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Foreword

The International Conference on Mechanical Behaviour of Materials, ICM, has been organised
to take place in The Hague, The Netherlands, from May 28 till June 2, 1995. Previous editions
were successfully organised in Kyoto (1971), Boston (1975), Cambridge (1980), Stockholm
(1983), Beijing (1987) and again Kyoto (1991). This Seventh Conference, ICM-7, has been
organised by the European Structural Integrity Society, ESIS, in co-operation with Delft Univer-
sity of Technology.

The Conference program reflected the progress made in science and technology of mechanical
behaviour of materials since the last Conference in 1991. From the abstracts that were submitted
it appeared that a large part was focused on the micro-mechanical and constitutive modelling of
various types of mechanical behaviour: deformation (plasticity, creep), damage (fatigue, creep,
creep-fatigue interactions) and fracture (brittle and ductile). It was therefore decided to focus on
modelling in the plenary sessions with invited contributions. This book presents the full length
articles of seven of the plenary lectures of [CM-7,

Five of the seven articles deal with the micro-mechanical and constitutive modelling of the
mechanical behaviour of various material classes, including:

« (Poly-)crystalline materials;

+ Composites with viscoelastic matrix (e.g. polymer matrix composites);

« Brittle disordered materials (e.g. concrete, rock, non-transformable ceramics);
» Toughened ceramics and shape memory alloys.

The remaining two papers, although in a broad sense also dealing with modelling, focus on two
specific aspects.

The first deals with the influence of processing methods and conditions on the mechanical prop-
erties of plastic products, a very important subject for the fabrication of plastic mass-products.
The second deals with structural integrity assessment of structures and components, a subject
that should not be lacking in a conference organised by the European Structural Integrity Soci-
ety, but also an important aspect for designers and operators of high-integrity structures and
components.

To have this book available at the conference required quite some discipline from the authors. I
wish to thank them for submitting their manuscripts in time to allow for a reviewing process in
which each paper was reviewed by at least two, but most times three reviewers. Also the revised
manuscripts were received in time, and most times in a format that minimised the effort to bring
all articles in a uniform format.

Finally I wish to thank the reviewers of the papers. The list is to long (20 persons) to address
them personally, but their work was a major contribution to the realization of this book.

A. Bakker
Editor

April 1995
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A. Pineau®

Effect of Inhomogeneities in the
Modelling of Mechanical Behaviour and
Damage of Metallic Materials

Reference: Pineau, A. (1995), Effect of Inhomogeneities in the Modelling of Mechanical Behaviour and
Damage of Metallic Materials. In; Mechanical Behaviour of Materials (ed. A. Bakker), Delft University
Press, Delft, The Netherlands, pp. 1-22.

Abstract: Metals and alloys contain many sources of inhomogeneity. They may either pre-exist in the
material or develop under deformation. This non-uniformity in the local properties of the materials may
strongly affect their overall stress-strain response and, in particular, their damage behaviour. In this paper an
overview is given of a number of theories which have been introduced in the literature and which provide
guidelines for the modelling of the mechanical behaviour of these heterogeneous materials.

The paperis divided into two parts. The first part, which deals with the mechanical behaviour of non-
damaged materials, introduces a general scheme adopted to predict the overall behaviourof a polycrystal from
knowledge of the behaviour of individual single crystals. In this scheme we concentrate on three aspects:
intergranular and transgranularhardening and anisotropy effects due to crystallographic texture. In each case
an attempt is made to show the scale at which the effect of non-uniformity occurs. In the second part of the
paper, which is devoted to damaging materials, two types of models are introduced : (i) those in which the
constitutive equation of the material is not coupled with the damage evolution and (ii) those in which a strong
coupling is introduced through appropriate constitutive equations such as the Gurson-Tvergaard-Needleman
potential. Both types of models are applied to a specific material, a cast duplex (a+7) stainless steel. In this
material damage initiates from cleavage cracks formed in the embrittled ferrite (@) phase. These microcracks
lead to the formation of cavities which growin the austenite () phase and eventually coalesce to final fracture.
Monte Carlo type numerical simulations are introduced to reproduce the strongly non-uniform distribution
of the nucleation rate of cleavage microcracks observed in this material. It is thus shown that a fully coupled
model accounting for the damage non-uniformity is able to simulate all stages of ductile damage, including
crack initiation and crack growth.

1. Introduction

The modelling of the mechanical behaviour of materials, together with the evolution of the
damage when they are deformed, is a research field which remains extremely active. Several
approaches must be distinguished : (i) the microscopic theories, (ii) the macroscopic theories and (iii)
the “micro-macro” approaches which are now being largely developed.

The direct relationship between the details of microstructure and the mechanical state of
crystalline solids has been and remains the subject of a great deal of discussion. “Microscopic”
theories are often theories for strain-hardening, i.e. the increase in flow stress with plastic strain at
aprescribed strain rate. These theories have proceeded on the basis of models for the microstructure
with relatively little input from the mechanical data. In these theories the major experimental guide
for quantitative analysis is electron microscopy, which measures a scalar p, the dislocation density
which prescribes an isotropic kind of hardening and is unsuited for describing anisotropic effects
(see, forexample, Asaro, 1975). Moreover, in most cases, only monotonic uniaxial mechanical tests
are performed to test these microscopic theories, so that it is impossible to differentiate the isotropic
and kinematic components of the strain hardening.
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Continuum plasticity theories, = %o Zf 5':
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numerous often quite sophisticated
tests. Moreover, these macroscopic
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cal processes controlling the defor-
mationand the accumulationofdam-  Fig. I General scheme for modelling the plastic behav-
age. iour of polycrystals from the behaviour of single
crystals.
There is a third class of mod-

els, which are sometimes referred to as *micro-macro models™. In these models, which are now being
widely developed (see, forexample, Mécamat, 1993), plasticity is considered as the result of various
micromechanisms which take place on discrete active slip systems. Homogenization techniques and,
in particular, the self-consistent formulation have provided the general frame for establishing these
models. A general description of such models, proposed by Cailletaud (1988, 1992), is given in
Figure 1. The bases of these micro-macro models are briefly described in the introduction to the
present paper, after which we shall concentrate on two important aspects, the intergranular hardening
and the transgranular hardening respectively, in relation to the effect of microstructural inhomoge-
neities on the mechanical behaviour of metallic materials. The aim of this first part of the paper is
to illustrate by means of a number of selected examples how the inhomogeneity of plastic
deformation can influence the mechanical response of crystalline materials and to show how such
a micro-macro mode! can provide guidelines for the modelling of a number of types of mechanical
behaviour. In the second part of the paper the aim is to show that the effects of non-uniform
distribution of damage are even more important in order to describe and model the mechanical
response of the materials. In this part we will strongly rely upon a recent study carried out in the
author’s laboratory and dealing with duplex (austenite + ferrite) stainless steels.

Two critical steps must be examined carefully in Figure 1 : (i) the localization process, i.e. the
method of calculating local stresses G, and local strains €, from the macroscopic stress X and the
macroscopic strain E, which is, in particular, the basis for intergranular hardening effects, and (ii)
the local description of transgranular hardening on each slip system in a given grain.

In the localization process, according to the self-consistent theory developed in particular by
Kroner (1958), the local stress is related to the macroscopic stress by the following expression :
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Gy =Z+Ap(E-2,) (O]

where A is termed the plastic constraint factor of the matrix and L is the shear modulus. A takes
different values, according to various theories : A = <, in the Taylor model (1938); A =2 in the Lin
model (1957); A = 2(1— f3) in the Kréner model. In the latter model Bis a function of the grain shape.
For a spherical inclusion 8 =2(4 —5v)/15(1 — v). A more rigorous relation was formulated by Hill
(1965), who applied the Eshelby solution (1957) in the context of inhomogeneity problems. Under
monotonic, proportional loading the Hill solution has been modified by Berveiller and Zaoui (1979)
to give a simpler form:

G, = Z+2u0(1-B)E-&,) )

where ¢ is called the plastic accommodation function. The value of o depends on the actual secant
shear modulus, 4, and the secant Poisson ratio. Typically after a few per cent of plastic strain o is
of the order of 10-2.

Once the local stress is calculated, Gy, is then resolved into the shear stress on each slip system.
In the Cailletaud model, which is formulated as a viscoplastic model, the shear strainrate ¥, oneach
slip systemis related to the “effective stress” by a power law function, as indicated in Figure 1, where
Xy and rg represent the kinematic and the isotropic hardening respectively. Evolution laws, similar
to those adopted by a number of authors who have developed phenomenological models (see e.g.
Lemaitre and Chaboche (1985)), are used for the kinematic and the isotropic hardening. In the
isotropic hardening an interaction matrix between the different slip systems is also introduced. Once
the local shear strain rate is known, the local strain rate £ 1is calculated and then averaged to
determine the macroscopic strain rate, as indicated in Figure 1.

2. Mechanical Behaviour

In this part we concentrate on three aspects: intergranular and transgranular hardening and
anisotropic effects due to crystallographie texture, which are included in the general scheme shown
in Figure 1. Firstly details are given of three examples illustrating the importance of the intergranular
hardening effect. In selecting these examples dealing with fracture an attempt is made to show the
importance of the inhomogeneity of plastic deformation in polycrystals and multiphase materials.
The transgranular hardening effect is examined with the emphasis laid on the micromechanisms
which develop a strong kinematic hardening effect. The part of the paper devoted to the mechanical
behaviour of materialsis concluded by presenting experimental results on the effectof crystallographic
texture on the plastic anisotropy of Al alloys and the modelling of this effect with the micro-macro
approach shown in Figure 1.

2.1. Intergranular hardening

Equation (1) simply indicates thata component additional to the applied stress is active locally
when the local strain, ég. is different from the mean strain or the overall strain, E. This condition
is met in ductile fracture initiated from inclusions, the first example selected, also in the deformation
of polycrystals, which under certain circumstances is accompanied by brittle intergranular fracture,
the second example used here to illustrate the effect of non-uniform distribution of deformation, and
again in the deformation of dual phase materials, the third example.
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2.1.1. Initiation of cavities from inclusions

Itis well established thatinclusions play animportantrole in ductile rupture. The discontinuous
nucleation of cavities, which occurs atlarge (= 1 tm) and widely spaced inclusions, can be described
in terms of continuum mechanics. Argon and his co-workers (1975) proposed a nucleation model
based on the existence of a critical stress, o, , such that :

04 =Oeq+Op 3)

where Oq is the local equivalent Von Mises stress and o, is the hydrostatic stress. The
inhomogeneity in plastic deformation between the matrix and the particles does not appear explicitly
in Equation (3). This is the reason why the feature was more clearly defined in the theory developed
by Beremin (1981) to account for cavity nucleation at MnS particles in low-alloy steels. An
expression was used, directly derived from anapplication of the inclusion theory by Eshelby (1957),

which is one of the bases of the self-consistent formulation, i.e. :

O'd=2‘!+k[aeq—ca) {4)

where X; is the maximum principal Shell 1
stress, 0, is the yield strength and K is ® Short-Transverse
a function of particle shape. The data 1000 »:LovoRione
given in Figure 2 show that Equation Shell 2

Frs s . al 7K
(4), which is very similar to Equation ey o 205K
(1), accounts very well for the test

results obtained at different tempera-
tures. It is also noticed that the values 800
of kand those of o are different when
the material is tested along two differ-
ent directions. The different values of 700
k are related to the anisotropy in the
shape of the MnS$ particles, elongated

Z1(MPa)

in the rolling direction, whereas the Oeq-Oo (MPa)
different values for o, correspond o Fig.2  Cavity nucleation from MnS inclusions in two
different mechanisms of fracture. In heats of ASO8 steel. Effect of temperature and

the longitudinal direction, o, corre- loading orientation, (Beremin, 1951 ).

sponds to the fracture of MnS inclusions, whereas in the transverse direction, oy, is related to the
decohesion of the inclusions from the matrix.

2.1.2. Brittle intergranular fracture in a temper-embrittled C-Mn-Ni-Mo steel

The classic example of intergranular brittle fracture occurs in temper-embrittled low-alloy
steels caused by the segregation at grain boundaries of impurities such as S, P, As, Sb, etc... The
ductile-brittle transition temperature is shifted to higher temperatures as a consequence of the
intergranular embrittlement. The magnitude of the effect is dependent on the quantity and type of
segregated solute atoms. The mechanical modelling of the embrittlement and the associated loss in
intergranular cohesion has received relatively little attention. There has been recent renewed interest
in this phenomenon (see Cottrell, 1989, 1990a; 1990b).
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Temper embrittlement has re- 2000 ——— S ND: Stadl
. . -
cently been studied by testing smooth 8) | “"‘ *EWJ : e ~
and notched specimens of a C-Mn- 1800 | e

Ni-Mo steel at different temperatures
(Kantidis et al, 1994a and b). The
results obtained on notched speci-
mens as shown in Figure 3a indicate
that the intergranular fracture stress
tends to increase with temperature. 12001
Moreover, a wide scatter in the re- L
sults is noted. A model was proposed it : ) ,
to account for this temperature de- -200  -180 -160 -140 -120 -100  -80
pendence and scatter (Kantidis et al, Temperature (*C)
1994a), but one may wonder whether
the temperature is the appropriate
variable. Considering the mean strain
at fracture, it is observed that the
ductility is an increasing function of
temperature, as expected (Figure 3b).
Ina polycrystal the inhomogeneity in
plastic strain between the different
grains is also expected to decrease
with increasing overall plastic strain.
This was shown recently using the
model presented previously, which = I — Q@ LD A
was applied to simulate the deforma- T AT N TSR A e
tion of polycrystalline specimens of a Temperature (*C)
2024 Al alloy (Pilvin, 1993). The
results reported in Figure 4 clearly
show that the histograms giving the
relative distribution of plastic strain
within the grains become increasingly sharper when the plastic strain is increased. This means that
qualitatively, according to Equation (1), the contribution of the intergranular hardening effect is a
decreasing function of applied plastic strain. In other words, there is a large probability that at low
applied strain the local stress responsible for brittle intergranular fracture is larger than the applied
stress. A quantitative model has to be developed to take into account this inhomogeneity in the
distribution of plastic strain between the different grains of a polycrystal, in order to predict the
temperature dependence of the intergranular fracture stress.

Intergranular Stress (MPa)
3
t=]

b)

|'-0— AE 4-8

(o)
e]
o]

15

10 |

Mean Strain to Failure (%)

Fig. 3 Intergranular fracture in 20MNDS steel. Inter-
granular fracture stress (a) and strain to failure (b)
versus temperature (Kantidis et al., 1994a).

2.1.3. Nucleation of cleavage cracks in the ferrite of duplex stainless steels

Castduplex stainless steels are two-phase (ferrite o+ austenite y) materials which may contain
up to 30% of ferrite. Aging these materials around 300°C-400°C produces a considerable decrease
in their fracture toughness due to the formation of cleavage cracks in the ferrite phase after
deformation. Aging also produces a significant increase in the hardness of the ferrite phase due to
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Fig. 4 Histograms showing the calculated distri- Fig. 6 Cast duplex stainless steel, a)
bution of plastic strain within the grains Position of the tensile axis in the ¥
of a polycrystal of 2024Al alloy, £, a5a standard triangle; b) Observation
function of the macroscopic applied of single or multiple slip in the y
strain, E > standard triangle.

the (& + o ) decomposition of these Cr-rich ferrites (Joly, 1992). The damage mechanisms of these
materials are described in more detail in the second part of this paper.

One heat of duplex stainless steel was investigated containing 25% ferrite, aged at 400°C for
700 hours. Interrupted tests carried out on tensile specimens showed that the damage corresponding
to the formation of cleavage cracks was not homogeneously distributed. An example illustrating this
pronounced inhomogeneity in the distribution of cleavage cracks is shown in Figure 5, where the
damage is analysed using Voronoi cells. Figure 5b and 5c clearly show that the cleavage cracks are
grouped into clusters. The importance of this inhomogeneity for modelling the fracture of these
materials will be stressed in the second part of the paper. Here we would like to present only a number
of results showing that the clustering of cleavage cracks is directly related to an “intergranular” type
hardening effect.

Detailed metallographical analysis showed that this clustering effect was not related to a
specific orientation of the ferrite phase but rather to the orientation of the soft phase, i.e. the austenite
(Joly etal, 1990). This is shown in Figure 6, where it is observed that cleavage is almost completely
suppressed when the tensile axis is located in a band close to (](J(})Y - (11 I)Y zone. Figure 6b shows
that this zone also corresponds to orientations for which multiple slip is observed. On the other hand,
cleavage of the ferrite phase is favoured when the austenite surrounding these islands of ferrite is
oriented to be in single slip. A simple explanation for the observed effect is the following. Single slip
is accompanied by a rotation of the austenite grains, but since these grains are constrained by the
ferrite network, this rotation cannot easily take place. This produces an elevation of the local stresses
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Fig. 5 Cast duplex stainless steel, a) Optical micrograph illustrating the nonuniformity in the
distribution of cleavage cracks in the ferrite phase; b) Voronoi cells showing the forma-
tion of clusters of cleavage cracks which are isolated in ¢). The arrow indicates the
direction of the tensile axis.
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in the ferrite, which are partly relaxed by the formation of cleavage cracks. This example illustrates
the importance of intergranular stresses, which are due this time not only to the pronounced
inhomogeneity in the distribution of plastic deformation between the austenite and the ferrite, but
also to the slip multiplicity in the soft phase.

2.2. Transgranular hardening

The importance of transgranular hardening, in particular the kinematic hardening, isillustrated
by two examples dealing with the cyclic behaviour of : (i) precipitation-strengthened materials and
(ii) fully pearlitic steels.

2.2.1. Shape of hysteresis stress-strain loops in precipitation strengthened materials in
relation to kinematic hardening

Figure 7 shows the shape of these hysteresis loops in Waspaloy a nickel base superalloy
strengthened by the precipitation of the ¢ phase. Cyclic tests were performed at the same total strain
on specimens which were given different heat-treatments, i.e. underaging and overaging correspond-
ing to particle sizes of 8 and 90 nm respectively. Small ¥ particles (¢ = 8 nm) are sheared by
dislocations, whereas the large ones (¢ = 90 nm) are by-passed by the Orowan process. The heat
treatments were selected in such a way that these materials exhibit the same monotonic yield strength
and almost the same cyclic stress as observed in Figure 7. This figure clearly shows that the hysteresis
loop is more square-shaped in the underaged than in the overaged condition. The Bauschinger effect,
i.e. the kinematic hardening effect, is thus more pronounced when the particles are bypassed by
dislocations.

Several forms of kinematic hardening related to dislocation micromechanisms were intro-
duced by Asaro (1975). The case illustrated in Figure 7 corresponds to the third type, ie. the
micromechanisms are perfectly reversible. A 1000 WASPALOY
sketch indicating the sequence of interactions
between the particles and the dislocations is
shown in Figure 8. This sketch has received 600
some experimental confirmation with in-situ

800

T.E.M. observations (Louchet, 1992). The in- Gl
teraction is perfectly reversible since, when = 200
the dislocation moves back, it reacts with the % .
loops left around the particles and anneals b

them. During its backward motion the disloca- 200
tion is submitted to an attraction force from the

loops left around the particles, which leads to b
easy plastic deformation each time the stress is 000
reversed. -800
-1000 L 1 1 i L L L i
1,0 -05 0,0 0.5 1,0
€p (%)

Fig. 7 Cyclic stress-strain curve in Waspaloy
with two sizes of ' particles.
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2.2.2. Cyclic stress-strain behaviour of fully pearlitic steels

In dual-phase materials subject to large cumulative strains the kinematic hardening effect is
expected to be strongly affected by the microstructural details when the “relaxed” dislocation

®

Fig. 8 Sketch showing the successive positions of a
dislocation along a stress-strain curve in a
material in which the particles are by-

passed.
Ac/2 (MPa)
STEEL A
(0.56) (0.58)
1000 (0.54)
’ol/
0.51)
= A8s6)
0.54)
O Sp =0.102um
0 Sp=0.27um
300 1;':
0.1 1
Aeg 2 (%)

Fig. 9 Cyclic stress-strain curves in two pearlitic
steels with different values for the
interlamellar spacing, Sp. The numbers
indicate the value of the Bauschinger ¢ffect
measured by the ratio X/(Ac/2).

substructures, for instance the dislocation
cells formed in the matrix in the absence of
the second phase, are larger than the mean
free path between the particles. This situa-
tion was observed in a recent study devoted
to the cyclic behaviour of eutectoid steels
(Jeunehomme, 1991). Two fully pearlitic
steels were submitted to various heat treat-
ments to produce large variations in ce-
mentite interlamellar spacing. Low-cycle
fatigue tests were performed at room tem-
perature on these materials. The amplitude
of the Bauschinger effect was measured by
the ratio X/(Agy/2), as indicated in the insert
of Figure 9, where the cyclic stress-strain
curves corresponding to two values of the
interlamellar spacing, Sp, are reported. In
the material with the large value of Sp (0.27
Lm) the cyclic curve is continuous, with a
unique value of the cyclic work hardening
exponent in the range of plastic strain which
was investigated. In the small interlamellar
spacing material (Sp = 0.10pm) a different
situation is observed. At large plastic strain
amplitudes (= 0.1%) the slope of the cyclic
o—¢€ curve is the same as the slope measured
with large Sp material. In both cases the
ratio X/(Aa/2) is close to 0.50 - 0.60. Figure
9 shows thatat lower plastic strain the cyclic
stress is anomalously high. This modifica-
tion in the behaviour of the material is
accompanied by an increase in the X/(Ao/2)
ratio, which becomes larger than 0.70, de-
noting a pronounced Bauschinger effect.

T.E.M. observations showed that the
dislocation microstructures were different
from each side of the transition on the cyclic
o—¢ curve. At large plastic strain, disloca-
tion cells were observed, whereas at lower
plastic strain amplitude these cells did not
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appear but the dislocations were confined within the
walls formed by the cementite platelets. Similar
behaviour was shown by Sunwoo et al (1982), as
indicated in Figure 10. One can say that in these
materials, for a given interlamellar spacing, there is
a critical plastic strain amplitude below which the
inhomogeneity in plastic deformation is confined
within the walls formed by the cementite platelets.
Under these conditions most of the deformation is
accommodated by the geometrically necessary dis-
locations introduced by Ashby (1971). This pro-
duces a large kinematic hardening effect, as ex-
pected. It may also be added that the fatigue life was
also largely influenced by these microstructural
features. In particular, the slope of the Manson-
Coffin plot was shown to be larger than the slope
usually observed in most materials, which is -0.50
(see Figure 11). A close examination of the endur-
ance curves also showed the existence of a transition
which corresponds to the transitional behaviour
observed in the dislocation microstructure. An ex-
ample of such a situation is given in Figure 11b for
the fine pearlite material. The comparison with
Figure 9 shows that this transition in the slope of the
Manson-Coffin law coincides with that observed for

Aepfz (%)
10 —_
&®
17 @ ©* s
X Cells
X
0.3 I * NP
| ¢ @ No Cells
®@®
0.01 [ | | 1 1

005 01 015 02 025 03 035
Sp (m)

Fig. 10 Fully pearlitic steels. Results

showing that the strain amplitude,
Ag /2 in a cyclic test necessary for
dislocation cell formation de-
creases when the interlamellar
spacing increases. (Sunwoo et al.,
1982). The circles correspond to
the results obtained by
Jeunehomme (1991).

the cyclic o—€ curves. This example shows that microstructural modifications may affect not only
the constitutive equation of the materials but also their damage behaviour,

&spf2 (%)
'CJ; e Steel A 10 = -
| h Steel B STEEL A
07} \ 3 e
i \\'\. [% Lisurade (1987 b) i = Sp=0.10 um
a) \ o — ! \
A = =t aE <
06| A
> . L L, ‘\
=S E RN 0.1 2
05— - — ’ .\\‘\
| -t pe———1— > 0.01 FRPRTITTS PR T By __.‘__3 FENTHT SRSy s.uu.. siaaual 7
01 015 02 025 03 Sp(um) . G 1 LI

Fig. 11 Fully pearlitic steels. a) Variation of the ¢ exponent in the Manson-Coffin law
Ag 2 =& ¥ (N,)¢ where € is a constant and N, the number of cycles to failure, with
the interlamellar spacing, Sp; b) Variation of the fatigue life N, with strain amplitude,

AEPIZ in one specific heat (Steel A).
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2.3. Plastic anisotropy of aluminium alloys

The model described in the introduction was recently used to predict the plastic anisotropy of
7xxxAl alloys (Achon, 1994). The results are presented in order toillustrate the effect of another type
of inhomogeneity related to the anisotropy. Two materials taken from thick plates (= 30 mm), a 7075
and a 7475 alloy, were investigated in three conditions (T3, T6 and T7). Tensile specimens were
machined in six directions. Besides the three main directions of the thick plates, i.e. the longitudinal
(L), the transverse (T) and the short transverse (S) directions, three other directions were investigated
at 45 degrees to the main directions. These directions were denoted SL, ST and LT, with LT
signifying that the tensile axis was in the LT plane at 45 degrees to the L and T directions. The
Lankford coefficient, defined as the ratio between the plastic strain measured in the transverse
direction of the tensile specimen and the longitudinal strain, was measured and compared with the
results obtained from the application of
the model (Figure 12).

