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We develop a novel deep learning approach for pricing European options in diffusion models,
that can efficiently handle high-dimensional problems resulting from Markovian approximations of
rough volatility models. The option pricing partial differential equation is reformulated as an energy
minimization problem, which is approximated in a time-stepping fashion by deep artificial neural
networks. The proposed scheme respects the asymptotic behavior of option prices for large levels of
moneyness, and adheres to a priori known bounds for option prices. The accuracy and efficiency of
the proposed method is assessed in a series of numerical examples, with particular focus in the lifted

Heston model.

Keywords: Option pricing; Diffusion models; Rough volatility models; Lifted volatility models;
PDE; Time-stepping; Gradient flow; Artificial neural network
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1. Introduction

Stochastic volatility models have been popular in the math-
ematical finance literature because they allow to accurately
model and reproduce the shape of implied volatility smiles for
a single maturity. They require though certain modifications,
such as making the parameters time- or maturity-dependent,
in order to reproduce a whole volatility surface; see e.g. the
comprehensive books by Gatheral (2012) or Bergomi (2016).
The class of rough volatility models, in which the volatil-
ity process is driven by a fractional Brownian motion, offers
an attractive alternative to classical volatility models, since
they allow to reproduce many stylized facts of asset and
option prices with only a few (constant) parameters; see e.g.
the seminal articles by Gatheral et al. (2018) and Bayer
et al. (2016), and the recent volume by Bayer et al. (2023).
The presence of fractional Brownian motion in the dynamics
of rough volatility models yields that the volatility process is
not a semimartingale, and the model is not Markovian, which
means that the simulation of the dynamics, or the pricing and
hedging of derivatives, become challenging tasks. This has
attracted increasing attention from the mathematical finance

*Corresponding author. Email: a.papapantoleon @tudelft.nl

community and has led to the creation of several innovative
methods to tackle these challenges.

Markovian approximations of fractional processes is a
popular method for tackling the challenges arising in these
models, since they allow to relate rough volatility models to
their classical counterparts. Abi Jaber and El Euch (2019a,
2019b) have designed multifactor stochastic volatility mod-
els approximating rough volatility models and enjoying a
Markovian structure. Zhu et al. (2021) have showed that
the rough Bergomi model can be well-approximated by the
forward-variance Bergomi model with appropriately chosen
weights and mean-reversion speed parameters, which has
the Markovian property. Bayer and Breneis (2023a, 2023b)
have studied Markovian approximations of stochastic Volterra
equations using an N-dimensional diffusion process defined
as the solution to a system of (ordinary) stochastic differen-
tial equations. Cuchiero and Teichmann (2020) have provided
existence, uniqueness and approximation results for Marko-
vian lifts of affine rough volatility models of general (jump)
diffusion type. Moreover, Bonesini ef al. (2023) have pro-
posed a theoretical framework that exploits convolution ker-
nels to transform a Volterra path-dependent (non-Markovian)
stochastic process into a standard (Markovian) diffusion
process.

© 2025 Informa UK Limited, trading as Taylor & Francis Group
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Novel simulation schemes have also been developed in
order to speed up Monte Carlo methods for rough volatil-
ity models. Bennedsen et al. (2017) have developed a hybrid
simulation scheme for Brownian semistationary processes,
and applied this to the rough Bergomi model. This method
was further refined by McCrickerd and Pakkanen (2018)
who developed variance reduction techniques for condition-
ally log-normal models, and by Fukasawa and Hirano (2021)
who optimized the use of random numbers through orthog-
onal projections. Moreover, Gatheral (2022) has developed
hybrid quadratic-exponential schemes for the simulation of
rough affine forward variance models, while Bayer and
Breneis (2024) have developed efficient and accurate simu-
lation schemes for the rough Heston model based on low-
dimensional Markovian representations.

Deep learning and neural network methods have also been
applied in the field of rough stochastic volatility model-
ing. Horvath et al. (2021) presented a neural network-based
method that performs the calibration task for the full implied
volatility surface in (rough) volatility models. Jacquier and
Oumgari (2023) introduced a deep learning—based algorithm
to evaluate options in affine rough stochastic volatility mod-
els. Jacquier and Zuric (2023) constructed a deep learning-
based numerical algorithm to solve path-dependent par-
tial differential equations arising in the context of rough
volatility.

