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Restrictions imposed by existing infrastructure can make it hard to ensure an even spacing between the nodes
of future fiber-based quantum networks. We investigate here the negative effects of asymmetric node placement
by considering separately the placement of midpoint stations required for heralded entanglement generation, as
well as of processing-node quantum repeaters in a chain. For midpoint stations, we describe the effect asymmetry
has on the time required to perform one entangling attempt, the success probability of such an attempt, and
the fidelity of the entangled states created. This includes accounting for the effects of chromatic dispersion
on photon indistinguishability. For quantum-repeater chains, we numerically investigate how uneven spacing
between repeater nodes leads to bottlenecks, thereby increasing both the waiting time and the time states are
stored in noisy quantum memory. We find that while the time required to perform one entangling attempt may
increase linearly with the midpoint’s asymmetry, the success probability and fidelity of heralded entanglement
generation and the distribution time and error rate for repeater chains all have vanishing first derivatives with
respect to the amount of asymmetry. This suggests resilience of quantum-network performance against small

amounts of asymmetry.

DOI: 10.1103/PhysRevA.109.052627

I. INTRODUCTION

The quantum internet promises the distribution of quantum
entanglement between any two points on the planet [1]. En-
tanglement can be a valuable resource that enables a variety
of applications in domains such as quantum cryptography
[2-5], distributed quantum computing [6-8], and quantum
sensing [9-11]. A major outstanding challenge towards the
construction of large-scale ground-based quantum networks
is the fact that entangling rates over optical fiber decline
exponentially with the length of the fiber due to attenuation
losses. While classical amplification strategies are not viable,
a special class of devices called quantum repeaters can be
used to reach high entangling rates over long optical fibers
[12,13]. By using quantum repeaters as intermediate nodes, a
fiber is divided into segments over which entanglement can be
distributed more efficiently than over the full fiber length. Al-
though various proposals for quantum repeaters exist [14,15],
only proof-of-concept experiments have been realized so far
[16,17].

In order to build a quantum network, decisions need to
be made on where its nodes are positioned and how they
are connected. These nodes include the end nodes of the
network, quantum repeaters, and potentially midpoint stations
as required by some entanglement-generation protocols (as
depicted in Fig. 1) [18,19]. For the midpoint stations, as well
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as for quantum repeaters running at least some specific types
of protocols (such as the one investigated in this paper), opti-
mal network performance requires the nodes to be positioned
symmetrically [20-22], that is, with an internode spacing that
is the same between all neighboring nodes. To understand
why symmetric placement of repeater nodes can be favor-
able to the performance, consider the following. For quantum
repeaters in a chain, the end-to-end capacity for generating
entanglement is equal to the minimal capacity over all pairs
of neighboring nodes in the chain [23]. This minimal capacity
is maximized by a symmetric placement of repeater nodes,
and hence a symmetric placement optimizes the end-to-end
capacity. We note however that there exist specific repeater
protocols that do perform best, according to specific perfor-
mance metrics, under asymmetric node placement [24,25].
The suboptimal capacity of such a node placement suggests
that improvements on the protocols could perhaps result in
a symmetric placement being optimal again. This is demon-
strated by Ref. [20], where it is shown that the advantage
found in Ref. [25] vanishes when one further optimizes the
protocol.

Symmetric placement of nodes in a quantum network may
not always be possible. For instance, if a quantum network is
built using existing infrastructure, this restricts the freedom
in choosing the locations of the nodes [26]. Therefore, in
this paper, we address the question of how asymmetric node
placement affects the performance of a quantum network. We
do so by investigating two separate aspects of asymmetric
quantum networks. First, we consider asymmetric place-
ment of midpoint stations and examine how entanglement

©2024 American Physical Society
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generation between two neighboring nodes is affected
(Sec. II). We identify three independent effects, namely, on
the cycle time of entanglement generation (Sec. Il A; see the
beginning of Sec. II for a definition), on the success proba-
bility of entanglement generation and the fidelity of generated
entanglement through the introduction of imbalanced losses
(Sec. IIB), and on the photon indistinguishability through
chromatic dispersion (Sec. II C). Second, we consider asym-
metric placement of quantum repeaters in a chain (Sec. III).
Here we focus specifically on processing-node repeaters exe-
cuting a SWAP-ASAP protocol (as explained in Sec. III and
studied in, e.g., Refs. [27,28]). Notably, the results presented
in this paper indicate robustness against small amounts of
asymmetry. For asymmetry in the placement of the midpoint
station, we find that both the success probability and fidelity
have a vanishing first derivative with respect to how asymmet-
rically the midpoint is positioned (granted that the photons
are shaped such that the effects of chromatic dispersion are
negligible). However, the cycle time increases linearly with
the asymmetry in the case when the time required to exchange
signals between neighboring nodes is the limiting factor (it
may be independent of asymmetry if this is not the case).
Similarly, we find that both the entangling rate and error rate
in a SWAP-ASAP repeater chain have vanishing first deriva-
tives with respect to how asymmetrically the repeater nodes
are positioned. This robustness suggests that, when designing
a quantum network, nodes do not need to be placed exactly
symmetrically. It furthermore suggests that the effects of con-
straints on node locations imposed by existing infrastructure
on network performance may not be too severe.

II. ASYMMETRY IN MIDPOINT PLACEMENT

Two popular methods for the creation of entanglement
between neighboring nodes in a quantum network are
single-click heralded entanglement generation [18,29,30] and
double-click heralded entanglement generation (also known
as the Barrett-Kok protocol) [19,31-34]. In both of these
protocols, time is slotted. In each time slot, the nodes perform
a single attempt at entanglement generation. Such an attempt
consists of both nodes sending a photon entangled with a local
qubit to a midpoint station, where the photons interfere and
are measured. The midpoint then sends a message to the end
nodes containing the measurement outcome. Depending on
the measurement outcome, the attempt is declared either a
success or a failure. The probability that it is declared a suc-
cess is called the success probability and denoted by Pyc.. The
duration of each time slot (i.e., the time required to perform
one attempt) is called the cycle time and denoted by T¢yci.. The
(average) rate at which successes occur is then given by

PSUCC

R = .
Tcycle

(D

After a successful attempt a state p is shared by the two
neighboring nodes. Ideally, the state p is some pure maximally
entangled target state |¢)(¢|. However, due to noise, p will
instead be a mixed state with fidelity

F = (¢lpl¢). @)

LLOL/2 LLOL/2 |

S O

O
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O — R
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FIG. 1. Symmetric and asymmetric positioning of a midpoint
station for heralded entanglement generation. The magnitude of the
parameter AL is a measure for how large the asymmetry is; AL and
Ly are defined in Eq. (3).

We will use the success probability Py, the cycle time Tiye,
and the fidelity F' as performance metrics for heralded entan-
glement generation.

In this section we study the effect of displacing the mid-
point station from the exact center between the nodes (as
illustrated in Fig. 1) on our performance metrics. We do so
by separately examining the effect on the cycle time, the
effect that the resulting imbalanced losses have on the success
probability and the fidelity, and the effect on the photon indis-
tinguishability (which in turn affects primarily the fidelity but
also the success probability). In order to do so we first need
a method for quantifying how far the midpoint has been dis-
placed. To that end, let the fiber distance between the midpoint
station and the left-hand (right-hand) node be denoted by Lief
(Liight)- Then we define

AL = Lieft — Luignt,
Liot = Liett + Lright' 3)

The parameter AL is then a measure of the amount of asym-
metry, as shown in Fig. 1. As we will show below, the effects
of asymmetric midpoint placement on the cycle time, success
probability, and fidelity are all quantified by |AL]|.

