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Abstract
cDFAs offer a more natural encoding of counting regular patterns—a prevalent problem 

in timetabling and sequencing—than widely-used DFAs. A cDFA-based propagator for 

finite domain constraint solving has been shown to solve satisfaction problems faster and 

make more propagations than the decomposition of a DFA-based regular constraint. This 

paper extends that algorithm with explanations for lazy clause generation and shows 

that it often solves satisfaction problems faster than a DFA-based regular constraint both 

decomposed and propagated, even though the explanations are simple and nogood quality 

is worse. Additionally, this paper showcases a generator for cDFAs and DFAs that are 

equivalent to each other to aid comparison of the constraints.

1 Introduction
Constraint programming (CP) is a paradigm for solving finite domain combinatorial satisfaction and 

optimization problems. These problems are often NP-Hard. As such, these problems tend to have 

sizable search spaces. CP allows for the pruning of unvisited branches of the search space. It does 

this by propagating constraints a solution needs to satisfy.

One of these constraints is the regular constraint. It is satisfied when its input is in a given regular 

language. The regular constraint is often based on deterministic finite automaton (DFA), because 

they accept inputs that are in a given regular language and reject ones that aren’t.

Regular counting is a feature of regular languages that specifies how many times a pattern is 

allowed to occur. It is well known as the regular expression operation {𝑛}. This operation is quite 

common when working with regular languages. According to Chapman and Stolee[1] regular counting 

using regex is used in 20% of 1204 python projects. In the field of CP, Regular counting is useful for 

constraining a variety of problems such as sequencing and timetabling[2] where you want to specify 

the number of occurrences of patterns.

Though regular counting can be modeled for CP with the aforementioned DFA-based regular 

constraints, other finite automata that describe regular languages can also be considered[3]. One class 

of these are counter-DFAs (cDFA), which have been used to implement 56 global constraints, as 

seen in the global constraint catalog1 by Beldiceanu et al.[4]. The counter of a cDFA increases after 

specific regular patterns and the cDFA accepts only when it counts to specific numbers. Because of 

this, repeating regular patterns are able to be represented with higher numbers in stead of repeating 

structures as would be the case with DFAs. This can result in more compact finite automata.

Beldiceanu et al.[2] show that a dedicated constraint based on a cDFA is not only more straight-

forward to model regular counting with, but also more efficient, as it prunes more branches, providing 

significantly faster solve times. Even though they provide an algorithm for exact regular counting 

that is only bounds consistent[2], they show that it prunes more than earlier propagators.

Up to now, this algorithm had not been implemented with explanations for Lazy Clause Generation 

(LCG). LCG is a newer technology in the field of CP that generates explanations for propagations 

and uses those to learn from conflicts.

While Beldiceanu et al.[2] analyze the performance of their propagator, it is not clear what the 

relation is between counts, amounts of states and sizes of alphabet of a cDFA and performance, or if it 

is even beneficial to use this constraint over the readily available DFA-based regular constraints when 

extended with explanations for LCG. Additionally, comparing cDFAs and DFAs can be difficult, as 

no algorithm to convert between the two has been proposed.

This paper presents the first cDFA based regular counting propagator with explanations. To this 

end we showcase simple explanations for propagating the count and variables in the input sequence. In 

addition, we provide a generator for cDFAs and equivalent DFAs and use it to analyze the performance 

and nogood quality of our propagator compared to two DFA-based regular constraints respectively 

1See https://sofdem.github.io/gccat/
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decomposed into global constraints and propagated with Gvosdiovas et al.’s[5] LCG extension of 

Pesant’s[6] DFA-based propagator. We show that it is beneficial to use our propagator for satisfaction 

problems, though our explanations are simple and have room for improvement.

We find that generally, our propagator has a lower solve time, but propagates more and runs into 

more conflicts than the compared methods. The quality of the nogoods of our propagator are generally 

worse than those of the compared methods.

Section 2 provides the background knowledge our research was based on, explaining CP and LCG, 

defining the used finite automata and explaining Beldiceanu et al.’s algorithm. Section 3 discusses the 

history of the field of CP and how it relates to our contributions. Section 4 presents how we provide 

explanations for LCG and our generator for cDFAs and equivalent DFAs. Section 5 elaborates on how 

our experiments were run, elaborates on the results and mentions their limitations. Section 6 discusses 

considerations with regards to ethics and the reproducibility of our research. Section 7 summarizes 

our contributions, highlighting unexplored avenues of research.

2 Preliminaries
This section explains the following topics relevant to our research: constraint programming in 

Section 2.1, lazy clause generation in Section 2.2, DFA and cDFA in Section 2.3 and the cDFA-based 

constraint in Section 2.4.

2.1 Constraint Programming

Constraint programming (CP) is a paradigm in which combinatorial problems are modeled with 

decision variables and constraints that need to be satisfied.

In this field, finite domain (FD) CP is one of the biggest subdomains. FD constraint solvers are 

programs that can solve FD combinatorial satisfaction and optimization problems, which respectively 

ask for any solution and a solution that optimizes a given metric. FD constraint solvers are able 

to prune branches of the search space without solutions, without entering them. They do this by 

deducing which assignments of the variables prevent the constraints from being satisfied, or in other 

terms results in a conflict. This can often lead to a sizable decrease in the search space compared to 

a brute-force approach.

The algorithms that make such deductions are called propagators, pruning based on a propagator’s 

deduction propagating a constraint, and a single results of propagating a propagation. A proper 

propagator should never prune solutions.