Many other methods have been utilized and applied to
rough stochastic volatility models. Let us mention here,
among others, that El Euch and Rosenbaum (2019) have
computed the characteristic function of the log-price in the
rough Heston model, thus opening the door for the applica-
tion of Fourier transform methods for option pricing. Bayer
et al. (2020a) proposed the application of adaptive sparse
grids and quasi Monte Carlo methods for option pricing in
the rough Bergomi model, while Bayer et al. (2020b) have
applied Hairer’s theory of regularity structures in order to ana-
lyze rough volatility models. In addition, Bayer et al. (2019),
Horvath et al. (2019) and Jacquier and Pannier (2022), among
others, have studied asymptotic properties of rough volatility
models in various regimes.

The connection between partial differential equations
(PDESs) and option pricing is deep and well-studied in the liter-
ature. Several methods have been developed in order to price
options in diffusion or stochastic volatility models, especially
in high-dimensional settings, using sparse grids, asymptotic
expansions, finite difference and finite elements methods; see
e.g. Reisinger and Wittum (2007), Diiring and Fournié (2012),
Hilber et al. (2005) and the comprehensive book by Hilber
etal. (2013).

The recent advances in deep learning methods have
also created an intense interest in the solution of PDEs
by deep learning and neural network methods. Sirignano
and Spiliopoulos (2018) proposed to solve high-dimensional
PDEs by approximating the solution with a deep neural net-
work which is trained to satisfy the differential operator,
initial condition, and boundary conditions. Raissi et al. (2019)
introduced physics informed neural networks, i.e. neural net-
works that are trained to solve supervised learning tasks while
respecting any given law of physics described by general non-
linear PDEs. Van der Meer et al. (2022) discussed the choice

of a norm in the loss function for the training of neural net-
works. Han et al. (2018) introduced a deep learning-based
approach that can handle general high-dimensional parabolic
PDEs by reformulating the PDE using backward stochastic
differential equations and approximating the gradient of the
unknown solution by neural networks. E and Yu (2018) pro-
posed a deep learning-based method for numerically solving
variational problems, particularly the ones that arise from
PDEs. Liao and Ming (2019) proposed a method to deal
with the essential boundary conditions encountered in the
deep learning-based numerical solvers for PDEs. Georgoulis
et al. (2023) considered the approximation of initial and
boundary value problems involving high-dimensional, dissi-
pative evolution PDEs using a deep gradient flow neural net-
work framework. In similar spirit, Park et al. (2023) proposed
a deep learning-based minimizing movement scheme for
approximating the solutions of PDEs. The work of Georgoulis
et al. (2023) was followed up by Georgoulis et al. (2024), who
developed an implicit-explicit deep minimizing movement
method for pricing European basket options written on assets
that follow jump-diffusion dynamics. Let us refer the reader
to the forthcoming book by Jentzen et al. (2023), who provide
an introduction to the topic of deep learning algorithms and a
survey of the (vast) literature.

The starting point for our research is the existence of
a Markovian approximation for a rough volatility model
or, more generally, another Markovian model that describes
empirical data well; see e.g. Rgmer (2022) and Abi Jaber
and Li (2024). Inspired by Georgoulis er al. (2023), we
consider the option pricing PDE, introduce a time-stepping
discretization of the time derivative, and reformulate the spa-
tial derivatives as an energy minimization problem; the main
difference with Georgoulis et al. (2023) is the presence of the
drift (first order) term, which we treat in an explicit fash-
ion in the discretization. This gradient flow formulation of
the PDE gives rise to a suitable cost function for the train-
ing, via stochastic gradient descent, of deep neural networks
that approximate the solution of the PDE. The main advan-
tages of this method are twofold: on the one hand, the neural
network from the previous time step is a good initial guess
for the neural network optimization in the current time step,
thus reducing the number of training stages necessary. On the
other hand, the energy formulation allows to consider only
first-order derivatives, thus reducing the training time in each
time step / training stage significantly. In addition, we uti-
lize available information about the qualitative behavior of
option prices in order to assist the training of the neural net-
work. More specifically, the architecture of the neural network
respects the asymptotic behavior of option prices for large lev-
els of moneyness, and adheres to a priori known bounds for
option prices. The empirical results show that the proposed
method is accurate, with a small overall error in the order of
1073 and comparable with other deep learning methods, while
the training times are significantly smaller compared to simi-
lar methods and do not grow significantly with the dimension
of the underlying space.

