( c o p ) } H ( t - r / v p ) , 
'^^P'^ (12.53) 

9 e ^ ^ ^ r , G , t ) = - 2 ^ I m [ c o p A ( ( ^ p ) j H ( t - r / v p ) . (12,54) 

The polar components of the diffracted compress iona l wave which 
is s y m m e t r i c a l with r e s p e c t to z=0 a r e then given by the compo
sit ion produc ts 

( \ ' ' ( r , G , t ) = j f , f ( t -T )cp , ^^V,0 ,T )dT(H( t - r / vp ) , (12.55) 
( . r /vp ' 

( ^ ) u / ( r , 0 , t ) = J ( f ( t -T)cpe(^^r ,0 ,T)dTjH( t - r /vp) , (12.56) 
( • r /vp ' 

in which 0< 0<TX . 
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In the second place we consider the scattered compressional 
wave which is antisymmetrical with respect to z=0, Tlie Laplace 
transforms of its components are given by 

rC+ioo 
(II) 

Jc-ioo 

rC+i 00 

U ^ ' ( x , z ; s ) = t | ^ ^ ( _.^exp[spx-ff^p(p)|z|]pB(p)dp, (12.57) 

( " V ' ( x , z ; s ) = - | f ^ f exp[spx-SYp(p)|z|]Yp(p)B(p)dp. (12.58) 

In a way similar to the one outlined above, the diffracted wave is 
introduced. The transformation of the path of integration enables 
us to write the Laplace transforms of its polar components in the 
form 

( " ) u / ( r , 0;s) = F(s) ¥ /^^( r ,0 ; s ) , (12.59) 

(^^^Ue^r, G;s) = F(s) ^e^^^r, 0;s). (12. 60) 

where 

ï /P) ( r ,G;s ) = 

= - 2 i W , exp(-st)(l-r2/vp2t2)-^ RejYp(Wp)B(a)p)]dt, 

' P (12.61) 

Ye^^\r,G;s) = 5 ^ — f̂  exp(-st) Im{ Yp(u>p)B(x)p )|dt, (12.62) 
^Ttpr T / V p 

with 04Q<.n. The functions (l)/^^(r, 0, t) and c^e^'^V, 0,t) of which 
^r(I')(r, 0;s) and ïe^'^H^^ 0;s) are the respective Laplace transforms 
are readily obtained as 

(l.,(P)(r.G,t) = 

= " WfT ( l-rVvp^tV^ Ref Yp^p)Btop)jH(t-r/vp), (12. 63) 

4'e^^^(r.G,t) = 2~ImjYp(Wp)B(Wp)JH(t-r/vp). (12,64) 

The polar components of the diffracted compressional wave which 
is antisymmetrical with respect to z = 0 are then given by the com
position products 

( " ) u / ( r , 0 , t ) =\\ f(t-T)4.^(^^(r.G,T)dT ( H(t - r /vp) , 
^•r/vp 1 (12.65) 

(")üe''(i^.0,t) = U f(t-T)4^e^^^'^'Ö,T)dTjH(t-r/Vp). 
(•r/vp " ) "̂  (12.66) 
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in which 0<:0<n;. 
We now proceed to give the analogous results for the scattered 

shear wave which is symmetrical with respect to z=0, Eqs. (12.38) 
and (12.39) give the following expressions for its components 

(in)rTS,, , , , , . . F i s l fC+ioo 
'Ux'(x,z;s) = - 5:^^ j ^exp[spx-SYs(p)N] Ys(P)A(p)dp, 

(12.67) 
/TTT» _ p/gi rC+ioo 

^ Uz (x.Z'S) = + 5 ^ j exp[spx-SYs(p)|z|] p A(p) dp. 
'^'^°° (12.68) 

In the first instance the path of integration is transformed into the 
hyperbola 

p = -(t/r)cos G ± i ( t7 r^- l /vs^* sin 0, (12. 69) 

with r/vs^t<i>° and O^O^K The contribution from additional circular 
arcs at infinity vanishes by virtue of Jordan's lemma. The point 
of intersection of the hyperbola (12. 69) with the real axis is lo
cated at p = -(l/vs)cos 0. Only in the region 0<|cos G|< Vs/vp, 
this point lies between p = - l/vp and p = 1/vp. In this region we 
are free to cross the real axis. When Vs/vp< cos G<̂ 1, however, 
the point of intersection lies to the left of p = - l /vp. Since 
p=-l/vp is a branch point of the integrands, we are not allowed to 
cross the corresponding branch cut Im p=0. -oo<Re p< -1/vp. Ac
cordingly, the integral along the hyperbola (12. 69) has to be sup
plemented by an integral around the branch cut from 
p = -(l/vs)cos G-i6 to p=-(l/vs)cos 0 + 16, where 6-.»0(6>0). In order 
to identify this branch cut integral as the Laplace transform of a 
certain function of time, the path of integration is taken as 

p = -(t/r)cos 0 + (l/v52-t2/r2)5sin 0 i 16, (6-*0), (12.70) 

where tps<t<r/vs and 

tps = (r/vp)cos 0 + (r/vs)(l-Vs^/vp^)^ sin 0, (12.71) 

plus an integral along a circle with radius e around p = -1/vp 
(Fig. 6). It is easily verified that the integral along the circle 
vanishes in the limit e-*0. An analogous situation does not arise 
in the region -1 .̂  cos 0<-Vs/vp. Since A(p) and B(p) are regular 
in the right half-plane -(l/vp)cos 0p<Re p, the point p = 1/vp i s 
not a branch point of the integrands of the shear waves and we 
may freely cross the real axis as long as the point of intersection 
lies to the left of p = 1/vs. which is always the case. 

Introduction of the functions 

CDs = o^(r, G.t) = -(t /r)cos 0 + i( t^/r^-l /v5Vsin 0 (12, 72) 

and 
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P-Plane 

f^'''''WC<M((<< 
1. 1 

Fig.6. Paths of integration for diffraction of a plane P-wave by a perfectly rigid 
half-plane. 

''̂ ps ='^ps (^' 0,t) = - ( t / r ) c o s G + ( l / v s M 2 / r 2 ) ï s i n 0 + i6, (6-0) , 

(12.73) 

enab les us to wr i te the diffracted wave a s 

("V(-.e;s) = 

= S ? f ' exp(-st)(r2/vs2-t2)-i Im jYs'(Wps)A^)ps ^ dt -
'̂  • tps 

- ^ r , exp(-st)(t2-r2/vs2)-iRe{Ys2((^s)^(<^s)ldt, (12.74) 

( I " ) u / ( r , G;s) = 

= f ^ | [ ""̂  exp(-st)(r2/vs2-t2)-i Im[wpsYs(Wps)A(Wps) ] dt -

WL \'° exp(-st)(t2-r2/vs2)-i ReKYs('^s)A('^s)! dt 
2 It p J „ /,, ip -V/v^ 

where we have used the r e l a t ions 

Ys('JJps) = ( t / r ) s i n 9 + (l/vs2-t2/r2)5cos G 

(12.75) 

(12,76) 
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and 

YsC^s) = ( t / r ) s i n G + i( t^/r2-l /vs^)^cos 0, (12.77) 

with O<0<ii. It m u s t be observed that the f i r s t t e r m on the r i gh t -
hand s ides of (12.74) and (12.75) i s only p r e s e n t in the reg ion 
O^0<arc cos(Vs^Vp). The polar components of the diffracted wave 
under cons idera t ion can be wr i t ten in the form 

^ ™ ^ u / ( r . 6;s) = F(s)<è,^^^\r, G;s) + F(s) ^,^^\v. 9;s), (12, 78) 

("^^Uö''(r, 0; s) = F(s) ^ e ^ ^ ^ ^ r , G;s) + F(s) $ ö < ^ \ r , G;s), (12, 79) 

where 
fPS^ 1 [""/"'s 

$/^==>^(r. G;s) = 2 ^ ) exp(-s t ) Im[Ys(u)ps)Atü ps)i dt. (12.80) 

$ J P ^ ) ( r , 0 ; s ) = - ^ ("" ' ' ' exp( - s t ) ( r2 /vs2 t2- i ) - i Im (Ys(Wps lA^^j)} dt 

•*PS (12.81) 

and 

$ / ^ V , 0 ; s ) = 2-i— ( '^ exp(-s t ) l m | Ys('^s)^('^s)ldt. (12.82) 
'̂"•Hi - r /vs 

$ g ( ^ \ r , G;s) = 2 — T exp(-st)( l -r2/vs2t2)- i Re|Ys ('^s)A('^s) Idt. 