The material was modelled as a
polycrystal of more than 400 grains ori-
ented to reproduce the measured crys-
tallographic texture, as indicated in Fig-
ure 12a, which corresponds to a (111)
pole figure. This orientation of the grains
istakeninto account inthe model through
the orientation tensor 7, introduced in 0
Figure 1 and the averaging procedure
used to calculate the macroscopic strain,
E, from the microscopic shear strain or
shear strain rate, ¥,. The results ob-
tained from this “microscopic” poly- 05
crystalline model are labelled {p}. The
plastic anisotropy of these Al alloys was
also described in terms of conventional
anisotropic plasticity by the Hill model
(1950). The results obtained with this g
“macroscopic” model are indicated by
{H).Figure 12 shows that the polycrys-
talline model is able to reproduce the o
anisotropy inplasticdeformationofthese ;5 1 1
FCC materials by using as an input the
initial crystallographic texture, which is
ameasure of the deviation fromahomo-  Fig. 12 Anisotropy in plastic deformation in a 7075
geneous isotropic condition. Al alloy. a) Position of the tensile axis and of

the transverse strains, £, £33 and (111) pole
figure; b) Variations of &, and €33 as func-
tion of the axial tensile strain, €;;. Compari-
son between the experiments (circles) and two
models (see text).

&8, ®

€, %)
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2.4. Partial conclusions

This broad overview of the possibilities offered by the so-called “micro-macro” approaches
to model the mechanical behaviour of metallic materials has shown that it is now possible to model
complex mechanical properties of polycrystals, including the effect of local stresses on fracture, the
Bauschinger effect in relation to the interaction of dislocations with a number of microstructural
details and the effect of crystallographic texture.

However, this optimism must be tempered for one main reason, springing from the fact that
in this type of homogenization technique the geometrical characters of the material or the plastic
deformation are not taken into account. In particular the grain size dependence of the mechanical
properties of the materials cannot be explained by this type of model. Moreover, the inhomogeneity
of plastic deformation within a grain, i.e. the formation of discrete slip bands, which is known to play
a dominant role in a number of problems, is not considered. The absence of any geometrical factor
in this type of theory leads thus to a number of serious limitations.

3. Damage

3.1. Introduction

In this part of the paper an attempt is made to indicate how it is possible to model the damage

of metallic materials. As indicated previously, this part is essentially devoted to the description and
modelling of damage in cast duplex stainless steels. Two main types of models, representative of
those usually used in other materials, are introduced : (i) those in which there is no coupling or only
partial coupling between the constitutive equation of the material and the damage evolution, and (ii)
those in which this coupling effect is taken into account. It should also be added that only ductile
damage associated with the nucleation, growth and coalescence of cavities is considered here.

NE o Mo
S ® Without Mo
-
(1]
= (18
=]
&)
"4
5 —
| 1 | 1
5 10 20 30 40

Ferrite %

Fig. 13 Variation of the Charpy fracture toughness measured at 20 °C in
cast duplex stainless steels aged at 400°C for 10.000 hours as a
function of the ferrite content (Bonnet et al., 1990).
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Cast duplex stainless steels are two-phase materials containing up to 30% of BCC ferrite in an
FCC austenitic matrix. These materials are used for the manufacture of a number of components, in
particular the pipes and elbows used in electronuclear reactors. They may then be submitted to an
embrittlement effect due to prolonged exposure at in-service temperatures close to 300°C. It has been
shown that after accelerated aging at 400°C the ferrite phase is hardened and embrittled by a
phenomenon similar to the “475°C embrittlement”, which is well documented in Cr-rich ferritic
steels. This produces aconsiderable decrease of the Charpy toughness, as shownin Figure 13 (Bonnet
etal, 1990; Meyzaud et al, 1988). Charpy impact properties and fracture toughness of aged material
present an important scatter, which is reduced when large specimens are used (Meyzaud etal, 1988).
The modelling of damage in these materials must therefore be able to describe not only the variation
in the ductility with aging conditions but also the scatter and the size effect.

We first present the results of a number of metallographical observations which were made in
order to investigate the micromechanisms of damage in these materials. These results were obtained
from one specific heat, taken from a centrifugally cast pipe which was aged at 400°C for 700h. Only
a brief account of these results is given here. Full details can be found elsewhere (Joly et al, 1992,
Joly et al, 1993). Next the mechanics of porous materials is briefly introduced. This is the basis of
the coupling between the constitutive equations and the damage. Finally both types of models, with
and without coupling, are applied, using the results of metallographical observations to predict the
ductility and fracture toughness of these materials.

3.2. Metallographical observations

As already illustrated in Figure 5a, cleavage cracks are initiated in the ferrite phase and
preferentially in areas such that the surrounding austenite is deformed in single slip (Joly, 1992). The
number of grains containing the clusters of cracks was measured (= 5.7 grainsfcmz)‘ Their size was
found to be of the order of 2 mm along the longitudinal axis of the tube and 0.75 x 1 mm? in a planar
section perpendicular to this axis. It was shown that the onset of crack nucleation was not dependent
on the applied maximum principal stress but rather on the achievement of a critical plastic strain of
the order of 2 102 (Joly et al, 1992). Measurements of the number of cracks per unit area showed
that the density of cracks increased in the preferentially oriented grains and that new damaged grains
appeared with an increase in plastic strain. Moreover, measurements of the area of cleavage cracks
at different levels of plastic strain indicated that the distributions of the surface area of these cracks
were not modified. This indicates that once cleavage cracks are initiated they immediately reach their
maximum extension.

These cleavage microcracks initiate the formation of cavities which grow by plastic blunting
in the austenite, as shown previously (Pineau, Joly, 1991). Macroscopic fracture initiation occurs by
cavity coalescence, which takes place within one cluster of microcracks.

In the next section it is assumed that a flat crack produces the same softening effect as a
spherical cavity with a radius R=+/ A/ x, where A denotes the surface area of the crack. This
assumption, which has recently received some theoretical support (Gologenu et al, 1994), was made
in order to relate the nucleation rate of cleavage cracks with plastic strain to the increment of the
volume fraction of porosity, df,, which was expressed as :

df, = Ande,, ()
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where A, is the nucleation rate and déggq is the increment of the Von Mises strain. The nucleation rate,
Ap, was assumed to be distributed from grain to grain, as indicated previously. In particular A, is
higher within grains which are suitably oriented. In those grains, A, was found to be close to one,
while the mean value of A, was close to 0.50. The distribution of A, was carefully determined from
detailed metallographical observations (Joly, 1992).

3.3. Mechanics of porous materials

As shown in the previous section, although the aged material is very brittle, the micromecha-
nisms of fracture are similar to those associated with ductile fracture, by nucleation, growth and
coalescence of cavities. Ductile fracture is usually considered as an instability due to the softening
effectinduced by cavity growth (Berg, 1969). Several potentials have been introduced to model the
plastic behaviour of porous materials (see e.g. Gurson, 1977 and Rousselier, 1981 and 1987). In
particular in the Gurson potential modified by Tvergaard (1981) the effect of a volume fraction of
cavity, f, can be accounted for by a yield criterion expressed as :

& 20, Feothl gn — CHiE |2 ek
oy qf 95 oy q3f (6)

where Oeq 1s the Von Mises equivalent stress, 0,, 1s the mean stress and oy is the flow stress of the
matrix. The coefficients have the following values g, = 7, g3 = qf and g; = 1.50. It was shown by
Perrin and Leblond (1990) that g; = 4/ e = 1.47. It can easily be shown that, neglecting the second
order term quz, the dilatation calculated from the above expression can be expressed in terms of

porosity increment as :
3 S o
dfg = Ef q, smh[—z- ?':-]dseq (7

Berg (1969) proposed a ductile fracture criterion in terms of plastic instability, while
Yamamoto (1978) used a similar approach for materials following the Gurson potential. According
to these theories, the softening effect and dilatation effect associated with cavity growth favours the
localization of deformation along planar bands. A simplified criterion for strain localization was
introduced by Mudry (1982). It is assumed by this author that fracture occurs in a volume element
when the work-hardening rate of the matrix is exactly balanced by the softening effect associated
with the cavities, i.e. when :

==l =
de,, (8)

The influence of the nucleation rate of cavities, A, in Equation (5), on the stress-strain curves
calculated from Equation (6) for a stress triaxiality 0,,/0y equal to 0.60 is shown in Figure 14. A
strong influence of the nucleation rate is noticed. Similarly the variation in the strain to failure, &
predicted from Equation (8) is shown in Figure 15 as a function of stress triaxiality and A, In this
figure it is noticed that € becomes less dependent on stress triaxiality ratio as A, increases, as
expected, since the nucleation law given by Equation (5) is not dependent on stress triaxiality, which
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is opposite to the situation encountered when fracture is essentially controlled by the growth of
cavities. In cast duplex stainless steels it was shown (Joly, 1992) that the ductility was essentially
controlled by the continuous nucleation of cleavage cracks.

3.4. Modelling of ductility

The model which has been presented above applies to a situation where the nucleationrate, A ,
is spatially uniformly distributed. This is not the situation in the present material. This non-uniform
distribution of the clusters of microcracks is responsible for the scatter in the results of mechanical
tests and for the size effect as shown below. Two types of model can be used to account for this
inhomogeneity in the distribution of the damage. In the first type, the calculation of the stress-strain
distribution in a notched specimen or component is made without accounting for the coupling effect
between the constitutive equation and the damage. The clusters are distributed within the structure
and a Monte Carlo type simulation is used as a post-processorroutine to predict the failure conditions.
In the following this type of model is referred to as “uncoupled”. In the second type of model, the
structural analysis is fully coupled with the calculation of the evolution of damage.

3.4.1. Uncoupled modelling

A statistical analysis of the failure of axisymmetric notched specimens was carried out by finite
element calculations. Notched tensile specimens with a minimum diameter of 10 mmand notch radii
of 10, 4 and 2 mm were used. These specimens were calculated with the stress-strain curve
determined on conventional tensile specimens. In these specimens the damage is so “diluted” that
it can be considered that this stress-strain curve represents within a first approximation the
mechanical response of the undamaged material.

o, [MPa] 0,/0y = 0.6 %
. m’l‘n‘f‘r’"‘:
1400 % E .
5 16 f :
1200 [ - ]
- 14 | 3
1000 12 F 3
800 | = 10F 3
; ] 08 3
600 . E ]
; ] 06 F -
400 = : :
200 100 1050 020 E 02F 4
0',,..r‘...|....r.‘..|....|,,..|...1|,.,.|,...|...,: (o] ST DUPUATE SN FUR s s o 3
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Fig. 14 Numerical simulations showing the Fig. 15 Variation of the ductility with
influence of the nucleation, rate A,, on stress triaxiality ratio for different
the stress-strain curve of a Gurson- values of the nucleation rate, A 5

Tvergaard damaging material. A, -
values as indicated per curve.
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A large number of parallelepipedic grains, with dimensions similar to those determined
experimentally (2 x 1 x 0.75 mm?) were randomly generated in a large volume. Their coordinates
were obtained by a random number generating routine. For each grain a nucleation rate, A, was
generated by a Monte Carlo method, according to the distribution function determined experimen-
tally. Samples of 100 specimens of each notched geometry were located in this volume, each of them
including a few grains. Failure analysis was carried out by a post-processor routine at every Gauss
point and at every load increment. If the Gauss point is located within a cluster, its nucleation rate,
A _,is used to integrate Equation (5) and Equation (7). Full details are given elsewhere (Joly et al,
1993). In notched specimens failure initiation is assumed to take place when 0, calculated from
Equation (6), has reached a maximum. In other words it is assumed that the weakest link theory
applies to this type of specimen geometry.

Experiments were performed on specimens with the same geometries as those simulated. The
results obtained with these specimens are shown in Figure 16, where they can be compared with those
derived from the model. In this case the results corresponding to probabilities of 0.10, 0.50 and 0.90
are reported. A good correspondence between the experimental and simulated data is obtained for
the notched specimens, i.e. for stress triaxiality ratios of = 0.60, = 0.80 and = 1.20, corresponding
to notched specimens. However, the values of the ductility for the smooth tensile specimens
predicted from the simulation are below those which were measured. This arises from a size effect,
which is investigated below. It was assumed that the smooth tensile specimens were uniformly
deformed, but this hypothesis is not appropriate for these large-grain materials. Observation of the
surface of the tensile specimens showed that the deformation was preferentially localized in certain
grains which were favourably oriented.

The size effect wasinvestigated both 50 : = . : .
experimentally and numerically, using the
same type of specimen geometries but AR O Model0.10<P<0.80 7]
4 F : ® Experiments
with a minimum diameter of 6 or 15 mm 40 F .
instead of 10 mm. The notch radii were =
. . - - o =
modified accordingly, in order tokeep the ¢ L b -
: = k= w <
same shape for the specimens and thusthe ¢ 39 | l < u o~ -
. p= |
same stress triaxiality ratio. The resultsare T l 2
e = 25 |- ol
reported in Figure 17, where the calculated E ° l
ormeasured values for the strains to failure £ 20 . v A
are normalized by those determinedonthe @ - . ]
specimens with a minimum diameter of 6
mm. The experimental results show that 10 [~ -
increasing the size of the specimens pro- L ul
duces a reduction in the average ductility
and a decrease in the scatter, as expected. s ; * : : ;
02 04 08 0.8 1.0 1.2 14

The results of the numerical simulation are
quite consistent with these observations.

STRESS TRIAXIALITY

Fig. 16 Variation of the strain to failure with stress
triaxiality ratio. Experimental results
obrained on smooth and on notched speci-
mens - Comparison with model,
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3.4.2. Coupled modelling 2,0 —— T

The model and the numerical simula- 18 1 Ol Modsl 1
: " O Experiments
tion presented above are based on a strong £ iahk i
assumption indicated by Equation (8). The 5 '
Gurson-Tvergaard potential of Equation g 14 F 4
(6) predicts that theoretically failure occurs =

. T @ - -

when the volume fraction of cavitiesreaches 0 12
a critical value =1/ g; (= 0.66). For this il i

value of f the load-bearing capacity of the
material is reduced to zero. However, it is 08 [
well known that in most materials, failure

: . 06 ]
occurs for mean values of the volume frac-
tion of cavities much lower than 0.66 (see 04 - R
e.g.. Pineau, 1992). This is the main reason 1 . : s l \ h
. : 0.2
why an accelerating function for the evolu- 5 4 & & 10 12 A4 18 48

tion of the volume fraction of cavities was
introduced (see Tvergaard and Needleman,
1984). Otherwise the Gurson-Tvergaard
potential would largely overpredict the
ductility of the materials. The main reason
for this discrepancy lies in the fact that
locally the volume fraction of cavities can be much larger than the mean value. It is therefore
necessary to consider the effect of porosity distribution on ductile fracture. In this respect the cast
duplex stainless steels, which present strong inhomogeneities, as illustrated previously, provide a
good example. The effect of a non-uniform distribution of porosity on flow localization and failure
in a porous material has already been investigated by Becker (1987). This author showed numerically
that the ductility was largely reduced when a non-uniform distribution of cavities was introduced in
the model.

Diameter, mm

Fig. 17 Size effect on ductility. Strain to failure
normalized by that corresponding to a 6
mm diameter specimen as a function of the
diameter - Experiments and calculations.

This effect of the distribution of cavities in duplex stainless steels has been modelled recently
in the author’s laboratory (Devillers-Guerville et al, 1994). In the following we present these
preliminary results, which are based only on 2D calculations but which illustrate the potentialities
offered by a fully coupled model.

|
i

Fig. I8 Finite element meshes for a 3 point bend specimen.
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Fig. 19 a) Cells of various nucleation rates, Fig.20 Load-Load line displacement curves
A, distributed in a 3P bend speci- calculated for 3P bend specimenwitha
men, b) Distribution function of A, uniform value of A, and statistically

distributed values.

The Gurson-Tvergaard potential was used to simulate the fracture toughness of Charpy U
specimens. The meshes used to simulate the mechanical behaviour of these 3-point bend specimens
are shown in Figure 18. A Monte Carlo type simulation similar to that used in the preceding section
was applied in order to distribute the clusters with various nucleation rates (Figure 19a). A simplified
distribution function for A, was used (Figure 19b). The specimens were assumed to be deformed
under plane strain conditions. The clusters with various values of A, were assumed to be formed by
cylinders parallel to the notch front with a square shape in a cross-section of the specimens. This
assumption concerning the shape of the clusters was made in order to model the specimens with a
2D calculation. The numerical computations were this time made with Equation (6), which has been
implemented in the finite element code (Besson, 1994). Figure 20 compares the load-load line
displacement curves obtained with a uniform distribution of A, with those obtained with several
numerical simulations corresponding to different sampling of A, . Itis observed that in all cases the
softening effect due to the presence of porosity, which isincluded in the Gurson-Tvergaard potential,
is able toreproduce the fact that the loading curves reach a maximum. The softening effect is usually
more pronounced in the simulations involving non-uniform distribution of the nucleation rate. This
corresponds to the expected situation, since the probability of finding local values of A, larger than
the mean value will produce an acceleration in crack growth. Figure 21 shows the cvoluuon of the
calculated volume fraction of cavities in a numerical simulation with a random distribution of A, .
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Fig. 21 Numerical simulation of a 3P bend specimen with statistically distributed values of An.
Contours showing the position of isovalues of the porosity, f as a function of the load-line
displacement.

The material breaks when the local volume fraction of cavities is larger than 0.66. The contours
giving the isovalues of fare shown in Figure 21. The evolution of the contour giving the isovalues
of f larger than = 0.60 therefore indicates the position of the crack which is initiated and then
propagates through the remaining ligament of the specimen. The main advantage of this type of fully
coupled model lies in the fact thatitis thus possible to simulate not only crack initiation but also crack
growth. However, this advantage is counter-balanced by the difficulties in the calculations, not only
those associated with convergence problems. In particular a realistic simulation of the non-uniform
distribution of the clusters in cast duplex stainless steels, as in other materials, would require 3D
calculations in which the grains would be distributed not only in the plane of the specimens but also
through their thickness.
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4. Conclusions

1. Homogenization techniques have proved to be extremely useful in order to predict the overall
behaviour of polycrystals or multiphase materials from the knowledge of the elementary
behaviour of single crystals or single phases. In particular it has been possible in a number of
circumstances to include the effect of non-uniformdistribution of local strains and stresses on the
mechanical response of crystalline materials which occurs at various scales within it, including
the intergranular (or interphase) scale and the transgranular scale. The effect of crystallographic
texture on the anisotropy in plastic deformation can also be predicted. Rapid developments in
computers are enabling us to deal with increasingly complex problems. However, much progress
has to be made in at least two areas : (i) Better categorization is required regarding the problems
strictly relevant to “microscopic™ theories and those for which the micro-macro” approaches
based on the extension of mixture laws can be applied; (ii) Micro-macro approaches would be
more powerful if they could include geometrical effects.

2. Considerable progress needs to be made in predicting the damage behaviourof the materials, with
more attention given to the proper treatment of the various scales involved. The mechanics of
porous materials has enabled us to make significant progress in the modelling of ductile fracture,
as illustrated by the specific case of cast duplex stainless steels. In this field we are becoming
better able to categorize the effect of microstructure and to recognize in particular the importance
of the statistical variations which are either present initially in the materials or develop
progressively during their deformation.

3. The main interest of fully coupled damage models, in which the damage evolution during
deformation contributes to the work softening of the material, lies in the fact that they can easily
be used to model all stages of fracture, including crack initiation and crack growth. However, in
a fully coupled model such as that proposed by Gurson-Tvergaard-Needleman (G.T.N.), it is
necessary to take into account the non-uniformity in the damage distribution, otherwise a
somewhat arbitrary accelerating function has to be introduced describing the variation in the
volume fraction of porosity with deformation. In the numerical application of the G.T.N. model
to aged cast duplex stainless steels in which continuous cavity nucleation plays a predominant
role, it is possible to avoid the introduction of this arbitrary function by introducing the non-
uniformity in the distribution of cavity nucleation rate.
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Abstract: Much understanding of failure mechanisms in metals has been gained by analyses of a
characteristic unit cell, and the results have been used to develop constitutive relations, Such studies are here
illustrated by results for ductile fracture at room temperature, where the nucleation and growth of voids to
coalescence is the dominant fracture mechanism. Results are also presented for creep damage at elevated
temperatures, where cavitation occurs mainly at the grain boundaries, and where interaction between
neighbouring cavities as well as interaction between neighbouring grains has to be accounted for, including
mechanisms such as grain boundary sliding. Finally, studies relating to metal-ceramic systems are considered,
including metal-matrix composites, ductile particle reinforced ceramics, and ceramics bonded to thin ductile
layers.

1. Introduction

Failure in metal alloys occurs by a number of different mechanisms, including brittle cleavage
fracture at low temperatures or high strain rates, and fatigue failure under cyclic loading. In the
present paper the focus will be on ductile failure in the room temperature range, on creep rupture at
elevated temperatures, and on failure in metal-ceramic systems. The discussion is based on a number
of micromechanical studies of the different failure mechanisms, with the main interest centred on the
behaviour under monotonic loading.

In the range where metals undergo significant plastic straining prior to failure, the growth of
small voids to coalescence with neighbouring voids is the dominant fracture mechanism. The voids
nucleate mainly at second phase particles, by decohesion of the particle-matrix interface or by
particle fracture, and subsequently the voids grow due to large plastic straining of the surrounding
material. Early studies focussed on the growth of a single void in an infinite solid (McClintock,1968;
Rice and Tracey,1969), while later on most studies considered solids with a certain volume fraction
of voids, e.g. the porous ductile material model of Gurson (1977) and various improved versions of
this model. The discussion here will include recent full three-dimensional cell-model studies for a
material containing a periodic array of spherical voids, studies of the effect of a kinematic hardening
porous material model, and results of an elastic-viscoplastic nonlocal model for a porous ductile
material, in which an integral condition is used to introduce the effect of a characteristic material
length scale.

During creep at elevated temperatures damage occurs mainly by the nucleation and growth of
cavities on grain boundary facets perpendicular to the maximum principal tensile stress (Cocks and
Ashby,1982; Argon,1982). Micromechanical studies of grain boundary cavity growth by the
combined influence of diffusion and dislocation creep (Needleman and Rice, 1980) combined with
amodel for cavitation on a full facet (Rice, 1981) and expressions for the creep rate of a microcracked
solid (Hutchinson, 1983) were used to propose a set of constitutive relations for creep in polycrystals
with grain boundary cavitation (Tvergaard, 1984b). These constitutive relations are presented briefly
here. Furthermore, some recent results of a more elaborate multi-grain cell-model (Van der Giessen
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and Tvergaard, 1994a) are presented which make it possible to estimate the time to final material
failure by the link-up of neighbouring facet microcracks.

In materials containing mixtures of metals and ceramics the mechanical behaviour is affected
by the fact that plastic flow is highly constrained by the presence of elastic material. Furthermore,
failure at metal-ceramic interfaces is an important damage mechanism. The behaviour of such
material systems is illustrated by cell-model results for the damage of metals reinforced by short
ceramic fibres. In addition the toughening effect of ductile particles in a brittle ceramic is
demonstrated by micromechanical analyses of a particle bridging a brittle matrix crack. For the case
of two ceramics joined by a thin metal layer, recent results are given for the effect of plasticity on
interface crack growth.