Example 1: Consider the constraint 𝑎 = 𝑏 with variables 𝑎 ∈ {1, 2}, 𝑏 ∈ {2, 3}. The constraint holds 

iff 𝑎 is exactly equal to 𝑏. To propagate this constraint, we can update both the domains of 𝑎 and 𝑏 
to 𝑎 ∩ 𝑏, as any value that is not present in both can not satisfy the constraint. We end up with 𝑎 =
2 and 𝑏 = 2. ☐

There are two approaches to propagating a constraint. One is to use an algorithm designed for 

that specific constraint. The other is to decompose the constraint into many simpler constraints with 

simpler propagators. When deciding which algorithm or decomposition to use, it is worth considering 

the trade-off between strength—how many propagations are applied and how useful are they—and 

speed—how fast are propagations computed.

Two relevant concepts that apply to propagators are bounds consistency and domain consistency. 

A propagator is bounds consistent when, if you apply it sequentially, it doesn’t propagate on the 

bounds of the domain more than once; it has made all the deductions it can regarding the bounds. 

A propagator is domain consistent when, if you apply it sequentially, it doesn’t propagate on the 

domain more than once; it has made all the deductions it can.
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2.2 Lazy Clause Generation

Lazy clause generation (LCG) is an extension to FD constraint solvers based on solvers from the 

subdomain of Boolean CP: satisfiability-solvers (SAT-solvers). SAT-solvers are able to solve Boolean 

satisfiability problems. Given a set of variables and a set of Boolean clauses, they find an assignments 

of the variables that makes all clauses true. SAT-solvers are able to make use of conflict learning, 

something FD constraint solvers can not do. When a conflict occurs, they can deduce which decisions 

resulted in that conflict from the clauses in an implication graph. The negation of the clause that 

represents that decision—also referred to as a nogood—is then added as a new constraint. This is 

especially useful for searching large search spaces.

LCG adds advantages of SAT-solvers—like conflict learning—to FD constraint solvers. It does 

this by making propagations provide Boolean clauses for both the reason for propagation and the 

propagation itself. This combination of reason and propagation is called an explanation.

Example 2: Consider the constraint 𝑎 = 𝑏 with 𝑎 ∈ {1, 2}, 𝑏 ∈ {2, 3} again. By propagating on the 

bounds we would get the propagation clauses [𝑎 ≥ 2] and [𝑏 ≤ 2]. The explanations would then be 

[𝑏 ≥ 2] → [𝑎 ≥ 2] and [𝑎 ≤ 2] → [𝑏 ≤ 2] ☐

Generally, the shorter the explanation, the more useful it is, as the more clauses you add to the 

reason, the less generalizable it is to the rest of the search space. Because of this, LCG is known to often 

learn more from decomposition into smaller constraints, compared to more complex propagators[7].

To ensure the correctness of explanations, it is good practice to implement an inference checker 

for a propagation. When solving a problem with an inference checker enabled, it will verify each 

explanation. It does this by applying each clause of an explanation’s reason and the negation of its 

propagation, after which the constraint should no longer be satisfied if the explanation was correct. 

Because this introduces overhead, inference checkers are generally not enabled by default.

2.3 Finite Automata

2.3.1 DFA

Recall that a deterministic finite automaton (DFA) is a finite automaton that recognizes regular 

languages. It is defined by the five-tuple[8]:

⟨𝑄,Σ, 𝛿, 𝑞0, 𝐹 ⟩
Where:

1. 𝑄 is a finite set called the states;

2. Σ is a finite set called the alphabet;

3. 𝛿 : 𝑄 × Σ → 𝑄 is the transition function;

4. 𝑞0 ∈ 𝑄 is the initial state;

5. 𝐹 ⊆ 𝑄 is the set of accept states.

q0 q1 q2

1
0

0
1

0,1

Figure 1:  DFA that accepts the sequence “01”

Given a finite sequence 𝑋, where for each 𝑥𝑖 ∈ 𝑋 : 𝑥𝑖 ∈ Σ, a DFA accepts 𝑋 iff it is in an accepting 

state after consuming 𝑋. That is: starting in 𝑞0 (𝑞 ← 𝑞0), for each 𝑥𝑖 ∈ 𝑋 in order, go from one state 

to the next, according to 𝛿;
𝑞′ = 𝛿(𝑞, 𝑥𝑖) : 𝑞 ← 𝑞′
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Example 3: Consider the DFA in Figure 1. When given the string “01”, it will visit the following 

states in order: 𝑞0 → 𝑞1 → 𝑞2. The final state it ends up in is 𝑞2, which is an accept state; the DFA 

accepts. ☐

2.3.2 cDFA

Beldiceanu et al.[2] describes a subclass of counter-DFAs (cDFA). When referring to cDFAs in this 

paper, we mean this specific subclass. It is similar to a DFA, but differs in two aspects: It only 

has accepting states; it has a singular counter that is initialized to zero and increments on certain 

transitions. In this paper it is defined by the five-tuple:

⟨𝑄,Σ, 𝛿, 𝑞0,𝐾⟩
Where:

1. 𝑄 is a finite set called the states;

2. Σ is a finite set called the alphabet;

3. 𝛿 : 𝑄 × Σ → 𝑄 × ℕ is the transition function;

4. 𝑞0 ∈ 𝑄 is the initial state;

5. 𝐾 ⊆ ℕ is the set of accepted counts.