A. Cycle time

First we consider the effect of asymmetric midpoint
placement on the cycle time of the entanglement-generation
protocol between neighboring nodes. During each cycle both
nodes need to emit entangled photons that reach the midpoint
station simultaneously. Then the midpoint station sends a mes-
sage with the measurement result back to each of the nodes.
Assuming both the entangled photons and the messages travel
with the same velocity c, the cycle time at least includes the
communication time between the midpoint station and the
node that is farthest away, that is, Toyele = %max(Lleﬂ, Liight)-
This can be rewritten as

1
Tcycle 2 ;(Ltol + |AL|) (4)

When the cycle time is limited only by the speed-of-light
communication delay, the cycle time will be exactly equal to
the right-hand side of the equation. However, we note that
in practice the cycle time is often much longer (see, e.g.,
Refs. [30,34]), for example, due to local operations or the
limited rate at which entangled photons can be emitted. In that
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regime, the cycle time may be independent of AL until the
asymmetry becomes so large that the communication delays
are again the limiting factor.

B. Imbalanced losses

As attenuation loss in fiber scales exponentially with the
length of the fiber, having a midpoint station that is off-center
will result in an imbalance between the losses encountered
by the photons. To be more precise, let Py be the probability
that when a node attempts photon emission, this photon is
emitted successfully, couples successfully to fiber, and is then
successfully detected at a detector at the end of the fiber,
given that the fiber has length zero. Then the probability that
photon emission at the left node leads to photon detection at
the midpoint station is given by

Plee = Pye” et/ han, ®)

where L, is the attenuation coefficient of the fiber. The same
equation holds for Pygp, but with L replaced by Lyjgy. In an
asymmetric setup we will have Pegg # Piign» Which is what we
mean by imbalanced losses. This can affect both the success
probability Py, and the fidelity F of heralded entanglement
generation.

For both the single- and double-click protocols, expres-
sions for Py and F in terms of, among other parameters,
Ppegr and Pyigne can be found in Ref. [35]. In order to make the
effect of imbalanced losses explicit in these expressions, we
introduce the parameters

__ 2 —Liot/L;
Piot = PiesPrigny = Pye b/

Pyum = Pete + Pright = 2\/1%00“1 (|AL| > . (6)
2L

Nontrivially, we find that for both protocols (to leading order,
as discussed below) we can eliminate Peg and Pgne com-
pletely from the expressions for Py, and F in favor of Py
and Py. The effect of imbalanced losses is then captured
entirely by the dependence of Py, on AL. We discuss the
resulting expressions and their implications for the single- and
double-click protocols separately below.

In the double-click protocol, both nodes emit a photon. The
mode that the photon is emitted in (e.g., its polarization) is
entangled with the state of the emitter, and entanglement be-
tween the emitters is heralded when both photons are detected
in different modes at the midpoint station after interfering on
a beam splitter. By eliminating Pef; and Prgne as described
above, we find (see Appendix A)

Pyuce, 2ctick =d1 + 2pgcPoum + 0(p?1c)v
Poick =dy — d3pchsum + 0(17?10) (7N

The parameters dj, d», and d; have no direct dependence on
AL and are given by

di = Poy — pac[d+ 71— 12 = 1)1 +V)]Par,
dy = [$gen(1+ V) + 11 = gem)](1 + 8pac)
— 32 = 1) gempac(1 + V)2,
dy =422V +1). (8)

Here pg4. denotes the detector dark-count probability. The
notation O(x") represents any terms that are of order n in
the parameter x. As pq. is typically small, we have only
included leading-order terms in Eq. (7) (the full expressions
can be found in Appendix A). Here V denotes the indis-
tinguishability of the photons, which can itself depend on
the asymmetry through the effect of chromatic dispersion as
discussed in Sec. IIC. It is assumed that the state shared
between a node’s emitter and the photon it emits is given
by %(4F — DY) (| + %(1 — F)1, which has fidelity F to
the state |{) = \%(|00) 4+ |11)) and where F = Fepjee (F =
Femrignt) for the left (right) node. We then have

Gem = $(4Fem,left - 1)(4Fem,right - 1. 9
Finally,

for non-photon-number-resolving detectors

1
"= {2 for photon-number-resolving detectors. (10)

We see that when the dark-count probability is zero, the
double-click protocol is not affected by imbalanced losses
at all. This is explained by the fact that the probability of
both photons surviving their respective fiber segments is equal
to the probability of a single photon surviving the full fiber
length L., which is not affected by asymmetry. The reason
why the protocol is affected in the presence of dark counts
is that as the photon arrival probability on the longer leg
becomes of the same order as the dark-count probability,
the probability of falsely heralding successful entanglement
becomes large. This results in both an increased rate and a
reduced fidelity.

In the single-click protocol, both nodes also perform pho-
ton emission and send those photons to the midpoint station.
However, before emission starts, the emitter is prepared in
an unbalanced superposition of a bright state from which
photons can be emitted and a dark state from which emission
is impossible. How large the amplitude of the bright state is
is parametrized by the bright-state parameter . As a result,
after emission, the state shared by the emitter and the photon
takes the form

V1 — «|dark)|0) + /a|bright)|1), (11)

where |0) (]1)) indicates the absence (presence) of the photon.
An attempt is then considered a success in the case when only
one photon is detected at the midpoint station (as opposed
to two for the double-click protocol), creating an entangled
state that is a superposition of the left-node emitter being in
the bright state but the right-node emitter in the dark state
and vice versa. However, in the case when both emitters are
in the bright state but one of the emitted photons is lost, a
success is heralded without the creation of an entangled state.
Therefore, even when the only imperfection in the system is
fiber attenuation, the created entangled state is never pure.
The fidelity of the created entangled state will depend on the
choice of o; when « is small, the relative probability that both
nodes are found in the bright state is suppressed, resulting
in a good fidelity. However, using a small « also results in
a small success probability. In the case when the midpoint
is placed symmetrically and there are no imperfections but
losses, for @ < 1, the success probability and fidelity can be
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approximated as Pyec & 20+/Po; and F ~ 1 — a.. (See, e.g.,
Ref. [36] for a further discussion of this effect.) Thus, choos-
ing the value of « is a matter of trading off success probability
and fidelity. In an asymmetric setup it has been found that in
the case in which one wants to optimize the fidelity, the equa-
tion efPeft X UrightPrighe should be satisfied [30]. Therefore,
we assume here that the bright-state parameters are always
chosen such that

sefiPleit = trightPright = ¢, (12)

where g parametrizes the remaining degree of freedom. As the
bright-state parameter needs to be small in order to get good
fidelity, we will present here a result that is leading order not
only in the dark-count probability but also in the parameter g.
Eliminating ajefe and aign in favor of g and Pieg and Pygp in
favor of Py and Py, we find (see Appendix A)

Psucc, Iclick — 261 + 2pdc + O(fiza pﬁcv quc)s
Flclick =8 — SZPsum + 0(6127 Pﬁc, quc)- (13)

Here the parameters s and s, are defined by

1
s1==(1 +VV)—1 [1+q—(1+r>pdc
2 Q+pdc
1
+ rpac — —(2 —r)(1+ vm)],
Q+Pdc< 4
1 g 1 (1
NN —(- - ) 14
2= ( )qwm 59~ Pac (14)

Note that the success probability of the single-click scheme is
not affected when AL is increased, as long as the bright-state
parameters are chosen to keep g constant. This behavior is not
a consequence of the leading-order expansion. It is shown in
Appendix A that the exact expression for the success proba-
bility has no direct dependence on the asymmetry either.

The success probability and fidelity as a function of the
asymmetry are shown in Fig. 2 for both protocols. We see
that in both cases imbalanced losses do not reduce the success
probability. Additionally, the fidelity falls in a similar way for
both cases, with a vanishing first derivative at AL = 0. The
reason for this is that the hyperbolic cosine to which Py, is
proportional [see Eqgs. (6)] has a vanishing first derivative at
zero. As a result, the success probability and fidelity are re-
silient against small amounts of asymmetry. For instance, for
the parameters considered in Fig. 2, we see that the fidelity is
still above 99% of the value it attains for symmetric midpoint
placement at AL = 30 km.