2. Void Growth and Ductile Fracture

Studies of void growth in ductile metals have attracted much attention, as void coalescence is
an important mechanism of ductile fracture. Early estimates of the critical strain for coalescence were
based on micromechanical studies of the growth of a single void in an infinite elastic-plastic solid
(McClintock, 1968; Rice and Tracey, 1969). However, most subsequent ductile fracture studies have
focussed on approximate elastic-plastic material descriptions that account for the average effect of
void nucleation and growth. The most widely known dilatant plasticity model for the average
response of a ductile porous solid is that developed by Gurson (1977), based on approximate upper-
bound solutions for arigid perfectly plastic spherical unit cell containing a concentric spherical void.

Gurson’s (1977) approximate yield condition is of the form dﬁ(a’j, UM,f) =0, where [ is
the void volume fraction, o is the average macroscopic Cauchy stress tensor, and Oy is an
equivalent tensile flow stress representing the actual microscopic stress state in the matrix material.
To improve the agreement with accurate numerical micromechanical studies for small values of f
Tvergaard (1981, 1982) suggested modifying parameters g and ¢, , and Tvergaard and Needleman
(1984) proposed a function f*(f) for better representation of void coalescence. The modified
Gurson yield condition takes the form

a, * L'{'Z O'f * 2
P=—£+2 cosh| ==—% |-1- =i() 241
= af [2 GmJ (cnf ) 2.1)
where 0, = 1)?..'ru\'-* /2 is the macroscopic effective Mises stress, and sY =¥ -GYaf 13 is the
stress deviator. For g; = ¢, =1 and f = f Equation (2.1)is Gurson’s yield condition, and for f =0
Equation (2.1) reduces to the standard Mises yield condition. In the modified Gurson model ¢; > 1
is used (e.g. q; =1.5) , and the function f’{f) is taken to be

f , for f< fe

fhH= fC_l_}frU ;C(f_fC) , for f> fe

(2.2)

Here ff denotes the void volume fraction at final fracture, so that f‘(ff.—) = fz} =1/q, while f¢
is a critical void volume fraction beyond which the modification according to Equation (2.2) is
applied. A number of studies have been carried out using the values fo =0.15 and fp =0.25.
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In the presentation of equations a Lagrangian formulation of the field equations is employed
here, with a material pointidentified by the coordinates x" in the reference configuration. The metric
tensors in the current configuration and the reference configuration are denoted Gj; and gj;
respectively, with determinants G and g,and 7; = /2( g,J)lq the Lagrangian strain tensor. The
contravariant components of the Cauchy stress tensor cr‘" and the Kirchhoff stress tensor 7/ are
related by the expression 77/ =[G/ g o¥.

A detailed micromechanical study of the predictions obtained by the modified Gurson model,
Equations (2.1)-(2.2), have been carried out by Koplik and Needleman (1988), using an axisymmetric
unit cell-model containing a single spherical void. These accurate numerical model studies include
both the early stages, where overall plastic yielding and void growth take place, and the transition
into the final stage, where only local plastic flow takes place in the ligaments between neighbouring
voids. A fixed ratio of the transverse and axial macroscopic true stresses was prescribed in these cell-
model analyses, considering different levels of stress triaxiality and non-hardening as well as
hardening material behaviour. Rather good agreement between stress-strain curves and void growth
vs. strain curves was found both in these studies and in similar studies by Becker er al. (1988),
provided that the value f¢ is chosen as a function of the initial void volume fraction, f;, ranging
from fo=0.03 at f; =0.0104 to f =012 at f; =0.06.

A different type of model for ductile fracture was proposed by Thomason (1985, 1990), based
on approximate upper-bound solutions for non-hardening rigid-plastic solids. Some of these
solutions rely on plane strain analyses, while others rely on three-dimensional solutions, in which
ellipsoidal voids are represented by square-prismatic voids. In these studies the discussion mainly
focussed on the transition from a weak dilatational yield surface (such as that proposed by Gurson,
1977) 1o a strong dilatational yield surface representing a stage where void coalescence develops.
The type of behaviour predicted by these simple upper-bound solutions was studied by Richelsen and
Tvergaard (1993, 1994), using detailed numerical unit cell analyses and comparisons with dilatant
plasticity predictions.

Both plane strain analyses and full three-dimensional analyses were carried out by Richelsen
and Tvergaard (1993, 1994), based on non-hardening elastic-plastic material behaviour or on the
corresponding elastic-viscoplastic material model. The accurate numerical plane strain analyses
were used to study the transition into
aligament necking mode. It has been
shown that transition predictions ob- x! /
tained by simple upper-bound solu- < il

) t'u— ——n;a---- |r1"
lions are in some cases quite reason- 3\. fi" + »t-\l s q_f
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where Kk and ¥ are prescribed constants. For k¥ = ¥ a good approximation of the material behaviour
can be obtained by an axisymmetric analysis, as has been shown by Hom and McMeeking (1989)
and Worswick and Pick (1990) by comparison with 3D analyses. However, for k# y the full 3D
analysis is necessary. Several analyses with many different values of x and Yy, were carried out for
the initial void volume fraction f; =0.04, with values of the stress triaxiality parameter, S, / S,
ranging from 0.15 to 3. In each case the peak stresses were compared with the prediction
corresponding to the approximate yield condition of Equation (2.1), and it was found (Figure 2) that
the agreement is generally rather good for ¢; =1.5 in Equation (2.1). The 3D computations were
continued to larger strains, beyond the onset of failure by necking in the ligament between
neighbouring voids, at least for the higher stress triaxialities investigated. There are also cases where
the voids grow towards coalescence without reaching an obvious ligament necking mode. In
Equation (2.2), for f; =0.04, the parameter values f =0.094 and fr =0.25 were used, and
comparison with the 3D numerical results showed that Equation (2.2) gives a useful representation
of final failure.

Inrelation to Thomason’s (1985, 1990) criticism of the Gurson model, the main thing to note
is that computations such as those of Koplik and Needleman (1988) for non-hardening materials
subject to axisymmetric conditions, or the 3D computations of Richelsen er al. (1994), account for
exactly the same mode of final failure by localized necking of the intervoid matrix as that analysed
in the approximate 3D rigid-plastic upper-bound solutions of Thomason (1985). The only difference
is that the numerical solutions are much more accurate and do notrequire approximations of spherical
or ellipsoidal voids as square-prismatic voids. Thus, on the basis of the comparisons with the
modified Gurson model it may be concluded that by using the function f‘(_f) in Equation (2.1), with
appropriate values of gy, feand fg, this model gives a rather good description of the ductile failure
process, including both the initial growth of voids and the final failure by coalescence.

In real materials voids are not uniformly distributed, as was assumed in the unit cell-model
studies mentioned above. The effect of porosity distribution was examined experimentally by
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Fig.2 Maximum stress points for initial void volume fraction 0.04, obtained by 3D cell model
analyses for non-hardening material. Comparison with approximate yield conditions
(2.1); from Richelsen and Tvergaard (1994).




Viggo Tvergaard, Micromechanics of Damage in Metals 27

Magnusen er al. (1988) who drilled arrays of holes in sheet tensile test specimens and compared the
test results for specimens with different hole distributions but with a fixed area fraction of holes. In
these specimens final failure by void coalescence involved sheet necking in the ligaments between
neighbouring holes. Recent plane stress simulations of full specimens with many holes (Becker and
Smelser, 1994) were able to reproduce the fracture path observed in the experiments. These
investigations show that earlier onset of failure by void coalescence is the most significant effect of
a random void distribution. In addition, the non-uniform void distribution also results in a slightly
lower strength prior to the onset of failure. Such strength reductions prior to localization were also
found by Needleman and Kushner (1990) for plane strain conditions, in a model material with larger
voids represented in terms of a Gurson material by regions of high void volume fraction.

Most of the studies of the effect of porosity on plastic flow have focussed on spherical voids;
but there has recently been increasing interest in studying the influence of deviations from spherical
void geometry. Lee and Mear (1992) studied an ellipsoidal void in an infinite plastic or viscous
medium. Gologanu, Leblond and Devaux (1993) worked on developing approximate plastic yield
criteria for a material containing a certain volume fraction of ellipsoidal voids. Ponte Castafieda and
Zaidman (1994) have also considered the effect of non-spherical voids and have proposed a
constitutive model, including evolution equations for appropriate state variables such as the void
volume fraction and the aspect ratios of the typical void.

Predictions of plastic flow localization are very sensitive to whether or not a vertex forms on
the yield surface (Rice, 1977). Kinematic hardening can be used to model approximately the effect
of a rounded vertex, and it has been found both for necking in biaxially stretched shells (Tvergaard,
1978) and for shear localization under plane strain conditions (Hutchinson and Tvergaard, 1981) that
kinematic hardening predictions are rather similar to those found for a solid that develops a sharp
vertex on the yield surface. In order to incorporate this effect in studies of ductile fracture, Mear and
Hutchinson (1985) have suggested a kinematic hardening model for a porous ductile material, and
Tvergaard (1987a) has extended this model to account for void nucleation. In fact, a family of
isotropic/kinematic hardening yield surfaces are introduced by taking the radius, oy, of the yield
surface for the matrix material to be given by

op =(1-b)oy+boy 2.4)

where o, and oy, are the initial yield stress and the matrix flow stress respectively, and the
parameter b is a constant in the range [0,1]. The constitutive relations are formulated such that for
b=1 they reduce to Gurson's (1977) isotropic hardening model, whereas a pure kinematic
hardening model appears for b=0.For b=1and f =0 the expressions reduce to J, flow theory.

Then, instead of Equation (2.1), the approximate yield condition for the porous solid is taken
to be of the form

5, 4 6 *\2
®=2¢ +2¢,f" cosh 1—(:;11 e 2.5)
OF 2 oF

where oY denotes the stress components at the centre of the yield surface, &Y = ot — ol ;
= SEUEU- /2 and 59 = 69 —G‘jﬁ'if /3. For g, =1 Equation (2.5) is the expression proposed by
Mear and Hutchinson (1985), which coincides with that of Gurson (1977) for & =1. The plastic part
of the macroscopic strain increment, 7?5-’. and the effective plastic strain increment, éf,, for the
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matrix material are taken to be related by
6 nf =(-fropéy 2.6)

Using the uniaxial true stress natural strain curve for the matrix material, é‘f, =(1/E,—1/ E)6y,
an expression for the matrix flow stress increment, 04, is obtained from Equation (2.6). Further-
more, the change in the void volume fraction, f, during an increment of deformation is still taken
to consist of a contribution from the growth of existing voids and a contribution from the nucleation
of new voids.

Unrealistic oscillatory stress predictions have been found for kinematic hardening solids
subject to large shear strains; it has been shown (Dafalias, 1983; Loret, 1983), however, that these
stress oscillations disappear if certain corotational stress rates other than the Jaumann rate are used
in the finite strain generalization of the constitutive law. For the ductile porous material model
Tvergaard and Vander Giessen (1991) incorporated alternative stress rates involving corotation with
the crystal substructure spin (the elastic spin) rather than with the continuum spin. The Jaumann rate
&7 of the Cauchy stress and the alternative rate G/ are defined by

Si=6"+(G*o +Giko!) iy @.7)

&i= &I + Gpo! - *GT ) wfy (2.8)
1 o !

of ==p(G*if - 1}Gy)at 2.9)

In a macroscopic plasticity theory the separation of continuum spin in an elastic part and a plastic
part is not defined, and Equation (2.9) is an assumed constitutive law for the plastic spin, in which
the factor p appears as an additional material function,

The plastic part of the strain rate is taken to be (Tvergaard and Van der Giessen, 1991)

. 1 T ok

ng - Em’?mﬂ 8-“ (2.10)
where the expressions for A and the tensors mg and mg are given by Tvergaard (1987a). The
hardening rule, expressing the evolution of the yield surface centre during a plastic increment, is

taken to be

=pne | =0 @2.11)
where the value of the parameter /! is determined by the consistency condition @ =0.

The effect of kinematic hardening on the onset of localization in a shear band is illustrated in
Figure 3. For an initial imperfection in the form of void nucleating particles, Af y = 0.01, inside the
band, the minima in Figure 3a give the first critical strain for localization. It is seen that higher yield
surface curvature (b < 1) does indeed promote early onset of shear band formation; butitis also noted
that values of p in Equation (2.9) chosen large enough to avoid unrealistic oscillatory stress
predictions under pure shear (i.e. the dashed and dotted curves in Figure 3) resultin a small delay in
the predicted localization.
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The different versions of a porous ductile material model discussed so far are all standard local
constitutive relations, which do not represent a material length scale. It is well known that if nolength
scale is included in the problem formulation, the softening material behaviour typical of situations
near final failure will tend to give localized damage in regions as narrow as possible within the mesh
resolution. Thus numerical predictions of final fracture will show an inherent mesh sensitivity. The
relevant length scale may be introduced by directly specifying the size and spacing of larger voids;
it has been found (Needleman and Tvergaard, 1994) that this can remove the inherent mesh
dependence. Alternatively, a set of nonlocal constitutive relations may be applied.

Pijaudier-Cabot and Bazant (1987) and Barenblatt (1992) suggested nonlocal constitutive
formulations in which delocalization relates to the damage mechanism, and the same idea has been
used by Leblond, Perrin and Devaux (1993) to propose a nonlocal version of the Gurson model. An
elastic-viscoplastic version of this nonlocal porous ductile material model, recently applied by
Tvergaard and Needleman (1994), will be briefly introduced here.

For the elastic-viscoplastic material the modified Gurson yield condition according to
Equation (2.1) is applied as a flow potential (Pan et al., 1983), so that the plastic part of the strain-
rate is given by

WP op 9@ 4 _(U=Douéy
Y oot 1 o JdD
oo
where the expression for A is found from the isotropic hardening version of Equation (2.6). The
matrix plastic strain rate is taken to be given by

(2.12)
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Fig.3 Shear band formation in kinematic hardening porous solid (2.5) under uniaxial plane
strain tension. Band with initial orientation ‘¥, contains small initial imperfection.
(a) Localization strains; (b) Fracture strains inside band; from Tvergaard and Van der
Giessen (1991).
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where & is areference strain-rate, m and N are the strain-rate hardening exponents and 0y and g
are reference stress and strain quantities, respectively. Furthermore, with attention restricted to
strain-controlled nucleation, the local growth of existing voids and the local nucleation of new voids
is given by

Fioca == HGIRf +m el 2.14)

Void nucleation, specified in terms of @(ef; ), is taken here to follow a normal distribution (Chu and
Needleman, 1980).

The rate of increase in the void volume fraction in the material point at location x’ in the
reference configuration is obtained from the local values in Equation (2.14) by (Leblond et al., 1993:
Pijauder-Cabot and Bazant, 1987)

. : 1 . s : ot -
fEh=——f w(xt =2 dv (2.15)
W(Il),"[ I(x:a]( ) ( J
where ¥ is the volume of the body in the reference configuration. In Equation (2.15) Tvergaard and
Needleman (1994) used the weight function specified by

q
iy 1 lyo i _ 2i\ap
W(Z )_{H(Z_/L)_PJ 5 W(x }——v{[W(I X‘Jdv (2.]6)

Here, 'z = 1?6,;,-z“zj and L is a positive material characteristic length. The two remaining parameter
values were chosen as p =8 and ¢ = 2 . The local formulation corresponds tothe limit L — 0. With
L>0, f(x')= fiocal When Flocal 18 spatially uniform. Hence, nonlocality is associated with spatial
gradients in £ It is noted that the function w is chosen such that w > 0 for z< L and w=0 for
z> L, with arelatively narrow transition region; w=0.25at z/ L=1.0, w=0.021 at z/ L = 1.25
and w=0.0014 at z/ L = 1.5. In computations a cut-off length L, =1.5L may be used such that w
in Equation (2.15) is taken to be zero for z > L.

There is no direct micromechanical basis for the nonlocal constitutive description resulting
from Equation (2.15), but it is assumed that the material characteristic length L is of the order of
magnitude of the average void spacing. Two different planar model problems were used by
Tvergaard and Needleman (1994) to study the effect of the delocalization, a material that develops
plastic flow localization in shear bands and a metal matrix composite. Figure 4 shows contours of
constant void volume fraction for the material, with a doubly periodic array of soft spots that trigger
the development of a periodic pattern of crossing shear bands. Due to symmetries only a rectangular
subregion with initial dimensions A and By needs to be analysed numerically. The figure shows
results at the average logarithmic strain &; = 0.520 for four different meshes in a material subject
to uniaxial plane strain tension, The material length scale is specified by L/ By =0.1 and itis seen
that due to the nonlocal formulation the shear band width is rather mesh-insensitive, whereas
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Fig.4  Contours of constant volume fraction in non-local material at g = 0.520, for material

length L = 0.1 By; from Tvergaard and Needleman (1994).

computations for L = 0 would show a band width corresponding to one quadrilateral element in all
four cases. For the planar model of a metal matrix composite it was found (Tvergaard and
Needleman, 1994) that the delocalization described by Equation (2.15) removes the strong mesh
sensitivity resulting from high gradients of the field quantities near sharp fibre corners.

3. Models for Creep Rupture

In polycrystalline metals at elevated temperatures creep rupture can occur by a number of
different mechanisms. Ashby and Dyson (1984) distinguished four broad categories of such
mechanisms, one of which involves the nucleation and subsequent growth of microscopic cavities,
leading to fracture by coalescence. Another category involves failure by the loss of the cross-
sectional area associated with large strains, for example in the form of necking, while the third
category relates to degradation of the microstructure by thermal coarsening of particles or by a
dislocation substructure induced acceleration of creep. The fourth category covers damage by gas-
environmental attack.

Based on a number of micromechanical cell-mode! studies a set of constitutive relations for
creep in polycrystals with grain boundary cavitation was developed by Tvergaard (1984b), as an
extension of work by Rice (1981) and Hutchinson (1983). This material model describes dislocation
creep of the grains in terms of power-law creep, incorporates the effect of grain boundary sliding,
and accounts for the nucleation and growth of cavities occurring mainly on grain boundary facets
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perpendicular to the maximum principal tensile stress (Hull and Rimmer, 1959: Cocks and Ashby,
1982; Argon, 1982). The mixed influence of diffusion and dislocation creep on cavity growth is
accounted for (Needleman and Rice, 1980; Sham and Needleman, 1983), as well as the mechanism
of creep-constrained cavitation (Dyson, 1976). Failure due to loss of the cross-sectional area is also
directly represented, since finite strains are accounted for, and an approximate representation of
creep acceleration due to microstructure degradation was included (Tvergaard, 1987b). Thus the

material model accounts for the first three categories of creep damage mechanisms discussed by
Ashby and Dyson (1984).

Inside the grains, where dislocation creep is modelled in terms of power-law creep, the creep
part of the Lagrangian strain rate is

n
e R e T Gy | 1e
Nij = & 20 Ee “50[_8} (3.1)

€
where £j and oy are reference strain rate and stress quantities, and 7 is the creep exponent. The
effective Mises stress is 0, =+(3s;;s” /2, with s¥ = ¢/ —GUf /3.

Grain boundary cavities are assumed to be distributed over a facet, with average spacing 2b
and radius a, and the diffusion along the void surface is assumed to be sufficiently rapid, relative to
the diffusion along the grain boundary, to maintain the quasi-equilibrium spherical caps void shape
(see Figure 5a). For the angle y a value around 70° is typical. The growth of a single void in the
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Fig.5 (a) Spherical-caps shape of a single cavity
(b) Equally spaced cavities on a grain boundary
(¢) An isolated, cavitated grain boundary facet in a
polycrystalline material.,
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spherical caps shape, by combined grain boundary diffusion and dislocation creep, was studied
numerically by Needleman and Rice (1980) and Sham and Needleman (1983). At sufficiently low
tensile stresses, cavity growth by grain boundary diffusion is dominant. Then, the rate of growth of
the cavity volume is obtained by the rigid grains model, analysed early on by Hull and Rimmer (1959)
and subsequently modified by various authors, including Needleman and Rice (1980), who found

3 0, —(1=F)os
Vi=4nD “ !
: In(1/ f)-(B=f)A-£)/2
Here o is the sintering stress, [ is the area fraction of the grain boundary which is cavitated, and
D = Dpdpf2 | kT is the grain boundary diffusion parameter, where Dgdp is the boundary diffusiv-
ity, £2 is the atomic volume, k is Boltzmann’s constant, and 7 is the absolute temperature.

(3.2)

At sufficiently high stresses power-law creep growth of the cavities would dominate, and the
corresponding volumetric growth rate V5 can be approximated, based on results of Budiansky,
Hutchinson and Slutsky (1982). Using this, Sham and Needleman (1983) suggested the following
expression for the rate of growth of the cavity volume at high stress triaxialities

2 2
V=V+V,, for %glo,f:max{(gj ,( g ] } (3.3)

b a+1.5L

where the stress and temperature-dependent length scale of the cavitation process, L = (D o, / é‘f)m,
was introduced by Needleman and Rice (1980). Equation (3.3) shows good agreement with
numerically determined growth rates, both for high and low triaxialities (Needleman and Rice, 1980;
Tvergaard, 1984a). From Equation (3.3) the rate of growth of the cavity radius is found as
a= Vf(4m2}:( w}). In addition to these expressions for cavity growth, an approximate way of
incorporating continuous nucleation of new cavities in the material model was proposed by

Tvergaard (1984b), based on nucleation observations discussed by Argon (1982) and Dyson (1983).

In order to describe the complex mechanism of grain boundary cavitation in more detail, Rice
(1981) suggested that an isolated, cavitating grain boundary facet can be modelled as a penny-shaped
crack, as illustrated in Figure 5c. The average rate of separation, &, of the grains adjacent to a facet
(Figure 5b) is given as the average rate of opening of the crack, using an expression obtained by He
and Hutchinson (1981) modified to account for a non-zero normal tensile stress, o,,, on the crack
surfaces (Tvergaard, 1984a)

: * S‘ e arig

6= —L &, 2R (3.4)

Oe

Here R is the current radius of the crack, ﬁ' isaconstant, S™ is the value that the normal stress on
the facet would have if there was no cavitation and éf is the effective creep strain rate according to
Equation (3.1). Equation (3.4) is based on the assumption that the facet is normal to the maximum
principal tensile stress. If V is the cavity volume, and 2b is the average cavity spacing (see Figure
5), the average separation across the facetis § =V / (rtbz), and thus the rate of separation is also
given by (Tvergaard, 1984b)

b Voo OV
Ef b

(3.5)

G-l =
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The requirement that Equations (3.4) and (3.5) are equal determines the value of the normal stress,
a,,, and the cavity growthrate, V', (whichis a function of 6, according to Equations (3.2) and (3.3)).
This model describes the phenomenon of creep-constrained cavitation (Dyson, 1976), when
diffusion is so rapid relative to dislocation creep of the adjacent grains that cavity growth occurs for
o,/ S* =0 (Rice, 1981; Tvergaard, 1984a).

For a material containing many cavitating grain boundary facets an expression for the
Macroscopic creep strain rates used by Tvergaard (1984b) is based on that derived by Hutchinson
(1983) for a solid containing a certain density of penny-shaped microcracks, modified to account for
anon-zero stress, Oy, on the crack surfaces. With further modifications to approximately describe
grain boundary sliding (Tvergaard, 1985) the expression takes the form

* 2 *
8- * -1 5 - - *
f?;?=£"f 33 [f )nﬂ; 3n-154|S -0, : 28 =0, m G.6)
20, 2n+lo,| o, nl ot Y

If there is no sliding, the value of £~ is unity, and p‘ and m;} reduce to special values p and
m;; = m;itj respectively, where #; is the facet normal in the current configuration, and p reflects the
density of cavitating facets. The expressions for p and 8 and approximations used torepresent grain
boundary sliding are given by Tvergaard (1985a). The material model based on Equations (3.1)-(3.6)
has been used in finite element computations to predict the creep rupture behaviour of structural
components, for example in a number of analyses of creep crack growth (Tvergaard, 1986, 1990c;
Lietal., 1988). An example of predicted damage distributions around a crack tip is shown in Figure
6 at two stages, with damage measured by a /b and completely failed elements in black.