{k←0}
q0 q1 q2

1
0

0
1{k←k+1}

0,1

Figure 2:  cDFA with 𝐾 = {1} that accepts the sequence “01”

Given a finite sequence 𝑋, where for each 𝑥𝑖 ∈ 𝑋 s.t. 𝑥𝑖 ∈ Σ, a DFA accepts 𝑋 iff its counter has an 

accepting count after consuming 𝑋. That is: starting in 𝑞0 (𝑞 ← 𝑞0), with counter 𝑘 initialized to zero 

(𝑘 ← 0), for each 𝑥𝑖 ∈ 𝑋 in order, go from one state to the next and increment 𝑘 with the count of 

the transition, according to 𝛿;
⟨𝑞′, 𝑖𝑛𝑐⟩ = 𝛿(𝑞, 𝑥𝑖) : 𝑞 ← 𝑞′, 𝑘 ← 𝑘 + 𝑖𝑛𝑐

For ease of notation, when 𝛿(𝑞, 𝓁︀) = ⟨𝑞′, 𝑖𝑛𝑐⟩ : 𝛿𝑄(𝑞, 𝓁︀) = 𝑞′ and 𝛿ℕ(𝑞, 𝓁︀) = 𝑖𝑛𝑐

Example 4: Consider the cDFA in Figure 2. When given the string “01”, it will visit the following 

states in order: 𝑞0 → 𝑞1 → 𝑞2. It increments by one when going from 𝑞1 to 𝑞2. The final count is one, 

which is an accepted count; the cDFA accepts. ☐

2.4 cDFA based constraint

2.4.1 Definition

The cDFA-based regular counting constraint is defined as:

regular_cDFA(𝑋,𝐴, 𝑐𝑜𝑢𝑛𝑡)
where:

• 𝑑𝑜𝑚(𝑣𝑎𝑟) is the domain of variable var;

• 𝑋 is a sequence of variables 𝑥1…𝑥𝑛, 𝑑𝑜𝑚(𝑥𝑖) ⊆ Σ;

• 𝐴 is a cDFA;

• 𝑐𝑜𝑢𝑛𝑡 is a variable, with 𝑑𝑜𝑚(𝑐𝑜𝑢𝑛𝑡) as the set of accepting counts of A;

The constraint is satisfied when 𝐴 counts to count when consuming sequence 𝑋.

2.4.2 Propagating the cDFA based constraint

The propagation proposed by[2] works as follows: For each variable in the sequence, it computes the 

minimum and maximum possible counter increases before and after consuming that variable when 

4



consuming the sequence. It then prunes what values of count fall outside of the possible range of 

counter increases after consuming the entire sequence. For each variable in the sequence, it prunes 

any value of that variable that results in a range of possible counts that does not overlap with the 

accepting counts. Mathematical descriptions with examples follow.

We define the following functions:

• QCF(𝑖): The set of pairs ⟨𝑞, 𝑐⟩, where 𝑐 is the set of possible counter increases when the cDFA 

consumes a sequence of length 𝑖, starting in the starting state and ending in state 𝑞—the possible 

counter increases 𝑐 to reach state 𝑞 in 𝑖 transitions.

• QCB(𝑖): The set of pairs ⟨𝑞, 𝑐⟩, where 𝑐 is the set of possible counter increases after visiting state 

𝑞 after exactly 𝑛 − 𝑖 transitions when the cDFA consumes a sequence of length 𝑛, starting in the 

starting state and ending in some other state—the possible counter increases 𝑐 to reach a final 

state from state 𝑞 in 𝑖 transitions.

• QCF(𝑖) (and QCF(𝑖)): The set of pairs ⟨𝑞, 𝑐⟩, where 𝑐 is the minimum (maximum) counter increase 

to reach state 𝑞.
• QCB(𝑖) (and QCB(𝑖)): The set of pairs ⟨𝑞, 𝑐⟩, where 𝑐 is the minimum (maximum) counter increase 

to reach a final state from state 𝑞.
The behaviour of QCF and QCB are described in Appendix A. For polynomial time algorithms for 

QCF(𝑖), QCF(𝑖), QCB(𝑖) and QCB(𝑖), see Appendix B.

{k←0}
q0

q1 q2

q3

1

0

2

0
1{k←k+1}

2{k←
k+

1}

2

0,1

2{k←k+2}

0,1

Figure 3:  cDFA with Σ = {0, 1, 2} and 𝐾 = {2, 3, 4}

Propagation on the bounds of 𝑐𝑜𝑢𝑛𝑡 is implemented as:

𝑐𝑜𝑢𝑛𝑡 ≥ 𝑚𝑖𝑛(𝑐) | ⟨𝑞, 𝑐⟩ ∈ QCF(𝑛)

𝑐𝑜𝑢𝑛𝑡 ≤ 𝑚𝑎𝑥(𝑐) | ⟨𝑞, 𝑐⟩ ∈ QCF(𝑛)

Example 5: We will show a propagation on the upper bound of 𝑐𝑜𝑢𝑛𝑡. Consider the cDFA with 𝐾 =
{2, 3, 4} in Figure 3. Given an arbitrary sequence 𝑋 of 𝑛 = 4 variables with Σ as domain, we have:

1. QCF(4) = {⟨𝑞0, {3}⟩, ⟨𝑞1, {3}⟩, ⟨𝑞2, {3}⟩, ⟨𝑞3, {2}⟩}
2. 𝑚𝑎𝑥(𝑐) = 3
3. 𝑐𝑜𝑢𝑛𝑡 ≤ 3
4. 𝑑𝑜𝑚(𝑐𝑜𝑢𝑛𝑡) = {2, 3}

☐

To implement propagation for variables in 𝑋, a value 𝓁︀ is removed from the domain of 𝑥𝑖 iff for all 

states, taking transition 𝓁︀ results in a range of counts that does not overlap with the domain of 𝑐𝑜𝑢𝑛𝑡:
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∀𝑞

|





[





⟨𝑞,𝑐⟩∈QCF(𝑖−1)
⟨𝑞,𝑐⟩∈QCF(𝑖−1)
⟨𝑞′, 𝑖𝑛𝑐⟩=𝛿(𝑞,𝓁︀)

⟨𝑞′,𝑐′⟩∈QCB(𝑖+1)
⟨𝑞′,𝑐′⟩∈QCB(𝑖+1)]






