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The g-qubit Clifford group, that is, the normalizer of the g-qubit Pauli group in U(29), is a fun-
damental structure in quantum information with a wide variety of applications. We characterize
all irreducible subrepresentations of the two-copy representation ¢®2 of the Clifford group on the
two-fold tensor product of the space of linear operators M?f. In a companion paper [Helsen et al.
arXiv:1701.04299 (2017)] we apply this result to improve the statistics of randomized benchmarking,
a method for characterizing quantum systems.

I. INTRODUCTION

Symmetric structures, encoded as groups, play a fundamental role in the study of quantum information
theory and quantum mechanics in general. The Pauli group and its normalizer, the Clifford group, are
particularly important in quantum information, with applications such as quantum error-correcting codes?,
quantum tomographic methods?, and quantum data hiding®. Furthermore, operations within the Clifford
group can be efficiently simulated® and the Clifford group is a unitary 2-design®, that is, averages over the
fundamental representation of the Clifford group reproduce the first two moments of the Haar average over
the full unitary group®. These properties make the Clifford group useful for characterization protocols for
quantum systems such as randomized benchmarking®.

A subgroup of the unitary group (in our case the Clifford group) is a unitary ¢-design if the irreducible
subrepresentations of ¢ tensor copies of its standard representation are in one-to-one correspondence with
the irreducible subrepresentations of the same construction involving the the full unitary group®. This
equivalent definition is useful because the tensor representations of the unitary group are well understood
via Schur-Weyl duality®.

Recently it has been shown that the g-qubit Clifford group is also a unitary 3-design®Y. However, si-

multaneously it was shown that the multi-qubit Clifford group is not a unitary 4-design. Consequently, the
representation of 4 tensor copies of the standard representation of the Clifford group differs from the same
construction using the unitary group. In this paper we will analyze a closely related representation of the
Clifford group which we call the two copy representation. This representation is the tensor product of two
tensor copies of the standard representation and two tensor copies of the dual of the standard representation.
The structure of the two-copy representation of the single-qubit Clifford group was analyzed in* and used
to analyze the statistical performance of randomized benchmarking.

In this paper we provide a complete analysis of the two-copy representation of the multi-qubit Clifford
group for any number of qubits. In a companion papert?, we use these results to analyze multi-qubit ran-
domized benchmarking, leading to a substantial reduction in the amount of data required to obtain rigorous
and precise estimates using the randomized benchmarking procedure.



Il. PRELIMINARIES

We begin by setting some relevant notation. We denote by M, the vector space of linear operators from
C? to C*. We will only be interested in the case d = 29 where ¢ € IN is the number of qubits in the system.
Other finite dimensional vector spaces will often be denoted by V, with |V| the dimension of that vector
space. We also recall that the vector space My can be equipped with the Hilbert-Schmidt inner product
which takes the form

(A,B) =Tr(ATB) VA,Be M,. (1)
We also denote the (anti-) commutator of two elements of M, as

[A,B] = AB—-BA VA,Be My (commutator)
{A,B} =AB+BA VA BecM,y (anti-commutator)

To facilitate later analysis we also recall some standard facts about representation and character theory. We
will mostly follow!?. Readers familiar with representation theory may skip this part.

A. Representation theory

Let GL(V) be the general linear group over a finite dimensional (real or complex) vector space V, i.e. the
group of invertible linear transformations of V. Let G be a finite group. A representation ¢y of G on a
finite dimensional (real or complex) vector space V' is a map

v :G = GL(V) : g ¢(g) (2)
with the property

ev(g)ev(h) = pv(gh) Vg,h€G. (3)

We call V' the space carrying the representation ¢y . A subspace W C V carries a subrepresentation of oy
(denoted ¢y ) if

ev(gW c W (4)

for all g € G. A representation oy is called irreducible if there is no non-trivial (W # )) proper subspace W
of V such that ¢y (¢)W C W for all g € G. Two representations ¢y and @y are called equivalent, denoted
p = ', if and only if there exists an invertible linear map 7' : V' — V such that

ov(g) =Ty (9)T" VgeG. (5)

A central result for irreducible representations is Schur’s lemmalt®. Let ¢y, oy be irreducible representations
of a finite group G on spaces V,V’. Then Schur’s lemma states that a linear map A : V — V' satisfies

evi(9)A = Apy(g9) VgeG, (6)

if and only if A is of the form

A= {0 if oy & v, (7)

for some A € C. We note an important corollary. Let oy = @®;p; be a representation of a group G composed
of irreducible inequivalent representations ; and let A : V — V satisfy ¢(g9)A = Ap(g) for all g € G. Then
we must have

A=) NP, (8)



for some \; € C, where the P; are projectors onto the subspaces of V' carrying the irreducible subrepresen-
tations ;.

We next recall the character of a representation. Let ¢ : G — V be a representation of a finite group G
on a finite dimensional (real or complex) vector space V. The character x,, : G — C of the representation ¢
is defined as

Xe :G = C: g xp(9) = Trv(p(9)), 9)

where Try-( ) denotes the trace over the vector space V. Characters have a number of useful properties?
which we recall here. For representations ¢, ¢’ we have the relations
X' = X X' (10)
Xody' = Xo T Xo' (11)

with suitable generalizations to multiple direct sums and tensor products. The inner product between the
characters of two representations ¢ and ¢’ of a finite group G is

1
(o Xe) 1= 17 D xe(9) X (9), (12)
geG
where * denotes complex conjugation. Schur’s orthogonality relations state that for ¢rreducible representa-

tions ¢, ¢’ of G,

0if o2y

13
1if o= (13)

<XQD7XAP'> = {

We note the following useful corollary. Let ¢ = @iga?"i where the ¢; are all irreducible, inequivalent

representations and n; denotes the multiplicity of ¢; in ¢. Then eq. implies
(Xeor Xo) = D 13- (14)
i

In particular we also have,

<X<an<p> > 1, (15)

with equality if and only if ¢ is irreducible.

B. The Pauli and Clifford groups

Finally we recall definitions for the Pauli and Clifford groups, note some useful facts about the Pauli group
and define what we mean by the “two-copy representation” of the Clifford group.