Micromechanical models of creep rupture, including those mentioned above, have focussed
on the time to cavity coalescence on a characteristic grain boundary facet, and this time has been used
as an estimate of the lifetime. However, final intergranular failure occurs as microcracks on
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Fig.6 Predicted creep damage distribution around crack tip in double edge cracked panal, for

a,/Ly = 0.1 and continuous cavity nucleation;
(@) At t/1} = 0.064. (b) At 1119 = 0.686; from Tvergaard (1990c).
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Fig. 7 Finite element mesh used in analysis of a planar
multigrain cell model, with cavitation and sliding at
all grain boundaries; from Van der Giessen and
Tvergaard (1994¢)
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Times to first coalescence, t Jtg, times to first microcrack, t,,/tp, and times to final creep
failure, {J,J tp, for planar multigrain cell model with free grain boundary sliding and

a)/L; = 0.025. Increasing Ap marks increasing randomness of aggregate; from Van der
Giessen and Tvergaard (1994¢).
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neighbouring grain boundary facets link-up, and studying this process requires more elaborate
micromechanical models. The deformation of grains in a real three-dimensional polycrystal is much
more constrained by the deformations of neighbouring grains than is found in a planar model. An
axisymmetric model problem (Tvergaard, 1985; Van der Giessen and Tvergaard, 1991) captures the
main effect of this 3D constraint and is still relatively simple, but this model is not able to fully
represent the interaction with neighbouring cavitating facets leading to link-up of facet microcracks.
Detailed analyses for full 3D aggregates containing many grains are not yet numerically feasible, but
some insight into the linking-up process can be obtained from planar aggregates.

A plane strain model of a polycrystalline aggregate was investigated by Van der Giessen and
Tvergaard (1994a, 1994b). Here cavitation is accounted for on all grain boundary facets, using
Equations (3.2), (3.3) and (3.5) to approximately represent the influence of diffusion and dislocation
creep on cavity growth as well as the process of continuous cavity nucleation. Furthermore, grain
boundary sliding following a linear viscous relationship between shear stress and sliding rate (Ashby,
1972) is incorporated. Thus, depending on the values of material parameters and stress level, the
model represents behaviour ranging from free grain boundary sliding to no sliding at all. In addition,
the cavitation model makes it possible to represent different cavity densities or different nucleation
rates on different grain boundary facets, so that cavity coalescence leading to an open facet
microcrack will tend to occur earlier at some facets than at others. It is noted that Hsia, Parks and
Argon (1991) used a rather similar planar multigrain model with free sliding to analyse the effect of
microcrack density on the rate of opening of a facet microcrack.

A number of different analyses for the planar multigrain model have shown that typically about
20 to 30% of the lifetime remains after the first occurrence of an open facet microcrack. In a
polycrystal built up of identical hexagonal grains (Van der Giessen and Tvergaard, 1994b) this of
course depends on differences between nucleation rates on different facets. The effect of random
variations in microstructure has also been studied (Van der Giessen and Tvergaard, 1994c) by
analysing planar grain aggregates such as that illustrated by the finite element mesh in Figure 7. The
results of computations for six different random microstructures are summarized in Figure 8, where
increasing values of Ap are a measure of increasing randomness in facet widths. The grain
boundaries slide freely, the nucleation parameters are the same for all facets, and the material is
subject to overall uniaxial plane strain tension. Figure 8 shows the three landmarks in the lifetime
of the material: the time, £, tofirstcavity coalescence on any facet, the time, 7, , to the first formation
of a full facet microcrack, and the final time to full loss of integrity, If.

4. Metal-Ceramic Systems

Materials containing mixtures of metals and ceramics, e.g. metal-matrix composites, ductile
particle reinforced ceramics, or ductile layer reinforced ceramics, have emerged as a class of
materials capable of various advanced structural applications. The mechanics of these materials
differs from more traditional materials in a number of ways, including the fact that here plastic flow
tends to occur under highly constrained conditions and that failure at the interface between different
phases plays an important role.

In the case of metal-matrix composites, the reinforcement by ceramic fibres increases the
stiffness and the tensile strength compared with that of the metal alloy, but the reinforcement also
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leads to reduced ductility and frac-

ture toughness due to the limited
strength of fibres and the fibre- 1
matrix interface. Thus observations

of matching pairs of fracture sur-
faces for Al-SiC short-fibre com-  Lc
posites show the occurrence of fail-

ure by debonding as well as by
brittle fracture of elongated SiC .t
particles aligned with the tensile X2
direction (Zok et al., 1988; Lagacé

and Lloyd, 1989; Mummery and Fig. 9 Periad_z‘c arrayslofparaf!ei short fibres.

i (a) Axisymmetric cell model.

Derby, 1991). A parametric under- (b) Transversely aligned fibres.

standing of the effect of different (c) Transversely staggered fibres.

material parameters, such as the

shape and distribution of fibres, the volume fraction, the strength of the interface and fibres, the
matrix yield stress and strain hardening, can be obtained by numerical cell-model analyses, which
allow for an accurate representation of the stress and strain fields, including local stress peaks at sharp
fibre edges.

For a metal reinforced by a periodic array of parallel, short fibres Tvergaard (1993, 1994a)
focussed on analysing the effect of fibre-matrix decohesion and fibre fracture. Such materials can
be modelled in terms of the axisymmetric cell-model shown in Figure 9a. With appropriate boundary
conditions this unit cell represents a material with transversely aligned fibres, as illustrated in Figure
9b; for different boundary conditions the same unit cell can also be used to approximate a material
with transversely staggered fibres (Figure 9¢), as suggested by Tvergaard (1990a). The axisymmetric
unit cell was used by Nutt and Needleman (1987) and Christman et al. (1989) to analyse composites
with transversely aligned short fibres. This type of axisymmetric cell-model can be considered a
good approximation of a three-dimensional array of hexagonal cylinders (Tvergaard, 1982); but a
square array is also well approximated. It is noted that in addition to fibre breakage or decohesion,
failure within the matrix material alone has also been observed in metal matrix composites (see, for
example, Needleman er al., 1993).

Debonding at the matrix-fibre interface is modelled by a cohesive zone formulation (Tver-
gaard, 1990b), which is a generalization of that proposed by Needleman (1987) and applied by Nutt
and Needleman (1987) for composites. In the generalized model a set of interface constitutive
relations gives the dependence of the normal and tangential tractions, T, and T, on the correspond-
ing components, u, and u,, of the displacement difference across the interface, and the model is
chosen such that in pure normal separation (1, = 0) it coincides with that of Needleman (1987). A
non-dimensional parameter A is defined as

A= “—”2+ “—‘2 4.1)
S 5

and a function F(A) is chosen as
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Fig. 10 Average stress-strain curves for metal matrix composite with transversely aligned short
[fibres, under uniaxial tension. Fibre volume fraction is 0.13; [from Tvergaard (1990a).
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Then, as long as A is monotonically increasing, the interface tractions are taken to be given by the
expressions

u u

T,=-2LF@) , T,=a-tF) (4.3)
In pure normal separation (%, = 0) the maximum traction is Omax total separation occurs at u, = 6,,
and the work of separation per unit interface area is 90max S, / 16. In pure tangential separation
(4, =0) the maximum traction is @0y, total separation occurs at U = 6y, and the work of
separation per unit interface area is 9@0,,,,, 8, / 16. The values of the four parameters O+ 00, 10 may
and o have to be chosen such that the maximum traction and work of separation in different
situations are well approximated.

For SiCreinforced aluminium the fibre elastic modulus is much higher than that for aluminium
(Ef =5.7E4), and the fibres are approximated as rigid in the analyses. The fibre fracture criterion
employed s specified as a critical value of the average tensile stress on a cross-section. A recent study
of particulate fracture in MMC’s, by Finot eral. (1993) has shown that a critical average tensile stress
gives a good approximation of predictions obtained by assuming an initial crack inside a particulate.

Figure 10 shows examples of predicted stress-strain curves for a power hardening matrix
material with oy / E=0.005 and n=7.66 and for a fibre volume fraction f=0.13, with fibre
aspectratio 5. Here the material is subject to overall uniaxial tension in the fibre direction, the fibres
are transversely aligned (as in Figure 9b), and different values of the fibre strength, 0y, and the
interface strength, 0y, are considered. Computations for the same sets of material parameters but
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Fig. 11 Ductile particle bridging a brintle matrix crack. (a) Initial mesh in particle with small
central void. (b) Deformed mesh at half crack opening U, from Tvergaard (1994b).

for transversely staggered fibres (Tvergaard, 1993), showed failure by breakage or debonding at
lower values of the average stress, 0y, and the average strain, £). Thus, in a real material, where
whiskers are more or less randomly distributed, it appears to be more likely that failure will initiate
inregions where the fibres are transversely staggered than in regions with transversely aligned fibres.

The debonding model in Equations (4.1)-(4.3) has also been used to study a metal-ceramic
system where the metal phase plays the opposite role, as a dispersed ductile phase added to a brittle
ceramic in order to increase the fracture toughness. Here ductile particles intercepted by a brittle
matrix crack undergo large elastic-plastic deformations during crack bridging, and experiments for
Al O; reinforced by Al particles (Flinn, Riihle and Evans, 1989) have indicated that progressive
particle debonding during bridging may significantly add to the toughening. Numerical model
studies to investigate this type of behaviour were carried out by Tvergaard (1992), assuming that the
ductile particles are spherical and that the particle centre is in the plane of the brittle matrix crack.
It has been found that progressive particle-matrix debonding during bridging can significantly
increase the additional fracture toughness obtained due to particle yielding.

The experimental observations of Flinn er al. (1989) showed that the failure of axisymmetric
reinforcement zones often involves the nucleation of a single hole at the centre of the neck, which
rapidly expands to final failure. This was analysed by Tvergaard (1994b) by assuming the initial
presence of a small void in the particle centre. Figure 11 shows the initial mesh used for such a
numerical study and adeformed mesh ata stage with the half crack opening U, where both debonding
and large void growth are clearly visible. It is found in these computations that residual tensile
stresses in the ductile particles, due to thermal contraction mismatch during cooling from the
processing temperature, have a strong influence on the void growth. Thus the growth of a single void
in a ductile particle may be strongly affected by the occurrence of a cavitation instability (Huang ez
al., 1991; Tvergaard et al., 1992).

In layered materials crack growth along an interface between a brittle ceramic and a ductile
metal is also an important failure mechanism, with plastic yielding of the ductile phase adding
significantly to the fracture toughness. In such interface crack growth the elastic solution governing
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the remote field has an oscillating crack tip singularity, so that the mode mixity ( K, vs. K;) varies
with the distance from the crack tip. Both model experiments (Liechti and Chai, 1992; O'Dowd et
al., 1992) and crack growth analyses (Tvergaard and Hutchinson.' 1993) have shown that the crack
grows most easily when the near tip fields are close to mode 1 conditions.

When two ceramics are joined by a thin metal layer, plastic deformations of the metal will also
add to the fracture toughness of this sandwich system. It has been found by Tvergaard and Hutchinson
(1994), using a cohesive zone model to study crack growth along one of the thin layer interfaces, that
in addition to the stress ratio, 0pay / 0, the toughening effect of the layer depends strongly on the
ratio h/ Ry (where h is the layer thickness). If h exceeds the reference plastic zone size, Ry, a
significant toughening can be obtained when Oppax / gy is sufficiently large; for small values of
h/ Ry the plastic deformations of the layer have no effect on the toughness. The results of Tvergaard
and Hutchinson (1994) were obtained under the assumption of equal elastic moduli of the layers, but
studies considering more realistic ratios of the elastic properties are now being carried out.
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Abstract: Homogenized constitutive equations for the mechanical behaviour of unidirectional fibre
composites with growing damage are discussed. Emphasis is on resin matrices reinforced with high modulus,
elastic fibre. Starting with time-independent behaviour, the thermodynamic foundation for a work potential-
based model is reviewed. The model is then successfully applied to the characterization of a carbon/epoxy
composite. Laminates withmany different fibre-angle combinations are used to determine the basic material
functions and to check the accuracy of the model for predicting response not used in the characterization
process. Edge delamination of three different laminates is then predicted using the overall laminate work
potential. Finally, methods of accounting for viscoelastic deformation effects and for rate-dependent damage
evolution equations are described. It is shown that the time-independent theory can be readily extended to
account for these complexities using approximations that are believed to be valid for many fibre composites.

1. Introduction

Structural composites such as continuous fibre-reinforced plastics are traditionally modelled
as linear elastic materials. Although this may be acceptable for many engineering applications, itis
well-known that the resin is highly nonlinear in shear and is viscoelastic. Even for apparently fibre-
dominated response, such as when a unidirectional composite is under axial compression, the
strength is directly dependent on the resin behaviour through a shear microbuckling phenomenon
(Budiansky and Fleck, 1993). Damage growth in composites is also highly dependent on the resin
behaviour. The most common forms of observed damage are broken fibres, delamination and
transverse cracks (Friedrich, 1989); the latter are intraply cracks normal to the layer plane and parallel
to the fibres. The effect of resin viscoelasticity on the time-dependent growth of transverse cracks
is clearly seen in the experimental studies of Moore and Dillard (1990).

Here we shall be primarily concerned with homogenized constitutive equations for unidirec-
tional layers which account for material nonlinearity without and with transverse cracks. The effect
of the former source of nonlinearity without these cracks is illustrated in Figure 1 for the specific
composite material which is studied in this paper. The difference in loading and unloading behaviour
shows that the response is not elastic. Although this material exhibits viscoelastic behaviour, its
effect at room temperature and for the strain rate used is negligible compared to the amount of
hysteresis exhibited in Figure 1. The inelastic behaviour exhibited in this figure cannot be fully
modelled using traditional plasticity theories because the unloading curves deviate considerably
from a straight line with the initial Young’s modulus Ej. Typically, for different angle-ply and
unidirectional laminates, the residual strain upon load removal is only 20-40% of that for unloading
along the E line (Schapery, 1989a).

:‘ The University of Texas, Austin, TX 78712, USA
The University of Nebraska at Lincoln, Lincoln, NE 68516, USA
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shearing variables. Most publications on laminate [£30] 35 showing inelastic
nonlinear behaviour use incremental or de- behavior (after Schapery, 1989a).

formation plasticity theory as a basis for

developing constitutive equations with coupled normal and shear nonlinearities (e.g. Christensen,
1979, Sun and Chen, 1989 and Budiansky and Fleck, 1993). In the latter two references a three-
parameter Ramberg-Osgood (power law) nonlinear representation is used, and unloading behaviour
is not addressed. Sun and Chen (1989) show that experimental, uniaxial stress-strain behaviour of
off-axis, unidirectional carbon/epoxy and boron/aluminium composites is characterized quite well
by their model. Although their basic formulation is an incremental plasticity theory, the three in-
plane stress components (referred to the principal material axes) are proportional to the applied axial
load. Asthisisacase of proportional loading, the theory reduces to deformation theory and the strains
may be derived from a complementary energy potential, just as if the material were elastic. The
carbon/epoxy material studied in the present paper cannot be adequately represented by the
Ramberg-Osgood equation (Schapery, 1995).

Transverse cracking and delamination, which have been studied extensively, are characterized
and predicted in most cases assuming the composite material is linearly elastic (e.g. Friedrich, 1989;
Hashin, 1985; Masters and Reifsnider, 1982; O’Brien, 1982; Varna, 1992). The last reference has
an extensive study of transverse cracks in crossply laminates, and consists of five papers on this
subject as well as on local delamination. Nonlinear behaviour is taken into account in a few
investigations such as that of Tsai et al. (1990) who account for the effect of fibre-induced elastic
nonlinearity in a transverse cracking model, and that of Schapery et al. (1986) and Schapery (1989a)
who introduce fibre- and matrix-induced nonlinear behaviour in deformation and delamination
studies.

In structural applications of composite laminates, it may be necessary to account for one or
more of the various types of nonlinear behaviour, damage and material time-dependence prior to the
development of significant fibre fracture. Of course, which, if any, of the complexities that are
important in an application depends on the loading, physical environment, material system and
layup, etc. Schapery (1987, 1989a,b, 1990) developed an approach to material modelling that uses
the same mathematical formalism for nonlinear elastic and inelastic behaviour and for damage
evolution and its effect. It is based on thermodynamics with internal state variables, fracture
mechanics and the experimental observation that the stresses and mechanical work for fibre-
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reinforced plastics and particle-reinforced rubber are often independent of many details of the
deformation history (Lambornand Schapery, 1988, 1993; Mast, etal., 1992; Schapery, 1987, 1991a).
This limited path-dependence leads to the use of a work potential (or complementary work potential)
which is analogous to strain energy (or complementary strain energy) for anonlinear elastic material.
The type of behaviour illustrated in Figure 1 may be combined with effects of transverse cracking
and delamination using a work potential. Unlike classical incremental plasticity theory, this model
uses total (rather than incremental) strain. The modelled behaviour may be independent of path (for
a limited or wide range of paths) with non-proportional loading, and inelastic behaviour during
loading is not necessarily tied to unloading behaviour and residual strains.

In this paper we shall use a work potential to account for nonlinear elastic behaviour of the
fibres, inelastic behaviour of the matrix, transverse cracking and delamination. Only loading
behaviour will be addressed here, apart from the foundational discussion in Section 2. A few
examples of path-independence for unloading and reloading behaviour may be found in experimen-
tal investigations of axial-torsional behaviour of laminates (Lamborn and Schapery, 1988, 1993) and
in theoretical studies based on a work potential (Schapery, 1989a,b).

Section 2 presents an overview of work potential theory. The reader is referred to Schapery
(1990) for additional details and proofs. Development of specific time-independent constitutive
equations using a work potential, and their experimental validation for a carbon/epoxy composite,
are described in Section 3. Most of the material characterization is taken from Sicking’s (1992) Ph.D.
dissertation; however, there are also some new results here, especially on the transverse cracking
problem. Finally, an extension of work potential theory to viscoelastic deformation and damage
srowth behaviour is outlined in Section 4. This extension is included here because it makes direct
use of the time-independent theory and requires only a mathematically small modification of the
time-independent constitutive equations.

2. Thermodynamic Foundation of the Work Potential

Generalized Notation and Basic Equations

The thermodynamically-based theory used here is first expressed in terms of generalized
displacements ¢; and their work-conjugate forces Q;. This notation is employed as it provides
freedom in using the basic theory for various applications, including unidirectional ply constitutive
equations and overall laminate mechanical behaviour. Forexample ¢; could be strain, displacement
orrotation, and Qj stress, force or moment. The material or structural system of interest may or may
not have an initial unit volume, and full geometric nonlinearity is permitted in this section. For all
processes of interest, the existence of a strain energy, W, is assumed, with the property that

Qj=0dW/dq; (1)

where W is a state function of ¢;, internal state variables (ISVs) and temperature; additional
parameters may also enter, such as moisture content. In thermodynamic terminology, W is the
Helmholtz free energy. The basis for Equation (1) has been discussed by numerous authors (e.g.
Coleman and Gurtin, 1967; Rice, 1971; Schapery, 1990).

The internal state variables are designated by S,,(m=1,2,...M). They serve to account for
changes in the material’s structure that cause inelastic behaviour such as cohesive and adhesive
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cracking, crazing and shear banding, as well as molecular-scale mechanisms such as large rotations
of molecular segments in glassy polymers (Argon, 1973). Foran arbitrary infinitesimal process with
changes in g; and S,,, and using the summation convention for repeated indices,

aw aw

dW =Z=—dq; +=—dS,, = Qjdq; ~ fndSp @)

c?qj 4 IS

where
me—é‘WfaSm (3)

is a so-called thermodynamic force. (Unless stated otherwise in this paper, it is assumed for
simplicity that other relevant parameters, such as temperature and moisture content, are constant.)
Integrate Equation (2) from a reference state (at which W = Qj = 0) to the current state along the
actual process or path, to obtain the fotal work done on the body,

Wr = [Qdg; =W + [ S, @)

As observed previously (Schapery, 1990), the second term cannot be negative because
4
[ FdSy = [TS'de20 )
0

where S’ = fmS‘m /T is the non-negative entropy production rate, T is absolute temperature, the
overdot denotes a time derivative, and ¢ is time. Equation (4) shows that the total work Wris equal
to the work of deformation W (without changes in the structure) plus the non-negative work of
structural changes.

Equations for Limited Path-Independent Work

So-called evolution equations are used to predict changes in the ISVs, Those thatare discussed
next are motivated by the path-insensitivity of work observed during loading or unloading for
composite laminates when strain rate-dependence is weak or nonexistent (Lamborn and Schapery,
1988, 1993).

Consider a specific set of processes (as defined by histories g (2)) and suppose that a specific
set of the Sy, changes. The total work is path-independent if and only if these S, obey the ISV
evolution equation

fon =W, [ 3S,, )

where W is a state function of one or more S, but is independent of ;- The left side of Equation
(6) may be interpreted as the available force for producing changes in S,,, while the right side is
interpreted as the required force. (Observe also that Equation (6) contains the special case of crack
growth when f,, is an energy release rate and dW; / dS,,, is a critical energy release rate.) For the
given set of processes, Equation (6) may not be satisfied for all M parameters; those S m thatdo not
satisfy Equation (6) are assumed constant and the equation for each of the associated m value is not
used. The subscript p or ¢ will be used in place of m todesignate the parameters that change, which
are taken to be P in number. From Equations (4) and (6) we find
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W?' = W+WS (?}

where W is taken as zero in the reference state. Thus, the total work is seen to be a function of state
because W and W, are functions of only the state variables. The second law of thermodynamics
provides an inequality as a constraint on the changes in state,

W,=TS"20 (8)
Even if Equation (6) is satisfied for one or more S, this inequality may not allow them to change.

Instantaneous values of the S, are such that they minimize the total work when the body passes
through stable states; i.e., for 65,05, >0,

Wy [ 3S,=0 ©)

(0?W+- 1 5,05, 85,05, >0 (10)

In contrast to classical thermodynamic formulations (e.g. Fung, 1965), the total work Wy, but not
necessarily W, is a minimum at each stable state.

It is observed that Equation (6) with m= p represents p equations for finding the S, as
functions of q;. Equation (10) guarantees that the Sp can be found (Lamborn and Schapery, 1993).
Then, W = Wy-(qj,Sp(qj ) Sk) where the S, are the constant ISVs. From Equation (4),

Qj=3wyf8qj (11)

showing that the body exhibits hyperelastic behaviour during the time any particular set of
parameters S, undergoes change. Because the total work is a potential in the ¢; during inelastic
processes, the incremental stiffness matrix 5’Qj / 9g; is symmetric. Conversely, given that this
stiffness matrix is symmetric when one or more Sp change, then both Equations (6) and (11) follow
(Schapery, 1990). The mathematical formulation and material or structural characterization used by
Mast et al. (1992) are based on strains alone (i.e. on the hyperelastic representation of Wy ) while in
this paper the ISVs are explicitly used.

It should be emphasized that the work is path-independent only for those processes for which
the same subset of S, changes. Path-dependence exists when different subsets of S, change on one
path compared to another as, for example, paths for loading and unloading.

If forces act on sliding crack faces then they may have to be included in the set Q; unless they
are associated with frictionless contact; in the latter case, the effect of crack opening and closing can
be taken into account through the form of the strain energy function. Coulomb friction, if significant,
cannot be accounted for through a work potential, and therefore the stiffness matrix is not necessarily
symmetric during processes involving crack face sliding. If, however, one can use a potential to
characterize the relationship between crack-face forces and relative displacements between crack
faces, Equation (11) can be extended to this case by including this potential (which may depend on
additional ISVs) in Wyp; such a simplification is applicable with surface free-energy effects that
produce crack healing.
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3. Time-Independent Constitutive Equations for a Unidirectional Layer

The work potential theory reviewed in Section 2 is used here in the development of time-
independent constitutive equations for a unidirectional layer. Coordinate notation for a layer is
illustrated in Figure 2. Two ISVs will be used. One, designated by S, accounts for changes in the
microstructure (i.e., on a scale that is much smaller than the layer thickness); the same resulting
nonlinear, irreversible behaviour is assumed regardless of whether the layer is in a unidirectional or
multidirectional laminate. The second ISV, designated by S., represents the effect of
thermomechanically-induced transverse cracks. The planes of these cracks are, on the average,
normal to the layer plane and parallel to the fibre direction, as illustrated in Figure 3.

These cracks typically span the full thickness of the unidirectional layer and, in brittle-resin
carbon/epoxy composite tensile coupons, usually span the full specimen width. As such, it is
common practice to use the reciprocal of average crack spacing, called crack density (or a related
dimensionless parameter such as density times layer thickness) in representing their effect on
laminate response (e.g. Daniel and Ishai, 1994 and Varna, 1992). However, the accumulated work/
volume required to produce these cracks is a more convenient choice of an internal state variable for
use in the work potential model. Furthermore, we assume that the effect of these cracks may be
modelled through homogenized constitutive equations for a unidirectional layer, even though
without adjacent layers having a different fibre angle the cracked layer would be in two or more
pieces. According to the usual definition of a
layer constitutive equation, the other layers in a 2 - — —
multidirectional laminate have no effect on it; B |

ry
as discussed later, we find that this is an excel-
lent approximation when S, is work/volume,
but not when it is crack density.