: [𝑐 + 𝑖𝑛𝑐 + 𝑐′, 𝑐 + 𝑖𝑛𝑐 + 𝑐′] ∩ 𝑑𝑜𝑚(𝑐𝑜𝑢𝑛𝑡) = ∅

Example 6: We will show how to derive the propagation 𝑥3 ≠ 2. Consider the cDFA in Figure 3, 

but now with with 𝐾 = {4, 5, 6}. For each state we have listed the ranges

[𝑐 + 𝑖𝑛𝑐 + 𝑐′, 𝑐 + 𝑖𝑛𝑐 + 𝑐′]:

𝑞0 : [0 + 0 + 0, 0 + 0 + 0] = [0, 0]
𝑞1 : [0 + 1 + 0, 0 + 1 + 2] = [1, 3]
𝑞2 : [0 + 0 + 0, 1 + 0 + 1] = [0, 2]
𝑞3 : [1 + 2 + 0, 1 + 2 + 0] = [3, 3]

The intersection of each range with 𝑑𝑜𝑚(𝑐𝑜𝑢𝑛𝑡) is ∅, thus 𝑥3 ≠ 2. ☐

3 Related work
The DFA based regular constraint and an accompanying domain consistent propagator were originally 

proposed by Pesant[6]. Gvosdiovas et al.[5] recently created a version of Pesant’s propagator with 

explanations for LCG and extended it to work with non-deterministic finite automata (NFA). As 

we also extend a propagator with explanations for LCG, this research was influential in how we 

approached our research. We compare our propagator with their DFA-based propagator. However, 

a comparison between their NFA-based constraint and our cDFA-based constraint does not seem 

worthwhile to us. Regular counting is mostly sequential and as such we can’t think of ways that non-

determinism would provide significant advantages for regular counting.

Using cDFAs for regular counting was originally proposed by Beldiceanu et al.[3], as the use of 

a counter allows for a simpler representation to count regular patterns opposed to normal DFAs. 

Later, Beldiceanu et al.[2] proposed propagators for “at least”, “at most” and “exact” counting of 

regular patterns using cDFAs, that are domain consistent on the input sequence. Their “at most” and 

“at least” propagators were shown to also be domain consistent on the count, whereas their “exact” 

propagator only provides bounds consistency. They further proved that computing satisfiability for 

their “exact” constraint is NP-Hard.

Although they show that their propagators prune more than decomposition of a DFA-based regular 

constraint, they only show this for FD constraint solving without LCG. This poses the question if 

that is still the case when implemented with LCG, which can benefit from decomposition. Another 

question left unanswered is for what configurations of cDFA it offers an significant advantage to model 

problems with them. Our research answers these questions.

Martin and Pearson[9] provided an algorithm that decides when bounds consistency implies domain 

consistency for a given cDFA. This also analyzes when cDFAs are more efficient, but does so by 

analyzing their structure in stead of their parameters and provides no comparison with DFAs.

The cost-regular constraint proposed by Demassey et al.[10] has many similarities—both accumu

late values when taking transitions in finite automata and compare the accumulation to a variable

—to the regular counting constraint proposed by Beldiceanu et al.[2], but propagates less and has 

asymptotically worse space complexity. No comparison of these two propagators extended with 

explanations for LCG has been done, but due to the limited scope of our research, we left this 

untouched.
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4 Propagating regular_cDFA with explanations
This section showcases our contributions. Section 4.1 showcases our explanations for propagating, 

and Section 4.2 describes our generator for random cDFA and DFA that are equivalent.

4.1 Explanations

These explanations are directly based on the propagations from Beldiceanu et al.[2]. As such, they 

are simple, but lay the groundwork for future improvements. We implemented an inference checker 

to verify the validity of our explanations.

4.1.1 The count

The propagation clause for count is always an update to the bounds of the domain:

[𝑐𝑜𝑢𝑛𝑡 ≥ 𝑣𝑎𝑙𝑢𝑒] or [𝑐𝑜𝑢𝑛𝑡 ≤ 𝑣𝑎𝑙𝑢𝑒]
The clauses making up the reason for propagating on count represent the values in the domains of 

the variables in 𝑋. For example, 𝑑𝑜𝑚(𝑥𝑖) = {1, 3} → [𝑥𝑖 ≥ 1] ∧ [𝑥𝑖 ≠ 2] ∧ [𝑥𝑖 ≤ 3]. The state of the 

domain of count is not included in the reason, as other possible values of count have no effect on what 

counts are possible.

4.1.2 The input sequence

The propagation clauses for the variables in 𝑋 are unit clauses for each value that is impossible:

[𝑥𝑖 ≠ 𝑣𝑎𝑙𝑢𝑒]
The clauses making up the reason for propagating on 𝑥𝑖 not only consist of the values in the domains 

of the variables in 𝑋. They also include clauses for the upper and lower bound of count and unit 

clauses for each hole in count that falls in the range of possible counts of any state.

[𝑐𝑜𝑢𝑛𝑡 ≥ LB] ∧ [𝑐𝑜𝑢𝑛𝑡 ≤ UB] ∧

⋀

{




[𝑐𝑜𝑢𝑛𝑡 ≠ 𝑣𝑎𝑙𝑢𝑒]

|




𝑣𝑎𝑙𝑢𝑒 ∈

(




⋃

{




[𝑐 + 𝑖𝑛𝑐 + 𝑐′, 𝑐 + 𝑖𝑛𝑐 + 𝑐′] ∩ [LB,UB] − 𝑑𝑜𝑚(𝑐𝑜𝑢𝑛𝑡)

|



∀𝑞

|






[





 ⟨𝑞,𝑐⟩∈QCF(𝑖−1)

⟨𝑞,𝑐⟩∈QCF(𝑖−1)
⟨𝑞′, 𝑖𝑛𝑐⟩=𝛿(𝑞,𝓁︀)

⟨𝑞′,𝑐′⟩∈QCB(𝑖+1)

⟨𝑞′,𝑐′⟩∈QCB(𝑖+1)]







}




)




}




4.2 Random equivalent finite automata generator

We created a generator for random cDFA and DFA that are equivalent to be able to compare 

equivalent constraints. Generation consists of the following three steps:

1. Construct a random intermediate FA.

2. Convert the intermediate FA to a cDFA.

3. Using the intermediate FA, construct a DFA that is equivalent to the generated cDFA, that is 

then minimized.