'^'"^^ (12,83) 

The functions 9 , ^ ^ ^ ^ , 0 , t ) , 9ö(-^^^(r, 0, t), 9,^^V> 0,t) and 

9 g ^ ^ V . O.t) of which $,^^^^r , 9;s) . $e (^^) ( r , 0 ; s ) ,$ /^^( r , 0;s) and 

$Q (r , 0;s) a re the respec t ive Laplace t r a n s f o r m s a re obtained 
a s 

9 / P ^ ^ r , 0 , t ) = ^ Im[Ys (ü)ps)A(u)ps) j [H(t-tps) - H ( t - r / v j ) ] , 

(12.84) 

= - 2 ^ ( ^ ' / ^ s ' t ' - l ^ ^ I ™ ( Y s ( c ü p s ) A ^ P s ) l [ H ( t - t p s ) - H ( t - r / v 3 ) ] 

(12.85) 
and 

c p , ( ^ V , e , t ) =2l^Im{Ys( '^s)A(a)s) lH(t- r /vs . ) , (12.86) 

<Pe^^V'6 , t ) =2h^(^-r^/^i^Y' RejYs((^s)A(A)s)lH(t-r/vs). 
(12,87) 
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The polar components of the diffracted s h e a r wave which is sym -
m e t r i c a l with r e s p e c t to z = 0 a r e then given by the composi t ion 
products 

(™V(r,0,t) = 
i cmin( t , r /vs ) . „ „ . j 

f ( t -T )9 /^^V,G ,T)dT ;H( t - t p s ) + 
< -tps ^ 

+ S ( , f ( t - T ) 9 / ^ \ r . 0 , T ) d T j H ( t - r / v ) . (12.88) 
( - r / V j ' 

(I")ueV,0,t) =Sr''^^''^/"^N(t-T)9e(P^^r,0,T)dT; H(t-tps) . 
(Jtps ^ 

+ 5f f ( t -T )9e^^V.e .T)dTjH( t - r /v s ) , (12.89) 
(J r /vs ' 

in which O^O^ii and where the f i r s t t e rm on the r ight -hand s ides of 
(12.88) and (12.89) is only p r e s e n t in the reg ion O<0<arc cos(vs/vp). 

F ina l ly , we cons ider the sca t t e red shea r wave which is an t i -
s y m m e t r i c a l with r e s p e c t to z = 0. According to (12.38) and (12.39). 
the Laplace t r a n s f o r m s of i t s components a r e given by 

(^^^U,^(x,z;s) = + | M f _^^exp[spx-sYs(p)lz | ] PYs(P)B(p) : J ^ . 

(12.90) 

( ^ ^ ^ u / ( x , z ; s ) = - g | l (^^'^^exp[spx-sYs(p) |z| ] p2B(p) ; ^ . 

(12.91) 

In exact ly the same way a s outlined above, the diffracted wave i s 
introduced. The t r ans fo rma t ion of the path of in tegra t ion enables 
u s to wr i te the Laplace t r a n s f o r m s of tlie polar components of the 
cor responding diffracted wave in the form 

( ^ ^ ^ u / ( r , 0;s) = F(s) V ^ ^ V , 0;s) + F(s) f / ^ V , 0;s), (12.92) 

^^^^\Jg^{r. 0; s) = F(s) ^ e ^ ^ ^ V , 0;s) + F(s) \^^hr, 0;s), (12. 93) 

where 

%^^\r,Q:s) = ^ f ""̂  exp(-s t ) Im[wpsB((x)ps)}dt, (12.94) 

ï e ^ P ^ ) ( r , 0 ; s ) = 

= " 2 ^ . r ""̂  exp(-st)(r2/vs2t2-l)-i Im{üJpsB(ü)ps)j dt (12.95) 
**ps 
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and 

ï , ( ^ ) ( r ,G ; s ) = ^ f"", exp(-st)Im[tOsB((^) |dt . (12.96) 
^iipi - r / V s 

ï g ( ^ V , 0 ; s ) = 2 ^ f* exp(-st)( l-r2/vs2t2)-i ReKB(ü)s) |d t . 
"'^'^s (12.97) 

with 0<G<TX. The functions ({'r^^^^, <^e^^^\ <̂ r̂ ^̂  and'i'Q^^^ of which 

^ r ^ ^ ^ \ ï e ^ ^ ^ ^ *r^^^ andïg^^^ a r e the respec t ive Laplace t r a n s 

f o r m s a r e obtained as 

c p / ^ ) ( r , 0 , t ) = 2 ^ - I m j a ) p s B ( a ) p s ) U H ( t - t p s ) - H ( t - r / v s ) l (12.98) 

= - 2 ^ ( ^ ^ / V t ' - l ) - ^ ^ ™ ^ ' ^ P s B ( ' ^ P s ) i [H(t- tps)-H(t-r /v3)] 

and (12.99) 

4. ,(S)(r ,0, t) = 2^ Im{a) sB(cüs ) iH( t - r / v s ) , (12.100) 

'\>Q^^\r,Q,t) = 2^( l - r2 /vs2 t2) -5Re[a)sB(0s )}H( t - r /vs ) . (12.101) 

The polar components of the diffracted shea r wave which is an t i -
s y m m e t r i c a l with r e spec t to z = 0 a r e then given by the compos i 
t ion produc ts 

(i^V(r^e,t) = 
, , m i n ( t , r / v s ) .pg> , 

= I f(t-T)<^/^^^(r, 0,T)dT H(t-tps) + 
• ips 

+ Sf f ( t -T)c^, (^)( r ,0 ,T)dT(H(t- r /vs) , (12.102) 
' ' r / v s ' 

(^^V(r,e.t) = 
, ,min(t , r /vs) , po . . 

= 1 j f(t-T)(i.e^'^''^r,G,T)dT 5 H(t-tps) + 

+ \ \ ^ , f ( t -T)(^g(^)(r ,0 ,T)dTJH(t-r /v3) , (12.103) 

in which O^0<;TI and where the f i r s t t e r m on the r ight -hand s ides 
of (12.102) and (12. 103) i s only p re sen t in the reg ion 
O.^0<arc cos(vs/vp). 
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= 

Now that the diffracted waves have been d i scussed , we inves t i 
gate the contr ibut ion from the pole p=Po. It can be shown that the 
incident wave plus th i s contr ibut ion gives the geomet r i ca l solut ion 
of the diffraction p rob lem. Introduction of the angle Gj which is 
re la ted to the angle of incidence 0p through Snel l ' s law 

( l / v p ) c o s Op = ( l /vs )cos Oj. (a rc cos(Vs/vp) 4ö^n/2), (12.104) 

enables us to wri te the r e su l t in the form 

U-̂ geom (r^g^t) = 

/ 0, (O<G<0p), 

cos Gp f [ t - ( r / vp )cos (0 -6p ) ] , (0p<G<2Ti-0s), 

cos Gp f [t-(r/vp)cos(G-Gp) ] + Rpg s in Gfe f[t-(r/-^5)cos(G+Gs)], 

(27t-G^0<2Ti-Gp), 

cos Gp f [ t-(r /vp)cos(G-Gp)] + Rpp cos Opf [ t -(r /vp)cos(G+9p)] + 

+ Rps s in Gsf[ t - ( r /vs)cos(G+0s)] , (2TI-0P<G<2TI) , 

(12.105) 

u.,!?-"- ( r ,G , t ) = 

0, 

s in Gp f [ t - ( r /vp)cos(G-Gp)] , 

s in Op f[ t - ( r /vp)cos(G-Gp)]+ Rps cos Gs f[t-(r/vs)cos(9+0s)] , 

(2-rt-0^G<2Tt-0p), 

s in Op f[ t-(r /vp)cos(G-Gp)] - Rpp s in Op f [ t -(r /vp)cos(0+0p)] + 

1 + Rps cos 0s f [t-(r/vs)cos(G+Os)], (2u-6p<0^2it), 

(12.106) 

where 
cos(GsfGp) 

(O<0<0p), 

(0p<0<2Tl-0s), 

Rpp 

and 

Rps = 

cos(Gs-Gp) 

s in 26p 

(12.107) 

(12. 108) 
cos(Gs-Op) 

a r e the ampl i tudes of the ref lec ted P - and S-wave respec t ive ly , 
when a plane P-wave is incident upon a perfec t ly r igid plane 
boundary. 

The va lues 0=Op. G=2Tt-0s and 0=2Ti-Gp r equ i r e a spec ia l i n -
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vestigation. At these values the geometrical solution is taken as 
one half of the sum of the limiting values at either side of the ray 
under consideration. Further, the diffracted waves are taken as 
the values which are obtained by first substituting the relevant 
value of G and afterwards approaching the lower limits of integra
tion from above. With the expressions thus generalized, the total 
wave motion is everywhere the superposition of the geometrical 
solution and the diffracted waves, 

From the results it is clear that in the first place the diffracted 
waves consist of a cylindrical compressional wave and a cylin
drical shear wave both originating at the edge of the screen. 
Moreover, in the regions 0<G<arc cos(vs/vp) and 2TC-arc cos(vs/vp)< 
<6<2TI there is a diffracted wave whose wave front is a plane t rav
elling with the velocity Vj . The wave front of the latter wave can 
be considered as the envelope of the cylindrical shear waves 
emitted by secondary sources at the screen which have been ex
cited by the diffracted compressional wave. It is the two-dimen
sional analogue of Cagniard's "onde conique"; inthe German liter
ature it is known as the "Kopfwelle". The wave fronts are shown 
in Fig. 7. 

I = incident P- wave 
U = reflected P-wave 
HI = reflected S- wave 
E = diffracted P-wave 
I = diffracted S-wave 
3E = diffracted PS-wave 

Fig .7 . Wave fronts for diffraction of a plane P-wave by a perfectly rigid half-plane. 