Definition 1 (Multi-qubit Pauli and Clifford groups). Take U(d) to be the group of d X d unitary matrices
(where d = 2%), which has a standard representation™ on the complex vector space C%. For q =1, let {vg,v1}
be an orthonormal basis of C2 and in this basis define the following linear operators by their action on the
basis

X’Ul = Vi+1, Z’Ul = (—1)l’l)l, Y'Ul = iZX’Ul = i(—l)l+11}l+17

for 1 € {0,1} and addition over indices is taken modulo 2. Note that X,Y,Z € U(2). The q-qubit Pauli
group Py is now defined as the subgroup of the unitary group U(2?) consisting of all g-fold tensor products
of q elements of P1 := (X, Z,ily). The g-qubit Clifford group C, is the normalizer (up to complex phases)
of Py in U(29), that is,

C,={UcU29) : UPU CP,}/UQ).



Both the Clifford and Pauli groups have a standard faithful representation on the vector space C* with d = 29
as they are subgroups of the unitary group U(d). We also define P, as the subset of P, of Hermitian elements
of the Pauli group. This set consists of all g-fold tensor products of the operators {1, X,Y, Z}.

For a more expansive introduction to the Pauli and Clifford groups see e.g*¥ and references therein.

Next we recall some useful facts about the Pauli group and its standard representation. We begin by
noting that the Hermitian subset P, of the Pauli group forms an orthogonal basis for the Hilbert space
M. We can turn this into an orthonormal basis (under the Hilbert-Schmidt inner product in eq. ) by
introducing normalized Pauli matrices :

1 P .
0= {ﬁ | Pe Pq\{l}}, (16)

where we have given the normalized identity its own symbol for later convenience. We also define &, :=
o,U{oo}. We will denote the elements of the set o, by Greek letters (o, 7, v, ...). For the case of a single qubit
we denote the normalized X,Y, Z Pauli matrices by ox,0y,0z. We also, for later convenience, introduce
the normalized matrix product of two normalized Pauli matrices as

o-1:=Vdor o,7€é&, (17)

Note that o-7 € £6 if [0, 7] = 0 and io -7 € L0 if {0, 7} = 0. Lastly we define the following parametrized
subsets of o, and 4. For all 7 € o, we define

N, ={oc€o, | {o,7} =0}, (18)
C,:={oeco,\{r} | [0,7] =0}, (19)
C,={oecé, | [0,7] =0} (20)

Note that we have |C,| = |N,| = % and C, and N, are disjoint for all 7 € o,. With regard to these sets

we also state the following lemma, which we prove in the appendix:
Lemma 1. Let 7,7" € oy and 7 # 7. The following equalities hold
~ ~ ~ ~ d?
\NTnCT/|:|C,mC’T/|=\CTHNT/|:|NT0NT/\:Z. (21)
Also for all T € o4 we have
IN,,NC,|=|Ny NN,| =0, (22)
d2

C,,NCL| = |Co, NN, | = 5 (23)

As mentioned above, &, forms an orthonormal basis for My. We can define a representation ¢ of the
Clifford group by its action by conjugation on this basis, we have

©:Cp—= Mg :C s p(Co=ColCl, océy, (24)

where C is the standard representation of the Clifford group on C¢ discussed before. We call ¢ the one-copy
representation. Note that this representation is equivalent to the representation C ® C* where * denotes
the complex conjugate!®. It is a standard result*! that this representation decomposes into two irreducible
subrepresentations carried by the spaces

Via = span{oy}, Vaaj =spanf{ o || o € o4} (25)

The representation carried by the space V,qj is called the adjoint representation.



Note that we have for all C' € C; and o € & that ¢(C)o = +7 for some 7 € &,. This means that in the
basis 6, the Clifford group is represented by signed permutation matrices. Note also that the action of the
Clifford group through ¢ is transitive on o ;.

Now we define analogously the two-copy representation of the g-qubit Clifford group C, on the Hilbert space
Mg My = ./\/l?2 (hence the name two-copy representation). We define ¢®? with respect to its action on
the basis

B={00®00,00 20,000,007 | 0,7 €04}, (26)
of M;@z. We define the action of ¢®2 on B as
¢} ()o@ 1 = (CoCT) ® (CTCT), c®TEB. (27)

Note that this representation is equivalent to the representation C' ® C* ® C'® C*. For brevity we will often
forget about the tensor product symbol and write ¢ ® 7 as o7 when it is clear from the context. Note that
in the basis B the action of a Clifford element C' € C,; again takes the form of a signed permutation matrix.
The rest of the paper will be concerned with identifying the irreducible subrepresentations of ¢®2.

1. THE TWO-COPY REPRESENTATION OF THE MULTI-QUBIT CLIFFORD GROUP

The characterization for multiple qubits is more complicated than the single-qubit case considered pre-
viously'' because non-trivial elements of the multi-qubit Pauli group can commute, while others can anti-
commute and these relations must be preserved under the action of the Clifford group*®. This section will
be composed of several lemmas, ultimately culminating in theorem [I| In these lemmas we will introduce a
variety of subspaces of M?2 and prove that they all carry subrepresentations of ¢®2. In theorem 1| we will
then exactly characterize which of the subspaces carry irreducible subrepresentations. We begin by calcu-
lating how many subrepresentations we require for each g. The following lemma, proven in, characterizes
the inner product with itself of the character x @2 of the two-copy representation of the Clifford groupﬂ

Lemma 2. Let C; be the g-qubit Clifford group and ©®2? its two-copy representation with character Xp®2 -
The character inner of this representation with itself is

15 ¢g=1
<X¢®2, X¢®2> =4¢29 g¢g=2 (28)
30 ¢q=>3.

By eq. , this number provides an upper limit to how many (in)equivalent irreducible subrepresenta-
tions the representation ¢®2 can contain. We will now, over the course of several lemmas (lemmas {4 to @
and @, divide the space M?Q into subspaces carrying subrepresentations of ©®2. This will eventually
culminate in theorem [I] where we prove that all the subrepresentations derived in lemmas [ to [6] [§ and [
are in fact irreducible.

We continue by defining subspaces of the space M?z (spanned by B) that carry subrepresentations of C,.
Not all of these spaces will carry irreducible representations, these will be divided further in lemmas [4] to [6]
and

a Technically the character inner product of the representation C®* rather than C®C* ®C®C™* is calculated in?, but it can
be easily seen that the character inner product is invariant under complex conjugation of some or all tensor factors of the
representation.



