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Foreword 
The International Conference on Mechanical Behaviour of Materiais, lCM, has been organised 
to take place in The Hague, The Netherlands, from May 28 till June 2, 1995. Previous editions 
were successfully organised in Kyoto (1971), Boston (1975), Cambridge (1980), Stockholm 
(1983), Beijing (1987) and again Kyoto (1991). This Seventh Conference, ICM-7, has been 
organised by the European Structural Integrity Society, ESIS, in co-operation with Delft Univer
sity of Technology. 

The Conference program reflected the progress made in science and technology of mechanica! 
behaviour of materials since the last Conference in 1991. From the abstracts that were submitted 
it appeared that a large part was focused on the micro-mechanical and constitutive modelling of 
various types ofmechanical behaviour: deformation (plasticity, creep), damage (fatigue, creep, 
creep-fatigue interactions) and fracture (brittie and ductile). It was therefore decided to focus on 
modelling in the plenary sessions with invited contributions. This book presents the fulliength 
articles of seven of the plenary lectures ofICM-7. 

Five of the seven articles deal with the micro-mechanical and constitutive modelling of the 
mechanical behaviour of various material classes, including: 

(Poly-)crystalline materiais; 
Composites with viscoelastic matrix (e.g. polymer matrix composites); 
Brittie disordered materials (e.g. concrete, rock, non-transformable ceramics); 
Toughened ceramics and shape memory alloys . 

The remaining two papers, although in a broad sense also dealing with modelling, focus on two 
specific aspects. 
The first deals with the influence of processing methods and conditions on the mechanical prop
erties of plastic products, a very important subject for the fabrication of plastic mass-products. 
The second deals with structural integrity assessment of structures and components, a subject 
th at should not be lacking in a conference organised by the European Structural Integrity Soci
ety, but also an important aspect for designers and operators of high-integrity structures and 
components. 

To have this book available at the conference required quite some discipline from the authors. I 
wish to thank them for submitting their manuscripts in time to all ow for a reviewing process in 
which each paper was reviewed by at least two, but most times three reviewers. Also the revised 
manuscripts were received in time, and most times in a fOlmat that minimised the effort to bring 
all articles in a uniform format. 

Finally I wish to thank the reviewers of the papers . The list is to long (20 persons) to address 
them personally, but their work was a major contribution to the realization of this book. 

A. Bakker 
Editor 

April 1995 
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A. Pineau· 

Effect of Inhomogeneities in the 
Modelling of Mechanical Behaviour and 
Damage of Metallic Materials 

1 

Reference: Pineau, A. (1995), Effect of Inhomogeneities in the Modelling of Mechanical 8ehaviour and 
Damage of Metallic Materiais. In: Mechanical Behaviour of Materials (ed. A. Bakker), Delft University 
Press, Delft, The Netherlands, pp. 1-22. 

Abstract: Metals and alloys contain many sources of inhomogcneity. They may either pre-exist in the 
material or develop under deformation. This non-uniformity in the local properties of the materials may 
strongly affect their overall stress-strain response and, in particular, their damage behaviour. In this paper an 
overview is given of a number of theories which have been introduced in the literature and which provide 
guidelines for the modelling of the mechanical behaviour of these heterogeneous materials. 

The paperis divided into two parts. The first part, which deals with the mechanical behaviour of non
damaged materiaIs, introduces a general scheme adopted to predict the overall behaviourofa polycrystal from 
knowledge of the behaviour of individual single crystals. In this scheme we concentrate on three aspects: 
intergranular and transgranularhardening and anisotropy effects due to crystallographic texture. In each case 
an attempt is made to show the scale at which the effect of non-uniformity occurs. In the second part of the 
paper, which is devoted to damaging materiaIs, two types of models are introduced : (i) those in which the 
constitutive equation ofthe material is not coupled with the damage evolution and (ü) those in which astrong 
coupling is introduced through appropriate constitutive equations such as the Gurson-Tvergaard-Needleman 
potential. Both types ofmodels are applied to aspeciJk material, a cast duplex (a+n stainless steel. In this 
material damage initiates from cleavage cracks formed in the embrittled ferrite (a) ph ase. These microcracks 
lead to the formation of cavities which grow in the austenite (n phase and eventually coalesce to final fraeture. 
Monte Carlo type numerical simulations are introduced to reproduee the strongly non-uniform distribution 
ofthe nucleation rate of cleavage microcracks observed in this material. It is thus shown that a fully coupled 
model accounting for the damage non-uniformity is able to simulate all stages of ductile damage, including 
crack initiation and crack growth. 

1. Introduction 

The modelling of the mechanical behaviour of materiaIs, together with the evolution of the 

damage when they are deformed, is a research field which remains extremely active. Several 

approaches must be distinguished : (i) the microscopie theories, (ii) the macroscopie theories and (iii) 

the "micro-macro" approaches which are now being largely developed. 

The direct relationship between the details of microstructure and the mechanical state of 

crystalline solids has been and remains the subject of a great deal of discussion. "Microscopie" 

theories are of ten theories for strain-hardening, i.e. the increase in flow stress with plastic strain at 

a prescribed strain rate. These theories have proceeded on the basis of models for the microstructure 

with relatively little input from the mechanical data. In these theories the major experimental guide 

for quantitative analysis is electron microscopy, which measures a scalar p, the dislocation density 

which prescribes an isotropie kind of hardening and is unsuited for describing anisotropie effects 

(see, for example, Asaro, 1975). Moreover, in most cases, only monotonie uniaxial mechanical tests 

are performed to test these microscopie theories, so that it is impossible to differentiate the isotropie 

and kinematic components of the strain hardening. 

* Centre des Matériaux. École des Mines, B.P. 87 - 9]003 EVRY Cédex. France 
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Continuum plasticity theories, 
on the other hand, have generally 
ignored microstructural details, but 
they are more complete in their de

scriptions of the mechanical behav
iour. In particular, they are able to 
describe much more complex multi
axialloadings. However, these phe
nomenological macroscopic theories 
use a large number of material coef
ficients to represent complex me
chanical behaviour. The identifica
tion of these coefficients requires 
numerous often quite sophisticated 
tests. Moreover, these macroscopic 
theories give noinsightinto the physi
cal processes controlling the defor
mation and the accumulation of dam
age. 

There is a third class of mod-
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Fig. 1 General scheme for modelling the plastic behav
iour of po lycrystals from the behaviour of single 
crystals. 

els, which are sometimes referred to as "micro-macro modeis". In these modeis, which are now being 
widely developed (see, forexample, Mécamat, 1993), plasticity is considered as the result of various 
micromechanisms which take place on discrete active slip systems. Homogenization techniques and, 
in particular, the self-consistent formulation have provided the general frame for establishing these 
models. A general description of such modeis, proposed by Cailletaud (1988, 1992), is given in 
Figure 1. The bases of these micro-macro models are briefly described in the introduction to the 
present paper, afterwhich we shall concentrate on two important aspects, the intergranular hardening 
and the transgranular hardening respectively, in relation to the effect of microstructural inhomoge
neities on the mechanical behaviour of metallic materiais. The aim of this first part of the paper is 
to illustrate by means of a number of selected examples how the inhomogeneity of plastic 
deformation can influence the mechanical response of crystalline materials and to show how such 
a micro-macro model can provide guidelines for the modelling of a number of types of mechanical 
behaviour. In the second part of the paper the aim is to show that the effects of non-uniform 
distribution of damage are even more important in order to describe and model the mechanical 
response of the materiais. In this part we will strongly rely upon a recent study carried out in the 
author's laboratory and dealing with duplex (austenite + ferrite) stainless steels. 

Two critical steps must be examined carefully in Figure 1 : (i) the localization process, i.e. the 

method of calculating local stresses (yg and loeal strains Ég from the macroscopie stress i: and the 
macroscopic strain Ë, whieh is, in particular, the basis for intergranular hardening effeets, and (ii) 
the local description of transgranular hardening on eaeh slip system in a given grain. 

In the localization process, according to the self-consistent theory developed in particular by 
Kröner (1958), the local stress is related to the macroscopic stress by the following expression : 
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where A is termed the plastic constraint factor of the matrix and 11 is the shear modulus. A takes 

different values, according to various theories : A = 00, in the Taylor model (1938); A = 2 in the Lin 

model (1957); A = 2(1- f3) in the Kröner model. In the latter model f3 is a function of the grain shape. 

For a spherical inclusion f3 = 2( 4 - 5 v) / 15(1- v). A more rigorous relation was formulated by Hili 

(1965), who applied the Eshelby solution (1957) in the context of inhomogeneity problems. Under 
monotonic, proportionalloading the Hili solution has been modified by Berveiller and Zaoui (1979) 
to give a simpIer form: 

(2) 

where ex is called the plastic accommodation function. The value of ex depends on the actual secant 

shear modulus, j1, and the secant Poisson ratio. Typically af ter a few per cent of plastic strain ex is 
of the order of 10-2. 

Once the local stress is calculated, (Jg is then resolved into the shear stress on each slip system. 

In the Cailletaud model, which is formulated as a viscoplastic model, the shear strain rate 'i's on each 

slip system is related to the "effective stress" by a power law function, as indicated in Figure 1, where 

Xs and rs represent the kinematic and the isotropic hardening respectively. Evolution laws, similar 
to those adopted by a number of authors who have developed phenomenological models (see e.g. 

Lemaitre and Chaboche (1985)), are used for the kinematic and the isotropic hardening. In the 

isotropic hardening an interaction matrix between the different slip systems is also introduced. Once 

the local shear strain rate is known, the local strain rate ès is calculated and then averaged to 
determine the macroscopic strain rate, as indicated in Figure I. 

2. Mechanical Behaviour 

In this part we concentrate on three aspects: intergranular and transgranular hardening and 

anisotropic effects due to crystallographie texture, which are included in the general scheme shown 

in Figure 1. Firstly details are given of three examples illustrating the importance of the intergranular 
hardening effect. In selecting these examples dealing with fracture an attempt is made to show the 

importance of the inhomogeneity of plastic deformation in polycrystals and multiphase materiaIs. 

The transgranular hardening effect is exarnined with the emphasis laid on the rnicromechanisms 

which develop a strong kinematic hardening effect. The part of the paper devoted to the mechanical 

behaviourofmaterials is concluded by presenting experimental results on theeffectof crystallographic 

texture on the plastic anisotropy of Al alloys and the modelling of this effect with the micro-macro 

approach shown in Figure I. 

2.1. Intergranular hardening 

Equation (1) simply indicates that a component additional to the applied stress is active locally 

when the local strain, Ëg, is different from the mean strain or the overall strain, Ë. This condition 

is met in ductile fracture initiated from incillsions, the first example selected, also in the deformation 

of polycrystals, which under certain circumstances is accompanied by brittIe intergranular fracture, 

the second example lIsed here to illustrate the effect of non-uniform distribution of deformation, and 

again in the deformation of dllal phase materiais, the third example. 
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2.1.1. Initiation of cavities from inclusions 

Itis weil established thatinclusions play an importantrole in ductile rupture. The discontinuous 

nucleation of cavities, which occurs at large (z Illm) and widely spaced inclusions, can be described 

in terms of continuum mechanics. Argon and his co-workers (1975) proposed a nucleation model 

based on the existence of a critical stress, (Jd ' such that : 

(3) 

where (Jeq is the local equivalent Von Mises stress and (Jm is the hydrostatic stress. The 

inhomogeneity in plastic deformation between the matrix and the particles does not appear explicitly 

in Equation (3). This is the reason why the feature was more clearly defined in the theory developed 

by Beremin (1981) to account for cavity nucleation at MnS particles in low-alloy steels. An 

expression was used, directly derived from an application ofthe inclusion theory by Eshelby (1957), 
which is one of the bases of the self-consistent formulation, i.e. : 

(Jd = L;j + k( (Jeq - (Jo) (4) 

where L;j is the maximum principal 

stress, (Jo is the yield strength and k is 
a function of particIe shape. The data 

given in Figure 2 show that Equation 

(4), which is very similar to Equation 

Cl), accounts very weIl for the test 

results obtained at different tempera

tures. It is also noticed that the values 

of k and those of (Jd are different when 

the material is tested along two differ
ent directions. The different values of 
k are related to the anisotropy in the 

shape of the MnS particles, elongated 

in the rolling direction, whereas the 

different values for (Jd correspond to 

different mechanisms of fracture. In 

the longitudinal direction, (Jd corre
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Cavity nucleationfrom MnS inclusions in two 
heats of A508 steel. Effect oftemperature and 
[oading orientation, (Beremin, 1981). 

sponds to the fracture of MnS inclusions, whereas in the transverse direction, (Jd is related to the 

decohesion of the inclusions from the matrix. 

2.1.2. Brittle intergranular fracture in a temper-embrittled C-Mn-Ni-Mo steel 

The classic example of intergranular brittIe fracture occurs in temper-embrittled low-alloy 

steels caused by the segregation at grain boundaries of impurities such as S, P, As, Sb, etc ... The 

ductile-brittle transition temperature is shifted to higher temperatures as a consequence of the 

intergranular embrittlement. The magnitude of the effect is dependent on the quantity and type of 

segregated solute atoms. The mechanical modelling of the embrittlement and the associated loss in 

intergranularcohesion has received relatively little attention. There has been recent renewed interest 

in this phenomenon (see Cottrell, 1989, 1990a; 1990b). 
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Temper embrittlement has re
cently been studied by testing smooth 
and notched specimens of a C-Mn
Ni-Mo steel at different temperatures 
(Kantidis et al, 1994a and b). The 
results obtained on notched speci
mens as shown in Figure 3a indicate 
th at the intergranular fracture stress 
tends to increase with temperature. 
Moreover, a wide scatter in the re
su lts is noted. A model was proposed 
to account for th is temperature de
pendence and scatter (Kantidis et al, 
1994a), but one may wonder whether 
the temperature is the appropriate 
varia bie. Considering the mean strain 
at fracture, it is observed that the 
ductility is an increasing function of 
temperature, as expected (Figure 3 b). 
In a polycrystal the inhomogeneity in 
plastic strain between the different 
grains is also expected to decrease 
with increasing overall plastic strain. 
This was shown recently using the 
model presented previously, which 
was applied to simulate the deforma
tion of pol ycrystalline specimens of a 
2024 Al aHoy (Pil vin, 1993). The 

results reported in Figure 4 clearly 
show that the histograms giving the 
relative distribution of plastic strain 
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Fig. 3 Intergranular fracture in 20MND5 steel. Inter-
granular fracture stress (a) and strain tafai/ure (b) 
versus temperature (Kantidis et al., 1994a). 

within the grains become increasingly sharper when the plastic strain is increased. This means that 
qualitatively, according to Equation (1), the contribution of the intergranular hardening effect is a 
decreasing function of applied plastic strain. In other words, there is a large probability that at low 
applied strain the local stress responsible for brittie intergranular fracture is larger than the applied 
stress. A quantitative model has to be developed to take into account this inhomogeneity in the 
distribution of plastic strain between the different grains of a polycrystal, in order to predict the 
temperature dependence of the intergranular fracture stress. 

2.1.3. Nucleation of c1eavage cracks in the ferrite of duplex stainless steels 

Cast duplex stainless steels are two-phase (ferrite a+ austenite y) materials which may contain 
up to 30% of ferri te. Aging these materials around 300°C-400°C produces a considerable decrease 
in their fracture toughness due to the formation of cleavage cracks in the ferrite phase af ter 
deformation. Aging also produces a significant increase in the hardness of the ferrite phase due to 
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the (a + ei) decomposirion of these Cr-rich ferrites (Joly, 1992). The damage mechanisms of these 

materials are described in more detail in the second part of this paper. 

One heat of duplex stainless steel was investigated containing 25% ferrite, aged at 400°C for 

700 hours. Interrupted tests carried out on tensile specimens showed that the damage corresponding 

to the formarion of c1eavage cracks was not homogeneollsly distribllted. An example illustrating this 

pronounced inhomogeneity in the distribution of c1eavage cracks is shown in Figure 5, where the 

damage is analysed using Voronoï cells. Figure 5b and 5c c1early show that the c1eavage cracks are 

grouped into clusters. The importance of this inhomogeneity for modelling the fracture of these 

materials wiU be stressed in the second part ofthe paper. Here we would like to presentonly a number 

of results showing that the clustering of c1eavage cracks is directly related to an "intergranular" type 

hardening effect. 

Detailed metallographical analysis showed that this clustering effect was not related to a 

specific orientation of the ferrite ph ase but rather to the orientation of the soft phase, i.e. the austenite 
(Joly et al, 1990). This is shown in Figure 6, where it is observed that cleavage is almost completely 

suppressed when the tensile axis is located in a band close to (I OO)y - (111)y zone. Figure 6b shows 

that this zone also corresponds to orientations for which multiple slip is observed. On the other hand, 
c1eavage of the ferrite phase is favoured when the austenite surrOlll1ding these islands of ferrite is 

oriented to be in single slip. A simple explanation for the observed effect is the following . Single slip 

is accompanied by a rotation of the allstenite grains , but since these grains are constrained by the 

ferrite network, this rotarion cannot easily take place. This produces an elevation of the local stresses 
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in the ferrite, which are partly relaxed by the formation of c1eavage cracks. This example illustrates 
the importance of intergranular stresses, which are due this time not only to the pronounced 

inhomogeneity in the distribution of plastic deformation between the austenite and the ferrite, but 
also to the slip multiplicity in the soft ph ase. 

2.2. Transgranular hardening 

The importance oftransgranular hardening, in particular the kinematic hardening, is illustrated 
by two examples dealing with the cyc1ic behaviour of: (i) precipitation-strengthened materials and 
(ii) fully pearlitic steels. 

2.2.1. Shape of hysteresis stress-strain loops in precipitation strengthened materials in 
relation to kinema tic hardening 

Figure 7 shows the shape of these hysteresis loops in Waspaloy a nickel base superalloy 
strengthened by the precipitation of the '/ phase. Cyclic tests were performed at the same total strain 
on specimens which were given different heat-treatments, i.e. underaging and overaging correspond

ing to particIe sizes of 8 and 90 nm respectively. Small '/ partic1es (I/! = 8 nm) are sheared by 
dislocations, whereas the large ones (I/! = 90 nm) are by-passed by the Orowan process. The heat 

treatments were selected in such a way that these materials exhibit the same monotonic yield strength 

and almost the same cyclic stress as observed in Figure 7. This figure clearly shows that the hysteresis 
loop is more square-shaped in the underaged than in the overaged condition. The Bauschinger effect, 
i.e. the kinematic hardening effect, is thus more pronounced when the particles are bypassed by 
dislocations. 

Several forms of kinema tic hardening related to dislocation micromechanisms were intro
duced by Asaro (1975). The case illustrated in Figure 7 corresponds to the third type, i.e. the 

micromechanisms are perfectly reversible. A 1000 WASPALOY 

sketch indicating the sequence of interactions 
between the particles and the dislocations is 

shown in Figure 8. This sketch has received 

some experimental confirmation with in-situ 
T.E.M.observations (Louchet, 1992). The in

teraction is perfectly reversible since, when 

the dislocation moves back, it reacts with the 

loops left around the particles and anneals 

them. During its backward motion the disloca
tion is submitted to an attraction force from the 
loops left around the particles, which leads to 

easy plastic deformation each time the stress is 
reversed. 
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2.2.2. Cyclic stress-strain behaviour of fully pearIitic steels 

In dual-phase materials subject to large cumulative strains the kinematic hardening effect is 
expected to be strongly affected by the microstructural details when the "relaxed" dislocation 
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Fig. 8 Sketch showing the successive positions of a 

dislocation along a stress-strain curve in a 
mate rial in which Ihe particles are by
passed. 
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Fig. 9 Cyclic stress-strain curves in two pearlitic 
steels with different values for the 
interlamellar spacillg, Sp. The numbers 
indicate the value of Ihe 8auschinger effect 
measured by Ihe ratio X/(tJai2). 

substructures, for in stance the dislocation 
cells formed in the matrix in the absence of 

the second phase, are larger than the mean 

free path between the particles. This situa
tion was observed in a recent study devoted 
to the cyclic behaviour of eutectoid steels 
(Jeunehomme, 1991). Two fully pearlitic 
steels were submitted to various heat treat
ments to produce large variations in ce
mentite interlamellar spacing. Low-cycle 
fatigue tests were performed at room tem
perature on these materiais. The amplitude 

of the Bauschinger effect was measured by 
the ratio X/(tJa/2), as indicated in the insert 

of Figure 9, where the cyclic stress-strain 

curves corresponding to two values of the 
interlamellar spacing, Sp, are reported. In 
the material with the large value of Sp (0.27 
iJ.m) the cyclic curve is continuous, with a 
unique value of the cyclic work hardening 
exponent in the range of plastic strain which 

was investigated. In the small interlamellar 
spacing material (Sp = 0.1 OiJ.m) a different 
situation is observed. At large plastic strain 
ampli tudes (== 0.1 %) the slope of the cyclic 
a-t; curve is the same as the slope measured 

with large Sp material. In both cases the 

ratio X/(tJa/2) is close to 0.50 - 0.60. Figure 
9 shows that at lower plastic strain the cyclic 

stress is anomalously high. This modifica
tion in the behaviour of the material is 
accompanied by an increase in theX/(tJa/2) 

ratio, which becomes larger than 0.70, de

noting a pronounced Bauschinger effect. 

T.E.M.observations showed that the 

dislocation microstructures were different 

from each side ofthe transition on the cyclic 
a-t; curve. At large plastic strain, disloca

tion cells were observed, whereas at lower 

plastic strain amplitude these cells did not 
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appear but the dislocations were confined within the 
walls formed by the cementite platelets. Similar 
behaviour was shown by Sunwoo et al (1982), as 
indicated in Figure 10. Dne can say that in these 
materiais, for a given interlamellar spacing, there is 
a critical plastic strain amplitude below which the 
inhomogeneity in plastic deformation is confined 

within the walls formed by the cementite platelets. 
Under these conditions most of the deformation is 

~Ep/2 (%) 

10 

accommodated by the geometrically necessary dis
locations introduced by Ashby (1971). This pro
duces a large kinematic hardening effect, as ex-
pected. It mayalso be added that the fatigue life was 

0.1 

also largely influenced by these microstructural 0.01 

features. In particular, the slope of the Manson- 0.05 

Coffin plot was shown to be larger than the slope 

usually observed in most materiais, which is -0.50 Fig. 10 
(see Figure 11). A close examination of the endur-
anee curves also showed the existence of a transition 

which corresponds to the transitional behaviour 
observed in the dislocation microstructure. An ex-
ample of such a situation is gi ven in Figure 11 b for 
the fine pearlite material. The comparison with 
Figure 9 shows that this transition in the slope of the 
Manson-Coffin law coincides with that observed for 

* 
Cells 

* • .. ®. ......................... . 
NoCelis 

0.1 0.15 0.2 0.25 0.3 0.35 
Sp (!Jm) 

Fuliy pearlitic steels. Results 
showing that the strain amplitude, 
.1e/2 in a cyclic test necessary for 
dislocation cellformation de
creases when the interlamellar 
spacing increases. (Sunwoo et al. , 
1982). The circles correspond to 
the results obtained by 
Jeunehomme (1991). 

the cyclic (J-e curves. This example shows that microstructural modifications may affect not only 
the constitutive equation of the materials but also their damage behaviour. 
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Fig.l1 Fully pearlitic steels. a) Variation ofthe c exponent in the Manson·Coffin law 
.1E/2 = E'! (N,rC where E'! is a constant and N, the number of cycles to failure, with 
the interlamellar spacing, Sp; b) Variation ofthefatigue fife N, with strain amplitude, 
.1e/2 in one specific heat (Steel A) . 
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2.3. Plastic anisotropy of aluminium al/oys 

The model described in the introduction was recently used to predict the plastic anisotropy of 
7xxxAl alloys (Achon, 1994). The results are presented in order to illustrate the effect of anothertype 

of inhomogeneity related to the anisotropy. Two materials taken from thick plates ("" 30 mm), a 7075 

and a 7475 aIloy, were investigated in three conditions (T3, T6 and T7). Tensile specimens were 
machined in six directions. Besides the three main directions of the thick plates, i.e. the longitudinal 
(L), the transverse (T) and the short transverse (S) directions, three other directions were investigated 
at 45 degrees to the main directions. These directions were denoted SL, ST and LT, with LT 

signifying th at the tensile axis was in the L T plane at 45 degrees to the Land T directions. The 
Lankford coefficient, defined as the ratio between the plastic strain measured in the transverse 
direction of the tensile specimen and the longitudinal strain, was measured and compared with the 
results obtained from the application of 
the model (Figure 12). DL 

The material was modelled as a 

polycrystal of more than 400 grains ori
ented to reproduce the measured crys
tallographic texture, as indicated in Fig

ure 12a, which corresponds to a (111) 

pole figure. This orientation of the grains 
is taken into account in the model through 
the orientation tensor ms introduced in 
Figure 1 and the averaging procedure 
used to calculate the macroscopic strain, 

Ë, from the microscopic shear strain or 

shear strain rate, 'i's' The results ob
tained from this "microscopic" poly

crystalline model are labelled {p l. The 
plastic anisotropy of these Al alloys was 

also described in terms of conventional 
anisotropic plasticity by the Hili model 
(1950). The results obtained with this 

"macroscopic" model are indicated by 
(Hl. Figure 12 shows th at the polycrys

talline model is able to reproduce the 
anisotropyin plastic deformation of these 

FCC materials by using as an input the 

initial crystallographic texture, which is 

o 

b) 

..0.5 

-1 

-1.5 0 

o 

0.5 

o 
1.5 

a measure ofthe deviation from a homo- Fig. 12 Anisotropy in plastic deformation in a 7075 
geneous isotropic condition. Al alloy. a) Position of the tensile axis and of 

the transverse strains, ~2' e33 and (111) po Ie 
fig ure; b) Variations of ~2 and e33 as func
tion of the axial tensile strain, e11 . Compari
son between the experiments (circles) and two 
mode Is (see text). 
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2.4. Partial conclusions 

This broad overview of the possibilities offered by the so-called "micro-macro" approaches 

to model the mechanical behaviour of metallic materials has shown th at it is now pos si bIe to model 

complex mechanical properties of polycrystals, including the effect of local stresses on fracture, the 

Bauschinger effect in relation to the interaction of dislocations with a number of microstructural 

details and the effect of crystallographic texture. 

However, this optimism must be tempered for one main reason, springing from the fact that 

in this type of homogenization technique the geometrical characters of the material or the plastic 

deformation are not taken into account. In particular the grain size dependence of the mechanical 

properties of the materials cannot be explained by this type of model. Moreover, the inhomogeneity 

of plastic deformation within a grain, i.e. the formation of discrete slip bands, which is known to play 

a dominant role in a number of problems, is not considered. The absence of any geometrical factor 

in this type of theory leads thus to a number of serious limitations. 

3. Damage 

3.1.lntroduction 

In this part of the paper an attempt is made to indicate how it is possible to model the damage 

of metallic materiais. As indicated previously, this part is essentially devoted to the description and 

modelling of damage in cast duplex stainless steels . Two main types of modeIs, representative of 

those usually used in other materiais, are introduced : (i) those in which there is no coupling or only 

partial coupling between the constitutive equation of the material and the damage evolution, and (ii) 

those in which this coupling effect is taken inta account. It should also be added that only ductile 

damage associated with the nucleation, growth and coalescence of cavities is considered here. 
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Fig . 13 Variation of lhe Charpy fraclure loughness measured al 20 "C in 

caSI duplex slainless sleels aged al 400 °C for 10.000 hours as a 

function oflheferrite content (Bonnet et al., 1990). 
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Cast duplex stainless steels are two-phase materials containing up to 30% ofBCC ferrite in an 
FCC austenitic matrix. These materials are used for the manufacture of a number of components, in 
particular the pipes and elbows used in electronuclear reactors. They may then be submitted to an 
embrittlement effect due to prolonged exposure at in-service temperatures close to 300°C. It has been 

shown that af ter accelerated aging at 400°C the ferrite phase is hardened and embrittled by a 
phenomenon sirnilar to the "475°C embrittlement", which is weil documented in Cr-rich ferritic 
steels. This produces a considerable decrease of the Charpy toughness, as shown in Figure 13 (Bonnet 
et al, 1990; Meyzaud et al, 1988). Charpy impact properties and fracture toughness of aged material 

present an important scatter, which is reduced when large specimens are used (Meyzaud et al, 1988). 
The modelling of damage in these materials must therefore be able to describe not only the variation 
in the ductility with aging conditions but also the scatter and the size effect. 

We first present the results of a number of metallographical observations which were made in 
order to investigate the micromechanisms of damage in these materiais. These results were obtained 
from one specific heat, taken from a centrifugally cast pipe which was aged at 400°C for 700h. Only 

a brief account of these results is given here. Full details can be found elsewhere (Joly et al, 1992, 
Joly et al, 1993). Next the mechanics of porous materials is briefly introduced. This is the basis of 

the coupling between the constitutive equations and the damage. Finally both types of modeis, with 
and without coupling, are applied, using the results of metallographical observations to predict the 
ductility and fracture toughness of these materiais. 

3.2. Metallographical observations 

As already illustrated in Figure Sa, cleavage cracks are initiated in the ferrite phase and 
preferentially in areas such that the surrounding austenite is deformed in single slip (Joly, 1992). The 
number of grains containing the clusters of cracks was measured ('" 5.7 grains/cm2). Their size was 

found to be ofthe orderof2 mm along the longitudinal axis ofthe tube and 0.75 x 1 mm2 in aplanar 
section perpendicular to this axis. It was shown that the onset of crack nucleation was not dependent 

on the applied maximum principal stress but rather on the achievement of a critical plastic strain of 
the order of 210-2 (Joly et al, 1992). Measurements of the number of cracks per unit area showed 

th at the density of cracks increased in the preferentially oriented grains and th at new damaged grains 
appeared with an increase in plastic strain. Moreover, measurements of the area of cleavage cracks 

at different levels of plastic strain indicated that the distributions of the surface area of these cracks 
were not modified. This indicates th at once cleavage cracks are initiated they immediately reach their 

maximum extension. 

These cleavage microcracks initiate the formation of cavities which grow by plastic blunting 
in the austenite, as shown previously (Pineau, Joly, 1991). Macroscopie fracture initiation occurs by 

cavity coalescence, which takes place within one cluster of microcracks. 

In the next section it is assumed that a flat crack produces the same softening effect as a 
spherical cavity with a radius R = ..[ATii, where A denotes the surface area of the crack. This 

assumption, which has recently received some theoretical support (Gologenu et al, 1994), was made 

in order to relate the nucleation rate of cleavage cracks with plastic strain to the increment of the 
volume fraction of porosity, dfn, which was expressed as: 

(5) 
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whereAn is the nucleation rate anddeeq is the incrementofthe Von Mises strain. The nucleation rate, 

An, was assumed to be distributed from grain to grain, as indicated previously. In particular An is 

higher within grains which are suitably oriented. In those grains, An was found to be close to one, 

while the mean value of An was close to 0.50. The distribution of An was carefully determined from 

detailed metallographical observations (Joly, 1992). 

3.3. Mechanics of porous materials 

As shown in the previous section, although the aged material is very brittle, the micromecha

nisms of fracture are similar to those associated with ductile fracture, by nucleation, growth and 
coalescence of cavities. Ductile rracture is usually considered as an instability due to the softening 
effect induced by cavity growth (Berg, 1969). Several potentials have been introduced to model the 

plastic behaviour of porous materials (see e.g. Gurson, 1977 and Rousselier, 1981 and 1987). In 

particular in the Gurson potential modified by Tvergaard (1981) the effect of a volume rraction of 

cavity,f, can be accounted for by a yield criterion expressed as : 

(6) 

where aeq is the Von Mises equivalent stress, am is the mean stress and ar is the flow stress of the 

matrix. The coefficients have the following values q2 = 1, q3 = qJ and qj = 1.50. It was shown by 
Perrin and Leblond (1990) that q j = 4/ e "" 1. 47 . It can easily be shown that, neglecting the second 

order term q3f2 , the dilatation calculated from the above expression can be expressed in terms of 
porosity increment as : 

(7) 

Berg (1969) proposed a ductile fracture criterion in terms of plastic instability, while 

Yamamoto (1978) used a similar approach for materials following the Gurson potential. According 

to these theories, the softening effect and dilatation effect associated with cavity growth favours the 

localization of deformation along planar bands. A simplified criterion for strain localization was 

introduced by Mudry (1982). It is assumed by this au thor that fracture occurs in a volume element 

when the work-hardening rate of the matrix is exactly balanced by the softening effect associated 

with the cavities, i.e. when : 

(8) 

The influence of the nucleation rate of cavities, A n' in Equation (5), on the stress-strain curves 

calculated from Equation (6) for a stress triaxiality am/ar equal to 0.60 is shown in Figure 14. A 

strong influence of the nucleation rate is noticed. Similarly the variation in the strain to failure, lOf, 

predicted from Equation (8) is shown in Figure 15 as a function of stress triaxiality and A n' In this 

figure it is noticed that lOf becomes less dependent on stress triaxiality ratio as An increases, as 
expected, since the nucleation law given by Equation (5) is not dependent on stress triaxiality, which 
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is opposite to the situation encountered when fracture is essentially controlled by the growth of 

cavities. In cast duplex stainless steels it was shown (Joly, 1992) that the ductility was essentially 
controlled by the continuous nucleation of cleavage cracks. 

3.4. Modelling of ductility 

The model which has been presented above applies to a situation where the nucleation rate,An, 

is spatially uniformly distributed. This is not the situation in the present material. This non-uniform 
distribution of the clusters of microcracks is responsible for the scatter in the results of mechanical 
tests and for the size effect as shown below. Two types of model can be used to account for this 
inhomogeneity in the distribution of the damage. In the first type, the calculation of the stress-strain 
distribution in a notched specimen or component is made without accounting for the coupling effect 

between the constitutive equation and the damage. The clusters are distributed within the structure 

and a Monte Carlo type simulation is used as a post-processor routine topredict the failure conditions. 
In the following this type of model is referred to as "uncoupled". In the second type of model, the 

structural analysis is fully coupled with the calculation of the evolution of damage. 

3.4.1. Uncoupled modelling 

A statistical analysis ofthe failure ofaxisymmetric notched specimens was carried out by finite 
element calculations. Notched tensile specimens with a minimum diameter of 10 mm and notch radii 
of 10, 4 and 2 mm were used. These specimens were calculated with the stress-strain curve 
determined on conventional tensile specimens. In these specimens the damage is so "diluted" that 

it can be considered th at this stress-strain curve represents within a first approximation the 

mechanical response of the undamaged material. 
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Fig.14 Numerical simulations showing the 
influence of the nucIeation, rate An' on 
the stress-strain curve of a Gurson
Tvergaard damaging material. An-
va lues as indicated per curve. 
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A large number of parallelepipedic grains, with dimensions similar to those determined 
experimentally (2 x 1 x 0.75 mm2) were randomly generated in a large volume. Their coordinates 
were obtained by a random number generating routine. For each grain a nucleation rate, An' was 
generated by a Monte Carlo method, according to the distribution function determined experimen
tally. Samples of 100 specimens of each notched geometry were located in this volume, each ofthem 
including a few grains. Failure analysis was carried out by a post-processor routine at every Gauss 
point and at every load increment. If the Gauss point is located within a cluster, its nucleation rate, 
An,is used to integrate Equation (5) and Equation (7). Full details are given elsewhere (Joly et al, 

1993). In notched specimens failure initiation is assumed to take place when (Jeq, ca1culated from 
Equation (6), has reached a maximum. In other words it is assumed that the weakest link theory 

applies to this type of specimen geometry . 

Experiments were performed on specimens with the same geometries as those simulated. The 
results obtained with these specimens are shown in Figure 16, where they can be compared with those 
derived from the model. In this case the results corresponding to probabilities of 0.10,0.50 and 0.90 
are reported. A good correspondence between the experimental and simulated data is obtained for 
the notched specimens, i.e. for stress triaxiality ratios of "" 0.60, "" 0.80 and "" 1.20, corresponding 
to notched specimens. However, the values of the ductility for the smooth tensile specimens 
predicted from the simulation are below those which were measured. This arises from a size effect, 
which is investigated below. It was assumed that the smooth tensile specimens were uniformly 
deformed, but this hypothesis is not appropriate for these large-grain materiais. Observation of the 
surface of the tensile specimens showed that the deformation was preferentially localized in certain 
grains which were favourably oriented. 

The size effect was investigated both 
experimentally and numerically, using the 
same type of specimen geometries but 
with a minimum diameter of 6 or 15 mm 
instead of 10 mmo The notch radii were 
modified accordingly, in order to keep the 
same shape for the specimens and thus the 
same stress triaxiality ratio. The results are 
reported in Figure 17, where the ca1culated 

ormeasured values forthe strains to failure 
are normalized by those determined on the 
specimens with a minimum diameter of 6 
mmo The experimental results show that 
increasing the size of the specimens pro-
duces a reduction in the average ductility 
and a decrease in the scatter, as expected. 
The results of the numerical simlllation are 
quite consistent with these observations. 
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3.4.2. Coupled modelling 

The model and the numerical simula

tion presented above are based on astrong 
assumption indicated by Equation (8). The 
Gurson-Tvergaard potentialof Equation 
(6) prediets that theoretically failure occurs 
when the volume fraction ofcavities reaches 
a critical value = 1 / qj ('" 0.66). For this 
value of f the load-bearing capacity of the 

material is reduced to zero. However, it is 
weIl known that in most materiaIs, failure 

occurs for mean values of the volume frac
tion of cavities much lower than 0.66 (see 
e.g .. Pineau, 1992). This is the main reason 
why an accelerating function for the evolu
tion of the volume fraction of cavities was 
introduced (see Tvergaard and NeedIeman, 
1984). Otherwise the Gurson-Tvergaard 

potential would largely overpredict the 
ductility of the materiaIs . The main reason 

for this discrepancy lies in the fact that 
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Fig. 17 Size effect on ductility. Strain to failure 
normalized by that corresponding to a 6 
mm diameter specimen as afunction ofthe 
diameter - Experiments and calculations. 

locally the volume fraction of cavities can be much larger than the mean value. It is therefore 
necessary to consider the effect of porosity distribution on ductile fracture. In this respect the cast 

duplex stainless steels, which present strong inhomogeneities, as illustrated previously, provide a 
good example. The effect of a non-uniform distribution of porosity on flow localization and failure 
in aporous material has already been investigated by Becker (1987). This author showed numerically 
th at the ductility was largely reduced when a non-uniform distribution of cavities was introduced in 

the model. 

This effect of the diStribution of cavities in duplex stainless steels has been modelled recently 

in the author's laboratory (Devillers-Guerville et al, 1994). In the following we present these 

preliminary results, which are based only on 2D calculations but which illustrate the potentialities 

offered by a fully coupled model. 
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Fig. 18 Finite element meshesfor a 3 point bend specimen. 
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The Gurson-Tvergaard potential was used to simulate the fracture toughness of Charpy U 
specimens. The mes hes used to simulate the mechanical behaviour of these 3-point bend specimens 

are shown in Figure 18. A Monte Carlo type simulation similar to that used in the preceding section 
was applied in order to distribute theclusters with various nucleation rates (Figure 19a). A simplified 

distribution function for An was used (Figure 19b). The specimens were assumed to be deformed 

under plane strain conditions. The clusters with various values of An were assumed to be formed by 
cylinders parallel to the notch front with a square shape in a cross-section of the specimens. This 

assumption conceming the shape of the clusters was made in order to model the specimens with a 

2D calculation. The numerical computations were this time made with Equation (6), which has been 

implemented in the finite element code (Besson, 1994). Figure 20 compares the load-load line 

displacement curves obtained with a uniform distribution of An with those obtained with several 

numerical simulations corresponding to different sampling of An' It is observed th at in all cases the 
softening effect due to the presence of porosity, which is included in the Gurson-Tvergaard potential, 
is able to reproduce the fact that the loading curves reach a maximum. The softening effect is usually 
more pronounced in the simulations involving non-uniform distribution of the nucleation rate. This 

corresponds to the expected situation, since the probability of finding local values of A n larger than 

the mean value will produce an acceleration in crack growth. Figure 21 shows the evolution of the 

calculated volume fraction of cavities in a numerical simulation with a random distribution of An' 
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Fig. 21 Numerical simulation of a 3P bend specimen with statistically distributed values of An. 
Contours showing the position of isovalues of the porosity, f as a function of the load-/ine 

displacement. 

The material breaks when the local volume fraction of cavities is larger than 0.66. The con tours 

giving the isovalues off are shown in Figure 21. The evolution of the contour giving the isovalues 

of f larger than '" 0.60 therefore indicates the position of the crack which is initiated and then 

propagates through the remaining ligament ofthe specimen. The main advantage of this type of fully 

coupled model lies in the fact that it is thus pos si bie to simulate not only crack initiation but also crack 

growth. However, this advantage is counter-balanced by the difficulties in the calculations, not only 

those associated with convergence problems. In particular arealistic simulation of the non-uniform 

distribution of the clusters in cast duplex stainless steels, as in other materiais, would require 3D 

calculations in which the grains would be distributed not only in the plane of the specimens but also 

through their thickness. 
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4. Conclusions 
1. Homogenization techniques have proved to be extremely useful in order to predict the overall 

behaviour of polycrystals or multiphase materials from the knowledge of the elementary 

hehaviour of single crystals or single phases. In particular it has been possible in a number of 

circumstances to include the effect of non-uniform distribution oflocal strains and stresses on the 

mechanical response of crystalline materials which occurs at various sc ales within it, including 

the intergranular (or interphase) scale and the transgranular scale. The effect of crystallographic 
texture on the anisotropy in plastic deformation can also be predicted. Rapid developments in 

computers areenabling us to deal with increasingly complex problems. However, much progress 

has to he made in at least two areas: (i) Better categorization is required regarding the problems 

strictly relevant to "microscopie" theories and those for which the micro-macro" approaches 

based on the extension of mixture laws can be applied; (ii) Micro-macro approaches would he 

more powerful if they could include geometrical effects. 