To work with the DFA and to minimize the equivalent DFA, the python library FAdo2 was used.

4.2.1 Constructing the intermediate finite automaton

An FA with 𝑛 + 1 states and only one accepting state—where 𝑛 is the amount of states our resulting 

cDFA will end up with—is generated randomly. See Figure 4. This is done in a way that a random 

Hamiltonian path—marked with red for illustration—from the starting state to the accept state exists, 

to guarantee that the resulting automata accept some sequences. The accept state is incomplete; it 

does not have any outgoing edges. A set of accepting counts 𝐾 is defined.

2https://fado.dcc.fc.up.pt/
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q0

q1

q2

1

0

0

1

Figure 4:  Intermediate finite automaton, 𝐾 = {1, 3}

4.2.2 Constructing the cDFA

The ingoing edges to the accept state of the intermediate FA are marked as incrementing by one. 

The accept state is merged with the starting state. All states are made accepting.

q2

{k←0}
q0 q1

1
0{k←k+1}

0{k←k+1}

1

Figure 5:  Constructed cDFA, 𝐾 = {1, 3}

4.2.3 Constructing the equivalent DFA

From the intermediate FA 𝑚𝑎𝑥(𝐾) + 1 copies are made.

{𝑐𝑜𝑝𝑦𝑖 | 𝑖 ∈ 0, 1,…,𝑚𝑎𝑥(𝐾)}
Each accepting state of 𝑐𝑜𝑝𝑦𝑖 is merged with the starting state of 𝑐𝑜𝑝𝑦𝑖+1 , essentially concatenating 

the pattern 𝑚𝑎𝑥(𝐾) + 1 times. The final incomplete state is made into a rejecting trap-state. States 

corresponding to the rejecting states of 𝑐𝑜𝑝𝑦𝑖 are accepting iff 𝑖 ∈ 𝐾. See Figure 6. The resulting DFA 

is then minimized with Hopcroft’s method[11] using FAdo2.
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Figure 6:  Equivalent DFA

5 Experimental Setup and Results
Our results show that our propagator generally solves faster than both decomposition and Gvosdiovas 

et al.’s[5] propagator. It generally propagates more often and runs into more conflicts than Gvosdiovas 

et al.’s propagator, but does so significantly less than decomposition. The quality of its nogoods is 

respectively slightly and significantly worse than for the nogoods of Gvosdiovas et al.’s propagator 

and decomposition.

This section explains our setup in Section 5.1, examines our results in depth in Section 5.2 and 

then highlights limitations of our approach in Section 5.3.

5.1 Setup

The regular_cDFA constraint and the DFA-based regular constraint were implemented in Pump

kin[12] using Rust. The DFA-based regular constraint was adapted from the code of Gvosdiovas 

et al.[5]. The decomposition of the DFA-based regular constraint uses the decomposition built into 
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Pumpkin. Minizinc[13] was used to model our benchmarks using the constraints. Those models were 

then provided with json files describing individual instances to run, which were generated by Python 

scripts. Shell scripts were used to generate many instances at once. A python script was used to run 

all instances of a benchmark and store the results. A python script was used to aggregate, analyse 

and graph the data.

This approach was inspired by Gvosdivas et al.. An important change is that we opted to not 

parallelize the running of the instances of our benchmarks, to make sure that their solve speed was 

impacted as little as possible by random variables.

The benchmarks were run on a laptop with an Intel Core i7-10750H running at 5.00GHz with 

15.40GiB RAM running NixOS 26.05 without a graphical user interface, to minimize background 

processes.

Parameter Values

Alphabet size (|Σ|) 3, 6

Amount of states of the cDFA (|𝑄|) 3, 5, 7, 9

Accepting counts (𝐾) {1, 2}, {1, 4}, {1, 8}, {1, 16}

Table 1:  The different values of the parameters used to generate random cDFA and equivalent DFA

For each unique combination of cDFA qualities found in Table 1, 200 instances were generated by our 

random generator. The length of the sequence of an instance equals |𝑄| ⋅ (𝑚𝑎𝑥(𝐾) + 1). This way, 

there exists a sequence which counts past the maximum count in stead of only counting up to the 

maximum count. Each instance was then used to generate satisfaction problem instances for the three 

propagators such that the respective finite automaton accepts the sequence both front to back and 

back to front. This symmetric approach was used to increase the complexity and reduce the number 

of solutions. Each problem instance was then run with a cut-off time of five minutes.

To compare performance and quality of the nogoods, for each configuration the following metrics 

were compared based on the average of the problem instances of each propagator:

• Solve time;

• Number of propagations;

• Number of conflicts;

• Average learned nogood length;

• Average LBD.

Because the symmetric approach makes some problem instances unsatisfiable, any problem instance 

found to be unsatisfiable was pruned for all three propagators. Solve time and number of propagations 

and conflicts of unsolved problem instances were multiplied by two before being used to calculate the 

average, to roughly estimate these metrics. Not including these problem instances or including them 

as is, would result in underestimating them, whereas this approach may result in an overestimate or 

smaller underestimate. For average learned nogood length and average LBD, problem instances that 

were not solved or that did not have any conflicts were pruned.