Definition 2. Let B be the basis for M?Q as in eq. and define the vectors

1
AO’T ==
) \/i

1
So.r 1= ﬁ(m— +710) (30)

foro,7 € o4 and o # 7. We define the following subspaces of M?Q:

(o1 — 70), (29)

Via := span{ogoo}, (trivial)
Vi :=span{oor || T €0y}, (right adjoint)
W :=span{rog || 7 € o4}, (left adjoint)
Va :=span{r7 || 7 € o4}, (diagonal sector)
Vig) := span{Sg,T | ceC,, 7€ O'q}, (symmetric commuting sector)
Visy == span{S(,’T | ce N, 7€ aq}, (symmetric anti-commuting sector)
Via) = span{AaJ | ceC,, 7€ O'q}, (antisymmetric commuting sector)
Viay == span{AU’T | ce N, 1€ O'q}. (antisymmetric anti-commuting sector)

These spaces do not all carry irreducible subrepresentations of ¢®2 but they do all carry subrepresentations.
This is proven in the following lemmas:

Lemma 3. All spaces W defined in deﬁnition@ carry a subrepresentation of the representation ©®? of the
Clifford group Cq, that is

XYW C W YO e, (31)
Note that W may be empty for ¢ = 1, in which case the statement holds trivially.
Proof. First note that CoqCT = oy for all C € C, and that for any C € C, and o € o, there exists a 7 € o,

such that CoCt = £7. This means the spaces Viq, Vi, i and Vg carry a subrepresentation of ¢®2. Note also
that we have

©®*(C)So,r = Scoct,crot C ey, (32)
0¥ (C) Ay = Acoct oot C ey, (33)

for all 0,7 € o4 and o # 7 and also

{CoCt,CTCT} =0 <= {o,7} =0 C€C, (34)
[CoCT,CTCT =0 <= [0,7]=0 C€C, (35)

for all o, 7 € 6,. From these equations it is easy to see that Vig}, Visy, Vja) and Vay carry subrepresentations
of p®? as well. [ |

Note that since Viq is a trivial representation it is automatically irreducible. Over the next few lemmas
we will further characterize the other spaces defined in definition [2} beginning with the diagonal sector, i.e.
the space V3.



Lemma 4 (Diagonal sector). Take the space Vg as defined in deﬁnition@ and define the following 3 subspaces

Vo:=spanqweVy || w=——= = ZO’O’ (36)
aeoq

Vi=spanqueVy [ v=Y Xoo, Y A=0, > A, )\T, VT € o, (37)

o€oy ocoy cEN,
d

Vai=spanueVa || v=> Aoo, Y A =0, Z)\gzi)\ﬂ VT € g, (38)

ocETy oEoy oc€EN
with |Vi| = dH) —1 and |Va| = d =D _ 1. We have the following statements

o For g =1 the spaces Vy and Vi carry irreducible subrepresentations of ¢®2 and Vo = 0.
o For q > 2 the spaces Vy, Vi and Vo carry irreducible subrepresentations of o®2.

Proof. The special case of ¢ = 1 was treated in't. We will treat the case ¢ > 2. We begin by establishing
that the space Vq = span{oo || ¢ € o,} has exactly three subspaces carrying inequivalent subrepresentations
of p®2. One can see this by considering the character x4 of 0®? restricted to Vg. It is easy to see by direct
calculation that for all C' € C; we have xq(C) = F(C) where F(C) is the number of non-identity Pauli
matrices fixed under conjugation by C up to a sign. This means the character inner product (x4, xd) is
given by

{(Xds Xda) |C\ Z F(C (39)
cec,

By a generalized version of Burnside’s Lemma (sec”) we can relate this to the number of orbits of the Clifford
group (up to signs) on the set o, x o,. These orbits were characterized in which yielded (x4, xa) = 3 for
q > 2. This means, by eq. ., that V4 must contain exactly three inequivalent irreducible subrepresentations
(all with multlphclty one). It is easy to see that Vj carries a trivial subrepresentation by noting that ¢®2
acts as a permutation on the basis of V3. Hence we can write Vg = Vi @ V4 where

Vorth :=spang v € Vg || v = Z A0, Z Ao =0 5. (40)

ocoy oEcoy

Because of the character argument given above we know this space must decompose into exactly two orthog-
onal subspaces Vi, Vo which carry irreducible inequivalent subrepresentations of p®?. We now characterize
these subrepresentations. We define the linear map T : Vg — Vg by its action on the basis of V3. For all
T € 04 we have

= Z oo. (41)
oc€N

It is easy to see that this map commutes with the action of »®2? on V4. Hence, by the character argument
above and Schur’s lemma (eq. (8)), it must be of the form

T =aoPo + a1 P1 + axPa, (42)

where P, is the projector onto the space Vy and Pj, P, are projectors onto the eigenspaces of T~ with
eigenvalues a1, as respectively. We will label these eigenspaces V; and V5. Note that aq,as € R since T is
symmetric. We will also assume that a; < as. This can always be achieved by relabeling. By inspection we



see that ag = g. We find can aq, as by considering the squared operator 72. We can compute its matrix
elements in the given basis of V3 as

I:TQ:ITT/ <TT T2 Z Z (43)
ccEN_, 6EN,
=|N,NN| (44)
d2 d?
R 45
4Tl (45)
where the last equality follows from lemma (1| and [N ;| = d; for all 7 € o4. From this characterization we
can find the action of 72 on v € Vopn:
T (v) = > A\T?(00) (46)
ocoy
d? d?
= Z )\U?—F Z A&Z oo (47)
o€oy beoy\{o}
d? d?
= Z ()\ 5 - ) oo (48)
[eASTe
d2
= ZU7 (49)
where we used the definition of v € V. This means that we must have a% = a% = %. There are hence
two options: either a; = as or a; = —as. We can exclude the first option by noting that the operator T is
traceless. Hence we must have
d2
TF(T) =0=aqag+ a1‘V1| + a2|V2| = ? + al\V1| + CL2|V2|, (50)

where |V;| is the dimension of the space V;. By noting that [V3| + |Va| = d? — 2 and that V3, Vo # 0 (this is
a consequence of the character argument above) we find the only possible solution to be

dd+1 d

|‘/1| = % — 1, a1 = _57 (51)
d(d—1 d

[Va| = % -1, az = 3. (52)

We can now diagonalize the operator 7 to find the description for the spaces Vi, Vs given in the lemma

statement.
|

Next we establish an equivalence between the representations carried by V; and V] and two subspaces in the
symmetric and antisymmetric sectors. All four of these spaces will be equivalent to the adjoint representation
of the Clifford group, already mentioned in eq. .