The ISVs, S and S, are assumed to be
primarily responsible for the nonlinear layer
behaviour during loading. The primary micro- v |
mechanisms underlying § are notreally known P Rl CP U e VL I |
at this time; as noted earlier they may include o 000 i SNE. i S Rt P o
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matrix debonds, and large rotations of molecu- Fig.4  Stress-strain behaviour of AS4/3502
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ated with reduced moduli during loading and unloading, compared to the initial moduli, and thus will
be considered to provide measures of damage. For many fibre composites, the fibres themselves are
another source of nonlinear behaviour. Assuming there is no significant fibre fracture, this
nonlinearity produces an increase in modulus and decrease in Poisson’s ratio for tensile loading in
the fibre direction. An axial stress-strain curve is illustrated in Figure 4; this nonlinear behaviour is
elastic, in that the axial stress and transverse strain curves are the same for loading and unloading
(Schapery, 1989a).

Proposed Equations

Work potential-based constitutive equations which account for the effect of microdamage and
elastic nonlinearity were developed and applied by Schapery (1989a). Using the x; — x, principal
material coordinate system in Figure 2 and standard elastic property notation (e.g. Daniel and Ishai,
1994) they are,

01 = Onfi€1 + Qi fialz

0y =012l + 00 f2€ (12)
712 = 06712
where
E
o= ' = 2
1— Via Va1 1- ViaVai
Q12 = V12022 » Q66 = C12 (13)
V[')EQ
vV = —
21 El

Elastic nonlinearities appear through the following quantities,

£] £
h=[finde . = [frde;

0 0
1 de Egpl€
f|2=———2 . E._E’_QL_ZJ (14)
Vi2 dgg EZ{J
fim Eo(e1)
1 EI

The functions f; and f5 are ratios of the secant modulus ( Ey or Egg) to the corresponding initial
Young’s modulus (£ or Ey,) from uniaxial testing with loading in the fibre and transverse
directions, respectively, without damage. These terms account for elastic nonlinearity in the fibre
and transverse directions and represent nonlinearities that are observed both in loading and
unloading. Elastic nonlinearity in the principal Poisson’s ratio is modelled with f},, a ratio of the
tangent Poisson’s ratio to the initial value Vv, from uniaxial tests with loading in only the fibre
direction. These functions are drawn in Figure 5 for the AS4/3502 carbon/epoxy composite used in
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the experimental study; f; and fj, are func-
tions of & and f5 is a function of &,. Without
elastic nonlinearity these functions are unity.
The integral terms /; and /, are incorporated to
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the existence of a strain energy function. Since
V}7 is a constant (the initial Poisson’s ratio), [
is the negative ratio of the transverse strain to the
initial Poisson’s ratio from a uniaxial test with loading in the fibre direction.

Fig.5  Nonlinear elastic functions.

The effects of damage are accounted for through changes in the transverse modulus E, and
principal shear modulus Gy5. Although only the effect of S was characterized by Schapery (1989a),
here we account for both S and S,.. Relative changes in these moduli due to damage are significantly
larger than the nonlinear elastic behaviour implied by Figure 5. However, we shall not neglect the
elastic nonlinearities because they have a measurable effect on the E; and Gy, changes due to
transverse cracking that are extracted from experimental data on behaviour of multidirectional
laminates.

The Young’s modulus in the fibre direction, Ej,and the Poisson’sratio, v;5, at zeroaxial fibre
strain are assumed to be independent of damage, and thus are constants; elastic nonlinearities have
been accounted for through the f— functions. Notice that v, does change with damage growth
through its dependence on Ej, as indicated by Equation (13).

The strains €; and &, are to be interpreted as the mechanical strains, i.e., the strains due to
mechanical stress. Allowing for expansion (or contraction) strains due to temperature and/or
moisture changes from the reference state, and using geometrically linear theory, then

slzc?ulfaxi—efx 3 £2=<?u2f8x2—£§" (16)

where u; are the in-plane displacements and £f* are the expansion strains. These expansion strains
for the layer could conceivably be affected by damage, but we assume this is not the case here. It
is implied by Equation (12) that the layer is mechanically orthotropic, with or without damage, and
that the principal material directions are unaffected by the damage. The same simplicity is assumed
for expansion strains, and therefore the shear strain is

Y12 = (?H; }'512 +:3’u2 / 811 (17)

The proposed Equation (12) may be identified with thermodynamic Equation (1) by taking
q=0u /%), qp=0uy/dx;,q3="12, Q1 =01, 0y =0, Q3="T and W as strain energy
density. Integration yields the strain energy density (apart from an additive strain-independent
function, which is taken as zero),

2
G
W:Qn"u*”sz"'zz*'""12(22211"24''—227,Il (18)
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where

I“—IE]fIdEI Iy = Jszfgdq?z (19)
0

In some applications one may want to account for geometric nonlinearities, such as large
rotations and shearing strain. Assuming the form of Equation (12) does notchange, this is easily done
by replacing the displacement derivatives in Equation (16) and ¥,5 / 2 in Equation (17) by Green’s
strains, and replacing the stresses in Equation (12) by Kirchhoff’s stresses (Fung, 1965). Geometric
nonlinearities were used by Schapery (1995) in the work potential theory for a study of local buckling
due to compressive loading.

The combined effects of microdamage and transverse cracking on E, and G,, are approxi-
mated by assuming that the relative reduction in moduli due to transverse cracking is independent
of the amount of microdamage. Equivalently, we suppose the effects of S and S_ appear through
separate factors,

Ep = Ey es(S)e. (Se) (20a)
Gia = G 8s(5)8c(S:) (20b)
where
Ey, = Transverse modulus at zero damage and zero strain.
es(S) = Factorrelating E and the microdamage ISV, §.
e.(S;) = Factor relating E and the transverse cracking ISV, S,.
Gz, = Shear modulus at zero damage and zero strain.
g:(S) = Factor relating Gy and the microdamage ISV, §.
g:(S.) = Factor relating Gy, and transverse crack ISV, .

Our experimental results support Equation (20a); but for the laminates and loading used, they do not
provide sufficient information on changes in Gy, due to S, to check Equation (20b).

Besides Equation (12), which relates stresses and strains, one needs two additional equations
to be able to predict changes in the two damage ISVs. Equation (6) gives them, provided we know
W =W,(S,S,). Itis assumed that the work of damage is additive, i.e. Ws = W;(S)+W;(S,), and
that W, and W, are in one-to-one correspondence with their arguments. Then, without loss in
generality, we may use for W; and W5 the ISVs; i.e. take Wy =S and W, =S§,. Using evolution
Equation (6) along with the definition of f,, Equation (3), and Equation (18) for W, there results
form=1,2,

P it G

ill_“gs +(Iap + Viahlp ) —== Q22 ?’ézwlz=_1 (21a)
) 2, 9G

I ‘;:éc + (I + viahi12) t%z Y;Eale:_l 3

where we have used S =S| and S, =5,. (In practice it is usually possible to neglect the first term
in these equations and use Qyy = E5 since typically Vj5 Vv, << 1). Further, Equation (7) for the total
applied work reduces to
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Wr=W+S+8, 22)

which is useful in relating the ISV to the strain in a characterization process, as discussed below.
Notice that Equation (21) is equivalent to minimizing the work, Equation (22), for stable mechanical
behaviour.

In Section 2 it was observed that the ISV evolution equations do not necessarily apply at all
times. Forexample, referring to Equation (21), the strains may be too small for one or both equations
to be satisfied; if an equation is not satisfied at the current values of the strains and ISVs, then the
corresponding ISV does not change. Additionally, the entropy production rate cannot decrease,
which implies from Equation (8) that Ws =S +S'C 2 (). Obviously, when only one ISV changes, it
cannot decrease. However, considering the physical significance of S and S, we argue that neither
can decrease, regardless of whether or not the other increases. Namely, the rate S,. reflects growth
of transverse crack surface area; if there is no mechanism for healing of these cracks when S=0,
it is not plausible that healing will occur when S >0 because the latter increase is associated with
microscale processes distributed throughout the volume. Similarly, we argue that transverse
cracking does not make microdamage healing possible.

As an illustration of these ideas, consider an initially undamaged unidirectional specimen
which is subjected to a simple shear strain ¥, (2) consisting of three segments: straining (1h2 >0),
unstraining (712 < 0) and restraining (15 > 0). Further, suppose that Equation (21a) is satisfied
when the strain exceeds a certain value, and that it then predicts S > 0. During the unstraining period
Equation (21a) will initially predict § <0; but S cannot decrease, and thus it must remain at the
largest value reached during the straining segment. If, during restraining, the earlier maximum strain
is exceeded, then Equation (21a) would again be used as long as it predicts $>0. Similar
considerations apply to Equation (21b) and S,.. (This type of analysis is, of course, analogous to what
is used in plasticity theory when predicting plastic straining.) Equation (12) may or may not predict
actual behaviour during unloading (when S and/or SC vanish); if not, one or more additional ISVs
may be introduced to characterize unloading behaviour (Schapery, 1989a).

Table 1. Laminates used in characterization  Taple 2. Elastic constants
and verification experiments

Unidirectional (12 plies): Property Value, GPa(Msi)
0=0, 15, 30, 45, 90 E, 125.8 (18.25)

Angle-ply (12 plies): Ezg 9.31 (1.35)
8 = 15, 30, 40, 45, 50, 60 G129 5.10 (0.74)

Multidirectional: Vs 0.329

A [£45/60,/*£45/-605/+45]g
B [$45/+45/90/*145]g
C  [+45/90,/%+45/90,/+45]¢
An asterisk (*) indicates the location of
an edge delamination due to loading.
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Experimental Program

A carbon fibre-reinforced epoxy, Hercules’ AS4/3502, with a 58% fibre volume fraction was
used. The material was obtained in the form of unidirectional prepreg tape and cured in an air-cavity
press using the manufacturer’s recommended cure cycle; the cure temperature was 177C (350F).
The laminates were produced in 30.5 x 30.5 cm (12 x 12 in.) plates and C-scan tested to screen for
large flaws. Specimens were cut to approximately 1.27 cm (0.5 in.) wide, and were 19 ¢cm (7.5 in.)
long between the glass-epoxy end-tabs. They were stored in a desiccant at an ambient temperature
of approximately 24C (75F) until tested. Each specimen was instrumented with two axial and two
transverse strain gages, one set on the front and another on the back to average out any bending.
Manufacturer’s data were used to correct strain gage measurements for transverse gage sensitivity
and nonlinearity. In all cases at least two specimens of each layup were tested, with very little
specimen-to-specimen differences observed; that the scatter was very small was at least in part the
result of not using specimens cut from plate edges (where the plates were thinner due to resin flow).
The experimental stress-strain data from two replicas of each layup are shown later, starting with
Figure 12. All results are for uniaxial tensile loading at a constant machine crosshead rate of
approximately 1 mm/min. in the ambient environment.

Many different laminates were used in the experimental study in order to determine the
material functions and to validate the results by using layups that were not used in the characterization
process. Table 1 showsall layups that were used by Sicking (1992). Details on the experimental work
and the characterization of material functions are covered elsewhere by Sicking (1992). Here, only
a summary of the work is given.

Characterization of Thermoelastic Behaviour

Linear elastic material properties for the unidirectional composite were identified from
uniaxial tests of [0],, and [90];, layups and a [+45],¢ angle-ply layup. Table 2 shows the linear
elastic properties. The constants shown in this table represent the average of 2 or 3 test results and
are first-order coefficients from a second- or third-order curve fit to the raw data. Recall that the

Table 3. Polynomial coefficients
Nonlinear elastic functions

Exponent f1 f12 f5 (tens.) f5 (compr.)
0 | 1 1 1
1 11.9 -14.6 -10.5 10.5
2 -214 -557 -156 -101

Damage dependent factors

Exponent gS(Sr) es(Sr) (tens.)  e4(S;) (compr.) EC(SC}
0 1.0 1.0 1.0 1.0
1 -0.03587 -0.0191 -0.0287 -0.00421
2 -0.01183 -0.00275 0.02232 2.68x10°
3 0.001401 -0.00025 -0.00342 0
4 -5.60x107 2.54x10°7 0.000146 0
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nonlinear elastic functions are drawn in Figure 5. As described
by Schapery (1989a) in an earlier experimental study of the
same composite (but different lot), microdamage effects in the
90° coupons were separated from nonlinear elastic effects by
observing the difference between loading and unloading curves.
Approximately 75 percent of the variationin f3 in tension was
found to be retained when 90° unidirectional specimens were
unloaded. The compressive portion of f5 was determined
fromanalysis of the 15° angle-ply specimens (in which &, <0),
given the functions f7 and f},, and assuming that £5 and Gy
are constant; subsequent analysis of these specimens using the
functions E;(S) and Gy,(S) confirmed this assumption since
S was found to be practically zero. In the earlier work (Sicking,
1992) the compressive f; was assumed as unity, resulting in
a questionable increase of E5 with damage.

All nonlinear functions shown in Figure 5 are repre-
sented by second order polynomials in strain. Table 3 lists their
coefficients as well as those for the damage-dependent factors
which are discussed in the next subsection.

Thermal expansion strains, &f*=AT and
£5F = ap AT , were used to predict residual stresses and strains
due tocooling fromcure toambient temperature (AT = -153C),

5

E(S)=u0/¢

Fig.6

€

Stress-strain curve for
uniaxial loading in ar-
bitrary (x) direction.
The internal state vari-
able S is equal to the
shaded area. The
dashed line is not ne-
cessarily the unloading
stress-strain curve.
For the case illustrat-
ed, the composite is
linearly elastic when S
is constant.

in which oy = —0.54x107° /C and 0 = 22x107% / C (Weaver, 1992). Small, competing effects
due to chemical cure shrinkage (Fang et al. 1989) and moisture-induced expansion were neglected.

Characterization of Damage-Affected Behaviour

Microdamage: The damage-dependent factors in Equation (20) may be found in terms of the
experimental specimen strains for each test. However, an objective is to express these functions
directly in terms of § and S,. Equation (22) provides the means for doing this when used with
measured laminate responses. Consider, for example, the laminate stress-strain curve in Figure 6.

L3}
o

coo Angle-Ply (30, 45, 60)
== = Unidirectional (15, 60)

[+2]
r

s =2 SO Angle-Ply (30)

"'vsg,&‘ Tt

Unidirectional (15,30)
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Shear Modulus, G12 (GPa)
[©]
Transverse Modulus, E2 (GPa)
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o

3
o
~

Shear modulus versus reduced work  Fig. 8

of damage.

4

- —

6 8 10 12

Sr (KPa™1/3)

Transverse modulus versus reduced
work of damage.
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Itis illustrated for a unidirectional or multidirectional laminate without transverse cracking (S, = 0)
and without elastic nonlinearity (f} = f, = fi =1). For any given strain £, the shaded area is
§ =Wy — W, and consequently S is easily found for each axial strain. With elastic nonlinearities,
the lower curve is not straight, but Equation (18) provides the value of W. After one has obtained
¢:(S) and g.(S) from specimens without transverse cracks, other specimens with these cracks may
be used to develop e,(S,) and g.(S.). Ateach axial strain Equation (22) gives S, = Wy —W =8,
where S may be predicted from Equation (21a).

Itshould be mentioned that E and Gy, were found to vary linearly in axial strain for very small
strains. When |g]<<1, then Wy =W =& and the difference without transverse cracking,
§=Wyp—W, behaves as €. Thus, in order to express the moduli as polynomial functions, one
should use S/ as the expansion parameter. This was done for e, and g, in that we employed the
reduced ISV,

s, =543 (23)
in polynomial expansions. Use of this change-of-variable in Equation (21a) yields
901 90y . ¥t Gy 2
I +(I27 + Va4l + s ——= =38 24
1758 (122 + viohi13) 2, T2 o, , (24)

Figures 7 and 8 present experimental Gy, and E, data, respectively, from several different
unidirectional and angle-ply specimens without transverse cracking. Division of the ordinate by the
initial moduli Gyp, and Ej, respectively, provides g; and e;. Note the marked difference between
Ey data from 30° angle-ply specimens and from 15° and 30° unidirectional specimens. This
behaviour is attributed to a difference in the sign of transverse stress 0 in these specimens; 0, >0
for the unidirectional material and @y <0 for the angle-ply composite. The intuitively appealing
conclusion from this finding is that the transverse compressive stress retards the transverse softening
effect of microdamage, compared to the effectof a tensile stress. As aresult, the work potential model
has been formulated with two distinct polynomials for e, one for compression and another for
tension. The best results have been obtained when 15° unidirectional and 30° angle-ply specimens
were used to develop e,(S, ) for tensile and compressive behaviour, respectively. Response of these
two types of specimens is the most sensitive to the material functions and it provides them over the
largest S, range, considering all laminates
studied.

@

That the same functions, Gy, and E,, are
found from different laminates (apart from the
tension/compression difference in £5) sup-
ports the assumption that these moduli are
layer constitutive functions of one parameter,
the work of microdamage. For comparison,
the shear modulus is plotted against shear strain
in Figure 9. This figure shows that Gy, is not
simply a function of shear strain.
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/
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Shear Modulus, G12 (GPa)
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(=)
o
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Fig.9  Shear modulus versus shear strain
from angle-ply laminates.
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Transverse Cracking: The relationships of 1 % WOk |
Gyz and E; to the work of damage due to 1 i "tZQ’HEES%

transverse cracking, S., can now be deter- q:. i O ____strength Based Analysis |
mined from specimens that exhibit transverse £ o o '\\\ |
cracking. The basic approach is to use the & =

work potential model to predict laminate be- 3 04 P

haviour up to transverse crack initiation. After 1?) A i)
transverse cracking begins, measured lami- = 0.2 S

nate stresses and strains are used along with ‘ o i |
predictions of the behaviour of layers without 00 100 200 300
transverse cracks to determine the stresses, Sc (KPa)

strains, and damage condition of layers with Fig. 10 Effect of transverse cracking on
transverse cracks. Uniaxial tests give the val- transverse modulus from theory and
ues for laminate axial stress, 0, and normal experiment. Transverse strength was
strains, €, and &, while other laminate used to predict cracking.

stresses, Oy and T,,, are zero. The Newton-

Raphson method can be used to find the average stresses in each layer and microdamage state in
uncracked plies. Details of this characterization process for obtaining e, and g, are given elsewhere
(Sicking, 1992).

It was essential here to account here for residual thermal stresses due to cooling from the
processing temperature of 177C (350F); results from different layups did not agree unless these
stresses were taken into account. In contrast, the effect of thermal stresses on determination of e,
and g, was very small, producing at most only a 1% and 2.5% change, respectively, in these
functions,

Figure 10 shows the function e, found from this process using the multidirectional laminates
in Table 1, designated by A, B and C. Due to edge delamination laminate A failed at the lowest level
of transverse cracking. Transverse cracksdeveloped in the 60° layers in laminate A and the 90" layers
in laminates B and C. The Tsai-Wu failure theory (Daniel and Ishai, 1994) was used to predict failure
in the 45° layers; itindicated that failure (such as initiation of transverse cracking) does not occur until
edge delamination initiates. Laminate A is thus the only one in which average shear stresses exist
in the layers with transverse cracks, and hence it is the only one that can be used to find g.; this
function was found to be essentially unity over the S, range that was induced. Figure 10
demonstrates that our material characterization provides a consistent relationship between reduc-
tions in E, and the work of transverse cracking. This consistency supports the assumption that e,
is a ply constitutive function, since essentially the same function is obtained for layers with both one
and two plies and with different fibre angles.

As discussed in the introduction, there are many publications on the prediction of transverse
cracking in linear elastic laminates. Here we use results from Hashin’s (1985) analysis for
comparison with our experimental results for e,; inasmuch as the only source of nonlinearity in the
analysis is transverse cracking, e, = E / E3 . He predicted the stiffness of crossply laminates as
afunction of crack spacing, butdid not calculate the effective E; of the layers with transverse cracks.
Nevertheless, this modulus can be extracted for application to the present study; the specific layups
used for this extraction are discussed in the next subsection. Besides this step, another calculation
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is needed here because our characterization

= = = Laminate A
uses the work of damage as the measure of = = = Laminate B
cracking. One approach is to assume that a %3_ 255 iéa?g]aa;:chnalysis
transverse crack forms wherever the local :g
strength is exceeded at a point midway be-
tween a pair of existing cracks, suchasdoneby 5
Lee and Daniel (1990) and Tsai and Daniel 3
(1993). Another simple method is to assume EO
the pre-existence of a dense spacing of initial
transverse cracks throughout a unidirectional % 100 200 300
layer, in which the initial cracks span the full Sc (KPa)
thickness 2h (cf. Figure 3), but are very short  Fig. 11 Effect of transverse cracking on
in the fibre x; direction. These cracks are transverse modulus from theory and
assumed to not affect E, until the critical experiment. Critical energy release
energy release rate is reached, after which rate was used to predict cracking.

crack growth occurs at a constant energy re-

lease rate, G = G, ,until the crack length equals the specimen width.. This second method was used
by Nairn (1989) and Varna and Berglund (1991). We shall use both methods here to assess their
accuracy when compared to the data in Figure 10,

It should be added that the first method, which is based on strength, may be interpreted as a
fracture mechanics approach in which the initial cracks are small compared to layer thickness; when
these cracks become critical (as defined by a constant critical energy release rate Gc, say) they
propagate dynamically (because G > Cn?t_.) until full-length transverse cracks are formed. Although
a dynamic process is involved, path-independence of work is predicted under the assumption that the
time elapsed for growth of each crack is negligible (Schapery, 1990).

The second method is the easiest to implement in the work potential theory. The instantaneous
total work of cracking is equal to S, times the volume of the cracked layer. This work is also equal
to the constant critical energy release rate for transverse cracks, G, times the total instantaneous area
of transverse cracks. These considerations lead immediately to

S.=G,/2a (25)

where 2a is the instantaneous crack spacing (assumed the same for all cracks). Dimensional
considerations imply the modulus is a function of crack spacing through only a dimensionless ratio
(usually called the normalized crack density),

B=hla (26)
where 24 is the cracked layer thickness. From these two equations,
B=2hS, /G, @7)

and thus E, is predicted to be a function of S, and layer thickness. Figure 11 shows the predicted
factor e, for G, = 105 N/m (0.6 Ib/in.) and one, two and three plies in the cracked layer. There is
Clearly a significant effect of layer thickness, which is not exhibited by the experimental data; recall
that the cracked layers in laminates A and C are two plies thick, while for laminate B the thickness
isone ply. The value of G, = 105 N/m was used as it provides the best agreement for the 2-ply case;
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this value is close to our estimate of G, = 140 N/m (0.8 Ib/in.) for edge delamination, as discussed
later. Equation (27) implies that if G, is increased, the same predicted modulus moves to larger
values of S,.

The first method requires the stresses midway between cracks. Let us consider only the case
in which 75 =0. Then, denote the central tensile stress by 0p, and write itin the form

0o = fo(B)Ex &2 (28)

The function f{y will be found from Hashin (1985). In using Hashin’s crossply analysis we introduce
realistic simplifications for the cracked layer vjp€; =0 and Vi3V, =0, and this f((0)=1. (cf.
Equations (12) and (13) for the linear elastic case). Referring to Figure 6,in which we use S, in place
of S, £=¢£,,and 0y = 0= E,&y, it follows that with §=0,

E
o =Wp —W = [ Ey(B)ede’ ~ Ex(B)e” 9)
0

where B’ = B’(¢’) in the integral. The connection between € and 3 follows by setting 0y = 0y in
Equation (28), where oy is the transverse tensile strength of a 90" laminate under a uniaxial tensile
stress. We may then use Equation (28), with 0 = 0, to change the variable of integration to 3
and bring out explicitly the effect of o7 on S, for a given B. The result is

a ? ’6
S, =—[Ef—} | Ez(ﬁ’)ff(ﬁ')%‘%dﬂwEz(ﬁ)faz(ﬁ) (30)
2{} 0 ﬁ

Either Equation (29) or (30) relates Bto S¢,and hence enables the transverse modulus to be predicted
as afunction of S.. The resulting factor e is shown in Figure 10 using the transverse tensile strength
of 69 MPa (10 ksi); this is the average value for our composite, as determined from [90];, coupons.
Agreement is good for 0.4 < e, <1. There is no predicted layer thickness effect, which is consistent
with our data. Had an in situ strength of 66 MPa (9.6 ksi) been used in the prediction, then the theory
would agree with the average of the experimental date for ¢, > 0.4. In this study we found that the
average in situ strength of 66 MPa is only slightly below the average strength of unidirectional
specimens. However, this may not always be true (Varna, 1992), and depends on the accuracy of
the transverse cracking model employed, the initial defects and possibly the material system.