C. Photon indistinguishability

Light waves traveling through optical fiber are subject
to chromatic dispersion, meaning that different frequency
components travel at different velocities. As a result, when
performing heralded entanglement generation, the photons
that arrive at the midpoint station are shaped differently than
the photons that are emitted by the nodes. A key requirement
for the creation of an entangled state through the interference
and measurement of the photons is that the photons are indis-
tinguishable, i.e., their wave packets need to be identical and
arrive at the midpoint simultaneously. Although chromatic

0.010

0.008

0.006 1

0.004 1

0.002

success probability

0.000 .

---- single click T~
AN
—— double click \\

0 20 40 60 80
AL (km)

FIG. 2. Leading-order results [presented in Egs. (7) and (13)] for
the probability that an entanglement-generation attempt is heralded
as a success and the fidelity of entangled states created upon a
heralded success of both the single-click and double-click protocols
as a function of the difference in length between the two fibers con-
necting the midpoint station [AL, defined in Eq. (3)]. This figure has
been created using the parameters L, = 100 km, pg. = 3 x 1074,
g =4 x 1073, and L, ~ 22 km. Apart from attenuation losses and
dark counts, no imperfections have been included.

100

dispersion always results in photon deformation, the indistin-
guishability will not be affected if both photons are subjected
to the same amount of dispersion. This is the consequence
of a phenomenon known as dispersion cancellation [37,38].
The situation is different in the case when the midpoint station
is placed asymmetrically. If the photons travel through fibers
of different lengths they will undergo different amounts of
dispersion and hence be deformed differently.

A wave packet ¢ in a one-dimensional medium emitted at
time ¢t = ¢ and location x = 0 takes the form

P(x,1) = / do ¢(w)e 0=l (15)

Here f(w) is the wave number corresponding to a monochro-
matic wave with angular frequency w, which is determined
by the medium the wave travels in. Now let ¢; (¢,) be the
wave packet of the photon emitted by the left (right) node. The
indistinguishability V between these photons at the midpoint
station (i.e., at x = Lier; for ¢ and at x = Liigp for ¢,) is then
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defined by
V=l (16)

where u is given by

W= / dt ¢ (Liest, 1)) (Lright, 1)

:/da)¢/(a))¢;k(w)eiﬂ(w)AL+iwAr. (17)

Here we have At = t; — t,, where t; (¢,) is the time of emission
of the photon at the left (right) node. As discussed in Sec. II B,
the indistinguishability V' affects both the success probability
and the fidelity of the single- and double-click protocols.

We assume that the wave packets have a central frequency
that is close to some frequency wy. It is then useful to Taylor
expand the wave number of the fiber as [39]

B(w) ~ Bo+ Bi(w — wo) + 2B2(w — wo)* + B3(w — wp)’.
(18)

Here By = 1/v, and B; = 1/v,, where v, and v, are the phase
and group velocity in the fiber, respectively. In addition, 8,
is the group-velocity dispersion (GVD) parameter and 83 the
third-order dispersion (TOD) parameter. As the By contribu-
tion will only alter the global phase of u, it does not affect
the indistinguishability and can effectively be dropped from
the expression. Furthermore, we assume At = —fB; AL + §t,
where 6¢ is the alignment mismatch (for 6t = 0, both emis-
sions are timed such that the photons arrive at the midpoint
station exactly at the same time). Then, using Aw = v — wy,
we can effectively write

n= f¢1(wo + Aw)¢; (wy + Aw)
« eiAL(ﬂzsz/ZJrﬁ;Aw3/6)+ismwdAw_ (19)

The value of V and how much it is degraded by chromatic
dispersion depends on the exact shapes of the photons, i.e., on
¢; and ¢,. In general, we expect the photons to be affected by
chromatic dispersion less if their spread in frequency is small,
as frequency components that are far apart also travel at veloc-
ities that are far apart. Below we derive expressions for V in
the case of two specific wave-packet shapes, namely, Gaussian
and Lorentzian. (Attenuated) laser pulses are often approxi-
mated as Gaussian, and approximate Gaussian photons can,
e.g., be produced using cavity quantum electrodynamics [40]
or spontaneous four-wave mixing [41]. Here we take Gaussian
wave packets as a generic example of a pulse which is well
localized in time and frequency, allowing us to obtain analyti-
cal results. On the other hand, Lorentzian photons are created
through the radiative decay of a two-level system. In practice,
photons will rarely be exactly Gaussian or Lorentzian as they
interact with other components in the system such as filters
and cavities. Yet we can think of the two types of photons as
two extremes in how spread out their frequency distributions
are and therefore how sensitive they are to chromatic disper-
sion. It was noted in Ref. [42] that a Gaussian wave packet,
for a fixed value of the time-distribution standard deviation,
has a frequency-distribution standard deviation that is as small
as possibly allowed by the Heisenberg uncertainty principle.

From this the authors concluded that Gaussian photons of-
fer the best protection against alignment mismatch §¢. Here
it leads us to expect Gaussian photons are well protected
against chromatic dispersion. Lorentzian photons, on the other
hand, have frequency distributions with very long tails, with
|1/ (w)|?* only going to zero as ﬁ It is expected that they are
therefore much more susceptible to the effects of chromatic
dispersion.

1. Gaussian photons

The wave packets of two Gaussian photons with frequency
mismatch dw can be written as

D) = o~ (1/40H) (@—wo£s0/2) (20)

V2102

The probability distributions |q§,/r(a))|2 are Gaussian with
standard deviation o. When there is no TOD, the indistin-
guishability can be calculated exactly, giving

2
exp[-2(%)” — ]

/14 AL?B3c*

We derive this result in Appendix B. A similar expression
has been derived under the more restrictive assumption 8¢ =
dw = B3 = 0 in Ref. [43], with which ours is consistent. In
the case when the photon indistinguishability is close to one,
1 —Vlg,—0 < 1, it is well approximated by the leading-order
expansion

Vig=0 = 21

sw\? 1
V|ﬂ30m1—2<—‘”) — G0 = SALBl0Y. (22)
(o2

Finding an exact solution to Eq. (19) when the TOD is nonzero
is difficult, but a leading-order result can be readily found to
yield

V =V|g=0(l — ALB3Sto™)
+ O(AL*B50°, AL B3 B36ta®, ALB3s170®).  (23)

This result as well is derived in Appendix B. Note that, to
first order, the TOD does not affect the indistinguishability in
the case of 6¢ = 0. If the alignment mismatch is itself small,
|6to| <« 1, we can expect the TOD to have only a very small
effect on the indistinguishability.