2. Considerable progress needs to be made in predicting the damage behaviourofthe materiais, with 

more attention given to the proper treatment of the various scales involved. The mechanics of 
porous materials has enabled us to make significant progress in the modelling of ductile fracture, 
as illustrated by the specific case of cast duplex stainless steels. In this field we are becoming 

better able to categorize the effect of microstructure and to recognize in particular the importanee 
of the statistical variations which are either present initially in the materials or develop 

progressively during their deformation. 

3. The main interest of fully coupled damage modeis, in which the damage evolution during 

deformation contributes to the work softening ofthe material, lies in the fact th at they can easily 

be used to model all stages offracture, including crack initiation and crack growth. However, in 

a fully coupled model such as that proposed by Gurson-Tvergaard-Needleman (G.T.N.), it is 

necessary to take into account the non-uniformity in the damage distribution, otherwise a 

somewhat arbitrary accelerating function has to be introduced describing the variation in the 

volume fraction of porosity with deformation. In the numerical application of the G.T.N. model 

to aged cast duplex stainless steels in which continuous cavity nucleation plays a predominant 
role, it is possible to avoid the introduction of this arbitrary function by introducing the non

uniformity in the distribution of cavity nuc1eation rate. 
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Abstract: Much understanding of failure mechanisms in metals has been gained by analyses of a 
characteristic unit cell, and the results have been used to develop constitutive relations. Such studies are here 
illustrated by results for duclile fracture at room temperature, where the nucleation and growth of voids to 
coalescence is the dominant fracture mechanism. Results are also presented for creep damage at elevated 
temperatures, where cavitation occurs mainly at the grain boundaries, and where interaction between 
neighbouring cavities as weIl as interaction between neighbouring grains has to be accounted for, including 
mechanisms such as grain boundary sliding. Finally, studies relating to metal-ceramic systems are considered, 
including metal-matrix composites, ductile particle reinforced ceramics, and ceramics bonded to thin ductile 
layers. 

1. Introduction 

Failure in metal alloys occurs by a number of different mechanisms, incJuding brittIe cJeavage 

fracture at low temperatures or high strain rates, and fatigue failure under cyclic loading. In the 

present paper the focus wiJl be on ductile failure in the room temperature range, on creep rupture at 

elevated temperatures, and on failure in metal-cerarnic systems. The discus sion is basedon a number 

ofmicromechanical studies of the different failure mechanisms, with the main interest centred on the 

behaviour under monotonic loading. 

In the range where metals undergo significant plastic straining prior to failure, the growth of 

small voids to coalescence with neighbouring voids is the dominant fracture mechanism. The voids 

nucleate mainly at second phase particJes, by decohesion of the particJe-matrix interface or by 

particJe fracture, and subsequently the voids grow due to large plastic straining of the surrounding 

material. Early studies focu ssed on the growth of a single void in an infinite solid (McClintock, 1968; 

Rice and Tracey, 1969), while later on most studies considered solids with a cenain volume fraction 

of voids, e.g. the porous ductile material model of Gurson (1977) and various improved versions of 

this model. The discussion here wil! include recent ful! three-dimensional cell-model studies for a 

material containing a periodic array of spherical voids, studies ofthe effect of a kinematic hardening 

porous material model, and results of an elastic-viscoplastic nonlocal model for aporous ductile 

material, in which an integral condition is used to introduce the effect of a characteristic material 

length scale. 

During creep at elevated temperatures damage occurs mainly by the nucJeation and growth of 

cavities On grain boundary facets perpendicular to the maximum principal tensiie stress (Cocks and 

Ashby,1982; Argon,1982) . Micromechanical studies of grain boundary cavity growth by the 

combined influence of diffusion and dislocation creep (NeedIeman and Rice, 1980) combined with 

a model for cavitation on a full facet (Rice, 1981) and expressions for the creep rate of a microcracked 

solid (Hutchinson, 1983) were used to propose a set of constitutive relations forcreep in polycrystals 

with grain boundary cavitation (Tvergaard, 1984b). These constitutive relations are presented briefly 

here. Furthermore, some recent results of a more elaborate multi-grain cell-model (Van der Giessen 

Department of Solid Mechanics, Technical University of Denmark, DK-2800 Lyngby, Denmark 
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and Tvergaard, 1994a) are presented which make it possible to estimate the time to final material 
failure by the link-up of neighbouring facet microcracks. 

In materials containing mixtures of metals and ceramics the mechanical behaviour is affected 
by the fact th at plastic flow is highly constrained by the presence of elastic material. Furthermore, 
failure at metal-cerarnic interfaces is an important damage mechanism. The behaviour of such 
material systems is il!ustrated by cel!-model results for the damage of metals reinforced by short 
ceramic fibres. In addition the toughening effect of ductile particles in a brittie ceramic is 
demonstrated by micromechanical analyses of a particle bridging a brittie matrix crack. For the case 
of two ceramics joined by a thin metallayer, recent results are given for the effect of plasticity on 
interface crack growth. 

2. Void Growth and Ductile Fracture 

Studies of void growth in ductile metals have attracted much attention, as void coalescence is 
an important mechanism of ductile fracture. Early estimates of the critical strain for coalescence were 
based on micromechanical studies of the growth of a single void in an infinite elastic-plastic solid 
(McClintock, 1968; Rice and Tracey, 1969). However, most subsequentductile fracture studies have 
focussed on approximate elastic-plastic material descriptions that account for the average effect of 
void nucleation and growth. The most widely known dilatant plasticity model for the average 
response of a ductile porous solid is that developed by Gurson (1977), based on approximate upper
bound solutions for a rigid perfectly plastic spherical unit cel! containing aconcentric spherical void. 

Gurson's (1977) approximate yield condition is ofthe form 4>( dj,aM.!) = 0, where fis 
the void volume fraction, crJ is the average macroscopie Cauchy stress tensor, and aM is an 
equivalent tensile flow stress representing the actual microscopic stress state in the matrix material. 
To improve the agreement with accurate numerical rnicromechanical studies for small values of f 
Tvergaard (1981,1982) suggested modifying parameters qj and q2, and Tvergaard and Needieman 
(1984) proposed a function j*(f) for better representation of void coalescence. The modified 
Gurson yield condition takes the form 

a; * ( q2 ai ) (* )2 4>=-2-+ 2qIf cosh -- -1- qIf =0 
aM 2 aM 

(2.1) 

where a e = ~3SijSij / 2 is the macroscopic effective Mises stress, and sij = dj - Gij a: /3 is the 
* stress deviator. For qj = q2 = 1 and I = I Equation (2.1) is Gurson's yield condition, and for I = 0 

Equation (2.1) reduces to the standard Mises yield condition. In the modified Gurson model qj > 1 
is used (e.g. qj = 1. 5) , and the function j*{j) is taken to be 

(2.2) 

Here 1 F denotes the void volume fraction at final fracture, so that l (I F ) = I; = 1 / qj, while Ic 
is a critical void volume fraction beyond which the modification according to Equation (2.2) is 

applied. A number of studies have been carried out using the values Ic = 0.15 and I F = 0.25. 
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In the presentation of equations a Lagrangian forrnulation of the field equations is employed 

here, with a material point identified by the coordinates xi in the reference configuration. The metric 

tensors in the current configuration and the reference configuration are denoted Gij and gij 
respectively, with determinants G and g, and T/ij = Yz( Gij.:- giJ) is theLagrangian strain tensor.The 
contravariant components of the Cauchy stress tensor dj and the Kirchhoff stress tensor 'rIJ are 

related by the expression t J =..J G / g dJ. 

A detailed micromechanical study of the predictions obtained by the modified Gurson model, 

Equations (2.1 )-(2.2), have been carried out by Koplik and Needieman (1988), using an axisymmetric 

unit cell-model containing a single spherical void. These accurate numerical model studies inc1ude 

both the early stages, where overall plastic yielding and void growth take place, and the transition 

into the final stage, where only local plastic flow takes place in the ligaments between neighbouring 

voids. A fixed ratio ofthe transverse and axial macroscopic true stresses was prescribed in these cell

model analyses, considering different levels of stress triaxiality and non-hardening as weil as 

hardening material behaviour. Rather good agreement between stress-strain curves and void growth 

vs. strain curves was found both in these studies and in similar studies by Becker et al. (1988), 
provided that the value fe is chosen as a function of the initial void volume fraction, fl' ranging 

from fe = 0.03 at IJ = 0.0104 to Je = 0.12 at fl = 0.06. 

A different type of model for ductile fracture was proposed by Thomason (1985, 1990), based 

on approximate upper-bound solutions for non-hardening rigid-plastic solids. Some of these 

solutions rely on plane strain analyses, while others rely on three-dimensional solutions, in which 

ellipsoidal voids are represented by square-prismatic voids. In these studies the discussion mainly 
focussed on the transition from a weak dilatational yield surface (such as that proposed by Gurson, 

1977) to a strong dilatational yield surface representing a stage where void coalescence develops. 

The type ofbehaviour predicted by these simp Ie upper-bound solutions was studied by Richelsen and 
Tvergaard (1993, 1994), using detailed numerical unit cell analyses and comparisons with dilatant 

plasticity predictions. 

Both plane strain analyses and full three-dimensional analyses were carried out by Richelsen 
and Tvergaard (1993, 1994), based on non-hardening elastic-plastic material behaviour or on the 

corresponding elastic-viscoplastic material model. The accurate numerical plane strain analyses 

were used to study the transition into 

a ligament necking mode. It has been 

shown that transition predictions ob

tained by simple upper-bound solu

tions are in some cases quite reason

able. The fu1l3D cell-model analyses 

were carried out for a material con
taining a periodic array of spherical 

voids (Figure 1), subject to fixed ra

tios of the average principal stresses, 
so that 

\ 
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Fig.l (a) Model material eontaining a periadie array 
of spherieal voids. 

(b) 3D eelt model. 
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where IC and rare prescribedconstants. For IC = ra good approximation ofthe material behaviour 

can be obtained by an axisymmetric analysis, as has been shown by Hom and McMeeking (1989) 

and Worswick and Pick (1990) by comparison with 3D analyses. However, for IC"# r the full 3D 

analysis is necessary. Several analyses with many different values of IC and r, were carried out for 

the initial void volume fraction IJ = 0.04, with values of the stress triaxiality parameter, Sm / Se' 
ranging from 0.15 to 3. In each case the peak stresses were compared with the prediction 

corresponding to the approximate yield condition ofEquation (2.1), and it was found (Figure 2) that 

the agreement is generally rather good for ql = l. 5 in Equation (2.1). The 3D computations were 

continued to larger strains, beyond the onset of failure by necking in the ligament between 

neighbouring voids, at least for the higher stress triaxialities investigated. There are also cases where 

the voids grow towards coalescence without reaching an obvious ligament necking mode. In 

Equation (2.2), for IJ = 0.04, the parameter values fc = 0.094 and f F = 0.25 were used, and 

comparison with the 3D numerical results showed that Equation (2.2) gives a useful representation 

of final failure. 

In relation to Thomason 's (1985, 1990) criticism ofthe Gurson model, the main thing to note 

is that computations such as those of Koplik and NeedIeman (1988) for non-hardening materials 

subject to axisymmetric conditions, or the 3D computations of Richelsen et al. (1994), account for 

exactly the same mode of final failure by localized necking of the intervoid matrix as th at analysed 

in the approximate 3D rigid-plastic upper-bound solutions ofThomason (1985). The only difference 
is that the numerical solutions are much more accurate and do not require approximations of spherical 

or ellipsoidal voids as square-prismatic voids. Thus, on the basis of the comparisons with the 

modifiedGurson model it may be concluded that by using the function f* (f) in Equation (2.1), with 

appropriate values of ql ' fc and f F' this model gives a rather good description ofthe ductile failure 

process, including both the initial growth of voids and the final failure by coalescence. 

In real materials voids are not uniforrnly distributed, as was assumed in the unit cell-model 

studies mentioned above. The effect of porosity distribution was examined experimentally by 
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Magnusen et al. (1988) who drilled arrays of holes in sheet tensile test specimens and compared the 
test results for specimens with different hole distributions but with a fixed area fraction of holes. In 
these specimens final failure by void coalescence involved sheet necking in the ligaments between 
neighbouring holes. Recent plane stress simulations of full specimens with many holes (Becker and 

Smelser, 1994) were able to reproduce the fracture path observed in the experiments. These 
investigations show that earlier onset of failure by void coalescence is the most significant effect of 
a random void distribution. In addition, the non-uniform void distribution also results in a slightly 

lower strength prior to the onset of failure. Such strength reductions prior to localization were also 

found by Needieman and Kushner (1990) for plane strain conditions, in a model material with larger 
voids represented in terms of a Gurson material by regions of high void volume fraction. 

Most of the studies of the effect of porosity on plastic flow have focussed on spherica1 voids; 
but there has recently been increasing interest in studying the influence of deviations from spherical 
void geometry. Lee and Mear (1992) studied an ellipsoidal void in an infinite plastic or viscous 

medium. Gologanu, Leblond and Devaux (1993) worked on developing approximate plastic yield 
criteria for a material containing a certain volume fraction of ellipsoidal voids. Ponte Castafieda and 
Zaidman (1994) have also considered the effect of non-spherical voids and have proposed a 

constitutive model, including evolution equations for appropriate state variables such as the void 

volume fraction and the aspect ratios of the typical void. 

Predictions of plastic flow localization are very sensitive to whether or not a vertex forms on 
the yield surface (Rice, 1977). Kinematic hardening can be used to model approximately the effect 
of a rounded vertex, and it has been found both for necking in biaxially stretched shells (Tvergaard, 
1978) and for shear localization underplane strain conditions (Hutchinson and Tvergaard, 1981) th at 

kinematic hardening predictions are rather similar to those found for asolid th at develops a sharp 

vertex on the yield surface. In order to incorporate this effect in studies of ductile fracture, Mear and 
Hutchinson (1985) have suggested a kinematic hardening model for aporous ductile material, and 

Tvergaard (l987a) has extended this model to account for void nucleation. In fact, a family of 
isotropic/kinematic hardening yield surfaces are introduced by taking the radius, (J F' of the yield 
surface for the matrix material to be given by 

(2.4) 

where (Jy and (JM are the initial yield stress and the matrix flow stress respectively, and the 

parameter b is a constant in the range [0,1]. The constitutive relations are formulated such th at for 
b == 1 they reduce to Gurson 's (1977) isotropic hardening model, whereas a pure kinematic 
hardening model appearS for b = O. For b = land f == 0 the expressions reduce to h flow theory. 

Then, instead of Eqllation (2.1), the approximate yield condition for the porous solid is taken 
to be of the form 

<IJ = ~ +2QJf*COSh(q2 ö1)_I_(QJf*)2 =0 
(JF 2 (JF 

(2.5) 

where aij denotes the stress components at the centre of the yield sllrface, c1i = di - aij , 
äe = ~3siiij /2 and sij = c1i - di Ö'z /3. For Ql = I Equation (2.5) is the expression proposed by 
Mear and Hutchinson (1985), which coincides with th at of Gurson (1977) for b = 1. The plastic part 

of the macroscopie strain increment, i?ij, and the effective plastic strain increment, éÀ1, for the 
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matrix material are taken to be related by 

(2.6) 

U sing the uniaxial true stress natural strain curve for the matrix material, èft = (I/Et - 1 / E)& M, 

an expression for the matrix flow stress increment, (5 M, is obtained from Equation (2.6). Further

more, the change in the void volume fraction, j, during an increment of deformation is still taken 
to consist of a contribution from the growth of existing voids and a contribution from the nucleation 
of new voids. 

Unrealistic oscillatory stress predictions have been found for kinematic hardening solids 
subject to large shear strains; it has been shown (Dafalias, 1983; Loret, 1983), however, that these 
stress oscillations disappear if certain corotational stress rates other than the Jaumann rate are used 
in the finite strain generalization of the constitutive law. For the ductile porous material model 
Tvergaard and Van derGiessen (1991) incorporated alternative stress rates involving corotation with 
the crystal substructure spin (the elastic spin) rather than with the continuum spin. The Jaumann rate 
d ij of the Cauchy stress and the alternative rate (rij are defined by 

(2.7) 

(2.8) 

(2.9) 

In a macroscopic plasticity theory the separation of continuum spin in an elastic part and a plastic 
part is not defined, and Equation (2.9) is an assumed constitutive law for the plastic spin, in which 
the factor p appears as an additional material function. 

The plastic part of the strain rate is taken to be (Tvergaard and Van der Giessen, 1991) 

.p I GF o kJ 
Tlij = H mij mkl CJ (2.10) 

where the expressions for Hand the tensors mi? and m& are given by Tvergaard (1987a) . The 
hardening rule, expressing the evolution of the yield surface centre during a plastic increment, is 
taken to be 

Oki . -kl 
a=tlCJ , (2.11) 

where the value of the parameter jl is determined by the consistency condition cP = O. 

The effect of kinematic hardening on the onset of localization in a shear band is illustrated in 

Figure 3. For an initial imperfection in the form of void nucleating particles, !:.f N = 0.01, inside the 
band, the minima in Figure 3a give the first critical strain for localization. It is seen that higher yield 
surface curvature (b < 1) does indeed promote earl y onset of s hear band formation; but it is also noted 
that values of p in Equation (2.9) chosen large enough to avoid unrealistic oscillatory stress 
predictions under pure shear (i.e. the dashed and dotted curves in Figure 3) result in a small delay in 
the predicted localization. 
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The different versions of aporous ductile material model discussed so far are all standard loc al 

constitutive relations, which do not represent a materiallength scale. It is weil known th at if no length 
scale is included in the problem formulation, the softening material behaviour typical of situations 
near final failure will tend to give localized damage in regions as narrow as possible within the mesh 

resolution. Thus numerical predictions of final fracture will show an inherent mesh sensitivity. The 

relevant length scale may be introduced by directly specifying the size and spacing of larger voids; 
it has been found (Needieman and Tvergaard, 1994) th at this can remove the inherent mesh 

dependence. Alternatively, a set of nonlocal constitutive relations may be applied. 

Pijaudier-Cabot and Bazant (1987) and Barenblatt (1992) suggested nonlocal constitutive 

formulations in which delocalization relates to the damage mechanism, and the same idea has been 

used by Leblond, Perrin and Devaux (1993) to propose a nonlocal version of the Gurson model. An 

elastic-viscoplastic version of this nonlocal porous ductile material model, recently applied by 

Tvergaard and Needieman (1994), will be briefly introduced here. 

For the elastic-viscoplastic material the modified Gurson yield condition according to 

Equation (2.1) is applied as a flow potential (Pan et al., 1983), so th at the plastic part of the strain
rate is given by 

.p iN> 
Tljj = A Jdj 

(2.12) 

where the expression for A is found from the isotropic hardening version of Equation (2.6). The 

matrix plastic strain rate is taken to be given by 
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.p . (JM 

[ ]

l/m 

lOM = EO g( Eft ) , 
(2.13) 

where EO is a reference strain-rate, mand Nare the strain-rate hardening exponents and 0"0 and EO 

are reference stress and strain quantities, respectively. Furthermore, with attention restricted to 
strain-controlled nuc1eation, the local growth of existing voids and the local nuc1eation of new voids 

is given by 

f· - ( f) Gij· P . P local - 1- TJij + 'IJ lOM (2.14) 

Void nuc1eation, specified in terms of 'IJ ( Eft ), is taken here to follow anormal distribution (Chu and 
NeedIeman, 1980). 

The rate of increase in the void volume fraction in the material point at location xi in the 

I I reference configuration is obtained from the local values in Equation (2.14) by (Leblond etal., 1993; 

Pijauder-Cabot and Bazant, 1987) 

(2.15) 

where V is the volume ofthe body in the reference configuration. In Equation (2.15) Tvergaard and 

Needleman (1994) used the weight function specified by 

W(Zi)=[ 1 ]q, W(xi ) = Jw(xi-xi)dV 
1+(z/L)P V 

(2.16) 

Here, z = ~GijZizj and L is a positive material characteristic length. The two remaining parameter 
values were chosen as p = 8 and q = 2 . The local formulation corresponds to the limit L ~ o. With 

L> 0, i(x i ) == ilocal when ilocal is spatially uniform. Hence, nonlocality is associated with spatial 
gradients in i. It is noted that the function w is chosen such that w > 0 for z < Land w'" 0 for 
z > L, with a relatively narrow transition region; w = 0.25 at z / L = 1. 0, w = 0.021 at z / L = 1. 25 

and w = 0.0014 at z / L = 1. 5. In computations a cut-off length Lc = 1. 5L may be used such that w 
in Equation (2.15) is taken to be zero for z > Lc. 

There is no direct micromechanical basis for the nonlocal constitutive description resulting 

from Equation (2.15), but it is assumed that the material characteristic length L is of the order of 
magnitude of the average void spacing. Two different planar model problems were used by 

Tvergaard and NeedIeman (1994) to study the effect of the delocalization, a material that develops 
plastic flow localization in shear bands and a metal matrix composite. Figure 4 shows contours of 
constant void volume fraction for the material, with a doubly periodic array of soft spots th at trigger 

the development of a periodic pattem of crossing shear bands. Due to symmetries only a rectangular 

subregion with initial dimensions Aa and BO needs to be analysed numerically. The figure shows 
results at the average logarithmic strain lOf = 0.520 for four different meshes in a material subject 

to uniaxial plane strain ten sion. The materiallength scale is specified by L / BO = 0.1 and it is seen 

that due to the nonlocal formulation the shear band width is rather mesh-insensitive, whereas 
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Fig . 4 Contours of constant volumefraction in non-Iocal material at El = 0.520,jor material 
length L = 0.1 Bo;from Tvergaard and Needieman (1994). 

computations for L = 0 would show a band width corresponding to one quadrilateral element in all 
four cases. For the planar model of a metal matrix composite it was found (Tvergaard and 
Needleman, 1994) that the delocalization described by Equation (2.15) removes the strong mesh 
sensitivity resulting from high gradients of the field quantities near sharp fibre corners. 

3. Models for Creep Rupture 

In polycrystalline metals at elevated temperatures creep rupture can occur by a number of 
different mechanisms. Ashby and Dyson (1984) distinguished four broad categories of such 

mechanisms, one of which involves the nucleation and subsequent growth of microscopic cavities, 

leading to fracture by coalescence. Another category involves failure by the 10ss of the cross

sectional area associated with large strains, for example in the form of necking, while the third 

category relates to degradation of the microstructure by thermal coarsening of particles or by a 

dislocation substructure induced acceleration of creep. The fourth category covers damage by gas
environmental attack. 

Based on a number of micromechanical cell-model studies a set of constitutive relations for 
creep in polycrystals with grain boundary cavitation was developed by Tvergaard (1984b), as an 

extension of work by Rice (1981) and Hutchinson (1983). This material model describes dislocation 
creep of the grains in ternlS of power-law creep, incorporates the effect of grain boundary sliding, 

and accounts for the nucleation and growth of cavities occurring mainly on grain boundary facets 
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perpendicular to the maximum principal tensile stress (Huil and Rimmer, 1959; Cocks and Ashby, 
1982; Argon, 1982). The mixed influence of diffusion and dislocation creep on cavity growth is 
accounted for (Needieman and Rice, 1980; Sham and Needieman, 1983), as weil as the mechanism 
of creep-constrained cavitation (Dyson, 1976). Failure due to loss of the cross-sectional area is also 
directly represented, since finite strains are accounted for, and an approximate representation of 
creep acceleration due to microstructure degradation was included (Tvergaard, 1987b). Thus the 
material model accounts for the first three categories of creep damage mechanisms discussed by 
Ashby and Dyson (1984). 

Inside the grains, where dislocation creep is mode lied in terms of power-Iaw creep, the creep 
part of the Lagrangian strain rate is 

(3.1) 

where Ë:O and (JO are reference strain rate and stress quantities, and n is the creep exponent. The 
effective Mises stress is (Je = ~3sijSij /2, with sij = t j - Gij 'r~ /3. 

Grain boundary cavities are assumed to be distributed over a facet, with average spacing 2b 

and radius a, and the diffusion along the void surface is assumed to be sufficiently rapid, relative to 
the diffusion along the grain boundary, to maintain the quasi-equilibrium spherical caps void shape 
(see Figure Sa). For the angle vr a value around 70° is typical. The growth of a single void in the 
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(b) Equally spaced cavities on a grain boundary 
(c) An isolated, cavitated g rain boundary facet in a 

po/ycrystalline material. 
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spherical caps shape, by combined grain boundary diffusion and dislocation creep, was studied 
numerically by NeedIeman and Rice (1980) and Sham and NeedIeman (1983). At sufficiently low 
tensile stresses, cavity growth by grain boundary diffusion is dominant. Then, the rate of growth of 
the cavity vol urne is obtained by the rigid grains model, anal ysed earl y on by HuIl and Rimmer (1959) 
and subsequently modified by various authors, including NeedIeman and Rice (1980), who found 

v = 4re1) Cfn - (1- f)Cfs 
I In(l / f) - (3 - f)(1- f) / 2 

(3.2) 

Here Cfs is the sintering stress, f is the area fraction of the grain boundary which is cavitated, and 
1) = DBoBQ / kT is the grain boundary diffusion parameter, where DBOB is the boundarydiffusiv
ity, Q is the atomic volume, k is Boltzmann's constant, and T is the absolute temperature. 

At sufficiently high stresses power-Iaw creep growth of the cavities would dominate, and the 
corresponding volumetric growth rate V2 can be approximated, based on results of Budiansky, 
Hutchinson and Slutsky (1982). Using this, Sham and Needieman (1983) suggested the following 
expres sion for the rate of growth of the cavity volume at high stress triaxialities 

v = VI + V2 ' for ~ $10,J = max{(~)2 , ( a )2} 
L b a+1.5L 

(3.3) 

where the stress and temperature-dependent length scale ofthecavitation process, L = (1) Cfe / éf )1/3 , 

was introduced by NeedIeman and Rice (1980). Equation (3.3) shows good agreement with 
numericall y determined growth ra tes, both for high and low triaxialities (NeedIeman and Rice, 1980; 
Tvergaard, 1984a). From Equation (3.3) the rate of growth of the cavity radius is found as 

à = V / (4rea 2h( lIf)). In addition to these expressions for cavity growth, an approximate way of 
incorporating continuous nucleation of new cavities in the material model was proposed by 
Tvergaard (1984b), based on nucleation observations discussed by Argon (1982) and Dyson (1983). 

In order to describe the complex mechanism of grain boundary cavitation in more detail, Rice 
(1981) suggested th at an isolated, cavitating grain boundary facet can be modelled as a penny-shaped 
crack, as illustrated in Figure 5c. The average rate of separation, 8, of the grains adjacent to a facet 
(Figure 5b) is given as the average rate of opening of the crack, using an expres sion obtained by He 
and Hutchinson (1981) modified to account for a non-zero normal tensiIe stress, Cfn , on the crack 
surfaces (Tvergaard, 1984a) 

(3.4) 

R * * Here is the current radius of the crack, f3 is a constant, S is the value th at the normal stress on 
the facet would have if there was no cavitation and éf is the effective creep strain rate according to 
Equation (3.1). Equation (3.4) is based on the assumption th at the facet is normal to the maximum 
principal tensiIe stress. If V is the cavity volume, and 2b is the average cavity spacing (see Figure 
5), the average separation across the facet is 0 = V / (reb 2

), and thus the rate of separation is also 
given by (Tvergaard, 1984b) 

(3.5) 
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The requirement that Equations (3.4) and (3.5) are equal determines the value of the normal stress, 
(Jn' and the cavity growth rate, V, (which is a funclion of (Jn according 10 Equations (3.2) and (3.3)). 
This model describes the phenomenon of creep-constrained cavitation (Dyson, 1976), when 
diffusion is so rapid relative to dislocation creep of the adjacent grains th at cavity growth occurs for 
(Jn / S* '" 0 (Rice, 1981; Tvergaard, 1984a). 

For a material containing many cavitating grain boundary facets an expres sion for the 
macroscopic creep strain rates used by Tvergaard (1984b) is based on that derived by Hutchinson 
(1983) for asolid containing a certain densilY of penny-shaped microcracks, modified 10 account for 
a non-zero stress, (Jn' on the crack surfaces. With further modifications to approximately describe 
grain boundary sliding (Tvergaard, 1985) the expression takes the form 

·e _ .e[3!Jl(f*)n *j3n-l.:u..[s* _(Jn]2 2 S* -(Jn *)] l1ij - ê e - +p --- + mij 
2 (Je 2 n + 1 (Je (Je n + I (Je 

(3.6) 

If there is no sliding, the value of f* is unity, and p * and mij reduce to special values pand 
mij = 'fijTÎj respectively, where 'fii is the facet normal in the current configuration, and p reflects the 

density ofcavitating facets. The expressions for pand f3 and approximations used torepresent grain 
boundary sliding are given by Tvergaard (1985a). The material model based on Equations (3.1)-(3.6) 
has been used in finite element computations to predict the creep rupture behaviour of structural 

components, for example in a number of analyses of creep crack growth (Tvergaard, 1986, 1990c; 
Li et al., 1988). An example of predicted damage distributions around a crack tip is shown in Figure 
6 at two stages, with damage measured by a / band completely failed elements in black. 

Micromechanical models of creep rupture, inc1uding those mentioned above, have focussed 
on the time to cavity coalescence on a characteristic grain boundary facet, and this time has been used 
as an estimate of the lifetime. However, final intergranular failure occurs as microcracks on 

o 6 

'--
o 002 002 

(0) (b) 

Fig. 6 Predicted creep damage distribution around crack tip in double edge cracked panal, for 
a/LN = 0.1 and continuous cavity nucleation; 

(a) Art / tJ = 0.064. (b) Att / tJ = 0.686;from Tvergaard (l990c). 
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Fig . 8 Times 10 first coalescence, t/tR' times to first microcrack, Ic/tR' and times to final creep 
failure, tjtR,for planar multigrain cell model withfree grain boundary sliding and 
a/L/ = 0.025. Increasing tJp marks increasing randomness of aggregate; from Van der 
Giessen and Tvergaard (1994c). 
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neighbouring grain boundary facets link-up, and studying this process requires more elaborate 
rnicromechanical modeis. The deformation of grains in a real three-dimensional polycrystal is much 
more constrained by the deformations of neighbouring grains than is found in a planar model. An 
axisymmetric model problem (Tvergaard, 1985; Van der Giessen and Tvergaard, 1991) captures the 
main effect of this 3D constraint and is still relatively simpie, but this model is not able to fully 
represent the interaction with neighbouring cavitating facets leading to link-up of facet microcracks. 
Detailed analyses for full3D aggregates containing many grains are not yet numerically feasible, but 
some insight into the linking-up process can be obtained from planar aggregates. 

A plane strain model of a polycrystalline aggregate was investigated by Van der Giessen and 
Tvergaard (1994a, 1994b). Here cavitation is accounted for on all grain boundary facets, using 
Equations (3.2), (3.3) and (3 .5) to approximately represent the influence of diffusion and dislocation 
creep on cavity growth as weil as the process of continuous cavity nuc1eation. Furthermore, grain 
boundary sliding following a linear viscous relationship between shear stress and sliding rate (Ashby, 
1972) is incorporated. Thus, depending on the values of material parameters and stress level, the 
model represents behaviour ranging from free grain boundary sliding to no sliding at all. In addition, 
the cavitation model makes it possible to represent different cavity densities or different nuc1eation 
rates on different grain boundary facets, so that cavity coalescence leading to an open facet 
microcrack will tend to occur earlier at some facets than at others. It is noted that Hsia, Parks and 
Argon (1991) used a rather similar planar multigrain model with free sliding to analyse the effect of 
microcrack density on the rate of opening of a facet microcrack. 

A number of different analyses for the planar multigrain model have shown that typically about 
20 to 30% of the lifetime remains af ter the first occurrence of an open facet microcrack. In a 
polycrystal built up of identical hexagonal grains (Van der Giessen and Tvergaard, 1994b) this of 
course depends on differences between nuc1eation rates on different facets. The effect of random 
variations in microstructure has also been studied (Van der Giessen and Tvergaard, 1994c) by 
analysing planar grain aggregates such as that illustrated by the finite element mesh in Figure 7. The 
results of computations for six different random microstructures are summarized in Figure 8, where 
increasing values of !lp are a measure of increasing randomness in facet widths. The grain 
boundaries slide freely, the nucleation parameters are the same for all facets, and the material is 
subject to overall uniaxial plane strain tension. Figure 8 shows the three landmarks in the lifetime 
ofthematerial: the time, te' tofirstcavity coalescence on any facet, the time, ter' tothe flrstformation 
of a full facet microcrack, and the final time to fullioss of integrity, t f' 

4. Metal-Ceramic Systems 

Materials containing mixtures of metals and ceramics, e.g. metal-matrix composites, ductile 
partic1e reinforced ceramics, or ductile layer reinforced ceramics, have emerged as a class of 
materials capable of various advanced structural applications. The mechanics of these materials 
differs from more traditional materials in a number of ways, inc1uding the fact that here plastic flow 
tends to occur under highly constrained conditions and th at failure at the interface between different 
phases plays an important role. 

In the case of metal-matrix composites, the reinforcement by ceramic fibres increases the 
stiffness and the tensile strength compared with that of the metal aIloy, but the reinforcement also 
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leads to reduced ductility and frac
ture toughness due to the limited 
strength of fibres and the fibre
matrix interface. Thus observations 
of matching pairs of fracture sur
faces for Al-SiC short-fibre com
posites show the occurrence offail
ure by debonding as weU as by 
brittie fracture of elongated SiC 
particles aligned with the tensile 
clirection (Zok et al., 1988; Lagacé 
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(a) Axisymmetric cell model. 
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shape and clistribution of fibres, the volume fraction, the strength of the interface and fibres, the 
matrix yield stress and strain hardening, can be obtained by numerical cell-model analyses, which 
allow for an accurate representation of the stress and strain fields, inclucling local stress peaks at sharp 
fibre edges. 

For a metal reinforced by a periodic array of parallel, short fibres Tvergaard (1993, 1994a) 
focussed on analysing the effect of fibre-matrix decohesion and fibre fracture. Such materials can 
be modelled in terms of the axisymmetric cell-model shown in Figure 9a. With appropriate boundary 
conclitions this unit cell represents a material with transversely aligned fibres, as illustrated in Figure 
9b; for different boundary conditions the same unit cell can also be used to approximate a material 
with transversely staggered fibres (Figure 9c), as suggested by Tvergaard (1990a). The axisymmetric 
unit cell was used by Nutt and NeedIeman (1987) and Christman et al. (1989) to analyse composites 
with transversely aligned short fibres. This type ofaxisymmetric cell-model can be considered a 
good approximation of a three-dimensional array of hexagonal cylinders (Tvergaard, 1982); but a 
square array is also weil approximated. It is noted that in addition to fibre breakage or decohesion, 
failure within the matrix material alone has also been observed in metal matrix composites (see, for 
example, NeedIeman et al., 1993). 

Debonding at the matrix-fibre interface is modelled by a cohesive zone formulation (Tver

gaard, 1990b), which is a generalization ofthat proposed by Needieman (1987) and applied by Nutt 
and Needleman (1987) for composites. In the generalized model a set of interface constitutive 

relations gives the dependence of the normal and tangential tractions, T n and Tt, on the correspond
ing components, un and Ut' of the displacement difference across the interface, and the model is 
chosen such that in pure normal separation (Ut == 0) it coincides with that of Needleman (1987). A 

non-dimensional parameter À. is defined as 

(4.1) 

and a function F(}..,) is chosen as 
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Fig. 10 Average stress-strain curvesfor metal matrix composite with transversely aligned short 
fibres, under uniaxial tension. Fibre volume fraction is O.I3;from Tvergaard (1990a). 

(4.2) 

Then, as long as À is monotonically increasing, the interface tractions are taken to be given by the 

expressions 

u 
T = a..J...F(À) 

, I 0 
I 

(4.3) 

In pure norm al separation (UI == 0) the maximum traction is CYmax ' total separation occurs at un = on' 
and the work of separation per unit interface area is 9CYmaxon /16 . In pure tangential separation 

(un == 0) the maximum traction is acymax , total separation occurs at UI = Ol' and the work of 

separation per unit interface area is 9acymax Ot /16. The values ofthe fourparameters on' Ot' CYmax 
and a have to be chosen such that the maximum traction and work of separation in different 

situations are weIl approximated. 

For SiC reinforced aluminium the fibre elastic modulus is much higherthan that for aluminium 

(EI'" 5.7 EAI ), and the fibres are approximated as rigid in the analyses. The fibre fracture criterion 

employed is specified as a critical value ofthe average tensile stress on a cross-section. A recent study 

ofparticulate fracture in MMC's, by Finot et al . (1993) has shown that a critical average tensile stress 

gives a good approximation of predictions obtained by assuming an initial crack inside a particulate. 

Figure 10 shows examples of predicted stress-strain curves for a power hardening matrix 

material with CYy / E = 0.005 and n = 7.66 and for a fibre volume fraction f = 0.13, with fibre 

aspect ratio 5. Here the material is subject to overall uniaxial tension in the fibre direction, the fibres 

are transversely aligned (as in Figure 9b), and different values of the fibre strength, CY I' and the 

interface strength, CYmax ' are considered. Computations for the same sets of material parameters but 
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Fig . 11 Ductile particle bridging a brittie matrix crack. (a) Initial mesh in particle with small 
central void. (b) Deformed mesh at half crack opening U; from Tvergaard (1994b). 
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for transversely staggered fibres (Tvergaard, 1993), showed failure by breakage or debonding at 
lower values of the average stress, 0'1, and the average strain, el' Thus, in a real material, where 
whiskers are more or less randomly distributed, it appears to be more likely that failure wil! initiate 

in regions where the fibres are transversely staggered than in regions with transversely aligned fibres. 

The debonding model in Equations (4.1)-(4.3) has also been used to study a metal-ceramic 
system where the metal phase plays the opposite role, as a dispersed ductile phase added to a brittIe 
ceramic in order to increase the fracture toughness. Here ductile particles intercepted by a brittIe 

matrix crack undergo large elastic-plastic deformations during crack bridging, and experiments for 
Al20 3 reinforced by Al particles (Flinn, Rühle and Evans, 1989) have indicated that progressive 

particIe debonding during bridging may significantly add to the toughening. Numerical model 
studies to investigate this type of behaviour were carried out by Tvergaard (1992), assuming th at the 
ductile particles are spherical and that the particIe centre is in the plane of the brittIe matrix crack. 

It has been found that progressive particle-matrix debonding during bridging can significantly 

increase the additional fracture toughness obtained due to particIe yielding. 

The experimental observations of Flinn et al. (1989) showed th at the failure ofaxisymmetric 

reinforcement zones of ten involves the nucleation of a single hole at the centre of the neck, which 

rapidly expands to final failure. This was analysed by Tvergaard (1994b) by assuming the initial 

presence of a smal! void in the particle centre. Figure II shows the initial mesh used for such a 

numerical study and adeformed mesh at a stage with the half crack opening U, where both debonding 
and large void growth are clearly visible. lt is found in these computations th at residual tensile 
stresses in the ductile particles, due to thermal contraction mismatch during cooling from the 
processing temperature, have a strong influence on the void growth. Thus the growth of a single void 

in a ductile particIe may be strongly affected by the occurrence of a cavitation instability (Huang et 

al., 1991; Tvergaard et al., 1992). 

In layered materials crack growth along an interface between a brittie ceramic and a ductile 

metal is also an important failure mechanism, with plastic yielding of the ductile phase adding 

significantly to the fracture toughness. In such interface crack growth the elastic solution governing 
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the remote field has an osciUating crack tip singularity, so that the mode mixity (K2 vs. Kl) varies 

with the distance from the crack tip. Both model experiments (Liechti and Chai, 1992; O'Dowd et 

al., 1992) and crack growth analyses (Tvergaard and Hutchinson, 1993) have shown th at the crack 

grows most easily when the near tip fields are close to mode 1 conditions. 

When two ceramics are joined by a thin metal layer, plastic deformations of the metal wiU also 

add to the fracture toughness of this sandwich system. I t has been found by Tvergaard and Hutchinson 

(1994), using a cohesive zone model to study crack growth along one ofthe thin layer interfaces, that 

in addition to the stress ratio, O"max I O"y' the toughening effect of the layer depends strongly on the 

ratio hl RO (where h is the layer thickness). If h exceeds the reference plastic zone size, Ra, a 

significant toughening can be obtained when O"max I O"y is sufficiently large; for smal! values of 

hl RO the plastic deformations of the layer have no effect on the toughness. The results of Tvergaard 

and Hutchinson (1994) were obtained under the assumption of equal elastic moduli of the layers, but 

studies considering more realistic ratios of the elastic properties are now being carried out. 
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On Nonlinear Constitutive Equations for 
Elastic and Viscoelastic Composites 
with Growing Damage 

Reference: Schapery. R.A. and Sicking. D.L. (1995). On Nonlinear Constitutive Equations forElastic and 
Viscoelastic Composites with Growing Damage. In: Mechanical Behaviour of Materials (ed. A. Bakker). 
Delft University Press. Delft. The Netherlands. pp. 45-76. 