This article is organized as follows: in section 2, we revisit
the option pricing PDE for Markovian diffusion models. In
section 3, we explain how we develop our method for solv-
ing option pricing PDEs, with focus on the time discretization
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and energy formulation. In section 4, we revisit classical mod-
els for asset prices, with particular focus in the lifted Heston
model. In section 5, we explain certain details for the design
and implementation of the method. In section 6, we present
and discuss the outcome of our numerical experiments, while
section 7 concludes this article.

2. Problem formulation

Let S denote the price process of a financial asset that evolves
according to a (Markovian) diffusion model, and consider a
European vanilla derivative on S with payoff W (S7) at matu-
rity time 7 > 0. Using the fundamental theorem of asset pric-
ing and the Feynman—Kac formula, the price of this derivative
can be written as the solution to a PDE in these models.
Indeed, letu : [0, T] x 2 — R denote the price of this deriva-
tive, where @ € R™! and ¢ denotes the time to maturity.
Then, u solves the general PDE

u,(t,x) + Au(t,x) + ru(t,x) =0, (t,x) € (0,T] x Q,

u0,x) =¥x), xeL,

6]

where A is a second order differential operator of the form

+Y B )
i=0 t

n

. 0%u
— _ ij
AM Z a 3X,‘axj‘

ij=0

The coefficients a”, B of the generator A are directly related
to the dynamics of the stochastic process S and can, in gen-
eral, depend on the time and the spatial variables. Their
particular form will be clarified in the applications later; see
section 4. Moreover, for the time being, let us also prescribe
homogeneous Dirichlet boundary conditions on 9€2.

We will later rewrite the PDE (1) as an energy minimization
problem, therefore we need to split the operator in a symmet-
ric and an asymmetric part. The symmetric part will then be
associated to a Dirichlet energy. Using the product rule, we
can rewrite A as follows

ad 0
A“—Zﬂ Zax (aUE)_)Lct,»)+

n

d 20U
-3 ().
0 8Xj 8xi

ij=

3a¥ du

—0 B.Xj 8xi

dal
_Z 'B Zax] 8x,

Define b' = B/ + Y 7, o a”/ -~ Then, A takes the form
Au=—V . (AVu)+b-Vu, 3)
where
00,10 y B0
JRURY pl b
A= ) . and b=| . |. @&
aOn aln am b

Let us point out that, the order of the derivatives with respect
to x; and x; in the second derivative term can be interchanged
in (2), hence we can always choose a’ = &', Therefore, A is a
symmetric matrix.

3. Energy minimization and a deep gradient flow method

Let us now explain how we will develop our deep neu-
ral network method for solving the PDE (1). We proceed
in three steps. First, we discretize the time derivative in
section 3.1 and introduce a time-stepping scheme. Second,
we rewrite the solution of the PDE as an energy minimiza-
tion problem in section 3.2, which gives rise to a suitable cost
function. Third, we approximate the minimizer by a neural
network, which is trained using stochastic gradient descent, in
section 3.3

3.1. Time discretization

A key ingredient of our method is that we do not use time as
an input variable for the neural network, thus training a global
space-time network for solving the PDE, as in Sirignano and
Spiliopoulos (2018) and Raissi et al. (2019). Instead, follow-
ing Georgoulis et al. (2023), we wish to train a neural network
for each time step. The main insight is that the neural net-
work from the previous time step is a good initial guess for
the neural network optimization in the current time step, thus
reducing the number of training stages necessary.

Let us divide the time interval (0,7] into N equally
spaced intervals (f;_j, %], with h=1t, —t_; = zlv for k =
0,1,...,N. Let U* denote the approximation to the solution
of the PDE u(#;) at time step #, using the following time
discretization scheme

Uk_Uk—l
———— — V- (AVU*) +b - VU +rU* =0,

U’ =w.

In order to be able to rewrite the PDE as an energy mini-
mization problem, we wish to treat the asymmetric part as a
constant function. Therefore, we substitute the function U*
in the asymmetric part with its value from the previous time
point, and thus consider the backward differentiation scheme

Uk _ kal

— v (AVU*) + F (U ") +rU* =0,

U=, o)
where F(u#) = b - Vu. Convergence analysis of this scheme

appears in Akrivis et al. (1999).

REMARK 3.1 Let us point out that non-uniform grids can also
be used for the discretization of time, in order to employ
a finer grid initially when the solution is less smooth. The
numerical experiments in section 4 show that this is not
necessary in the examples we consider.
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3.2. Variational formulation

We would like now to associate the discretized PDE in (5)
with an energy functional, in order to define later a suitable
cost function for the training of the neural network. In other
words, we would like to find an energy functional /(u) such
that U* is a critical point of 1. Let us rewrite (5) as follows:

(U = U +h(=V - (AVU*) +rU* + F (U*")) = 0,
U=, (6)
Then, we have the following result.