13. FACTORIZATION OF THE KERNEL FUNCTION K(p) 

The function K(p), introduced in Section 12, eq, (12.26), and 
given by 

K(p) = 2 -2 [p'+Yp(P)Ys(P)]- (13.1) 
Vs-'+Vp-2 
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is nowhere zero or real and negative. Furthermore, 

K(p) = 1 + 0(p-^ as |p|-»«. (13.2) 

Application of Cauchy's theorem yields 

log K(p) = 2 ^ f̂  log K(w) ^ , (13.3) 

where C is a closed contour in the w-plane, surrounding the pole 
w=p. In accordance with the choice of sign .of the square roots in 
Section 12. the integrand is made single-valued by introducing 
branch cuts at Im w=0, 1/̂ i. < |Re w|<l/vs and taking the principal 
value of the logarithm. For the moment, it is assumed that p is 
not a real number such that l/vp< |p|< l /v j . By virtue of the 
asymptotic behaviour as |w|—«oo, the contour C may be deformed 
into the loops C+ and C" around the branch cuts (Fig. 8). The 
factorization is then carried out by writing 

log K(p) = log K+(p) + log K-(p), (13.4) 

dw 
w-p 

where 

log K+(p) = 2 ^ j^ , log K(w) 

and 

logK-(p) = 2 i r ( ^ . l o g K ( w ) ^ 

The right-hand side of (13.5) can be transformed into the real 
integral 

fl/vs 

'l/vp 

(13,5) 

(13.6) 

log K+(p) 
r2-l/vp2)Ml/vs^-w2)5-| dw i ._(; ';^ arc tan [ (w^-l /vp-)^( l /vs^-w^j ^ ^^, ,^ 

w+p' 

.1 - J . 
Vp 

c w-plane 

c-

i 

Fig.8. Contours of integration for factorization of the kernel fimctions K(p) and L(p). 
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F u r t h e r , K"(p) follows from the re l a t ion K"(p) = K"''(-p). 
When p is a number just above or just below the r e a l axis such 

that - l / v s<Re p<- l /vp , we have 

, ^ . ^ ^ . ^ [-(p2-l/vp2)i(l/Vs2-p2)è-| 
log K+(p) = ± 1 a r c tan ,|̂  -^ J -

l ^ f l / v s ^ [-(w2-l/vp2)^(l/vs^-w2)^-l d^ 

'^ il/vp^""^ L ^^ J ^ ^ ' (^^-«^ 
where the upper sign appl ies when p is just above the r e a l axis 
and the lower sign when p is just below the r e a l ax i s . The in tegra l 
on the r ight -hand side of (13. 8) has to be taken in the sense of a 
Cauchy ' s pr inc ipa l va lue , which is indicated by the " P " in front 
of the in tegra l sign. In the same way as before , K"(p) follows 
from the re la t ion K'(p)=K"''(-p). 

F ina l ly , we r e m a r k that for numer i ca l computation it may be 
useful to introduce the new var i ab le of in tegra t ion a through 

2 - 1 / 1 . 1 \ 1 / 1 1 

where 0<a<ii. The r e su l t of th i s subst i tut ion is eas i ly obtained and 
will not be given h e r e . 

14. DIFFRACTION OF A PLANE P-PULSE BY A 
PERFECTLY WEAK HALF-PLANE 

Cons ider the two-d imens iona l problem of the diffraction of a 
plane compress iona l pulse by a perfect ly weak half-plane coin
ciding with z = 0. 0<x<o<i. The incident wave is r ep re sen t ed by 

u^'(x, z . t ) = cos Gp f [ t - (x /vp)cos Op -(z/vp)sin Op], (14. 1) 

u^ ' (x ,z , t ) = sin Opf[t-(x/vp)cos Gp -(z/vp)sin Op], (14.2) 

where Op i s the angle of incidence (0<Gp<n/2) and f(t) = 0 when t<0. 
In t e r m s of the Laplace t r a n s f o r m s with r e spec t to t ime we have 

U^'(x, z;s) = F(s )cos Gp exp [-(s/vp)(x cos Gp+ z sin Gp)],(14. 3) 

Uj'(x, z;s) = F(s ) s ih Gp exp[- (s /vp)(x cos Gp + z s in Gp)] , (14 . 4) 

where 

F(s ) = J exp(-st)f(t)dt . (14.5) 

F r o m (7.23) we obtain an e x p r e s s i o n for the Laplace t r a n s 
f o r m s of the components of the s ca t t e r ed wave; the different t e r m s 
in th i s e x p r e s s i o n can be a r r a n g e d in the following form 
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ns2 3x23z .'0 
s2 32 

Vc 3* fO= r 1+ 

U,^(x.z;s)= - - ^ -—— I K ^ s R / v p ) [ u , ]_ d^ 

_ - ^ ( K . ( s R / v p ) [ u j ! d ^ 

- s ' , 
U S 2 * 

TIS2 ^ 

Vs2 

^ S2 

^2vs2 

^ S2 

V 2 v s 2 

33 

us^ ^•2vs^ Bx2 -̂  3x -'0 

Vc2 / s2 32 \ 3 foo ,+ 
- ^ ( ^ - T - ^ 7 2 - ) ^ - K d [ s R / v s ) { u j : d ^ + 

TiS \ 2Vs'' 3x^ / 3z .'o 

+ ̂  - ^ 2 rK<<«RK)[ujtdL (14.6) 
Tts'̂  3x3z .'o 

, Vs2 33 (-oo , 
U/ (x ,z ; s ) = - — - - — - K<, ( sR/vp) [uJ . d^ -

ns*̂  3x3z'' .'o 

l l ) i _ f\d(sR/vp)[U,]tdC + 
3x2 / 32 .'o 

32 \ 3 ^00 r -1 + 
—. K d ( s R / v s ) [ u J _ d C -
3 x 2 / 3x JQ 

— 2 - ^ ( '"K<<^^/^s)[Uz]!d^, (14.7) 
u s ^ 3x'^3z -'o 

where [U^ ] t = U^(C,+0;s)-U^(^,-0;s) . [u, J!: = U,(^,+0;s)-U, (C.-0;s) 
and 

R = [(x-E,)2+z2}ï> 0. (14.8) 

Again, it i s anticipated that the diffraction problem under con
s ide ra t ion will be solved with the aid of two-s ided Laplace t r a n s 
fo rms with r e spec t to x. To th is aim we introduce the functions 

f e x p ( - s p E ) [ u J t d^ = - ^ C(p). ( - ( l /vp)cos 0p<Re p), 
• 0 " 

(14.9) 
e x p ( - s p ^ ) [ U j t d^ = - ^ D(p), ( - ( l /vp)cos Gp<Re p). 

• 0 ° 
(14. 10) 

The indicated domain of r egu l a r i t y of C(p) and D(p) follows from 
the asymptot ic behaviour of [U^]^ and [u^ ]1̂  as^-*<xi. The physical 
assumpt ion that the sca t t e red wave predic ted from the geomet r i ca l 
solution of the diffraction problem is predominant leads to [Ux ] t ~ 
0 [ e x p | - ( s ^ / v p ) c o s Gpj] and [u, ]+~ O [exp | - ( s^ /vp)cos Gpj ] a s 
E-»t». Multiplication 01 (14. 6) and (14. 7) by exp(-spx) and i n t e g r a 
t ion over all x l eads , with the aid of (9.8) and the convolution 
t h e o r e m , to 
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\ exp(-spx)Ux (x, z;s)dx = 
i-oo 

-m.^[\^ PVC(P, * (l/2v,=-rtp D,p)| «P<-^*l ' . 
YP 

+ J+(l/2Vs2-F?) YsC(p) - P Y S ' D ( P ) | ^ ^ ^ ^ ^ ; ^ ^ ^ ^ ^ ] , (14.11) 

[ exp(-spx)U/(x. z;s)dx = 
J-oo 

= ^ vs2 [ j PYp2C(p) + (1 /2vs2-p2) Yp D(P) j ^^P^'^^^^'^l^ + 

^ , 7 5 - 3 ) exp(-SYs|z|)~ 
+ j-(l/2vs2-p2)p C(p) + p^Ys D(p)^ ^^ ' J . (14. 12) 

where Yp(P) and Ys(P) are given by (12. 16) and (12.17). The upper 
sign in (14, 11) and (14. 12) applies when z>0 and the lower sign 
when z<0. 