9



5.2 Results

(a) Solve time

(b) Number of propagations (c) Number of conflicts

Figure 7:  Average performance of the propagators, with varying alphabet sizes (|Σ|), number of 

states of the cDFA (|𝑄|) and accepting counts (𝐾).

After running the benchmark, four problem instances were found to be unsatisfiable. Furthermore, 

our propagator, decomposition and Gvosdiovas et al.’s[5] propagator respectively did not solve three, 

two and nine problem instances.

As shown by Figure 7.a, our propagator solves in a similar amount of time or faster compared 

to both decomposition and Gvosdiovas et al.’s propagator. The exceptions are instances with |𝑄| =
3,𝐾 = {1, 16}, were our propagator is significantly slower than decomposition for both alphabet sizes 

and significantly slower than Gvosdiovas et al.’s propagator when |Σ| = 6. Our propagator is also 

slower than decomposition for |Σ| = 6, |𝑄| = 9,𝐾 = {1, 8}.
As shown by Figure 7.b, our propagator has significantly less propagations than decomposition—

a decrease of factor 20 for |Σ| = 3, |𝑄| = 3,𝐾 = {1, 2}, up to factor 1000 for larger parameters. As 

this factor keeps increasing it is likely that this difference keeps increasing for even larger parameters. 

For configurations with 𝐾 ∈ {{1, 2}, {1, 4}}, our propagator has a similar number of propagations as 

Gvosdiovas et al.’s propagator. For larger parameters, our propagator propagates more.

As shown by Figure 7.b, the amount of conflicts our propagator runs into are upper-bounded by 

decomposition and lower-bounded by Gvosdiovas et al.’s[5] propagator. There are outliers however. 

For |𝑄| = 3,𝐾 = {1, 16} and for |Σ| = 6, |𝑄| = 9,𝐾 = {1, 8}, our propagator runs into more conflicts 

than decomposition. Additionally, |Σ| = 3,𝐾 = {1, 16} has a downward trend with respect to the 

number of states, contrary to the results for other configurations. For |Σ| = 3, |𝑄| = 9,𝐾 = {1, 16}, 
our propagator even runs into less conflicts than Gvosdiovas et al.’s propagator. Important to note is 

that for some configurations, both our propagator and Gvosdiovas et al.’s propagator run into zero 

conflicts.
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Our propagator propagating less and having less conflicts than decomposition can be explained by 

decomposition having many smaller propagators. Our propagator propagating more and having more 

conflicts than Gvosdiovas et al.’s propagator could be explained by the fact that our propagator is 

not domain consistent.

(a) Average learned nogood length (b) Average LBD

Figure 8:  Average quality of the learned nogoods, with varying alphabet sizes (|Σ|), number of 

states of the cDFA (|𝑄|) and accepting counts (𝐾).

As shown by Figure 8.a, our propagator has similar, but often slightly worse (longer) nogood length 

compared to Gvosdiovas et al.’s propagator. Both these propagators have shorter nogood lengths 

compared to decomposition. Note that decomposition has a similar—or even slightly shorter—

length for |Σ| = 3, |𝑄| = 3,𝐾 ∈ {{1, 2}, {1, 4}}, |Σ| = 3, |𝑄| = 5,𝐾 = {1, 2} and |Σ| = 3, |𝑄| = 3,𝐾 ∈
{{1, 2}, {1, 4}, {1, 8}}.

As shown by Figure 8.b, our propagator has similar, but often worse (higher) LBDs compared to 

Gvosdiovas et al.’s propagator. Both these propagators have significantly worse LBDs than decom

position.

The quality of the nogoods of our propagator is slightly worse compared toGvosdiovas et al.’s 
propagator, while significantly worse than those of decomposition. Even though the average length 

of the learned nogoods of decomposition is worse, LBD is a better indicator of nogood quality.

We suspect that our propagator solves faster, even though nogood quality is worse, because of 

the inherently smaller datastructure used. This is supported by the fact that our propagator solves 

comparatively faster as the maximum accepting count—and thus the size of the equivalent DFA

—grows.

5.3 Limitations

There are five limitations of our research we want to highlight. First of all, the explanations of our 

propagator are simple. This means that there is potential for improvement. However, we have shown 

that even with these simple explanations, our propagator is able to solve satisfaction problems with 

certain configurations faster than other propagators.

Secondly, only 32 configurations are compared. Though our research examines configurations with 

a similar or slightly larger amount of states as the cDFAs from the global constraint catalog[4], it is 

unknown if findings generalize to other configurations.

Thirdly, Our benchmark examines the performance of the constraints in general; not for specific 

problems. It could be the case that for specific problems, a given propagator performs significantly 

better or worse. We chose to use this benchmark specifically to test the general performance.

Fourthly, Some configurations of problem instances not running into conflicts suggests that 

the problems are under-constrained. More constrained problems could show different relationships 

between the configurations and performance.

Finally, as optimization problems were not benchmarked, how the performance of the propagators 

compares in that context is unknown.
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6 Responsible Research

6.1 Reproducibility

All our experiments and code have been version controlled since the beginning using git, and are 

available in our experiment suite3. This was done not only to allow others to check our work, but also 

in an effort to make any material that might be of interest for future research readily available. Our 

experiment suite includes the following:

• A fork of Pumpkin, extended with the constraints used;

• Scripts to generate and run the benchmarks;

• Results of our benchmark, including boxplots comparing all individual configurations;

• Discarded benchmarks that were run;

• A script to process and visualise the results.

In addition to this, all random generated instances were seeded and labeled with the used seed.

By using devenv4 we have tried to prevent additional setup and dependency conflicts that might 

otherwise have occurred when running the experiments on other machines.