2. Lorentzian photons

For two Lorentzian wave packets with frequency mismatch
dw we can write

D) = | 2 1 24)
H(w) =,/ — .
g 71— 2it(0 — wo + Lo0)
While the corresponding frequency distributions are
Lorentzian functions with % as the full width at half
maximum, the time distributions of these photons are
one-sided exponentials with standard deviation r. We are
not aware of an analytical method for determining the
indistinguishability for Lorentzian photons in full generality.
One method to evaluate the indistinguishability is numerical

integration as done in Refs. [44,45]. Instead we make the
simplifying assumptions that the photons arrive at the same
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QD1 QD2 QD3 NVSPDC Ca*
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—— Lorentzian
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1077 " \ ; T T
1072 107t 10° 10t 102 103 104
temporal photon length (ns)

FIG. 3. Loss in the indistinguishability V as a function of the
temporal photon length, as measured by the standard deviation of
the time distribution |¢(x = 0,¢)|>. We include results for both
Gaussian and Lorentzian photons [Egs. (23) and (26)], for which
the standard deviations are given by ﬁ and 7, respectively. The
results assume AL =40 km and a GVD of 8, &~ —21.7 ps?>/km
[corresponding to a dispersion coefficient of 17 ps/(nm km), which
is a typical value for single-mode optical fiber at 1550 nm [47]]. The
TOD parameter has been set to 83 = 0. Other sources of noise are
not included, that is, §t = §w = 0. The lengths of photons emitted
by some specific sources have been indicated in the figure. The
following denotations are used: QDI1, QD2, and QD3, quantum-
dot sources from Refs. [48-50], respectively; NV, nitrogen-vacancy
centers in diamond [46,51,52] (some types of trapped ions, such as
Ba' [53] and Srt [33], emit photons at a length close to the NV
one); SPDC, frequency-multiplexed spontaneous parametric down-
conversion sources that interface with atomic quantum memories
[54,55]; and Ca™, trapped calcium ions [34] (lifetime estimated in

[35]).

time (6t = 0), they have the same central frequency (5w = 0),
and there is no TOD (B3 = 0). The indistinguishability then
becomes exactly solvable, giving (see Appendix B for a
derivation)

242

2 4
Vsi=so=p=0 = 1 — ﬁ(c +8)+ ;(CZ +8%). (25

Here C and S are Fresnel integrals defined by S = fg sin(t?)dt
and C = fg cos(t?)dt with x = v/ %|AL,82|I’2. To linear or-
der, C =x and S =0, and therefore when the effect of
dispersion is small we can use the approximation

2 VIALB,|
Vlsi=so=py=0 = 1 — —=——
N

+ O(|ALB|T™2). (26)
We stress that the assumption 6 = §w = 3 = 0 is not gen-
erally expected to hold in a real experiment; it is introduced
solely to make the problem analytically more tractable. How-
ever, by comparing to results obtained through numerical
integration we find that the assumption B3 =0 does not
greatly affect the result in conditions typical to single-mode
fiber (see the discussion below and Fig. 4). Therefore, while
the above equations may not be able to capture the effects of §¢
and dw, they do accurately capture the effects of asymmetry

10°

*u —— Lorentzian
A ---- Gaussian

10714 N

= 1072 b}

10—3_ \

1074 T .
1072 107! 10° 10!
temporal photon length (ns)

FIG. 4. Comparison between our analytical results (lines) for the
photon indistinguishability V assuming the TOD is zero [Eqgs. (21)
and (26)] and results obtained through numerical integration assum-
ing a nonzero TOD (markers). The temporal photon length is used as
the x axis, as measured by the standard deviation of |¢(x = 0, 1)|°.
The results assume AL = 40 km, a GVD of B, ~ —21.7 ps?/km,
and a TOD parameter of B3 &~ 0.127 ps®/km [corresponding to a
dispersion coefficient of 17 ps/(nmkm) and a dispersion slope of
0.056 ps/(nm? km), which are typical values for single-mode optical
fiber at 1550 nm [47]]. Other sources of noise are not included, that
is, 8t = dw = 0. Error bars for the numerical results are smaller than
the marker size.

in the placement of the midpoint station, as is the focus of
this section. Furthermore, we note that it may sometimes be
desirable to use frequency conversion to convert photons to
frequencies that incur less attenuation losses in fiber. This
opens up the possibility of correcting any frequency mismatch
and bringing Sw close to zero [46].

3. Requirements for indistinguishable photons

The results above describe how the indistinguishability V
is diminished through the effect of chromatic dispersion in the
case of asymmetric midpoint placement. From these results,
it becomes clear that how badly V is reduced depends on
the characteristics of the photon. In particular, for Gaussian
photons it depends on the parameter o, while for Lorentzian
photons it depends on the parameter 7. As expected, for both
photons the effect of dispersion is increased as the width
of the frequency distribution is increased or, equivalently, as
the length of the time distribution is decreased. In Fig. 3 we
investigate how much indistinguishability is lost as a function
of the length of the photon wave packet, assuming the photons
are otherwise perfectly indistinguishable. Here we make the
simplifying assumption that there is no TOD, thereby enabling
the use of the exact analytical results obtained above. This
simplification is motivated by the fact that comparing our
analytical results in the case when the TOD is zero with results
obtained through numerical integration for a typical value of
the TOD in single-mode optical fiber suggests that the TOD
has only a negligible effect in this case, as shown in Fig. 4.
Unsurprisingly, we see in Fig. 3 that Lorentzian photons with
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their long tails in frequency are affected (much) worse by
chromatic dispersion than Gaussian photons with the same
length. However, even for Lorentzian photons we see that (for
standard single-mode fiber and AL = 40 km) the decrease in
V is only of the order 10~2 when the length of the wave packet
is of the order of nanoseconds.

In the case when the photon length and AL are such
that the decrease in photon indistinguishability can be sig-
nificant, it is clear that it is better if the photons are closer
in shape to a Gaussian than a Lorentzian. This strengthens
the case for Gaussian photons made in Ref. [42], where it
was found that Gaussian photons protect favorably against
alignment mismatch. However, some sources naturally emit
photons that are more Lorentzian than Gaussian. Potentially,
photon-shaping techniques could be used to convert such
photons to a more Gaussian waveform [56-60]. A simpler
solution could be to send Lorentzian photons through a filter
to remove the long tails of their frequency distribution. While
this would introduce extra losses, the spread in frequency
could be greatly reduced, resulting in a much more Gaussian
photon.

Finally, we point out that there are various methods for
reducing the drop in indistinguishability in the case of asym-
metric midpoint placement irrespective of photon shape. The
telecom C band (1530-1565 nm) is the band conventionally
used to transmit signals as it minimizes attenuation losses (a
typical value of 0.275 dB/km in standard single-mode fiber
[47]). In contrast, the telecom O band (1260-1360 nm) incurs
much heavier attenuation losses (typically 0.5 dB/km [47]),
but as it is centered around the zero-dispersion wavelength
(1310 nm) of standard single-mode optical fiber it minimizes
dispersive effects. By using the O band instead of the C
band one can lessen the effects of chromatic dispersion at
the cost of incurring extra losses. This strategy is utilized
in, e.g., Ref. [61]. An investigation in Ref. [43] based on
Gaussian photons suggests that using the O band may only
be worth it for photons shorter than approximately 100 ps. A
second potential solution is the use of dispersion-shifted fiber.
Such fiber has its zero-dispersion wavelength in the telecom
C band and provides simultaneously small dispersion and
small attenuation loss [62]. However, such fiber is not widely
deployed [43,63] and hence not suitable when using existing
fiber infrastructure to build a quantum network [26]. Finally,
one can use dispersion-compensating modules to reduce the
effects of chromatic dispersion at the cost of incurring extra
losses [63].

III. ASYMMETRY IN REPEATER CHAINS

Now we turn our attention away from the placement of
midpoint stations and instead consider the placement of re-
peater nodes in a quantum-repeater chain. First, in Sec. Il A
we discuss the specific type of quantum-repeater chains we
consider here. Then we pose two research questions about
asymmetry in such repeater chains in Sec. III B. These ques-
tions are made more precise in Secs. [II C-III E. This allows us
to address the research questions using numerical simulations
in Sec. IIIF. Finally, we reflect on the numerical results in
Sec. lII G.

A. SWAP-ASAP repeaters with parallel entanglement
generation

While there exist many types of quantum repeaters [14,15],
here we focus on one specific type, namely, the processing-
node quantum repeater. Such quantum repeaters are capable of
generating and storing entanglement with neighboring nodes
and of executing quantum gates. These gates allow processing
nodes to perform deterministic entanglement swapping, which
is an operation such that if one qubit is entangled with some
qubit A and the other qubit is entangled with some qubit
B, performing entanglement swapping on those two qubits
will result in qubits A and B being entangled [64]. Various
proposed repeater platforms are processing nodes, such as
trapped ions [65—-68], color centers in diamond [21,30,69],
and neutral atoms [17,70].