Abstract: Homogenized constitutive equations for the mechanical behaviour of unidirectional fibre 
composites with growing damage are discussed. Emphasis is on resin matrices reinforced withhigh modulus. 
elastic fibre. Starting with time-independent behaviour. the thermodynamic foundation for a work potential
based model is reviewed. The model is lhen successfully applied lo the characterization of a carbon/epoxy 
composite. Laminales with many different fibre-angle combinations are used to determine the basic material 
functions and lO check the accuracy of lhe model for predicting response not used in the characterization 
process. Edge delamination of three different laminates is lhen predicted using the overalllaminate work 
potential. Finally. methods of accounting for viscoelaslic deformation effects and for rate-dependent damage 
evolution equations are described. It is shown that lhe time-independent theory can he readily extended to 
account for these complexities using approximations that are believed lO be valid for many fibre composites. 

1. Introduction 

Structural composites such as continuous fibre-reinforced plastics are traditionally modelled 

as linear elastic materiaIs. Although this may be acceptable for many engineering applications, it is 

well-known that the resin is highly nonlinear in shear and is viscoelastic. Even for apparently fibre

dominated response, such as when a unidirectional composite is under axial compression, the 

strength is directly dependent on the resin behaviour through a shear microbuckling phenomenon 

(Budiansky and Fleck, 1993). Damage growth in composites is also highly dependent on the resin 

behaviour. The most common forms of observed damage are broken fibres, delamination and 

transverse cracks (Friedrich, 1989); the latter are intraply cracks nonnal to the layerplane and parallel 

to the fibres. The effect of resin viscoelasticity on the time-dependent growth of transverse cracks 

is clearly seen in the experimental studies of Moore and Dillard (1990). 

Here we shall be primarily concerned with homogenized constitutive equations for unidirec

tionallayers which account for material nonlinearity without and with transverse cracks. The effect 

of the fonner source of nonlinearity without these cracks is illustrated in Figure 1 for the specific 

composite material which is studied in this paper. The difference in loading and unloading behaviour 

shows that the response is not elastic. Although this material exhibits viscoelastic behaviour, its 

effect at room temperature and for the strain rate used is negligible compared to the amount of 

hysteresis exhibited in Figure l. The inelastic behaviour exhibited in this figure cannot be fully 

modelled using traditional plasticity theories because the unloading curves deviate considerably 

from a straight line with the initial Young's modulus EO. Typically, for different angle-ply and 

unidirectionallaminates, the residual strain upon load removal is only 20-40% of that for unloading 

along the EO line (Schapery, 1989a) . 
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Hahn and Tsai (1973) introduced one 
of the earliest nonlinear material models for 
a unidirectional composite. They assume 
elastic behaviour and use a complementary 
strain energy density function that produces 
a third order relationship between shear 
stress and strain for shearing parallel to the 
fibres. For loading behaviour this model 
provides a fairly good representation of the 
shear behaviour up to at least moderate 

stress levels, but does not include nonlin-
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earity between stress and strain normal to Fig. 1 
the fibres and coupling between normal and 
shearing variables. Most publications on 
nonlinear behaviour use incremental or de
formation plasticity theory as a basis for 
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developing constitutive equations with coupled normal and shear nonlinearities (e.g. Christensen, 
1979, Sun and Chen, 1989 and Budiansky and Fleck, 1993). In the Jatter two references a three
parameter Ramberg-Osgood (power law) nonlinear representation is used, and unloading behaviour 
is not addressed. Sun and Chen (1989) show that experimental, uniaxial stress-strain behaviour of 
off-axis, unidirectional carbon/epoxy and boron/aluminium composites is characterized quite weil 
by their model. Although their basic formulation is an incrementaJ plasticity theory, the three in
plane stress components (referred to the principal material axes) are proportional to the applied axial 
load. As this is a case of proportionaJ Joading, the theory reduces to deformation theory and the strains 
may be derived from a compJementary energy potential, just as if the material were eJastic . The 
carbon/epoxy material studied in the present paper cannat be adequately represented by the 
Ramberg-Osgood equation (Schapery, 1995). 

Transverse cracking and delamination, which have been studied extensively, are characterized 
and predicted in most cases assuming the composite material is linearly elastic (e.g. Friedrich, 1989; 
Hashin, 1985; Masters and Reifsnider, 1982; 0 'Brien, 1982; Varna, 1992). The last reference has 
an extensive study of transverse cracks in crosspJy laminates, and consists of five papers on this 
subject as wel! as on local delamination. Nonlinear behaviour is taken into account in a few 
investigations such as that of Tsai et al. (1990) who account for the effect of fibre-induced el as tic 
nonlinearity in a transverse cracking model, and that of Schapery et al. (1986) and Schapery (1989a) 
who introduce fibre- and matrix-induced nonlinear behaviour in deformation and delamination 
studies. 

In structural applications of composite laminates, it may be necessary to account for one or 
more ofthe various types of nonlinear behaviour, damage and material time-dependence prior to the 

development of significant fibre fracture . Of course, which, if any, of the complexities that are 
important in an application depends on the loading, physical environment, material system and 
layup, etc. Schapery (1987, 1989a,b, 1990) developed an approach to material model!ing that uses 

the same mathematical formalism for nonlinear elastic and inelastic behaviour and for damage 
evolution and its effect. Tt is based on thermodynamics with internal state variables, fracture 
mechanics and the experimental observation that the stresses and mechanical work for fibre-
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reinforced plastics and particle-reinforced rubber are of ten independent of many details of the 

deformation history (Lamborn and Schapery, 1988, 1993; Mast, et al., 1992; Schapery, 1987, 1991 a). 

This limited path-dependence leads to the use of a work potential (or complementary work potentiaI) 
which is analogous to strain energy (or complementary strain energy) for a nonlinear elastic material. 
The type of behaviour illustrated in Figure 1 may be combined with effects of transverse cracking 
and delamination using a work potential. Unlike classical incremental plasticity theory, this model 
uses total (rather than incremental) strain. The modelled behaviour may be independent of path (for 
a limited or wide range of paths) with non-proportional loading, and inelastic behaviour during 
loading is not necessarily tied to unloading behaviour and residual strains. 

In this paper we shall use a work potential to account for nonlinear elastic behaviour of the 
fibres, inelastic behaviour of the matrix, transverse cracking and delamination. Only loading 
behaviour will be addressed here, apart from the foundational discussion in Section 2. A few 
examples of path-independence for unloading and reloading behaviour may be found in experimen
tal investigations ofaxial-torsional behaviour oflaminates (Lamborn and Schapery, 1988, 1993) and 

in theoretical studies based on a work potential (Schapery, 1989a,b). 

Section 2 presents an overview of work potential theory. The reader is referred to Schapery 
(1990) for additional details and proofs. Development of specific time-independent constitutive 
equations using a work potential, and their experimental validation for a carbon/epoxy composite, 
are described in Section 3. Mostofthe material characterization is taken from Sicking's (1992)Ph.D. 
dissertation; ho wever, there are also some new results here, especially on the transverse cracking 

problem. Finally, an extension of work potential theory to viscoelastic deformation and damage 
growth behaviour is outlined in Section 4. This extension is included here because it makes direct 
use of the time-independent theory and requires only a mathematically small modification of the 
time-independent constitutive equations. 

2. Thermodynamic Foundation of the Work Potential 

Generalized Notation and Basic Equations 

The them10dynamically-based theory used here is first expressed in terms of generalized 
displacements qj and their work-conjugate forces Qj. This notation is employed as it provides 
freedom in using the basic theory for various applications, including unidirectional ply constitutive 

equations and overalliaminate mechanical behaviour. Forexample q j could be strain, displacement 
or rotation, and Q j stress, force or moment. The material or structural system of interest mayor may 
not have an initial unit volume, and full geometric nonlinearity is permitted in this section. For all 
processes of interest, the existence of a strain energy, W, is assumed, with the property that 

Q · -êJW/êJq · ) - } (1) 

where W is a state function of qj, internal state variables (rSVs) and temperature; additional 
parameters mayalso enter, such as moisture content. In thermodynamic terminology, W is the 
Helmholtz free energy. The basis for Equation (I) has been discussed by numerous authors (e.g. 
Coleman and Gurtin, 1967; Rice, 1971; Schapery, 1990). 

The intern al state variables are designated by Sm (m = 1,2, ... M). They serve to account for 
changes in the material's structure th at cause inelastic behaviour such as cohesive and adhesive 
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cracking, crazing and shear banding, as well as molecular-scale mechanisms such as large rotations 

of molecular segments in glassy polymers (Argon, 1973). For an arbitrary infinitesimal process with 

changes in q j and Sm' and using the summation convention for repeated indices, 

oW oW 
dW=-dq·+-dS =Q ·dq · -f dS O . ) =>S m )) m m q) Om 

(2) 

where 

(3) 

is a so-called thermodynamic force. (Unless stated otherwise in this paper, it is assumed for 
simplicity that other relevant parameters, such as temperature and moisture content, are constant.) 
Integrate Equation (2) from a reference state (at which W = Qj = 0) to the current state along the 
actual process or path, to obtain the total work done on the body, 

As observed previously (Schapery, 1990), the second term cannot be negative because 

t 

ffmdSm= fTS'dt~O 
o 

(4) 

(5) 

where S' = f mSm / T is the non-negative entropy production rate, T is absolute temperature, the 
overdot denotes a time derivative, and t is time. Equation (4) shows that the total work WTis equal 
to the work of deformation W (without changes in the structure) plus the non-negative work of 
structural changes. 

Equations tor Limited Path-Independent Work 

So-calledevolution equations are used to predictchanges in the ISVs. Those that are discussed 
next are motivated by the path-insensitivity of work observed during loading or unloading for 
composite laminates when strain rate-dependence is weak or nonexistent (Lamborn and Schapery, 
1988, 1993). 

Consider a specific set of processes (as defined by histories q j (t») and suppose that aspecific 
set of the Sm changes. The total work is path-independent if and only if these Sm obey the ISV 
evolution equation 

(6) 

where Ws is a state function of one or more Sm but is independent of qj' The left side of Equation 
(6) may be interpreted as the available force for producing changes in Sm' while the right side is 
interpreted as the required force. (Observe also that Equation (6) contains the special case of crack 
growth when f m is an energy release rate and oWs /oSm is a critical energy release rate.) For the 
given set of~rocesses, Equation (6) may not be satisfied for all M parameters; those Sm th at do not 

satisfy Equation (6) are assumed constant and the equation for each of the associated m value is not 
used. The subscript p or q will be used in place of m to designate the parameters th at change, which 
are taken to be P in number. From Equations (4) and (6) we find 
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(7) 

where Ws is taken as zero in the reference state. Thus, the total work is se en to be a function of state 

because Wand Ws are functions of only the state variables. The second law of thermodynamics 

provides an inequality as a constraint on the changes in state, 

(8) 

Even ifEquation (6) is satisfied for one or more Sp' this inequality may not allow them to change. 

Instantaneous values ofthe Sp are such th at they minimize the total work when the body passes 

through stabie states; i.e., for oSpoSp > 0, 

aWr / asp = 0 

(a2wr / aspasq )OSpOSq > 0 

(9) 

(10) 

In contrast to classical thermodynamic fonnulations (e.g. Fung, 1965), the total work Wr ' but not 

necessarily W, is a minimum at each stabie state. 

It is observed that Equation (6) with m = prepresents p equations for finding the Sp as 

functions of q j. Equation (l 0) guarantees th at the Sp can be found (Lamborn and Schapery, 1993). 
Then, Wr = Wr(qj,Sp(qj),Sk) where the Sk are the constant ISVs. From Equation (4), 

(11) 

showing that the body exhibits hyperelastic behaviour during the time any particular set of 
parameters Sp undergoes change. Because the total work is a potential in the q j during inelastic 
processes, the incremental stiffness matrix aQj / aqi is symmetric. Conversely, given that this 
stiffness matrix is symmetric when one or more Sp change, then both Equations (6) and (11) follow 
(Schapery, 1990). The mathematical formulation and material or structural characterization used by 
Mast et al. (1992) are based on strains alone (i.e. on the hyperelastic representation of Wr ) while in 

this paper the ISVs are explicitly used. 

It should be emphasized th at the work is path-independent only for those processes for which 
the same subset of Sm changes. Path-dependence exists when different subsets of Sm change on one 
path compared to another as, for example, paths for Joading and unJoading. 

If forces act on sliding crack faces then they may have to be included in the set Qj unless they 
are associated with frictionless contact; in the latter case, the effect of crack opening and closing can 
be taken into account through the fonn ofthe strain energy function. Coulomb friction, if significant, 

cannot be accounted for through a work potential, and therefore the stiffness matrix is not necessarily 
symmetric during processes involving crack face sliding. If, however, one can use a potential to 

characterize the relationship between crack-face forces and relative displacements between crack 

faces, Equation (11) can be extended to this case by including this potential (which may depend on 
additional ISVs) in Wr ; such a simplification is applicable with surface free-energy effects that 

produce crack healing. 
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Fig. 2 Unidirectional composite and 
coordinate systems. 

Fig. 3 Layer with transverse cracks. The 
cracked layer has fibres oriented in 
the xl direction. 

3. Time-Independent Constitutive Equations for a Unidirectional Layer 

The work potential theory reviewed in Section 2 is used here in the development of time
independent constitutive equations for a unidirectional layer. Coordinate notation for a layer is 
illustrated in Figure 2. Two ISVs will be used. One, designated by S, accounts for changes in the 

microstructure (i.e., on a scale that is much smaller than the layer thickness); the same resulting 
nonlinear, irreversible behaviour is assumed regardless of whether the layer is in a unidirectional or 

multidirectional laminate. The second ISV, designated by Sc' represents the effect of 
thermomechanicaIly-induced transverse cracks. The planes of these cracks are, on the average, 
normaI to the layer plane and parallel to the fibre direction, as illustrated in Figure 3. 

These cracks typically span the full thickness of the unidirectionallayer and, in brittle-resin 
carbon/epoxy composite tensile coupons, usually span the full specimen width. As such, it is 
common practice to use the reciprocal of average crack spacing, called crack density (or a related 
dimensionless parameter such as density times layer thickness) in representing their effect on 
laminate response (e.g. Daniel and Ishai, 1994 and Varna, 1992). However, the accumulated work/ 
volume required to produce these cracks is a more convenient choice of an internal state variabie for 
use in the work potential model. Furthermore, we assume th at the effect of these cracks may be 

modelled through homogenized constitutive equations for a unidirectional layer, even though 

without adjacent layers having a different fibre angle the cracked layer would be in two or more 
pieces. According to the usual definition of a 

layer constitutive equation, the other layers in a 
multidirectional laminate have no effect on it; 
as discussed later, we find that this is an excel-
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lent approximation when Sc is work/volume, 
but not when it is crack density . 
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ëii primarily responsible for the nonlinear layer 'x 0.5 
« behaviour during loading. The primary micro-

mechanisms underlying S are not really known 
at this time; as noted earl ier they may include 
matrix microcracks and shear banding, fibre-
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matrix debonds, and large rotations of molecu- Fig. 4 Stress-strain behaviour of AS4/3502 

lar segments. However, both ISVs are associ- unidirectional composite loaded in 
the fibre direction. 
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ated with reduced moduli during loading and unloading, compared to the initia! moduli, and thus will 

be considered to provide measures of damage . For many fibre composites, the fibres themselves are 

another source of nonlinear behaviour. Assuming there is no significant fibre fracture, this 
nonlinearity produces an increase in modulus and decrease in Poisson's ratio for tensile loading in 

the fibre direction. An axial stress-strain curve is illustrated in Figure 4; this nonlinear behaviour is 

elastic, in that the axial stress and transverse strain curves are the same for loading and unloading 
(Schapery, 1989a). 

Proposed Equations 

Work potential-based constitutive equations which account for the effect of microdamage and 

elastic nonlinearity were developed and applied by Schapery (1989a). Using the xl - X2 principa! 

material coordinate system in Figure 2 and standard elastic property notation (e.g. Daniel and Ishai, 

1994) they are, 

where 

(JI = Qllhê ] + Q12/12I2 

(J2 = Ql2hI] + Q22hê 2 

rl2 =~Yl2 

Elastic nonlinearities appear through the following quantities, 

el e2 

I] == f ll2dê] , 12 == f h dê2 
o 0 

IJ == EO(ê]) 
El 

(12) 

(13) 

(14) 

The functions I] and h are ratios of the secant modulus ( EO or E90 ) to the corresponding initial 

Young's modulus (EI or E20) from uniaxial testing with loading in the fibre and transverse 
directions, respectively, without damage. These terms account for elastic nonlinearity in the fibre 

and transverse directions and represent nonlinearities that are observed both in loading and 

unloading. Elastic nonlineari ty in the princi pal Poisson' s ratio is modelled with IJ 2, a ratio of the 

tangent Poisson's ratio to the initial value v]2 from uniaxial tests with loading in only the fibre 

direction . These functions are drawn in Figure 5 for the AS4/3502 carbon/epoxy composite used in 
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the experimental study; hand h2 are func
tions of el and h is a function of e2 . Without 
elastic nonlinearity these functions are unity. 
The integral terrns 11 and 12 are incorporated to 
satisfy the requirement that, for constant dam
age, 

(J(JI = (J(J2 

(Je2 (Je
l 

(15) 

which is a necessary and sufficient condition for 
the existence of a strain energy function. Since 
vl2 is a constant (the initial Poisson 's ratio), 11 

is the negative ratio of the transverse strain to the 

~- -
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Nonlinear elastic functions . 

initial Poisson's ratio from a uniaxial test with loading in the fibre direction. 

The effects of damage are accounted for through changes in the transverse modulus E2 and 
principal shear modulus Gl2 . Although only the effect of S was characterized by Schapery (1989a) , 
here we account for both S and Sc. Relative changes in these moduli due to damage are significantly 
larger than the nonlinear elastic behaviour implied by Figure 5. However, we shall not neglect the 
elastic nonlinearities because they have a measurable effect on the E2 and Gl2 changes due to 
transverse cracking that are extracted from experimental data on behaviour of multidirectional 
larninates. 

The Young's modulus in the fibre direction, El, and thePoisson's ratio, v12' at zero axial fibre 
strain are assumed to be independent of damage, and thus are constants; elastic nonlinearities have 
been accounted for through the f - functions. Notice that v2l does change with damage growth 
through its dependence on E2' as indicated by Equation (13). 

The strains el and e2 are to be interpreted as the mechanical strains, i.e., the strains due to 

mechanical stress. Allowing for expansion (or contraction) strains due to temperature andlor 
moisture changes from the reference state, and using geometrically linear theory, then 

(16) 

where Ui are the in-plane displacements and efx are the expansion strains. These expansion strains 
for the layer could conceivably be affected by damage, but we assume this is not the case here. It 
is implied by Equation (12) that the layer is mechanically orthotropic, with or without damage, and 
that the principal material directions are unaffected by the damage. The same simplicity is assumed 
for expansion strains, and therefore the shear strain is 

(17) 

The proposed Equation (12) may be identified with therrnodynamic Equation (1) by taking 

ql = (JUl / (JXl , q2 = (JU2 / (JX2 ' q3 = Yl2 ' Ql = (Jl ' Q2 = (J2 ' Q3 = '"12 and W as strain energy 
density. Integration yields the strain energy density (apart from an additive strain-independent 
function, which is taken as zero), 

(18) 



RA. Schapery and DL. Sicking, On Non-linear Constitutive Equations .... 53 

where 

el e2 

Ju == J êlfJdêl ,J22 == J ê2hdê2 (19) 

o 0 

In some applications one may want to account for geometrie nonlinearities, such as large 
rotations and shearing strain. Assuming the form ofEquation (12) does not change, this is easily done 
by replacing the displacement derivatives in Equation (16) and Y12 /2 in Equation (17) by Green's 
strains, and replacing the stresses in Equation (12) by Kirchhoff's stresses (Fung, 1965). Geometrie 
nonlinearities were used by Schapery (1995) in the work potential theory for a study oflocal buckling 
due to compressive loading. 

The combined effects of microdamage and transverse cracking on E2 and G12 are approxi
mated by assuming that the relative reduction in moduli due to transverse cracking is independent 
of the anlOunt of microdamage. Equivalently, we suppose the effects of S and Sc appear through 
separate factors, 

where 

E20 
es(S) 

ec(Sc) 

~2o 
gs(S) 

gc(Sc) 

E2 = E20 es(S)ec(Sc) 

G12 = GI2o gs(S)gc(Sc) 

= Transverse modulus at zero damage and zero strain. 
= Factor relating E2 and the microdamage ISV, S. 
= Factor relating E2 and the transverse cracking ISV, Sc
= Shear modulus at zero damage and zero strain. 
= Factor relating G12 and the microdamage ISV, S. 
= Factor relating G12 and transverse crack ISV, Sc-

(20a) 

(20b) 

Our experimental results support Equation (20a); but for the laminates and loading used, they do not 
provide sufficient information on changes in G12 due to Sc to check Equation (20b). 

Besides Equation (12), which relates stresses and strains, one needs two additional equations 
to be able to predict changes in the two damage ISVs. Equation (6) gives them, provided we know 
Ws = WAS,Sc)' It is assumed th at the work of damage is additive, i.e. Ws = W1 (S) + W2 (Sc), and 
th at Wl and W2 are in one-to-one correspondence with their arguments. Then, without 10ss in 
generality, we may use for W1 and W2 the ISVs; i.e. take W1 = S and W2 = Sc' Using evolution 
Equation (6) along with the definition of f m' Equation (3), and Equation (18) for W, there results 
for m=1,2, 

(21a) 

(21b) 

where we have used S == SI and Sc == S2' (In practice it is usually possible to neglect the first term 
in these equations and use Q22 = E2 since typically v12 v21 « 1). Further, Equation (7) for the total 
applied work reduces to 
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(22) 

which is useful in relating the ISVs to the strain in a characterization process, as discussed below. 
Notice that Equation (21) is equivalent to minimizing the work, Equation (22), for stabie mechanical 
behaviour. 

In Section 2 it was observed th at the ISV evolution equations do not necessarily apply at all 
times. Forexample, referring to Equation (21), the strains may be too small forone or bothequations 
to be satisfied; if an equation is not satisfied at the current values of the strains and ISVs, then the 
corresponding ISV does not change. Additionally, the entropy production rate cannot decrease, 
which irnplies from Equation (8) th at vVs = S + Sc ~ O. Obviously, when only one ISV changes, it 
cannot decrease. However, considering the physical significance of S and Sc' we argue th at neither 
can decrease, regardless of whether or not the other increases. Namely, the rate Sc reflects growth 
of transverse crack surface area; if there is no mechanism for healing of these cracks when S = 0, 
it is not plausible th at healing will occur when S > 0 because the latter increase is associated with 
microscale processes distributed throughout the volume. Similarly, we argue th at transverse 
cracking does not make microdamage healing possible. 

As an illustration of these ideas, consider an initially undamaged unidirectional specimen 
which is subjected to a simple shear strain Y12 (t) consisting of three segments: straining (Y12 > 0), 
unstraining (Y12 < 0) and restraining (Y12 > 0). Further, suppose that Equation (21a) is satisfied 
when the strain exceeds a certain value, and th at it then predicts S> O. During the unstraining period 
Equation (21a) will initially predict S < 0; but Scannot decrease, and th us it must remain at the 
largest value reached during the straining segment. If, during restraining, the earlier maximum strain 

is exceeded, then Equation (21a) would again be used as long as it predicts S > O. Similar 
considerations apply to Equation (21 b) and Sc' (This type of analysis is, of course, analogous to what 
is used in plasticity theory when predicting plastic straining.) Equation (12) mayor may not predict 
actual behaviour during unloading (when Sandlor Sc vanish); if not, one or more additional ISVs 
may be introduced to characterize unloading behaviour (Schapery, 1989a). 

Table 1. Laminates used in characterization 
and verification experiments 

Unidirectional (12 plies): 

e = 0, 15, 30, 45, 90 

Angle-ply (12 plies): 

±e = 15, 30, 40, 45, 50, 60 

Multidirectional: 

A [±45/602/*±45/-602/±45]S 

B [±45/±45/90/*±45]S 

C [±45/902/*±45/902/±45]s 
An asterisk (*) indicates the location of 
an edge delamination due to loading. 

Table 2. Elastic constants 

Property Value, GPa(Msi) 

El 125.8 (18.25) 

E20 9.31 (1.35) 

0 120 5.10 (0.74) 

vl2 0.329 
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Experimental Program 

A carbon fibre-reinforced epoxy, Hercules' AS4/3502, with a 58% fibre volume fraction was 
used. The material was obtained in the form of unidirectional prepreg tape and cured in an air-cavity 
press using the manufacturer's recommended cure cycle; the cure temperature was 177C (350F). 
The laminates were produced in 30.5 x 30.5 cm (12 x 12 in.) plates and C-scan tested to screen for 
large flaws. Specimens were cut to approximately 1.27 cm (0.5 in.) wide, and were 19 cm (7.5 in.) 
long between the glass-epoxy end-tabs. They were stored in a desiccant at an ambient temperature 
of approxirnately 24C (75F) until tested. Each specimen was instrumented with two axial and two 
transverse strain gages, one set on the front and another on the back to average out any bending. 
Manufacturer's data were used to correct strain gage measurements for transverse gage sensitivity 
and nonlinearity. In all cases at least two specimens of each layup were tested, with very little 
specimen-to-specimen differences observed; that the scatter was very smal! was at least in part the 
result of not using specimens cut from plate edges (where the plates were thinner due to resin flow). 
The experimental stress-strain data from two replicas of each layup are shown later, starting with 
Figure 12. All results are for uniaxial tensile loading at a constant machine crosshead rate of 
approximately 1 mm/min. in the ambient environment. 

Many different laminates were used in the experimental study in order to determine the 
material functions and to validate the results by using layups that were not used in the characterization 
process. Table 1 shows al!layups that were used by Sicking (1992). Details on the experimental work 
and the characterization of material functions are covered elsewhere by Sicking (1992). Here,only 
a summary of the work is given. 

Characterization of Thermoelastic Behaviour 

Linear elastic material properties for the unidirectional composite were identified from 
uniaxial tests of [0]12 and [90h2 layups and a [±45hs angle-ply layup. Table 2 shows the linear 
elastic properties. The constants shown in this table represent the average of 2 or 3 test results and 
are first-order coefficients from a second- or third-order curve fit to the raw data. Recall that the 

Table 3. Polynomial coefficients 
Nonlinear elastic functions 

Exponent f l f12 f2 (tens.) f2 (compr.) 

0 1 1 1 1 
1 11.9 -14.6 -10.5 10.5 

2 -214 -557 -156 -101 

Damage dependent factors 

Exponent gs(Sr) es (Sr) (tens.) es (Sr) (compr.) ec(Sc) 

0 1.0 1.0 1.0 1.0 
1 -0.03587 -0.0191 -0.0287 -0.00421 
2 -0.01183 -0.00275 0.02232 2.68xl0-6 

3 0.001401 -0.00025 -0.00342 0 
4 -5.60xl0-S 2.54xlO-S 0.000146 0 
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nonlinear elastic functions are drawn in Figure 5. As described 
by Schapery (1989a) in an earlier experimental study of the 

same composite (but different lot), microdamage effects in the 

90· coupons were separated from nonlinear elastic effects by 

observing the difference between loading and unloacling curves. 

Approximately 75 percent of the variation in h in tension was 

found to be retained when 90· unidirectional specimens were 

unloaded. The compressive portion of h was determined 

fromanalysisofthe lYangle-plyspecimens (in which E2 < 0), 

given the functions fI and f12, and assuming th at E2 and Gl2 

a 

are constant; subsequent analysis of these specimens using the Fig . 6 

functions E2 (S) and Gl2 (S) confirmed this assumption since 

S was found to be practically zero. In the earlier work (Sicking, 

1992) the compressive h was assumed as unity, resulting in 

a questionable increase of E2 with damage. 

Al! nonlinear functions shown in Figure 5 are repre

sented by second orderpolynomials in strain. Table 31ists their 

coefficients as weil as those for the damage-dependent factors 

which are discussed in the next subsection. 

Thermal expansion strains, Efx = a l L1T and 

Eix = a2L1T , were used to predict residual stresses and strains 

duetocoolingfromcuretoambienttemperature (L1T = -153C), 

E 

Stress-strain curve for 
uniaxialloading in ar
bitrary (x) direction. 
The internal state vari
able S is equal to the 
shaded area. The 
dashed line is not ne
cessarily the unloading 
stress-strain curve. 
For the case illustrat-
ed, the composite is 
linearly elastic when S 
is constant. 

in which al = -0. 54xl0-6 / C and a2 = 22xlO-6 / C (Weaver, 1992). Smal!, competing effects 

due to chemical cure shrinkage (Fang et al. 1989) and moisture-induced expansion were neglected. 

Characterization of Damage-Affected Behaviour 

Microdamage: The damage-dependent factors in Equation (20) may be found in terms of the 

experimental specimen strains for each test. However, an objective is to express these functions 

directly in terms of S and Sc' Equation (22) provides the means for doing this when used with 

measured laminate responses. Consider, for example, the laminate stress-strain curve in Figure 6. 
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It is illustrated for a unidirectional or multidirecrionallaminate without transverse cracking (Sc = 0) 
and without elastic nonlinearity (tI = h = 112 = 1). For any given strain €, the shaded area is 
S = Wr - W , and consequently S is easily found for each axial strain. With elastic nonlinearities, 

the lower curve is not straight, but Equation (18) provides the value of W. Af ter one has obtained 

es(S) and gs(S) from specimens without transverse cracks, other specimens with these cracks may 

be used todevelop ec(Sc) and gc(Sc)' At each axial strain Equarion (22) gives Sc = Wr - W -S, 
where S may be predicted from Equation (2Ia). 

Itshould be mentioned that E2 and GI2 werefound tovary linearly in axial strain forvery small 

strains. When lel« 1, then Wr == W '" e2 and the difference without transverse cracking, 

S = Wr - W , behaves as e3. Thus, in order to express the moduli as polynomial functions, one 
should use SI/3 as the expansion parameter. This was done for es and gs in that we employed the 

reduced ISV, 

Sr == SI/3 (23) 

in polynomial expansions. Use of this change-of-variable in Equation (21a) yields 

(24) 

Figures 7 and 8 present experimental G12 and E2 data, respectively, from several different 

unidirectional and angle-ply specimens without transverse cracking. Division ofthe ordinate by the 

initialmoduli Gj20 and E20,respectively,provides gs and es' Notethemarkeddifferencebetween 

E2 data from 30· angle-ply specimens and from 15" and 30· unidirecrional specimens. This 

behaviour is attributed to a difference in the sign of transverse stress 0"2 in these specimens; 0"2 > 0 
for the unidirectional material and 0"2 < 0 for the angle-ply composite. The intuitively appealing 
conc1usion from this finding is that the transverse compressive stress retards the transverse softening 

effect of microdamage, compared to the effect of a tensile stress. As aresult, the work potential model 

has been formulated with two distinct polynomials for es' one for compression and another for 

tension . The best results have been obtained when 15" unidirectional and 30· angle-ply specimens 

were used to develop e A Sr) for tensile and compressive behaviour, respectively. Response of these 

two types of specimens is the most sensitive to the material functions and it provides them over the 

largest Sr range, considering all laminates 

studied. 

That the same functions, G12 and E2, are 

found from different laminates (apart from the 

tension/compression difference in E2) sup

ports the assumption th at these moduli are 

layer consritutive functions of one parameter, 

the work of microdamage. For comparison, 

the shear modul us is plotted against shear strain 
in Figure 9. This figure shows that GI2 is not 

simply a function of shear strain. 
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Transverse Cracking: The relationships of 

G12 and E2 to the work of damage due to 

transverse cracking, Sc' can now be de ter
mined from specimens that exhibit transverse 

cracking. The basic approach is to use the 
work potential model to predict laminate be
haviour up to transverse crack initiation. Af ter 
transverse cracking begins, measured lami

nate stresses and strains are used along with 
predictions of the behaviour of layers without 
transverse cracks to determine the stresses, 

strains, and damage condition of layers with 

transverse cracks. Uniaxial tests give the val

ues for laminate axial stress, (J x' and normal 
strains, ex and er while other laminate 
stresses, cry and "XY' are zero. The Newton-
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Effect of transverse cracking on 
transverse modulus from theory and 
experiment. Transverse strength was 
used to predict cracking. 

Raphson method can be used to find the average stresses in each layer and microdamage state in 

uncracked plies. Details ofthis characterization process forobtaining ee and ge are given elsewhere 
(Sicking, 1992). 

It was essential here to account here for residual thermal stresses due to cooling from the 
processing temperature of 177C (350F); results from different layups did not agree unless these 

stresses were taken into account. In contrast, the effect of thermal stresses on determination of es 
and gs was very smalI, producing at most only a 1% and 2.5% change, respectively, in these 

functions. 

Figure 10 shows the function ee found from this process using the multidirectionallaminates 
in Table 1, designated by A, Band C. Due to edge delamination laminate A failed at the lowest level 
of transverse cracking. Transverse cracks developed in the 60'layers in laminate A and the 90'layers 

in laminates Band C. The Tsai-Wu failure theory (Daniel and Ishai, 1994) was used to predict failure 
in the 45'layers; it indicated that failure (such as initiation of transverse cracking) does not occur until 

edge delamination initiates. Laminate A is thus the only one in which average shear stresses exist 

in the layers with transverse cracks, and hence it is the only one that can be used to find ge; this 

function was found to be essentially unity over the Sc range that was induced. Figure 10 

demonstrates that our material characterization provides a consistent relationship between reduc

tions in E2 and the work of transverse cracking. This consistency supports the assumption that ee 
is aply constitutive function, since essentially the same function is obtained for layers with both one 

and two plies and with different fibre angles. 

As discussed in the introduction, there are many publications on the prediction of transverse 
cracking in linear elastic laminates. Here we use results from Hashin's (1985) analysis for 

comparison with our experimental results for ee; inasmuch as the only source of nonlinearity in the 

analysis is transverse cracking, ee = E2 / E20 . He predicted the stiffness of crossply laminates as 
a function of crack spacing, but did not calculate the effective E2 of the layers with transverse cracks. 

Nevertheless, this modulus can be extracted for application to the present stlldy; the specific layups 

used for this extraction are discussed in the next sllbsection. Besides this step, another calculation 
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is needed here because our characterization 

uses the work of damage as the measure of 

cracking. One approach is to as su me th at a 
transverse crack forms wherever the local 

strength is exceeded at a point midway be
tween a pair of existing cracks, such as done by 
Lee and Daniel (1990) and Tsai and Daniel 

(1993). Another simple method is to assume 
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the pre-existence of a dense spacing of initial 
transverse cracks throughout a unidirectional 0 100 200 300 

layer, in which the initial cracks span the full 

thickness 2h (cf. Figure 3), but are very short Fig. 11 

in the fibre xl direction. These cracks are 
assumed to not affect E2 until the critical 
energy release ra te is reached, after which 

crack growth occurs at a constant energy re-

Sc (KPa) 

Effect of transverse cracking on 
transverse modulusfrom theory and 
experiment. Critical energy release 
rate was used to predict cracking. 

lease rate, G = Ge ,until the crack length equals the specimen width .. This second method was used 

by Nairn (1989) and Vama and Berglund (1991). We shall use both methods here to assess their 
accuracy when compared to the data in Figure 10. 

lt should be added th at the first method, which is based on strength, may be interpreted as a 
fracture mechanics approach in which the initial cracks are small compared to layer thickness; when 

these cracks become critical (as defined by a constant critical energy release rate Ge' say) they 
propagate dynamically (because G> Ge) until full-length transverse cracks are formed. Although 

a dynamic process is involved, path-independence of work is predicted under the assumption th at the 
time elapsed for growth of each crack is negligible (Schapery, 1990). 

The second method is the easiest to implement in the work potential theory. The instantaneous 

tota! work of cracking is equal to Sc times the volume of the cracked layer. This work is also equa! 
to the constant critical energy release rate fortransverse cracks, Ge' times the total instantaneous area 

of transverse cracks. These considerations lead immediately to 

(25) 

where 2a is the instantaneous crack spacing (assumed the same for all cracks) . Dimensional 
considerations imply the modulus is a function of crack spacing through only a dimensionless ratio 

(usually called the normalized crack density), 

{3=hla (26) 

where 2h is the cracked layer thickness. From these two equations, 

(27) 

and thus E2 is predicted to be a function of Sc and layer thickness. Figure 11 shows the predicted 

factor ee for Ge = 105 Nim (0.6Ib/in.) and one, two and three plies in the cracked layer. There is 
clearly a significant effect of layer thickness, which is not exhibited by the experimental data; recall 
that the cracked layers in laminates A and Care two plies thick, while for laminate B the thickness 

is one ply. The value of Ge = 105 Nim was used as it provides the best agreement for the 2-ply case; 
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this value is close to our estimate of Ge = 140 N/m (0.8Ib/in.) for edge delamination, as discussed 
later. Equation (27) implies that if Ge is increased, the same predicted modulus moves to larger 

values of Se' 

The first method requires the stresses midway between cracks. Let us consider only the case 

in which 'r12 = O. Then, denote the central tensile stress by 0"0, and write it in the form 

(28) 

The function f 0 will be found fromHashin (1985). In using Hashin's crosspIy analysis we introduce 
realistic simplifications for the cracked layer V12e1 == 0 and V12 V21 == 0, and this fo(O) = 1. (cf. 
Equations (12) and (13) for the Iinearelastic case) . Referring to Figure 6, in which we use Se in place 

of S, e = e2, and 0"0 = 0" = E2e2, it follows that with S = 0, 

(29) 

where f3' = f3'(e') in the integraI. The connection between e and f3 follows by setting 0"0 = O"f in 
Equation (28), where 0" f is the transverse tensile strength of a 90· Iaminate under a uniaxial tensile 
stress. We may then use Equation (28), with Uo = u f' to change the variabIe of integration to f3' 
and bring out explicitly the effect of O"f on Se' for a given f3. The result is 

(30) 

Either Equation (29) or (30) relates f3 to Se' and hence enables the transverse modulus to be predicted 
as a function of Se' The resulting factor ee is shown in Figure 10 using the transverse tensile strength 
of 69 MPa (10 ksi); this is the average value for our composite, as determined from [90]12 coupons. 
Agreement is good for 0.4 < ee ::; 1. There is no predicted layer thickness effect, which is consistent 
with our data. Had an in situ strength of 66 MPa (9.6 ksi) been used in the prediction, then the theory 

would agree with the average of the experimental date for ee > 0.4. In this study we found that the 
average in situ strength of 66 MPa is only slightly below the average strength of unidirectional 
specimens. However, this may not always be true (Vama, 1992), and depends on the accuracy of 
the transverse cracking model employed, the initial defects and possibly the material system. 

The experimentally determined ee falls bel ow the theory at high crack densities, 

h / a > O.4(ec < 0.4), which is possibly due to local delamination between plies with transverse 
cracks and adjacent plies, crack branching (Varna, 1992) or cracks in the 45° layers. Inspection of 
failed specimens with such high crack densities indicated significant levels of this type of local 
delamination. When 90· layers are not on the surface of crossply laminates, this delamination is 
usually very small in monotonically loaded specimens (Jamison, 1986 and Varna, 1992). A large 
amount of 10cal delamination may be the result of using angle-ply sublaminates here instead of O· 
layers. In any event, the difference between theory and experiment for ee at high crack density 
requires further investigation. 

Upon comparing Figure 11 for only the 2-ply case with Figure 10, one might conclude that the 
Ge-based analysis is better than the strength-based analysis, and that the former analysis agrees with 
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experimental data without the need to invoke an effect of local delamination or other mechanism. 

However, because experimental data are also shown for the one-ply case (laminate B), the absence 

of a thickness effect supports the strength-based criterion. This conclusion is consistent with 

experimental findings of Tsai and Daniel (1993). 

Comparison of Analytical Models for Transverse Cracking 

Although the effect of transverse cracks on the effective moduli of crossply laminates has been 

studied by many investigators, here we shall compare only Hashin's model (1985) with that of Lee 

and Daniel (1990); the former is based on the minimum complementary energy principle, while the 

latter is based on a shear lag analysis. (In earlier work, Sicking (1992) used Allen and Lee's (1991) 

prediction of E2 , but it was significantly above the experimental data; this is probably due to the use 

of an overly restricted axial displacement distribution, and resulting unrealistic axial stress 

distribution, in their potential energy-based analysis.) Hashin' 5 analysis for crossply laminates was 

used to predict the solid line in Figure 10. We used [0/ 90n /0] laminates, with n = 2 and n = 6 
to extract the factor ec for the 90·layer; the two predictions cannot be distinguished graphically. Lee 

and Daniel's analysis was also used. For the Sc value at which Hashin's model predicts ec = 0.4, 

their model yields ec == O.4xLlO and ec == 0.4x1.l8 for n = 2 and n = 6laminates, respectively. In 
contrast, when compared using normalized crack density h / a as the independent variabie, instead 

of the strength-based Sc' there is a pronounced effect of n on the effective modulus factor ec' 
Hashin's model predicts ec = 0.4 and 0.4x1.2 for n = 2 and n = 6, respectively, for the same h / a 

value of approximately 0.4; Lee and Daniel's model predicts ec = 0.4x1.4 and ec = 0.4x1.5 for 

n = 2 and n = 6 , respectively. It should be added that the predictions in Figure 11 are based on 

Hashin's model, with n = 1,2 and 3. If E2 as a function of h / a were independent of n, the spread 

in the curves would be noticeably larger than th at in Figure 11. 