6.2 Data generation

The data we used for benchmarking was all synthetically generated by scripts. As such, its usage is 

unrestricted by ethical considerations. One important detail to mention however, is that FAdo2—a 

python library for manipulating finite automata—falls under the GNU General Public License. As 

such, the python script using it to generate random DFAs and cDFAs that are equivalent also falls 

under this license. The rest of our code falls under the MIT license.

6.3 Reporting failure

Research tends to less often report on failures, which can result in knowledge gaps and failing 

approaches being repeated. We have thus decided to include details of a failed approach to benchmark 

using nonograms in Appendix C.

6.4 AI usage

LLM’s—and other generative AI—have become prevalent not only in everyday life, but also in 

academia. However, we have opted to not use any generative AI during the course of this research, as 

it makes it easy to outsource thinking, which can lead to research that is less critical and stagnation 

of personal development. This paper and our contributions have been human generated.

7 Conclusion
In this paper we have presented the first ever extension with explanations for lazy clause generation 

(LCG) of Beldiceanu et al.’s[2] propagator for the exact regular counting constraint based on a 

counter-DFA (cDFA). We have also presented a generator for cDFAs and DFAs that are equivalent.

We have shown that for cDFAs between three and nine states and alphabets of size three and 

six, generally, our propagator solves satisfaction problems faster than both an equivalent DFA based 

regular constraint decomposed into global constraints and an equivalent DFA based regular constraint 

propagated with Gvosdiovas et al.’s[5] extension with explanations for LCG of Pesant’s[6] propagator. 

We have also shown that our propagator propagates and runs into conflicts slightly more than 

Gvosdiovas et al.’s propagator, but significantly less than decomposition.

The quality of our explanations is significantly worse than those of decomposition, but only slightly 

worse than those of Gvosdiovas et al.. As our explanations are trivially based on the propagator, 

3https://github.com/ICorvidusI/experiment-suite-RP-2026/tree/submission-21-06-2026
4https://devenv.sh/, a tool for declarative development environments that isolates and version locks packages, based 

on the nix package manager5

5https://nixos.org/
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there is potential room for improvement. We have provided a basis for future research to improve 

these explanations.

7.1 Future Work

There are multiple opportunities for future research that we would like to see explored:

• As LCG is known to learn more from simpler propagation[7], how does decomposing exact regular 

counting into at-most and at-least regular counting[2]—extended with explanations for LCG—

compare to our propagator?6

• Similarly, how can cDFA based regular counting be decomposed into global constraints? How does 

this affect solve time and nogood quality?

• how does our propagator compare to the similar, but more widely used cost_regular constraint

—decomposed or propagated with an extension to Demassey et al.’s[10] propagator—with expla

nations for LCG?

• As our explanations for LCG are trivially based on the propagation, can they be shortened to 

provide better conflict-learning? One avenue worth exploring would be Martin and Pearson’s[9] 

algorithm to compute when bounds consistency implies domain consistency for cDFA-based regular 

counting.

6A non-verified propagator for the at-most regular counting constraint can be found—commented out—in the 
methods of our regular_cdfa propagator.3
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Appendix

A Behaviour of QCF and QCB
Example A.1: We will demonstrate the behaviour of QCF(𝑖). Consider the cDFA in Figure 3. Given 

an arbitrary sequence 𝑋 of 𝑛 = 4 variables with Σ as domain, we have:

QCF(0) = {⟨𝑞0, {0}⟩}
QCF(1) = {⟨𝑞0, {0}⟩, ⟨𝑞1, {0}⟩, ⟨𝑞2, {0}⟩}
QCF(2) = {⟨𝑞0, {0}⟩, ⟨𝑞1, {0}⟩, ⟨𝑞2, {0, 1}⟩, ⟨𝑞3, {1}⟩}
QCF(3) = {⟨𝑞0, {0, 3}⟩, ⟨𝑞1, {0, 1}⟩, ⟨𝑞2, {0, 1}⟩, ⟨𝑞3, {1}⟩}
QCF(4) = {⟨𝑞0, {0, 3}⟩, ⟨𝑞1, {0, 1, 3}⟩, ⟨𝑞2, {0, 1, 2, 3}⟩, ⟨𝑞3, {1, 2}⟩}

☐

Example A.2: We will demonstrate the behaviour of QCB(𝑖). Consider the cDFA in Figure 3. Given 

an arbitrary sequence 𝑋 of 𝑛 = 4 variables with Σ as domain, we have:

QCB(5) = {⟨𝑞0, {0}⟩, ⟨𝑞1, {0}⟩, ⟨𝑞2, {0}⟩, ⟨𝑞3, {0}⟩}
QCB(4) = {⟨𝑞0, {0}⟩, ⟨𝑞1, {0, 1}⟩, ⟨𝑞2, {0}⟩, ⟨𝑞3, {0, 2}⟩}
QCB(3) = {⟨𝑞0, {0, 1}⟩, ⟨𝑞1, {0, 1, 3}⟩, ⟨𝑞2, {0, 1}⟩, ⟨𝑞3, {0, 2}⟩}
QCB(2) = {⟨𝑞0, {0, 1, 3}⟩, ⟨𝑞1, {0, 1, 2, 3}⟩, ⟨𝑞2, {0, 1, 3}⟩, ⟨𝑞3, {0, 1, 2, 3}⟩}
QCB(1) = {⟨𝑞0, {0, 1, 2, 3}⟩, ⟨𝑞1, {0, 1, 2, 3, 4}⟩, ⟨𝑞2, {0, 1, 2, 3}⟩, ⟨𝑞3, {0, 1, 2, 3, 5}⟩}