Lemma 5 (Adjoint representations). Take the vector spaces Vi, Vi as defined in definition @ Also define
the vector spaces

Vadj) = Span{ULadj] €V |l vlpdl] = (symmetric adjoint)

Z SO‘ oy T S Uq}
«/2|C
Vidj) = span{viadj} €Viay | pladit = \/2‘7 Z cicrs T E a'q} (antisymmetric adjoint)
oc€EN,

located in the symmetric commuting and antisymmetric anti-commuting sectors. The spaces Vi, Vi, Viaaj)
and Viaaj carry equivalent irreducible representations.



Proof. Note that the representations carried by the spaces V;, V] are trivially equivalent to the adjoint rep-
resentation (eq. ) of the Clifford group, which is irreducible®. This leaves us with the spaces Viaaj) and
V]aqjj- We begin by noting that the spaces V.qj), V{aqj} carry subrepresentations. This is easily seen by by
[adj]

taking vr " € V]aqj) as defined in the lemma statement and writing
adi 1
P2 (CWPY = ——— 3" Sc,ct (coct)(orot) (53)
V2|C| veC.

1
= S, o0 54
¢2|CT L2, e i

e JU~CTCT (55)
2|C UEC’Z

pl2di]

Vorct € Viadjls (56)
where we used the fact that the action of the Clifford group preserves commutativity of elements of the
Pauli group and acts transitively on o,. We have a similar argument for Vy,qj;. Note also that the vectors
spanning V[,q;) as given in the lemma statement form an orthonormal basis for V,q;. For 7, 7' € o4 we have

crct

<'U,[radj] y ’U,[ra/dj]> = o’ o-T) 0' 'r’-fr> (57)

UEC 6eC s

o’EC 6eC ./

+0) (58)

o'EC 6eC s

1
:2|C| Z Z Or 7t gg+5TT2|CT| Z Z (o0-6,7) (59)

ceC,5eC ceC,6eC,.NC,
6” +6TT|C| YD bos (60)
ceC,6eC,
=077, (61)
where we obtained the second to last equality by using lemma [I| and noting that (o - og,7) = 0 if o € C.
We can make a similar argument for the vectors spanning Vi,qj;. Now since [Vi] = |V[adj]| we can construct
the isomorphism
0 : Vi = Viaqj) : 007 > 024 (62)

We can check that this isomorphism commutes with the action of ¢®2. We have for all 7 € o,

9(90(82(0)0—07—) Z UO'-CTCT (63)
Vv 2|C oeC
= T Sa,mCTC'Jf (64)
v 2|CT| cmczecT
1
= T SCUCT,CUCT-CTCT (65)
Vel
= p®%(C)0(ooT), (66)

for all C' € C;. This means that the spaces V; and V|,qj carry equivalent subrepresentations of ©®2, We can
make the same argument for Vi,q4j; and hence Vjaqj, Viagj}, Vr, Vi carry equivalent irreducible representations.
]



Now we turn our attention to the antisymmetric sector, i.e. the spaces Vj}, Via} as defined in deﬁnition
where we can formulate the following lemma.

Lemma 6 (Antisymmetric sector). Take the space Viay as defined in deﬁm’tion and note that it contains
the space Viaajy (defined in lemma @) Denote the orthogonal complement of Viaajy in Viay as V{J;dj}. We

have that the subrepresentations of =2 carried by Via) and V{tdj} are equivalent.

Proof. Note that V{é qj) carries a subrepresentation of ©®2 by Maschke’s lemmal?

since Viaqj) and Viay
carry subrepresentations. We will prove that the representations carried by V{ld dj} and V4] are equivalent

by constructing an isomorphism between them that commutes with the action of p®2. Note first that we
can write down the following orthogonal basis for V5] as

Via) = span{d, .. | 0 € Cr, T €Ty} (67)

Now consider the following linear map (defined as the linear extension of its action on the basis defined
above) between Vjz] and Via;y.

O: ‘/[A] — ‘/{A} : Ao,a~‘r‘ — Z A&,i&“r - Z Aé’,i(rT (68)
6eEN.NC, 6EN. NN,

forallo € C;, 7€ o, We now argue that the image of © is orthogonal to the space Vi.qj;. We do this by
direct calculation. For all v € o4 and all 0 € C;, 7 € o, we can calculate

V2N [l 0(A,,..)) =

(]

<Aa/7w/.u,A&,i&.7—>— Z Z <Ao’,io’~1/7A&,i&~T> (69)

o’€N, 6eN,.NC, c’eN, 6N NN,
= (60",& + 50’,ié’~7’)6u,r

o’e€N, 6eN,.NC,

DD DR R (70)
c’eN, 6EN NN,

=2(IN, NN, NC,;|—|N,NN.NNg|) b, (71)
=2[N,NCys|—|N; NN 07, (72)
-0 (73)

where in the last line we used lemmaand |IN,NC,| = |N.NC,|ifo € C,. This means that Tm(0) C V{tdj}.
We now argue that Im(©) = V{tdj}. We first note that |V{tdj}| = |V}a)|. Furthermore we can show that ©
preserves orthogonality under the Hilbert-Schmidt inner product and that Ker(©) = @. By direct calculation

10



we have for all 7,7 € 0, and 0 € C,0’ € C

<® (AO',O'-T)7 G(Aa’,a’-’r’)> = § <A&,i&~‘r7 A&’,i&’-7’> - E <A5',ia'-T7A5",i§'/-T,>
6eEN,NC, 6EN NN,
&IGNT/ﬂCU/ &/GNT/QCU/
- E (As.i5.7, Asr ior 1) + g (As.i6.7, Asriorr)  (T4)
6eN,NC, 6EN.NN,
&,ENT/I'TNG/ &IENTIONU/
= E (06,6 + 067 ic-7 )07 — E (057,6 + 067 ic7 )07 7
6eN.NC, 5EN.NN,
6'eN_NC,, 'eN_NC,,
- E (067.6 + 657 i67)0r o0 + E (0676 + 067 ,i6.7)0rr (75)
6eN,NC, GEN NN,
&/GNT/QNU/ 5”€NT/I'TNU/

<|NTmC[, NCy|—|NNC, NN,y
—NTQNUOCJ/H—NTQNUQNU/>5T’T/ (76)

To further evaluate this expression we use the following fact. Let v € & such that o - o’ oc v (note that this
implies that v € C) . We then have