In conclusion, we have found that both models predict th at the effective modulus of the 90· 
layer is affected appreciably by the ratio of the number of90· to O· plies, when compared at the same 

normalized crack densities. On the other hand, when the strength-based Sc is used as the independent 

variabie, the effect of n is much less; indeed it is negligible when Hashin's model is used, and ec 
for the two models is closer than when normalized crack density is used. It would he instructive to 

make similar comparisons using Vama's (1992) more accurate model for effective modulus as a 

function of normalized crack density, and to consider a wider range of layups in order to determine 

the generality of our conclusions. Although this extended study has not been made, we are 

encouraged by the present experimental finding th at the same ec is obtained for the three different 

laminates, A, Band C and, as a function of the strength-based Sc' Hashin's model predicts 
essentially the same ec for the symmetric crossply laminates with n = 2 and 6. 

Additional Model Validation 

A significant amount of model validation has already been done by demonstrating that 

different larninates provide essentially the same values of E2 and G12, as functions of Sr and Sc

Here, we show various predictions of stress-strain behaviour using constitutive Equation (12) and 

Equations (21 b) and (24) to predict Sc and Sr' respectively. Nonlinear strain effects (Figure 5) as 

weil as changes in E2 and GI2 due to microdamage ( Sr or S) and transverse cracks Sc' using the 

product form in Equation (20), are accounted for. Figures 12-20 showexperimental results for the 
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two tested replicas and show predictions for severallaminates; axial strain was specified and then 
axial stress and transverse strain were predicted. Schapery (1989) and Sicking (1992) show 

predictions for several more laminates. In all cases agreement between theory andexperimentis very 

good. Only a small amount of the experimental data were actually used in the characterization 

process. For example, rather than using the average of the G]2 data in Figure 7 to obtain es' only 

the [±45hs laminate data was used. However, in view ofthe consistency ofresults discussedearlier, 
it would make litde difference in the predictions if averages based on many laminates had been used 

instead. 

It should be mentioned that the evolution equation for Sc' Equation (21b), is not satisfied 
during the early stages of loading since the magnitude of the left side is too small. Thus, there is a 

finite, critical applied strain at which Sc starts to increase. (Notice that the right side ofEquation (24) 
increases continuously from an undamaged value of zero, and that the modulus derivatives are not 
zero; thus, softening due to Sr begins immediately with straining.) If there are some initial, large 

transverse cracks, one or more may grow according to the Gc-based model, but significantreductions 
in E2 are not predicted until Equation (21 b) is satisfied. This observation is consistent with the 

findings of Fang et al. (1989) where the Gc-based model was found to be in agreement with 

experimental results for only the initiation of transverse cracking. The reader is alsoreferred to V arn a 
(1992) for a theoretical and experimental investigation of the initiation of transverse cracking. 

Figure 16 illustrates the effect of transverse cracking. The work potential theory in this figure 
does not account for the cracking, whereas it does in Figure 17. In Figures 17-20 the theory and 
experiment diverge at high stresses. This discrepancy is believed due to edge delarnination which 
was observed to occur in all three multidirectionallaminates, and is discussed in the next subsection. 

Edge Delamination Analysis 

Schapery (1989) implemented an adaptation of O'Brien's (1982) delamination analysis into 
the work potential model. The total work WT for the laminate and sublaminates was used in place 

of the associated strain energies W in O'Brien's analysis. This formulation is applied here to 

determine strain energy release rates for delarnination in the three multidirectionallaminates shown 
in Table 1. Growing microdamage and transverse cracking are taken into account. 

In the analysis edge delarninations are assumed to exist as depicted schematically in Figure 
21. In contrast to the illustration, the actual extent of delamination was not fully symmetric, and the 
delamination was not uniform along the entire length ofthe specimens. However, there were at least 

patches of delamination that appeared to re

flect the laminate's initial symmetry. For 

purposes of analysis we assume full symme

try, and a uniform depth a of delamination 

along each specimen's length. Additionally, 
following O'Brien, in order to easily predict 
the energy release ra te G, it is assumed th at 

the delarnination depth is large compared to 
the sublaminate thicknesses so that G is inde-

pendent of depth. These idealizations pem1it 

us to write the total work potential for a 

Fig. 21 

z 

(1 ) L-__________ +-~y 

End view of specimen with symmetrical 
edge delaminations. The loading is in 
the x-direction. 
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partially delaminated specimen in the foon, 

(31) 

where WP) is the work potential density of the central, undelaminated section and Wi-2 ) and W?) 
are work potential densities of the separated sublaminates. The term 4GcaL is the work of edge 
delamination, and represents the contribution of delamination to the work Ws introduced in Section 
2. Also, b is the specimen half-width, a is the delamination depth, L is the length of delamination 
in the x-direction, ~ are the section thicknesses and Ge is the critical energy release rate for 
delamination. The delamination depth can be interpreted as an ISV. Thus, the delamination growth 

condition is oWT / oa = 0 (cf. Equation (9». This condition may he written in the equivalent form 

G = Ge' where G is the energy release rate for each delamination, 

(32) 

The one-half factor does not appear in the earl ier work (Schapery, 1989a) because the thicknesses 
were one-half of those in Figure 21. 

This expression was evaluated for all three laminates; It was found to be largest at the 
interfaces marked with an asterisk (*) in Table I; these interfaces were used in evaluating G for each 
laminate. Delaminations were observed in test specimens at these interfaces as weil as two plies from 
the surface in laminates A and C; these latter delaminations may be explained by the fact th at G 
is only slightly lower than that for the locations marked in Table I. 

As indicated in Figs. 18-20, delamination is found to begin at a value of G of approximately 
140 N/m (0.8 lb/in.). It is encouraging that the results are reasonably consistent, but it's surprising 
th at it is less than the critical value for opening mode delamination reported for this material, from 
161N/m (0.9Ib/in.) to 190 N/m (l.llb/in.), as measured from double cantilever beam (DeB) tests 
(Whitney et al., 1982, Bradley, 1989) on this composite; the edge-delamination is mixed-mode, and 
a value of Ge which is larger than from opening-mode tests should be expected (Bradley, 1989). 
However, the local delaminations associated with transverse cracking may have appreciably reduced 

the value of Gc from that reported for mixed-mode tests . Additionally, we predicted that transverse 
cracking has a negligible effect on G ; but microdamage, through the parameter S, increases G at 
the onset of edge delamination by approximately 4 to 8 percent, depending on the laminate. 

Also shown in Figs. 18-20 is the predicted stress-strain curve assuming that full delamination 
(i .e. a = b) exists from the beginning of loading. This curve provides an approximate lower bound 
to the stress-strain curve with edge delamination, and is seen to be close to the experimental curves 
in Figs. 18 and 20 at the highest strains. 

4. Viscoelastic Deformation and Damage Growth Models 

In this Section we extend the theory in Sections 2 and 3 to viscoelastic composites with growing 
damage. This work expands on an earl ier theory (Schapery, 1981) by introducing explicit effects of 

high-modulus elastic fibres and transverse cracking. There seems to be few published studies on 
explicit analytical models for viscoelastic composites with damage. Zocher et al. (1994) analyse a 
linear viscoelastic laminate with a fixed number of transverse cracks. In a theoretical and 
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experimental investigation, Park and Schapery (1994) characterize the behaviour of a particle
reinforced rubber with growing microcracks. Some models for nonlinear viscoelastic composites 
with growing damage are described by Schapery (1994); but here constitutive equations which are 
more detailed for fibre composites are developed. 

Linear Viscoelastic Behaviour Without Damage 

First, let us suppose there is no damage and the material is linearly viscoelastic and transversely 
isotropic. Looking ahead to be able to introduce certain simplifications and to account for out-of
plane stresses due to damage, we record the three-dimensional equations (referred to the principal 

material coordinates) in which strains are expressed as functions of stress history using compliances 
Si} (Schapery, 1974), 

t:1 = S]] <T1 + Sn( <T2 + <T3) 

t:2 = S]2 <T1 + {S22d<T2} + {S23d<T3} 

t:3 = S12<T1 + {S23d<T2} + {S22d<T3} 

Y23 = {S44 d-r23} , Y13 = {S66d-r13} , Y12 = {S66d-r12} 

S44 =2(S22 -S23) 

(33) 

(34) 

(35) 

(36) 

(37) 

The braces are abbreviated notation for the most general form of a linear hereditary integral, 

( d 
{Jdg} == f f(t - t',t) d~ dt' (38) 

When this integral is used with Equations (33)-(36), f is a compliance and g is a stress. If g is a 
constant applied at a time to, as in a creep test, Equation (38) reduces to 

{fdg} / g = f(t - to,t) (39) 

for t> to, which is a creep compliance that depends on the time elapsed since the stress was applied, 

t - to, and the current time. In many cases the second argument can be omitted. The latter variabie 
al!ows for chemical and physical aging (e.g. McKenna, 1994) as wel! as effects of transient 
temperature and moisture. For example, consider the familiar thermorheologically simp Ie material, 

{Jdg} = f f( ç - Ç') ~~ dt' (40) 

where 

( 

ç - ç' = f dt" / ar[T(t")] (41) 
(' 

and ar is the temperature shift factor. Observe that ç - ç I is a function of tand t' or, equivalently, 

a function of t - t' and t . If the temperature is constant then ç - ç' = (t - t') / ar. As before, the 
Strains are those due to stress. In order to account for thermal and moisture expansion effects, it is 
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customary to simply use Equation (16) along with a similar equation for t::3; the expansion strains 
are not usually sensitive to the history of temperature and moisture unless the temperature is close 
to the glass transition value (Ferry, 1980). Physical aging may be taken into account by introducing 
explicit time-dependence in aT; i.e. use aT = ar(T,t") in Equation (41). 

Referring to Equation (33), it is seen that the strain in the fibre direction is independent of stress 
history. This is an excellent approximation for the common case in which the fibres are elastic and 
have a much higher modulus than the matrix. Symmetry of the viscoelastic compliance matrix, 

Si} = Sji, then leads to the absence of a hereditary integral in the effect of CTI on t::2 and ê 3 • 

A further simplification is possible by introducing the transverse creep Poisson's ratio v23, 

(42) 

where the strains are those due to a constant CT2 alone. Assuming the composite deformation is 
dominated by that of the matrix, and accounting for the relative insensitivity of the matrix Poisson' s 
ratio to time, as compared to time-dependence of the shear modulus (Schapery, 1974), th en v23 is 
essentially constant. Thus, there are only two time-dependent compliances, S22 and S66 ' 

Next, let us invert Equations (33)-(36) so that a more convenient form for lamination theory 
is obtained. It is helpful first to develop an intermediate result by eliminating CTl in Equations (34) 
and (35) through the use ofEquation (33), employing Equation (42) and then introducing the familiar 

relationship for axial modulus El = 1 I Sll and princi pal Poisson' s ratio v12 = -S12 El' We find th at 
Equations (34) and (35) become, respectively, 

{S22d ( <J2 - V23<J3)} = t::2 + v12t::1 + Vf2 (<J2 + <J3) I El 

{S22d (<J3 - V23<J2)} = t::3 + v12t::1 + Vf2(<J2 + <J3)1 El 

(43) 

(44) 

The last right-side term is typically very small compared to the others in these equations, and thus 
will be neglected. 

In order to invert these two equations we need the inverse form of Equation (38). Specifically, 
let 

h = {tdg} (45) 

Then, 

I 

g={tldh}= ffl(t-tl,t)~:'dtl (46) 

where it can be verified by direct substitution th at f and its inverse fl are related according to 

I 

f f(t - t',t) :rJ/ (t' - to,t')dt' = H(t - to) (47) 

10 

where H(t -to) is the unit step function [H(t-to) = 0 when t < to and H(t-tO)= 1 when t> tol. 
In general, IJ in Equation (47) is discontinuous when t' = to, and the lower limit to indicates that 
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the integration is to include this discontinuity (through use of a Dirac delta function). When g is 

stress and h is strain, th en fl is a relaxation modulus. (For the common case in which f = f( t - t') 
in Equations (38) and (45), then Equation (47) may be easily Laplace transformed if to ~ 0, yielding 

the familiarresult p2 JJ, = 1, where pis the transform parameter and the overbardenotes a Laplace 

transform.) We now find Equations (33), (43) and (44) yield 

(J1 = E1E1 + V]2{ E2d(ë2 + ë3)} / (1- V23) 

(J2 = {E2d(ë2 + V23ë3)} / (1- vi3) 

(J3 = { E2d( ë3 + V23ë2)} / (1- vi3) 

(48) 

(49) 

(50) 

where E2 = E2 (t - t',t) is the transverse relaxation modulus, which replaces the elastic transverse 
modulus E2 . AIso, 

ë2 == E2 + Vj2Ej , ë3 == E3 + V]2Ej 

The shear relationships in Equation (36) become 

in terms of shear relaxation moduli G23 and G]2, where from Equation (37), 

(51) 

(52) 

(53) 

Observe that Equations (49), (50) and the first of Equation (52) represent the constitutive equations 

for the x2 - x3 (isotropic) plane. Although Ej enters, its effect is like that of athermal expansion 
or contraction strain. 

The equations for plane stress, (J3 = '"23 = '"13 = 0, become 

(Jj = EjEJ + v12 {E2dE2} 

(J2 = {E2d(E2 + v12Ed} 

(54) 

(55) 

together with the last of Equation (52). For elastic behaviour these equations reduce to Equation (12) 

after setting IJ = h = iJ2 = 1 and neglecting the product v12 V2j in Equation (13). 

Correspondence Principle with Stationary or Growing Cracks 

Eq uations (48)-(53) may be employed in the anal ysis of transverse cracking, and provide the 

basis for using a simple elastic-viscoelastic correspondence principle (CP) that is applicable with 

stationary or growing cracks. This CP does not use Laplace transforms, and is a special case of those 

developed by Schapery (1981, 1984) for linear and nonlinear viscoelastic media. 

It is necessary to assume GJ2 is proportional to E2 in order to use the CP. Then the only 

difference between a viscoelastic layer and an elastic layer lies in the use of a hereditary integral, with 

E2 as the kemel function. In practice, G12 is only roughly proportional to E2 (e.g. Lou and Schapery, 
1971), but it is believed this does not cause significant error in the transverse crack problem. 

By simply introducing a change of variables for displacements, the viscoelasticity problem is 

reduced to an elasticity problem, which has been called the reference elasticity problem. Start by 
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defining so-calledpseudo-displacements for i = 1,2 and 3, 

(56) 

andpseudo expansion strains for i = 2 and 3, 

(57) 

where ER is an arbitrary constant with dimensions of modulus and 

(58) 

Equations (48)-(50) and Equation (52) become, 

()1 = E1e1 + V12 ER( ef + en / (1- V23) (59) 

(60) 

(61) 

(62) 

where kg == G12 / E2 . A1so, 

(63) 

Equations (60)-(63) are identical to those for an elastic material with transverse modulus ER, 
Poisson 's' ratio v23 and with thermal expansion strains L1q and L1q. These constitutive equations 
are a special case of those used to establish the correspondence principle for quasi-statie problems 
(with stationary or growing cracks) designated as CP-U by Schapery (1981, 1984). Equation (59) 

is needed as weIl in a full, three-dimensional formulation. However, e1' rather than pseudo strain, 
enters, which prevents an immediate application of CP-U. This difficulty will be dealt with here by 

assuming the fibres do not break and that the modulus E1 is so high compared to E2 and G12 that 

the strain el is essentially unaffected by the damage, given the laminate boundary displacements. 

Let us now consider the specific problem of predicting the mechanical state of a unidirectional 

layer, in which the only damage is stationary or growing transverse cracks (cf. Figure 3). Although 
not necessary, it is conceptionally helpful to specify boundary conditions on the laminate entirely in 

terms of the displacements, say Ui . These are converted to pseudo displacements Ui
R through the 

hereditary integral, as in Equation (56). Of immediate interest is the development of the homog
enized constitutive equations for a unidirectionallayer with transverse cracks as weil as a criterion 
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for the growth of these cracks. If deformation of the layers adjacent to the cracked layer (in the 
neighbourhood of each crack edge) is significant, then it is assumed the constitutive equations of the 
adjacent layers can be reduced to elastic-like equations using the same transverse modulus as for the 
cracked layer (e.g., alilayers may consist of the same composite materiai). 

The solution to the reference elastic boundary value problem may be expressed as a sum of 
solutions to two problems: (1) that without cracks, given Uj

R (on the laminate boundaries) and 
(efXl and (2) that with transverse cracks on which act specified tractions that are equal, but with 
opposite sign, to those existing at the same points in the uncracked layer; in this second problem the 

laminate boundary displacements and expansion strains vanish. Inasmuch as el == 0 in problem (2), 
it can be replaced by er == aur / aXI in Equation (59) without causing significant error. The 
combined tractions from (1) and (2) on the (outer) boundaries of the cracked layer are then found, 

resulting in the homogenized constitutive equations for the cracked layer. 

Solution of problem (2) is obtained with CP-Il by recognizing that all six Equations (59)-(62) 
are identical to elasticity equations. The viscoelastic stresses are equal to the elastic stresses, while 
the viscoelastic displacements are obtained by inverting Equation (56), 

Ui = ER {S22 duf} (64) 

where S22, as E2 in Equations (56) and (57), is a material function forthe uncracked layer. That these 
viscoelastic stress and displacement fields satisfy all of the governing field equations and boundary 
conditions (including equilibrium equations and traction conditions on the crack faces) can be readily 
verified by substitution. This result leads to the conclusion that the factors ee and ge for the 
viscoelastic layer, when expressed as functions of crack density, are identical to those for an elastic 
material. 

It should be mentioned th at quasi-static response has been assumed. However, transverse 
cracks often propagate dynamically prior to being arrested at ply interfaces or until the cracks extend 
the full width of the laminate. There may be initial, slow growth, followed by high-speed growth. 
It is usually reasonable to assume that the time for rapid propagation is negligibly small and th at 
dynamic response, following crack arrest, is quickly damped out. If so, the effect of rapid 

propagation on layer response may be analysed by a time-wise step-function removal of tractions 
along the surfaces which form the fully developed crack faces. However, this type of quasi-static 
analysis is not explicitly needed in predicting overall or homogenized layer response since one may 

use elastic solutions, as described above. 

If the fibres are viscoelastic and have a relati vely high modulus, which is the case for aramid 
fibres (Wang et al., 1992), then the above analysis may be easily generalized to this case if v12 is 
constant. One merely replaces El in Equation (59) by the appropriate hereditary integral. 

Homogenized Constitutive Equations 

A rigorous extension of Equations (12)-(14), together with Equation (20) for the moduli, for 
a homogenized viscoelastic layer is not possible using CP-Ilo However, we shall propose an 
extension that contains these time-independent equations and the CP-II-based linear viscoelastic 

equations with transverse cracking as special cases. Namely, replace e2 and YI2 by pseudo strains, 

Ê2 == E2~ {Erded and Y12 == Gl2
1
0 {G!2dY12}, respectively; the superscript "L" denotes undam-
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aged linear viscoelastic relaxation moduli. The moduli E20 and ~2o are suggested to be the same 
quantities that are in Equation (20), as determined from the same constant rate tests used to develop 
the f-functions shown in Equation (14). (Although relaxation moduli are needed in this formulation, 
relaxation tests are not needed to determine them; they may be calculated from functions generated 

by creep tests orothertypes of tests (Ferry, 1980).) The value of ~2o has no effect on the shearstress 

in Equation (12) because it cancels out when the pseudo strain is used. However, the choice of E20 
affects the function h, and thus influences the stress prediction. Of course, as long as h is close 

to unity it makes little difference in how E20 is chosen; otherwise, the use of pseudo strain as an 

argument of hand the choice of E20 must be evaluated experimentally. In general, further 
experimental studies for which viscoelastic effects are significant are needed to assess the proposed 

constitutive equations. Additionally, it is necessary to select ISVs and establish their evolution 
equations in order to complete the formulation of viscoelastic homogenized equations with damage; 
the next subsection is concemed with this aspect. 

Rate-Dependent Damage Growth 

Rate-dependence may be introduced while retaining the essen ti al features of path-independent 
work. This was demonstrated by Schapery (1991 b) for the case in which the Sm define changes in 

crack geometry and obey a power law in energy release rate with a large exponent. Whether the Sm 
define changes in crack geometry or in other structural changes, let us assume the evolution law for 
Sm is of the form (m not summed), 

S = cF fqm mmm (65) 

where thermodynamic force fm>O, and Fm = Fm(Sm); also, c is a positive, dimensionless 
function of time, possibly due to aging and transient temperature and moisture. The definition of f m 
for viscoelastic material is discussed later in this subsection. Now, from Equation (65), 

where i is a reduced time, 

{ 

i ;: f c(t')dt' 

o 

(66a) 

(66b) 

As long as f m does not decrease, the right side of Equation (66a) is approximately k;/ f mil/qm if 
qm» 1, where km is a constant (and km ~ 1 as qm ~ 00). Thus, 

f =k fr /î l / qm 
mmm (67) 

which replaces Equation (6). It is seen that ifthe contribution to Ws associated with those Sm which 
obey Equation (65) is taken as 

L1W = '" k ffr dS / î l
/ qm 

s LJm m m (68) 
m 0 
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then essential results from the original time-independent theory apply. Whenever f m decreases, the 
last of Equation (66a) is practically constant, and is given by its value at the time f m started to 
decrease. Generally, for evolution laws of the form in Equation (65) (with the same or different 
exponents foreach Sm)' the behaviour is like th at of a time- orrate-independent body except the work 
of structural change or damage is time-dependent. Namely, the work potential WT is like that for 
an aging elastic material. This result is expected to apply when the evolution law for Sm is a strong 
function of f m' even if it is not a power law. With cyc1ic loading aresuit similar to Equation (68) 
is found, except the number of cyc1es appears in place of time (Schapery, 1990). 

If deformation viscoelasticity is not significant, then the thermodynamic force f m is that used 
in Sections 2 and 3, viz. -aw / asm . On the other hand, if the constitutive equations are Equations 
(59)-(62), then additional considerations are needed to determine the appropriate representation of 

fm' When Sm is crack speed, then according to viscoelastic fracture mechanics (Schapery, 1984) 
and therelateddamage theory (Schapery, 1991b), one uses f m = -awR 

/ asm , where W R is apseudo 
strain energy; if f m is divided by the length of the crack edge, it becomes the viscoelastic J-integral. 
The potential W R is the same as that for an elastic material, except pseudo strains (apart from El), 

replace strains. 

Representation of the effect of damage on moduli may be through the same functions es' ee' 

gs' and ge as for the elastic composite, except S and Se have to be reinterpreted. They can be found 
experimentally from isochronal curves, as in Figure 6, after the specimen's axial strain is replaced 
by axial pseudo strain if El '" O. When El is not negligible, a modified axial stress and/or axial pseudo 
strain must be used because El does not enter everywhere as a pseudo strain (e.g. see Equation (59». 
To the authors' knowledge, this approach to modelling effects of damage growth in viscoelastic 
composites has not yet been applied to fibre composites. However, it has been successfully used for 
partic1e-reinforced rubber (Park and Schapery, 1994) using two ISVs; details are given therein on 
use of isochronal and constant rate data for characterizing damage-dependent moduli and relating 
the ISVs to axial pseudo strain. 

5. Conclusions 

A work potential has been shown to be capable of accurately modelling the time-independent 
mechanical behaviour of a carbon/epoxy composite during loading by accounting for microdamage 
and transverse cracking. The formulation employed in this paper expresses unidirectional layer 
stresses in terms of strains, because this is more convenient than the inverse form when used in 
laminate analysis. Although further validation of the procedure is warranted, it offers an approach 
for accurately modelling the behaviour of a wide range of fibre-reinforced plastic laminates. 

It was shown that changes in homogenized unidirectional moduli due to microdamage and 

transverse cracks can be correlated using the associated work of damage as the characterizing 
parameter. The same dependence of moduli on work of damage was found from a variety oflayups. 
It was further shown that a strength-based mechanics prediction of softening due to transverse cracks 
is in good agreement with a wide range of experimental results. Prediction of edge delamination in 
three different laminates using the overalliaminate work potential was found to be consistent with 
the observed onset of delamination. 
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Finally, a method for extending the work potential model to allow for strain-based linear 

viscoelastic deformation effects and rate-dependent damage growth was outlined. Further ex peri

mental studies are needed in order to assess the proposed viscoelastic constitutive equations with 

damage growth. When nonlinear viscoelastic deformation effects are significant, constitutive 

equations for a unidirectional layer may be simpIer using stresses, rather than strains, as the 

independent variables (Schapery, 1994). 
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Abstact: Thennoelastic martensitic transfonnation induced plasticity (TMTRIP) is responsible for the 
behaviour of shape memory alloys and is also one of the basic mechanisms for crack tip shielding, i.e., 
toughening of some brittIe structural ceramics. This review article attempts to organize and summarize the 
important research development in the area of constitutive relations and fracture of the martensitic phase 
transfonning materials such as zirconia-containing ceramics and shape memory alloys. Prime concemis paid 
to the micromechanics constitutive description ofthe TMTRIP phenomena and its relations with transfonna
tion toughening. Recent adv anc es in this area are emphasized, especially those in China. 

1. Introduction 

Phase transformations and other critical phenomena, as active research subjects in physics, 

constitute a field full of problems and unexpected discoveries. On the one hand, it is the subject of 

fundamental research in solid state physics, physical metallurgy and materials science; on the other 

hand, many phase transformabIe solids, such as shape memory alloys, steels and some kinds of 

ferroelectric and zirconia ceramics, have very important technical applications in modern high 

technology due to the fact that underexternal applied field these materials can exhibit some reversible 

mechanical and physical behaviours, among which, the thermoelastic martensitic transformation 

induced plasticity (TMTRIP) is most intensively studied from an applied mechanics point of view 

in recent years. The research effort on these materials in the last decade is mainly concentrated on 

the following two closely related basic aspects: (1) the constitutive description of transformation 

plasticity from a macroscopic or micro-macro combined point of view; (2) the influence ofTMTRIP 

on the mechanical properties of materials such as the fracture, toughening and microstructural 

design. Therefore the research itse!f is principally a subject of interdisciplines. 

The structure of this paper is as follows . First a brief description on martensitic phase 

transformations is provided in section 2. A review of some experimenta! and theoretical results on 

the constitutive relations oftransformation plasticity, with prime concern paid to the micromechanics 

constitutive description of TMTRIP phenomena, is then given in section 3. As aresuIt, some 

significant research contributions by other approaches, such as those ofTanaka's group in Japan and 

Fischer's group in Austria are not included. As an important aspect of constitutive research on 
TMTRIP, theresearch advances on transformation plastic flow localization (TPFL) phenomenon are 

described in section 4. Section 5 is devoted to the new research discoveries on toughening behaviour 

of these materials and the microstructura! design of advanced materia!s. 

* Department of Engineering Mechanics, Tsinghua University , Beijing 100084, P.R. China 
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2. Martensitic Ph ase Transformation and its Characteristics 

2.1. Phase and phase transformations 

A given assembly of atoms or molecules may be homogeneous or nonhomogeneous. The 

homogeneous pans of such an assembly, called phases, are characterized by thermodynamic 

properties such as volume, pressure, temperature, and energy. An isolated phase is stabie only when 

its energy (or more generally, its free energy) is a minimum for the specified thermodynamic 
conditions. If the phase present is in a local minimum of the free energy instead of in agiobal 

minimum, and is separated from stilliower minima (under the same thermodynamic condition) by 

energy barriers, the system is then said to be in a metastable state. If barriers do not exist, the state 

ofthe system becomes unstable and the system moves into a stabie or equilibrium state, characterized 

by the lowest possible free energy. As the temperature, pressure, or any other variabie like an applied 

stress, an electric field or a magnetic field acting on a system is varied, the free energy of the system 

changes correspondingly. Whenever such variations of free energy are associated with changes 

in structural details of the ph ase (atomie or electronie configurations ), a phase transformation or 

phase transition is said to occur (see Rao and Rao, 1978). In this paper, our main concern is with the 

continuum mechanical aspects of martensitic phase transitions in solids. The methodology used here 

can be extended to the mechanics research of other kinds of ph ase transitions such as ferroelectric 
and ferroelastic transitions. 

2.2. Martensitic phase transformation and its characteristics 

Historically, martensite was the name given to the hard product obtained during the quenching 

of steels. The name was given in honour of the famous German metallurgist Martens (Wayman, 

1964). A comprehensive definition of martensitic transformation is rather cumbersome. For 

example, a martensitic transformation can be defined as a structural change generated by atomic 

displacements and not achieved by diffusion, corresponding to a homogenous deformation which 

may be different in small adjacent regions and which gives rise to an invariant plane strain through 

which the parent and the product are related by a substitutionallattice correspondence, ahabit plane 

(i.e., invariant plane) and a precise orientation relationship. However, it was found that the 

transformation to martensite was associated with certain characteristic structural features. Such 

features have now been observed in various non-ferrous metallic as well as non-metallic systems, 

such as shape memory alloys and zirconia-containing ceramics. These distinctive features include 

(Wayman, 1964; Christian, 1975): (1) Martensitic transformations are diffusionless in the sense that 

no thermally activated diffusion is required for the growth of the martensite and it is identical in 

chemical composition to the parent phase. During the transformation, the atomic positions in the 

parent phase change systematically and by distances less than the interatomie distances in the lattice. 

(2) The transformation occurs at a very rapid ra te through a shearing of discrete volumes of the 

material. The two phases (martensite and the parent phase) are related by a deformational mechanism 

and show orientational relations. These features have led to the formulation of WLR (Wechsler, 

Lieberman and Read, 1953) phenomenological crystallographic theories of martensitic transforma

tion. Here "phenomenological" means they provide a method of describing consistently what has 

happened, rather than how it actually happened. Even though the theories do not present a detailed 

picture of the actual process by which atoms move during the transformation, they are widely applied 
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by many researchers and are used as the theoretical bases for the kinematical description of 
transformation plasticity. (3) Martensitic transformations usually are athermal, i.e., they occur only 

when the temperature or the applied stress is changing. This behaviour occurs because the shape and 
volume changes associated with the change in crystal structure set up large strains which, due to the 
diffusionless nature of the transition, are not relieved by atomic migration . The resultant increase 

in the elastic strain energy opposes the progress of the transition, causing it to stop while incomplete; 
hence, a large driving force, which comes from undercooling or increase in applied external stress, 

is often required to induce further transformation. There are still some other characteristics in the 
thermodynamics and kinetics of martensitic transformation (see Rao and Rao,1978), but the shape 
and volume change mentioned above is of special importance. Among other things, it contributes to 

the transformationplasticity and to the transformation toughening in ceramics (Garvie et al., 1975; 
McMeeking and Evans, 1982; Evans and Cannon, 1986; Sun and Hwang, 1994) and serves as the 
basis for their application as smart sensors and actuators. In the present paper the authors want to 
restrict themselves to thermoelastic martensitic transformations in metals and non-metals, since this 
kind of transformations are of specific relevance in many technical applications. 

3. Constitutive Relations of Transformation Plasticity 

Although the constitutive relations of materiaIs have long been a very active research subject 
in the cross-field of solid mechanics and materials science, the study of the constitutive law for the 

phase transforming materiaIs, however, is yet much less developed as compared with that of common 
metals. Shape memory alloys (SMA) and zirconia-containing ceramics are typical of metallic and 

nonmetallic thermoelastic martensites. The discovery oftransformation toughening in ceramics, the 
wide application of shape memory alloys and the development of smart materials and structures have 

greatly promoted the constitutive research of TMTRIP in both theory and experiment. The major 
research advances in this activeareain the last decade include: (l)theestablishmentofmicromechanics 

constitutive theories and their applications to transformation toughening and transformation plastic 

flow localization (McMeeking and Evans, 1982; Budiansky et al., 1983; Evans and Cannon, 1986; 

Sun, 1989; Sun, Hwang and Yu, 1991; Sun and Hwang, 1991; Sun andHwang, 1990; 1993a; 1993b; 

1994; Patoor et al., 1988; Stam, 1994; Stam et al., 1994; Yan, 1994); (2) the application of Landau

Devonshire theory of phase transition to the constitutive description of thermoelastic martensite 
(Falk, 1980; 1982; Falk et al., 1990; Müller, 1989; Müller et al., 1991; Song, 1994); (3) the 

application of finite thernloelastic theory to the displacive phase transition and the material 

instability analysis (see Abeyaratne, 1993). Of special significance is the current trend in research 

on the mechanics of phase transformations in solids to combine efforts from materials science, solid 

state physics and solid mechanics. This trend will greatly deepen and enrich our knowledge and 
understanding of TMTRIP and thus greatly push forward this interdiscipline. 

The theoretical preliminaries for the establishment ofthe constitutive relations for transforma

tion plasticity include: (1) a continuum mechanics and thermodynamics framework for constitutive 

relations governing transformation plasticity (Rice, 1971; 1975; Hwang, 1989). For example, a 

general intemal-variable thermodynamics formalism may be employed to derive the constitutive law 

and set up the connection between macroscopic deformation and the underlying mechanisms 

operative on the microscale; (2) a crystallographic theory of martensitic phase transformations (see 
Wechsler et al., 1953); (3) foundations of micromechanics and some basic approaches (such as the 
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self-consistent approach) necessary for the micro-macro transition and for derivation of the free 
energyofthe constitutive element; (4) Landau-Devonshire theory (see,e.g., Falk, 1980) offirstorder 
phase transition and its application to the martensitic transformations. In the micromechanies 
constitutive research of single and polycrystalline transforming solids, a constitutive element 
(representative material sample) is usually taken as the subject of study and the microstructure effects 
such as the crystallographic orientation, internal stress and energy dissipation etc. should be taken 
into account quantitatively. The derived constitutive law is usually required to be tenable for the 
general complex loading paths, so as to describe and to interpret the various phenomena by a unified 
interrelated model. With the higher levels ofinvestigation and with new phenomena constantly being 
discovered (such as transformation localization), new knowledge and new methods are required. The 
recent advances in constitutive research are summarized as follows: 

3.1. Micromechanics constitutive theory of transformation plasticity 

The micromechanics constitutive theory of transformation plasticity aims at establishing an 
explicit quantitative relationship between the macroscopie behaviour of transforming solids and the 
underlying specific microstructure mechanisms and their evolution. Traditionally the constitutive 
behaviour of thermoelastic martensites can be classified under the following major headings : The 

shape memory effect (Figure 1 (c), (f)), the pseudoelasticity (Figure 1 (a), (j)) and theferroelasticity 
(Figure led) (g)) (schematic illustrations of the behaviour are shown in Figure 1). Extensive 
microscopie studies have identified that the various forms of macroscopie behaviour under any 
thermomechanical loading are caused by one or combinations of the following crystallographic 
elementary processes at microstructural level (see the review papers by Delaey et al. (1974) for 
detailed description and physical interpretation): (I) thermoelastic parent to martensite (p~m) 
forward transformation and its reverse transformation (m~p); (2) reorientation from one martensite 
variant under applied stress to another kind of martensite variant (m~m) (see Figures 2 and 3 ). 
Historically, rnicromechanics is closely related with phase transformations. The pioneering work of 
Eshelby (1956; 1957; 1970) on the elastic fieldofan ellipsoidal inclusion notonly laid the foundation 

for micromechanics but also became the starting point in the constitutive research of transformation 
plasticity. The microstructural evolution processes typical of thermoelastic phase transforming 

solids provide ample research potential for the micromechanics. For example, one of the toughest 
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Fig. 1 Schematic illustration of the various stress-strain curves as afunction of temperature 
for a typical shape memory alloy (Ta> Tb > Tc > ...... > Ti> Ti 
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Fig. 2 Schematic illustrations of the mechanisms of pseudoelasticity due co transformation 
(a,b,c,d) and reorientation (ej,g,h), respectively. 
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Fig. 3 Schematic illustrations of the mechanisms of shape memory effects (SME) by 
transformation (a,b,c,d,e) and reorientation (j,g,h,i,e), respectively. 
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problems is how to describe quantitatively the microstructure, its evolution and the interactioneffects 
of stress fields due to individual transforrned variants, which are very important in the derivation of 
the free energy of the material sample. The self-consistent approach is adopted and the research 
results can be summarized as follows: 

3.1.1. Micromechanics constitutive model based on crystallographic theory 

As a first fundamental step in establishing constitutive law of transformation plasticity ,the 
micromechanics constitutive model of single crystals has been investigated by some researchers 

(Patoor et al., 1987; 1988; Yan, Sun and Hwang, 1994a). Starting from the lattice deformation of a 
martensite variant and by using the WLR crystallogcaphic theory of transformation plasticity, 
Patoor, Eberhardt and Berveiller (1987; 1988) first deri ved the following kinematic equations for the 
pure transformation plasticity of thermoelastic martensite single crystals 

ÉV =gIR[jr (1) 
n 

'PT where Ei) is the macroscopic transformation plastic strain rate, g is the lattice constant of 
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Fig.4 Lattice deformation of parent phase (a) and the constitutive element of single crystal (b) 

transfonnation, RI),fn are the orientation tensor and volume fraction of the n th variant in a single 

crystal. They expressed the interaction energy among the variants as 

Einl = vg
2[r En fn + ~ r H

nm 
fn fm] 

n n,m 
(2) 

where V is the volume of the constitutive element, En is the interaction energy between the single 
variant and the matrix, Hnm represents the interaction energy between different variants. However 
the explicit expressions for the H nm have not been derived in the work of Patoor et al. (1988). The 
macroscopie constitutive relations can be finally expressed as (Lkl - macroscopie applied stress, 
Bm_ material constants) 

(3) 

Based on this, the constitutive relation for polycrystals is derived by the self-consistent approach. 

With the assumption that only one variant of martensite is assumed to appear in a grain they 

ca1culated the stress strain curve during simple loading. Besides, a phenomenological yielding 
condition which is sirnilar to the Drucker-Prager criterion is proposed to describe the macroscopie 
dilatant and shear effect during transformation, and it agrees weil with the experimental data under 
proportionalloading conditions. 

Recently, Yan, Sun and Hwang (l994a) combined the crystallographic theory with the Mori

Tanaka self-consistent micromechanics approach (Figure 4), and derived the explicit expressions 

for the interaction energy and so obtained the analytic expres sion for the complementary free energy 
(negative Gibbs free energy) for unit volume of single crystals which is a function of applied 

macroscopie stress, temperature and the volume fractions (fi, h , .. . IN ) of the N kinds of variants 
(N = 24 for shape memory alloys) 
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"'("L.T,Jl.·· ·,JN) 

1 N N N N _ 
=-"L:M:"L+"L: IEffs-(W+M!) I fs+ I IfsfrWst 

2 s=1 s=1 s=lt=1 

(4) 

where"L is the applied macroscopie stress, Ef is the microstructral transformation strain correspond
ing to the formation of the s th kind of variants. T is the temperature, W is the elastic strain energy 
in an infinite medium due to a unit volume of oblate spheroidal inclusion with eigenstrain EP. Wst 

represents the interactive energy between different kinds ofinclusions. Mis the elastic complianee 
tensor and M! is the chemica! free energy change of unit volume from parent to martensite phase. 
The yielding surface for forward transformation of single crystal can be obtained (from analysis of 
energy dissipation rate) as the envelope of the following N hyperplanes in stress space 

N 

YsCE,T,Jl,···,JN) ="L: Ef - (W + MI) + 2L, Wstfs - DO = O. s = 1, . .N (Sa) 
1=1 

and the reverse transformation yielding surface is represented by the envelope of another set of N 

hyperplanes 

N 

Ys("L.T,Jl •... ,JN) ="L: Ef -(W + MI) +2L, Wstfs +DO = 0, s = 1 •... ,N (Sb) 
1=1 

The reorientation process from any kth kind of variants to s th kind of variants is controlled by the 
following N X (N -1) hyperplanes 

N 

Ysk ("L.T • .fi,J2, ... .fN) ="L: (Ef - Ef) + 2 L,fc(WSI - Wkl ) - Dó = O. s = 1 •..• N. k ~ s (Sc) 
1=1 

Thus totally the N x(N + 1) hyperplanes dominate the constitutive response of single crystal under 
any complex loading conditions. The stress-strain relations obey normality rule and can be derived 

in the framework of internal variabie theory. For example. the incremental form of the constitutive 
relation for forward transformation can be expressed as 

. . g2~ ~--1( . k.) E=M:"L- T L.,RsL.,Wsl RI : "L--T 
s=1 1=1 g 

(6) 

where k = dM! / êJ[ is material constant and the summation is only over the active variants. In the 
above work, the effect ofthe inclusion's shape on the e1astic strain energy has also been analysed and 

the stress-strain relations under uniaxial tension is predicted quantitatively. The above constitutive 
relations can be also forrnulated in strain space (Sun. Yan and Hwang, 1994) and the condition for 
the uniqueness of the constitutive response is given. This model provides a theoretica! foundation 

for the description of polycrystals. 