LEMMA 3.2 Assume that A is symmetric and positive semi-
definite. Then, U* solves (6) if and only if U* minimizes

1
*(u) = 5 H” - Ukil”il(sz)

+h (/ % (V)" AVu+ ni) + F (U) udx) :
Q

Proof Let v be a smooth function that is zero on the bound-
ary. Then, for all such v, consider the function

@) =1"(U" +1v) = f % (U* +7v—UF") dx
Q

+ h/Q % (v (U +2v)"av (U + 1)
+ r(U* + tv)z) +F (U") (U + tv) dx,

for T € R. U* minimizes I* if and only if T = 0 minimizes i.

Therefore, we get
0= ("0 = [/ (U + v —U")vdx
Q
+ h/ % (VWTAV (U* + 1v)
Q
k T
+ (V(U* + 1) Avy)

+ r(Uk + rv) v+F(Uk1)vdx:|
=0

= / (U =U""v+ h ((Vv)TAVUk + (VU")TAVv)
o 2
+ hrU*v + hF (U* ") vdx
= / (U* = U v+ hAVU* - vy
Q
+h(rU* + F (U*")) vdx
= / (U =U"") +h(-V- (AVUY)
Q
+ rU* + F (U))) vdx,

where in the second to last equality we used that A is symmet-
ric, and in the last equality we used the divergence theorem.
This equality holds for all v if and only if (6) holds. The
second derivative is positive; indeed,

)" ()= +rh)/ vzdx+h/ (V)T AVydx > 0,
Q Q

since A is positive semi-definite. Therefore, T = 0 is indeed
the minimizer. |

3.3. Neural network approximation

Using the results of the previous subsection, we define the
following cost (loss) function for training the neural network:

1 12
L) = ) “” - Ut l“LZ(Q)

+h[£[u]dx+h/F(Uk—1)udx,
Q Q

where
Elu] = % ((VM)TAVM + ruz) ,

denotes the respective Dirichlet energy.

Let f¥(x;0) denote a neural network approximation of U*
with trainable parameters 6. Applying a Monte Carlo approx-
imation to the integrals, the discretized cost functional takes
the form

19| « .
6% = ; (P xi:0) — /' (x)” + AN* (6: %),

where

|£2]

M
1
NYO:x) = 7)) [5 (9 i 0) " AVF* c6)

i=1
+r(x:0)") + (b- Vf“(x,-))f"(xi;m} :

Here, M denotes the number of samples X;.

In order to minimize this cost function, we use a stochastic
gradient descent-type algorithm, i.e. an iterative scheme of the
form:

9n+1 = 9,, - C(”Vng(@n;X);

more specifically, we will use the Adam algorithm (Kingma
and Ba 2014). The hyper-parameter «, is the step-size of our
update, called the learning rate. An overview of the Time
Deep Gradient Flow (TDGF) method appears in Algorithm 1.

Algorithm 1 Time Deep Gradient Flow method

Initialize 98.
Set fO(x;0) = ¥ (x).
for each time stepk = 1,...,N do
Initialize 6f = 6%~
for each sampling stage n do
Generate random points x; for training.
Calculate the cost functional L*(0%;x;) for the
sampled points.
Take a descent step 0%, | = 6F — &, VoL (6F; x;).
9: end for
10: end for

NN HYDN

®
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4. Examples

Let us now outline the different models to which we will
apply our method, and derive the appropriate form of the
generator in the option pricing PDE for each of these mod-
els. In particular, we will treat the Black—Scholes model in
section 4.1, the Heston model in section 4.2, and the lifted
Heston model in section 4.3. Let us point out that, straight-
forward but tedious computations, yield that the operator A
satisfies the assumptions of Lemma 3.2 for all three examples.

4.1. Black—Scholes model

In the Black and Scholes (1973) model, the dynamics of the
stock price S follow a geometric Brownian motion:

ds; =rS;dt + 0 S;,dW;, Sp >0,

with r,0 € R, the risk free rate and the volatility respec-
tively. The generator corresponding to these dynamics, in the
form (2), equals

1 3%u du
A - __ 227 % o
u 20 X 3x2 rxax

s

and, applying the chain rule, we have

a (1 au ou au
Au = —— [ Zo22 22 2,2 L
u 8x<20x8x +Uxx rx

Therefore, the operator A takes the form (3) with the coeffi-
cients in (4) provided by

b= (02 — r)X.