We assume here that each repeater has exactly two qubits,
each of which can be used in parallel to perform heralded
entanglement generation (as discussed in Sec. II) with a
different neighboring node. (Note that there exist also pro-
posed repeater systems that can only generate entanglement
with one neighboring node at a time [20,30,35].) A chain of
such repeaters can then create end-to-end entanglement by
combining heralded entanglement generation and entangle-
ment swapping. How these are combined exactly, as well as
what additional operations are performed, is dictated by the
protocol that the repeaters execute. Examples of additional
operations that could be included are discarding entangled
states when they have been stored in memory for too long
[20,28,71-73] and entanglement distillation [74-76], both of
which can help mitigate the effects of noise. Optimizing re-
peater protocols is by no means an easy matter, and what
protocols perform well depends on both the specific hardware
used and the performance metric employed [24,28,71,73,77—
79]. Here we consider the SWAP-ASAP protocol, in which
no additional operations are included. In the SWAP-ASAP
protocol, each pair of neighboring nodes performs entangle-
ment generation whenever this is possible, that is, whenever
at each node the qubit that is reserved for entanglement gen-
eration along that specific link is free. As soon as both qubits
at a repeater node are entangled it performs entanglement
swapping (thereby freeing both qubits up again). We have
chosen to study this protocol as it is relatively simple both
to understand and to study numerically. Moreover, it has been
found that the SWAP-ASAP protocol outperforms schemes
that include entanglement distillation for near-term hardware
quality, as measured by both the fidelity of end-to-end en-
tangled states and the generation duration [27]. Additionally,
for the case when entanglement swapping is deterministic and
entanglement is never discarded, it was found that the SWAP-
ASAP protocol results in an optimal generation duration
[28,73]. Throughout the rest of this paper, it will be assumed
that quantum repeaters can generate entanglement with two
neighbors in parallel and that they execute the SWAP-ASAP
protocol.

B. Research questions

Asymmetric node placement will result in some fiber links
between repeaters being shorter while others are longer. As
attenuation losses grow exponentially with the fiber length,
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the longer links generate entanglement at a slower rate and
the shorter links at a faster rate. In other words, the entan-
gling rates along the chain become uneven due to asymmetric
repeater placement. The slower links could then potentially
become bottlenecks. This is expected to increase not only the
amount of time required to distribute end-to-end entangle-
ment, but also the amount of time entangled states need to
be stored in the SWAP-ASAP quantum repeaters until entan-
glement swapping takes place. The result of this would be an
increased amount of noise due to memory decoherence.

The above observation motivates posing the following re-
search question: What is the effect of uneven entangling
rates in a SWAP-ASAP repeater chain in which repeaters can
generate entanglement with both neighboring nodes simul-
taneously, as caused by the asymmetric distribution of the
repeater nodes, on the performance of that chain? A partic-
ularly simple method that could perhaps be used to mitigate
any negative effects of asymmetric node placement is what
we here refer to as the extended-fiber method. In this method,
spooled fiber is used at the repeater nodes to make the shorter
links as long as the longer ones, thereby effectively making the
repeater chain symmetric again. However, rather than making
the bottlenecks faster, this method just makes the faster links
slower. It seems perhaps unlikely that such a strategy can lead
to any improvement. Therefore, we pose a second research
question: Is the extended-fiber method effective at improv-
ing the performance of asymmetric SWAP-ASAP repeater
chains in which repeaters can generate entanglement with
both neighboring nodes simultaneously? In order to address
these questions, they need to be made more precise. To that
end, we first quantify how well a repeater chain performs in
Sec. IIC. Then we quantify how asymmetrical a repeater
chain is and how we can systematically vary the amount of
asymmetry in Sec. IIID. Finally, we introduce a simplified
model for repeater chains in Sec. III E.

C. Quantifying repeater performance

We quantify the performance of a repeater chain in terms
of how capable it is at supporting quantum key distribution.
Specifically, we consider the rate at which a secret key can be
obtained when executing an entanglement-based implemen-
tation of the BB84 protocol [2,80] in the asymptotic limit.
The end nodes realize this protocol by keeping entangled
quantum states stored in memory until they learn that all
required entanglement swaps have been performed and hence
end-to-end entanglement has been created. At that time, they
each measure their qubit in either the Pauli X or Z basis. The
corresponding asymptotic secret-key rate Rppgq is given by
[81]

1
Rppss = T max[1 — 2A(Q), 0]. 27

Here T is the generation duration, i.e., the average time
required to distribute an end-to-end entangled state, Q is
the quantum-bit error rate (QBER), and A(x) = —xlog,(x) —
(1 — x)log,(1 — x) is the binary entropy function. The QBER
is defined as the probability that, if both end nodes measure
their qubits in the same basis, the parity between the outcomes
is different than would be expected for the maximally entan-

gled target state. Therefore, the QBER can be considered a
measure for the amount of noise. Note that, in general, the
QBER can take a different value for measurements in the
X basis than in the Z basis. However, as we will be using
a depolarizing noise model (see Sec. IIIE below), the two
values will coincide. Our choice for the secret-key rate as
a performance metric is motivated not only by the fact that
it has a clear operational interpretation, but also because it
combines information about how quickly and how noisily
entanglement is distributed into a single convenient number.
While the secret-key rate is the primary performance metric
considered here, the generation duration and QBER from
which the secret-key rate is calculated can help provide a more
detailed understanding of a repeater chain’s performance.

D. Quantifying chain asymmetry

Now we first discuss how asymmetry in a repeater chain
can be quantified. We then use that to introduce a specific
method for placing repeaters in a chain in such a way that the
amount of asymmetry can be varied. Let R be the set of all
repeater nodes in the chain of interest. Then, for every n € R,
the node asymmetry parameter is defined by
|Lleft ofn — Lright ofn|

A, =

(28)
Liet of n + Liight of

and the node asymmetry sign is defined by
Sn = sgn(Liett of n — Lright of n)- (29)

Here Liefiof n (Lright ofn) 1s the fiber distance between node n
and its neighboring node to the left (right) and sgn is the sign
function. We note that A, is equivalent to AL/L, and S, to
sgn(AL), where AL and L are defined for that specific node
as in Eq. (3). While AL proved convenient to describe the
effects of asymmetry in the placement of midpoint stations,
we find the node asymmetry parameter more convenient in the
context of repeater chains. This is because the value of L can
vary between different nodes in the chain, making it hard to
understand just how asymmetrically a node is placed between
its neighboring nodes from only AL. The node asymmetry
parameters and node asymmetry signs of all repeater nodes
together provide a complete parametrization of the locations
of the nodes in the chain. Now we define the chain asymme-
try parameter Achain to be the average value of A, over all
repeaters,

1
-Achain = ﬁ Z An' (30)

ner

While the node asymmetry parameter A, quantifies how
asymmetrically one specific node is placed between its neigh-
boring nodes, the chain asymmetry parameter Ay, aims to
capture how asymmetric the chain is as whole.

We aim to address the research questions posed in
Sec. IIIB by investigating how the repeater-chain perfor-
mance varies as a function of Ap,;,. However, for a repeater
chain with a given total length and given number of nodes,
there are many different possible repeater placements for
which the chain asymmetry parameter takes the same value.
Therefore, in order to avoid ambiguity, we introduce here
a specific class of repeater chains for which the parameter
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Achain = 0.0
Achain = 0.25
Achain = 0.5

FIG. 5. Locations of nodes in a chain with seven repeaters for
which A, = Acain is the same for all nodes and S, alternates
between nodes [see definitions in Egs. (28)—-(30)]. The chain asym-
metry parameter A.p,, then quantifies the amount of asymmetry

Achain (together with the total length and number of nodes)
uniquely defines the locations of all the repeaters. These are
repeater chains for which A, is the same for every repeater
in the chain and S, alternates between nodes (such that no
two neighboring repeaters have the same sign). It then holds
that Acpain = A, for all n € R. See Fig. 5 for an example of
what such a repeater chain looks like for different values of
Achain- Our reason for choosing this class of chains is that the
chains are relatively regular and easy to understand, while at
the same time increasing Agp,in clearly increases the disparity
between long and short links, allowing us to study the effect
of different entangling rates between different nodes as we set
out to do.