Vpueos: pel, <= pe(ConNCy)U(N;NNy) (77)
Vueo,: peN, < pe(Co,NNyy)U(C,NNy). (78)

We use this together with the fact that C, NN, =0 for all 7 € o to reduce eq. to

d2
(|N'r N CV| - |N‘r N Nl/|) 57’,7” = (2 - 1) 5T,‘r’ (5070/ + 5a,ia’<r) (79)

where in the last equality we used lemma together with o -0’ oc v and that N, N C,=N,nC,ifvecC,
and that C, = o if v = 0 which occurs if and only if o = ¢’. Since (Ay iv.rs Ao’ o7r') = 07,7/ (8.0 +00i077)
this means that © preserves orthogonality and that Ker(0) = ). Together with the fact that |V{J; dj }| = [Val
this implies that Im(0) = V{Ja-L djy- This means we can restrict © to an isomorphism from Vi to V{Jz; djy- We
will abuse notation and refer to this isomorphism as © as well.

To prove that the representations carried by V) and V{ﬁ 4j) are equivalent we now still have to argue that

© commutes with ¢®2. We can do this by direct calculation. For all 7 € o, and 0 € C, and C € C, we
have

O(p®*(0)(As,0.r)) = O(Acoct coct-cret) (80)
= > As is.crot — > A is-crCt (81)
GEN G, ctNCo,ot GEN ¢, ot N g, o

= Z A&,i(rCTCT - Z Aé’,ié"CTCT (82)

Ct6CeN,.NC, Ct6CeN,NN,
= Y Acscricscrorct — Y, Acscticect.crot (83)
6eN.NC, G€N,NN,
=<P®2(C)< Z Agigor — Z Aé‘,ié’-‘l’) (84)
GeN.NC, 6EN NN,
= p®*(0) (0(Ag0.1)) - (85)
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This proves the equivalence of the subrepresentations carried by V|5) and V{J;dj}. ]

Note that we have not proven that the subrepresentations carried by V] and V{tdj} are irreducible. We
will get this irreducibility for free when proving theorem

Next up are the symmetric sectors. In order to facilitate the analysis of these spaces we begin by proving the
following technical lemma. This technical lemma allows us to draw conclusions about the subrepresentations
of ©®? carried by subspaces of Vis] and Vig) by considering the action of a strict subgroup of the Clifford
group C, on particular subspaces of Vig; and Vigy.

Lemma 7 (space reduction). For every T € o, define a subgroup Cj of C, as
Cr:={CeC, | CrC" = %7} (86)
Also define subspace V = span{ o6 | 0,6 €04, 0# 6} C M?Q and for all T € oy define the subspace
VT :=span{ 0.6, || 0;,6; €0y, 0, -G; xXT}. (87)

The first claim of the lemma is:

e The space V decomposes with respect to V7, that is

V=P v (88)

T'Eay
Now assume that for some T € o, there exists a subspace W7 of V7 such that
YW CWT, VYO ecC]. (89)
The second claim of the lemma is:
e For all 7' € o, there exist W™ c V™ such that W™ and W™ are isomorphic and that
PPHCYW C W, VCec, (90)
with

W= w. (91)

T'Eoy

Proof. Note first that Ur/eaqVT/ =V and also for 7,7’ € o4 we have for all 0,6, € V7, 6,6, € V™ that
<O—T6—T7 UT’&T’> = 50,,07_/ 5?7.,.,[7,_/ = 50,,07_/ 57’,7”7 (92)

since if 0, = o, we must have (6, = 6, <= 7 =7'). This immediately implies

v=@FPp v . (93)

T'E€oy
This proves the first claim of the lemma.

Now assume that there exists a 7 € o, such that there is a subspace W7 C V7 such that for all C' € Cy
we have ®2(C)YW7™ € W7. For all 7/ € o, we can define the following subset S, of C,:

S.:={Cec, | CcrCt =+7'}. (94)
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Because the C; acts transitively on o, this set is never empty. Now for every C' € S,/ we can define the
subspace W€ as

WO = {p®2(C)v || ve W} (95)
Note that for every C € S,/ we have W™ c V™. We also have for C1,Cy € S, that
cicy ecy, (96)
ciciecy. (97)
The first equation implies that
PP (CHPP(COWT CWT = p®2(CHW T c W, (98)
which we can left-multiply by ¢®2(C}) to get
WCQ,T/ C Wcl,‘r'. (99)

We can repeat this reasoning with Cy, C interchanged to obtain WC=m c W and thus
Wcl’T, = VVCQ’T/7 v(Cy,Cy € S, (100)

for all 7/. Let us label this single subspace by W™ . Note that since W™ C V™ for all 7 € o, the spaces
wT, W™ are orthogonal for 7 # 7/. Hence we can consider the space

W= w (101)
TEO
Now take w € W. We can write
w= Y v, T eW. (102)

TEO

Now for all C' € Cy; and 7 € o, there exist unique vectors u™ € V™ with 7/ = +C7CT such that
PP Cw =Y P C™ = Y uT €W, (103)
TEO, T'Eoy

which proves the lemma.
|

Next we turn our attention to the symmetric commuting sector i.e., the space Vig). We will decompose
this space by using a curious connection between the representation ¢®?2 of C, on Vi) and the representation

©®? of C;—1 (the Clifford group on g — 1 qubits) on its diagonal sector V(f_l. We have the following lemma.

Lemma 8 (Symmetric commuting sector). Take the space Vig) as defined in deﬁnition@ the space V],q; as
defined in lemmal[d and define the spaces

= @V V= @V 01

TEO TEO,
where for all T € o4
d
Vv[‘lr] ‘= span {UT € Vv[s] ” vT = Z )\USa,icr-Tv Z Ao = _ZALM S C‘r} ) (105)
cEN, ceC,.NN,
d
‘/[;] ‘= span {UT € ‘/[S] || vT = Z AUSU,iO'T7 Z >\g' = Z)\y, Vv € CT} . (106)
oc€N . ceC NN,

Note that Vi1y, Vg and Viaqj are subspaces of Visj. We have the following:
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e For q =1 we have Vig) = 0 and hence Vi = Vig) = Vjagj) = 0.

o For q = 2 we have Vig) = V]aaj) ® V1) and Vg = (. The spaces Viadj) and V]1y carry irreducible
subrepresentations of ¢®2.

e For g > 3 have Vi) = Viaaj) ® V1) ® Vig). The spaces Vjaqj, V1) and Vig) carry irreducible subrepresen-
tations of ©®2.