4.2. Heston model

The Heston (1993) model is a popular stochastic volatility
model with dynamics

dS[ = rS, dt + \/V[S[ dW[,
dV; = A(k — V;)dr + ny/V,dB,

So>0,
V0>O.

Here V is the variance process, W, B are correlated (stan-
dard) Brownian motions, with correlation coefficient p, and
A, k,n € Ry. The option pricing PDE (1) in this model has
two spatial variables (x,v), corresponding to the asset price
and the variance, and the generator corresponding to these
dynamics, in the form (2), equals

du u 1, 3%u 1, d%u
A M T e T e
9%u
- XV .
on oxav

Applying the chain rule again, we get

A ou Y )8u 0 (1, du
U=—-rx— — Ak —v)— — — [ =xv—
ox v ox

du 9 (1 , Ju 1 ,0u
+xv— —— | =N + =n"—

ax v \2" %) T2 %y
0 (1 u 1 ou 0 (1 ou
T (5’”7”5) TPV T (5""’”5)
1 u
+§pnxa.

Therefore, the operator A takes the form (3) with the coeffi-
cients in (4) provided by

a” %xzv,
a0 = 0 — %pnxv,
= %nzv,
B = (—r+v+ipn)x
b'=r(v—k)+ %772 + %pnv.

4.3. Lifted Heston model

The Heston model requires difficult modifications, such as
making the parameters time dependent, in order to adequately
calibrate the model to financial market data. The rough Heston
model, in which the volatility process is driven by a fractional
Brownian motion, is an alternative where only a few (con-
stant) parameters are required in order to adequately calibrate
the model; see Gatheral et al. (2018) and Bayer et al. (2016).
The dynamics of the variance process in the rough Heston
model are described by

t
V, =V, +/ K(t—s) (A (k — Vy)ds + n\/ﬁst),
0

1
where K(t) = "2 _ is the fractional kernel and H € (0, %)
| H+3
is the Hurst index. This model is not Markovian, due to the
presence of the fractional Brownian motion in the dynamics,
hence the pricing and hedging of derivatives becomes a chal-
lenging task. In particular, we do not have access to a PDE of
the form (1) for the rough Heston model.

The lifted Heston model is a Markovian approximation of
the rough Heston model, see Abi Jaber and El Euch (2019b),
that is interesting as a model in its own right; see also Abi
Jaber (2019). The dynamics of the asset price in the lifted
Heston model are the following:

dSz = }’Sl dr + \/ thSt dW;, S() > O’
AV = — (V,-"vf"' + Av,”) dr+ny/VidB,  Vg'=0, (7)
Vi=g' 0+ Y v, ®

i=1

n t
gn(l) =Vo+ Ak Z c:' / e—V,-u(z—s)dS’
i=1 0

where A,n,c!, v, Vo,k € Ry, and W, B are two correlated
(standard) Brownian motions with correlation coefficient p.
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The variance factors V" start from zero and share the same
one-dimensional Brownian motion B.

The option pricing PDE (1) has n + 1 spatial variables
(x,v1,...,vy,) in the lifted Heston model, corresponding to the
asset price S and the n variance processes V"' in (7). The next
section explains the sampling of the process V" in (8).

Let us now derive the generator for this system of
SDEs. We will denote by V; = V™, fo = o s and fy, = avf”’
and suppress the dependence on time for simplicity. Let
f(S,Vi,...,V,) : R"™*! — R be a C>-function. Using Ito’s
formula, we have that

- 1
df (S, Vi, Vo) =f5dS+ ) _fy dVi+ Sfss d (S.5)

i=1

1 n
t5 Y fuvd(Vi, V)

ij=1

+ Y fsv, d(S.V,
i=1

n
=forSdt = > fy, (v/'Vi+ AV]') dt

i=1

1 n - n
+ S fosVi'S* di + ;fsv,-npvt S dr

1 ¢ .,
+ 5 D fov v dr
ij=1

+ (local) martingale.

Hence, the generator A of this system takes the form:

1
= —rxfy + Z y'vi + AV” fvl V” 2o

—npVix fov,. -
i=1

%V:’ 5

ij=1

In order to bring this generator in the form (2), we need
to switch to the time to maturity, denoted now 7 =T — 1.
We have to be particularly careful in this case, because the
function g" in V" depends on the time ¢. Let us denote

n
V=T — 1)+ Zc;?v;“'.

i=1
Then, applying the chain rule again, we have that

1~
= —rxu, + Z (§V:xzux>x

yi'vi + )»V”

- 1 ~
+ VIxu, — 3 ; (anfxuV,.)x

n

Z no V;’xux) .