From the s t ress-s t ra in relation we determine Txz^(x. z;s) and 
T^ (x.z;s). For their two-sided Laplace transforms with respect 
to x we obtain 

( 00 
exp(-spx)T^'(x, z;s)dx = 

- 0 0 

t i ) exp(-sYolz|) 

jP%' C(p) + (l/2V32-p2)p Yp D(p)J "̂ ^̂  ' + 
+ J(l/2Vs2-p2)2 C(p) ±(l/2Vs2-p2)pY^ D(p) J ? M _ p M l ] , 

(14,13) 

[ exp(-spx)Ta' (X. z;s)dx = 2 pvs^ F(s) . 
J-oo 

r \ - , ? ? , 2 22 ) exp(-sYp|z|) 
. |^j+ (l/2vs2-p2)pYp C(p) + (l/2vs'-p2)2 D(p)5 ^—E + 

+ j±(l/2vs2-p2)pYsC(p)+p2YsjD(p)| ^ ^ ^ ^ ^ ^ p i ^ ] , (14.14) 

where the upper sign applies when z>0 and the lower sign when 
z<0. In the limit z=0 these equations reduce to 

f°° exp(-spx)T^/(x, 0;s)dx = 
. ' -00 

= 2nvs' F(s) [(1 /2vs2-p2)2 + p2 Yp YJ ^ , (14.15) 
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f"' exp ( - spx )T„ ' (x . 0;s)dx = 

D(P) 
= 2 H V S 2 F ( S ) [(l/2vs2-p2)2+p2Yp Y J ] ™ - . (14.16) 

By v i r tue of the boundary conditions we have Txz*(x, 0;s) = 
-T„*(x, 0;s) and Tjj ' (x , 0;s) = -TJ(X,0;S) when 0<x<oo; hence, 

C°° s |i s in 20pF(s ) 
exp(-spx)Tx2 (x, 0;s)dx = ; ^̂  ; 

•'O t'V F / xr V , , ; Vp(p-pJ 
( - ( l /vp)cos Gp < Re p).(14. 17) 

• 0 0 (X+2^)cos 20s F(s) 
exp(-spx)T„ (x. 0;s)dx= - / \ 

•'o '̂̂  1" ' zz V • • ^ Vp(p-pJ 

( - ( l /vp)cos Gp<Re p). (14.18) 

where Po = - ( l /vp)cos Gp and Gs follows from Sne l l ' s law 

( l /vp)cos Op = ( l /vs )cos Gj, (0<arc cos(Vs/vp)<GsCiT/2). (14.19) 

F u r t h e r , we introduce the functions 
(-0 
I exp(-spx)T^, ' (x, 0;s)dx = F(s) A(p), (Re p<l /vp) , (14. 20) 

f° exp(-spx)T, , ' (x . 0;s)dx = F(s) B(p), (Rep<l /Vp) . (14.21) 

The indicated domain of r egu l a r i t y follows from the asymptot ic 
behaviour of Tx/ (x , 0;s) and T z / ( x , 0;s) a s x—.-«o; th i s behaviour 
can be de te rmined from (14.6) and (14.7) by subst i tut ing the 
asymptot ic expansion of KQ and using the s t r e s s - s t r a i n re la t ion . 
Substi tution of (14. 17). (14. 18). (14. 20) and (14. 21) in (14. 15) and 
(14. 16) leads to 

^^'^lh-..,.2f±.-l^f±.r.2^ T,„. C(p) 
VplP Po) VVj-̂  V P V \ V R 2 / Ys(P) 

( - ( l /vp)cos 0p<Re p<l /vp) . (14.22) 

(X+2li)cos 20s 2 f I ^ \f ^ 2A T ,_. D(P) 
B(P) ^ = V^vs' [~2 T A - ^ ' P j ^(P) ^ /r,̂  ' 

vp(p-Po) vvs2 vp2yVvR2 y Yp(P) 

( - ( l /vp)cos G^<Re p<l/vp) , (14,23) 

where P = 1 / V R denotes the r e a l and posit ive root of 

(1 / 2 V S 2 - P ¥ V Yp(p) Ys(P) = 0; (14. 24) 
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VR i s cal led the Rayleigh wave ve loc i ty and i s assoc ia ted with 
surface waves along the free boundary of an e l a s t i c ha l f - space , 
The ke rne l function L(p) i s given by 

2 ( 1 / 2 V S ^ - P V + I ^ Y P ( P ) Y S ( P ) , , , „ , 
L(P) - ; , 771 ;—^ . (14.25) 

Vs-2-Vp-2 (1/Vi^2_p2) 
The only s ingula r i t i es of L(p) a re b r a n c h points at p= ± l /vp and 
p = ± 1 /vs. Its behaviour at infinity is found to be 

L(p) = 1 + 0(p-2) a s |p|—»«> (14.26) 

E q s . (14.22) and (14.23) hold in the indicated s t r i p of r egu la r i ty 
common to all t r a n s f o r m s involved. 

In o rde r to apply the Wiener-Hopf technique. L(p) is wr i t ten in 
the form 

L(p) = L+(p)L"(p). (14.27) 

where L"'"(p) and i ts r e c i p r o c a l a r e r egu la r in the right half-plane 
- l / v p < R e p and L~(p) and i t s r e c i p r o c a l a r e r egu la r in the left 
half-plane Re p<l /vp. F u r t h e r m o r e , we make th is factor izat ion 
unique by requ i r ing 

L+(p) = 1 + O(p-i) as |p| -.00 (14. 28) 

and 

L-(p) = 1 + O(p-l) a s |p| —00. (14.29) 

Explici t exp re s s ions for L"'"(p) and L~(p) a re der ived in Section 15. 
S imi la r ly , we wri te 

Yp(P) = Yp^(P) Yp'(P), (14,30) 

where Yp'*"(p) and Yp (p) a r e given by (12,32) and (12,33) r e s p e c 
tively; a s imi l a r fac tor iza t ion holds for Ys(P). 

E q s . (14,22) and (14,23) a r e now rewr i t t en as 

A(p) Ys"(p) I | i s i n 2 % . / Ys"(P) Ys"(Po) V 
( 1 / V R - P ) L - ( P ) Vp(p-pJ \ ( l / v^ -p )L- (p ) ( l / vR-Po)L ' (p jy 

2 / ^ 1 1 \ i /„ 4-r,M +ir.s ^(P) î s in 20p Ys"(Po) 
= \lVs^ { 5 )( 1/VR+P L^(p) , ; ——j .^ ^ . . 

Vvs^ Vp2/ Ys (P) Vp(p -pJ ( l / vR-pJL l (p J 
(14,31) 

B(p) YP"(P) . (X+2ti)cos 20s / YP"(P) - Yp'(Pn) \ -
( 1 / V R - P ) L - ( P ) Vp(p-po) V ( 1 / V R - P ) L - ( P ) ( l / v R - p J L - ( p j y 

=• v 2 ( ' 1 - J L ^ (1 /v +n^L+(p) - ^ ^ + (X+2n)cos 20s YP'(PO) 
^̂ « I V vp2 ; (^/"^^^P)^ P̂) v ^ ) ^ Vp(p-p„)(l/v^-pJL-(p„)' 

(14, 32) 
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The usual r eason ing leads to the ' so lu t ion 

C(p) Ys'̂ (P) Ys"(Po)sin 26p (14.33) 
Vp2-Vs2 ( P - P J ( 1 / V I , + P ) ( 1 / V R - P J L + ( P ) L - ( P J ' 

D(n) = - y^ ^P YP^(P) YP"(PO)COS 2 0 S ^ „ 4 34V 

vs^ Vp2-vs2 ( p - p j ( l /VR+P)(1 /vj,-p„)L+(p)L-(pJ 

Through these exp re s s ions the functions C(p) and D(p) a r e , in 
pr inc ip le , de t e rmined . Next we t u r n our attention to the t r ans i en t 
solution of the p rob lem. In accordance with (14. 11) and (14.12) , 
we wr i te the Laplace t r a n s f o r m s of the c a r t e s i a n components of 
the s ca t t e r ed wave in the form of the following Mellin invers ion 
in teg ra l s 

^ V5¥(s) rc+ioo exp[spx-SYp(p) |z|] 
Ux (x .z ; s ) = ^ ^ ^ j ^ _ . ^ :^^ 

. { + P=^p(P)C(p) + (1 /2vs2-p2)pD(p) ] dp + 

I Vs^F(s) rC+iooexp[spx-sYs(p) |z | ] 
2Tii Jc-ioo Ys(P) 

.{+(l/2vs2-F?)Ys(p)C(p) - pYs^(P)D(P)Jdp, (14.35) 

TT^ ^ VS2F(S) rc+l '^exp[spx-s-fr(p) | Z | ] 
^z (x . z . s ) - 2ni Jc-ioo Y (P) 

• •[ PYp^(P)C(p) + (l/2vs2-p2)Yp(p)D(p) I dp + 

v s ^ ( s ) rc+i<x> exp[spx-sYs(p) |z| ] 

2Tii Jc-ioo Ys(P) 

. {. -(l/2vs2-p2)pC(p) + p?Ys(p)D(p) }. dp, (14. 36) 

where -(l/-vi>)cos Gp<c<l/vp. The in tegrands a r e made s ing le -
valued by introducing branch cuts at Im p=0. l /vp<|Re p|<oo and 
at Im p=0. l /vs< |Re p(<oo and choosing Re Y P ( P ) > 0 and ReYs(P)>0 
everywhere i n t h e cut p-plane (F ig . 9). 

The diffracted wave i s introduced in exact ly the s a m e way 
as outlined in Section 12. The final r e p r e s e n t a t i o n of i t s polar 
components in the form of a composi t ion product i s obtained by 
t r ans fo rma t ions ident ical to the ones given in Section 12. T h e r e 
f o r e . we only give the r e s u l t s and leave the de ta i l s of the ca lcu
la t ions to the r e a d e r . In t e r m s of the polar coord ina tes r and 0 
(0<r<« 0<G<2ii) we have 

u , V , 0 , t ) = 

= j f f(t-T)[(p,(P)(r, G,T) + c | ; / P V . O , T ) ] d T J H(t-r /vp) + 
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P-plane 

Fig . 9 . Paths of integrat ion for diffraction of a plane P-wave by a perfectly weak 
ha l f -p l ane . 

min(t , r /vg) 

'PS 

f(t-T)[cp,(^^)(r,G.T) + 4^,(^^V,0.T)]dT|H(t- tp^+ 

\\ , f ( t -T) [ (p /S \ r ,O.T) +^ , (^^ ( r ,G ,T) ]dT(H( t - r /vs ) . 
'̂  • r /v^ ' 

(14.37) 

u d(r. O.t) 

U f ( t - r ) [ 9 j P \ r , G , T ) +(|;e(P)(r,G,T)]dTJH(t-r/vp) + 
(•' r /Vi, ' •'r /• . 