Proof. We begin the proof by noting that the space Vig) can be block decomposed in the following way

Visj = P Vg, (107)

TEO
with
Vg =span{Soor || 0 €Cr, TEOG}. (108)

Using lemma E we can, to find subspaces of Vg carrying subrepresentations of 02, restrict ourselves to
finding, for some 7 € o, subspaces of Vg, that are invariant under the representation ©®? restricted the

subgroup C; C C, where C7 is defined as in lemma |7} For the purposes of this proof we choose 7 = gz00.
This means that we can write any 6 € C; as

G =070 Or 0g0, O € OT4_1, (109)

with 0,1 the normalized, hermitian, non-identity Pauli elements on ¢—1 qubits. We also recall the definition
of the diagonal sector on ¢ — 1 qubits:

ViTt:=span{oo | o €o, 1} (110)
Since we have that
SGOU,UZU = Saza,ago (111)

for all o € 04— there is an isomorphism 6 between the vector spaces qu71 and V[g] of the form

0: qu71 = Vi§ 100 = Sogo0z0- (112)

Now consider the Clifford group on g —1 qubits, C;—1. It can be seen as a subgroup of the group C; through
the embedding

0:Cp1—>Cl:C1C. (113)

Now note that Cj preserves the commutation relations of the set 0,1, that is, for all 0,6 € 041 and
01,01 € {00,002} we have

[C(010)CT,C(616)CT] =0 «= [010,616] =0 < [0,6] =0 (114)

for all C' € C7 with the same conclusion holding for the anti-commutator. Now from this and eq. (111]) one

can see that for all C' € C] there exists a C € €, such that ®2(C)v = ®2(§(C))v for all v € Vi§- This
means that for any subspace W of V[g] we have

P CYW C W, YO €€ = ¢®*(0(C)W C W, VC €Cyq (115)

Now let us consider the representation ¢®2? of Cg—1 on g — 1 qubits. Let’s label the restriction of this
representation to V{ ~Las 4. From lemmawe see that Vg decomposes into three spaces carrying irreducible
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subrepresentations of 4. We shall label these Voqfl, qufl and V2q71. Now note that we have for all C' € Cy—1
and all o € o, that

P2(0(C)0(00) = S, ot opcaet = 0(pa(C)o0) (116)

which implies that the representations 4 and the subrepresentation of p®? carried by V[E] restricted to the
image of 0 are equivalent with the equivalence given by the map 6. This means that the subspace V[g} (with

T = 0700) decomposes into three subspaces carrying irreducible subrepresentations of ¢®? restricted to Cy-
We label these three spaces as

Vi =0V Y, Vg =eh), Vg =0, (117)
with 7 = 0z0¢. From lemma |7/ and identifying the spaces ©;/¢co, V[g]/ and V],q5) we now arrive at the lemma
statement. ]

Finally we analyze the symmetric anti-commuting sector, i.e the space Visy. This space carries an irre-
ducible subrepresentation for ¢ = 1 and falls apart into two subspaces carrying irreducible subrepresentations
for ¢ > 2. We have the following lemma.

Lemma 9 (Symmetric anti-commuting sector). Take the space Visy as defined in definition @ and define
the subspaces

Viy= @D Vi Vi = @ Vi (118)

TET, TEOy

where for all T € oy

V{1 :=span {’UT €Visy || v”

> XoSeicrs D, Ae— D )\U:g)\y, VVENT}7 (119)

ogeN ceN.NC, ceN.NN,
d
V{Tz} = span {UT €EVigy || v" = Z AoSoicrs Z Ao — Z Ao = 752)\% Vv e NT} . (120)
oeN ceN,.NC, ceN. NN,

We have the following statements:
e For g =1 the space V(gy carries an irreducible subrepresentation of p®2
e For q > 2 we have Vigy = Vi1y @ Vigy and the spaces Viyy and Viay carry subrepresentations of ®?

Proof. The ¢ = 1 case was dealt with inll, we will deal with the case of ¢ > 2. The argument goes by a
combination of the arguments in lemma E| and lemma (8| First note that we can write Vigy as

Visy= P Visy, Vi) =span{Seior | 0 € N} (121)

TEO,

We can again use lemma @bto look for subspaces of V(g} carrying subrepresentations of ©®2 by considering
the action of the strict subgroup C; of C, on the space V{TS} (where C; is defined as in lemma . As in
1emma we choose 7 = 0700. The elements of o, that anti-commute with 7 can now be seen to be

N, ={oxo,0y0 || 0 €64-1}. (122)

Note that the set N leads to an ambiguous definition of a basis for V{TS} as we have that

Saxa,i(crxa)-(azag) = _Saya,i(crya)~(azoo) . (123)
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forall 0 € 641 (recall that 6,1 = o4—1U{00}). We resolve this ambiguity by choosing the set {oxo | o €
64-1} to generate a basis of Vis;- This makes that

Visy = span{Soyo.0y0 || 0 € -1} (124)
In the spirit of lemma [d] we define the following linear map A as a linear extension of the action on the basis

of V{TS} as

A (Soxo,i(axa)»‘r) = Z S&,i&ﬂ' - Z S&,i[rT- (125)

6€Coy 0NN €N, oNN,

We can argue that this map commutes with the action of p®? restricted to C7 (Where C7 is defined as in
1emmal Wlth T = 0z00) by direct calculation. We have for C' € CT and o € crq 1

A [¢®2(C) (So'xo',i(axa)~7')] =A [SC(UXJ)CT,iC’(UXU)-(T)Cf] (126)

= Z Ss.i5.cret — Z S i6.crot (127)
6€C 0y et NN 5Ny oyt NN~

= Z Ss.i5.cret — Z S i6.crot (128)
Ct6CeCoy o NN, Ct16CEN, NN,

= Z Scect icerot — Z Scsct icsrci (129)
4€Cy 4NN, GEN, 4NN,

= §0®2(C) (‘A [SUXUai(UXU)'T]) : (130)

This means that, through Schur’s lemma the map A tells us something about the subrepresentations of (%2
restricted to Cg carried by V{TS} Because 7 = oz09 we can write A in a slightly better form by noting