The experimentally determined e, falls below the theory at high crack densities,
h/a>0.4(e, <0.4), which is possibly due to local delamination between plies with transverse
cracks and adjacent plies, crack branching (Varna, 1992) or cracks in the 45° layers. Inspection of
failed specimens with such high crack densities indicated significant levels of this type of local
delamination. When 90° layers are not on the surface of crossply laminates, this delamination is
usually very small in monotonically loaded specimens (Jamison, 1986 and Varna, 1992). A large
amount of local delamination may be the result of using angle-ply sublaminates here instead of 0
layers. In any event, the difference between theory and experiment for e. at high crack density
requires further investigation.

Upon comparing Figure 11 for only the 2-ply case with Figure 10, one might conclude that the
G,-based analysis is better than the strength-based analysis, and that the former analysis agrees with
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experimental data without the need to invoke an effect of local delamination or other mechanism.
However, because experimental data are also shown for the one-ply case (laminate B), the absence
of a thickness effect supports the strength-based criterion. This conclusion is consistent with
experimental findings of Tsai and Daniel (1993).

Comparison of Analytical Models for Transverse Cracking

Although the effect of transverse cracks on the effective moduli of crossply laminates has been
studied by many investigators, here we shall compare only Hashin’s model (1985) with that of Lee
and Daniel (1990); the former is based on the minimum complementary energy principle, while the
latter is based on a shear lag analysis. (In earlier work, Sicking (1992) used Allen and Lee’s (1991)
prediction of E,, but it was significantly above the experimental data; this is probably due to the use
of an overly restricted axial displacement distribution, and resulting unrealistic axial stress
distribution, in their potential energy-based analysis.) Hashin’s analysis for crossply laminates was
used to predict the solid line in Figure 10. We used [0/90, /0] laminates, with n=2 and n=6
to extract the factor e, for the 90° layer; the two predictions cannot be distinguished graphically. Lee
and Daniel’s analysis was also used. For the S, value at which Hashin’s model predicts e, = 0.4,
their model yields e, = 0.4x1.10 and ¢, = 0.4x1.18 for n =2 and n = 6 laminates, respectively. In
contrast, when compared using normalized crack density A/ a as the independent variable, instead
of the strength-based S, there is a pronounced effect of n on the effective modulus factor e,.
Hashin’s model predicts e, = 0.4 and 0.4x1.2 for n =2 and n= 6, respectively, for the same h/ a
value of approximately 0.4; Lee and Daniel’s model predicts e, =0.4x1.4 and e, =0.4x1.5 for
n=2 and n=6 , respectively. It should be added that the predictions in Figure 11 are based on
Hashin’s model, with n =1, 2 and 3. If E, asafunction of / / a were independent of n, the spread
in the curves would be noticeably larger than that in Figure 11.

In conclusion, we have found that both models predict that the effective modulus of the 90°
layer is affected appreciably by the ratio of the number of 90° to 0° plies, when compared at the same
normalized crack densities. On the other hand, when the strength-based S, is used as the independent
variable, the effect of n is much less; indeed it is negligible when Hashin’s model is used, and e,
for the two models is closer than when normalized crack density is used. It would be instructive to
make similar comparisons using Varna’s (1992) more accurate model for effective modulus as a
function of normalized crack density, and to consider a wider range of layups in order to determine
the generality of our conclusions. Although this extended study has not been made, we are
encouraged by the present experimental finding that the same e, is obtained for the three different
laminates, A, B and C and, as a function of the strength-based §,, Hashin’s model predicts
essentially the same e, for the symmetric crossply laminates with n=2 and 6.

Additional Model Validation

A significant amount of model validation has already been done by demonstrating that
different laminates provide essentially the same values of E; and Gyj, as functions of S, and §,.
Here, we show various predictions of stress-strain behaviour using constitutive Equation (12) and
Equations (21b) and (24) to predict S and S, , respectively. Nonlinear strain effects (Figure 5) as
well as changes in E, and Gy due to microdamage (S, or §) and transverse cracks S, using the
product form in Equation (20), are accounted for. Figures 12-20 show experimental results for the
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Fig. 14  Behaviour of [15] ;, laminate.
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Fig. 16 Theoretical prediction of axial stress and transverse strain using S, = 0 (without
transverse cracks) for laminate C, compared to experimental results.
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two tested replicas and show predictions for several laminates; axial strain was specified and then
axial stress and transverse strain were predicted. Schapery (1989) and Sicking (1992) show
predictions for several more laminates. Inallcases agreement between theory and experimentis very
good. Only a small amount of the experimental data were actually used in the characterization
process. For example, rather than using the average of the Gy, data in Figure 7 to obtain e, only
the [+45], - laminate data was used. However, in view of the consistency of results discussed earlier,
it would make little difference in the predictions if averages based on many laminates had been used
instead.

It should be mentioned that the evolution equation for S., Equation (21b), is not satisfied
during the early stages of loading since the magnitude of the left side is too small. Thus, there is a
finite, critical applied strain at which S, starts to increase. (Notice that the right side of Equation (24)
increases continuously from an undamaged value of zero, and that the modulus derivatives are not
zero; thus, softening due to S, begins immediately with straining.) If there are some initial, large
transverse cracks, one or more may grow according tothe G.-based model, butsignificantreductions
in E; are not predicted until Equation (21b) is satisfied. This observation is consistent with the
findings of Fang et al. (1989) where the G.-based model was found to be in agreement with
experimental results for only the initiation of transverse cracking. Thereaderisalsoreferred to Varna
(1992) for a theoretical and experimental investigation of the initiation of transverse cracking.

Figure 16 illustrates the effect of transverse cracking. The work potential theory in this figure
does not account for the cracking, whereas it does in Figure 17. In Figures 17-20 the theory and
experiment diverge at high stresses. This discrepancy is believed due to edge delamination which
was observed to occur in all three multidirectional laminates, and is discussed in the next subsection.

Edge Delamination Analysis

Schapery (1989) implemented an adaptation of O’Brien’s (1982) delamination analysis into
the work potential model. The total work Wy for the laminate and sublaminates was used in place
of the associated strain energies W in O’Brien’s analysis. This formulation is applied here to
determine strain energy release rates for delamination in the three multidirectional laminates shown
in Table 1. Growing microdamage and transverse cracking are taken into account.

In the analysis edge delaminations are assumed to exist as depicted schematically in Figure
21, In contrast to the illustration, the actual extent of delamination was not fully symmetric, and the
delamination was not uniform along the entire length of the specimens. However, there were at least
patches of delamination that appeared to re- 3
flect the laminate's initial symmetry. For J
purposes of analysis we assume full symme- |
try, and a uniform depth a of delamination I h
along each specimen’s length. Additionally, h,
following O’Brien, in order to easily predict (2)
the energy release rate G, it is assumed that l: a—+
the delamination depth is large compared to b
the sublaminate thicknesses so that G is inde-
pendent of depth. These idealizations permit
us to write the total work potential for a

~
L

oz

(2)
(3) (1) -y

Fig.21 End view of specimen with symmetrical
edge delaminations. The loading is in
the x-direction.
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partially delaminated specimen in the form,
W = 2{w,§.”(b ~aty +[WiPhy + w§3)1;3]a}L +4G,aL 31)

where Wi is the work potential density of the central, undelaminated section and Wi and Wi
are work potential densities of the separated sublaminates. The term 4G aL is the work of edge
delamination, and represents the contribution of delamination to the work W introduced in Section
2. Also, b is the specimen half-width, a is the delamination depth, L is the length of delamination
in the x-direction, A; are the section thicknesses and G, is the critical energy release rate for
delamination. The delamination depth can be interpreted as an ISV. Thus, the delamination growth
condition is Wy / da = 0 (cf. Equation (9)). This condition may be written in the equivalent form
G =G,, where G is the energy release rate for each delamination,

L@ 2 3
cas WiPn - wiPhy - Wk (32)

The one-half factor does not appear in the earlier work (Schapery, 1989a) because the thicknesses
were one-half of those in Figure 21.

This expression was evaluated for all three laminates; It was found to be largest at the
interfaces marked with an asterisk (*) in Table 1; these interfaces were used in evaluating G foreach
laminate. Delaminations were observed in test specimens at these interfaces as well as two plies from
the surface in laminates A and C; these latter delaminations may be explained by the fact that G
is only slightly lower than that for the locations marked in Table 1.

As indicated in Figs. 18-20, delamination is found to begin at a value of G of approximately
140 N/m (0.8 1b/in.). Itis encouraging that the results are reasonably consistent, but it’s surprising
that it is less than the critical value for opening mode delamination reported for this material, from
161N/m (0.9 Ib/in.) to 190 N/m (1.1 Ib/in.), as measured from double cantilever beam (DCB) tests
(Whitney et al., 1982, Bradley, 1989) on this composite; the edge-delamination is mixed-mode, and
a value of G, which is larger than from opening-mode tests should be expected (Bradley, 1989).
However, the local delaminations associated with transverse cracking may have appreciably reduced
the value of G, from that reported for mixed-mode tests. Additionally, we predicted that transverse
cracking has a negligible effect on G ; but microdamage, through the parameter §, increases G at
the onset of edge delamination by approximately 4 to 8 percent , depending on the laminate.

Also shown in Figs. 18-20 is the predicted stress-strain curve assuming that full delamination
(i.e. @ = b) exists from the beginning of loading. This curve provides an approximate lower bound
to the stress-strain curve with edge delamination, and is seen to be close to the experimental curves
in Figs. 18 and 20 at the highest strains.

4. Viscoelastic Deformation and Damage Growth Models

In this Section we extend the theory in Sections 2 and 3 to viscoelastic composites with growing
damage. This work expands on an earlier theory (Schapery, 1981) by introducing explicit effects of
high-modulus elastic fibres and transverse cracking. There seems to be few published studies on
explicit analytical models for viscoelastic composites with damage. Zocher et al. (1994) analyse a
linear viscoelastic laminate with a fixed number of transverse cracks. In a theoretical and
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experimental investigation, Park and Schapery (1994) characterize the behaviour of a particle-
reinforced rubber with growing microcracks. Some models for nonlinear viscoelastic composites
with growing damage are described by Schapery (1994); but here constitutive equations which are
more detailed for fibre composites are developed.

Linear Viscoelastic Behaviour Without Damage

First, let us suppose there is no damage and the material is linearly viscoelastic and transversely
isotropic. Looking ahead to be able to introduce certain simplifications and to account for out-of-
plane stresses due to damage, we record the three-dimensional equations (referred to the principal
material coordinates) in which strains are expressed as functions of stress history using compliances
Sjj (Schapery, 1974),

= 51101 +512(02 + 03) (33)

&3 = 51501 +{Spd0, } +{Sy3d 03} (34)

&3 = 812071 + {S23d0y } + {Sppdoi } (35)

Y23 ={Sudtas} . 713 ={Secdi3} . 712 ={Se6d712} (36)
S44 =2(S22 — $23) (37)

The braces are abbreviated notation for the most general form of a linear hereditary integral,
3.;.
{fdg} = j fe-v.0)25dr (38)

When this integral is used with Equations (33)-(36), f is a compliance and g is a stress. If g isa
constant applied at a time 1y, as in a creep test, Equation (38) reduces to

{fdg}/ g =f(t—19,2) (39)

for ¢ > 1y, which is a creep compliance that depends on the time elapsed since the stress was applied,
{ =1y, and the current time. In many cases the second argument can be omitted. The latter variable
allows for chemical and physical aging (e.g. McKenna, 1994) as well as effects of transient
temperature and moisture. Forexample, consider the familiar thermorheologically simple material,

{ fdg} = jf (£-¢) a;, i’ (40)
where
1
E-&=[d" | ar[T(t")] (41)
7

and ayp is the temperature shift factor. Observe that & — £’ is a function of t and ¢’ or, equivalently,
a function of r~1¢" and ¢. If the temperature is constant then & —&’=(1—1’)/ ar. As before, the
Strains are those due to stress. In order to account for thermal and moisture expansion effects, it is
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customary to simply use Equation (16) along with a similar equation for £3; the expansion strains
are not usually sensitive to the history of temperature and moisture unless the temperature is close
to the glass transition value (Ferry, 1980). Physical aging may be taken into account by introducing
explicit time-dependence in ay; i.e. use ap = ay(T.r") in Equation (41).

Referring to Equation (33), itis seen that the strain in the fibre direction is independent of stress
history. This is an excellent approximation for the common case in which the fibres are elastic and
have a much higher modulus than the matrix. Symmetry of the viscoelastic compliance matrix,
Sij = Sji, then leads to the absence of a hereditary integral in the effect of o on &and &;.

A further simplification is possible by introducing the transverse creep Poisson’s ratio Va3,

V23 E—ElS—S’A (42)
& S»

where the strains are those due to a constant ¢, alone. Assuming the composite deformation is
dominated by that of the matrix, and accounting for the relative insensitivity of the matrix Poisson’s
ratio to time, as compared to time-dependence of the shear modulus (Schapery, 1974), then Vo3 is
essentially constant. Thus, there are only two time-dependent compliances, Sy, and Sge.

Next, let us invert Equations (33)-(36) so that a more convenient form for lamination theory
is obtained. It is helpful first to develop an intermediate result by eliminating o7 in Equations (34)
and (35) through the use of Equation (33), employing Equation (42) and then introducing the familiar
relationship for axial modulus E; =1/ 8y and principal Poisson’s ratio Vjp =—Sj2£;. We find that
Equations (34) and (35) become, respectively,

[Snd(0y — v2303)} = £ + vip8) + Vi (03 + 03) 1 Ey (43)

{322(.1'(0'3 = \-’230’2)} =&+ Ve + V|22(0'2 i 0'3) [ Ey (44)
The last right-side term is typically very small compared to the others in these equations, and thus

will be neglected.

In order to invert these two equations we need the inverse form of Equation (38). Specifically,
let

h= {fdg} (45)
Then,

]
: dh
= = P 1 il , 4
g ={fdh} _jj,(: 1) ~dt (46)

where it can be verified by direct substitution that f and its inverse f; are related according to

(
If{r—r',r)é%f,(r’~r0,f’]dr’=H(£—Ig) (47)

Iy

where H(z —tq) is the unit step function [H(t—19) =0 when ¢ <1y and H(r~1g)=1 when ¢> to).
In general, f; in Equation (47) is discontinuous when ¢’ = fg, and the lower limit 7y indicates that
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the integration is to include this discontinuity (through use of a Dirac delta function). When g is
stress and A is strain, then f; is a relaxation modulus. (For the common case in which f = f(1—1t")
in Equations (38) and (45), then Equation (47) may be easily Laplace transformedif 1o 2 0, yielding
the familiarresult psz"f = 1, where p is the transform parameter and the overbar denotes a Laplace
transform.) We now find Equations (33), (43) and (44) yield

O'] = Elgl + le{EZd(EZ i 53]}!’(1 = V23) (48}
0y = {Byd(8; + vass)}/ (1= v3) 49)
o3 = {Ezd(ég' o+ V23Ez )} / (] = V%g] (50)

where Ey = E,(t—1t’,1) is the transverse relaxation modulus, which replaces the elastic transverse
modulus £5. Also,

Ey=6+ V128 , E3=&3+ V28 C1Y)

The shear relationships in Equation (36) become

03 ={Gndyas} » 3 ={Gipdni3} , 2 ={Gadna} (52)
in terms of shear relaxation moduli Gp3 and Gy, where from Equation (37),
623 = Ez ;"2(1 + V23) (53)

Observe that Equations (49), (50) and the first of Equation (52) represent the constitutive equations
for the x5 — x3 (isotropic) plane. Although & enters, its effect is like that of a thermal expansion
or contraction strain.

The equations for plane stress, 03 = Tp3 = Tj3 =0, become
0y = Eyy + vip{ Exdey } (54)

0y ={Epd(&; + vio81)} (55)

together with the last of Equation (52). Forelastic behaviour these equations reduce to Equation (12)
after setting fi = f» = fi2 =1 and neglecting the product V3 V3 in Equation (13).

Correspondence Principle with Stationary or Growing Cracks

Equations (48)-(53) may be employed in the analysis of transverse cracking, and provide the
basis for using a simple elastic-viscoelastic correspondence principle (CP) that is applicable with
stationary or growing cracks. This CP does not use Laplace transforms, and is a special case of those
developed by Schapery (1981, 1984) for linear and nonlinear viscoelastic media.

It is necessary to assume G, is proportional to E, in order to use the CP. Then the only
difference between a viscoelastic layer and an elastic layer lies in the use of a hereditary integral, with
E, asthe kernel function. In practice, Gy, is only roughly proportional to E; (e.g. Lou and Schapery,
1971), but it is believed this does not cause significant error in the transverse crack problem.

By simply introducing a change of variables for displacements, the viscoelasticity problem is
reduced to an elasticity problem, which has been called the reference elasticity problem. Start by
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defining so-called pseudo-displacements for i =1,2 and 3,

uf =——{ By} (56)

“R
and pseudo expansion strains for i=2 and 3,

AR = EL{EZM,-} (57)
R

where Ep is an arbitrary constant with dimensions of modulus and

d" = Sfx - Vi2&; (58)

Equations (48)-(50) and Equation (52) become,

01 = Eyey + VioEg(ef + €5 )/ (1= va3) (59)
E

0y = —5(ef + vysef) (60)

1- Va3
03 = — B> (ef 4 vyaef) (61)

1- Va3

R R R R

T3 = ————— » T13=k,E » T1p =k,E 62
23 20+ vz3) 723 » T3 =KgERY13 » Ti2 =KgERY12 (62)

where k, =Gy / E;. Also,

R
8595832 LR {g_au; — AR
X2 X
R R R R R R
R _ 0wy  dug R _ou3  du R _duy duy
i e = +— S 63
23 gx3 dxp i dx;  dxg Vi dyp  drp (5%

Equations (60)-(63) are identical to those for an elastic material with transverse modulus Eg,
Poisson’s’ ratio Vp3 and with thermal expansion strains A% and A%. These constitutive equations
are a special case of those used to establish the correspondence principle for quasi-static problems
(with stationary or growing cracks) designated as CP-II by Schapery (1981, 1984). Equation (59)
is needed as well in a full, three-dimensional formulation. However, £;, rather than pseudo strain,
enters, which prevents an immediate application of CP-II. This difficulty will be dealt with here by
assuming the fibres do not break and that the modulus £ is so high compared to E, and Gy that
the strain g, is essentially unaffected by the damage, given the laminate boundary displacements.

Letus now consider the specific problem of predicting the mechanical state of a unidirectional
layer, in which the only damage is stationary or growing transverse cracks (cf. Figure 3). Although
not necessary, it is conceptionally helpful to specify boundary conditions on the laminate entirely in
terms of the displacements, say U;. These are converted to pseudo displacements U,-R through the
hereditary integral, as in Equation (56). Of immediate interest is the development of the homog-
enized constitutive equations for a unidirectional layer with transverse cracks as well as a criterion
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for the growth of these cracks. If deformation of the layers adjacent to the cracked layer (in the
neighbourhood of each crack edge) is significant, then itis assumed the constitutive equations of the
adjacent layers can be reduced to elastic-like equations using the same transverse modulus as for the
cracked layer (e.g., all layers may consist of the same composite material).

The solution to the reference elastic boundary value problem may be expressed as a sum of
solutions to two problems: (1) that without cracks, given UiR (on the laminate boundaries) and
{ef‘)"" and (2) that with transverse cracks on which act specified tractions that are equal, but with
opposite sign, to those existing at the same points in the uncracked layer; in this second problem the
laminate boundary displacements and expansion strains vanish. Inasmuch as &; =0 in problem (2),
it can be replaced by Eiq = c:-'u{’? / dx; in Equation (59) without causing significant error. The
combined tractions from (1) and (2) on the (outer) boundaries of the cracked layer are then found,
resulting in the homogenized constitutive equations for the cracked layer.

Solution of problem (2) is obtained with CP-II by recognizing that all six Equations (59)-(62)
are identical to elasticity equations. The viscoelastic stresses are equal to the elastic stresses, while
the viscoelastic displacements are obtained by inverting Equation (56),

U= ER{Sndu{"} (64)

where S»;,as E; in Equations (56) and (57), is a material function for the uncracked layer. That these
viscoelastic stress and displacement fields satisfy all of the governing field equations and boundary
conditions (including equilibrium equations and traction conditions on the crack faces) can be readily
verified by substitution. This result leads to the conclusion that the factors e, and g, for the
viscoelastic layer, when expressed as functions of crack density, are identical to those for an elastic
material.

It should be mentioned that quasi-static response has been assumed. However, transverse
cracks often propagate dynamically prior to being arrested at ply interfaces or until the cracks extend
the full width of the laminate. There may be initial, slow growth, followed by high-speed growth.
It is usually reasonable to assume that the time for rapid propagation is negligibly small and that
dynamic response, following crack arrest, is quickly damped out. If so, the effect of rapid
propagation on layer response may be analysed by a time-wise step-function removal of tractions
along the surfaces which form the fully developed crack faces. However, this type of quasi-static
analysis is not explicitly needed in predicting overall or homogenized layer response since one may
use elastic solutions, as described above.

If the fibres are viscoelastic and have a relatively high modulus, which is the case for aramid
fibres (Wang et al., 1992), then the above analysis may be easily generalized to this case if vy is
constant. One merely replaces E; in Equation (59) by the appropriate hereditary integral.

Homogenized Constitutive Equations

A rigorous extension of Equations (12)-(14), together with Equation (20) for the moduli, for
a homogenized viscoelastic layer is not possible using CP-II. However, we shall propose an
extension that contains these time-independent equations and the CP-II-based linear viscoelastic
equations with transverse cracking as special cases. Namely, replace &; and ¥ by pseudo strains,

&= E‘i:{E%d&'g} and 3 = G{zlu {G["gdy]z}, respectively; the superscript “L” denotes undam-
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aged linear viscoelastic relaxation moduli. The moduli Ey, and Gy, are suggested to be the same
quantities that are in Equation (20), as determined from the same constant rate tests used to develop
the f-functions shown in Equation (14). (Although relaxation modali are needed in this formulation,
relaxation tests are not needed to determine them; they may be calculated from functions generated
by creep tests orother types of tests (Ferry, 1980).) The value of Gya, has noeffecton the shearstress
in Equation (12) because it cancels out when the pseudo strain is used. However, the choice of Ey,
affects the function f,, and thus influences the stress prediction. Of course, as long as f5 is close
to unity it makes little difference in how Ey, is chosen; otherwise, the use of pseudo strain as an
argument of f5 and the choice of Ep, must be evaluated experimentally. In general, further
experimental studies for which viscoelastic effects are significant are needed to assess the proposed
constitutive equations. Additionally, it is necessary to select ISVs and establish their evolution
equations in order to complete the formulation of viscoelastic homogenized equations with damage;
the next subsection is concerned with this aspect.