E. Model for repeater chain

We consider a simplified model for the repeater nodes as
well as for heralded entanglement generation between neigh-
boring nodes. In this model, the midpoint stations studied in
Sec. II are abstracted away such that we can focus on the
placement of the repeater nodes only. We then take the cycle
time for performing one attempt at generating an entangled
state between two neighboring nodes to be given by

L
Tcycle = (31
c

where L is the distance between the neighboring nodes and ¢
is again the speed of light in fiber (here taken to be 200 000
km/s). We note that this is equivalent to the cycle time when
entanglement between neighboring nodes is generated using
a symmetrically placed midpoint [see Eq. (4)]. We model the
success probability of each attempt as

Pyyee = e—L/La", (32)

where L, ~ 22 km is the attenuation length corresponding
to attenuation losses of 0.2 dB/km. This model has been
chosen both for simplicity and for not being overly specific to
one particular protocol for heralded entanglement generation.
It reflects the exponential scaling of the success probability
common to both the double-click and single-click protocols
and also to protocols based on the direct transmission of pho-
tons between neighboring nodes [16,82,83] (assuming dark
counts do not contribute significantly). Therefore, it is ex-
pected to adequately capture, at least on a qualitative level,
how uneven entangling rates arise due to asymmetric node
placement in repeater chains based on heralded entanglement
generation.

We model the states created by heralded entanglement gen-
eration to be noiseless. More precisely, whenever an attempt
is successful, a pure Bell state %(lOO) + |11)) is created. We

consider the repeater nodes to be largely perfect devices at
which entanglement swapping can be performed noiselessly
and deterministically. The only imperfection modeled at both
repeater nodes and end nodes is that while qubits are stored
in quantum memory, they undergo memory decoherence. For
simplicity, we model memory decoherence as depolarizing
noise according to

1
o — e—I/Tmhp +(1— e_t/noh)z. (33)

Here ¢ is the storage time and T, the coherence time, which
we take to be 1 s here (as demonstrated with nitrogen-vacancy
centers in Ref. [84]). Given these assumptions, noise in end-
to-end entangled states produced by the repeater chain has
only two sources. The first of these is repeaters storing entan-
gled states in quantum memory until entanglement swapping
takes place. The second is end nodes storing entangled states
until all entanglement swaps have been completed and the
measurements required by the BB84 protocol are performed.
These are exactly the sources of noise that may be affected by
uneven entangling rates in a repeater chain.

F. Numerical results

Now we are ready to address the research questions out-
lined in Sec. III B. For concreteness, we consider a repeater
chain with a length of 1000 km that contains 21 nodes (in-
cluding two end nodes). The nodes are thus, in the symmetric
case, spaced 50 km apart. A distance of 1000 km can be
thought of as a typical pan-continental one, corresponding to,
e.g., roughly the distance between Paris and Berlin. In order to
estimate the values of the generation duration and the QBER,
we employ numerical simulations using the quantum-network
simulator NetSquid [27]. These simulations are based on the
code introduced in Ref. [35] and make use of a number of
open-source libraries [85-91]. All simulation code and data
can be found in our repository [92]. After the generation
duration and QBER have been estimated, an estimate for the
secret-key rate is computed using Eq. (27). The simulations
are performed for different values of the chain asymmetry
parameter Agp,, and for both asymmetric chains and chains
that have been symmetrized again using the extended-fiber
method. The results of these simulations are shown in Fig. 6.
It can be directly seen that using the extended-fiber method
does not improve the performance of the repeater chain, but
instead reduces it significantly. Simulation results demon-
strating that the same conclusion holds for other numbers
of repeaters, other chain lengths, and other coherence times
can be found in our repository [92]. This suggests that the
question whether the extended-fiber method can be used to
mitigate the adverse effects of uneven entangling rates due
to asymmetric repeater placement must be answered in the
negative.

It can be observed that the performance of the repeater
chain exhibits some resilience against small amounts of
asymmetry. At Agp.n = 0.1 the secret-key rate has only
fallen by about 10%. At Achan = 0.20, corresponding
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FIG. 6. Effect of the chain asymmetry parameter A, in a
repeater chain of the type illustrated in Fig. 5 on the asymp-
totic secret-key rate of entanglement-based BB84. Additionally, the
QBER and average entanglement-generation duration are shown,
from which the secret-key rate is derived according to Eq. (27).
When using the extended-fiber method, spooled fiber is deployed to
make all links in the network equally long, resulting in an effectively
symmetric network with an increased total fiber length. The total
length of the repeater chain considered here is 1000 km and it
contains 21 nodes (including 2 end nodes). Depolarizing memory
decoherence [see Eq. (33)] with a coherence time of T,,, = 1s is
the only source of noise included. Error bars represent the stan-
dard error in the estimates and are smaller than the marker size.
Each data point is based on 20 000 simulated end-to-end entangled
states.

approximately to Deutsche Telekom’s planned trusted-node
chain between Bonn and Berlin [93], it has only fallen by
about 50%. For the specific repeater chain we consider, this
corresponds to all the even nodes in the chain being displaced

by 5 and 10 km, respectively, as compared to their position in
a symmetric chain, while the odd nodes remain in place (see
also Fig. 5). This resilience seems to be a consequence of the
fact that both the generation duration and the QBER have a
vanishing first derivative at A, = 0 in Fig. 6, in contrast
to what is observed for the extended-fiber method. We note
furthermore that the first derivatives appear to vanish not only
for the parameters considered in Fig. 6, but also for different
numbers of nodes, chain lengths, and coherence times, as
demonstrated by data that can be found in our repository [92].

G. Reflection on numerical results

It may be surprising that the first derivatives in Fig. 6
appear to vanish. After all, when 4, is nonzero, the resultant
longer links may be expected to form bottlenecks. However,
we need to take into account that while the longer links
become slower at generating entanglement, the shorter links
become faster. It would appear that for small values of A, the
negative effect of the slower links is mostly compensated by
the positive effect of the faster links. We note that the same
is not true when using the extended-fiber method, as in that
case all links become slower due to asymmetry, and indeed
the derivative does not appear to vanish at zero asymmetry
in that case. To foster an intuitive understanding, let us intro-
duce the following hand-waving argument that reinforces the
interpretation that first-order effects on the fast and slow links
cancel each other. Consider a single repeater node n € R. This
repeater is connected to its two neighbors by fibers of lengths
%Lm(l + A,), where Ly is the sum of the two lengths. There-
fore, from combining Egs. (1), (31), and (32), we find that the
average rates at which entanglement is generated with the two
different neighbors are

cexp [_2ZZOL 1+ A,,)]
Li(1 £ Ay)

ce_Llol/ZLan [ Ltol
= 1;( +1>A,,}+0 A%, (34)
LtOt 2Latt ( )

Ry

Initially, entanglement generation is continuously attempted
with both neighbors simultaneously. This can be thought of as
entanglement being created on one side with rate R, and with
rate R_ on the other side, resulting in a total rate at which
entanglement is produced at this node of

_Llol / 2Lall
Liot

Abusively treating the time required to generate entanglement
on either side as being exponentially distributed (while they
are really geometrically distributed), we then have that the
time required until the first entangled state is created takes
time 1/Rgm. This time is invariant with respect to the node
asymmetry parameter at first order.