+ Jf™' ' '^*' ' ' "'s) f(t-x)[cpe^P^^(r.O,T) + 4.e^P^^(r,0,T)]dT;W-tps)4 
(Jtps > 

+ U * f(t-T)[cpe(^)(r.G,-u) + (^^(^^(r. G . T ) ] dT!H( t - r /vs ) . 
^ • ^ / ^ s (14.38) 

where 
V ^ 

(9 /P) ( r .G . t ) = - - ^ ( l - r 2 / v p 2 t 2 ) - i R e J ( l / 2 v s ' V ) D ( ü ) p ) j H ( t - r / v p ) . 

iTe^^^r.O.t) = ^ 5 ^ ïm{(l72vs^,-a)p^D(a)p)} H( t r r /vp) , (14. 39) 
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I c^/^^r .G.t) = ̂ ( l - r 2 / v p 2 t 2 ) - i R e f a)p^(ojp)C(ü)p)J H( t - r /vp) . 

!( l ;e^P^r,0.t) = - J ^ Imia)pYp(Wp)C(u)p)|H(t-r/vp). (14.40) 

1 9 / ^ ^ ^ , 0 . 1 ) =^Imfa)psYs((^Ps)D(a)ps)l[H(t-tps) - H ( t - r / v s ) ] , 

' 9 e ^ ^ ^ V , 0 , t ) = - ^ (r2/vs2t2-irhm[WpsYs(ü)ps)D(ü)ps)jj[H(t-tps)-H(t-r/vs)], 

(14.41) 
2 

( i> /^^V,0 , t ) = ^ Iml (l/2vs'-Wps^)Ciops)l [H(t-tps) - H ( t - r / v s ) ] , 

4 'e^^^V.0, t ) = - ^ ( r 2 / v s ¥ - i r i m J ( l / 2 v / - W p s ^ C ( a ) p s ) l [ H ( t - t p s ) - H ( t - r / v s ) ] , -

(14.42) 

[q)/^^(r,9,t) = — ImJ.(^Ys(Ws)D(Ws)lH(t-r/vs), 

2 

(S)( 

'^%^^\r,Q,t) = ^ (l-rVvs^#)-WlcosYs(Ws)D((^s)lH(t-r/vs), (14.43) 

2 

4^,(^^,0,1) = ^ I m ï ( l / 2 v s 2 - ü ) s ^ C ( a ) s ) ] H ( t - r / v s ) , 

^ J ^ V . O . t ) = ^ ( l -r2/vs¥)-^ReJ(l /2vs2-a)s ' )C(Ws)lH(t-r /vs) (14.44) 

and 

cop(r,G,t) = - ( t / r ) c o s 9 + i( t2/r2-l /vp2)ïsin O, (14.45) 

cüps(r,G,t) = - ( t / r ) c o s G + (1/vs^-t^/ /)^sin G + 16, (6-.0), (14.46) 

tOs(r. O, t) = - ( t / r ) c o s G + i( t2/r2-l /vs^)^sin G, (14.47) 

tps = ( r /vp)cos G + (r/vs)(l-vs2/vp2)5sin G, (14.48) 

with O<0<Ti. The second t e r m on the r ight -hand s ides of (14. 37) 
and (14.38) i s only p re sen t in the region 0<G<arc cos(vs/vp) . In 
the region Ti40<27t the r e s u l t s follow from the appropr ia te s y m 
m e t r y r e l a t i ons . The functions cp(r, G, t) have been chosen such 
that they r e p r e s e n t waves that a r e s y m m e t r i c a l with r e spec t to 
z = 0; consequently, cp, (r.G.t) = cpr(r,2Tu-G,t). cpe(r,G,t) = -(f^r,2ii-Q,t). 
The functions 4^(r, G, t) have been chosen such that they r e p r e s e n t 
waves that a r e a n t i s y m m e t r i c a l with r e s p e c t t o z = 0; consequently, 
4;,(r. G,t) = -4, ,(r ,2Tt-0.t) . (|;e(r. O.t) = 4;e(r, 2Ti-G,t). 

The geometrical solution of the diffraction problem is ob^ 
tained by super impos ing the incident wave upon the contr ibut ion 
from the pole p=Po. The c a r t e s i a n components of the re levan t 
d i sp lacement a r e given by 
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u ^ ^ " " ( r .O . t ) = 

/ 0. (0^0<0p), 

cos Gpf[t-(r/vp)cos(G-Gp)], (Gp< 0<2Ti-es), 

cos Opf[ t - ( r /vp)cos(O-0p)]+Rpss in 0sf [ t - ( r /vs )cos(0+Os)] , 

(2n;-0s<0<2Tt-Gp), 

cos Gpf[t-(r/vp)cos(G-0p)]+ Rpp cos Op f[t-(r/vp)cos(0+0p)] + 

+ Rps s in Os f [ t - ( r /vs)cos(O+0s)] , (2n;-0p<O<2Tt), 

(14,49) 

u.g-»™ (r , 0, t) = 

O, (O<:0<0p), 

s in 0pf [ t - ( r /vp)cos (0-9p) ] , (%.<0<27t-0s). 

_ j s i n Op f [ t - ( r /vp)cos(0-0p)]+ Rps cos Gs f [t-(r/vs)cos(G+Gs)]. 

(2TI-GS<0<2TI-GP). 

s in Gp f [ t - ( r /vp)cos(G-0p)]- Rpp s in Gp f [t-(r/vp)cos(G+Gp)] + 

+ Rps cos Gj f [ t - ( r /vs)cos(0+Gs)] . (2i[-Gp<0<2u), 

(14.50) 

where 

cos''2Gs - (Vs/vp)2sin 2Op sin 20s 

''^ ' ' cos220s + (vs/vp)2sin 20p sin 2Gs (14.51) 

and 

2(vs/vp) s in 29p cos 20s 

cos220s + (vs/vp)2sin 20p s in 20s ^^ * ^^^ 

a r e the ampl i tudes of the ref lec ted P - and S-wave respec t ive ly , 
when a plane P-wave is incident upon a perfect ly weak plane 
boundary. 

At the values 0=Gp, 0=2TI-GS and G=27i-6pa spec ia l invest igat ion 
is r equ i r ed . At these values the g e o m e t r i c a l solution is taken as 
the a r i t hme t i ca l m e a n of the l imi t ing va lues at e i the r side of the 
r a y under considera t ion. F u r t h e r , the diffracted waves a r e taken 
a s the l imi t ing va lues which a r e obtained by f i r s t subst i tut ing the 
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re levant value of 9 and a f te rwards approaching the lower l imi t s 
of in tegra t ion from above. With the e x p r e s s i o n s thus genera l i zed , 
the total wave motion is eve rywhere the superpos i t ion of the geo
m e t r i c a l solut ion and the diffracted waves . 

F r o m the r e s u l t s it i s c l ea r that in the f i r s t place the diffracted 
waves consis t of a cyl indr ica l compres s iona l and a cyl indr ica l 
s h e a r wave, both originat ing at the edge of the s c r e e n . Moreover , 
in the reg ions 0<G<arc cos(Vs/vp) and 2Ti-arc cos(vs/vp) <0<2ii. 
t h e r e appea r s a PS-conver s ion wave whose wave front i s a plane, 
t r ave l l ing with the veloci ty Vs. F u r t h e r , due to the p re sence of 
the pole p= - 1 / V R . t h e r e i s a s ingular i ty in the d i sp lacement on 
both s ides of the s c r een ; th is s ingular i ty t r a v e l s with the Rayleigh 
wave veloci ty VR. The wave f ronts a r e shown in F ig . 10. 

I = 

H = 

M = 

M = 

TT = 

m. = 

incident P-wave 

reflected P - wave 

reflected S- wave 

diffracted P-wave 

diffracted S- wave 

diffracted PS-wave 

Fig. 10. Wave fronts for diffraction of a plane P-wave by a perfectly weak half-plane. 

15. FACTORIZATION OF THE KERNEL FUNCTION L(p) 

The function L(p) introduced in Section 14, eq. (14.25) , and 
given by 

2 ( 1 / 2 V S V ) ^ V Y P ( P ) Y S ( P ) , , . ^, 

^̂ p̂  -17^^17^=^ (iV-P= )̂ ^''- '^ 
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is nowhere zero or real and negative. Furthermore. 

L(p) = 1 + 0(p-2) a s |p | -*<». 