Rate-Dependent Damage Growth

Rate-dependence may be introduced while retaining the essential features of path-independent
work. This was demonstrated by Schapery (1991b) for the case in which the S, define changes in
crack geometry and obey a power law in energy release rate with a large exponent. Whether the S,
define changes in crack geometry or in other structural changes, let us assume the evolution law for
Sy, is of the form (m not summed),

= q

Sm = CFmfy" (65)
where thermodynamic force f,, >0, and F,, = Fpu(Sp)s also, ¢ is a positive, dimensionless
function of time, possibly due to aging and transient temperature and moisture. The definition of f,,,
for viscoelastic material is discussed later in this subsection. Now, from Equation (65),

ds 1/gm i Vam
Fp(Sp)= J'__Fm =| [ fimdr’ (66a)
R 0
where 7 is a reduced time,
i
P = [e@)ar (66b)
0

As long as f,, does not decrease, the right side of Equation (66a) is approximately k;,]f,,,f”"'" if
dm >>1, where £, is a constant (and k,, — 1 as g,, — c). Thus,
fm= kmﬁm"‘:”qm (67)

which replaces Equation (6). Itis seen that if the contribution to W, associated with those S,,, which
obey Equation (65) is taken as

AW =Y ko [ FyydS,y, 1 8m (68)
0

m
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then essential results from the original time-independent theory apply. Whenever f,, decreases, the
last of Equation (66a) is practically constant, and is given by its value at the time f,, started to
decrease. Generally, for evolution laws of the form in Equation (65) (with the same or different
exponents foreach S, ), the behaviouris like that of a time- orrate-independent body except the work
of structural change or damage is time-dependent. Namely, the work potential W is like that for
an aging elastic material. This result is expected to apply when the evolution law for S,,, is a strong
function of f,,, even if it is not a power law. With cyclic loading a result similar to Equation (68)
is found, except the number of cycles appears in place of time (Schapery, 1990).

If deformation viscoelasticity is not significant, then the thermodynamic force f,, is thatused
in Sections 2 and 3, viz. —gW / dS,,. On the other hand, if the constitutive equations are Equations
(59)-(62), then additional considerations are needed to determine the appropriate representation of
f,.. When S_ is crack speed, then according to viscoelastic fracture mechanics (Schapery, 1984)
and the related damage theory (Schapery, 1991b), one uses f,, =—dW* / 3S,, , where wR is apseudo
strain energy; if f,, is divided by the length of the crack edge, it becomes the viscoelastic J-integral.
The potential WX is the same as that for an elastic material, except pseudo strains (apart from g;),
replace strains.

Representation of the effect of damage on moduli may be through the same functions e, ¢,
&s.and g, as for the elastic composite, except S and S, have to be reinterpreted. They can be found
experimentally from isochronal curves, as in Figure 6, after the specimen's axial strain is replaced
by axial pseudostrainif £; = 0. When & is notnegligible, a modified axial stress and/or axial pseudo
strain must be used because £; does not enter everywhere as a pseudo strain (e.g. see Equation (59)).
To the authors’ knowledge, this approach to modelling effects of damage growth in viscoelastic
composites has not yet been applied to fibre composites. However, it has been successfully used for
particle-reinforced rubber (Park and Schapery, 1994) using two ISVs; details are given therein on
use of isochronal and constant rate data for characterizing damage-dependent moduli and relating
the ISVs to axial pseudo strain.

5. Conclusions

A work potential has been shown to be capable of accurately modelling the time-independent
mechanical behaviour of a carbon/epoxy composite during loading by accounting for microdamage
and transverse cracking. The formulation employed in this paper expresses unidirectional layer
stresses in terms of strains, because this is more convenient than the inverse form when used in
laminate analysis. Although further validation of the procedure is warranted, it offers an approach
for accurately modelling the behaviour of a wide range of fibre-reinforced plastic laminates.

It was shown that changes in homogenized unidirectional moduli due to microdamage and
transverse cracks can be correlated using the associated work of damage as the characterizing
parameter. The same dependence of moduli on work of damage was found from a variety of layups.
It was further shown thata strength-based mechanics prediction of softening due to transverse cracks
is in good agreement with a wide range of experimental results. Prediction of edge delamination in
three different laminates using the overall laminate work potential was found to be consistent with
the observed onset of delamination.
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Finally, a method for extending the work potential model to allow for strain-based linear
viscoelastic deformation effects and rate-dependent damage growth was outlined. Further experi-
mental studies are needed in order to assess the proposed viscoelastic constitutive equations with
damage growth. When nonlinear viscoelastic deformation effects are significant, constitutive
equations for a unidirectional layer may be simpler using stresses, rather than strains, as the
independent variables (Schapery, 1994).
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Abstact: Thermoelastic martensitic transformation induced plasticity (TMTRIP) is responsible for the
behaviour of shape memory alloys and is also one of the basic mechanisms for crack tip shielding, i.e.,
toughening of some brittle structural ceramics. This review article attemplts to organize and summarize the
important research development in the area of constitutive relations and fracture of the martensitic phase
transforming materials such as zirconia-containing ceramics and shape memory alloys. Prime concern ispaid
to the micromechanics constitutive description of the TMTRIP phenomena and its relations with transforma-
tion toughening. Recent advances in this area are emphasized, especially those in China.

1. Introduction

Phase transformations and other critical phenomena, as active research subjects in physics,
constitute a field full of problems and unexpected discoveries. On the one hand, it is the subject of
fundamental research in solid state physics, physical metallurgy and materials science; on the other
hand, many phase transformable solids, such as shape memory alloys, steels and some kinds of
ferroelectric and zirconia ceramics, have very important technical applications in modern high
technology due to the fact thatunder external applied field these materialscan exhibitsomereversible
mechanical and physical behaviours, among which, the thermoelastic martensitic transformation
induced plasticity (TMTRIP) is most intensively studied from an applied mechanics point of view
in recent years. The research effort on these materials in the last decade is mainly concentrated on
the following two closely related basic aspects: (1) the constitutive description of transformation
plasticity from a macroscopic or micro-macro combined point of view; (2) the influence of TMTRIP
on the mechanical properties of materials such as the fracture, toughening and microstructural
design. Therefore the research itself is principally a subject of interdisciplines.

The structure of this paper is as follows. First a brief description on martensitic phase
transformations is provided in section 2. A review of some experimental and theoretical results on
the constitutive relations of transformation plasticity, with prime concern paid to the micromechanics
constitutive description of TMTRIP phenomena, is then given in section 3. As a result, some
significant research contributions by other approaches, such as those of Tanaka’s group in Japan and
Fischer’s group in Austria are not included. As an important aspect of constitutive research on
TMTRIP, the research advances on transformation plastic flow localization (TPFL) phenomenon are
described in section 4. Section 5 is devoted to the new research discoveries on toughening behaviour
of these materials and the microstructural design of advanced materials.
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2. Martensitic Phase Transformation and its Characteristics

2.1. Phase and phase transformations

A given assembly of atoms or molecules may be homogeneous or nonhomogeneous. The
homogeneous parts of such an assembly, called phases, are characterized by thermodynamic
properties such as volume, pressure, temperature, and energy. An isolated phase is stable only when
its energy (or more generally, its free energy) is a minimum for the specified thermodynamic
conditions. If the phase present is in a local minimum of the free energy instead of in a global
minimum, and is separated from still lower minima (under the same thermodynamic condition) by
energy barriers, the system is then said to be in a metastable state. If barriers do not exist, the state
of the system becomes unstable and the system moves into a stable or equilibrium state, characterized
by the lowest possible free energy. As the temperature, pressure, or any other variable like an applied
stress, an electric field or a magnetic field acting on a system is varied, the free energy of the system
changes correspondingly. Whenever such variations of free energy are associated with changes
in structural details of the phase (atomic or electronic configurations ), a phase transformation or
phase transition is said to occur (see Rao and Rao, 1978). In this paper, our main concern is with the
continuum mechanical aspects of martensitic phase transitions in solids, The methodology used here
can be extended to the mechanics research of other kinds of phase transitions such as ferroelectric
and ferroelastic transitions.

2.2. Martensitic phase transformation and its characteristics

Historically, martensite was the name given to the hard product obtained during the quenching
of steels. The name was given in honour of the famous German metallurgist Martens (Wayman,
1964). A comprehensive definition of martensitic transformation is rather cumbersome. For
example, a martensitic transformation can be defined as a structural change generated by atomic
displacements and not achieved by diffusion, corresponding to a homogenous deformation which
may be different in small adjacent regions and which gives rise to an invariant plane strain through
which the parent and the product are related by a substitutional lattice correspondence, a habit plane
(ie., invariant plane) and a precise orientation relationship. However, it was found that the
transformation to martensite was associated with certain characteristic structural features. Such
features have now been observed in various non-ferrous metallic as well as non-metallic systems,
such as shape memory alloys and zirconia-containing ceramics. These distinctive features include
(Wayman, 1964; Christian, 1975): (1) Martensitic transformations are diffusionless in the sense that
no thermally activated diffusion is required for the growth of the martensite and it is identical in
chemical composition to the parent phase. During the transformation, the atomic positions in the
parent phase change systematically and by distances less than the interatomic distances in the lattice.
(2) The transformation occurs at a very rapid rate through a shearing of discrete volumes of the
material. The two phases (martensite and the parent phase) are related by a deformational mechanism
and show orientational relations. These features have led to the formulation of WLR (Wechsler,
Lieberman and Read, 1953) phenomenological crystallographic theories of martensitic transforma-
tion. Here “phenomenological” means they provide a method of describing consistently whar has
happened, rather than how it actually happened. Even though the theories do not present a detailed
picture of the actual process by which atoms move during the transformation, they are widely applied
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by many researchers and are used as the theoretical bases for the kinematical description of
transformation plasticity. (3) Martensitic transformations usually are athermal, i.e., they occur only
when the temperature or the applied stress is changing. This behaviour occurs because the shape and
volume changes associated with the change in crystal structure set up large strains which, due to the
diffusionless nature of the transition, are not relieved by atomic migration . The resultant increase
in the elastic strain energy opposes the progress of the transition, causing it to stop while incomplete;
hence, a large driving force, which comes from undercooling or increase in applied external stress,
is often required to induce further transformation. There are still some other characteristics in the
thermodynamics and kinetics of martensitic transformation (see Rao and Rao,1978), but the shape
and volume change mentioned above is of special importance. Among other things, it contributes to
the transformation plasticity and to the transformation toughening in ceramics (Garvie eral., 1975;
McMeeking and Evans, 1982; Evans and Cannon, 1986; Sun and Hwang, 1994) and serves as the
basis for their application as smart sensors and actuators. In the present paper the authors want to
restrict themselves to thermoelastic martensitic transformations in metals and non-metals, since this
kind of transformations are of specific relevance in many technical applications.

3. Constitutive Relations of Transformation Plasticity

Although the constitutive relations of materials have long been a very active research subject
in the cross-field of solid mechanics and materials science, the study of the constitutive law for the
phase transforming materials, however, is yet much less developed as compared with that of common
metals. Shape memory alloys (SMA) and zirconia-containing ceramics are typical of metallic and
nonmetallic thermoelastic martensites. The discovery of transformation toughening in ceramics, the
wide application of shape memory alloys and the development of smart materials and structures have
greatly promoted the constitutive research of TMTRIP in both theory and experiment. The major
research advancesin this active area in the lastdecade include: (1)the establishment of micromechanics
constitutive theories and their applications to transformation toughening and transformation plastic
flow localization (McMeeking and Evans, 1982; Budiansky er al., 1983; Evans and Cannon, 1986;
Sun, 1989; Sun, Hwang and Yu, 1991; Sun and Hwang, 1991; Sun and Hwang, 1990; 1993a; 1993b;,
1994; Patoor ez al., 1988; Stam, 1994; Stam et al., 1994; Yan, 1994); (2) the application of Landau-
Devonshire theory of phase transition to the constitutive description of thermoelastic martensite
(Falk, 1980; 1982; Falk er al., 1990; Miiller, 1989; Miiller er al., 1991; Song, 1994); (3) the
application of finite thermoelastic theory to the displacive phase transition and the material
instability analysis (see Abeyaratne, 1993). Of special significance is the current trend in research
on the mechanics of phase transformations in solids to combine efforts from materials science, solid
state physics and solid mechanics, This trend will greatly deepen and enrich our knowledge and
understanding of TMTRIP and thus greatly push forward this interdiscipline.

The theoretical preliminaries for the establishment of the constitutive relations for transforma-
tion plasticity include: (1) a continuum mechanics and thermodynamics framework for constitutive
relations governing transformation plasticity (Rice, 1971; 1975; Hwang, 1989). For example, a
general internal-variable thermodynamics formalism may be employed to derive the constitutive law
and set up the connection between macroscopic deformation and the underlying mechanisms
operative on the microscale; (2) a crystallographic theory of martensitic phase transformations (see
Wechsler et al., 1953); (3) foundations of micromechanics and some basic approaches (such as the
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self-consistent approach) necessary for the micro-macro transition and for derivation of the free
energy of the constitutive element; (4) Landau-Devonshire theory (see, e.g., Falk, 1980) of first order
phase transition and its application to the martensitic transformations. In the micromechanics
constitutive research of single and polycrystalline transforming solids, a constitutive element
(representative material sample) is usually taken as the subject of study and the microstructure effects
such as the crystallographic orientation, internal stress and energy dissipation etc. should be taken
into account quantitatively. The derived constitutive law is usually required to be tenable for the
general complex loading paths, so as to describe and to interpret the various phenomena by a unified
interrelated model. With the higherlevels of investigation and with new phenomena constantly being
discovered (such as transformation localization), new knowledge and new methods are required. The
recent advances in constitutive research are summarized as follows:

3.1. Micromechanics constitutive theory of transformation plasticity

The micromechanics constitutive theory of transformation plasticity aims at establishing an
explicit quantitative relationship between the macroscopic behaviour of transforming solids and the
underlying specific microstructure mechanisms and their evolution. Traditionally the constitutive
behaviour of thermoelastic martensites can be classified under the following major headings : The
shape memory effect (Figure I(c), (f)), the pseudoelasticity (Figure 1(a), (j)) and the ferroelasticity
(Figure 1(d) (g)) (schematic illustrations of the behaviour are shown in Figure 1). Extensive
microscopic studies have identified that the various forms of macroscopic behaviour under any
thermomechanical loading are caused by one or combinations of the following crystallographic
elementary processes at microstructural level (see the review papers by Delaey er al. (1974) for
detailed description and physical interpretation): (1) thermoelastic parent to martensite (p—m)
forward transformation and its reverse transformation (m—sp); (2) reorientation from one martensite
variant under applied stress to another kind of martensite variant (m—sm) (see Figures 2 and 3 ).
Historically, micromechanics is closely related with phase transformations. The pioneering work of
Eshelby (1956; 1957; 1970) on the elastic field of an ellipsoidal inclusion not only laid the foundation
for micromechanics but also became the starting point in the constitutive research of transformation
plasticity. The microstructural evolution processes typical of thermoelastic phase transforming
solids provide ample research potential for the micromechanics. For example, one of the toughest
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Fig. 1 Schematic illustration of the various stress-strain curves as a function of temperature
for a typical shape memory alloy IR e R . e Tj).
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Fig.2 Schematic illustrations of the mechanisms of pseudoelasticity due to transformation
(a,b,c,d) and reorientation (e f,g,h), respectively.
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Fig.3  Schematic illustrations of the mechanisms of shape memory effects (SME) by
transformation (a,b,c,d,e) and reorientation (f,g,h,i.e), respectively.

problems is how todescribe quantitatively the microstructure, its evolution and the interaction effects

of stress fields due to individual transformed variants, which are very important in the derivation of

the free energy of the material sample. The self-consistent approach is adopted and the research

results can be summarized as follows:

3.1.1. Micromechanics constitutive model based on crystallographic theory

As a first fundamental step in establishing constitutive law of transformation plasticity ,the
micromechanics constitutive model of single crystals has been investigated by some researchers
(Patoor et al., 1987; 1988; Yan, Sun and Hwang, 1994a). Starting from the lattice deformation of a
martensite variant and by using the WLR crystallographic theory of transformation plasticity,
Patoor, Eberhardt and Berveiller (1987; 1988) first derived the following kinematic equations for the
pure transformation plasticity of thermoelastic martensite single crystals

EgT —gZ E (1)

where EI-J",-J" is the macroscopic transformation plastic strain rate, g is the lattice constant of
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Fig.4 Lattice deformation of parent phase (a) and the constitutive element of single crystal (b)

transformation, Rjj, f" are the orientation tensor and volume fraction of the nth variantin a single
crystal. They expressed the interaction energy among the variants as

Eint il ng ZEnfn + _;_ ZHnmfnfm )
n

nm

where V is the volume of the constitutive element, E” is the interaction energy between the single
variant and the matrix, H™" represents the interaction energy between different variants. However
the explicit expressions for the H™ have not been derived in the work of Patoor er al. (1988). The
macroscopic constitutive relations can be finally expressed as ( Z;— macroscopic applied stress,
B™— material constants)

-PT _ -1 ; B
Eij = ZREZ Hnm [Rﬂ?‘rfd __g_TJ (3)
n m

Based on this, the constitutive relation for polycrystals is derived by the self-consistent approach.
With the assumption that only one variant of martensite is assumed to appear in a grain they
calculated the stress strain curve during simple loading. Besides, a phenomenological yielding
condition which is similar to the Drucker-Prager criterion is proposed to describe the macroscopic
dilatant and shear effect during transformation, and it agrees well with the experimental data under
proportional loading conditions.

Recently, Yan, Sun and Hwang (1994a) combined the crystallographic theory with the Mori-
Tanaka self-consistent micromechanics approach (Figure 4), and derived the explicit expressions
for the interaction energy and so obtained the analytic expression for the complementary free energy
(negative Gibbs free energy) for unit volume of single crystals which is a function of applied
macroscopic stress, temperature and the volume fractions ( fj, f2.....fy ) of the N kinds of variants
(N =24 for shape memory alloys)
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where Zis the applied macroscopic stress, €f is the microstructral transformation strain correspond-
ing to the formation of the sth kind of variants, T is the temperature, W is the elastic strain energy

in an infinite medium due to a unit volume of oblate spheroidal inclusion with eigenstrain €, W,
represents the interactive energy between different kinds of inclusions. M is the elastic compliance
tensor and AH is the chemical free energy change of unit volume from parent to martensite phase.
The yielding surface for forward transformation of single crystal can be obtained (from analysis of

energy dissipation rate) as the envelope of the following N hyperplanes in stress space

N
Y (BT, firn fy) = E: €2 = (W + AH)+2Y W f, - Dy =0, s=1,.N (52)
=1
and the reverse transformation yielding surface is represented by the envelope of another set of N
hyperplanes

N
Yo(BT.fsufy) = E: 88 W+ AH)+ 23 W, f; + Dy =0, s=1,..N  (5b)
=1
The reorientation process from any kth kind of variants to sth kind of variants is controlled by the
following N % (N —1) hyperplanes

N
Y (BT fis S fiv) = B €F —€0)+ 2 fi(Wy Wi )= DG =0, s=1.,N, k#s(5¢)
=1
Thus totally the N x(N + 1) hyperplanes dominate the constitutive response of single crystal under
any complex loading conditions. The stress-strain relations obey normality rule and can be derived
in the framework of internal variable theory. For example, the incremental form of the constitutive
relation for forward transformation can be expressed as

: : N o s
E=M: E—%—ZRSE wgl[n, 5 —T] (6)

where k = dAH /JT is material constant and the summation is only over the active variants. In the
above work, the effect of the inclusion’s shape on the elastic strain energy has also been analysed and
the stress-strain relations under uniaxial tension is predicted quantitatively. The above constitutive
relations can be also formulated in strain space (Sun, Yan and Hwang, 1994) and the condition for
the uniqueness of the constitutive response is given. This model provides a theoretical foundation
for the description of polycrystals.

3.1.2. Constitutive model of micromechanics mean field theory

The early constitutive models developed by McMeeking and Evans (1982), and by Budiansky
eral. (1983) represent the pioneering work in this area. However, their models completely neglected
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Fig.5 Microstructure of a polycrystalline constitutive element (left, middle) and its
micromechanics idealization (right).

the transformation induced shear strains associated with ¢ — m transformations. This so-called
“dilatant transformation” model has significantly enhanced the understanding of transformation
toughening, but there is an unsatisfactory quantitative agreement with experiments (see, e.g. Evans
and Cannon, 1986). Lambropoulos (1986) later revealed that the influence of transformation shear
component on the shape of the transformation zone and toughening may be quite substantial, and his
work has certainly triggered further research into the effect of transformation shear. Almost parallel
to the theoretical work on transformation plasticity, significant experimental evidences for transfor-
mation shear were demonstrated by Chen and Reyes-Morel (1986), Reyes-Morel and Chen (1988),
Reyes-Morel, Cherng and Chen (1988) and Sun, Huang, Yu and Hwang (1990), and their
experiments all showed shear and dilatation effects of comparable magnitude. Based upon this, Sun,
Hwang and Yu (1991) developed a new, micromechanics based continuum model of transformation
plasticity for polycrystals with shear and dilatational effects. In the sense of the average of the
microscopic field in a constitutive element, the self-consistent Mori-Tanaka theory (Mori and
Tanaka, 1973; Mura, 1987; 1988) is employed to derive the expression for the interactions of the
stress field of transformation (see Figure 5). The model of Sun et al. has been adopted to predict the
constitutive behaviour of zirconia-containing ceramics and extended to shape memory alloys (Sun
and Hwang, 1991; 1993a; 1993b; 1994) and is recently used to study the transformation toughening
and transformation plastic flow localization (Sun and Hwang, 1992; Stam, 1994; Stam ez al.,1994;
Guo et al., 1994). For thermoelastic martensitic polycrystals with nucleation control and stress-
biased orientation (i.e., the assumption that deviatoric eigenstrain of grain is parallel to average
deviatoric stress of matrix), the expression of the Helmholtz free energy of the constitutive element
can be derived as

OBy T 1,170 < el >y, )= :12( ~f<e >VI]MU“(T)(EH F<eh>y,)

_iB‘m’? o S B <ef >y <eft >y, () )
- %Bz(T)(ef"’) (f = F2)+ 6y, f | do + AH(T)

with f <ef >y, = feP"8;+ f7 < sj;d >y,,» Where 1= J_(Ze‘”depdf’j)uz istheequivalentshear
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strain associated with the transforma-
tion, E(-J- is macroscopic strain; T, tem- - 12
perature; f, volume fraction of &
martensites; f7¢, volume fraction of Elastic unicading
reoriented martensite grains with long
range shear; <£‘;’d v, » deviatoric
eigenstrain averaged over reoriented

grains; V; and V,,, the volumes occu-
pied by the transformed martensite and
the reoriented martensite, respectively;
£”Y the constant lattice volume dilata-
tion. Other quantities in the above equa-
tion are either material constants or
material functions of the independent Elastic unioading

variables given. Based upon the energy PL loading

dissipation analysis (pre-knowledge of Fjpe. 6 Forward and reverse transformation surfaces
the evolution of the dissipated work as a under pmporrfom'{! loading ( }:*'L ) and non-
function of the internal variables), the proportional loading (NPL)history.

forward and reverse transformation con-
ditions (both are deformation history dependent) of the constitutive element in stress space are
derived as

Ff( ,J,,Tff"'<s’d v, ] %J(S,jhf’eﬁl(?'}‘cegd >Vr£}

(8)
+36P[2,, - BUTIEP"| - Co(T. ) =0
F (EU.T s <s"’d >v,e.f']=[55j— reBl(T)<€pd >y, ]Epd(f]
9)
+3£P"[Em —fBZ{T)e""]—Cl(T,f) =0, :
1/2 ] .
where J’(a,-j) = (3(1,}&,-}-{2) { and macroscopic stress is decomposed as E,J = S +Z 5,1, t" isthe

past time parameter, ¢’ € [0, 1], ¢ is current time. Equation (9) is the criterion of reverse transforma-
tion for the variant that was forward transformed at time ¢*. The forward transformation history is
recorded by a memory function of ¢“(# <t). For the reorientation processes of the first and second
kinds (see Sun and Hwang, 1993 a, b), the yield surfaces are derived, respectively, as

Fre (2.7, £ < ] Vrﬂ):%f(s,-j ~ B (M) <ef! >y, ) -CT.H=0  (10)

Fre{zuvT fre CE‘M Vm':»):%‘;(sjj__freBI(T)<£gd >Vm)
(11)

= [Sij - [ By(T) < E,fd >y, ]egd(r') ~D§E% =0.

Detailed definitions for various quantities in the above equations are provided in the papers of Sun
and Hwang (1993a; 1993b; 1994).
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Fig.7 Two-dimensional illustrations of the second kind of the reorientation process activated
by NPL at high (a) and low (b) temperatures, respectively.