Before entanglement swapping can take place, the second
entangled state still needs to be generated. Now entangling at-
tempts are only made on one side and therefore the total rate is
no longer Ry, but only R, or R_, depending on with which of
the two neighbors entanglement has already been established.
The probability that the longer link is generated first (once
more treating the times required to generate entanglement as

ce

Rum =Ry +R_ =2 +0(A). (35
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being exponentially distributed) is given by R /Rgym, in which
case it on average still takes a time 1/R_ to generate the
second entangled state. Similarly, with probability R_/Rgn
it still takes a time 1/R,. Therefore, the average time until
entanglement is swapped at repeater n is

1 R R_
Tswap = _<1 = + —>

Rsum R_ R+
3 ce—Lton/zLan

= 1+0(A4), 36
3 L O GO

which is just the well-known three-over-two approximation
for symmetric repeaters [94,95]. Furthermore, the average
time during which the first entangled state is stored in quan-
tum memory is then given by Tywap — 1/Rsum, which also does
not contain any linear terms in .4,. This is consistent with the
fact that not only the generation duration of the repeater chain
appears to be independent of the chain asymmetry parameter
to linear order, but also the QBER.

While the above argument can help explain why the per-
formance of the repeater chain studied here has a vanishing
first derivative with respect to the asymmetry parameter, we
stress that it is not a complete or accurate treatment. For
one, we have approximated geometrically distributed random
variables as being exponentially distributed. Moreover, we
neglected the fact that in order to calculate the QBER we
would need to calculate the expected value of the exponen-
tial function occurring in Eq. (33), which is not the same
as the exponential function evaluated at the expected value.
However, perhaps most importantly, the different repeaters
cannot be considered in isolation. After the repeater has per-
formed entanglement swapping, it can only start entanglement
generation again with neighbors that have themselves also
performed entanglement swapping (otherwise their qubit is
still occupied). This complex interdependence is one of the
main reasons why we have turned to numerical simulations
here.

IV. CONCLUSION

We have investigated how the asymmetric placement of
nodes in a quantum network can affect network performance.
Specifically, we have studied the effect of asymmetric mid-
point placement on heralded entanglement generation and
of asymmetric repeater placement on SWAP-ASAP repeater
chains in which repeaters can generate entanglement with
both neighboring nodes in parallel. In both cases we have
observed a remarkable resilience against small amounts of
asymmetry, even though performance can be expected to de-
grade significantly as asymmetry is increased further. While
for the midpoint placement the cycle time will be directly af-
fected when asymmetry is introduced, the success probability
and fidelity have vanishing first derivatives. Similarly, for re-
peater chains, both the generation duration and QBER appear
to have vanishing first derivatives with respect to asymmetry
in repeater placement. Whether the first derivatives also vanish
for repeater chains in which parallel entanglement generation
is not possible remains an open question. The same is true for
repeater chains that do not execute a SWAP-ASAP protocol
but instead, for example, execute a protocol that includes

entanglement distillation. Furthermore, we have assumed a
specific form of asymmetric node placement (see Fig. 5). An
interesting direction for further research is to compare these
chains to real-world fiber infrastructure and investigate if our
conclusions still hold when asymmetric chains are generated
through different means, e.g., randomly.

Our results suggest that extending fiber segments to sym-
metrize repeater placement is not an effective method for
mitigating the effects of asymmetry. An open question then
is whether such methods exist. One strategy, reminiscent of
the extended-fiber method, could be to reduce the difference
in the expected completion times of longer and shorter links
by delaying entanglement generation on the short links. How-
ever, as geometric distributions are memoryless, starting the
shorter links at a delayed time when the longer links have
not yet finished will result in the same waiting time as when
the shorter link would have been started immediately. Yet,
if the longer links had already finished at the delayed time,
it would have been better if the shorter link had started at
an earlier time. Therefore, we expect that fixed delays are
not very effective, but dynamic delays where the shorter
links are started depending on which links have succeeded
already could work better and pose an interesting scheduling
problem. Another option is the use of cutoffs [20,28,71-73].
When using cutoffs, entangled qubits that have been stored
in memory for too long are discarded to bound noise lev-
els. As cutoffs do not waste potentially useful resources by
keeping links idle, we expect them to be more effective than
delays. Quantifying how well these various strategies mitigate
the effects of asymmetry is an interesting avenue for further
research.

We have observed that asymmetry in midpoint placement
can significantly affect the indistinguishability of photons
used in heralded entanglement generation because of chro-
matic dispersion. Chromatic dispersion can potentially cause
bad fidelity even for small amounts of asymmetry. The size
of the effect, however, depends on the temporal length of the
photons, and we have found that as long as the photons are
long enough (on the order of nanoseconds) the effect of chro-
matic dispersion can be negligible even for large asymmetries
(percent level for an asymmetry of 40 km; see Fig. 3). We have
furthermore found that Gaussian wave packets are much more
resilient against chromatic dispersion than Lorentzian wave
packets which have long tails in their frequency distribution.
By making the shape of a wave packet to be more Gaussian
than Lorentzian (e.g., by filtering out long tails), the effects of
chromatic dispersion can be mitigated.

From all this we conclude that while asymmetry de-
grades quantum-network performance and should therefore
be avoided where possible, small amounts of asymmetry are
not expected to have a large effect. This may alleviate some
of the pressure in selecting the perfect locations for nodes
in a quantum network and suggests that at least those fiber
networks that are only slightly asymmetric can provide fertile
ground for a future quantum internet.

The code that was used to perform the simula-
tions and generate the plots in this paper is available
in [92].
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APPENDIX A: SINGLE-CLICK AND DOUBLE-CLICK
EXPRESSIONS

In this Appendix we derive the success probability and
fidelity of the single- and double-click protocols in terms
of the parameter AL (to first order). These derivations are
based on the expressions given in the Appendix of Ref. [35].
For both protocols, our derivation hinges on having a set of
probabilities {p;} and a set of states {p;} such that

Poyee = sz
i

is the success probability and

(AL)

1
PSUCC

p=5—2D piPi (A2)

i
is the mixed state upon success. The fidelity can then be

written as

1
PSUCC

F =

> piF, (A3)
i

where F; is the fidelity corresponding to p;; p; and F; depend
on Peg and Pign, which we then rewrite in terms of Py =
P]eftPrighl and Pom = Pt + Pright [SCC Eq (6)]

1. Double click

For the double-click protocol we have (taking both the
results and nomenclature from Ref. [35])

pr =PV (1 - p¥),
PR = SPa(1 = V)(1 = pZ),

2—r

Po(1 +V)pac(l — pdc)Hla

PR, = (A4)

PR :Z(I)sum - 2Ptot)pdc(l - pdc)hLl»
pr, =4(1 — Pum + Po)pi(1 = pac)’

such that we have the sets {p;}, {p;}, and {F;} with p; = gempr,
p1 = |WEY(WE| [where |¥t) = L2(|01) +110)) is the tar-
get Bell state, with the sign depending on which detector

clicked], Fi = 1, p» = gempr;» p2 = 2(101)(01] + [10)(10]),
F=1, p3=gempr. p3 = 3(100)(00] + [11)(11]), F5 =0,
ps = (1 = gew)(pr + PR, + PR) + PR, + PE,» P4 = §. and

F, = i. From this it follows that we can write
Pyec =a + Py,

¢+ ;bP
F=—4+" (A5)
a + bPym
with

_ lP 1— 2r P 1— r+1
a= B ot Pdc)” + PdcProt( Dde)

2—r 5 )
X T(1+V)—4 +4p5. (1 + Pot)(1 — pyc)”s

r+1

b =2pac(1 — pac)™ —4p3.(1 — pac)?,

1
¢ = ZdemPir(1+V)(1 = Pac)” + (1 = gem)
2—r
8
— PacPor(1 = pae)™ + pi.(1 + Po)(1 — pac). (A6)

Taking a first-order expansion in pq. of the success probability
and the fidelity gives the double-click results presented in
Sec. II B.