+ = an"Zuv,
i=1

+ = nprc”ux i(f@m;)

ij=1

+ o § :Cnuv,

ij=1
(7N 1 - n
= Vtx—rx—i—znpx;ci Uy

n n
n (7" 1 /" )72 n
—I—Z yivi+ AV, +§anr —i-?ch Uy,

i=1 j=1

1 /N 1 . 7n
_ (§er2ux>x —3 Z (anTxuvi)x

i=1

1 n ~ n 2
-3 ; (an;'xux)vi — Z <%Vfuw>v .

ij=1 i

Therefore, the operator A takes the form (3) with the coeffi-
cients in (4) provided by

1~
n. 2
2fo s
i0 aOt

1o
= —anTx, L= 1’-~~an9

2

1 ~n . .
V==V ij=1,...,n,

e
2
P=(V"—r+ 177,02:6’-Z X,
T 2 p L

5. Implementation details

Let us now describe some details about the design of the
neural network architecture and the implementation of the
numerical method. Motivated by Georgoulis et al. (2024), we
would like to use information about the option price in order
to facilitate the training of the neural network. On the one
hand, using the lower no-arbitrage bound of a call option, i.e.
that u(¢,x) > (x — Ke™")™*, the neural network will learn the
difference between the option price and this bound, instead of
the option price itself. This difference turns out to be an easier
function to approximate than the option price.

On the other hand, after some large level of asset
price/moneyness, the option price will grow linearly with the
asset price/moneyness. Let us denote this level by x,,. There-
fore, instead of letting the neural network learn the option
price at points larger than x,,, we will approximate this price by
adding the difference between x;, and this point to the option
value at x,,. In other words,

ulx, +y;0) =u(x,;0) +y, y>0.
This is consistent with the imposition of Dirichlet boundary
conditions on 2.
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Moreover, we will consider the moneyness % as an input
variable instead of treating the asset price S and the strike
price K separately, in order to reduce the size of the parameter
space.

The architecture of the neural network for the TDGF
method is inspired by the Deep Galerkin method (DGM) of
Sirignano and Spiliopoulos (2018), hence we call the hidden

layers ‘DGM layers’. Overall, we set the following:
input X' =0 (W'x+0b"),
DGM layer
| Z' =0 (U'x+ WX + b,
I=1,...,L,
| G'=o0 (U'x+ WX 4 b8,

l=1,...,L,
| Rl =0 (Ur,lx+ Wr,lxl—l +br,1) ,
I=1,...,L,

| H[ =0y (Uh!lx_’_ Wh,l (Xl—l @RZ) + bh,l) ,

I=1,....L
| X'=(1-G)YoH +Z 0Xx"",
I=1,...,L,

output f(x;60) = (x — Ke_”)+ + 02 (WX" + ).

Here, L is the number of hidden layers, o; is the activation
function for i = 1, 2, and ©® denotes the element-wise mul-
tiplication. Moreover, let us point here that x denotes the
vector of inputs, which are the asset price and the variances
(in the stochastic volatility models), and then x; = x. In the
numerical experiments, we have used 3 layers and 50 neu-
rons per layer. The activation functions we have selected are
the hyperbolic tangent function, o (x) = tanh(x), and the soft-
plus function, o, (x) = log(e* + 1), which guarantees that the
option price remains above the no-arbitrage bound.

We consider a maturity of 7 = 1.0 year, and use the param-
eters sets for the Heston and the lifted Heston model from
Heston (1993, table 1) and Abi Jaber and El Euch (2019b,
page 321). We set the number of time steps equal to N = 100,
use 2000 sampling stages in each time step, while in each sam-
pling stage we take 600 samples per dimension, i.e. 600(n +
1) samples, following the recommendations in Georgoulis
et al. (2023). Here, n denotes the number of variance pro-
cesses, in the case of stochastic volatility models. As for the
sampling domain, we consider the moneyness x € [0.01, 3.0],
the Heston volatility V € [0.001,0.1] and the lifted Heston
volatilities V™ € [—Ve", Vihigh], with

2

v =3 [T o),

After sampling V™ uniformly, we calculate V" and discard
all combinations that result in a negative V". Moreover, we
set x, = 2.0 In the optimization stage, we use the Adam
algorithm (Kingma and Ba 2014) with a learning rate @ = 3 x

1074, (B1, B2) = (0.9,0.999) and zero weight decay. Finally,
the training was performed on the DelftBlue supercomputer
(Delft High Performance Computing Centre (DHPC) 2022),
using a single NVidia Tesla V100S GPU.