☐

B Polynomial time algorithms
Using the following two functions to respectively keep only the tuples with the minimum and 

maximum cost for a given state:

trimMin(𝑆) = {⟨𝑞, 𝑐⟩ ∈ 𝑆 | ∄⟨𝑞, 𝑐′⟩ ∈ 𝑆 : 𝑐′ < 𝑐}
trimMax(𝑆) = {⟨𝑞, 𝑐⟩ ∈ 𝑆 | ∄⟨𝑞, 𝑐′⟩ ∈ 𝑆 : 𝑐′ > 𝑐}

QCF(𝑖), QCF(𝑖), QCB(𝑖) and QCB(𝑖) can be implemented inductively:

QCF(𝑖) = {
{⟨𝑞0, 0⟩} if 𝑖 = 0
trimMin({⟨𝛿𝑄(𝑞, 𝓁︀), 𝑐 + 𝛿ℕ(𝑞, 𝓁︀)⟩ | ⟨𝑞, 𝑐⟩ ∈ QCF(𝑖 − 1), 𝓁︀ ∈ 𝑑𝑜𝑚(𝑥𝑖)}) if 𝑖 ∈ [1, 𝑛]

QCF(𝑖) = {
{⟨𝑞0, 0⟩} if 𝑖 = 0
trimMax({⟨𝛿𝑄(𝑞, 𝓁︀), 𝑐 + 𝛿ℕ(𝑞, 𝓁︀)⟩ | ⟨𝑞, 𝑐⟩ ∈ QCF(𝑖 − 1), 𝓁︀ ∈ 𝑑𝑜𝑚(𝑥𝑖)}) if 𝑖 ∈ [1, 𝑛]

QCB(𝑖) =
{

{⟨𝑞, 0⟩ | ∃𝑐 ∈ ℕ : ⟨𝑞, 𝑐⟩ ∈ QCB(𝑖)} if 𝑖 = 𝑛 + 1

trimMin({⟨𝑞, 𝑐′ + 𝑖𝑛𝑐⟩ | ⟨𝑞′, 𝑐′⟩ ∈ QCB(𝑖 + 1), 𝓁︀ ∈ 𝑑𝑜𝑚(𝑥𝑖), 𝛿(𝑞, 𝓁︀) = ⟨𝑞′, 𝑖𝑛𝑐⟩}) if 𝑖 ∈ [1, 𝑛]

QCB(𝑖) =
{

{⟨𝑞, 0⟩ | ∃𝑐 ∈ ℕ : ⟨𝑞, 𝑐⟩ ∈ QCB(𝑖)} if 𝑖 = 𝑛 + 1

trimMax({⟨𝑞, 𝑐′ + 𝑖𝑛𝑐⟩ | ⟨𝑞′, 𝑐′⟩ ∈ QCB(𝑖 + 1), 𝓁︀ ∈ 𝑑𝑜𝑚(𝑥𝑖), 𝛿(𝑞, 𝓁︀) = ⟨𝑞′, 𝑖𝑛𝑐⟩}) if 𝑖 ∈ [1, 𝑛]

C Nonograms
Nonograms are well-known puzzles. See Figure C.1 for an example. They consist of an empty grid, 

where each row and column has a “hint”—a list of numbers—that corresponds to what squares in the 

row or column can be filled. Each number 𝑛 in the hint corresponds to a subsequence of 𝑛 filled in 

squares; the subsequences occur in order; subsequences are separated by at least one empty square.
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(a) Empty nonogram (b) Solved nonogram

Figure C.1:  An example of a nonogram

As this problem relies on patterns that count, it seems like a good fit to model with cDFAs. And yes, 

it is possible to model the hints for the rows and columns with regular counting; a given hint [𝑘,𝑚, 𝑛] 
can be modeled by the regular expression “0∗1{𝑘}0⁺1{𝑚}0+1{𝑛}0∗”. There are two problems when 

modeling with cDFAs however.

First of all, the count of a subsequence is always a fixed value, whereas regular_cDFA is able to 

propagate on the count. This means modeling nonograms does not exploit an advantage of cDFAs.

Second of all, there are multiple patterns that are counted. This poses the biggest problem. cDFAs 

only have one counter. As such, nonograms can not be trivially modeled using cDFAs in a way that 

results in a smaller encoding than when modeled with a DFA.

There is one approach however. If a cDFA increments by at most one, the maximum count 

after consuming a sequence of 𝑛 values is 𝑛. To implement a second counter, whose count can be 

distinguished from the first, edges incrementing by 𝑛 + 1 can thus be used. An accepting count can 

then be encoded as 1 ⋅ 𝑐𝑜𝑢𝑛𝑡1 + (𝑛 + 1) ⋅ 𝑐𝑜𝑢𝑛𝑡2. This can be generalized for 𝑘 counters as:

∑
𝑘

𝑖=1
(𝑛 + 1)𝑖−1 ⋅ 𝑐𝑜𝑢𝑛𝑡𝑖

Note that this essentially represents each count as a digit in a base 𝑛 + 1 number. See Figure C.2 for 

examples of each approach.
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(c) DFA

Figure C.2:  Three ways to represent the hint [2, 3]. For brevity the trap-state and its ingoing 

transitions are left out of (a) and (c).
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This introduces a new problem however: The accepting count grows exponentially proportional to the 

amount of encoded counts. For small nonograms, this is no issue, as they have small sequences and 

consequently a small amount of numbers per hint. As nonograms grow in size however, so do their 

sequences and consequently the amount of numbers per hint. For a 30x30 nonogram, that thus has 

sequences of length 30, it is not uncommon to see hints with seven or more numbers. As 317 > 232, 

the accepting counts used to model larger nonograms are unable to be represented by either signed 

or unsigned 32-bit integers.

These two factors—having a single count per sequence and exponential blowup of the accepted 

count—make it impractical to pursue this problem as a benchmark.
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