3.1.2. Constitutive model of micromechanies mean field theory 

The early constitutive models developed by McMeeking and Evans (1982), and by Budiansky 
et al. (1983) represent the pioneering work in this area. However, their models completely neglected 
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elemént 

The single 
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Fig. 5 Microstructure of a polycrystalline constitutive element (left, middle) and its 
micromechanics idealization (right). 

the transformation induced shear strains associated with t ~ m transformations. This so-called 
"dilatant transformation" model has significantly enhanced the understanding of transformation 
toughening, but there is an unsatisfactory quantitative agreement with experiments (see, e.g. Evans 

and Cannon, 1986). Lambropoulos (1986) later revealed th at the influence of transformation shear 
component on the shape of the transformation zone and toughening may be quite substantia!, and his 

work has certainly triggered further research into the effect of transformation shear. Almost parallel 

to the theoretica! work on transformation plasticity, significant experimental evidences for transfor
mation shear were demonstrated by Chen and Reyes-Morel (1986), Reyes-Morel and Chen (1988), 
Reyes-Morel, Cherng and Chen (1988) and Sun, Huang, Yu and Hwang (1990), and their 
experiments all showed shear and dilatation effects of comparabie magnitude. Based upon this, Sun, 
Hwang and Yu (1991) developed a new, micromechanics based continuum model oftransformation 
plasticity for polycrystals with shear and dilatational effects. In the sense of the average of the 

microscopic field in a constitutive element, the self-consistent Mori-Tanaka theory (Mori and 
Tanaka, 1973; Mura, 1987; 1988) is employed to derive the expression for the interactions of the 

stress field of transformation (see Figure 5). The model of Sun et al. has been adopted to predict the 

constitutive behaviour of zirconia-containing ceramics and extended to shape memory alloys (Sun 
andHwang, 1991; 1993a; 1993b; 1994) and is recently used to study the transformation toughening 

and transformation plastic flow localization (Sun and Hwang, 1992; Stam, 1994; Stam et al., 1994; 

Ouo et al., 1994). For thermoelastic martensitic polycrystals with nucleation con trol and stress

biased orientation (i .e., the assumption that deviatoric eigenstrain of grain is parallel to average 

deviatoric stress of matrix), the expression of the Helmholtz free energy of the constitutive element 
can be derived as 

( re pd ) _ 1 ( p) -I ( p) I/J Eij,T,f,f ,< eij >V,e - '2 Eij - f < eij >v[ Mijk/(T) Ekl - f < ekl >v[ 

- ~ B (T)TJ2fre + ~ B (T) < e Pd > < e Pd > (fre)2 4 1 2 1 IJ V,e IJ Vre 

- 'i B2 (T)(e PVhf - f2)+ 6Ysfl dO + .1H(T)f 
2 

(7) 
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P 
Eij (t) 

Elastic unloading \\~"""""I..L.I 
H 

strain associated with the transforma
tion, Eij is macroscopic strain; T, tem
perature; f, vol urne fraction of 
martensites; re, volume fraction of 
reoriented martensite grains with long 

range shear; < eCd >Vre ' deviatoric 
eigenstrain averaged over reoriented 

grains; VI and Vre , the volumes occu

pied by the transformed martensite and 

the reoriented martensite, respectively; 
t;Pv the constant lattice volume dilata
tion. Other quantities in the above equa

tion are either material constants or 
material functions of the independent 

-+------+--------1---- L" 

Elastic unloading / 

PL loading f.~ (t) variables given. Based upon the energy 
dissipation analysis (pre-knowledge of Fig. 6 
the evolution ofthe dissipated work as a 
function of the intemal variables), the 

Forward and reverse transformation surf aces 
under proportionalloading (PL) and non
proportionalloading (NPL)history. 

forward and re verse transformation con-
ditions (both are deformation history dependent) of the constitutive element in stress space are 

derived as 

Ff (Li)' T,f ,re, < eCd >Vre ) = ~ J( Si} - fre BI (T) < er >Vre ) 

+ 3ePV [Lm - fB2 (T)ePv ] - Co (T,f) = 0; 
(8) 

Fr( Lij,T,f,fre, < eCd >Vre ,t') = [Sij - re BI (T) < eCd >Vre ]er (t') 

+ 3ePV [ Lm - fB2 (T)e PV ] - Cl (T,f) = 0, 
(9) 

( )
1/2 . . . 

where J(aij) = 3aijai} /2 and macroscopic stress IS decomposed as Lij = Si} + LmOij' t' IS the 
past time parameter, t' E [0, t], t is current time. Equation (9) is the criterion ofreverse transforma

tion for the variant that was forward transformed at time t'. The forward transformation history is 
recorded by a memory function of t' (t' ~ t). For the reorientation processes of the fIrst and second 
kinds (see Sun and Hwang, 1993 a, b), the yield surfaces are derived, respectively, as 

(10) 

Fre( Lij , T,fre ,< eCd >Vre ,t') = ~ J(Sij - fre BI (T) < eCd >vrJ 

-[5 .. - fre B (T) < e Pd > ]ePd(t') - D re2 = 0 IJ I IJ Vre IJ 0 . 
(11) 

Detailed defInitions for various quantities in the above equations are provided in the papers of Sun 
and Hwang (1993a; 1993b; 1994). 
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Fig. 7 Two-dimensional illustrations of the second kind of the reorientation process activated 
by NPL at high (a) and low (b) temperatures, respectively. 

The yield surfaces of typical shape memory alloys under proportional and non-proportional 
10ading histories in the two-dimensional stress space can be predicted by the present theory, as 
depicted in Figures 6 and 7. A corner structure of the yield surface for re verse transformation af ter 
a non-proportional transformation history is established in the figures. In Figure 6, CD represents the 
reverse transfonnation yield hyperplane after a proportionalloading history OA, whereas the conical 
surface HIJ denotes the reverse transformation yield condition after a nonproportional ~ading 
history OEF. Figure 7(a) shows the second kind of reorientation yield surface (paraboloid Fre = 0) 

af ter a 10ading history oabc at temperature T > Af' and Figure 7 (b) shows the case at T < M f' When 
used in the transformation toughening analysis of structural ceramics, the above constitutive model 
gives much better toughening prediction than BHL (Budiansky et al., 1983) model (see Sun, 1989: 
Sun, Huang, Yu and Hwang, 1991 ; Stam, 1994; Stam et al. , 1994). 

Another important application of this micromechanics constitutive theory to transformabie 
polycrystals is the prediction of the materials behaviour related with transformation localization 
phenomena (Stam, 1994; Stam et al., 1994). For the macroscopic transformation localization of 
zirconia containing ceramics (such as Ce-TZP) induced by autocatalytic mechanism, this theory 
bears the following significance: (1) For pure dilatational and autocatalytic transformation of 

polycrystals with equal grain size, the bulk modulus during transformation is -4J.1./3 , which is 
identical to the bifurcation condition (critical transformation ofBudiansky et al.(1983)) with loss of 
ellipticity of the governing equation of dilatational plasticity. (2) For autocatalytic transformation 
with both shear and volumetric effects, the above theory can be used for the successful numerical 
simulation of the unstable growth of the narrow elongated transformation zone ahead of crack tip due 
to autocatalytic transformation, and henceforth provides an essen ti al approach to estimate the 
undesirable reduction in crack tip shielding (see Guo et al., 1994). (3) According to the toughening 
theory based on controlling the spreading of localization (Marshall et al.1991; Marshall 1992), one 
can introduce the so-called dual-scale microstructure to control the direction ofthe localization and 
thus substantially increase the fracture toughness ofceramics. The constitutive model ofSun, Hwang 
and Yu (1991) provides a pertinent model for its quantitative realization (see sections 4 and 5 ofthis 
review paper). 
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3.1.3. Landau theory of phase transition and its applications to TMTRIP 

Martensitic phase transitions are defined as diffusionless solid state structural phase transitions 
of first order with a deformation of the lattice such that a macroscopie strain results. Occasionally 
the first order condition is not inc1uded in the definition. Attempts have been made to describe 
martensitic phase transitions by means of the Landau-Devonshire theory by a number of 
researchers, among them the work of Falk (1980; 1982; 1990), Müller (1989) and Müller and Xu 
(1991) are most frequently cited. In 1980 Falk established a one-dimensional model on the 
constitutive relations of shape memory alloys, where the shear strain and shear stress were identified 
with the order parameter and the response, respectively. Some of the most important characteristics 
of the deformation features (such as lattice softening, pseudoelasticity, shape memory, ferroelasticity, 
etc.) are predicted qualitatively by this model. Tt can be conc1uded that theLandau-Devonshire theory 
or its extended version is one of the powerful universal therrnodynamic approaches to the problems 
conceming martensitic transformations, because even such a one-dimensional model has demon
strated its power. Some researchers are encouraged by this and use this theory as one of the 
theoretical bases in establishing the constitutive model of transformation plasticity. As a phenom
enological model, however, it has the following intrinsic shortcomings: (1) So farit is only successful 
in one dimension; recently attempts have been made to extend the theory to three dimensions (Falk 
and Konopka, 1990). Some difficulties still exist, one of which is the scale to be used in defining the 
relevant strain, for example in polycrystals the lattice deformation usually does not coincide with the 
macroscopie strain. (2) Though the theory is universal, far-reaching and deeply sighted, due to its 
phenomenological nature it is unable to take account of the microstructural effects such as the 
transformation induced internal stress, crystallographic orientation, shape of the martensite and 
interface friction etc. in the theoretical modelling. Tt seems that a possible way to overcome the above 

deficiency is to incorporate this thermodynamics theory, together with crystallography, microstruc
ture and micromechanics into the continuum forrnulation of the constitutive description. 

Recently a systematic research effort toward such a goal has been made (Song, 1994). In the 
work of Song (1994) the Landau-Devonshire theory of first order phase transi tion is incorporated into 
the micromechanics constitutive descriptions of polycrystals and combined with the crystallo
graphic theory of marte n site transformation. The forward and reverse transformations are treated as 
an instability in therrnodynamic equilibrium and the variations of eigen strain and stress hysteresis 

with temperature are weil described. Under the assumption of instantaneous transformation within 
a grain of polycrystal and the assumption that only one martensite variant is produced in a grain 
during transformation, the Gibbs free energy function of the constitutive element is derived as 

G(L,T,j,< EP >VI'< r.P : EP >V/) = -~L: M(T): L- L: f < EP >VI 

-~ f[ BI < EPd : e
pd 

>VI +3~ < (ePv
)2 >VI] 

+ .!. f2 BI < EPd >VI:< epd >VI 
2 

+2 < ePv >2 f2 + MiP-mf 
2 

(12) 

where ePv = eC /3, eCd = eC - ePv Dij, Mi p-m is the difference in the Helmholtz free energy of the 
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two stress free phases. According to the crystallographic theory of martensitic transfonnation and 
the Landau-Devonshire theory of first order phase transition, the foIIowing expressions can be 

redefined 

1 
EP = - L1g(en + ne) = L1gR 

2 
L1g = gm - gp 

M/p- m = Hm -HP (13) 

= dg~/6 - bg!1 4+ aCT -To)g~ 12 

- [dg~/6 -bg~1 4 + aCT - To)g~ 12] 

where g is the order parameter defined as the 
displacement of atoms along vector e, g pand 
gm are the order parameters of the parent and 
martensite phases, respectively (see Figure 

8), d, b and a are material constants. Af ter 
substituting Equation (13) into Equation (12) 
andreplacing gm byvariable g, wecanobtain 

ëJG 1 é1f1l: T' which can beconsidered as Gibbs 
free energy change during transfonnation of 
unit volume ofparent phase to martensite. gm 
and g p should be calculated from the foIIow
ing equilibrium and critical conditions (de

note ëJGlé1fIl:,T by L1f G) 

J(L1f G) = 0 
Jg 

J2(L1f G) 
2 =0 

Jg 

(14) 

Fig. 8 Schematic illustrations of the lattice 
deformation during first order 
martensitic phase transition: 

original stress-free parent 
phase lattice; 

--_._-- the lattice ofthe parent 
phase just before the 
transformation; 

--------- the lattice after the 
transformation 

gp = 0 when the transfonnation is stress-free. The critical conditions (yield surface equation) for 
forward and reverse transfonnations can be finally derived respectively 

(l;- fBI (T) < EPd >v[ ): R - fB2(T) < ePv >v [ cosa 

+ [(±+ cos
2 a)B1 + ~~ cos

2 
a ](gmr - gpr) = dg~r - bg~r +a(T - TO)gmr 

(16) 

where a is the angle between e and n, the calculated gpr and gmr are respectively the values of 
g of the parent and martensite phases at the reverse transfonnation. The incremental constitutive 
relations can be obtained by nonnality rule. Theoretical predictions for the pseudoelastic stress-strain 

curve of shape memory aIIoys are shown in Figure 9. 
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This model overcomes some of the shortcomings of the previous models and is more universal. 
Some experimental phenomena such as the transformation curve (temperature-strain) during an 
autocatalytic transformation which the current existing models are unable to predict, can be now 
successfully explained by this new model (see Song, 1994). 

3.1.4. Thermoelastic theory of phase transition and material instability 

Thermoelasticity theory has been used to study certain general issues pertaining to solids th at 
undergo reversible stress and temperature induced phase transformations. Various continuum-level 
issues related to reversible phase transformations in crystalline solids have been successfully studied 

using the theory of finite thermoelasticity (see Ericksen (1975) and J ames (1986)). For athermoelastic 
material, the Helmholtz free-energy function I/J depends on the deformation gradient tensor F and 
the temperature T: I/J = I/J(F, T). Ifthe stress free material can existin two phases, then the free energy 

function must have two separate energy-wells, each weil corresponding to one phase. At T = Tc, the 

two minima have the same value; for T > Tc the austenite minimum is smaller, while for T < Tc ' 

the martensite minimum is smaller. A complete constitutive description of the material consists of 

three ingredients: a Helmholtz free energy function which describes the response of each individual 
phase, a nucleation criterion which signals the conditions under which the transition from one phase 

to another commences, and a kinetic law which characterizes the rate at which this transition 
progresses. 

Much recent activity in continuum mechanics studies on thermoelastic phase transitions has 

been focused on two basic issues: the first one concerns energy minimizing deformations corre
sponding to the stable configurations of a body; the second is related to the non-equilibrium evolution 

of a body towards such stabIe configu
rations through intermediate states of 
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Pseudoelastic stress-strain curves of a typical 
SMA predicted by combining micromechanics 
with the Landau-Devonshire theory 
(J a>T b>Tc); af ter Song (1994) 

metastability. The above two issues 
have been comprehensively summa

rized by Abeyaratne(1992). A con

tinuum constitutive model for 
thermoelastic solids has been recently 
constructed by Abeyaratneet al.(1993). 

The free energy is associated with a 
three-well potential energy function; 

the kinetic relation is based on thermal 
acti vation theory; nucleation is as

sumed to occur at a critical value of the 

appropriate energy barrier. The pre

dictions ofthe model in various quasi

static thermomechanical loadings are 

examined and compared with ex peri
mental observations. 
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4. Autocatalytic Transformation and the Induced Plastic Localization 

The discovery of transfonnation plastic flow localization phenomena in ceramics and shape 

memory alloys stimulated a lot of research in the last few years. The transfonnation localization in 

ceramics is considered to be induced by an autocatalysis effect in the process oftransfonnation. From 
the point of view of maten als science, the autocatalytic transformation is initiated by a multiple
nucleation event (Chen and Reyes-Morel , 1986; Reyes-Morel and Chen, 1988; Reyes-Morel, 
Cherng and Chen, 1988) that, once realized, can stimulate further transformation to propagaterapidly 
over an extended region. The transfonnation in Ce-TZP ceramics is thennoelastic in nature, so the 

transfonnation induced internal stress and the corresponding stored elastic strain energy wil! have 

very important influence on the thennodynamics and kinetics of transformation (Delaey et al., 1974; 

Reyes-Morel and Chen, 1988; Sun and Hwang, 1994). From the micromechanical consideration, the 

average intemal stress in the matrix caused by transfonnation is conducive to the further transfor
mation of the remaining grains of the parent phase in the matrix. This kind of intemal stress effect 
is most obvious in the case of equal grain size distribution (so the equal potency of nucleating sites 
in each grain). It is clear th at this chain reaction, once initiated, is expected to require somewhat lower 

driving force to sustain, hence resulting in an external!y applied stress decrease (the macroscopic 
load drop as observed in expenments). 

4.1. Constitutive Description of Autocatalytic Transformation 

The micromechanics constitutive model accounting for such important effect with the typical 

softening stress-strain response has been established by Sun, Hwang and Yu (1991). This model is 

used as the starting point for the localization analysis and the numerical simulation of the resulting 

crack-tip morphology. The macroscopic incremental stress-strain relation can be expressed as 

tij = LijklÉkl 

where the tangent modulus tensor can be derived to be 

L. . - LO. _ (LijmnTmn)(TpqL~qkl) 
Ijkl - IJkt h T LO T 

+ ab abcd cd 

(17) 

(18) 

in which Lijkl is the elastic stiffness tensor, T;.j = ePv 
(jij + A sf! / cr:' ' A = 3eed eed /2 = -./377 /2, 

h=2BIA2i3+ 3B2(e Pv )2 +aBO(ePv )2. Detailed meaning of the parameters in the above 

expressions are given in references (Sun, Hwang and Yu, 1991; Stam, 1994). 

4.2. Localization analysis 

The tenn localization refers to the situations in which the deformations concentrate into a band 
as an outcome of the constitutive behaviour of the material. The onentation of the band is 
characteristic of the material, rather than a consequence of the boundary conditions. According to 
Rice (1976), localization of plastic flow is a special type of material instability, which is associated 

with loss of el!ipticity of the governing differential equations. For the constitutive law described in 

Equations (17) and (18), the localization condition can be written as 

(19) 
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Fig.lO Critical values of a and f3 under uniaxial tension (a) and compression (b). 

where n is the unit vector norrnal to the plane of discontinuity (band) and m is another unit vector. 

Equation (19) has to be satisfied by mand n for the localization mode to be possible. The onset of 
the localization occurs at the first point in the deformation history for which a nontrivial solution of 
Equation (19) exists. 

For the transformation with shear and dilatant effects, such as those in zirconia-containing 
ceramics (TZP and PSZ), there are two material parameters dominating the constitutive response, 
i.e., the hardening coefficient a and the factor A( = 3~ePv) which governs the influence of shear. 
The localization analysis of ceramics was first perforrned by Stam (1994) for plane strain condition. 

A more general analysis is recently given by Yan et al. (1994b). By using the constitutive model of 
Sun, Hwang and Yu (1991), Yan et al. (1994b) proved that the critical condition of 10calization in 
ceramics for a non-proportionalloading history can be expressed as 

A
2 

[ M 2 M M] Ae
Pv 

M ~ (n'n 's· ' ) -2(I-v)nkn·s .. sk' -2(I+v)--nkn 'sk ' 
( _/YMJ ')L. IJIJ IIJ'.j M J'.j 
~e ~e (20) 

+16-20v A2+a[14-10V A2+2(I+V)(ePV)2J=0 
45 45 

where v is the Poisson' s ratio. 

For the case of pure dilational transformation (A = 0), it can be shown that the 10calization 

develops (ellipticity is lost) when a = 0, i.e., the slope B( = imf Êü) of the volume stress-volume 

strain curve (Lm - Eü ) has a negative value -4Jl./3 (Jl. is the elastic shear modulus). This 
theoretical prediction is in agreement with the critical transformation defined by Budiansky et 
al.(1983). 

The localization conditions for uniaxial tension and compression are calculated respectively 
by Yan et al. (1994b, see Figures 10 and 11), and the result indicates th at for the Ce-TZP ceramics 
under uniaxial tension stress state the localized deformation band appears when a ~ 1. For A = 3ePv 

(or ho = 1) the plane of the band is normal to the tensile axis (Figure 11), which is in agreement with 
the available experimental observations (Qing et al., 1993; Sun, Zhao, Chen, Qing and Dai, 1994). 
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Fig. 11 The variation of the band orientation with IX and [3, 
(a) uniaxial tension and (b) uniaxial compression. 

For 10calization under uniaxial compression, acceptable agreement between theoretica! prediction 

and experiments (Reyes-More and Chen, 1988) is obtained. The implications of 10calization on the 
material toughening and microstructural design will be illustrated in the following. 

5. Transformation Toughening and Microstructure Design - Some new 
Advances 

5.1. Transformation toughening 

The discovery of transformation toughening phenomena by Garvie et al. (1975) caused an 
explosion of research work in the area of zirconia-reinforced ceramic composites. Since the 

publication of that milestone work, significant progress has been made in improving the mode-I 
fracture toughness of these materiais. Now it has been commonly accepted that stress induced 
martensitic transformations can substantially enhance the fracture toughness ofbrittle solids (Evans 

and Cannon,1986). The effect has been most extensively investigated in Zr02 and in various 
matrices with a Zr02 second phase. In this system, the transformation entails a change from the 

tetragonal (t) to the monoclinic (m) ph ase and the toughness of certain ceramics can be increased, 

sometimes by an order of magnitude, by transformation plastici ty at the crack tipregion (Evans, 1990). 
Such large effects are unprecedented in material systems incapable of crack tip blunting. The 

scientific basis underlying this phenomenon has progressed at a similarly remarkable pace by 
contributions from the ceramic science and applied mechanics. The fundamental basis for 
comprehending the toughening phenomenon resides in the thermodynamics and associated kinetics 

of the stress induced transformation. The constitutive laws governing stress-induced martensitic 
transfonnations lead directly to descriptions of crack tip fields which, in turn, define the levels of 

transformation toughening. The tougheningeffectcan be modelled in two ways. In the first approach, 
the stress-shielding effect at the crack tip due to the residual strain fields which develops following 

transformation, is computed using the constitutive law and fracture mechanics. This method was 
initially proposed by McMeeking andEvans (1982) and Budiansky et al.(1983) and was laterrefined 

by other researchers. The second approach is to directly estimate the energy dissipation due to 
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transfonnation th at occurs as the crack advances. Budiansky et al.(l983) have perfonned these 
calculations for a series of dilatant transfonning materials with different strain hardening or 

softening, and this approach can be extended to the transfonnations with dilatant and shear effects. 
For a systematic description of the associated scientific principles and their applications, the readers 
are referred to papers by Evans and Cannon (1986) and Evans (1990). 

Recently, anomalous crack tip transfonnation zone morphology resulting from autocatalysis 
transfonnation attracts strong interest of the researchers in this area. Since such anomalous frontal 
zones will decrease the degree of shielding and thus be detrimental to toughening, the scientific 
understanding and simulation of this phenomenon, and further con trol of the spreading of the 
localized transfonnation zone by microstructure design represents a significant research challenge 
in this area. A recent study is concentrated on two aspects: (1) the role of autocatalysis and shear 

effects on plasticity and toughening, (2) optimum microstructure design. 

5.2. Some experimental phenomena 

Recent experimental studies on stress-strain behaviours and transfonnation zones of zirconia 
ceramics have shown an interesting anomaly (Chen and Reyes-Morel, 1986; Reyes-Morel and Chen, 
1988; Rose and Swain, 1988; Yu and Shetty, 1989; Yu et al., 1992; Sun, Zhao, Chen, Qing andDai, 
1994; Tsai et al., 1991; MarshalI, 1990; 1992): In magnesia-partially-stabilized zirconia (Mg-PSZ) 
ceramics the transfonnation zone fronts ahead of the crack are found to be nearly semicircular, and 
the corresponding stress-strain curves in both tension and compression show a gradual transition 
from elastic to plastic behaviour. The ceria-stabilized tetragonal zirconia polycrystals (Ce-TZP) 

ceramics on the other hand, ho wever, exhibit typically thin elongated crack tip zones with zone 
lengths approximately 10 times the zone widths (see Figure 12), and the stress-strain curve exhibits 
burst transfonnation. A distinct yield point (load drop) and localized transfonnation bands are 
observed in tension, compression and bending. Some investigations (Reyes-Morel and Chen,1988; 

(a) 

: 
(b) 

Fig.12 (A) Transformation zone boundaries in Ce
TZP ceramics during autocatalytic 
transformation corresponding to two 
stages of crack growth (Marshall,1990) : 
solid lines at crack extension of 180 Jlm, 
broken lines at crack extension of 1.3 mmo 
(B) Zone shape and tractions used to 
calculate crack-tip shielding for the zones 
of(A). 

Tsai et al., 1991) have demonstrated that 
the typical behaviour in Ce-TZP is result
ing from the shear effect and autocatalytic 
transfonnation. Thus a potential link be
tween shear effect, autocatalytic transfor
mation and the elongated zone shape and 
localized band in Ce-TZP has been specu
lated. Recently a lamellar composite Con

taining alternating layers of Ce-TZP and a 
mixture of Al20 3 and Ce - zr02 has been 
fabricated using a colloidal technique and 
the followingencouragingresults have been 
obtained from experiments (Marshall et 
al., 1991; Marshall, 1992) (Figure 13): (1) 
The layers interacted strongly with the trans
fonnation zones surrounding cracks and 

indentations, causing the zones to spread 

along the regions adjacent to the layers and 
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leading to enhanced fracture toughness. (2) This multilayered 

microstructure exhibited R-curve behaviour for cracks ori
ented normal to the layers, with the critical stress intensity 
factorincreasing by a factorof3.5 from the starting toughness 

of the Ce-TZP (-5MPa..JiTI) to a value of at least 17.5 

MPa..JiTI (this value is not saturated to a steady state). (3) 
Zone spreading and toughening effects were observed for 

cracks growing parallel to the layers as well as for those 

oriented normal to the layers. Thus the understanding and 

simulations ofthe above mentioned phenomenon by a proper 

theoretical model and at the same time further employing the 

phenomenon in rnicrostrucural design of advanced materials 

represent a very challenging research subject. From the 

continuum mechanics points of view, we need to know why 

autocatalytic transformation leads to the above mentioned 

phenomena, and how to incorporate such underlying mecha

nism into the constitutive description and how to predict and 
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Fig. 13 Transformation localiza-
tion zone propagating 
perpendicular to the 
crack when a meso
structural Al20 3/Ce-ZrO 2 
plate is laid in front of 
the crack. 

simulate the phenomena by theoretical analysis and numerical computations. Since such experimen

tal phenomena commonly exist in many kinds of phase transitions, the investigation on this subject 

is undoubtedly of great theoretical and practical importance. The recent advances are reported below. 

5.3. The effe cts of transformation shear and autocatalysis on toughening 

Shear effects on transformation toughening have been explored by some researchers from 

theoretical, numerical and experimental points of view (Lambropoulos, 1986; Chen and Reyes

Morel, 1986; Reyes-Morel and Chen, 1988; Sun, Hwang and Yu, 1991; Stam, 1994; Stam et al., 
1994, etc.) and are found to be very substantiaJ. Recent research interest in this aspect is on the effect 

of shear on toughening and the crack tip transformation zone morphology (see Stam (1994); Stump 

(1991) and Stump and Budiansky (1990». The recent numerical study for the transformation zone 

and toughening under both small scale transformation condition and single edge notched beam 

specimen presented by Guo et al. (1994) demonstrates: (1) The transformation zone shape changes 

abruptly when the localization condition of transformation is approached. This is characterized by 

two important parameters a and ho which reflect the contribution of autocatalysis and transforma

tion shear, respectively. The profound effect of autocatalysis and shear is weil incorporated by the 

micromechanics constitutive model of Sun, Hwang and Yu (1991). (2) By properly selecting the 

parameters a and ho, the observed narrow-elongated and the branching crack-tip transformation 

zones of Ce-TZP at low temperatures, where autocalysis prevails, can be successfully simulated in 

the finite element program by using this model (see Figure 14) . Thus the phenomenon of the 

anomalous crack-tip zone morphology of Ce-TZP observed in experiments (Rose and Swain, 1988; 

Yu and Shetty, 1989) is explained from the continuum mechanics point of view. (3) The negative 

shielding effect of transformation toughening for a stationary crack under plane stress condition is 

discovered first (Figure 15). The toughness enhancement L1K tip values are calculated for various a 
and ho. The results agree with the J -integral calculations which are no longer path independent. 

Since the "negative shielding effect" generally exists for a stationary crack with all parameters of a 
and ho under plane stress condition, it is not very clear whether such an effect also exists in the case 
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of plane strain. So a further calculation wiU he performed to check this point. The crack tip frontal 
zone simulation and toughening calculation for growing crack (the R-curve) are in progress. 
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Fig.14 Numerical results ofthe typical crack tip transformation zone shape due to autocataly
tic transformation by using the model of Sun, Hwang and Yu(l991a): the variation of 
the transformation zone shape with the applied load (where Eave is the average tensile 
strain in the specimen calculated by the applied node displacement, Ec is the tensile 
yielding strain) for a stationary crack in the case of ho = 0.55, a = 0.95 (a ,b,c). 
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Fig.15 The variation in the amount of shielding (curves with peaks) and in the calculated 
applied stress intensity factor (monotonically increasing curves) with the applied dis
placement loading. E -Young's modulus, a -crack length, Ec' Eave -same as in 
Figure 14. Stationary crack in the cases of a =0.9, ho = 0.2, 0.4 , and a =0.95, 
ho =0.4, 055 . (Guo et al., 1994). 

5.4. Some advances on optimum material microstructure design 

Advanced composites, due to their combined advantage in various physical and mechanical 
properties, are finding ever increasing applications in areas of modem high technology. The 
development of such material is an essential concern in the building of space platforms, hypersonic 
vehicJes and other military systems. Many of these applications require materials which will survive 
against the impact loading and have the high capacity of energy absorption, high strength and 
toughness and resilienee af ter inelastic deformation. In developing such materiais , modelling their 
properties and predicting their behaviour poses challenging theoretica,1 problems to the scientists of 
both materials and mechanics by the fact that these composites are of ten manufactured and 
synthesized under the guidance of material design. They are generally constituted by two or more 
materials with unequal elastic constants and stress-strain responses, etc .. They develop highly 
inhomogeneous stress and strain fields when loaded either thermally or mechanically. The charac
teristic length sc ale of the inhomogeneity of the stresses and strains is determined by the geometry 
of the microstructure. Successful fundamental research into the properties and reliability of the 
composite therefore requires theoretical models that treat the materials as discontinuous on the same 
microscopie scale and predict the macroscopie behaviour correctly. In doing this, micromechanics 
approach will play a dominant role. 

(1) Effect of dual-scale microstructure on toughness of laminar zirconia composite. The 
numerical simulation by Sun, Guo and Li (1994) successfully reproduced the experimentally 
observed two effects of the dual-scale microstructure (see Figure 13) on the toughness of a 
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lamellar composite, i.e., the truncation of the elongated frontal zone that fonns in single phase 

Ce- zr02 and the spreading of the transfonnation zone along the layers nonnal to the crack 

plane. Quantitative analysis on the role of microstructure in transfonnation toughening is first 

carried out in their work which wiU provide a starting point for the microstructural design in the 

future. 

(2) Micromechanics analysis on the microstructure design oftwo-phase pseudoelastic compos
ite. Recently, a micromechanics analysis and scientific foundation for the possibility of 

designing a two-phase pseudoelastic composite with pseudoelastic toughening have been 

fonnulated for the case where ductile transfonnable shape memory alloy partic1es are embedded 

coherently in an elastic matrix. It is demonstrated th at a pseudoelastic stress-strain loop in a 

macroscopic loading-unloading cycle can be obtained by microscopical1y stress induced 

forward and reverse martensitic transfonnations in the shape memory alloy partic1es. The 

toughening analysis of this innovative microstructure is given and a theoretical fonnula for the 

evaluation of toughness enhancement due to the pseudoelasticity is derived (Sun, 1994). A 

numerical study of this pseudoelastic toughening was recently perfonned by Stam (1994). 
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Abstract: Results of a combined experimenLaI and numerical study on crack processes in concrete and rock are 
presenLed. The fracture process in these britLle disordered materials is a complicated non-uniform process ranging from 
disLributed microcracking to crack face bridging. Crack-face bridging has been idenLified as the main LOughening 
mechanism leading to Lhe long Lail in the softening diagram. The crack-face bridges are overlapping crack tips near sLiff 
inclusions in the material. Because of Lhe non-uniformity of the fracture process, the rOLaLional stiffness of the loading 
plaLCns has asignificanteffecton Lhe fractureenergy and stress-crack opening behaviour in tension. The boundary effecLS 
were analysed using Lhe numericallamice model and compared with experimenLaI observaLions. 

In Lhe latLice model Lhe material is discretized in a network of beam elemenLS. After the adjustrnent of the elasLic 
sLiffness ofthe latLice, fracture can be simulatcd quite realistically. In Lhe paper different approaches are compared. The 
resulLS suggest Lhat realistic fracture patterns can be simulated when the material sLructure is carefully mapped on a 
regular or random Lriangular lattice. The fracture law at the beam level in the lattice model is still open to debate, as is 
Lhe meLhod needed for Lhe determination of the model parameters. These issues are also addressed in Lhis paper. 

1. Introduction 

Fracture mechanics of concrete is a rapidly expanding field of research. The effort is 
concentrated on deriving numerical models to analyse the behaviour of concrete structures. It is 
essential in such approaches that the parameters needed in the numerical models can be derived in 
a simple and straightforward manner. It would be most convenient if the material properties could 
be measured directly from fundamental experiments in tension, (multiaxial) compression or shear. 
Complex interactions exist however, between the fracture zone, the specimen geometry (size and 
shape) and boundary conditions. This implies that it is not possible to retrieve material properties 
direetly from experiments. Instead a (semi-) inverse modelling technique should be used to derive 
the input parameters for any given model. Obviously a relationship exists between the model 
representing the phenomena thatare simulated, and the required input parameters. The physical basis 

for such a model is important, as it is hoped this will eventually lead to well-defined material 
constants. At present the most simple model comaining the least elaborate parameters seems the best 
choice for concrete and rock, provided of course that the model is capable of capturing the most 

essential fracture phenomena in these materiaIs. 

Concrete, rock and (non-transfonnable) ceramics are eomplicated brittIe matrix composites. 

The macroscopie or global fracture behaviourof such materials is highly non-linear. In fact the global 
response represents structural changes occuring at the locallevel, i.e. the microscopie or mesoscopie 
material structure. For concrete the typical size range of the material structure responsible for the 

macroscopie mechanical behaviour is the meso-level, where aggregate particles are embedded in a 

* Delft University of Techllology , Department of Civil Engineering,Stevin Laboratory, P.O. Box 5048, 
2600GA Delft, The Netherlands. 
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brittle cement matrix. The typical size range of the aggregates is bet ween several hundreds of a 

micrometre up to 20 mmo For ceramics the size range is much smaller, i.e. it is confined to the 

micrometre range, whereas for rocks microstructures are found at a variety of size scales. For 
example, sandstones are found with a rather uniform particle structure in the 1-2 mm range, but there 

are also conglomerates that resembie concrete with particles sizes up to 50 mmo 

An essential feature of fracture of the aforementioned brittie disordered materials is the fact 
that microcracking occurs at the level of the material structure and preceeds the development of 

global cracks. Basically, it seems th at mode I fracturing occurs before friction al slip takes place. Even 
under global compressive stress, tensile microcracking is observed; it precedes the growth of global 
shear fractures. Recently developed lattice-type fracture models are an interesting technique to 

capture these basic microcrack phenomena. In lattice models the continuum is discretized in a 

network of bar or beam elements. The properties of the lattice elements have to be chosen such that 
the overall elastic properties of a complete lattice resembie the global elastic properties of the 
material that is modelled. Fracture can be simulated in a lattice by removing a lattice element af ter 

an effective stress in the element exceeds the strength th at was assigned to that particular element. 
The assignment of strength and stiffness to the lattice elements can be done in a variety of manners. 

Perhaps the simplest way is the selection of an appropriate stochastic distribution of beam strengths 
and the assignment of different values to each of the lattice elements. Another approach would be 

to map the material structure, either a computer-generated structure or a digital image taken from a 
section through the real material, directlyon top of a lattice. 

In this paper different types of lattice models for simulating fracture in brittIe disordered 
materials will be outlined. The emphasis will be on the discretization method, the procedure to 

introduce heterogeneity, the definition of a fracture law at the level of the lattice elements, and the 

parameter identification procedure. At several stages examples of simulations of laboratory scale 
specimens will be presented and, where possible, be compared with experimental results. Many 

experiments were performed parallel to the simulations. The main goal of these exercises was to 
come to an improved fundamental insight into the fracture processes in brittIe disordered materiais. 

The simulation technique gives promising results so far, in particular for global tension and 

combined tension/shear. Efforts are being undertaken to modify the models so that compression can 

be simulated as weil. The technique may possibly be suitable foruse in the near future forengineering 
materials with carefully designed properties for specific applications. Moreover, as will be demon
strated, the technique is a useful tooi in the search for reliable laboratory procedures. 

2. Mechanisms of Fracture in Concrete and Rock 

Before addressing the basics of lattice-type models the existing ideas on fracture mechanisms 
in concrete and sandstone will be briefly described. The discussion will be limited to these materials 

as they have some elements of behaviour in common. Let us consider the particle model of Figure 
1. The load transfer and fracture mechanisms under tension and compression are drawn schemati

cally. As mentioned, these models are thought to be representative of cohesive particle models such 
as concrete and sandstone, where the particles are bonded together through a brittie matrix. The 

difference between concrete and sandstone seems to be the size of the aggregates: they are quite 

uniformly distributed in, for example, Colton or Felser sandstone, whereas a complete hierarchy of 
particIe sizes appears in concrete. In the model described here it is assumed that the aggregates have 
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a higher Young's modulus than the surrounding matrix and that the interface between the matrix and 

the aggregates is the weakest link in the system. 

In ten sion (Figure la) fracture of the composite is initiated by microcracking in the transition 
zone between matrix and aggregate, which is the weakest link in the material; see, for example, 
Mindess (1989). The interaction between the various aggregate particles is not very important in 
uniaxial tension, since the entire matrix is subjected to tensile stress. In concrete the interface is rather 

porous, as hydration of the cement is retarded; see, for example, Bentz et al. (1992). The situation 

is more complicated, however, as premature debonding may occur. Shrinkage cracks may develop 

around the aggregates due to differential temperature and hurnidity in the hardening concrete or due 
to bleeding. The shrinkage cracks develop in most cases in preferential directions, causing initial 

anisotropy of the material. As a result different properties can be found when the tensile loading 
direction is changed; see, for example, Hughes & Ash (1970). 

In compression, on the other hand, the particle interaction is essential in order to generate 

tensile stresses in the microstructure of the material. In Figure 1 b this is shown schematically for a 
configuration of four circular inclusions. Splitting tensile forces develop, causing vertical tensile 

cracks, again preferentially in the interfacial zone. The vertical cracks are, however, rather stabie in 

a compressive stress field, and propagation will 

occur only under further increasing extern al load. 
Wing cracks growing from inclined slits in a homo
geneous material also stabilize in a compressive 

stress field; see, for example, Horii & Nemat
Nasser (1985). The partic1e interactions are essen

tial, not only for concrete; the same mechanism 

seems to occur in sandstones (Nih ei et al. (1994) 
and Kemeny & Cook (1991 ». However, sandstones 

are generally more porous and there is some debate 
as to whether the particle interaction is the govern

ing mechanism or if perhaps the porosity plays a 

more important role. However, both mechanisms 

lead to axial c1eavage cracking at moderate levels of 

global stress. A secondary mechanism seems nec

essary to cause global failure. In many compressive 

tests on concrete, cone-like mortar elements have 
been found on top of stiff aggregate particles; see, 
for example, Vi Ie (1968), Stroeven (1973), Van 
Mier (1984) and Vonk (1992). Thesecones suggest 
th at some form of shear fracture must occur in later 

stages ofloading. In Figure 1 b some of these failure 

cones have been drawn, and a shear crack has been 

schematized as an array of parallel splitting cracks. 

This "shearcrack mechanism" was speculated upon 

by various researchers, for example Vile (1968). 
The cones can develop since friction al restraint 

i i i i crt 
cre! ! ! ! 

13~Ü ~ Q .:~ (j 
" ! ! ! ! crt \ \,. 

crcÎ i i i 
(a) (b) 

Fig. 1. Micromechanisms offai/ure in 
particle composites subjected to 
tension (a) and compression (b); 
from Van Vliet & Van Mier (1994). 
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prevents the 'soft' matrix from 
'flow' along the top and bottom 
of the aggregate partic1es. The 
shear stresses th at can develop 
at the interface are shown sc he
matically in Figure 2a; they 
cause a triaxial compressive 
state of stress to develop in the 
cones. In fact this situation is 
quite similar to the develop
ment of triaxially stressed areas 
below rigid steel platens th at 
are in direct contact with the 
specimen in an uniaxial com

pression experiment, as shown 
in Figure 2b. The main differ

en ce is of course that the scale 
is different. It will be obvious 
that the triaxial state of stress in 
the cones on top of and below 
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Triaxially stressed areas (triaxial compression) on top 
and below the aggregates in concrete (a), and in a 
concrete specimen tested between rigid loading 
platens (b);from Van Vliet & Van Mier (1994). 

the aggregate partic1es depends on the ratio of aggregate stiffness to matrix stiffness. When, for 
example, lightweight (porous) aggregates are used, the state of stress around the partic1es changes 
dramatically. In lightweightconcrete (containing porous (low strength) aggregates) fracturing seems 
to initiate in the porous grains and not in the interface as discussed before. 