6. Numerical results

Let us now present and discuss the outcome of certain numer-
ical experiments involving all models outlined in section 4.
We are interested in both the accuracy, in section 6.1, and the
speed, in section 6.2, of the numerical method developed in
this article.

We will compare the TDGF method with another popular
deep learning method for solving PDEs, the DGM of Sirig-
nano and Spiliopoulos (2018). In the DGM approach, the
solution of the PDE is translated into a quadratic minimiza-
tion problem, which is minimized using stochastic gradient
descent. In our setting, this minimization takes the form:

”uI - V. (AVu) =+ b -Vu + ru”Iz‘z([O,T]XQ)

+ [[u(0,%) = W ()72, — min.

Let us recall that, for large levels of asset price/moneyness, the
option price grows linearly with the asset price/moneyness.
Therefore, we add a loss term punishing the derivative of
the option price with respect to the stock deviating from 1
atx = 3.0.

In order to ensure a fair comparison between the two meth-
ods, we use 200,000 sampling stages for the DGM. In each
stage, we use 600(n + 2) samples for the PDE in the interior
domain and 600(n + 1) samples for the initial and boundary
conditions. Moreover, we use the same network architecture
as for the TDGF with the same number of layers and neurons
per layer, and also use the Adam optimizer.

In order to compare the accuracy of the two methods, we
need a reference value. In the Black—Scholes model, in the
case of a European call option, the option pricing PDE has an
exact solution:

u(t,x) =x®(d,)) — Ke " ®(d,),

with ® the cumulative standard normal distribution function,
T = T — t the time to maturity,

log(%) + (r+ %)r
d, = o7

In the Heston model, the option pricing PDE does not admit
an analytical solution. However, the model is affine and the
characteristic function does have an analytical expression; see
Heston (1993). Using the characteristic function, we com-
pute the reference price with the COS method of Fang and
Oosterlee (2009), with N = 512 terms and truncation domain
[—107%,10754].

Finally, in the lifted Heston model, the characteristic func-
tion does not have an analytical expression but, as this
model is again affine, the characteristic function is known

and d2=d] —G«/?.
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up to the solution of a system of Riccati equations; see Abi
Jaber (2019). We solve these equations using an implicit-
explicit discretization scheme with 500 time steps, after which
we apply the COS method again to compute the reference
price.

6.1. Accuracy

In the Black—Scholes model, we have only one input variable,
the asset price S. Figure 1 presents the relative L?- and the
absolute maximum error for the TDGF and the DGM methods
in the Black—Scholes model. These errors are calculated over
47 evenly spaced grid points in the interval [0.01,3]. Both
methods have a comparable (small) error.

In the Heston model, we have two input variables, the asset
price S and the variance V. Figure 2 presents the relative L>-
and the absolute maximum error for the TDGF and the DGM
methods in the Heston model. These figures are presented for
fixed V; = 0.03, however other values of V| between 0.01 and
0.09 provide similar results. The DGM is more accurate than
the TDGF method, although the TDGF is just as accurate as
in the Black—Scholes model, and the error is any case small,
in the order of 1073.

In the lifted Heston model, we have n + 1 input vari-
ables, the asset price S and the variances Vi with § =
1,...,n. Figure 3 presents the relative L?>- and the maxi-
mum absolute error for the TDGF and the DGM methods
in this model, in the case n = 1, using the same parame-
ters as in the Heston model before. The numerical results
are comparable for the two methods, and both methods
even seem to perform slightly better than in the previous
example.

Figure 4 presents the relative L?- and the maximum abso-
lute error for the TDGF and the DGM methods again in the
lifted Heston model, for the same parameter set as previously,
but now with n = 20 variance factors. The errors of both
methods are comparable and, although they have increased
compared to the n = 1 case, they are still low, in the order
of 1073,

Figure 5 presents the relative L>- and the absolute maxi-
mum error for the two methods in the lifted Heston model,
now for the parameter set suggested by Abi Jaber (2019)
with n = 1. The main difference here is that the correlation
between the asset price and the variance processes is no longer
zero. The error in both methods has slightly increased with
respect to the previous example, with the DGM performing
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slightly better than the TDGF. However, the overall error is

still small, in the order of 1073.
Finally, figure 6 presents the relative L>- and the abso-

lute maximum error for the two methods in the lifted Heston
model, for the same parameter set as in the previous two

figures, but now with n = 5 and p = —0.2. The combination
of increased dimension (i.e. 5 variance processes compared
to one before) and decreased correlation results in the errors

of both methods being similar to the previous case, and still
small, in the order of 1073. However, as the number of
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Table 1. Training time in seconds of the different methods for a European call option in the different models.