A (SUXU,i(UXU)~T) = Z S?T,i&-T - Z S&,ié"‘r (131)
$€C, 0NN, 6€N,oNN,
= Z SUXU ,oyo’ + Z So‘yn ,—oxo’
o’€N,

- oxo’,oyo oyo!,—oxo
> Soxotover+ D Sover—axo (132)

o’€EN, Uleéa

2 Z Saxo",aya/* Z Saxa’,a'yd’ ) (133)

O'/Géa o’€N

where we recall C, to be €, = C, U {00,0}. We now analyze the properties of the map A by calculating
Tr(A) and A®. We have

1 1

5 TF(A) = 5 Z <Saxa,oy07A(Saxa,aya)> (134)
0EF 1
= D |2 Fea— D bos (135)
0€64-1 | 6eC, GEN,

P <‘2l)2 (136)
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We can calculate ,A? entry-wise. We abuse notation a little bit by denoting the entries of ,A? as [AQ](M; with
0,6 € 641 (this set has a one-to-one correspondence with the basis of Vig) vein in eq. (123). We calculate:

1 1
Z[AQ}J,& = Z<Saxa,aym~’42 [SUX&’O'Y&]> (137)
S Y e X e X bet X b 159
GIIEC'U/ O'HGNU/ U”Eéa/ O‘”GNU/
U/EC'a U’GC’U o'eN, o’eEN,
=C,NCs|—|Co NNy —|IN,NCs|+ Ny NN (139)
d 2
= 50,6’|&q71‘ = 60'7& (2> 5 (140)

where the last equality follows directly from lemma |1l We see that A2 is proportional to the identity. This
means that the eigenvalues of A must be +d. Since A is not proportional to the identity this means that
both eigenvalues must be associated with non-trivial eigenspaces. Schur’s lemma thus implies that V{TS}

carries a reducible subrepresentation of ¢®? restricted to C; and moreover that the eigenspaces of A must
be subrepresentations. We will call the spaces carrying these these subrepresentations V7, and V/7,, where
we identify V{Tl} with the d eigenvalue of A and V{TQ} with the —d eigenvalue of A. We can find out the

dimensions of these spaces by noting that

T T d2
To(A) = V|~ vy = 2 (141
d 2
Vi + Vil = (3) (142)

Solving these equations yields

. d(d ., d(d
V{1}|=4<2+1>, V{2}|:4<2—1>. (143)

Diagonalizing A then yields the equations given in the lemma statement for V{Tl} and V{TZ} and by lemma
we also get that Vi1 and Vig) as defined in the lemma statement carry subrepresentations of the subrepre-
sentation carried by V(gy. ]

Note that we have not argued that the spaces Vi1y, Vioy carry irreducible subrepresentations. We will get
the irreducibility for free in the full decomposition theorem, which we will deal with now. Using lemmas [4]
to [0}, [§] and [0] we can prove the main result of this paper: a decomposition of the two-copy representation
©®? of the Clifford group C, valid for any number of qubits gq. We have:

Theorem 1 (Decomposition of the two-copy representation). The decomposition of the vector space M?Q =
span{B} into subspaces carrying irreducible subrepresentations of C, in =2 for different values of q is:

%d@W@M@W)@Vl@Ws}®V{A}, (g=1)
Via @V, @ N @ Vo & Vi & V2 ® Viaay © Vi © Viaajy © Vi © Vizy © Via) © Vigayy (¢=2)
Via @V @ Vi Vo @ Vi & Ve @ Vi & Vi © Vi) © Viaay © Viny © Vizy & Via) & Vi) (a=3)

where all spaces are as defined in definition[q and lemmas[]] to[6, [§ and[9 and are gathered in table[] in the
appendiz.

Proof. The ¢ = 1 case is dealt with in'l. We will now deal with the cases ¢ = 2 and ¢ > 3. Beginning
with ¢ > 3 note that we have already argued (in lemmas |4 to @ and E[) that all spaces given in theorem
are non-trivial and carry subrepresentations of p®2. It remains to argue that these subrepresentations are
all irreducible. We will do this using the Schur orthogonality relations (eq. ) and lemma Begin by
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noting that the representations carried by the spaces Vi, Vi, Viaaj) and Vi,qj) are equivalent (lemma , the
representations carried by the spaces V}5; and V{t aj) are equivalent (lemmal6]) and the representations carried
by Via and Vj are equivalent (Because they are both the trivial representation). Denote the character of

the representations spanned by the direct sum of these representations by Xsum. By the Schur orthogonality
relations eq. we have the following relation

<Xsuma Xsum> >16+4+4=24, (144)

with equality if and only if all these spaces carry irreducible subrepresentations. Noting that we have yet to
include the spaces V1, Vo, Vi1y, Viay, V1) and Vjg) we can lower bound the character of ©®? as

(Xp®2, Xp®2) > (Xsum + X1+ X2+ X{13 + Xg23 + X[1] + X[2)» Xsum + X1+ X2+ X{13 + Xq23 + X[ + X[2))» (145)

where x; is the character associated with the subrepresentation carried by the space V; and the inequality
accounts for the fact that some of the subrepresentations might a priori be equivalent and/or reducible.
From eq. now we have

<X¢®2,X¢®2> > 30. (146)

From lemmawe note that (x,e2, x,®2) = 30 for ¢ > 30. This means that all spaces mentioned must carry
irreducible subrepresentations of ©®? and that the spaces Vp, V;, Viap Vi, Ve, Viny, Vioy, Vi and Vig) must
carry mutually inequivalent irreducible representations. We can make the same argument for ¢ = 2 noting
that the space Vjg) = () (and hence does not contribute to the character inner product) and that for ¢ = 2 we
have (x @2, xp®2) = 29. This completes the classification of the irreducible representations of the two-copy
representation 2 of the g-qubit Clifford group C,. |

IV. CONCLUSION

We characterized the two-copy representation of the multi-qubit Clifford group and identified three dis-
tinct cases, namely, the single-qubit [analyzed in*}], two-qubit, and many-qubit cases, which contain 7, 13,
and 14 irreducible representations respectively.

As the Clifford group plays a central role in quantum information, we expect the present analysis to have
many applications such as state & channel tomography, analysis of fault-tolerance thresholds, large-deviation
bounds*® and state distinguishability (as analyzed int® %), As a concrete example, we have used results from
the present paper in a companion papert2 to provide a much sharper analysis of the statistical performance
of randomized benchmarking®!?, While this result advances understanding of the representation theory of
the Clifford groups, there remain several open questions about general representation theory of multi-qubit
Clifford groups. First and foremost, the character table of the Clifford group is unknown. Working out this
table would greatly assist future studies. This paper has identified several distinct irreducible representa-
tions, which should assist in the construction of the character table. Finally, these results hold for qubits
and generalizing them to higher-dimensional systems remains an open problem.