1 -
X (gptot(l — pac)” + pac(1 — pdC)ZPtot(1+V)>

2. Single click

For the single-click protocol we can rewrite the expressions
in Ref. [35] by substituting the bright-state parameters by ¢
[see Eq. (12)] such that we have the sets {p;}, {p;}, and {F;}
with

2

q —
p1= P—(l — pdc)|:2pdc + Ptot( —2(1 — pae)™" + 2pc
tot

+%(2—r><1+v>)}

Py, .
+ @ =211 = pac)" — 2pac(l = pac)l,
Pt

p2 =t + 1,

Pleft
th=q|l—
1 "( TP
B right

X [(1 — pac) + 2( P

tot
Pright
th=¢q|1—g——
’ "( TP
left

x | (1 "+2 h
[ _pdc)+ (P

- 6])(1 - pdc)pdcj|v

- q)(l - pdc)pdcj|»

tot

=2pac(l — )1+q—2— Pum (A7)
P3 = £Pdc Pac P qu ,
p1 = [00)(00], p3 = [11)(11], F; = F; =0,
1
P = p—z[t1|01><01| + 1[10)(10] £ V/V1112(|01)(01]
+ [10)(10D)],
1 At
F=-+JVYX2 (A8)
2 P2
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We note that while Py and Pyigp cannot be eliminated in favor
of Pym and Py in the expressions for #; and #,, they can be
eliminated in p, = t; + f,, giving

, q
P2 =2q(1 — pa.)’ — 4qpac(1 _pdc)<1 + P—)
tot

PSUlTl
P

tot

g{2pac(1 — pac) — q[(1 = pac)”

= 2(1 = pac)pacl}- (A9)

The success probability is then given by

Poyee = p1+ p2 + ps. (AlO)
We refrain from explicitly writing out the exact success proba-
bility here, but note that it can be readily verified that the terms
proportional to Py, cancel out. Therefore, we conclude that
the success probability is independent of Py, and hence the
asymmetry. To leading order we have p; =0, p» = 2¢, and
P3 = 2pdc, and by adding these up the leading-order result for
the success probability in Egs. (13) is found.
As both F; and F3 are zero, the fidelity is given by

1 1t
F=P2p__P | yyyiz (A11)
PSUCC 2PSLICC PSUCC

The product #,¢, cannot be written in terms of solely P, and
Py instead of Ppeg; and Prign. However, the troublesome terms
in this product are higher order. Therefore, we can eliminate
Ppetr and Pygpe from F as long as we stick to leading order.
Here we consider both ¢ and p4. to be of the same order,
i.e., pac = O(q). We note that under realistic settings pg. < g
as otherwise more successes would be caused by dark counts
than by actual photons, which is a regime in which no useful
entanglement can be created. Evaluating F' at leading order
requires evaluating p», Py, and /f1f; up to second order,
giving

P 1
P> =2q[1 — 2+ r)pac + ﬂ(pdc - §q>] + 0(g),

Piot

Poyee =2(f] +pdc)|:1 —q — Pdc +
Q+pdc

1
x <Z(2 —r(1+V)g— 2pdc)] + 0(g%),

1 P
NG =q<1 — 2+ 1)pac = 5(a = 2pac) ;“ ) + 0(g).
tot
(A12)

The leading-order expression for the fidelity given in Egs. (13)
can now be obtained by substituting these quantities into the
equation for the fidelity above and disregarding higher-order
terms.

APPENDIX B: PHOTON INDISTINGUISHABILITY

In this Appendix we derive the formulas for indistinguisha-
bility of Gaussian and Lorentzian photons presented in the
main text.

1. Gaussian

For the Gaussian wave packets given in Eq. (20), u as
defined in Eq. (19) becomes

1 _ 2/ ( 1
— (bw/o) ; : 24,2
n= e dxexp | idtox — =(1 —iALByo“)x
V2 P 2 P2

1 3.3
+ ngLﬁga x ). (BI)

By Taylor expanding in the TOD parameter 3 we can rewrite
this as

1 o i”(ALﬂgo3)”/

— —(bw/o) > 3n

n= e E - dxx
N2 et n!6

1
X exp <i6tax — E(1 - iAL,Bzoz)xz). (B2)

This allows us to evaluate the indistinguishability at different
orders of ALB30? by evaluating the moments of a Gaussian
distribution. The n = 0 term, which corresponds to 3 = 0, is
a simple Gaussian integral for which it holds that

o 2 2 [T
/ e +bx+cdx — eb /4a+c - (B3)
—00 a

1

V1= iALByo?)

Therefore,

— e—(aw/a)2 e—(a&t)z/Z(l—iALﬂzaz).

=0
(B4)
The result in Eq. (21) is then obtained through

Vlig=o = litlg,=ol*. (BS)

To evaluate higher-order terms one can use

/oo xnefax2+bx+cdx — eb2/2a+c z
oo Va
n [n/2] . n—2j .
b 20\ [ b \'"Y(2j— DN
— — ——FF—|. (B6
“|(z) +;<n)<2a> ey | Y

In fact, this allows for determining the indistinguishability to
arbitrary order in the TOD. Here we only calculate the first
order. By recognizing that the expression before the square
brackets in the equation above is equal to the result of the
regular Gaussian integral, we can then write

= wlp=o(l +iAALB0>) + O((ALB3c*)?),  (BT)
with

A (i8to)® + 3isto (1 — iALByo?)

6(1 — iALBy02)? (B8)

‘We then find

V = |ul> = Vigoll + 2AL30 Re(iA)] + O((ALB30°)).
(B9)
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Evaluating this expression yields

ALBsSto*
vzvmzo[l—( Prdio <1—3AL2ﬂ2204

1+ AL2B264)?
51202 (1 — AL2B20*)’
3(1+ AL2B20Y)

)} + O(AL*B50°). (B10)
Collecting the higher-order terms gives Eq. (23).

2. Lorentzian

Using the Lorentzian wave forms defined in Eq. (24) for
dw =8t = B3 =0, we find

1 [ e:l:icx2
e
T J o 14+2x2
where ¢ = %AL,Bzr’z and ¢ > 0 is a real number (the sign
= is the sign of ALB,). We rewrite this as

(B11)

w = eTI(+ic), (B12)
with
00 e—y(l+x2)
I(y) = dx——. B13
) f_ s (B13)

We can evaluate this integral by first differentiating it and then
integrating it again. By the fundamental theorem of calculus,
it holds that

YdI(z)
d

1) = 10) + / dz. (B14)
0 Z

Both terms are readily evaluated,

© dx o
1(0) = iR = arctan(x)|*, = 7, (B15)

/-y all(z)dZ _ /y dz/oo i) g
0o dz 0 —00
y
e
0 Z
VI
- Zﬁ/ e "du
0
= —merf,/y,

where erf is the error function. Here we have assumed
Re(z) = 0 so that we could use Eq. (B3) [which is equivalent
to assuming Re(y) > 0] and we made a change of variables
u = ./y, where ,/y is taken to mean the principal root of y.
Therefore, we have [for Re(y) > 0]

I(y) = (1 —erf/y).

In order to evaluate ; we need to evaluate the error function
for a purely imaginary value. In that case we can rewrite

/ e du=+/ :I:i/ et dv
0 0

= %[(1 + HC(Ve) + (1 FDS(/o)l.
(B18)

Here we made the change of variable u = +/£iv and we
have introduced the Fresnel integrals C(x) = fox cos(r?)dt and
Sx) = f(f sin(¢2)dt. Therefore, we have

(B16)

(B17)

I(ic) = m — V2x[(1 £ )C(Ve) + (1 F)HS(/)]. (B19)

We can then find the indistinguishability as given in Eq. (26)
as

V = |ul* = [I(Fic)l*. (B20)
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