Model Black—Scholes Heston ¢-Heston, n = 1 £-Heston, n = 5 £-Heston, n = 20
DGM 7.0 x 103 12.2 x 103 12.5 x 103 21.0 x 103 54.3 x 103
TDGF 3.8 x 10° 5.8 x 10° 5.9 x 10° 6.3 x 10° 7.4 x 103

Table 2. Computational time in seconds of the different methods for a European call option in the different models.

Model Black—Scholes Heston £-Heston, n = 1 £-Heston, n = 5 £-Heston, n = 20
Exact/COS 0.0015 0.013 9.1 9.5 10.0

DGM 0.0086 0.0015 0.0043 0.0052 0.0015
TDGF 0.0018 0.0018 0.0019 0.0019 0.0018

variance processes increase while the correlation is non-zero,
then the errors in both methods are increasing rapidly, and we
can no longer accommodate e.g. 20 variance factors as we did
in the uncorrelated case.

6.2. Training and computational times

Table 1 summarizes the training times for the TDGF and the
DGM methods in the different models. As we have expected,
due to the time stepping and the absence of a second deriva-
tive in the cost function, the training of the TDGF method
is faster than for the DGM method. Moreover, the training
time for the TDGF method does not increase as the dimen-
sion of the problem (i.e. the number of variance processes)
increases. On the contrary, the training time for the DGM
method increases significantly with the number of dimen-
sions, and becomes more than 4 times slower in the lifted
Heston model when the dimension of the variance processes
increases from 1 to 20.

The computational times for the TDGF and the DGM meth-
ods in all models are presented in table 2. The computational
times are taken as the average over 34 time points of comput-
ing the option prices on a grid of 47 moneyness points. Even
though we take an average, there is still a high variance in
the computational times. Both methods are significantly faster
than the COS method in the lifted Heston model, in which we
do not know the characteristic function explicitly and a system
of Riccati equations needs to be solved for every evaluation
of the characteristic function.

The possibility of splitting the computation of an option
price in a slow, offline phase (training) and a very fast,
online one (computation), is one of the advantages of deep
learning methods such as the TDGF proposed here and the
DGM. However, we should point out that when changing
the model parameters, then the TDGF and the DGM need
to be retrained, thus the overall time (training and compu-
tation) is slower than the evaluation of the COS method.
The development of ‘deep parametric PDE’ methods as in
Glau and Wunderlich (2022) would be an interesting avenue
to explore in that respect. Finally, let us also mention that
the TDGF requires more memory than the DGM, around
10-100 MB, as it has to store a separate neural network for
each time step, whereas the DGM needs only one neural
network for all times; the increase in speed though justifies
this cost.

7. Conclusion

We have developed in this article a novel deep learning
method for option pricing in diffusion models. Starting from
the option pricing PDE, using a backward differentiation
time-stepping scheme and results from the calculus of vari-
ations, we can rewrite the PDE as an energy minimization
problem for a suitable energy functional. The time-stepping
provides a good initial guess for the next step in the opti-
mization procedure, while the energy formulation yields an
equation that only has first derivatives, instead of second ones.
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The energy minimization problem offers a suitable candidate
for a cost function, and the PDE is solved by training a neu-
ral network using stochastic gradient descent-type optimizers
(e.g. Adam). We have considered as examples for our method
the Black—Scholes model, the Heston model and the lifted
Heston model, and derived the appropriate representations for
the PDE in all these cases.

Overall, the TDGF method developed here performs well in
the numerical experiments, with an error in the order of 1073,
Moreover, the training and computation (evaluation) times for
the TDGF method are faster and more consistent compared to
the popular DGM method. However, when the dimension of
the variance processes in the lifted Heston model increases
and the correlation increases simultaneously, then the error
also increases. This increase in the error is due to the diffusion
term becoming smaller, which means that the explicit term in
the decomposition (5) becomes the dominant term. The devel-
opment of suitable numerical methods for this regime will be
the subject of future research.
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