Let us now consider the global experiments. The strength and fracture response of the global 
specimen in uniaxial compression depends very much on the type of loading platen used in the 
experiment, as shown by Kotsovos (1983) and confirmed by Vonk et al. (1989), and also on the size 
(or rather slenderness) of the specimen, Van Mier (1986a). These effects are caused by the 

aforementioned triaxially stressed zones in the top and bottom parts of a specimen. The amount of 
boundary restraint (rb in Figure 2b) wiU determine directly the size of the triaxially stressed zone 
and therefore also the failure mode ofthe specimen. Both effects, boundary restraint and slenderness, 
are shown schematically in Figure 3. Of course there must be an interaction of both effects, and these 

(Je 
inereasing 'tb 

(Je 
~ (Je 

(Je deereasing h/b 
...... 't O} [2J b .. >< .. 
...... 'tb ~ % 

t (Je 

8 E= 8/h 

(a) (b) 

Fig . 3 Effect of boundary restraint (a) and specimen slenderness (b) on the compressive stress
deformation behaviour of concrete; af ter Van Vliet & Van Mier (1994). 
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questions are currently under in

vestigation in a round robin test 

by RILEM technical committee 

148SSC (Strain Softening of Con

crete). The conclusion must be 

that a structural property is meas
ured in a compressive experiment 

(Van Mier, 1984), rat her than a 

material property. 

For tensile fracture the same 

problemis encountered. Thecrack 

growth process, and thus the 

strength and post-peak behaviour 

(tens.) 

are strongly affected by size and Fig. 4 

boundary rotations in a tensile 
experiment; see, forexample, Van 

Mier et al. (l994b). Consequently, 
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Biaxial strength envelope (solid line af ter Kupfer 
(1973)), andfracture modes. The envelope expands 
under increasing boundary restraint; af ter van Vliet 
& van Mier (1994). 

testing alone is not sufficient if we want to determine size- and boundary-independent fracture 

properties of brittIe disordered materials such as concrete and sandstone. The derivation of global 

fracture properties such as stress-defoffilation curves, including the post-peak response and the 

definition of agIobal fracture energy, may simply be impossible. This still has to be investigated, 

however. 

Again, for multiaxial states of stress the same problems are found as in uniaxial compression. 

In order not to overestimate the multiaxial compressive strength, complicated test facilities are 

inevitable; see, for example, GerstIe et al. (1978). When sufficient precautions are taken, biaxial and 

triaxial failure con tours can be determined, indicating the strength of the material under generalized 

stress. In Figure 4 the often quoted biaxial strength envelope of Kupfer (1973) is shown. The 

experiments by Kupfer were done using brushes as a load-transmitting medium. Brushes have been 

shown to be effective in reducing the boundary restraint, especially in the small deformation regime 

up to peak stress. Figure 4 shows the increase in strength in the biaxial compression regime, and the 

decrease in strength in the tensile/compressive regimes. Basically the mode of failure in biaxial 

compression is similar to the failure mode in uniaxial compression, except that the lateral expansion 

caused by the microcrack growth in the material can occur in the unloaded direction only. When 

different loading systems are used, for example with higher boundary restraint, the biaxial failure 

contour expands rapidly, as shown, for example, by Gerstie et al. (1978); see also Figure 4. 

The strong boundary- and size-dependent strength and fracture properties of concrete and 

rocks has led us to develop a simple fracture model at the particIe level ofthe material.lt is essential 

is that the exact boundary conditions of the experiment are inc/uded in the simulations. U sing this 

model we hope to come to a better understanding of the behaviour of the material under mechanical 

loading. These efforts may lead to the definition of a laboratory-scale experiment from which 

macroscopie strength and fracture parameters can be estimated. The success of the lower-scale 

fracture model depends to a high degree on the parameters used in the model: can they be measured 

and is a physical interpretation pos si bie? In the next section a numberofpossible lattice-type fracture 
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models are outlined. Their potential for describing the fracture phenomena in tension and compres

sion is discussed. 

3. Lattice-type Fracture Models 

3.1. Two Different Approaches 

In 1941 Hrennikoffproposed solving problems of elasticity by using discrete truss works. Bar 

elements were connected by hinges, and the elastic properties of the material were imitated by 

selecting the appropriate cross-section and elastic constants for the lattice elements. At that time the 

disadvantage ofthe truss model was that not sufficient computational power was available to solve 

large systems. Moreover, since in triangular truss models the Poisson's ratio is a!ways equal to 1/3, 

only a limited range of materials such as steel and ice can be studied. In the late 1980s lattice models 

were introduced for simulating fracture; see, for example, Hansen et al. (1989), Herrmann (1991) and 

Zubelewicz & Bazant (1987). Instead of using trusses, large frameworks were analysed. These have 

potential for a wider class ofmaterials, as a larger range ofPoisson's ratios can be obtained. We were 

inspired by the development in theoretical physics af ter the first au thor attended a summer school 

in Cargèse (Corsica), where the physicists tried to convince engineers that lattice models were the 

most appropriate road to sol ving fracture problems in brittie disordered materiais, Charmet et al. 

(1990). We adopted the principle, but changed the geometry of the initial!y square lattices proposed 

by Herrmann (1991) to triangular lattices, Schlangen & van Mier (1992a,b). The advantage of the 

triangular lattice is the Poisson 's ratio, which is obviously zero for a square lattice, when similar 
elastic constants are specified for al! lattice beams. In the model by Herrmann (1991), however, 

different elements with a Poisson 's ratio for each be am were adopted. 

A lattice is a discretization of a continuum, and for modelling heterogeneous materials such 

as concrete, rock and ceramics, disorder has to be introduced in the model. This can be done in various 

ways. The materia! structure can be directly projected on top of a lattice; alternatively randomness 

can be introduced through adistribution of one ofthe properties of the lattice elements such as length, 

Young's modulus or fracture strength. Two examples of introducing disorder are described below, 

namely the lattice with particle overlay and the centre-particle lattice. In addition to these two models 

a third variant can be found in literature, namely a lattice where each node is not only connected to 

the neighbouring nodes but where contacts mayalso exist with nodes th at are located at larger 

distances; see, forexample, Burt & Dougil! (1977) and Berg & Svensson (1991). Here we willlimit 

ourselves to models where connections exist only between neighbouring nodes. As wil! be seen, this 

can be achieved using either regular or random triangular lattices. In a sense the models described 

here resembie the mechanica! models that were presented in Figure I . Following a description ofthe 

models a number of examples wil! be shown of tensile fracture simulations with different modeis . 

3.1.1. Lattice with partic/e over/ay 

The most straightforward approach to introducing disorder is to overlay a lattice on top of a 

generated particle structure for the material under consideration. In Figure 5 a generated particle 

structure for concrete is shown with a projected regular triangular Iattice. Generating the particIe 

structure in this specific example starts from a three-dimensional Ful!er distribution of aggregates. 

The particles are assumed to be spheres. The number of circular sections in a plane is ca\culated using 
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Fig . 5 Lattice projected on top of generated 
particle structure of concrete; af ter 
Schlangen & Van Mier (1992a). 

Fig.6 Centre particle lattice; af ter 
Van Vliet & Van Mier (1994) 

a formula derived by Walraven (1980). Next, starting with the largest particles, the circular 

inclusions are placed randomly in aplane. One should of course be careful not to locate aggregates 
with overlaps. If this occurs, a new trial is made. In most of the analyses that have been done to date, 

a lower threshold for the aggregate size is specified in order to limit the number of lattice elements. 
Af ter the particle structure is generated, ei th er a regular triangular or a random triangular lattice (i.e. 
a lattice with varia bie beam lengths which is generated from a regular square grid of size s; see 

Vervuurt et al., 1994) is ptojected on top of the material structure. Different properties are then 
assigned to lattice beams falling inside the aggregates, in the matrix material or those beams 
intersecting with the boundary of an inclusion. In the latter case bond properties are assigned to the 

beam. This procedure has been used for the last few years and is described in detail in Schlangen & 
Van Mier (1992a). 

The particle structure can be generated following different procedures. In addition to the above 

method, it is also possible to drop particles from randomly chosen horizontal positions. The particles 

are randomly selected from a given distribution. Thus again, first a particle distribution is prescribed 
th at resembles a real particle structure of concrete. The examples shown in section 3.3 were generated 

in this manner. The advantage is th at the computational effort is considerably less than with the 

random placement method. The random 'drop' method will be described in detail in Van Vliet & Van 
Mier (1995) . The placement obtained using this method, however, is not completely random, since 
holes appear below large aggregates. Horizontal shaking could probably improve the result. FinaIly, 

it is possible to use a digital image of a real section through concrete or sandstone as a basis for the 
lattice model, see Schlangen (1995). Assigning different properties to different beams is then similar 

to what is described in Figure 5. 

It has been argued th at the same micromechanical approach can be followed using continuum 

elements (in 3D analyses) or plane stress elements (in 2D). This has been done by several authors, 

for example Vonk (1992) and Roelfstra (1989). In many such models interfaces have been made at 

various locations. Crack growth is then of course limited to these locations. To obtain correct fracture 

behaviour, however, still complex constitutive laws are used. In the lattice model the fracture law 

remains very simple indeed, as wil! be shown in section 3.2. 

3.1.2. Centre-particle lattice 

An alternative manner of modelling a particle composite with a lattice is the centre-particle 

lattice. The lattice beams directly represent the interactions between the aggregates, as shown 

schematically in Figure 1. Again, one can start with generating a material structure as described 
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before, but the lattice is now constructed by connecting the centres of neighbouring particles, as 
shown in Figure 6. This approach has been followed by several researchers, for example Zubelewicz 

& Bazant (1987) and Beranek & Hobbelman (1994). The identification of the lattice beam properties 
now becomes more complicated, as each beam comprises part of an aggregate, the bond zone and 
part ofthe matrix. Moreover, since this model is linked to a presumed stress transfer mechanism in 

the particle composite, it can only be used for such a specific composite. The model described in the 
previous section seems to have a wider application. The same fracture laws as used for the overlay 

model can be used, but again in this case the selected fracture law should correspond with the 

presumed stress transfer between the particles. Note that a lattice constructed in this way resembles 
a random lattice, i.e. a lattice with different beam lengths . 

3.2. Fracture Laws 

In all the numerical work carried out to date the aim has been to model the fracture process using 
the simplest possible fracture law. At present we are in a transitory stage, as the first proposal for the 
fracture law seems to break down under global compressive load; see also section 6.ln the past we 

have done extensive simulations using the particle overlay method of section 3.1.1, in combination 
both with aregular triangular lattice and with a lattice with random beam lengths. Since the beginning 
of our investigations we have used a fracture la w based on normal force and bending moment in the 

lattice beams. The law is based on the maximum tensile stress that occurs in the outermost fibres of 
a lattice beam due to the norm al force F and the bending moments Mi and M j in the nodes i and 

j respectively, 

F (IMil,IMjl) 
(J =-+ ex max 

t A W 
(1) 

where A = bh is the cross-sectional area of the be am and W = bh2 /6 the section modulus. When 
the stress (Je exceeds the strength assigned to a particular beam, the beam is removed from the mesh 
and a new computation is made, followed by the next removal. The failure strength of the beams 

depends on the particular method used for mapping the material structure on the lattice. In section 
4 more attention will be given to the parameteridentification procedure. Previous research has shown 

that a value ex = 0.005 gave realistic results in tensile and shear simulations. This parameter remains 

rather debatable, however, as a physical basis is lacking. The effect of ex will be considered again 
in the next section. 

Recently we have started to use another fracture law proposed earlier by Beranek & 

Hobbelman (1994), which seems to have a better physical basis, Van Vliet & Van Mier (1994). 
Basically, we compute the principal stresses in a beam and define fracture using Mohr' s circles. The 

law can be written in terms of beam forces as follows: 

_1 [-I±~1+4(D/Nace)2l N· -F 
cnt - 2 t (/ )2 D Nact 

(2) 

In Figure 7 a graphical representation is given of the complete procedure. For the combination of the 

actual normal force (N act) and shear force ( D) computed in a beam element, the percentage of the 
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critical combination (Nerit , Dcrit ) is computed. The 
beam having the highest percentage will be removed 

and the computation will be started again, in a similar 
way to our original approach. 

As already mentioned, in most of the analyses 

D 

carried out to date the fracture law Equation (1) was ____ 
Deri' used. The simulations given in this paper are also based 

on this criterion. In section 6 it will be shown that under 

tensile and combined tensile/compressive states of 

stress the results of the simulations are independent of 
the choice of fracture law. Only for biaxial compressive 

states of stress is an important difference found . It will 
be obvious that at the level at which the model operates 
a single fracture law has to be selected. The second law, 
Equation (2), seems a good candidate, but some of the 
earl ier work in which Equation (I) was used must be 

repeated before this choice can be made. 

3.3. Comparison of different approaches 

D 

N 

Fig. 7 lncrease offai/ure laad with 
factor N/Ncril , after Beranek & 
Hobbelman (1994).; af ter Van 
Vliet & Van Mier (l994). 

We have studied the difference between different lattice types through the analysis of a single

edge-notched tensile specimen, see Figure 11a. We shall return to this geometry later on, when we 

attempt to explain the fracture mechanisms underlying softening of concrete and sandstone. The SEN 
specimen is 200 mm long, 100 mm wide and 50 mm thick. The specimen is loaded by giving the upper 
edge a uniformdisplacement. Thus the upperedge remains parallel to theloweredgeduring the entire 

analysis. Four different lattices were analysed, namely a regular triangular lattice with particIe 
overlay, two different centre-particle lattices and a random lattice. The details of the material 

structure and the lattice size are as follows. 

First of all we tried to keep the number of be am elements of each lattice roughly the same. The 
starting point was the number of elements necessary to construct the regular triangular lattice with 

particIe overlay. The laboratory tests on SEN specimens were performed under displacement control 

using the average displacement of 4 LVDTs as feedback for the closed loop system (see Figure 11). 

The height of the lattice was kept equal to the measuring length (i .e. 35 mm); for the remainder of 
the specimen plane stress shell elements were used. In this way the computational effort can be 

reduced. The regular lattice was constructed using beams with a length of 5/3 mm.ln order to acquire 
different beam properties, a particIe overlay was generated containing aggregates between 0.25 mm 

and 8.0 mm, with a step size of 0.25 mmo Note that this particIe structure was generated using the 

method described in Vervuurt et al. (1995), which was mentioned briefly in section 3.1.1. The same 
particIe structure was used in the construction ofthe two centre-particle models and the regular lattice 

with particle overlay. Owing to the chosen be am length, all particles smaller than 3.0 mm were 

excluded. In this way a regular lattice consisting of 4269 beams was obtained. By taking a grid size 
s = 5 I 3 mm the number of beams for the random triangular lattice was 3854. As for the centre

particIe lattice, it was not possible to make a mesh of about 4000 elements based on the generated 

grain structure. It was therefore decided to make two different centre-particle lattices. The coarse 
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Table 1 Numberofbeams removedfor each lattice at peak load (l) and at beg inning 
of horizontal part in descending branch (11). 

Crack opening Centre particle Centre particle Random Regular 
lattice (coarse) lattice (fine) lattice lattice 

I 25 25 50 200 
II 75 100 100 275 

(a) (b) (c) (ct) 

Fig. 8 Analysis of crack growth in a single-edge-notcheed tensile specimen between parallel 
travelling end platens. Figure (a) shows crack growth at two stages for the fine centre 
particle model, (b)for the coarse centre particle model, (c)for the random triangular 
lattice without particle overlay, and (dj for the regular triangular lattice with particle 
overlay. 
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lattice, in which all particles smaller 

than 0.75 mm have been excluded, 

contains 3110 beams. On the other 
hand the fine centre-particle lattice 
was constructed including also the 

0.5 mm particles. This gave a total 

number of 6968 beam elements. The 
cross-section of the beams of each 

lattice was determined in such a way 
that the Young's modulus of the un

notched lattices was equal to 30000 
MPa. The results of the 4 simulations 
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peak load (top figures) and at the 
beginning of the horizontal part of 

the descending branch (bottom fig
ures) respectively. In Figure 9 the 

15.0 

w/~ (Jlm) 

Fig.9 Dimensionless stress-crack opening diagramsfor 
the analysis of Figure 8 

average stress-crack opening diagrams are plotted, the stresses and deformations being normalized 
using a factor f3. f3 is the macroscopie peak strength found in an analysis. It should be mentioned 

th at f3 depends on the type of lattice and therefore differs for each simulation. By normalizing both 
the stress and displacement using f3 , we find the same initial stiffness for all analyses and comparison 

of results is more straightforward. 

Despite the rather large differences between the several types oflattices used, the shapes ofthe 
stress-crack opening diagrams do not differ very much (Figure 9). A closer look at the four curves 

shows a narrow peak regime for the random lattice and the coarse centre-particle lattice. This can also 

be concluded from Table 1 where the number of broken beams is given for the two stages mentioned 
above. The largest amount of braken beams corresponds to the regular lattice and is due to the 

microcracking found during the simulation (Figure 8d). The initial microcracks in the regular 

triangular lattice with particle overlay all appear in the bond zones, which have been assigned a low 
strength (see also section 4). In other words, the bond zones are the weakest link in the lattice. The 
amount of stresses th at can be transferred in the tail ofthe stress-crack opening diagram is also related 

to the amount of detail in the finite element mesh. The fine mes hes (regular lattice and fine centre

particle lattice) show a higher tail for the softening branch. It has to be mentioned that for each case 

only one simulation is performed. Since randomness is involved reliable results have to be obtained 

from more simulations. The behaviour, however, corresponds with the results of the impregnation 

experiments, which wil! be described in section 5.1. 

4. Assessment of the Lattice Model Parameters 

The advantage of the lattice model with different lattice geometries presented in some detail 
in the previous section is that al! model parameters are single-valued. Therefore, the inverse process 

needed to determine the model parameters wil! become inherently more simp Ie. The philosophy is 

that simplicity should prevail, especially in those cases where parameters only can be determined 
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through an inverse modelling process. Note, however, the danger of inverse modelling: the parameter 
sets are in general not unique. Let us confine ourselves to the mo~el with particle overlay, using 
Equation (1) as the fracture law. The parameters needed in the lattice model can be divided into two 
categories. The first category consists of those parameters related to the elastic stiffness ofthe lattice, 
the second set contains the parameters related to the fracturing of the lattice beams. 

The main parameters in the first set are the cross-sectional area of the lattice beams and the 
Young's moduli of the material that is represented by the beams. For the specific case of a regular 
or random triangular lattice overlaid with the particle structure of the material, different Young's 
moduli must be specified for lattice beams appearing in each of the phases of the material, i.e. 
aggregate, matrix and bond zone (see also the previous section). Moreover, the be am thickness and 
depth must be chosen such that the Poisson's ratio and Young's modulus of the complete lattice 
match experimental observations. For a random triangular lattice an empirical relation was 
determined between the beam height-to-Iength ratio (h / f) and the Poisson 's ratio v for a random 
lattice of 50 * 50 nodes and a grid size of 5 mm; see Schlangen & Van Mier (1994) . The following 
empirical formula was obtained: 

4 
v= -1 

3+(h/ f).J3 
(3) 

For different lattices a similar procedure must be followed. For a regular triangular and 
isotropic random lattice exact solutions can be derived. For a regular square lattice v = O. 

The procedure is now as follows . As mentioned before, the length f of the lattice beams is 
related to the smallest particle in the material structure. In general it suffices to take a beam length 
smaller than one third of the diameter of the smallest aggregate particle, Schlangen & Van Mier 
(1992b). In such a case the projected material structure determines the answer, and not the size of 
the lattice elements. The height of the be am can now be set through the previously determined 
relation between the h / f -ratio and the Poisson 's ratio. Subsequently the various stiffnesses are 

assigned to the lattice beams appearing in the three phases of the material, viz. aggregate, matrix and 
bond beams. We start by prescribing the correct ratios Ea / Em and Em / Eb corresponding to 
macroscopic values of the Young's moduli of the various phases. Thus, for example, for normal 

concrete we set Ea / Em = 70/25 and forconvenience we set the Young's modulus ofthe bond zone 
equal to the modulus of the matrix, thus Em / Eb = 25/25. It should be mentioned that this is an 
approximation. The bond zone is generally more porous (at least for normal-weight concrete 
containing den se low-porosity natural aggregates), and the Young's modulus of the bond zone 
should be lower than the matrix modulus. At present we believe that this refinement of the model is 
not realistic in view of other uncertainties. Another point is that in reality a stochastic distribution 
of stiffness of the bond zone should be modeJled. The same is true for the aggregate and matrix 
phases. Again this is arefinement th at can be made in later stages. Note th at at this stage the ratios 
of the various Young's moduli are important. The absolute elastic stiffness of a complete lattice is 
finaJly set by selecting an appropriate beam thickness b . It should be mentioned that the above 
procedure is the ideal procedure. In some ofthe analyses presented here this procedure was not fully 
followed, and deviating values of Poisson 's ratio were obtained. However, in such cases we were 
mostly interested in fracture mechanisms and not so much in quantifying fracture . 
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So far only the bearn size 

and stiffness have been adjusted 

to match the overall Poisson's ra

tioand Young's modulusofacom

plete lattice to the initial elastic 

stiffnessofthematerial undercon

sideration (in this case concrete). 

The second group of parameters 

consists of those related to the 

fracture law. The fracture law se

lected, Equation (1), is based on 

an effecti ve stress determined from 

normal and flexural stresses in the 

beams. Essentially a be am is bro

ken when the effective stress ex

ceeds the tensile strength assigned 

to that particular beam. Thus the 

rJ (N / mm2) 
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Fig. lOCalibration of the model to an uniaxial tensile test 
on a concrete prism, af ter Schlangen & Van Mier 
(l992b). 

information needed comprises the fracture strengths of the beams appearing in the matrix, aggregate 

and bond zones of the material structure. Moreover, the parameter a in the fracture law should be 

determined. The procedure of assigning strength values to the beams is similar to the procedure 

followed to assign stiffnesses. First the strength ratios are assigned, corresponding to the realistic 

macroscopie strength of matrix, bond and aggregate. Thus not the absolute values are important, but 

rather the ratio's ft,m / ft,b and ft,a / ft,b' where the subscript t stands for 'tensile' strength, and 
m, band a referto 'matrix', 'bond' and 'aggregate' respectively. Forexample, foranormalweight 

gravel concrete ft,m / ft,b = 4 and ft,a / ft,b = 8, derived from macroscopie strengths of 10, 5 and 

1.25 MPa, are considered realistic. 

The last and perhaps most difficult parameter is a, which regulates how much bending is taken 

into account. By changing a the failure mode of a beam can be changed from axial failure to 

predominantly flexural failure. From a number of analyses we have found that a hardly affects 

tensile fracture, Schlangen & Van Mier (1992b), but that it becomes more important in compressive 

fracture, Margoldová & Van Mier (1994) andSchlangen & Van Mier (1994). Increasing a from 0.1 

to 1.5 has a profound effect on the macroscopie compressive fracture strength as compared with the 

tensile strength of the same random lattice. Moreover, the compressive behaviour changes from 

brittie to ductile when a decreases. For a regular lattice with particle overlay, Margoldová & Van 

Mier (1994) showed that the fracture mode in compression changed from vertical splitting to inc1ined 

cracking. These aspects are important for the final choice of the fracture law. 

A uniaxial tension test on a small prismatic specimen (size 50*60*150 mm, with two 5 mm 

deep and 5 mm wide notches at half height) loaded between non-rotating end platens is used as 

calibration test to tune the macroscopie tensile strength of the lattice under consideration. Note that 

this calibration has to be repeated when different lattices are used, for example a regular lattice with 

a different beam length or a random lattice based on a different grid si ze etc. In Figure 10 the match 

between a numerical simulation and an experiment is shown for a regular triangular lattice with beam 

length e = 5/3 mm and partic1e overlay according to a Fuller distribution, where only the partic1es 
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Table 2 Overview ofthe parameters in [he lattice model 

Group 1 Parameters related to the elastic properties of the lattice 

Beam size Length f related to the smallest feature (Dmin) 

in the material structure 
Height h 

Thickness b 
Elastic moduli 

related to the overall Poisson' s ratio of the lattice 
(for example random lattice with s = 5 mm, Eq. (3)) 

related to the overall Young's modulus of the lattice 
Em = Eb (simplification) 

of the lattice ratio Ea I Em is set according to realistic macroscopic 
beams data from uniaxial tension tests on aggregate and 

matrix materials 
Group 2 Parameters related to the fracture properties of the lattice 

Fracture strength h,a!t,m !t,b ratio's!t,a /ft ,b and!t,m l!t.b are set according to 
of the lattice realistic macroscopic values from laboratory scale 
beams 
Flexural 
coefficient 

uniaxial tensiJe tests 
tuning to standard tensiJe test 
(Schlangen & Van Mier (l992b)) 

between 3 and 8 mm are included. Note that in this calibration analysis, the model behaves still too 

brittIe, but this can be largely attributed to excluding the small particles in the mesh and negJecting 
the third dimension, Van Mier et al. (1993) and Schlangen & Van Mier (1994). 

In the ideal situation the same set of parameters as defined so far should also be used in analyses 
on different geometries and boundary conditions. In many publications we have shown that the 

model is capable of simulating the fracture mechanism in concrete and sandstone under tensiJe and 
combined tensile/shear loading, for example Schlangen & Van Mier (1992b, 1994), Van Mieret al. 
(1994a), Vervuurt & Van Mier (l994a), Nooru-Mohamed et al. (1994) and Vervuurt et al. (1994). 

In this paper we will include only the example of crack-face bridging in tension . For the particle 

overlay lattice with failure criterion (Equation 1) the complete set of parameters is given in Table 2. 

One last remark should be made about the model parameters. It will be obvious that the fracture 
law parameters cannot be measured directly in any experiment but have to be retrieved through an 

inverse modelling technique. A new microscopy experiment is at present set up, in which we are 
trying to map the experimentally observed fracture patterns on computed fracture patterns, Vervuurt 

& Van Mier (1994b). Through a critical comparison of computed and measured crack pattems we 

hope to derive the properties ofthe interface between cement and different types of aggregates. These 
experiments will be outlined in another contribution to ICM7, Vervuurt & Van Mier (1995). 

5. Crack Growth in Uniaxial Tension 

Using the fracture law Equation Cl) and the parameters defined in the previous section, we have 

analysed the crack growth process in single-edge-notched tensiJe specimens of similar geometry to 
that used before in the comparison ofthe different lattice types . The same specimen was used earlier 

in vacuum impregnation experiments, where we tried to elucidate the physical mechanisms 

underlying softening, Van Mier (l991a,b) . Some results of these analyses are given below, including 
a discus sion on the physical mechanisms and exaggerated brittleness of the model. Finally, the effect 

of boundary rotarion sriffness on the crack growth process wil! be shown. 
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5.1. Crack growth analysis in a SEN tensile specimen 

As already stated, using the model with fracture law Equation (1) and the particIe overlay we 
analysed crack growth in the specimen of Figure 11 a. The lattice is shown in Figure 11 b. As in the 
previous analyses only the area where cracks were expected to grow was modelled as a lattice. The 
remainder of the specimen was modelled using 
plane stress elements available in the Finite Element 
Package DIANA that was used to solve the equa
tions. The lattice was a triangular lattice of beam 
length 1.25 mm, whereas only aggregates between 
2 and 8 mm were included in the mesh. The results 
have been shown before, Schlangen & Van Mier 
(1992a), but will be shown again here in a wider 
context. In Figure 12 the crack patterns computed at 
four different axial crack openings are shown. The 
four subsequent stages are indicated by the letters a

d in the stress crack opening diagram of Figure 13. 
Crack growth proceeds from distributed debonding 
near the aggregate particles, through growth of 
macro crack branches in stages band c, to crack-face 
bridging in stage d. At this stage the specimen is 
fully cracked, but still a few connections exist, 

(a) 81lm 

(b) 121lm 
2 

3 ( (a) 
,!--<b) 
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(c) 211lm 

LVDTs 

~ /\ 
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20 

Fig. 11 
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(a) (b) 

SEN tensile specimen used in the 
impregnation experiments (a) and 
the element mesh (b). The 
numbers on Figure (a) refer to the 
locations of the LVDTs that were 
attached to the specimens surface . 
Test contro! was over the average 
ofLVDTs 1,4,5 and 8; af ter 
Sch!angen & Van Mier (l992a) . 

°O~~~20~~-4~O~--6~O~~-8~O~--1~O-O~-1-2~O~~1~4-0~ 

(d) 128 Ilm 

Fig. 12 Computed crack patterns 
atfour stages ofaxial 
crack opening; ajier 
Schlangen & Van Mier 
(l992a). 

-w(um) 

Fig. 13 Stress-crack opening diagramfor the analysis 
of Figure 12. Thefour stages of crack growth 
plotted in the previous Figure are indicated by 
the letters a-d; af ter Schlangen & Van Mier 
(l992a). 
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Fig.14 Crackface bridging at w = 100 J.1.m in 16 mm normal concrete (a), 12 mm lytag 
concrete (b) and 2 mm mortar (c). The load-displacement diagrams are shown in 
Figure (d); after Van Mier (l991b) .. 

which we refer to as crack-face bridges. As shown earl ier in this paper, the type and amount of crack

face bridges depends on the type of lattice model used. So far the most reliable results (at least to our 

opinion) were obtained with the regular triangular lattice with particIe overlay. Different results are 

found when the fracture properties of the matrix, aggregate and bond zones are changed. This was 

worked out in more detail in Schlangen & Van Mier (1992a, c) . 

Using the same specimen geometry, vacuum impregnation experiments were carried out on 

four different concretes. The results of these experiments were later complemented by a number of 

optical microscopy experiments using a QUESTAR QM-100 Remote Measurement System in 

combination with a fully automatic staging and imaging technique, see Vervuurt & Van Mier 

(l994b). Figure 14 shows some results of the impregnation experiments on three concretes with 

different maximum aggregate size. In Figure 14a-c internal crack patterns are shown in 2 mm mortar 

lytag lightweight concrete containing 12 mm lytag particles and sand with grain size up to 4 mm, and 

16 mm normal concrete respectively. These crack patterns were all obtained by impregnating 

cracked specimens with fluorescenting epoxy at an average crack opening of 100 llm. The technique 

is fully described in Van Mier (1991 a). In Figure 14d the three stress crack opening diagrams are 
shown for these three experiments. At the end of the softening branch the specimens were 

impregnated, cut open and the photographs of Figures a-c were taken under ultraviolet light. At a 

crack opening of 100 llm the specimen is fully cracked, but stress transfer is still possible. An 

important conclusion from the impregnation experiments was th at the stress transfer in the tail of the 

diagram increases with increasing size of the stiff particles in the concrete, which is confirmed by 

many others, e.g. Petersson (1981). The mechanism responsible for the stress transfer in the tail of 

the softening diagram is visible in the three photographs: crack overlaps exist. These crack overlaps 

seem to develop preferentially near stiff aggregate particles. Note th at in the lightweightconcrete the 
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main crack traverses the highly po
rous lightweight particles (which 

appear as speckled areas in the ph 0-

tograph). Bridges now appeararound 
the stiff sand particles. This type of 

behaviourcan also be simulated with 
the lattice model, but then of course 

the material structure overlay should 

(a)~~ 
aggrf?gatf? partie!f? c~ 

w 

(b)~ 

interna! 
crack front 

(c) 
be adjusted correspondingly. The Fig . 15 Crack overlap near a stift aggregate particle (a), 

andfailure mechanism (b). In reality the bridges 
are three-dimensionalflaps which can be 
identifïed on a crackface after complete rupture 
(c); af ter Van Mier (l991a,b) .. 

crack-face bridges seem to be an 
important stress transfer mechanism 

in the tai! of the softening diagram. 
aften it is argued that development 

of a zone of distributed microcracks in fron tof the macrocrack tip is the main toughening mechanism 

in concrete. For example this mechanism was proposed, amongst others, in the seventies and early 

eighties by Hillerborg et al. (1976) and Bazant & Oh (1983). However, experimental verification 
has never been pos si bie; see, for example, Mindess (1991). The bridging mechanism seems to make 
more sen se, although it should be mentioned here th at microcracking must occur. The impregnation 
experiments showed indirectly that microcrack weakening must occur at early stages of the fracture 
process; see Van Mier (1992). Steinbrech et al. (1991) claimed th at they measured diffuse 
microcracking in ceramics. This issue remains open to debate, however, since much depends on the 

definition of a microcrack. 

The crack-face bridging mechanism is shown schematically in Figure lSa in two dimensions. 
In Figure lSb a hypothesized 3D mechanism is shown. Basically a crack overlap will fail when one 

of the crack branches extends and joins the wake of the other crack, as shown in Figure lSa. Failure 
of a crack overlap was followed in a number of experiments using the QUEST AR QM 1 00 remote 

Fig.16 Example of crackface bridging in Colton sandstone. The images were takenfrom a 
uniaxial tension test, using our automatic scanning remote measurement system. Crack 
growth is shown at two stages (w = 120 pm and ISO pm), indicating clearly the 
existence of crack face bridges. 
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measurement system; see Van Mier (1991b) . These experiments confirmed the mechanism shown 
in Figure 15a. 

The type of crack overlaps shown here for concrete have been found in a number of materials 

over a wide range of sizes. The crack geometry was earlier recognised by Sempere & MacDonald 

(1986). The relation with softening was first made in the experiments described above. In ceramics 

the same crack geometries can be found; see, for example, Swanson et al. (1987) and Steinbrech et 
al. (1991). In sandstone experiments Vervuurt found several good examples of crack-face bridging 

using our long-distance microscope, as shown in Figure 16. In general the overlap size ranges from 

a few micrometers in ceramics to some millimetres in concrete and rock. However, similar crack 
geometries can be found in the Mid-Atlantic ridge, and, for example, in the East African rift zone, 

but then at the kilometer scale. These latter mechanisms were addressed in the paper by Sempere & 
MacDonald (1986). A full overview is given in Van Mier (l991b, 1992). 

In the laboratory experiments, interactions of the crack zone occur with the boundaries of the 

specimen. Recently we found that the amount of bridging depends on the freedom of the specimen 

ends to rotate in a tensile experiment. The above impregnation experiments were all carried out 

between parallel translating platens (referred to in the remainder of this paper as 'fixed' platens). 

Before showing some of these results, the mechanisms which cause the exagerated brittleness of the 

model will be clarified. This can also be seen from a comparison ofthe stress-crack opening diagrams 

of the impregnation tests (Figure 14d) with the simulated diagrams shown in Figures 9 and 13. 

5.2. Brittleness in the model 

There are at least two important reasons for the 
exaggerated brittleness of the Iattice model. Both rea

sons are strongly related to the computational effort 

needed for a simulation. The first reason is that not all 

details of the material structure have been taken into 

account. Most important in the previous analyses was 

that a lower cut-off was made at 2 mm, i.e. all aggre

gates smaller than 2 mm were omitted from the analy

ses. This is important, since the length of the beams in 

the Iattice and therefore the number of beam elements 
is directly related to the size of the smallest aggregate 

particIe included in the material structure. This occurs 

for any lattice th at we want to use, as is clear also from 

the comparative analyses of Figure 8. From this figure 

it is obvious, for example, that in the centre-particle 

lattice the number of beams increases massively when 

a lower cut-off is made for the particIe size. However, 

the amount of detail in the crack patterns increases 

substantially (although this is more visible in the parti

cIe overlay method) . The effect of including smaller 

particles in the mesh was demonstrated in a qualitative 

analysis by Schlangen & Van Mier (1993) and later for 
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the standard test geometry of Figure 10 by Van Mier et al. (1993). Figure 17 shows the result of the 

qualitative analysis. A lattice (80 x 80 mm) containing a single large aggregate (d = 20 mm) was 

subjected to uniaxial tension. This analysis was compared with a simulation where the large particIe 

was sUITounded by numerous randomly placed 4 mm particles. The two mes hes are shown in Figures 

17a and b. The computed load-displacement diagrams are shown in Figure 17c. The comparison 

shows th at the amount of detail in the crack patterns increases massively when the small particles are 

added. Moreover, the brittleness decreases, i.e the slope ofthe falling branch decreases, as can be seen 

from Figure 17c. In other words, the brittIeness would disappear to some extent in the previous 

analyses of the SEN specimen if the small details of the material structure were included in the 

analysis. It will be evident that the computational effort will increase substantially when all small 

details in the material structure are included. 

The second effect is wh at is refeITed to as 3D effect; see Schlangen & Van Mier (1994). The 

crack growth process is in reality a three-dimensional process. This was c1early demonstrated by the 

impregnation experiments; see Van Mier (1990). In a recent three-dimensional analysis it was found 

that the crack front spreads non-uniformly through the specimen cross-section, much in line with 

earlier observations. The brittIeness in the analysis was not reduced however, as a relatively coarse 

lattice was used. Again this was done to limit the computational effort. A full 3D comparison will 

only become possible in the future, when more powerful computers and algorithms become 

available. 

The exaggerated brittleness may perhaps also be attributed to the typical fracture law used in 

the simulations. Future work should indicate whether a change of fracture law, as suggested for 
example in section 3.2 and partly elaborated in section 6, would also lead to less severe brittleness. 

5.3. Effect of boundary rotations 

Using 'fixed' loading platens in a tensile experiment has an important effect on the crack 

growth process. Owing to the heterogeneity of the material, crack growth will always start from one 

side, even in a completely symmetrical test set-up, Van Mier (1986). This has become an important 

research issue. Many have followed and tried to analyse non-uniform opening in the 'fixed' tensile 

tests, for example Hordijk et al. (1987), Rots & De Borst (1989), Rossi (1989) and Bazant & Cedolin 

(1993). Recently an experiment was proposed by Carpinteri & FeITo (1993), in which a dog-bone 

shaped specimen was subjected to uniaxial tension. A complicated loading system consistingofthree 
controlled hydraulic actuators was used to avoid non-uniformiries in the fracture zone. A central 

actuator was used for loading the specimen; the other two actuators were used to COITect non

uniformities that might occur in-plane and out-of-plane. According to Carpinteri & FeITo, in th is test 

all non-uniformities have been removed and an ideal softening diagram is retrieved. We analysed the 

experiment by Carpinteri & Ferro with our lattice model, see Vervuurt & Van Mier (1 994a). Owing 

to computationallimitations we could only perform a 2D analysis within areasonabIe amount of 

time. In addition to the boundary condition used by Carpinteri and Ferro, we analysed three other 

conditions. These are summarized in Figure 18. In Figures 18a and b the deformation in acentral zone 

of 35 mm and 50 mm length respectively is kept constant. Figure 18b cOITesponds to the loading 

condition in the experiment by Carpinteri and FeITo. We compared these cases to the 'fixed' 

condition, where the specimen ends are kept parallel to one another (Figure 18c), and to the freely 

rotating specimen which is shown in Figure l8d. The results have been exhausrively published in Van 
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Mier et al. (1994a,b) and Vervuurt & Van Mier (1994a) . Here we show the effect on fracture energy; 
see Table 3. The fracture energy is defined as the area under the stress-crack opening diagram, where 
crack opening is measured over a 35 mm gauge length. The fracture energies were determined up 
to a crack opening of 100 /-lm. For each boundary condition two analyses were made, using two 
different particle structures. The results of all eight analyses are included in Table 3. The results 

clearly indicate an effect of rotational stiffness on fracture energy. The fracture energy decreases 
when the rotational freedom increases. Note that in the analyses A, Band C the flexural stiffness of 

the part of the specimen in the controllength determines the rotational freedom of the crack zone. 