While writing the current results the authors became aware of an equivalent result due to Zhu, Kueng,
Grassl and Gross, 2918 where the fourth tensor power representation of the Clifford group (which is closely
related to the two-copy representation) is analyzed using techniques from stabilizer codes and used to con-
struct projective 4-designs out of the orbits of the Clifford group, analyze POVM norm constants and applied
to the problem of phase retrieval.
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Appendix A: Proof of Lemma 1

Lemma 1. Let 7,7' € o4 and 7 # 7'. The following equalities hold

~ ~ ~ ~ d?
\NTHCT,|:|CTmCT,|:\CT0N7/|:|NTHN7/\:Z. (A1)
Also for all T € oy we have
IN,,NC.|=|Ny,nC,|=0, (A2)
- N R d?
|Coo NCr| =|Cry NN,| = 5 (A3)
Proof. Let 7,7 € o, and 7 # 7/. We begin by noting that N, is the complement of C, in &, and that
|IC | =|N.| = % for all 7 € o,. This allows us to make the following statements
N A A d? A A d?
|C’TﬂCT/|+|NTﬂCT/\:5, |CTﬂC’T/|+|CTﬁNT/|:?, (A4)
. d2 . d2
|NTmCT/|+|NTmNT/|:?, |CTmNT/|+|NTmNT/|:?. (A5)
We can solve this system of equations to obtain
IC.NC|=|N, NN, (A6)
~ d?
|NTOCT/|:?—‘NTQNT/|, (A7)
~ d?
|CTﬂN7—/|:?—‘NTﬂN71|. (A8)

The rest of the argument will proceed by induction on the number of qubits ¢ (recall that d = 29). For ¢ = 1
we have that

IN, "N | = {7 ir- 7'y {rjir- 7'} = |{ir- 7'} =1= 212 (A9)
From egs. (A6)) to (A8) we then have that
IN,NCr|=1C-NCr|=IN.NCr|=|N,NNo|=1. (A10)
Now assume eq. to hold up to ¢ — 1. For 7 € o, we can write
N, = (NT1 ® C’Tq_l) U (én ®N7q_1) , TILEOL, Tg—1 €041, St TI®Tg_1 =T (A11)

Where by A ® B we mean A®@ B:={a®b| a€ A, b€ B}. Now we can write
NN = | [(NaoCn)u(Caen, )] n[(Ngeey Ju(egony )] @

— ‘ ({ao} ®@(N._, N NT;_l)) U ({iﬁ T ® (CA'TEP1 N C*Té_l))
U({rnye V., n€r ) u({r} @ (Cr N N-) ‘ (A13)

d2

=— Al4
A (A14)
where the last line holds by the induction hypothesis and the fact that all sets in the equation are disjoint.
This proves the first half of the lemma. Now take 7 € o, and consider the sets N, Cy,. It is trivial to see

that N,, = 0 and C,, = &,. Since [N,| =|C,| = d; the second half of the lemma also follows. |
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Appendix B: Table of all relevant vector spaces

space definition irreducible dimension
Via span{oooo} a>1 1
Vi span{og7 || T € o4} qg>1 d? -1
vi span{rog || 7 € oq} ¢>1 a? -1
V4 span{77 || T € o¢} no d® -1
d? -1 (d?
V[S] span{SU,T | ceCr, 7€ crq} no 5 - -2
V, {S I eEN € } 1 @1
span R o = il
(s} p or |l o T q q 3 3
d? -1 (d?
Via) span{AmT | co€eCr, 7€ aq} q>2 5 5 2
vV, {A | ceN c } 1 @-1(d
span I , TEC = il
{A} 1% o, T T q q 2 2
Vo span{ w € Vg || w= Z oo qg>1 1
{ Vd? =1 5eq,
d dd+1
%1 span{v € Vg || v = Z Ago0, Z Ao =0, Z )\,_-,77 Ar, TE oy qg>1 u,
ocEog ocEog g€ENy 2
d(d —1)
Vo span¢v € Vg || v = Z Ago0, Z Ao =0, Z Ag'77 T, TEOg q>2 —_— =
oc€og aecrq cENy 2
. [adj] [adj] _ 2
Viadi spanq v €V | v Z So,ory TEOT q>2 (d”—1)
[adj] P [s] q
{ " ’ V2‘ [=re }
adj dj 2
Viwan span{vid it e Viay | pfadi} = \/2I7 ag] oigers TE o'q} q>2 (d®-1)
2
V{J;Ldj} span{v{A} € Viay |l <U{A},v{ad3}) =0, V piadi} ¢ V{adj}} q>2 (d271) (? — 2)
- - 2 2(4+1)
V[l] span{ v € V[S] || " = Z Aso0, Z Ao = —dXy, vEC,, TE g q>2 (d 1)
cEN ceCrNN,y 2
5 d(d_q)
Vi2) span{ v’ € Vis) || »7 = Z Agoo0o, Z o=d\,, vEC,, TEOOq q>3 (d®—1) | 22 -1
cEN c€ECNN, 2
. . d 2 5(4+D)
Viiy spanquv’ € Vigy | »" = Z Ao Soic.Ts Z Ao — Z Ao = =Xy, VEN,, TEOT, g=1 (d°—1)
cENT cEN,NCy oEN,NNy 2 2
T - d 2 44-1
V{Q} span { v EV{S} | v" = Z Ao Soic.Ts Z Ao — Z Ao = ==Xy, VEN,, TEog q>2 (d°—1)=—=——
cENT cEN,NCy oEN,NNy 2 2
®2
/ Mg \
Va Via Vi Vis) Vi Visy Via] Viay
/ \ ' \ . N
Vo Vi Va Visdii Vi Ve Vin o Viy Viaay Viaay

TABLE 1. Table with all subspaces of My carrying subrepresentations of »®2. Given are the name in the text, the
definition, for which values (if any) of ¢ € IN they carry irreducible subrepresentations of ¢®? and their dimension as
a function of d = 29. Also given is a tree diagram showing subspace inclusions where every child node is a subspace
of its parent nodes.
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