A p p l i c a t i o n of C a u c h y ' s t h e o r e m y i e l d s 

log L(p) = ^ f log L(w) 
•'C 

dw 
w - p ' 

( 1 5 . 2 ) 

( 1 5 . 3 ) 

w h e r e C i s a c l o s e d c o n t o u r in t h e w - p l a n e , s u r r o u n d i n g the po l e 
w=p . In a c c o r d a n c e w i t h t h e c h o i c e of s i g n of t h e s q u a r e r o o t s , 
t h e i n t e g r a n d i s m a d e s i n g l e - v a l u e d b y i n t r o d u c i n g b r a n c h c u t s a t 
Im w = 0, l / v p < | R e w | < 1/vs and t a k i n g t h e p r i n c i p a l v a l u e of the 
l o g a r i t h m . F o r t h e m o m e n t i t i s a s s u m e d t h a t p i s no t a r e a l n u m 
b e r s u c h t h a t 1/vp< |p| < 1 /vs . By v i r t u e of t h e a s y m p t o t i c b e h a v 
i o u r as|w|—too, t h e c o n t o u r C m a y be d e f o r m e d i n t o t h e l o o p s C^ 
and C " a r o u n d t h e b r a n c h c u t s ( F i g . 8, S e c t i o n 13) . T h e f a c t o r i z a 
t i o n i s t h e n c a r r i e d out by w r i t i n g 

log L(p) = log L+(p) + log L " ( p ) , 

w h e r e 

log L+(p) = 2^-; j ^ log L(w) dw 
w-p 

and 

logL-(p) = g l j i log L(w) ^ . 

(15.4) 

(15.5) 

(15.6) 

The right-hand side of (15.5) can be transformed into the real 
integral 

log L+(p) 
1 f l / v s 
— I a r c t a n 

'1/Vp 

W2 ( W 2- 1 /vp2)5 (1 /vs2-w2)i-

( l /2 \52.^)2 Jw+p 

dw 
( 1 5 . 7 ) 

Further, L"(p) follows from the relation L"(p)=L"''(-p). 
When p is a number just above or just below the real axis such 

that -l/vs<Re p<-l/vp, we have 

log L''"(p) = i i arc tan 
p2(p2-l/vp2)i(l/vs2-p2)i 

f l / v s 
1 a r c t a n 
•1 /vp 

(l /2Vs2-p2)2 

r -w2(w2- l /Vp2)2(l /vs2-w2)2 

(l /2Vs^-w2)2 

dw 

w+p 
(15.8) 

where the upper sign applies when p is just above the real axis 
and the lower sign when p is just below the real axis. The integral 
on the right-hand side of (15. 8) has to be taken in the sense of a 
Cauchy's principal value, which is indicated by a " P " in front of 
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the integral sign. In the same way as before, L"(p) follows from 
the relation L"(p)=L"''(-p). 

For numerical computation it is useful to introduce in this case, 
too, the variable of integration a through 

w 2 = i ( ^ . J ^ ) - l ( J _ . _ i , . ) c o s a . (15,9) 
2 \ Vs2 Vp2 / 2 \ Vs2 Vp2 / 

where 0<a<7i. The result of this substitution is easily obtained and 
will not be given here. 

16. DIFFRACTION OF A PLANE P-PULSE BY A 
HALF-PLANE AS A SALTUS PROBLEM 

The present section deals with some examples of the saltus 
problem formulation of the diffraction of a plane compressional 
wave by a half-plane coinciding with z = 0, 0<x<o<'. The incident 
wave is given by 

Ux'(x, z,t) = cos Gp f[t-(x/vp)cos Gp-(z/vp)sin Gp]. (16.1) 

u,'(x. z,t) = sin Gp f[t-(x/vp)cos Gp -(z/vp)sin Op], (16.2) 

where Op is the angle of incidence (O^Gp -̂n/2) and f(t) = 0 when 
t<0. The amounts by which the traction and the displacement 
jump across the screen are expressed in terms of their Laplace 
transforms with respect to t ime. The procedure by means of 
which the geometrical solution and the diffracted waves are ob
tained is the same as the one outlined in Section 12 and Section 14. 
Accordingly, we introduce the following functions 

(16.3) 

(16.4) 

(16.5) 

(16.6) 

(16.7) 

In the first place the amounts by which the traction and the dis
placement jump across the screen are taken as if the geometrical 
solution of the diffraction by a perfectly rigid half-plane were the 
exact solution. This leads to 

exp( -sp5) [T^j td^ = F(s)A(p), 

exp(-spq[T^ ]t d^ = F(s)B(p), 

'exp(-spO [U, ] ! d^ = - ^ C(p). 

exp ( - sp^ ) [u j tdC = - ^ D ( p ) . 

where 

F(s) = Pexp(-st)f(t)dt. 
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[ T „ ] t = -pvs Rps(^^sF(s)exp[ -(s /vp)^ cos Gpl 

[T,,]"!: = PM,(l+Rpp(^^sF(s)exp[-(s/vp)^ cos Gp] 

[ U x ] ! = 0. 

[u.]! = o. 

where 
(I) _ cos(9s+9p) 

Kr - -PP c o s ( 0 s - ^ ) ' 

s in 26p 

cos(0s-Op) 

(I) s in 26p 
"ps ~ " 

Sec 

(16 

(16 

(16. 

(16. 

(16. 

(16. 

16 

.8) 

.9) 

10) 

11) 

12) 

13) 

Consequently, 

A ( ^ ) ( P ) = -pVsRps(^V(p-Po). (16.14) 

B(^^(P) = pVp(l+Rpp(^V(p-Po), (16.15) 

C(^)(p) = 0. (16. 16) 

D(^^(P) = O, (16. 17) 

where PQ=-(1/vp)cos 6p. It can be verif ied that in th is case the 
geome t r i ca l solution i s ident ical with the geome t r i ca l solution of 
the diffraction of a plane P -pu l se by a perfect ly r igid ha l f -p lane , 
which is given by (12. 105) and (12. 106). 

In the second place the amounts by which the t r ac t ion and the 
d isp lacement jump a c r o s s the s c r e e n a re taken as if the geo
m e t r i c a l solution of the diffraction by a perfec t ly weak s c r e e n 
were the exact solut ion. This leads to 

[ T X J ! = 0 , (16.18) 

[ T J ! = 0 . (16.19) 

[ U x ] ! = 

= -[(l+Rpp(^^^)cos Gp - Rps^^^^sin 0s]F(s)exp [-(s/vp)E cos Op], 

(16.20) 

[".!! = 
= -[(l-Rpp(^-^^)sin0p +Rps(^^^cos Gj ]F(s)exp [-(s/vp)^ cos Gp], 

(16.21) 

where 
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(II) cos22Gs - (vs/vp)2sin 20p sin 2Gs 

"^^ cps22Gs + (vs/vii)2sin 2Gp s in 2Gs 
/jj \ 2(vs/vp)sin 2Op cos 2Os 

cos22Gs + (vs/vp)2sin 20p s in 2Gs 

Consequently, 

A""(P) . 0, 

B<"'(P) = 0, 
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(16.22) 

(16,23) 

(16.24) 

(16.25) 

.(II), (II) (II). C^'' '(P) = [ ( l+Rpp^ ' 'Vos Gp + Rps^^'^sin Os ]/(p-Po), 

D ( " ) ( P ) = [(1-Rpp("^)sin Gp+Rps("^cosOs]/(p-Po). 

In th i s case the geomet r i ca l solution i s ident ical with 
m e t r i c a l solution of the diffraction of a plane P -pu l s e 
fectly weak ha l f -p lane , which is given by (14.49) and (14 
wave fronts for these two examples a r e shown in F i g . 11 

(16.26) 

(16,27) 

the geo -
by a p e r -
, 50). The 

I = Incident P-wave 

n = reflected P-wave 

in = reflected S-wave 

ET = diffracted P_wave 

Y = diffracted S-wave 

Fig . 1 1 . Wave fronts for saltus problem diffraction of a plane P-wave by a half -plane . 

As a final example the amounts by which the t r ac t i on and the 
d isp lacement jump a c r o s s the s c r e e n a r e taken numer ica l ly equal 
to the cor responding values of the incident wave at the s c r e e n 
(Kirchhoff 's a ssumpt ions ) . This l eads to 

[ T X Z ] ! = p(vsVvp)sin 20p sF ( s ) exp [ - ( s /vp )^ cos Op], (16.28) 
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[ T ^ ] ! = -pvp cos 2Gs sF ( s ) exp [ - ( s /vp )^ cos Gp], 

[Ux]_ = - cos Op F(s)exp[-(s/vp)E, cos Op], 

[Uj ]_ = - s in Op F(s)exp[-(s/vp)E, cos Op]. 

Consequently, 

A ( ^ ) ( P ) = p (vs%p)s in 20p / (p -pJ , 

^P) = -pVp cos 2Gs/(p-p„), B ( K ) , 

Sec .16 

(16.29) 

(16. 30) 

(16.31) 

(16,32) 

(16.33) 

(16.34) 

(16. 35) 

C(^)(p) = cos 6p/(p-Pc). 

D ( ^ \ P ) = s in Gp/(p-po). 

In t h i s case the geomet r i ca l solution i s given by 

,^. \9, (0<9<Gp). 

"x ^r .b .x j | c o s Gpf[t-(r/vp)cos(G-Gp)],(0p<9<2Tc), (16.36) 

,K^ l O ' (O<0<GP), 

u^s^""" (r , G,t) j s i n 0pf[t-(r/\^)cos(G-0p)],(0p<G<27i). (16,37) 

The s t ruc tu re of th is solution explains why the Kirchhoff a s s u m p 
t ions can be a s sumed to solve the diffraction by a perfect ly a b 
sorb ing s c r e e n (in optical t e r m s a b lack s c r een ) . The wave f ronts 
for th i s example a re shown in F ig . 12. 