Recently we carried out a number of experiments between 'fixed' and freely rotating loading 
platens. In these experiments we found that the fracture energy under freely rotating loading platens 
decreases by about 30 to 40 % as compared with specimens that are loaded between 'fixed' end 

platens. A key figure is reproduced in Figure 19, where the evolution offracture energy with average 
crack opening is shown. The diagram for fixed boundaries is higher than the curve for rotating 

boundaries. The results are for 8 mm concrete, but similar observations were made for Colton 

F, F2 F, F2 F, 

~~~~~ 
M=O t t Oy =prescribed t M=O 

Ó'~4 Ó'Sj ~~O 

M=O M=O M=O 
ox=Oy=O ox=Oy=O y ox=Oy=O ox=Oy=O 

I bI bI bI Lx 

CASE A CASE B CASE C CASE 0 
Fig . 18 Specimen geometry tested by Carpinteri & Ferro (1993), and thefour different 

boundary conditions analysed with the lattice model; af ter Van Mier et al. (1994a). 

Table 3 Computedfracture energies. 
The deformations are based on a measuring length of 35 mm in all cases. The fracture 
energy has been calculated as the area under the stress-crack opening diagram up to 
100 ).lm. The cross-sectional area is taken equal to 50* 100:= 5000 mm2

• 

Simulation grain- Gr (Nim) 

structure 

CASE A (.f.meas:= 35 mm) 40.0 

2 44.0 

CASE B (I!meas = 50 mm) 40.6 

2 43 .8 

CASE C (fixed) 35.3 

2 32.5 

CASE D (rotating) 29.8 

2 11.6 
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Fig. 19 Fracture energy versus axial crack opening for tests between 'ftxed' andfreely rotating 
loading platens. The specimens were 100 mm diameter and 100 mm long cylinders with 
a5 mm deep circumferential notch at half height; af ter Van Mier et al. (l994b) . 

sandstone and Felser sandstone; see Van Mier et al. (I 994b). In addition to the effect on fracture 

energy, the rotational freedom ofthe loading platens also affects the post-peak stress-crack opening 

diagram. This is shown qualitatively in Figure 20. For the full results the reader is referred to Van 

Mier et al. (1994b). Basically, a bump is found in the softening branch when 'fixed' boundaries are 

used, whereas a smooth softening curve is measured under freely rotating conditions. These results 

confirm what was hypothesized in Van Mier (l986b) and later measured by Daerga (1992). 
Vnfortunately the results obtained by Daerga were too limited to permit any quantitative conclusions, 

which led us to repeat the experiment. The numerical analyses mentioned above indicated that the 

crack growth processes also depend on the boundary condi tions. V nderrotating platens a single crack 
develops from one side of the specimen. Vnder 'fixed' boundaries, a crack also starts at one side of 

the specimen but is arrested by a bending moment. This bending moment is the result of the gradually 

increasing load eccentricity when the crack propagates. At some point in time the specimen must 

crack on the other side, and two interacting cracks develop. These interacting cracks were observed 

in many experiments; see, for ex-

ample, Van Mier & Nooru

Mohamed (1990). Note that the 

analyses based on a softening 

smeared crack model by Rots & 
De Borst (1989) showed no dif

ference in stress-crack opening 

behaviour when the boundary con

ditions were changed from fixed 

to freely rotating. On the other 

hand the analyses by Rossi (1989) 

showed the correct result. 

8~ 
~p M~ 

(a) (b) (c) 

Fig. 20 Effect of boundary conditions on softening: (a) 
freely rotating boundaries, and (b) 'fixed' 
boundaries.ln Figure (c) the stress-crack opening 
diagrams are shown. 

w 
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(a) (b) 

Fig. 21 Front view, side view and isometry for the Ixl mesh (a) and the 4x4 mesh (b); af ter Van 
Vliet & Van Mier (1994) 

6. Simulating Out-of-plane Fracture under Global Compression 

Sofar all analyses have concerned tensile fracture. Only the fracture law Equation (1) was used, 

and the results seem quite promising. However, when we started to examine compressive fracture 
of concrete, it was found that the load-displacement response, the peak load and the post-peak 

response depend to a large extent on the coefficient a in the fracture law; see Schlangen & Van Mier 

(1994) and Margoldová & Van Mier (1994). This has more or less forced us to check whether the 
fracture law th at we have used is the correct one for generalized stress. Inspired by Beranek & 

Hobbelman (1994), we decided to carry out a number of analyses with the fracture law Equation 2. 

As a test we tried to deterrnine the shape of the biaxial failure contour for the lattices of Figure 21. 

In order to simulate out-of-plane fracture in biaxial compression, a three-dimensional lattice was 

adopted. As a basic element a tetrahedron was se-

lected. Three different lattice si zes were analysed, 

namely a mesh consisting of a sirgle tetrahedron, a 

4x4 mesh containing 28 tetrahedrons, and a 2lx24 

mesh containing 984 tetrahedrons . In addition to the 
fracture law we investigated the effect of the rotational 

freedom of the nodes in the lattice. Full details of all 

these analyses are given in Van Vliet & Van Mier 

(1994); here we wiII show only the effect of changing 

the fracture law. In Figure 22 the computed biaxial 

failure contours are shown for three different sets of 

analyses. The shear force criterion (Equation 2) is 

compared with the momentcriterion, with a =0.5 and 

0.005 respectively. In this example a 4x4 mesh was 

used; the rotations of all nodes in the plane z = 0 were 

suppressed. The result is quite straightforward. When 

the shear force criterion is used, it is found th at the 
biaxial failure locus is closed in the biaxial compres

sive regime, and out-of-plane fracture can be simu

lated. However, using the momentcriterion (Equation 

1), the biaxial failure contour is open in the biaxial 
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Fig . 22 Effect of choice offracture law 
on the biaxialfailure contour. A 
4x4 mesh oftetrahedrons was 
used in these analyses; af ter 
Van Vliet & Van Mier (1994) . 
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compression regime. These results suggest that a change of fracture law is necessary in order to 
describe fracture under generalized stress. Note that the difference between the two fracture laws is 
minimal in the biaxial tensile and tension-compression regimes. Only for high values of a does the 
shape of the failure contour become distorted in the tensile regimes. This would suggest th at the 
tensile results presented in the first part of this paper would remain the same when the shear fracture 

criterion is used, but this must still be verified. The behaviour of the lattice in compression is at 
present being studied in more detail. Especially edge effects in the lattice and the influence of the 

elements in the third dimension need some further investigation. lt is mentioned that a single fracture 

law must suffice to describe the behaviour of the material at the particle level. Here it is only 
suggested th at there is reason to change the earlier normalload bending moment criterion according 
to Equation (1). 

7. Conclusion 

This paper gives an overview of our recent work on fracture of concrete and rock. Both 
experiments and analyses with a recently developed lattice model are used to obtain a more 

fundamental insight into the fracture process. The lattice model is an excellent tooi for studying 

fracture in laboratory-scale specimens. It is essential is that the exact boundary conditions in the 
experiment simulated are taken into account in the numerical analyses. The numerical and 

experimental results obtained to date suggest th at fracture in brittie disordered materials such as 
concrete and rock is a highly complex, non-uniform process. Af ter distributed microcracking, 
macrocrack branches develop. The macrocrack branches do not coalesce, but crack overlaps 
develop. These crack overlaps develop primarily near stiff aggregate particles in the concrete. This 
type of crack-face bridging seems to be the main toughening mechanism in concrete and rock and 
causes the long stabie tail in the softening diagram. Moreover, the same has also been observed in 
some ceramics as weil. Owing to the non-uniforrnity ofthe fracture process, significant boundary and 

specimen size effects are observed. In the paper the effect of rotational freedom of the specimen 
boundaries in uniaxial tensile tests is examined. It is found that the crack density increases when the 
specimen is loaded between parallel translating loading platens ('fixed' boundaries). The resulting 

difference in fracture energy can be as high as 30 to 40 %. 

The lattice model has given excellent results in tension. Noteworthy is the difference between 
the centre-particle lattice and the lattice with particIe overlay. In the centre-particle lattice, the 

analysis is based on ideas concerning load transfer and interaction between rigid particles in concrete 
(see Figure 1). In the particle overlay method we identified stiff aggregates and weak interface zones 
directly in the model. This latter approach seems to give more realistic crack mechanisms, while the 

stress-crack opening behaviour remains almost identical. In order to increase the range of applica

bility of the lattice model, a new fracture law has been implemented. The effect of th is fracture law 

on the stress-displacement behaviour has not been studied to date but will be subject to further study. 
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Abstract: Processing significantly affects the mechanical propenies of a polymer product. The properties 
are genera!ly related to the orientation of an extruded film or the crystalline structure of an injection-moulded 
part. It is therefore of interest to examine in detail the effects of processing on the quality of the mouldings. 
The paper discusses and gives examples of two different approaches 10 the understanding of these reIations. 
The first approach is an experimenta! method using physical processing data such as temperature, cooling rate, 
shear rate derived [rom the machine setting and the machine and mould geometries. These are correlated 
empirically with the pan properties. The second approach is the theoretica! prediction of mechanica! part 
properties on the basis of computer modelling of tbe molecular orientation and tbe developing crystalline 
structure. This is an encouraging step towards a better understanding of the relations between processing and 
properties. 

1. Introduction 

It is very weil known - and also theoretically understood - that by stretching a semi-crystalline 

polymerfilm ata temperature a little below the crystallization temperature the mechanical properties, 

e.g. Young's modulus, can significantly be improved. This is essential forexample in the production 

of video tape film. It can also be seen that when cooled at different cooling rates (high or low)some 

materials may remain total!y transparent or even become opaque due to the development of a 

different crystallinity. By mechanically testing these samples or products One can often also detect 

marked differences in mechanical properties. This is also of importance in polymer film production. 

Similarly when we analyse the mechanical performance of a complex-shaped technical part, e.g. an 

injection-moulded c1utch-pedal made of glass-fiber-reinforced polyamide, the specialist at any rate 

knows that its mechanical behaviour is very much dependent On the specific gating situation and the 

selected injection processing conditions. 

Perhaps the most fundamental and essential question in polymer processing is to know how 

to handle a specific material, how to run and how to adjust a process in order to achieve a desired 

product quality. New polymers, computer-integrated manufacturing and quality requirements 

everyday cal! for a fresh, up-to-the-minute answer to this question. The answer is very complex and 

requires fundamental knowledge about how, in the case of a given polymer, the structure of a product 

correlates with its processing conditions. As shown in the above examples, these crucial!y affect the 

final properties and product performance. When we talk about processingconditions we have to keep 

in mind th at they are of ten dependent on the polymer itself, the specific design of the processing 

equipment, the quality of the COn trol systems, the handling and pretreating, e.g. drying, compound

ing, evapozing, and the environmental conditions . 

.. 
Institutfür Kunststoffverarbeitung, RWTH Aachen, POn/strafte 49, 52062 Aachen, Germany 
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While trying to understand processing better, we have to take care to recognize that changing 
one parameter during processing can also affect other final product properties, either positively or 
negatively. We therefore have to identify and study the individu al influences for a given material. 
It is first necessary to optimize the design of a plastics part before seeking optimized material 
processing. Optimum part design is not, however, the objective ofthis paper. The final properties of 
a plastics part made from a given and defined polymer are independent of the production process used 
(whether extrusion, injection moulding or, for example, compression moulding) in th at the inner 

structure - morphology, crystallinity, dispersion in a multi-phase system, orientation or intemal 
stress pattem - predicts the properties (Michaeli, 1990). Our research work analyses injection 
moulding, extrusion, compression moulding, thermoforming and welding within this context. This 
paper is restricted to unfilled thermoplastics and to the first two processes mentioned. In all processes 
analyzed the structure formed is a function of therm al and mechanical (flow and deformation) 
influences. The absolute degree of structural properties, such as crystallinity or orientation, is 
different for the individual processes and the products formed but is always derivable from the 
specific process conditions. This gives us the opportunity to transfer findings from one production 
process to another. 

The aim is therefore to abstract a process into individual parts for which the processing 
parameters are defined. From this the inner properties (structure) and final properties can be 
determined. This is shown in Figure 1 (Berghaus et al ., 1988). Process data are figures independent 

of moulding and processing equipment. They are derived or calculated from the processing 
conditions and the specific geometrical boundary conditions of the equipment used, mould, die etc. 
Compared with compression moulding, for example, the material is more loaded (e.g. sheared, 
heated) during extrusion and therefore we have to expect molecular alteration. A comparison of 
extrusion and injection moulding gives us a similar set of significant process data, but the amount 
and effect are different. The pressure level and the shearing in injection moulding, for example, is 
significantly higher than in extrusion (Berghaus et al., 1988). The structural parameters (e.g. 
orientation or boundary layers) are less distinct in extrusion. During cooling in injection moulding 

Tempera ture 
Heating rate 
Cooling ra te 

Dispersion in mul ti -
phase system s 

( blend s ) 

Fig. 1 From production process to part properties;Jrom Berghaus et al. (1988). 
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comparatively the same cooling gradients exist, but due to the meIt flow during the packing phase 
high deformation rates at fairly low melt temperatures influence the inner structure. The morphologi
cal structures and internal stress patterns can be correlated for both processes with the cooling, 
pressure and deformation conditions. Analysis of these fields provides the key to understanding the 
relations between processing and properties. 

2. How to establish relations between processing and properties 

Basically there are two different ways of establishing relations between the polymer and the 
processing on one hand and the resulting product properties on the other: the experimental method 
and the theoretica I method by means of process and structure development modelling. Since this 
relationship is of an extremely complex nature most of the approaches found in the literature lie 
somewhere between the two methods but generally they are more experimental. Describing the flow 
and deformation with respect to the orientation of a polymer in a processing machine and its toolings 

and also its cooling and the parallel development of crystalline structures or intemal stresses is no 
longer out of our reach when modelling polymer processing. Computers have proved to be essential 
for polymer engineers and scientists; in other words : simulation of polymer processing is already 
very advanced and, although it is definitely still avision, the parallel prediction of part properties, 
inc1uding the mechanical properties, is becoming more and more realistic. We already see the day 
when it will be pos si bie to the predict processing behaviour and properties of the product before 
processing, using adequate modelling (software) andcomputers (hardware). Examples ofboth these 
approaches will be given in the following. 

3. Processing - property relations; the experimental approach 

The state of a thermoplastics material while being processed and moulded to a plastics part is 
defined by (Berghaus et al., 1988) : 

LJ"\ --0 
m 
N 

X 
QJ 

U 
c 

QJ 

E 

_9-
10min 

50 

40 

30 

20 

10 

o 

.--

c-

o 

'/ 
[ s-lJ 

36 
72 

2~~:[ 2:~OO[ / /~/ __ '" --+-__ ~ 
108 

,------,--,-'" ---,Á 7· X/A 
/·7Á·~-_-,o_ -+-_-'0_--1", _ 

./7~o-n~~ - o u · 

~OÓ'" I 
~ :s hear rare . 
r : t i me 

PP 5200 

~ : averaqe shear deformahon 

5000 

Mean shear deformarion 'i 
10000 

( ~ = 'i'. r ) 

Fig . 2 Melt loading of PP;from Berghaus et al. (1988). 



130 M echanical Behaviour of Materials 

[Nm) [mJ/rnm 2 ) [rn J Imm2) 

-TI 

4 0 60 .!:! 
-

~:~c 
Qj ~:~ 

- 7-
>-
D-
<-
0 
~ 

LJ -
~ 

'- Qj 
0 3 u 
:3 c 

0 40 
CJ'I -+-

V1 
C 'ij ~ ~ u 
c 2 

~ 5 0 Po"h'", ,oek ~, c\ 
~ 0 Impact resi stance (Izcd ) 
'-

"'c 3 x Impact resi stance (Charpy) 0 -+-
=ol u 

D- o 
D-

É 

o 
D-
E 

o 10 [ g/10minl 20 

MFI230/5 

Fig. 3 Change in impact streng th according co meltflow index;from Berghaus et 
al. (1988). 

• melt loading (degradation), 
• melt deformation (orientation) and 
• cooling conditions 

3.1 Melt loading and inner structure 

To achieve product properties such as suffi
cient impact resistance, corrosion resistance and 
dimensional stability under mechanical loading a 
certain molecular weight is necessary. Molecular 
weight and flow properties (e.g. MFI measure
ments) can be correlated and gi ve a good correlation 
with melt loading - i.e. degradation (Berghaus et al., 

1988). Figure 2 (Berghaus etal., 1988) describes the 
effect of melt loading on MFI as a function of mass 

temperature and shear deformation. The signifi
cance of the thermal influence (mass temperature) 
can clearly be seen. This means that material process
ing might change the properties of our processed 
material. These experiments were carried out for 
extrusion (Hoffacker, 1982; Brinkmann, 1986); in
jection moulding shows the same tendencies. 

3.2 Morphology and part properties 

The changes in the inner structure of the 

500 ,---,---,---,---,---, 

N 
mm 2 

rIJ = 020 flm 
026 flm 
630 flm 

52 54 56 58%60 

degree of crystallinity K 

material during processing ultimately deterrnÎne the Fig.4 Young 's modulus at yield strain as 
product properties. Tensile tests often do not reveal afunction of the internal 
significant tendencies or correlations with the mo- properties ;from PlejJmann (1986). 
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lecular degradation. However, if we analyse the material behaviour during impact loading (impact 
resistance, punching work) we can see from Figure 3 (Berghaus et al., 1988) how molecular, 
degradation (expressed here by means of the MFI) is of significant influence. Not only molecular 
degradation, for example in the screw or die of a processing machine, is of significant influence on 
the mechanica I product properties. Cooling and quenching conditions are also very important. 

Figure 4 (PleBmann, 1986) shows how the propenies (Young's modulus) of an extruded film 
from a semi-crystalline material (polypropylene) is influenced by the size ofthe spheroliths and the 
degree of crystallinity. It can be seen from the figure that knowledge concerning the initiation 
(nucleation), growth and influences on the number and size of the spheroliths is essential for the best 
processing conditions of th at semi-crystalline material. The cooling rate is one of the key factors 
determining the mechanical propenies (Figure 5; PleBmann, 1986). 

Figure 6 (Menges et al., 1988) shows the variation of the degree of crystallinity along the flow 
path for a number of different injected mouldings with simp Ie geometries. For all these different 
geometries and processing parameters the mouldings show a marked variation in the degree of 
crystallinity along the flow path. According to Schönefeld and Wintergerst (Schönfeld and 
Wintergerst, 1970) a reduction in crystallinity of the order of magnitude shown here is expected to 
reduce the yield stress, Young's modulus and surface hardness by about 10 % and to increase the 
impact strength by the same amount. Microsampling measurements on moulded plates showed that 
the high average degree of crystallinity observed at the beginning of the flow path is due to the 
presence of a highly crystalline region near the surface of the moulding. This results from 

solidification under the influence of shear stresses , the effect of which becomes less with increasing 
flow distance. Altendorfer and Geymayer obtained sirnilar results from investigations on injection 
moulded beakers (Altendorfer and Geymayer, 1983). 

The thickness, degree of orientation, crystallinity and morphology of the region close to the 
surface, described by Backhaus (1985) as the freeze-off layer, detennine to a large extent the 
mechanical propenies of the moulding. If different mouldings made from the same material have 
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identical structures at the positions 
where measurements are made, it can 
be assumed th at the end properties will 
be similar. The mechanical properties 
measured in the tensile tests, namely 
Young's modulus E, the yield stress (Js 

and the elongation at break ER, makes it 
possible to characterize the stress-ex
tension behaviour of the materials un
der study and to make relative evalua

tions. The size of the tensile bars needed 
for tensile tests allows only the me
chanical properties in the middle re
gion ofthe moulding to be investigated. 
Flat compression tests, on the other 
hand, allow loading of the material even 
near the edges of the components being 

investigated, as the sample volume 
needed for the test is smal!. This makes 
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dependence of the mechanical proper
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ties at every part of the injection
moulded article (Menges et al., 1988). 
Samples were moulded from a PP Fig. 6 
homopolymer (®Vestolen P 5200, 

manufactured by Hüls, Marl). Plates 

o 50 100 150 
fl ow length xF [mm) 

Change of degree of crystallization along the 
flow pathfor different moulding geometries; 
from Menges et al. (1988). 

with dimensions 114 mm x 114 mm and thicknesses of 1.5, 2.l and 5.0 mm were made for the 
investigations. (Wh ere the thicknesses given in the figures differ from these, the values given are 

actual thicknesses af ter shrinkage). Each test piece was injection-moulded with a film gate over the 
fult width. The processing parameters which were varied during the investigation were the melt 
temperature TM, the cavity wall temperature T w, and the flow front velocity VF. The holding 
pressure p and the corresponding time tN, and also the cooling time tc, were adjusted to suit the 
conditions in each case. 

The degree of orientation and the thickness of the fine-grained surface layer were determined 
at different positions along the flow path from 30 Ilm thick microtome cuts (Troost, 1985). The 
average degree of crystallinity over the cross-section was determined by the flotation method 
according to DIN 53479. The extent of the spherulite size over the cross-section and along the flow 
path was also determined, by point sampling (Wiegmann, 1987). These investigations showed th at 

along the flow path the structure changes significantly only in the region near the surface. In contrast, 
the structure in the interior zone shows no noticeable variations. This indicates that the dependence 
of the mechanical properties on flow path length is determined essentialty by the structure in the 

surface layer. 
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Flat tensile test speciments of small dimen

sions (unstretched length La = 25 mm) were cut 
out of the mouldings in accordance with DIN 
53455. The tensile tests were carried out at room 

tem-perature under the con trol of aplastometer, 

using a constant true extension rate of èw = 0,5 
min-I. 

The deformation behaviour under com
pres sion loading was determined by the flat com
pression test, Figure 7 (Menges et al., 1988). In 
this test two opposing rams with flat, well-lubri

cated working faces are pressed into an equally 

flat specimen. Under suitable geometrical condi

tions (b/h > 6) one can assume that the deforma
tion of the specimen is confined to one plane and 
occurs in the directions land Il. The specimens 

h : sample height 

b : sample width 

cr : stamp width 

stamp length 

compression force 

compression bar 

Fig . 7 Compression test;from Menges et 
al. (1988). 

were cut out in such a way that the injection moulding direction coincided with either the direction 

I (sampling angle e = 0') or the direction III (e = 90'). By choosing suitable specimen widths the 
ratio b/h was kept at 6, while the ratio h/a was kept at 1 (Menges et al., 1988). The tests were carried 

out at room temperature with a constant true compression rate èw = 0,5 min-I. The values measured 

in the test for the force F and the decrease in the thickness of the specimen were used to calculate the 

compressional stress (5 = F(ab) for a ram width a and a specimen width b, and the percentage 
compression Et = [(hO - h)/h • 100 %], where hO and hare the specimen thicknesses before and af ter 
applying the load respectively. In the following results the compressional strength is given as (550. 
which is the compressional stress corresponding to a compression Et = 50 % (Menges et al., 1988). 
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As already mentioned, for moulded com
ponents and semi-finished products made from 

semi-crystalline plastics the degree of crystallin
ity has a considerable influence on the mechani
cal properties. The magnitude of this influence 

was assessed by determining the yield stress (Ys 
and the compressional strength (Y50. Figure 8 
shows that for a 1.4 mm thick plate, both the 
degree of crystallinity and (Y50 change appreci
ably along the flow direction (Menges et al., 

1988). As both characteristics have comparabIe 
dependences on the intern al properties, the fol
lowing figures show only the results from flat 
compression tests. The loc al flow veloci ty, which 
is almost identical to the flow front velocity VF 
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for the plates investigated here, has an appreci- 0 
able effect on the properties mentioned above in 
the case ofthin-walled mouldings. In general one 
finds that the dependence ofthedegree of crystal-
linity on VF becomes less as the melt temperature Fig. 9 

is raised. The explanation of this is that at higher 
melt temperatures the effect of the flow front 

51 
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degree of crys toll i zotion 

Compression strength vs. degree of 
crystallization; from Menges et al. 
(1988). 

velocity on the thickness of the surface layer is appreciably reduced. As already mentioned, the 
surface layer is highly crystalline owing to shear-induced crystallization, and consequently its 
thickness has a considerable effect on the degree of crystallinity when averaged over the cross

section of the moulding (Menges et al., 1988). With increasing thickness the dependence of bath the 
structure and the mechanical properties on flow path length becomes less and less pronounced. The 
crystallinity, however, increases if the conditions near the wall are otherwise unchanged. The curves 

velocity 

iso therma 1 f I ow 
cooled wall layer 
fr ozen wall loyer 

sheor ra te 

Fig. 10 Velocity and shear rate distribution across the flow channel at 
different points-of-time during thefilling phase;from Wübken 
(1974). 
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shown in Figure 8 suggest that a 

relationship exists between compres

sional strength and degree of crystal

linity. In Figure 9 these two quanti

ties are plotted together for mould

ings of three different thicknesses. 

For mouldings of equal thickness 

there is a very good correlation be

tween compressional strength and 

degree of crystallinity. With increas

ing thickness it is found that for a 

gi ven degree of crystaIIinity the com-

fr ozen I ayer highly viscous 
"sk in" 

velocity profile of 
the flow front 

veloei ty profile under 
developed state of 
flow(main flow) 

transverse flow 
next to flow front 

pressional strength decreases 

Fig.ll Velocity profiles across theflow channel;from 
Wübken (1974) . 

(Menges et al., 1988). The compressional strengths measured for 4.8 mm thick plates correspond to 

those found at the end of the flow path for th in plates. This resuit shows th at in addition to the degree 

of crystaIIinity there are other internal properties which have a considerable influence on the 

mechanical behaviour. Therefore the effects of orientation on the mechanica! behaviour were also 

investigated (Menges et al., 1988). 

Orienlations develop during injec

tion moulding mainly in the filling phase. 

Shearing and extensional deformation of 

the melt during flow in the runner system 

and the cavity lead to an orientation of the 

molecules in a preferred ("oriented") di

rection which is then frozen in during cool

ing. While the melt flows through a duet the 

highest shear rates occur next to the sur

rounding wa!ls - if we presume wall adhe

sion (Figure 10; Wübken, 1974). The ma

terial cools down ratherquickly at thecooled 

cavity wall andjust about instantly a frozen 

layer is formed which again influences the 

flow pattern. This leads to a shifting of the 

maximum shear rate in the boundary layer 

between frozen material and the melt. Also 

during the filling phase the very flow front 

cools down to a highly viscous "skin" be

cause of the cold air inside of the cavity . 

Due to the flowing melt this viscous "skin" 

is extensionally deformed like a balloon 

while being blown and is laid down at the 

cold cavity wall and freezes there instanta

neously (Figure 11; Wübken, 1974). 
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Fig. 12 Effect of mass temperature on the 
distribution of orientation; from 8ackhaus 
(1985). 
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In the final part the highest orientation PP5200 injection moulded 
will be found at such locations of maximum 

shear and extensional deformation. These ori
entations will relax with time according to an 

exponential function to reach their highest 

state of entropy since such orientations are of 
an entropy-elastic nature. With increasing tem
peratures these relaxation processes will be 
accelerated. Therefore we always find a cer
tain relaxation procedure in a still warm 

moulded part (Figure 12; Backhaus, 1985). 

When the dependence of the mechani
cal properties on position and direction was 

investigated, it was found that the behaviour 

of the material was highly anisotropic, to an 
extent which depended on the position in the 

mouldedcomponent. Figure 13 illustrates this 
for the compressional strength, measured at 
different positions of a plate with a thickness 
of IA mm (Menges et al., 1988). On compar

ing the compressional strength values meas
ured in the longitudinal and transverse direc-

tions at the same point in the moulding, quali-

5 

o 8 = 0· 
• 8 = 90· 

EdW = 0,5 min-1 

4 3 2 

Fig.13 Compression streng th as afunction of 
location in the moulding;from Menges 
et al. (1988). 

tatively similarcurves are found all along the flow path. In Figure 14 (Menges et al., 1988) the degree 
of orientation and the compressional strength are plotted against flow distance along the path marked 

3 in Figure 13. In the figure the curves for two mouldings made under greatly differing conditions 
are compared. The compressional strength as a function of flow path length clearly shows the 
anisotropy which is expected as a consequence of the orientation, and also the effect of the change 
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in the degree of orientation along the 

path (Menges et al., 1988). 
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As can be seen from Figure 15 
(Menges et al., 1988), in represent

ing the compressional strength as a 
function of the average degree of 
orientation, generalized for mould

ings of all kinds (or, to be more spe

cific, without taking account of 

moulding thickness), the data show a 

large scatter. Nevertheless, unlike the 

situation found earlier for the de
pendence of compressional strength 

on degree of crystallinity, it is not 

necessary in this case to derive sepa
rate curves for different moulding 

thicknesses (Menges et al., 1988). 

OL---------L---------~------~ 

The observed scatter can es
sentially be attributed to two causes. 

The fust of these is the uncertainties 

o 0,05 0,10 

degree of orientation 

Fig.15 Compression strength vs. orientation;from 
Menges et al. (1988). 

0,15 

that arise in determining the degree of orientation by the birefringence method; according to 

Wiegmann (1985) the errors in this can be as much as 10 %. The second cause arises from the fact 

that the degree of orientation (5 r th at is measured is an average value over the whole cross-section 

of the specimen. Although this gives an approximate measure of the amount of orientation present, 

equal values for the average degree of orientation can arise from either a thin, highly oriented surface 
layer, or a less highly oriented, but thicker, freeze-off layer. Although these different structures both 
influence the mechanical properties of the moulding in the same sense, the actual values of the effects 

are different (Menges et al ., 1988). It may be possible from a more detailed characterization of the 

structure to reduce the amount of scatter in the dependence of mechanical properties on the degree 

of orientation. As the results show, use of the flat compression test makes it possible to demonstrate 

the positional dependence of the mechanical properties under compressionalloading and to relate 

this to structural variations (Menges et al., 1988). By combining results from the compression test 

with the mechanical data generaJly used in designing structural components, it may be possible under 

some circumstances to arrive at more accurate formulas for predicting the behaviour of the material. 

The results analysed so far do not yet make it possible to fully attain this objective. Nevertheless, 
proper use of the flat compression test opens up new possibilities for predicting the mechanical 

properties of structural components. 

4. Processing - property relations; the theoretical approach - avision? 

These experimental results show that the material properties are different at any position in an 

injection-moulded part. When we look at the overall part performance under loading conditions we 

should not neglect the internal stresses which develop during cooling and might negatively "preload" 

the part (Figure 16). These are difficult to detect; basically only physical modelling of their 
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development during cooling and demoulding 
will help to show their magnitude and local 

distribution in a moulding and make it possi
bie to judge their influence on the final part 
performance (Pötsch, 1991). In recent years 
significant advances have been made in order 
to model their development. A computer pro
gram for this purpose is already available for 
the InJection moulding process 
(CADMOULD-3D, IKV, Aachen). At IKV 

we are trying to model the injection moulding 
process in order to predict the properties of the 

Mechanical 8ehaviour of Materials 

crystallization ~( ______ • orientation 

\ / 
final properties 

1 
internal stresses 

Fig.16 Relations between micro-structural 
parameters andfinal properties of the 
moulding. 

mouldings (Figure 17). In the first step we model the molecular orientation and the crystallization 
process. 

Orientation process 

The orientation birefringence factor L1n is directly correlating to the normal stress difference 
Lis. If we succeed in predicting the orientation birefringence factor L1n out of the stresses acting up 
to the freezing ofthe material due to shearing and extensional deformation of the polymer at the flow 
front during filling, we have at least one significant key for the correlation of the orientations with 
the local mechanical properties. According to Tietz (1994), we have: 

(1) 

where C is a constant and /).S is the main stress difference. For orientation through shear /).S is found 
from: 

(2) 

where s12 is the shear stress, and N1 the normal stress difference following from (Backhaus, 1985): 

2 2 
N1 =-oÜ 

G 
(3) 

Iteration: variation of the processing parameter 
to optimize the moulding's properties 

,-----, ,~ 
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- moulding 
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- orientation 
- crystallinity 

I 
Calculation of 
the moulding's 
properties 

Simulation of the 
flow processes 
(shear rate, pres
sureloss etc.) and 
temperature fields - size of spheruliths 

material data, 
processing parameter 

equations to calculate 
the inner properties 

Fig.17 Simulation ofthe moulding's properties 

material law: 
properties = 
f(inner properties) 
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with G being the shearmodulus. Fororientation through 
extension the main stress difference in Equation (1) 

follows from: 

(4) 

where hD is the viscosity, and ËF the extension rate at 
the flow front, which is obtained from: 

(5) 

in which n is the flow exponent, v F the velocity of the 
flow front and DJ( = H/2 (H being the height of the 

cavity). 

measured 

calculated 
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Figure 18 shows a first qualitative calculation of 
the orientation pattern over the part thickness compared 
with a measured birefringence pattern. Figure 19 (Tietz, 

1994) shows th at there are still some deviations in the 

centre of the parts. The reason for this is that the 

modelling does not yet consider the melt flow during the 
packing phase of the injection moulding process; how
ever, the qualitative function of the orientation - with 

the high orientation at the part surface according to the 
extensive molecular orientation at the flow front and the 
relative orientation maximum due to shear flow - is 
most encouraging. Figure 20 shows calculated orienta
tions at different positions in a complex-shaped mould

ing (Tietz, 1994). 
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Fig.19 Comparison ofmeasured and calculated orientation courses (close 
to the gate);from Tietz (1994). 
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-> surface 
20 -> center 

Fig.20 Orientation distribution in different layers of a toy moulding;from Tietz 
(1994) . 
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Fig.21 Degree of crystallinity over the moulding thickness with/without heat of 
crystallization calculated and compared to measurements (close to the 
gate);from Tietz (1994). 

CrystalJinity 

The Avrami equation for isothermal development of crystallinity is: 

where: 

K = crystallization constant; 
X( 00) = maximum crystallinity; 
n = Avrami exponent (n '" 1...4) 

(6) 
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To describe the developing crystallinity of the moulding during cooling a non-isothermal formula
tion of the Avrami equation was integrated in our injection moulding computer program, resulting 
in (Tietz, 1994): 

- f k(T(t»dt 

xCt)=X(oo) l-e 0 

[ 

( I Jn] 
(7) 

with k = K 1
/
n . A comparison between the calculated and the measured degree of crystallinity 

distributions is given in Figure 21 (Tietz (1994). Since the shear-introduced crystallization close to 
the surface ofthe moulding is not yet integrated in our modelling, differences between the calculation 
and the measurement can be seen. 

Assuming success in modelling and predicting the local crystallinity, loc al orientation and 
local intemal stresses in a three-dimensional moulding, a relation to the local mechanical properties 
is still missing. There is still a large field for fundamental research. The Aachen University of 
Technology is working on this question together with the IKV team. Perhaps the first step in finding 
a relation is to use data as given in Figure 4 for prediction. However, this will only give information 
for the local modulus; predictions of failure behaviour are certainly even more complex. 

5. Final remarks 

The calculation of processing 
and mechanical properties by com
puter modelling is at the moment 
still avision. However, when we 
analyse the processing of short fi
bre-reinforced polymers itis already 
possible to calculate fairly exactly 
the local fibre orientation and the 
fibre distribution even in very com
plex moulding (Figure 22; Mohr

Matuschek, 1991). 

Since the modulus of the fi
bres (e.g. glass fibres) is much higher 

than that of the polymer we can 
apply the rules we know from the 
mechanical analysis of composite 
materials (Hlaminate theory") in or
der to predict the overall mechani
cal performance of the part (Mohr
Matuschek, 1991). This brings LIS 

very close to ollr vision! Fig. 22 Filling simulationfor the clutch-pedal geometry; 
from Mohr-Matuschek (1991). 
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P. E. J. Flewitr 

Structural Integrity Assessment of High 
Integrity Structures and Components: 
User Experience 

Reference: Flewitt, P.EJ. (1995), Structural Integrity Assessment of High Integrity Structures and 
Components: User Experience. In: Mechanical Behaviour of Materials (ed. A. Bakker), Delft University 
Press, Delft, The Netherlands, pp. 143-164. 

Abstract: The continued safe operation of high integrity structures and components is assured using 
structural integrity argumenLS which are usually based upon detenninistic methodology. In this review the 
methodologies used to develop these arguments are considered with emphasis given to the conservatisms in 
the input parameters, particularly the mechanical and physical properties ofthe materiaIs. An example of a 
multi-legged detenninistic fracture mechanics based argument is addressed by describing that fonnulated to 
support the continued operation ofthe high integrity reactor steel pressure vessels at four carbon dioxide gas 
cooled Magnox power stations operated by Nuclear Electric plc (UK). Finally there is a brief consideration 
ofthe potential bene fits associated with probabilistic argumenLS compared with a detenninistic approach. 

1. Introduction 

Major construction, process, manufacturing and transport industries are usually concerned to 

be able to assure the safe and economie production by use of appropriate structures and components 

for operation of their plant. An essential input to demonstrating this necessary assurance is a 

structural integrity assessment. The design of these structures and components is an interactive 

process which aims to achieve arealistic balance between state-of-the-art structural capability and 

the service requirements. This balance is achieved by use of codes and standards, methods of 

analysis, material property databases and validation tests. As a consequence the design engineer 

must create a structure or a component using analytical tools and supporting data most appropriate 

for the application. However, in addition, the operator of the structure or component has to ensure 

that throughout the service life it is secure against the design intent. This latter aspect offers 

challenges with respect to structural integrity diagnosis and assessment. In all such cases it is 

essential to have a knowledge of the mechanical and physical properties of the materials used to 

construct these structures and components. 

In general the probability offailure with time in service for structures and components follows 

acurve ofthe form given in Figure I, Neubauer and Bietenbeck (1989). This figure shows thatduring 

the early part of the operating life, there is a greater probability of failure which decreases and then 

rises slowly as the design life is approached, but then increases rapidly. Problems encountered during 

commissioning and the early life usually emerge as a result of poor design, inadequacies in 

component fabrication, construction and assembly, whereas in the latter stages of life they are 

associated with degradation of the properties of materials and the onset of time dependent failure 

mechanisms. However, in the intermedia te stages, problems can develop, at varying levels, due to 

the unforeseen response ofthe material to the service environment, specific requirements ofthe plant 

operating regime, inadequacies in the manufacturing route and poor maintenance, Endo (1994), 

• Nuc/ear Electric plc, Engineering Division, Berkeley Technology Centre, Berkeley, Gloucestershire 
GU3 9PB, United Kingdom 
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Swift (1994). An extreme example is 

the weil documented catastrophic fail
ure in 1969 of a low pressure steam 
turbine disc, 1.5m diameter, in a tur
bine generator at a power station in the 
UK, Figure 2(a), Grey (1972), Kalderon 

(1972). This was a result of the initia
tion and growth of stress corrosion 

cracks within the bore of the discs, 

Figure 2(b), arising from the operating 
steam environment combined with a 

material, in this case a low alloy 3CrMo 
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ferritic steel, with a low fracture tough- Fig. 1 The change in the probability of the incidence of 
ness, ",40 MPa,.Jm. The consequential structural integrity problems in relation to the 
effects of this are shown in Figure 3 operation life of plant 

where, although there were no nucJear 

safety implications, the costs to return the turbine generator to electrical power generation were 

substantial. Here it was the more onerous environmental service conditions during periods offload 
not addressed in the design , combined wi th poor materials properties for the particular rotor discs that 
produced the premature failure . 

f 

\. , 

(a) (b) 

Fig.2 Failure of a low pressure stage steam turbine disc manufacturedfrom a low al/oay 
ferritic steel. (a) Reassembled pieces of the 1.5 m diameter disc whichfailed while 
rotating at 50 Hz. (b) Failure was caused by the growth of a smal/ sec crack of the 
type shown here in a steel of low fracture toughness. 



P.EJ. Flewitt, Structurallntegrity Assessment .... 145 

-
Fig.3 A general view of the consequential effects of the low pressure steam turbine disc failure 

shown in Figure 2. 

As a consequence it is essen ti al th at materials selected for high integrity service structures and 

components have a high measure of reliability in their properties . If consistent performance is not 

guaranteed other factors such as materials selection costs, overall economic service life etc ., cannot 
be evaluated. Consideration of reliability has to focus on the potential fai/ure modes and how weil 

these can be predicted. Certainly it is usual to be able to diagnose the reason for failures af ter they 

have occurred. However the prediction of service life is less secure and as a consequence the design 
has to accommodate uncertainties by adding conservatisms and supporting these for high integrity 

plant with use of surveillance specimens, monitoring the operating conditions the component 

experiences and non-destructive inspection. These are used either individually or more usually in 

combination against a declared strategy. As pointed out by Prager (1991), the challenge is to develop 

predictive models for life combined with mechanical property data to support these. The latter offers 

considerable challenges since components are usually oflarger cross-section than the test specimens 

and the environment and stress state more complex. In addition, the period of service required for 

the component usually exceeds that achievable in a laboratory test, so that acceleration in parameters 

including stress, temperature and environment is required combined with extrapolation to the service 

conditions. Thus there is a need to ensure th at the mechanisms associated with the accelerated tests 

remain those experienced in service. Here there are benefits associated with being able to develop 

realistic mechanistic maps, for example, deformation and fracture maps, Figure 4, extending to 

stresses, temperatures and environments which are appropriate to service, to ensure the operating 

mechanisms are accommodated (Cocks and Ashby 1982). Here we show such a map for a-iron 
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indicating the temperature and stress 
ranges over which deformation 
mechanisms apply. These maps 
could, and have in some cases been 
developed for given materials but 
th ere is a need to accommodate the 
specitic composition, heat treatment, 
microstructure etc. which is difficuit, 
but if available this greatly assists 
such extrapolations. 

Obviously a failure of a struc
ture orcomponent can have profound 
commercial and financial implica
tions. However, there are areas where 

failures are completely unacceptable 
due to the impact on the environmen t 
and society, and this is particularly 
relevant to the chemical, transporta
tion and nuclear industries. As a 

M echanical Behaviour of Materials 
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Fig . 4 An example of a mechanism map for a -iron 
(grain size 32 J.1.m) describing the stress and 
temperature regimes which can be used to 
pro vide guidancefor extrapolation to service 
conditions for structures and components. 

consequence, in the UK the reliable, safe and economie continued operation of nuclear plant, 
including electrical power generating plant, is assured by the implementation of planned mainte
nance schedules supported by an appropriate range of safety arguments . To specify the maintenance 
schedules and formulate the safety arguments for electrical power generating plant requires a 
comprehensive understanding of the capability of the plant to meet the required duty based upon a 