I = incident P-wave 

n = diffracted P-wave 

in = diffracted S-wave 

Fig. 12. Wave fronts for Kirchhoff diffraction of a plane P-wave by a half-plane. 
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In each of the aforementioned c a s e s the diffracted waves a r e 
obtained from (12.38) . (12.39) , (14.35) and (14.36) in the way 
outlined in Section 12 and Section 14. The r e su l t is 

u, ' ' ( r ,G,t) = 

= ! ( , f(t-T)[cp,(P)(r,G,'C)+c^/^)(r, G,T)]dTJH(t-r/vp) + 
( .' r /vp 1 

\ [^ f(t-T)[(p^(^^ (r, G , T ) H / ^ ^ (r, G, T)]dTJH(t-r/v^), 
^^^^^ (16.38) 

+ 
^r/v, 

Ue'^(r, 0, t) 

= \\ f ( t -T ) [9 jP ) ( r , G,T)+4;J^)(r .9,T)]dTjH(t-r /Vp) + 
^ -'r /vp ' 

+ \\ f ( t -T)[9j^)(r ,G,T)+4>e^^^r, 9 ,T)]dTJH(t-r /v3) , 

'^'"^s (16.39) 

where 

> , ^ ^ ^ ( r . 0 . t ) = l . ( l - r 2 / v p 2 t 2 ) - i . 

. Rej^a)pA(a)p) - Vs2(l/2vs^-u)p2)D(^p)j H( t - r /vp) , 

?e^^V,e,t) = 

= 4 ^"^S" ^^pA(ü)p) + Vs2(l/2vs2-oop2)D(a)p)iH(t-r/vp). 
^^ ( 'if ) (16.40) 

' ( l . /P)( r , G.t) = ^ ( l - r 2 / v p 2 t 2 ) - 5 . 

• ^^\' 2p 'Yp^'p)^K) "•" Vs^WpYpfA)p)C(jjp)|H(t-r/vp), 

>'^J^V-e,t) = 

= ÏÏF^™ j^Yp(Wp)B(cüp) - Vs2a)pYp(a)p)C(u)p)JH(t-r/Vp). (16. 41) 

(^/^)(r,e.t) = 

= ^ I m ' j 2pYs(Ws)A(Us) + Vs2üJsYs('^s)D(^)(lI(t-r/vj), 
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9e^^^'^.0.t) = l : ( l - r 2 / v s 2 t 2 ) - i . 

• Re ji-Ys(ü)s)A(a)s) + Vs2a)jYs('̂ s)D(<^s)( ^ ( t - r / v s ) ' (16- 42) 

/ 4 . / ^ ^ r . G , t ) = 

= 4 ^"^ 1 i p ^^^^^s) +Vs2( l /2vs2-a)s2)c^)JH(t - r /v5) . 

( 4 ^ A r , 0 , t ) = ^ - ^ ( i - r 2 / v s V ) - i . 

. Re j ^ oosB(cos) + Vs2(l/2vs2-c0s2)C(Ws){H(t-r/vs). (16. 43) 

in which 

a)p(r,G,t) = - ( t / r ) c o s 0 + i ( tVr^-1 /vp^^s in 0, (16.44) 

oüs(r,0,t) = - ( t / r ) c o s 0 + i ( t2/r2- l /vs2)is in 0, (16.45) 

with 0^0^11. In the region Ti<G^2ii the r e s u l t s follow from the s y m 
m e t r y r e l a t ions 9^(r, G,t) = 9j(r, 2ii-G,t), 9Q(r. 0.t) = -9Q(r, 2 a - 0 , t ) ; 
4), ( r , 0 , t ) = -4;r(r, 211-0.t), (j;Q(r,G,t)=4'e(r, 211-0, t ) . At me va lues 
0=Gp, 0=2n;-0s and 0=2Tt-Gp the e x p r e s s i o n s a r e taken in the u s u 
al s ense . 

F r o m the e x p r e s s i o n s given above it i s c l ea r that the diffracted 
wave cons i s t s of a cyl indr ica l P-wave and a cyl indr ica l S-wave 
both or iginat ing at the edge of the s c r e e n . A s t r ik ing fea ture i s 
that t he re i s no PS-convers ion wave. 
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S U M M A R Y 

The purpose of the present thesis is to give a mathematical 
treatment of elastodynamic diffraction problems. The method we 
give has been inspired by recent developments in acoustic and 
electromagnetic diffraction theory. Further, several problems 
concerning the diffraction of a plane pulse by a half-plane are 
solved and worked out in detail. 

Chapter I gives a general introduction and a review of the liter
ature. 

In Chapter U we derive a representation theorem for the dis
placement vector in a homogeneous, isotropic, elastic solid. This 
representation theorem expresses the displacement at a point 
inside a closed surface in t e rms of the traction and the displace
ment at the surface. We derive both the two- and the three-dimen
sional form of the representation theorem; the result is valid for 
arbitrary time dependence. 

With the aid of the representation theorem we formulate in 
Chapter III the problem of the diffraction by an obstacle of vanish
ing thickness, called a "screen" (a discussion on the correspond
ing electromagnetic problem is to be found in Section 6). Two 
classes of diffraction problems are considered, viz. boundary 
value problems and saltus problems. In the class of boundary 
value problems the screens are assumed to be either perfectly 
rigid (the displacement vanishes at the screen) or perfectly weak 
(the traction vanishes at the screen). These problems are reduced 
to solving certain (differential-)integral equations. In the class of 
saltus problems the amounts by which the traction and the dis
placement jump across the screen are prescribed. In this case 
the representation theorem directly leads to the solution. 

Chapter IVdeals with the two-dimensional diffraction of a plane 
SH-pulse by a half-plane. Solutions are given for the diffraction 
by a perfectly rigid and a perfectly weak half-plane. Moreover, 
several examples of the saltus problem formulation (including the 
Kirchhoff diffraction) are given. 

Chapter V deals with the two-dimensional diffraction of a plane 
P-pulse by a half-plane. Solutions are given for the diffraction by 
a perfectly rigid and a perfectly weak half-plane. Moreover, sev
eral examples of the saltus problem formulation (including the 
Kirchhoff diffraction) are given. 

The (differential-)integral equations occurring in Chapter IV 
and Chapter V are of the Wiener -Hopf type and are solved with 
the aid of the Wiener-Hopf technique. The transient solution to 
the problems discussed in Chapter IV and Chapter V is obtained 
by a modification of a technique originally developed by Cagniard. 
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S A M E N V A T T I N G 

Dit proefschrift heeft tot onderwerp de wiskundige behandeling 
van elastodynamische diffraktieproblemen. De opzet is ontleend 
aan recente ontwikkelingen op het gebied van de akoestische en de 
elektromagnetische diffraktietheorie. Tevens worden enkele ge
vallen van de diffraktie van een vlakke golf aan een obstakel in de 
vorm van een halfvlak uitvoerig behandeld. 

Hoofdstuk I geeft een algemene inleiding en een literatuurover
zicht. 

In Hoofdstuk II wordt een representatietheorema voor de ver
plaatsingsvector in een homogeen, isotroop, elastisch medium 
afgeleid. Dit representatietheorema drukt de verplaatsingsvector 
in een punt binnen een gesloten oppervlak uit in de spannings-
vector en de verplaatsingsvector op genoemd oppervlak. Zowel 
de tweedimensionale als de driedimensionale vorm van het r e 
presentatietheorema worden afgeleid; het resultaat is geldig voor 
willekeurig met de tijd veranderende grootheden, 

Met behulpvan het representatietheorema wordt in HoofdstukIII 
het vraagstuk van de diffraktie aan een oneindig dun obstakel, 
een ,,scherm", wiskundig geformuleerd (een bespreking van het 
overeenkomstige elektromagnetische vraagstuk vindt men in Pa
ragraaf 6). Er worden twee klassen van diffraktieproblemen on
derscheiden. nl, randwaardeproblemen en sprongwaardeproble-
men. In de klasse van de randwaardeproblemen wordt ondersteld 
dat de schermen of volkomen star zijn (de verplaatsingsvector is 
nul op het scherm) of een scheur voorstellen (de spanningsvector 
is nul op het scherm). Deze vraagstukken worden gereduceerd tot 
het oplossen van (differentiaal-)integraalvergelijkingen, In de 
klasse van de sprongwaardeproblemen worden de sprongen in de 
spanningsvector en de verplaatsingsvector bij doorgang door het 
scherm bekend ondersteld. In dit geval leidt het representatie-
theorema direkt tot de oplossing. 

In Hoofdstuk IV wordt de tweedimensionale diffraktie van een 
vlakke SH-golf aan een halfvlak beschouwd. Behalve de beide 
randwaardeproblemen worden ook enkele voorbeelden van de for
mulering als sprongwaardeprobleem (o. a. de diffraktie volgens 
Kirchhoff) behandeld. 

In Hoofdstuk V wordt de tweedimensionale diffraktie van een 
vlakke P-golf aan een halfvlak beschouwd. Behalve de beide rand-
waardeprobiemen worden ook enkele voorbeelden van de formule
ring als sprongwaardeprobleem (o. a. de diffraktie volgens Kirch
hoff) behandeld. 

De (differentiaal-)integraalvergelijkingen die in Hoofdstuk IV 
en Hoofdstuk V aan de orde komen zijn van het type van Wiener 
en Hopf en worden opgelost met behulp van de Wiener-Hopf tech-
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niek. De overgangsverschijnseleh worden berekend door gebruik 
te maken van een methode die afkomstig is van Cagniard en die in 
dit proefschrift verder is ontwikkeld. 

^r'^-! 

•/J^'ntfSr' 
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L E V E N S B E R I C H T 

De samensteller van dit proefschrift werd op 24 december 1927 
te Rotterdam geboren. Van 1940 tot 1945 doorliep hij aldaar de 
H.B.S. en in 1945 werd hem het einddiploma van de afdeling B 
uitgereikt. Van 1945 tot 1950 studeerde hij aan de Technische 
Hogeschool te Delft, waar hij op 4 juli 1950 het diploma voor 
elektrotechnisch ingenieur behaalde. Gedurende de cursus 1949-
'50 was hij student-assistent bij prof, dr, ir, W.Th.Bahler. 

Na het afstuderen bleef hij aan de Technische Hogeschool ver
bonden en verrichtte hij speurwerk onder leiding van prof. dr. ir , 
J, P. Schouten op het gebied van de elektromagnetische diffraktie
theorie. Als bewijs hiervan gaf de Afdeling der Elektrotechniek 
hem op 25 januari 1952 een verklaring, 

Van 1952-1953 vervulde hij zijn militaire dienstplicht, 
Na het beëindigen hiervan zette hij zijn onderzoekingen op het 

gebied van de diffraktietheorie voort op het Laboratorium voor 
theoretische elektrotechniek en elektromagnetische straling. 
Resultaten van deze onderzoekingen werden gepubliceerd in "Ap
plied Scientific Research" en de "Proceedings van de Koninklijke 
Nederlandse Akademie van Wetenschappen". Gedurende deze pe
riode doorliep hij verschillende rangen in de wetenschappelijke 
staf van de Technische Hogeschool. Met ingang van 1 januari 195 7 
werd hij benoemd tot lector in de Afdeling der Elektrotechniek 
om onderwijs te geven in de theorie der elektriciteit. 

Op uitnodiging van Professor Louis B.Slichter, directeur van 
het Institute of Geophysics. University of California, Los Angeles, 
California, U.S.A. , werkte hij van mei 1956 tot april 1957 bij 
genoemd instituut aan de diffraktietheorie voor golven in een e las
tisch medium. Deze onderzoekingen, die gefinancierd werden 
door het "Seismic Scattering Project", hebben geleid tot het sa
menstellen van dit proefschrift, 



S T E L L I N G E N 

I 
Tussen de veldverdelingen, die ontstaan door de diffraktie van een 
elastische goK aan een vlak, oneindig dun, obstakel en aan het 
daarmee complementaire obstakel, bestaat geen betrekking, die 
analoog is met het principe van Babinet in de akoestische en de 
elektromagnetische diffraktietheorie. 

II 
De door C a g n i a r d gegeven methode voor het oplossen van be
gin- en randwaardeproblemen, die samenhangen met de golfvoort
planting in een medium zonder verliezen, kan worden uitgebreid 
tot het geval, dat in het medium verliezen optreden, die in de 
golfvergelijking aanleiding geven tot termen, die evenredig zijn 
met de eerste afgeleide van de afhankelijk veranderlijke naar de 
tijd. Dit geschiedt door gebruik te maken van een door J . P . 
S c h o u t e n opgesteld theorema in de operatorenrekening, welk 
theorema de oplossing bij aanwezigheid van verliezen geeft, in
dien de oplossing bij aiwezigheid van verliezen bekend is . 

J . P . Schouten, Physica 2 (1935) 7 5 - 8 0 . 

ni 
De resultaten, die K n o p o f f afleidt voor zg. spanningsgolven 
langs de vlakke, volkomen s tar re , begrenzing van een elastische 
haLfruimte, zijn onjuist, 

L.Knopoff, J . A c o u s t . S o c . A m . 28 (1956) 217 -229 . 

IV 
De door P o i s s o n opgestelde oplossing van het beginwaarde-
probleem voor de driedimensionale scalaire golfvergelijking is 
op eenvoudige wijze af te leiden door gebruik te maken van een 
Laplace-transformatie naar de tijd. 

B.B.Baker and E . T . C o p s o n , "The ma thema t i ca l theory of Huygens' pr inc ip le" (Cbc-
ford, 1950) 2nd e d . , p p . 1 2 - 1 5 . 

V 
De oplossing,die M . R i e s z geeft voor het vraagstuk van Cauchy 
voor de scalaire golfvergelijking in de n-dimensionale ruimte, is 
eenvoudiger af te leiden door gebruik te maken van „conische" 
coördinaten, zoals door C o p s o n is gedaan voor het geval n=2. 

M.Riesz , Acta Math. 81 (1949) 1 -223 . 
B.B.Baker and E . T . C o p s o n , "The m a t h e m a t i c a l theory of Huygens' pr inciple" (Ox
ford, 1950)2nd e d . , p p . 5 4 - 6 7 . 



VI 
Gesteld wordt het volgende sprongwaardeprobleem voor de functie 
u(x, y, z): (i) u(x, y, z) voldoet aan de vergelijking van Laplace; 
(ii) bij doorgang door een begrensd oppervlak S zijn de sprongen 
in u en in de afgeleide van u in de richting van de normaal op S 
voorgeschreven, integreerbarejfvincties van de plaats; (iii)u=0(r-^) 
voor r->t», waarin r=(x2+y2-i-z2)2. De oplossing van dit probleem 
wordt verkregen met behulp van het theorema van Green; de een
duidigheid van de oplossing wordt eveneens met behulp van dit 
theorema bewezen. 

vn 
De diffraktietheorie volgens Kirchhoff leidt, bij het toepassen van 
sommige elektromagnetische representatietheorema's, tot het 
invoeren van lijnintegralen langs de rand van het buigende scherm. 
De wijze, waarop dit dient te geschieden, is alleen te bepalen 
door het vraagstuk te formuleren als sprongwaardeprobleem. 
Hieromtrent geeft B o u w k a m p ' s overzichtsartikel geen in
zicht. 

C.J .Bouwkamp, Rep.Progr.Phys. 17(1954)35-100. 

vm 
De door F i s c h e r gegeven behandeling van de totale terugkaat-
sing van vlakke, impulsvormige, golven aan het grensvlak van 
twee media is zowel mathematisch als physisch aanvechtbaar. 

F.A.Fischer, Ann.Physik (6) 2 (1948) 211-224. 
A.B.Arons and D.R.Yennie, J .Acoust.Soc. Am. 22 (1950) 231.237. 

IX 
Voor het berekenen van de eigenschappen van elektromagnetische 
golven, die zich voortplanten in flauw gebogen golfpijpen, ver 
dient de methode van J o u g u e t de voorkeur boven die van R i c e . 

M.Jouguet, cables et Transmission t (1947) 37-60; id. 133-153. 
S.O.Rice, Bell Syst.Techn.Joum, 27 (1948)305-349. 

X 

In de berekeningen van R i c e over de reflectie van elektromag
netische golven aan ruwe oppervlakken is het eenvoudiger de door 
hem gebruikte benaderde randvoorwaarde te vervangen door de 
exacte. 

S.O.Rice, Comm.Pure and Appl.Math.4 (1951) 351-378. 

XI 

Het verdient aanbeveling de differentiaalvergelijkingen voor de 
stromen en de spanningen langs een steli^el parallelle, cilindri-
sche, geleiders, voor het geval de eindige geleidbaarheid van de 
geleiders in eerste orde benadering in rekening wordt gebracht, 
af te leiden met behulp van de vermogensbalans voor het elektro-



magnetische veld. Hierdoor wordt een duidelijk inzicht verkregen 
omtrent de geldigheid van deze vergelijkingen in afhankelijkheid 
van de gemaakte onderstellingen, hetgeen niet het geval is voor 
de wijze, waarop dit in de meeste leerboeken geschiedt. 

S.A.Schelkunoff, "Electromagnetic Waves" (New York, 1943) p.235. 

xn 
Teneinde de veelheid van technische toepassingen te kunnen ver 
werken, is inzicht in de grondwetten, waarop zij berusten, on
ontbeerlijk. In verband hiermede is aan de technische hogeschool 
het onderwijs in de fundamentele vakken van primair belang. 

K.Jaspers, "Vom lebendigen Geist der Universititt" (Heidelberg, 1946). 

xm 
De beschouwingen, die v a n M e l s e n geeft over het begrip ge
lijktijdigheid, zijn een miskenning van de beginselen van de spe
ciale relativiteitstheorie, 

A.G.M.van Melsen, "Natuurfilosofie" (Antwerpen-Amsterdam, 1955) p.234 e ,v . 

XIV 
De mogelijkheid tot verdere ontplooiing van wetenschappelijk be
gaafden na hun studietijd, voor maatschappij en onderwijs van het 
grootste belang, kan sterk worden bevorderd door het voeren van 
een actieve politiek bij het vormen van eèn wetenschappelijke staf 
aan universiteit en hogeschool. 

Nieuwe Rotterdamse Courant, 17 december 1957. 