structural integrity assessment. The commercial benefits to be obtained from structural integrity 
assessments associated with plant breakdown and continued operation beyond the original design 
life have been described previously, Doig and Gasper (1992) and Flewitt and Williams (1994). 

An unplanned plant breakdown, or a fault identified during a scheduled outage, results in loss 
of availability or capability so th at it is necessary to utilise structural integrity assessments. To meet 
the UK regulation requirements these arguments are usually formulated into a Safety Case to: 

(i) allow continued operation with known faults, 

(ii) establish appropriate plant monitoring, 

(iü) define a repair or replacement strategy, 

(iv) define acceptance criteria for continued operation. 

As a consequence, it is possible to minimise loss of income and additional expenditure by 
implementing a Safety Case, effecting a repair or replacement, or providing an operational solution, 
Figure 5(a). Here is shown schematically the cost and time associated with an unscheduled outage 
together with the effect on the total operating cost, as designed, and the revised income. This 
indicates the reasons to minimise period and cost of the outage which would arise from the need to 
undertake an assessment and prepare a Safety Case, effect a repair, or replace a component. The 
financial break-even point for the plant is shifted in time, thereby decreasing overall profitability to 
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Fig.5 The economics associated with operating electrical power plant including the initial 
fixed construction cost for (a) an outage (A = Design life,financial breakeven point; 
A' = revisedfinancial breakevenpoint); (b) extension beyond the design life. 

the point where, in the extreme, continued operation may not be economic. These financiallosses 

have to be recovered subsequently by improved operating efficiency, possibly combined with an 
extension to the operating life of the plant. This is supported by a structural integrity assessment to 
establish life limiting parameters, improving the knowledge of the operating history, identifying 
conservatisms in the original design and testing the design against acceptance criteria. The economic 
benefits associated with continued operation of plant beyond the design life are illustrated in Figure 
5(b) where there is a need to undertake work to accommodate the increase in problems as shown in 
Figure 5(a). However, for this strategy to be effective the life extension cost has to be minimised. 

In this review paper the methodologies used to develop the structural integrity arguments for 
assessing high integrity structures and components are considered by reference to that adopted in the 
UK fornuclear electricity power generating plant. Section 2 describes the framework forformulating 
these structural integrity arguments. In Section 3 the arguments required to support the continued 
operation of reactor steel pressure vessels used at four gas cooled Magnox power stations operated 
by Nuclear Electric plc are considered. Finally an overall approach to the deterministic assessment 
of high integrity plant is considered with respect to a probabilistic argument in Section 4. 

2. Basis of Structural Integrity Arguments 

Structural integrity assurance is the demonstration th at a structure or component meets its 
requiredduty with appropriate consideration of safety and economics. As a consequence, it is a multi
discipline activity which involves inspection, diagnosis, assessment and formulation of safety 
arguments, design criteria and repair/ replacement strategies and their implementation. lt draws 

mainly from the technical disciplines of: 

(i) inspection, plant monitoring and remote handling, 

(ii) material science including materials properties, fracture mechanisms, welding technology and 

tribology, 

(iii) structural analysis including stress analysis, dynamics, continuum mechanics and fracture 

mechanics, and 

(iv) general engineering safety and economic assessment. 



148 

Inspection 

Safety 
Case 
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Assessment 

Operational 
Solution 

Certainly it applies to all stages of the 

life of a structure or component, from 

conception to decommissioning, and as 

such it is not simply, as is often consid

ered, a failure and fault diagnosis pro

cedure. Moreover it has to he supported 

by appropriate research and develop

ment work. The structural integrity 

inputs to a particular problem are mul

tiple and varied and, as shown in Figure 

6, they involve the key elements of: 

Fig.6 The key elements for a structural integrity 
assessment which leads to a safety argument, a 
repair or replacement or an operational 
solution to a problem 

(i) Inspection (iv) Safety Argument Formulation 

(ii) Diagnosis (v) Repair or Replacement 

(iii) Assessment (vi) Operational Solution 

The first three provide the necessary input to the latter three and, for a given problem, each will have 

an input, although the weighting assigned will vary with the nature of the particular problem. In the 

case ofthe inspection, diagnosis and assessment of a problem, the inputs span the plant investigation 

work at the site, to longer term research and development activities to provide the necessary tools 

to solve the problem. In the case of inspection , however, it is to pro vide the hardware for techniques 

ofinspection together with the interpretative capability to support the detection limits andresolution 

for defect si zing. In addition, for undertaking work within a nuclear reactor circuit, for example, it 
is necessary to develop both the appropriate delivery systems and optimise the techniques forremote 

operation. For problem diagnosis, work is required to offer the correct understanding of the 

mechanisms leading to any deterioration of the plant integrity or potential failure to allow the correct 

structural integrity assessment, safety argument, repair or replacement strategy or operational 

solution to be adopted. 

As considered by Wannenberg, 

Klintworth and Rauth (1992) a deterrnin

istic structural integrity assessment has to 

be conservative andof sufficient accuracy 

as shown schematically in Figure 7. Here 

a simplified analysis adopts conservative 

assumptions whenever an uncertainty ex

ists, to give a conservative assessment of 

safety. If the simple structural integrity 

assessment gives a level of safety th at 

would require, for exampIe, a costly re

pair orreplacement the option remains to 

undertake a more detailed analysis which 

could lead to less conservative, but suffi-

cient, results. Therefore such an approach 

is an option in formulating a deterrninistic 

Simple Complex 
Analysis Detail 

Fig.7 Schema tic diagram showing the amount of 
analysis detail required with respect to the 
level of safety associated wieh a structural 
integrity assessment. 
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argument, although the true safety level is unal-
Kr 

tered. Unfortunately, it is not usually pos si bie to -t-----_ increasing laad I FAIL I 
establish if a more detailed analysis provides an 1.0 

appreciably higher estimate of the safety of the 

structure or component since the true safety level 
is unknown. A simplified analysis should always 
provide a more conservative assessment than a 
detailed analysis. However, several ofthe param-
eters used in a deterministic fracture mechanics 
assessment are probabilistically distributed vari

ables . Materials properties exhibit scatter, defects 
and their sizes are statistically variabie and load
ings may be random. Thus a deterministic assess
ment assumes the lowest value options of the 

variables to give a conservative and, indeed, of ten 

over-conservative assessment. As aconsequence, 
a probabilistic approach offers the potential to 

incorporate the appropriate level of detail into the 

ecreasing K Ic I 
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A typical R6 failure assessment 
diagram showing an assessment 
point within the safe region, together 
with the trajectories of this point 
whenfracture toughness KIe, yield 

stress O"y' load and crack size are 
varied. 

analyses to lead to a more realistic assessment of the level of safety. The developments th at lead to 
probabilistic approaches have been described elsewhere, and will be considered further in Section 
4, but we will concentrate on deterministic approaches. 

Although each deterministic assessment could be carried out in an ad hoc manner, the use of 
standardised procedures leads to greater efficiency and improves the acceptability to the Regulator. 

As a consequence significant effort was devoted to research and development within the CEGB, and 
more recently Nuc1ear Electric, to this approach. The R6 procedure Milne et al (1986) is weil 

recognised and established for assessing structures which potentially could fail by any combination 
of fracture and plastic collapse. This procedure introduces the concept of a failure assessment 
diagram to link linear elastic fracture mechanics, K, and more recently fully plastic, J, solutions with 

fully plastic fracture concepts, Figure 8. To use this procedure the severity of loading on a structure 
containing a defect or an assumed defect is calculated in terms of two parameters (i) Lr which is 

proportional to the plastic yield load and (ii) Kr which is proportional to the load for LEFM failure. 
The two parameters are plotted as a co-ordinate pair on the diagram, Figure 8, and if the assessment 

point lies outside or on the assessment line possible failure is identified. Also inc1uded here is the 
effect of certain input materials properties and parameters on the trajectory of the assessment point. 

This procedure is used routinely as a basis for deterministic fracture mechanics safety 

arguments supported by British Standards and ASME documentation. The success ofthis approach 
has spawned the development of a family of R procedures, to address the response of structures to 

unsteady loads, impact events, seismic loadings and high temperature loadings. In addition, the 

concern for safety is addressed by a consideration of the consequences of structural failure to the 
general public, the environment and the operator where the basic principles are defined taking into 

account the 'Safety Assessment Principles for Nuc1ear Plant' issued by the Regulator, H M Nuc1ear 

Installations Inspectorate (1992) . As a consequence, the Safety Standards adopted in the UK by 
Nuc1ear Electric are monitored by Company Assessors and the Regulator who have to he satisfied 

with compliance to an agreed level of safety. This requires that structural integrity Safety Cases are 
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formulated on the basis of the technical inputs of inspection, diagnosis and assessment. In general, 

a Safety Case considers various inputs each of which forms a le~ of a multi-Iegged argument where 
the overall argument is judged on the basis of the strengths and wealcnesses of each leg. 

An alternative to a safety argument is to repair or replace a component where this has a clear 
economie benefit over the operating life of the plant. For example, in the case of repairs whieh 
involve welding, specific procedures are developed and underwritten by appropriate research and 
development work, although on many occasions it is sufficient to use the results of a welding trial 
or procedure test. Moreover, in the case of a repair or replacement, the integrity has to be 
underwritten for future operation. The arguments described for safety cases and repair or 
replacement solutions apply equally 10 operational solutions which are embodied in rules and 
instructions against which the plant is then operated. 

3. A Deterministic Structural Integrity Assessment Case History 

In this section consideration is given to the structural integrity assessment of Magnox reactor 
steel pressure vessels which are used in electrical power stations operated in the UK by Nuclear 
Electric. These provide a demonstration of the underlying philosophy and approach adopted for a 
rigorous, deterministic fracture mechanics based argument. 

3.1. Background 

The four Magnox power sta
tions with reactor steel pressure ves
seis which are operated by Nuclear 
Electric plc were designed in the early 
1960s against a requirement that fail
ure in service shoula be increclible. 
Therefore, the vessels were designed 
and manufactured to the highest 
standards of the period, Holliday and 
Noone (1961), Poynor (1969), and 
procedures were put in place to en
sure th at they were not operated out
side their design limits. Since con

struction all the vessels have oper
ated satisfactorily and changes to the 
properties of the steels used in their 
fabrication as a result of exposure to 
neutron irradiation and service tem
peratures have been monitored via 
in-reactor surveillance schemes. The 
surveillance scheme results have been 
used as a basis for periodically re
viewing the case for continued safe 
operation of the vessels taking into 

(XT(AHA.l 
SUPPORT Sfl.tAT 

Fig.9 Schema tic diagram of a Magnox reactor stee! 
pressure vessel showing distribution of plates and 
weids together with the inlet and outlet gas ducts . 
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Table 1 Typical chemical compositions of reactor pressure vesselsteel plate and forging, sub-
merged arc weid metai, and manuai metai arc weid metai (wt-%) 

C Si Mn P S Cr Mo Ni AI As Cu Sn Fe 

Plate 
0.15 0.17 1.15 0.02 0.035 0.03 0.01 0.06 0.057 0.018 0.10 0.012 Bal. 

Nowe Forging 
0.18 0.36 1.30 0.024 0.024 0.07 0.01 0.08 0.049 0.029 0.10 0.015 Bal. 

Submerged Arc 
0.07 0.72 1.80 0.035 0.051 ... 0.025 0.04 0.25 0.02 Bal. 

Manual Metal Arc 
0.08 0.45 0.90 0.025 0.027 0.06 0.02 0.06 <0.01 0.032 0.06 <0.01 Bal. 

account any new developments in fracture mechanics which have occurred since the vessels first 

entered service and the requirement to operate beyond their original design lives. The Safety Cases 

developed for these major components provide an example of the formulation of a multi-Iegged 

structural integrity safety argument. 

The Magnox reactor pressure vessels are essentially 20m diameter spheres fabricated from 75 

to 100mm thick carbon steel plates and forgings jointed together by either manual or machined made 
weIds. The composition of these steels are given in Table 1. A schematic diagram showing the 

typical distribution and form of weids and plates is presented in Figure 9. This spherical shell 

contains the carbon dioxide coolant gas and operates, typically, at a pressure of 1.8 MPa and a 

temperature of ~340·C. As with any structure of this type it is the weIds that are judged to be the areas 

of the vessel most likely to contain any significant defects. At the time of their construction in the 

early 1960s there was no specific nuc\ear code available and the vessels were designed, constructed, 

inspected and tested to the conventional code BS 1500 Class 1. Thus, the original safety assessments 

for the vessels were based on the fact th at they had been built to an established code of practice taking 

particular care in the quality control, fabrication and inspection techniques. Although BS 1500 did 

not directly address the problem of brittIe fracture, the designers recognised the risk from this mode 

of failure and took steps to eliminate concern by establishing Operating Rules which prevented 

significant pressurisation of the vessel until the minimum operating temperature exceeded some 

limiting value. This limiting value, derived on the basis of a crack arrest philosophy, was obtained 

by combining the crack arrest temperature measured on plate material, with an upward shift in this 

temperature to accommodate in-service neutron irradiation and thermal ageing effects. Wide plate 

tests on full thickness specimens taken from similar steel plates indicated crack arrest temperatures 

which were typically 30·C. A nominal40·C shift was then added to allow for in-service degradation. 

Specimens of the pressure vessel steels were installed in canisters within the reactors to monitor the 

extent of this temperature shift and hence provide a basis for any necessary future modification to 

the Operating Rules. 

During the subsequent period of operation, tensile and Charpy impact energy specimens have 

been withdrawn from the surveillance schemes for testing on a regular basis. By the late 1970s these 

tests indicated th at the allowance for irradiation/ thermal ageing effects used in setting the original 

Operating Rules had been exceeded and that some revision of these was necessary. The largest 
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change in material properties occurred in specimens of machine-made submerged arc weId metal for 
which the upward temperature shift in the 401 Charpy energy was greater than 40·C. The change in 

materials properries for plate, forging and manual metal arc weId specimens were considerably less. 
This difference in response to neutron irradiation was attributed to the higher copper content of the 

submerged arc weid metal resulting from the coating on the original weid consumable, Table 1. 

As a consequence of the results from the monitoring schemes, the integrity of the pressure 

vessels was reviewed in the early 1980s and the safety arguments revised using a fracture mechanics 

methodology. Since that time the safety arguments have evolved to a high level of sophistication and 

further modifications to the vessel operating procedures have been made. The assessments carried 

out are now supported by the results from an ultrasonic inspection of a sample of vessel weids at two 

power stations, Bowring et al (1993), Curry and Burrows (1993). 

3.2. Basis of the Assessment 

The basis ofthe fracture mechanics deterministic argument is summarised in Figure 10. There 

are three major legs which input to the total argument. 

(i) a proof test based assessment, 

(ii) an assessment of reference defects, 

(iii) detection of gas leakage from assumed 

defects of sub-critical size, 

where a leg is defined as "an independent 

argument that in itself demonstrates safety". 

The argument for the Magnox reactor steel 
pressure vessels provides an example typical 

of the type of legs that can be assem bied to 

formulate a multi-legged argument. It should 

be noted, ho wever, that there are additional 

factors that, on this occasion, are accommo

dated, (a) the demonstration that the vessel 

operates at temperatures th at are on the upper 

shelf of the fracture toughness curve, (b) a 

demonstration of the tolerance to large defects 
from the quality ofvessel construction, and (c) 

plant monitoring. 

(i) ProofTest Assessment In the proof-test 

assessment use is made of the fact that 

the vessels survived an original proof

test to over 1.5 times the design pressure 

to determine the maximum size of de

fects that could have been present in the 

weids. Growth of these defects is then 

assumed to occur by fatigue and creep 

Faults and hazards 

Lm .. mj Base line ~ssessmentf"""" ": 

Fig. JO Basis of the deterministicfracture 
mechanics based structural safety argu
ment (case) for reactor steel pressure 
vessels showing the main legs of the 
baseline assessment; the additional 
factors, on-shelf operation, quality of 
construction and plant monotoring are 
also included. 
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processes in service and the extended defects are assessed to eva!uate pressure margins against 
failure in future operation. This approach to determining possible defect sizes is grossly 

pessimistic since the derived defect depths are over 50% of the vessel wall thickness. For such 
pessimistic defects it is not always possible to demonstrate positive safety margins at all 
locations, in particular those subject to high in-service thermal or system stresses. However, 
in these cases, an argument can of ten be constructed which indicates that the length of weId 
at risk is small or the probability of a defect being in the depth range whereby it would survive 

the proof test yet fail in service is low. 

(ii) Reference Defects As an alternative to the proof test approach reference defects 25mm deep 
are considered, including both fully extended defects and semi-elliptica! defects with a 6:1 

aspect ratio. The former is consistent with the requirements of ASME XI for pressure vessel 

assessments whilst the latter is considered to be a closer representation of the shape of defects 
th at could be present in the vessels. It is judged very unlikely that defects in excess of 25mm 

deep would have been missed by the radiographic inspection carried out on all the welded joints 
following construction. 

(iii) Gas Leakage The leak rate assessment lends additional support to the safety argument by 

providing confidence th at should carbon dioxide leak from a postulated through-thickness 

crack in the pressure vessel, it would be readily detectable before the crack reached a critica! 
size. 

The overalllogic ofthe approach adopted demonstrates that, in addition to positive pressure margins 

against failure for defects, consideration is given to the temperature margins which exist between the 
normal operating temperature of the vessel and the temperature at which the onset of upper shelf 
fracture toughness conditions occur. For this assessment the onset of upper shelf conditions is taken 
as the temperature at which there is only a 5% chance of brittIe failure based upon the upper bound 
95% confidence limit of the data. A positive temperature margin provides the added security that 

if the vessel were to fail it would do so in a progressi ve, ductile mode leading to carbon dioxide gas 
leakage. 

The analysis route for the above assessment gives critical crack sizes for both part through and 

fully penetrating defects in the vessel. Further support for the safety argument is derived from a 

comparison ofthese critical sizes with the size of defects likely to be present in the weIds judged from 
the quality of vessel construction and the results of ultrasonic inspection of weIds in other component 
parts of the Magnox reactor pressure circuit. 

3.3 Deterministic Structurallntegrity Assessment 

The deterministic method of assessment has been described in detail elsewhere Flewitt et a! 
(1993), Flewitt et a! (1994) and Wright (1994). Briefly, a fracture mechanics approach is adopted 

based on the R6 two criteria procedure, Milne et al (1986), referred to previously, Figure 8, for the 
assessment of structures containing defects. The main inputs to the fracture mechanics assessment 

are (i) depth, shape and position of a potential defect, (ii) materials properties, (iii) loadingconditions, 

and (iv) geometry of the component. This procedure is used to determine the minimum failure 
pressure as a function of vessel temperature, defined as the pressure limit line, for different locations 

on the vessel. By comparing this failure line with the pressure/temperature limits set by the Operating 
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Rules, Figure 11, it is possible to 
derive temperature margins and 
reserve factors on pressure. Cal
culations have been carried out as 
a base line integrity assessment 
for a range of loading conditions 
including reactor start-up, normal 
steady state operation and a pres

sure fault loading condition de
fined by the setting of the safety 
relief valves. As an extension to 
this base line assessment, sepa
rate calculations have been car
ried out for a number of possible 
but unlikely fault and hazard load
ings for the reference defect case 
only (see Figure 10). 
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Fig. 11 A schematic diagram showing the pressure and 
temperature margins that can be derived when the 
Rule to which the plant is operated is compared with 
the calculated limit line. 

During service neutron irradiation degrades mechanical properties in the parent plate, but in 
particular the submerged arc weldments, English et al (1993). The compositions of the constituent 
materials for these Magnox reactor steel pressure vessels are given in Table 1. For these carbon 
manganese steels the neutron irradiation usually increases the brittIe to ductile transition tempera
ture, decreases the upper shelf energy and increases yield strength and hardness. There is also a 
corresponding reduction in overall ductility and work hardening rate. These arise from microstruc
tural changes which include the formation of precipitates mainly copper and carbides, vacancy and 
interstitial clusters which produce smal! voids and dislocation loops and segregation of certain 

impurity elements to the ferrite grain boundaries. Thus neutron irradiation has the potential to 
enhance both diffusion and clustering mechanisms. Therefore it is important to have a detailed 
knowledge ofthe neutron fluence and irradiation temperature, combined with the composition ofthe 
material and its microstructure. 

As a consequence the input data required for this deterministic fracture mechanics structural 
integrity assessment are: 

(i) the start-of-life material properties for the submerged-arc weId metal including yield stress, 
ultimate tensile stress, fracture toughness, fatigue crack growth rates and creep properties 
including growth rates. 

(ii) the temperature and neutron flux values at different locations in the pressure vessel, 

(iü) the effect of neutron irradiation on the material properties, 

(iv) the stresses arising from the loads that act in the vessel either during operation or an assumed 
fault condition. 

Tensile properties at ambient temperature and Charpy impact energy values at -10·C were obtained 

........ 
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during construction but no fracture toughness measurements were made. Charpy impact data over 

a wider temperature range have since been obtained from the monitoring scheme control specimens. 

To supplement the available data, tensile and fracture toughness tests have been undertaken over a 
wide range of temperatures on submerged-arc weid metal specimens obtained from material 
removed from the vessels during construction to accommodate the inlet andoutlet ducts. The fracture 
toughness data have been analysed to provide brittie fracture and ductile crack initiation distributions 
at start-of-life, where initiation is taken as O.2mm of stabie crack extension. Survival statistics and 
the concept of competing risks have been used to analyse the data in the transition region where both 
modes offailure can occur, Moskovic (1993). Using this approach it is possible to estimate the start
of-life toughness distribution from the lower shelf, brittie fracture, to the upper shelf, ductile fracture 
and to determine the relative likelihood of brittie or ductile failure at any prescribed temperature. 

Figure 12 shows schematically the start-of-life fracture toughness distribution and the associated 
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strain ageing is predicted to occurfor Fig. 13 A typical variation of neutron dose rate and 
submerged-arc weId metaI and cer- temperature around a steel pressure vessel. 

tain plate steels. This is included in 
the overall shift in transition toughness. 

The neutron flux levels around the vessels have been derived from a combination of 
measurement and neutron transport calculations. Neutron activation measurements have been taken 
either on steel wires which were wrapped around the vessel or on samples of steel removed from 
redundant structures located within, but close to the steel pressure vessel. These measurements have 
provided flux levels in terms of the fis sion equivalent flux. However the effect of neutron damage 
on the material properties are more appropriateIy characterised in terms of displacements per atom 
(dpa) English et al (1993). Dpa estimates have been obtained by applying sealing factors, derived 
from complex neutron transport calculations, to the measured fission equivalent flux values. The 
models used to perform these calculations included the outer parts of the active core and the reflectors 

Fig. 14 Scanning electronfractograph showing a mixture of cleavage and intergranular 
fracture in a specimenfractured at a temperature in the brittie range. 
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in detail and representations of the core restraint, core support structure and other steelwork inside 
the vessels. The temperature at which a vessel operates is basedon data collectedfrom the permanent 
thermocouples which were attached to the outside surface of the vessel when it was constructed and 
on heat transfer modeis, the latter being used to interpolate between the discrete thermocouple 
positions on the vessel. The variation in the neutron dose rate and vessel temperature along a typical 
vessel meridian is shown in Figure 13. 

The effect of neutron irradiation on the materials properties has been determined from changes 

measured on the surveillance scheme specimens. The data obtained from the separate reactor 
schemes have been analysed together to provide dose/damage trend curves. Up per shelf fracture 
toughness properties have been adjusted for the effects of irradiation on the basis of tests carried out 
on pre-cracked Charpy specimens. The toughness transition curve has been shifted upwards in 
temperature by an amount equal to the change in the Charpy 40J val ue. The surveillance scheme data 
have been supplemented with resuIts from tests on specimens re-irradiated at an accelerated rate to 
higher dose levels. These demonstrate the changes in properties arising from copper precipitation, 
matrix damage and neutron induced phosphorus segregation to the grain boundaries which results 
in a proportion of intergranular embrittIement and fracture, Figure 14, in the submerged-arc weid 

metal. However, even when these weldments enter service there is a proportion of phosphorus 
segregated to the ferrite grain boundaries due to the original welding heat treatment cycle, Abbott 
et al, (1994). Although this level is insufficient to cause a significant amount of intergranular 

fracture, geometrical arguments demonstrate th at a small proportion of intergranular fracture ~% 
will accompany the low temperature brittie cleavage fracture, Abbott et al, (1994). Dose/damage 
trend curves which accommodate all three embrittlement mechanisms have been derived for use in 
predicting the shift in transition temperature, Bolton et al (1994), and a typical example is given in 
Figure 15. 

The best estimate irradiated fracture toughness at any location in the vessel can be determined 
by using the appropriate do se and dose/damage law to calculate the shift in brittie toughness and 
change in upper shelf toughness and then adding these changes to the start-of-life properties. This 
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process becomes more complicated when the uncertainties in the start-of-life toughness, dose and 
dose/damage law are taken into account. Hence a computer program is used which determines the 
irradiated cleavage and ductile initiation toughness distributions by combining these three distribu
tions. This program deternunes the combined irradiated toughness/temperature distribution using 
a competing risks approach described by Moskovic (1993) and the temperature at which there is a 

95% probability of ductile crack initiation. Figure 16 shows the predicted change in fracture 
toughness and cleavage fracture probability for a typical submerged-arc weId location af ter thirty 
years service. The temperature at which there is a 95% probability of ductile crack initiation is used 
when specifying the Operating Rules for a reactor pressure vessel to ensure a ductile condition when 
significantly stressed. 
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will be in excess of the highest do se received by the remaining operating Magnox reactor steel 
pressure vessels. The neutron flux is attenuated when passing through the vessel wal! and Charpy 
impact test specimens wil! be obtained from different depths in these samples. This wil! all ow the 
data to be compared with the predictions from the relevantdose/damage trend curve. The results from 
this supporting work wil! add to the present understanding of the embrittlement process and should 
improve prediction and al!eviate conservatisms used in the deterrninistic assessment ofthe operating 
pressure vessels. 

During service stresses occurin a steel pressure vessel from various types ofloading including 

internal pressure, and therrnal and system loading. Although the vessels were subject to a stress relief 
heat treatment a low level of residual stress is also assumed to exist in the weids. In the base line 

assessments two pressure levels have been considered, the first equivalent to the norrnal operating 
pressure, and the second relating to the safety relief valve settings. Thennal stresses arise in regions 
of the vessel where there are large temperature gradients, e.g. across the gas seal or where the vessel 
insulation is discontinuous. System loads are applied to the vessel via the gas ducts and result from 
differential displacement between the vessels and the boiler shel!s. Stresses from these various types 
of loading have been obtained by finite element analysis. 

In recent assessments the implications ofloads occurring as a result of a rangeof differentfaults 

and hazards have been considered assuming reference size defects to be present in the vessels, Figure 

10. These include seismic loading, dropped loads, boiler tube failure and anomalies in the duct 

hanger system. The principle adopted in examining the effects of such loads on the integrity of the 

vessels is to identify a set ofbounding faults and hazards representing the most severe events which 
could concei v a bly occur over their li fe time. Less freq uen t bu t more severe even ts are not considered 
on the basis of the low probability of large defects existing together with such remote loadings. This 
approach is broadly similar to that used in ASME III for pressurised water reactorcomponents where 
infrequentevents are considered separately by applying different al!owable stresses or service limits 
compared with norrnal operation. 

At the time the pressure vessels were designed it was believed that no non-destructive 
inspection would be possible once the reactors entered service. Therefore considerable reliance was 

placed on the inspections carried out during and after vessel construction to ensure the quality of 

manufacture. The principal inspection technique available at that time was radiography using X-rays 

and this was used to inspect al! the butt and seam weIds in the vessel. In later vessels a limited amount 
of ultrasonic inspection was also employed. Where any defects were found outside a stringent 
acceptance code the weids were ground to remove the defects and re-welded. A final check on the 
quality of construction was made through a proof pressure test to over 1.5 times the design pressure 
plus a leak test. Large areas of the vessels were subsequently covered with internal and external 
insulation and problems of direct access plus the high radiation levels th at exist, even with the 

reactors shut down, made any funher inspection impossible for many years into the operating life of 

the vessels. 

However, due to the recent technical advances in remote inspection techniques, re-inspection 

of some areas of the vessels has become feasible and an ultrasonic inspection has been carried out 

on a limited length of weid on the vessels at two power stations. At one power station the vessel is 

not insulated internally and this has allowed access to the weids in the region of the oudet gas duct 
nozzles from inside the vessel, Bowring et al (1993). An ultrasonic probe head was carried on a 
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rotating beam at the endof a multi-link manipulator which was deployeddown arefuelling standpipe. 

The system allo wed line scans to be taken across the weId and with the beam rotated in increments 
through a fulI360· the entire length ofthe nozzle attachment weId could be inspected. An alternative 
approach where access to the weIds from inside the vessel is prevented by the intemal insulation was 

carried out from outside the vessel, with the ultrasonic probe carried on a remotely controlled trolley, 
Curry and Burrows (1993). The totallength of weId inspected at the two power stations was in excess 
of 75 metres: no defects of any significant depth were detected. These inspection results provide 

confidence in the high quality of construction of the Magnox reactor pressure vessels. 

3.4. Consequences for Pressure Vessels and Operational Procedures 

The purpose ofthe integrity assessment is to demonstrate that adequate pressure reserve factors 
and temperature margins exist over the fulI operating range of the vessels, and that should a fully 

penetrating defect be present in the vessel, the leakage of carbon dioxide coolant gas would be 
detected well before the defect reaches a criticallength. The strength of the overall safety argument 
depends on the different approaches adopted whereby any potential weakness in one leg of the case 
is offset by the strength of the remaining legs. 

To strengthen the argument it has been appropriate to make a number of changes to the 
operating procedures and to carry out modifications to the plant by providing additional measuring! 

detection equipment. The integrity assessments have indicated th at af ter taking account of the 

various uncertainties in the prediction method, the upward shift in the fracture toughness transition 

curve is typically of the order 150·C. To accommodate this change in the transition temperature, 
changes have been made progressively to the Operating Rules which set the pressure/temperature 
limits during a reactor start-up, Figure 17, and 

to ensure that the vessels are not pressurised 
fully until ductile fracture conditions have been 
achieved in the weId metal. In addition, it has 
been necessary to raise steady state vessel op

erating temperatures to ensure th at a suffi

ciently large margin exists above the tempera
ture at which the onset of upper shelf conditions 

occur. General\y this has been achieved by 
reducing the shield cooling air flow to the 

external surface of the vessel. However, in 

these circumstances, care has to be taken so that 
any temperature limits on the concrete biologi

cal shield or the shield cooling fans are not 
exceeded. Altematively, the temperature of the 
bottom dome region of the vessel has been 

increased by increasing reactor gas inlet tem

perature but with a consequent reduction in 

reactor power output. 

The inclusion of the leak rate assessment 

as part of the overall safety argument has re-
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Fig. 17 Schematic diagram showing afai/ure 
assessment diagram and integration 
over material property distributions; 
mate rial property contours are 
shown after transformation to KIe 
and space for a given defect size. 
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quired improvements to be made to the installed carbon dioxide gas leak detection systems. These 
were intended originally to provide a general indication of any gas leakage problems and are not 

capable of giving accurate measurements of carbon dioxide leak rate at the levels predicted in the 

assessments. New detection systems have been instalIed which measure the increase in carbon 

dioxide gas concentration in the shield cooling air and the air flow and the air flow rate thus providing 
a detection capability down to about 1 tonne/day. In addition, to cover those locations where high 
thermally induced bending stresses cause crack closure and hence limit gas leakage, leak testing has 

been initiated during reactor start-up when isothermal conditions still exist. 

4. Concluding Comments 

Deterministic structural integrity arguments are formulated and used to ensure the safe 
operation of a variety of high integrity structures and components, for example nuclear power 

electrical generating plant. These arguments are based upon a knowledge of the plant design and 

operating requirements combined with the inspection, diagnosis and assessment of any existing or 

hypothetical defects. This approach to structural integrity assessments leads to an overall argument 
(or Safety Case) that is of ten multi-legged, where each leg is formulated using conservative 
assumptions with respect to the size and distribution of potential defects and input parameters. 
However the strength of the overall argument is judged from an evaluation of the relative strength 

and weakness of each leg. Such an approach is demonstrated to be reasonable by the example 

described in Section 3 for Safety Cases developed for the four Magnox reactor steel pressure vessel 
power stations operated by Nuclear Electric pIc in the UK. In this example of a deterministic fracture 

mechanics based structural integrity argument, itis clear that the procedure adopted provides a secure 
and robust basis for setting Operating Rules which ensure the continued safe operation ofthis plant. 

The oldest of these power stations has now operated successfully for over 30 years and work is in 
hand to justify continued operation up to 40 years for all ofthe reactors. The degradation ofthe vessel 

steels due to neutron irradiation and thermal ageing effects wiU be taken into account and revisions 

proposed to the Operating Rules to preserve adequate pressure and temperature margins. 

However it is cIear that as an example of a typical deterministic argument for a high integrity 

structure or component undue conservatisms have to be introduced which could be relieved if there 
were a better understanding of the materials behaviour and adequate accommodation of materials 
variables via an improved mechanistic understanding that would allow increased confidence in the 
prediction ofthe overall operating life ofthe plant orcomponents. In general, there is certainly a need 

to improve the ability to predict the performance of a material from a knowledge ofits composition, 
microstructure and processing history . Although there is an increased recognition of the need for 

plant surveillance specimens to assist in the assessment and underwrite of the integrity of plant and 

components, there remains the need to improve both accelerated life testing and the associated 
methodology. This means th at accelerated life testing for a range of temperatures, environments and 

stress states have to be combined with predictive methodology and developed beyond the present 

understanding. It is certainly not satisfactory when assessing high integrity structures and compo
nents to simply rank materials behaviour under accelerated and, therefore, anificial test conditions. 
Ratherthere is a need to develop assessment methodology and mechanical property data which when 

combined with a mechanistic model wiII all ow a quantitative life assessment with the appropriate 

level of confidence to assure reliability and ensure failure will not occur. Until this stage is achieved 
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to the necessary level, high cost conservatisms have to be built into the structural integrity arguments 
and these may have to be supported by high cost, non-destructive inspection and monitoring of the 
operating conditions combined with the use of data obtained from associated surveillance schemes. 
An alternative is to consider a probabilistic structural integrity argument in total or as a part input to 
the deterministic argument. 

Detailed probabilistic fracture mechanics methodology based on the well established R6 
procedure for the assessment of structures and components containing defects are at an early stage 
of development, Gates et al (1990), Francis (1993). Two computer programs are used to implement 
this methodology (a) the STAR6 program uses analytical and numerical techniques to perform the 
required integrations whereas (b) the PROF code uses Monte Carlo simulation methods, Wilson 
(1990). However, in principle a probability density function is required for each input quantity. As 
a consequence, the probability of failure, Pf in each case takes the form 

w 

Pj = If(a) JfP1(K/c )P2(O')dO'dK/c da 

o Afail 

wheref( a),PI (KIe) andP2( 0') are the probability density functions for a defect of sizea, the fracture 
toughness, KIe, and the flow stress, (j, of the material. The limit ofintegration, w, is the component 
section thickness and the integration region Afail in Figure 17 is related to the failure region of the 
R6 diagram shown in Figure 8. In practice, due to computing limitations only the defect through
wall extent, fracture toughness and flow stress distributions are used in STAR6 while deterministic 
values are used for all other quantities such as dimensions and stresses. PROF can consider up to 
twelve probabilistic variables but requires much greater computing times compared with ST AR6 to 
give statistically reliable results. For example, this approach could be applied to the assessment 
described in Section 3 for steel pressure vessel. However to apply the probabilistic methodology 
defined by the above equation, it would be necessary to take account of factors such as fatigue crack 
growth, stabie tearing, critical crack length, fault loadings, pre-service proof tests and competing 
ductile andcleavage fracture mechanisms. The incorporation of these into the probabilistic argument 
would add considerably to the complexity of the actual expressions to be evaluated but the basic 
principles remain. At present it is more appropriate that probabilistic methods should be considered 
to enhance, rather than replace, the traditional deterministic approaches to structural assessments. 
However they do offer arealistic way forward for integrity assessments to accommodate the 
variability of all the input parameters including those for the material mechanical properties which 
is a limitation and conservatism for deterministic arguments. 

Acknowledgement 

The author would like to acknowledge the significant efforts of many colleagues within 
Nuclear Electric plc who have contributed to the development of the assessment methodology, the 
collection of relevant input data and assisted in formulating my ideas presented in this paper. The 
paper is published with permis sion of the Director of Engineering, Nuclear Electric plc. 



PE.J. Flewitt, Structurallntegrity Assessment .... 163 

References 

Abbott K, Moskovic R, and Flewitt P E J (1994). A Comment on Intergranular Fracture in the Cleavage 
Temperature Range. J. Mat. Sci. and Tech., 10, 813. 

Abbott K, Moskovic R, Wild R K and Flewitt P E J (1994). Low Temperature Fracture of C-Mn 
Submerged-Arc WeId Metal. J. Mat. Sci. and Tech. (in press). 

Cocks A CF and Ashby M F (1982). Progress in Materials Science, 27, 189. 

Bowring N A, Rule J R, Smith A L, Goodhind G Land Meredith P J (1993). Ultrasonic Inspection of 
aMagnox Reactor Pressure Vesse1 from the Inside. BN ES Conference, R emote Techniquesfor Nuclear 
Plant, Paper No. 14, Nuclear Energy Society (London), pp. 90-98. 

Bolton C J, BusweIl J T, Jones R B, Moskovic R, Priest R H (1995), The Modelling of Irradiation 
Embrittlement in Submerged-Arc WeIds, Effects of Radiation on Materials: J7th International 
Symposium, American Society for Testing and Materiais, Philadelphia, to be published. 

Curry A and Burrows M S (1993). Inspectionofa Magnox ReactorPressure Vesselfrom the Outside. BNES 
Conference, Remote Techniquesfor Nuclear Plant, Paper No. 15, NuclearEnergy Society (London), 
99-103. 

Doig Pand Gasper B C (1992), An Overview of Plant Structural Integrity Assessment. In: Structural 
Integrity Assessment (ed. P Stanley), Elsevier Applied Science (London) p. 163. 

Endo T (1994), Progress on Life Assessment and Design Methodology for Fossil Power Plant Components, 
Int. J. Press . Vess. and Piping 57, 7. 

English C A, Fudge A H, McElroy R J, Phythian W J, BusweIl J T, BoUon C J and Jones R B (1993), 
Approach and Methodology of Condition Assessment of Therm al Reactor Pressure Vessels. Int. J. 
Pres. Vess . and Piping, 54,49-88. 

Flewitt P E J and Williams G H (1994), Structural Integrity Safety Arguments for Nuclear Generating Plant, 
In: Engineering Integrity Assessment (eds. Edwards J H, Kern J and Stanley P), EMAS (London), p. 
323. 

Flewitt P E J, Williams G Hand Wright M B (1993), Integrity ofMagnox Reactor Steel Pressure Vessels. 
J. Mat. Sci. and Tech . 9,75-82. 

Flewitt P E J, Williams G Hand Graham W J (1994), The Structural Integrity Assurance of Magnox 
Reactor Steel Pressure Vessels. In: The Inspection and Structural Validation ofNuclear Power Plant, 
I. Mech. E (London), p. 11. 

Francis A (1993), A Probabilistic Fracture Mechanics Methodology Allowing for a Different Failure 
Mechanism at the Final Loading to that at the Initial Loading, Nuclear Electric Report TIGN/REP/ 
0002/93. 

Gates R S, Francis A, Kolbuszewski M, Wilson Rand Windle P L (1990), A Methodfor Calculating the 
Probability of Fai/ure of Structures using Elastic-Plastic Fracture Mechanics, Nuclear Electric 
Report, TD/SIDjREP/0030. 

G rey (1972), Investigations inta the Consequences ofthe Failure of a Turbine Generator at Hinkley Point' A' 
Power Station, Proc. Inst. Mech. Eng. 186,399. 

HolIiday W C and Noone M J (1961), Metallurgical Problems Associated with the Construction of Gas 
Cooled Reactor Pressure Vessels. Steels for Reactor Pressure Circuits, Iron and Steellnstitution, 
Special Report No. 69, pp. 207-239. 

Kalderon, D (1972), Steam Turbine Failure at Hinkley Point' A', Prac.lnst. Mech . Eng. 186, 341. 

Milne! and Ainsworth R A, Dowling A Rand Stewart A T (1986),Assessmentofthe IntegrityofStructures 
Containing Defects, CEGB Report R/H/R6 Rev. 3. 

Moskovic R, (1993), Statistical Analysis of Censored Fracture Toughness Data in the Ductile to Brittle 
Transition Temperature Region. Eng. Fract. Mech., 44, 21-41. 

Neubauer Band Bietenbeek F (1989), The Potential of Medium and Long Term Life Predictions for High 
Temperature Components in Power Plants, Int. J. Pres. Vess. and Piping, 39, 57. 



- -- - ----

164 M echanical Behaviour of Materials 

H M Nuclear Installations Inspectorate (1992), Safety Assessment Principles for Nuclear Plant HM 
Nuclear Installations Inspectorate, October (HMSO London) . 

Poynor J F (1969), Design and Construction of the Sizewell Reactor Pressure Vessel. Performance of 
Nuclear Power Components, In: Proceedings of Symposium held in Prague, pp. 379-388. 

Prager M (1991), AssuringReliability of Advanced Malerialsin Severe Applications, Eng. Frac. Mech., 40, 
92l. 

Swift T (1994), Darnage Tolerance Capability, Fatigue, 16,75. 

Wannenberg J, Klintworth G C and Rauth AD (1992), Int. J. Pres . Vess. and Piping, 50,255. 

Wilson R (1990), Usa' s Guide to the Probabilistic Fracture Mechanics Computer Code STAR6, Nuclear 
Electric Memorandum TD/SID/MEM/0007. 

Wright M B (1994), Magnox Reactor Steel Pressure Vessels, Fracture Mechanics Based Assessment 
Procedure, In: Proceedings Saclay International Seminar on Structurallntegrity, 28-29 April 1994 (in 
press). 