The yield surfaces of typical shape memory alloys under proportional and non-proportional
loading histories in the two-dimensional stress space can be predicted by the present theory, as
depicted in Figures 6 and 7. A corner structure of the yield surface for reverse transformation after
a non-proportional transformation history is established in the figures. In Figure 6, CD represents the
reverse transformation yield hyperplane after a proportional loading history OA, whereas the conical
surface HIJ denotes the reverse transformation yield condition after a nonproportional loading
history OEF. Figure 7(a) shows the second kind of reorientation yield surface (paraboloid F,, = 0)
after aloading history oabc at temperature T > Ay, and Figure 7(b) shows thecase at T < M ¢. When
used in the transformation toughening analysis of structural ceramics, the above constitutive model
gives much better toughening prediction than BHL (Budiansky ez al., 1983) model (see Sun, 1989:
Sun, Huang, Yu and Hwang, 1991; Stam, 1994; Stam et al., 1994).

Another important application of this micromechanics constitutive theory to transformable
polycrystals is the prediction of the materials behaviour related with transformation localization
phenomena (Stam, 1994; Stam et al., 1994). For the macroscopic transformation localization of
zirconia containing ceramics (such as Ce-TZP) induced by autocatalytic mechanism, this theory
bears the following significance: (1) For pure dilatational and autocatalytic transformation of
polycrystals with equal grain size, the bulk modulus during transformation is —4x/3, which is
identical to the bifurcation condition (critical transformation of Budiansky er al.(1983)) with loss of
ellipticity of the governing equation of dilatational plasticity. (2) For autocatalytic transformation
with both shear and volumetric effects, the above theory can be used for the successful numerical
simulation of the unstable growth of the narrow elongated transformation zone ahead of crack tip due
to autocatalytic transformation, and henceforth provides an essential approach to estimate the
undesirable reduction in crack tip shielding (see Guo et al., 1994). (3) According to the toughening
theory based on controlling the spreading of localization (Marshall er al.1991; Marshall 1992), one
can introduce the so-called dual-scale microstructure to control the direction of the localization and
thus substantially increase the fracture toughness of ceramics. The constitutive model of Sun, Hwang
and Yu (1991) provides a pertinent model for its quantitative realization (see sections 4 and 5 of this
review paper).
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3.1.3. Landau theory of phase transition and its applications to TMTRIP

Martensitic phase transitions are defined as diffusionless solid state structural phase transitions
of first order with a deformation of the lattice such that a macroscopic strain results. Occasionally
the first order condition is not included in the definition. Attempts have been made to describe
martensitic phase transitions by means of the Landau-Devonshire theory by a number of
researchers, among them the work of Falk (1980; 1982; 1990), Miiller (1989) and Miiller and Xu
(1991) are most frequently cited. In 1980 Falk established a one-dimensional model on the
constitutive relations of shape memory alloys, where the shear strain and shear stress were identified
with the order parameter and the response, respectively. Some of the most important characteristics
of the deformation features (such as lattice softening, pseudoelasticity, shape memory, ferroelasticity,
etc.) are predicted qualitatively by this model. It can be concluded that the Landau-Devonshire theory
orits extended version is one of the powerful universal thermodynamic approaches to the problems
concerning martensitic transformations, because even such a one-dimensional model has demon-
strated its power. Some researchers are encouraged by this and use this theory as one of the
theoretical bases in establishing the constitutive model of transformation plasticity. As a phenom-
enological model, however, it has the following intrinsic shortcomings: (1) So faritis only successful
in one dimension; recently attempts have been made to extend the theory to three dimensions (Falk
and Konopka, 1990). Some difficulties still exist, one of which is the scale to be used in defining the
relevant strain, for example in polycrystals the lattice deformation usually does not coincide with the
macroscopic strain. (2) Though the theory is universal, far-reaching and deeply sighted, due to its
phenomenological nature it is unable to take account of the microstructural effects such as the
transformation induced internal stress, crystallographic orientation, shape of the martensite and
interface friction etc. in the theoretical modelling. It seems that a possible way to overcome the above
deficiency is to incorporate this thermodynamics theory, together with crystallography, microstruc-
ture and micromechanics into the continuum formulation of the constitutive description.

Recently a systematic research effort toward such a goal has been made (Song, 1994). In the
work of Song (1994) the Landau-Devonshire theory of first order phase transition is incorporated into
the micromechanics constitutive descriptions of polycrystals and combined with the crystallo-
graphic theory of martensite transformation. The forward and reverse transformations are treated as
an instability in thermodynamic equilibrium and the variations of eigen strain and stress hysteresis
with temperature are well described. Under the assumption of instantaneous transformation within
a grain of polycrystal and the assumption that only one martensite variant is produced in a grain
during transformation, the Gibbs free energy function of the constitutive element is derived as

G(E.T‘f.< gflay celae! >v;)= —éZ:M(T}:E— I:f<eP>y
1]
—51[81 <ghd . gpd >y, +3By < (&P")? >V:]
+lf281 <eh? >y, < el >y, (12)

+
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<eP 52 f2 4 AHPTf

where e = £f/3, E‘f“f =gf — &8, AHP™™ is the difference in the Helmholtz free energy of the
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two stress free phases. According to the crystallographic theory of martensitic transformation and
the Landau-Devonshire theory of first order phase transition, the following expressions can be
redefined

e” =%Ag(en+ne) = AgR
Ag=gp —8p
AHP~M = g™ _ P (13)
=dg8 16 —bgh 14+a(T -Ty)gk 12
~[dg$/6~bgp/4+a(T - Ty)gs /2]

where g is the order parameterdefinedasthe | e /

displacement of atoms along vector e, g, and P '
&m are the order parameters of the parent and = W >
martensite phases, respectively (see Figure | § oS

8), d, b and a are material constants. After |
substituting Equation (13) into Equation (12) [1 i
andreplacing g,, by variable g, wecanobtain | I
6(}!’@‘15 > Which can be considered as Gibbs n i

, ; : [ invariant plane
free energy change during transformation of

. ; i,
unit volume of parent phase to martensite. g,

; Fig.8 Schematic illustrations of the lattice
and g, should be calculated from the follow- deformation during first order

ing equilibrium and critical conditions (de- martensitic phase transition:
note G /df |,.T by 4;G) — original stress-free parent
} phase lattice;

NAG L the lattice of the parent
Lf__l =0 phase just before the
% 14 transformation;
2 (44G) (1) e dphiSraneren the lattice after the
=) transformation
a,i

8p =0 when the transformation is stress-free. The critical conditions (yield surface equation) for
forward and reverse transformations can be finally derived respectively

(z—ﬂil(T) <eP >y ):R- fBy(T)<&” >y, cosar=dg) —bgh+a(T-Ty)g, (15)

(B-BiT) <7 >y, ):R- By () <P >y, cosa
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where ¢ is the angle between e and n, the calculated g, and g,,, are respectively the values of
g of the parent and martensite phases at the reverse transformation. The incremental constitutive
relations can be obtained by normality rule. Theoretical predictions for the pseudoelastic stress-strain
curve of shape memory alloys are shown in Figure 9.
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This model overcomes some of the shortcomings of the previous models and is more universal.
Some experimental phenomena such as the transformation curve (temperature-strain) during an
autocatalytic transformation which the current existing models are unable to predict, can be now
successfully explained by this new model (see Song, 1994).

3.1.4. Thermoelastic theory of phase transition and material instability

Thermoelasticity theory has been used to study certain general issues pertaining to solids that
undergo reversible stress and temperature induced phase transformations. Various continuum-level
issues related to reversible phase transformations in crystalline solids have been successfully studied
using the theory of finite thermoelasticity (see Ericksen (1975) and James (1986)). For a thermoelastic
material, the Helmholtz free-energy function ¢ depends on the deformation gradient tensor F and
the temperature 7': ¢ = ¢(F,T). If the stress free material can existin two phases, then the free energy
function must have two separate energy-wells, each well corresponding to one phase. At T =T, the
two minima have the same value; for 7 > T, the austenite minimum is smaller, while for T <7, ,
the martensite minimum is smaller. A complete constitutive description of the material consists of
three ingredients: a Helmholtz free energy function which describes the response of each individual
phase, a nucleation criterion which signals the conditions under which the transition from one phase
to another commences, and a kinetic law which characterizes the rate at which this transition
progresses.

Much recent activity in continuum mechanics studies on thermoelastic phase transitions has
been focused on two basic issues: the first one concerns energy minimizing deformations corre-
sponding to the stable configurations of a body; the second is related to the non-equilibrium evolution
of a body towards such stable configu-
rations through intermediate states of

160—— 11— : a

120 —

= N
]
-

A\

metastability. The above two issues
/ thermoelastic solids has been recently
// three-well potential energy function;

have been comprehensively summa-
constructed by Abeyaratneetal .(1993).
/ II the kinetic relation is based on thermal

stress [MPa]
(o]
o
|

rized by Abeyaratne(1992). A con-
/T=Tb tinuum constitutive model for
The free energy is associated with a
activation theory; nucleation is as-

sumed to occurat a critical value of the
appropriate energy barrier. The pre-
dictions of the model in various quasi-
static thermomechanical loadings are
examined and compared with experi-
mental observations.
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Fig.9 Pseudoelastic stress-strain curves of a typical
SMA predicted by combining micromechanics
with the Landau-Devonshire theory
(T >T,>T ); after Song (1994)
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4. Autocatalytic Transformation and the Induced Plastic Localization

The discovery of transformation plastic flow localization phenomena in ceramics and shape
memory alloys stimulated a lot of research in the last few years. The transformation localization in
ceramics is considered to be induced by an autocatalysis effect in the process of transformation. From
the point of view of materials science, the autocatalytic transformation is initiated by a multiple-
nucleation event (Chen and Reyes-Morel, 1986; Reyes-Morel and Chen, 1988; Reyes-Morel,
Cherng and Chen, 1988) that, once realized, can stimulate further transformation to propagate rapidly
over an extended region. The transformation in Ce-TZP ceramics is thermoelastic in nature, so the
transformation induced internal stress and the corresponding stored elastic strain energy will have
very important influence on the thermodynamics and kinetics of transformation (Delaey et al., 1974;
Reyes-Morel and Chen, 1988; Sun and Hwang, 1994). From the micromechanical consideration, the
average internal stress in the matrix caused by transformation is conducive to the further transfor-
mation of the remaining grains of the parent phase in the matrix. This kind of internal stress effect
is most obvious in the case of equal grain size distribution (so the equal potency of nucleating sites
ineach grain). Itis clear that this chain reaction, once initiated, is expected to require somewhat lower
driving force to sustain, hence resulting in an externally applied stress decrease (the macroscopic
load drop as observed in experiments).

4.1. Constitutive Description of Autocatalytic Transformation

The micromechanics constitutive model accounting for such importanteffect with the typical
softening stress-strain response has been established by Sun, Hwang and Yu (1991). This model is
used as the starting point for the localization analysis and the numerical simulation of the resulting
crack-tip morphology. The macroscopic incremental stress-strain relation can be expressed as

i = LijiEyy (17)

where the tangent modulus tensor can be derived to be

(Lﬁmn mn )( qu)
h+ Tab ﬂdeT'

Lyjpy = Ly — (18)

inwhich Lfy, is the elastic stiffness tensor, Tj; = €76 + As;; /O‘M A= s‘fds‘”“‘l" =3n/2,
h= ZB]A /3+ 382(6‘”')2 +0By (eP*)2. Detailed meaning of the parameters in the above

expressions are given in references (Sun, Hwang and Yu, 1991; Stam, 1994).

4.2. Localization analysis

The term localization refers to the situations in which the deformations concentrate into a band
as an outcome of the constitutive behaviour of the material. The orientation of the band is
characteristic of the material, rather than a consequence of the boundary conditions. According to
Rice (1976), localization of plastic flow is a special type of material instability, which is associated
with loss of ellipticity of the governing differential equations. For the constitutive law described in
Equations (17) and (18), the localization condition can be written as

A (mmy = (mLyjynp)my =0, j=1,2,3 (19)
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Fig. 10 Critical values of o and B under uniaxial tension (a) and compression (b).

where n is the unit vector normal to the plane of discontinuity (band) and m is another unit vector.
Equation (19) has to be satisfied by m and n for the localization mode to be possible. The onset of

the localization occurs at the first point in the deformation history for which a nontrivial solution of
Equation (19) exists.

For the transformation with shear and dilatant effects, such as those in zirconia-containing
ceramics (TZP and PSZ), there are two material parameters dominating the constitutive response,
i.e., the hardening coefficient & and the factor A|= 3}108‘”) which governs the influence of shear.
The localization analysis of ceramics was first performed by Stam (1994) for plane strain condition.
A more general analysis is recently given by Yan et al. (1994b). By using the constitutive model of
Sun, Hwang and Yu (1991), Yan et al. (1994b) proved that the critical condition of localization in
ceramics for a non-proportional loading history can be expressed as

2 v
A o) Agf
T [(ﬂ,‘njsgf ) =2(1- V)ﬂkr:‘-.s‘g{sg] = 2Lk Vip—r nknjsg
(o-e )" o’e

(20)
16 - 20v 2 ’:14—1(]'#’

2 : vy2
A +2(1+ P =0
45 45 S )]

where v is the Poisson’s ratio.

For the case of pure dilational transformation (A = 0), it can be shown that the localization
develops (ellipticity is lost ) when @ = 0, i.e., the slope B(z 2 /E,-,-) of the volume stress-volume
strain curve (Z,, ~ E; ) has a negative value —444/3 (u is the elastic shear modulus). This

theoretical prediction is in agreement with the critical transformation defined by Budiansky et
al.(1983).

The localization conditions for uniaxial tension and compression are calculated respectively
by Yan et al. (1994b, see Figures 10 and 11), and the result indicates that for the Ce-TZP ceramics
under uniaxial tension stress state the localized deformation band appears when o < 1. For A = 3¢P¥
(or iy =1) the plane of the band is normal to the tensile axis (Figure 11), which is in agreement with
the available experimental observations (Qing et al., 1993; Sun, Zhao, Chen, Qing and Dai, 1994).
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Fig. 11 The variation of the band orientation with o and J,
(a) uniaxial tension and (b) uniaxial compression.

For localization under uniaxial compression, acceptable agreement between theoretical prediction
and experiments (Reyes-More and Chen, 1988) is obtained. The implications of localization on the
material toughening and microstructural design will be illustrated in the following.

5. Transformation Toughening and Microstructure Design - Some new
Advances

5.1. Transformation toughening

The discovery of transformation toughening phenomena by Garvie et al. (1975) caused an
explosion of research work in the area of zirconia-reinforced ceramic composites. Since the
publication of that milestone work, significant progress has been made in improving the mode-I
fracture toughness of these materials. Now it has been commonly accepted that stress induced
martensitic transformations can substantially enhance the fracture toughness of brittle solids (Evans
and Cannon,1986). The effect has been most extensively investigated in ZrO; and in various
matrices with a ZrO, second phase. In this system, the transformation entails a change from the
tetragonal (t) to the monoclinic (m) phase and the toughness of certain ceramics can be increased,
sometimes by an order of magnitude, by transformation plasticity at the crack tipregion (Evans,1990).
Such large effects are unprecedented in material systems incapable of crack tip blunting. The
scientific basis underlying this phenomenon has progressed at a similarly remarkable pace by
contributions from the ceramic science and applied mechanics. The fundamental basis for
comprehending the toughening phenomenon resides in the thermodynamics and associated kinetics
of the stress induced transformation. The constitutive laws governing stress-induced martensitic
transformations lead directly to descriptions of crack tip fields which, in turn, define the levels of
transformation toughening. The toughening effect can be modelled in two ways. In the first approach,
the stress-shielding effect at the crack tip due to the residual strain fields which develops following
transformation, is computed using the constitutive law and fracture mechanics. This method was
initially proposed by McMeeking and Evans (1982) and Budiansky etal.(1983) and was later refined
by other researchers. The second approach is to directly estimate the energy dissipation due to
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transformation that occurs as the crack advances. Budiansky et al.(1983) have performed these
calculations for a series of dilatant transforming materials with different strain hardening or
softening, and this approach can be extended to the transformations with dilatant and shear effects.
For a systematic description of the associated scientific principles and their applications, the readers
are referred to papers by Evans and Cannon (1986) and Evans (1990).

Recently, anomalous crack tip transformation zone morphology resulting from autocatalysis
transformation attracts strong interest of the researchers in this area. Since such anomalous frontal
zones will decrease the degree of shielding and thus be detrimental to toughening, the scientific
understanding and simulation of this phenomenon, and further control of the spreading of the
localized transformation zone by microstructure design represents a significant research challenge
in this area. A recent study is concentrated on two aspects: (1) the role of autocatalysis and shear
effects on plasticity and toughening, (2) optimum microstructure design.

5.2. Some experimental phenomena

Recent experimental studies on stress-strain behaviours and transformation zones of zirconia
ceramics have shown an interesting anomaly (Chen and Reyes-Morel, 1986; Reyes-Morel and Chen,
1988; Rose and Swain, 1988; Yu and Shetty, 1989; Yu et al., 1992; Sun, Zhao, Chen, Qing and Dai,
1994: Tsai et al., 1991; Marshall, 1990; 1992): In magnesia-partially-stabilized zirconia (Mg-PSZ)
ceramics the transformation zone fronts ahead of the crack are found to be nearly semicircular, and
the corresponding stress-strain curves in both tension and compression show a gradual transition
from elastic to plastic behaviour. The ceria-stabilized tetragonal zirconia polycrystals (Ce-TZP)
ceramics on the other hand, however, exhibit typically thin elongated crack tip zones with zone
lengths approximately 10 times the zone widths (see Figure 12), and the stress-strain curve exhibits
burst transformation. A distinct yield point (load drop) and localized transformation bands are
observed in tension, compression and bending. Some investigations (Reyes-Morel and Chen,1988;
Tsai et al., 1991) have demonstrated that
the typical behaviour in Ce-TZP is result-
ing from the shear effect and autocatalytic
transformation. Thus a potential link be-
tween shear effect, autocatalytic transfor-
mation and the elongated zone shape and
localized band in Ce-TZP has been specu-
lated. Recently a lamellar composite con-
taining alternating layers of Ce-TZP and a
_ mixture of Al,O3and Ce - ZrO; has been
(b) fabricated using a colloidal technique and
the following encouraging results have been
obtained from experiments (Marshall et

Fig. 12 (A) Transformation zone boundaries in Ce-
TZP ceramics during autocatalytic

transformation corresponding to two al., 1991; Marshall, 1992) (Figure 13): (1)
stages of crack growth (Marshall,1990) : The layers interacted strongly with the trans-
solid lines at crack extension of 180 pim,  formation zones surrounding cracks and

broken lines at crack extension of 1.3 mm.
(B) Zone shape and tractions used to 3 &
calculate crack-tip shielding for the zones ~ long theregions adjacent to the layers and

of (A).

indentations, causing the zones to spread
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leading to enhanced fracture toughness. (2) This multilayered
microstructure exhibited R-curve behaviour for cracks ori-
ented normal to the layers, with the critical stress intensity
factorincreasing by a factor of 3.5 from the starting toughness
of the Ce-TZP (~5MPa+/m) to a value of at least 17.5
MPa+/m (this value is not saturated to a steady state). (3)
Zone spreading and toughening effects were observed for
cracks growing parallel to the layers as well as for those
oriented normal to the layers. Thus the understanding and
simulations of the above mentioned phenomenon by a proper -
theoretical model and at the same time further employingthe  Fig. I3 Transformation localiza-
phenomenon in microstrucural design of advanced materials tion zone propagating
represent a very challenging research subject. From the perpendicular to the
continuum mechanics points of view, we need to know why crack when a meso-
autocatalytic transformation leads to the above mentioned s ke
: : plate is laid in front of
phenomena, and how to incorporate such underlying mecha- the crack.
nism into the constitutive description and how to predict and
simulate the phenomena by theoretical analysis and numerical computations. Since such experimen-
tal phenomena commonly exist in many kinds of phase transitions, the investigation on this subject
isundoubtedly of great theoretical and practical importance. The recent advances are reported below.

Transformation
/ zone

Al,04/Ce-Zr0,

5.3. The effects of transformation shear and autocatalysis on toughening

Shear effects on transformation toughening have been explored by some researchers from
theoretical, numerical and experimental points of view (Lambropoulos, 1986; Chen and Reyes-
Morel, 1986; Reyes-Morel and Chen, 1988; Sun, Hwang and Yu, 1991; Stam, 1994; Stam et al.,
1994, erc.) and are found to be very substantial. Recent research interest in this aspect is on the effect
of shear on toughening and the crack tip transformation zone morphology (see Stam (1994); Stump
(1991) and Stump and Budiansky (1990)). The recent numerical study for the transformation zone
and toughening under both small scale transformation condition and single edge notched beam
specimen presented by Guo er al. (1994) demonstrates: (1) The transformation zone shape changes
abruptly when the localization condition of transformation is approached. This is characterized by
two important parameters ¢ and hg which reflect the contribution of autocatalysis and transforma-
tion shear, respectively. The profound effect of autocatalysis and shear is well incorporated by the
micromechanics constitutive model of Sun, Hwang and Yu (1991). (2) By properly selecting the
parameters & and /), the observed narrow-elongated and the branching crack-tip transformation
zones of Ce-TZP at low temperatures, where autocalysis prevails, can be successfully simulated in
the finite element program by using this model (see Figure 14). Thus the phenomenon of the
anomalous crack-tip zone morphology of Ce-TZP observed in experiments (Rose and Swain, 1988;
Yu and Shetty, 1989) is explained from the continuum mechanics point of view. (3) The negative
shielding effect of transformation toughening for a stationary crack under plane stress condition is
discovered first (Figure 15). The toughness enhancement AKYP yalues are calculated for various o
and hy. The results agree with the J -integral calculations which are no longer path independent,
Since the “negative shielding effect” generally exists for a stationary crack with all parameters of ¢
and Ay under plane stress condition, it is not very clear whether such an effect also exists in the case




Hwang K.-C. and Sun Q.-P., Thermoelastic Martensitic Transformation Plasticity 95

of plane strain. So a further calculation will be performed to check this point. The crack tip frontal
zone simulation and toughening calculation for growing crack (the R-curve) are in progress.
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Fig. 14 Numerical results of the typical crack tip transformation zone shape due to autocataly-
tic transformation by using the model of Sun, Hwang and Yu(1991a): the variation of
the transformation zone shape with the applied load (where E;,, is the average tensile

strain in the specimen calculated by the applied node displacement, E is the tensile

yielding strain) for a stationary crack in the case of hy= 055, & = 0.95 (a,b,c).
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Fig. 15 The variation in the amount of shielding (curves with peaks) and in the calculated
applied stress intensity factor (monotonically increasing curves) with the applied dis-
placement loading. E — Young's modulus, a— crack length, E, E,,, — same as in

Figure 14. Stationary crack in the cases of & =0.9, hy = 0.2, 04, and @ =0.95,
hy=04,055 . (Guo et al., 1994).

5.4. Some advances on optimum material microstructure design

Advanced composites, due to their combined advantage in various physical and mechanical
properties, are finding ever increasing applications in areas of modern high technology. The
development of such material is an essential concern in the building of space platforms, hypersonic
vehicles and other military systems. Many of these applications require materials which will survive
against the impact loading and have the high capacity of energy absorption, high strength and
toughness and resilience after inelastic deformation. In developing such materials, modelling their
properties and predicting their behaviour poses challenging theoretical problems to the scientists of
both materials and mechanics by the fact that these composites are often manufactured and
synthesized under the guidance of material design. They are generally constituted by two or more
materials with unequal elastic constants and stress-strain responses, etc.. They develop highly
inhomogeneous stress and strain fields when loaded either thermally or mechanically. The charac-
teristic length scale of the inhomogeneity of the stresses and strains is determined by the geometry
of the microstructure. Successful fundamental research into the properties and reliability of the
composite therefore requires theoretical models that treat the materials as discontinuous on the same
microscopic scale and predict the macroscopic behaviour correctly. In doing this, micromechanics
approach will play a dominant role.

(1) Effect of dual-scale microstructure on toughness of laminar zirconia composite. The
numerical simulation by Sun, Guo and Li (1994) successfully reproduced the experimentally
observed two effects of the dual-scale microstructure (see Figure 13) on the toughness of a
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lamellar composite, i.e., the truncation of the elongated frontal zone that forms in single phase
Ce- ZrO, and the spreading of the transformation zone along the layers normal to the crack
plane. Quantitative analysis on the role of microstructure in transformation toughening is first
carried out in their work which will provide a starting point for the microstructural design in the
future.

(2) Micromechanics analysis on the microstructure design of two-phase pseudoelastic compos-
ite. Recently, a micromechanics analysis and scientific foundation for the possibility of
designing a two-phase pseudoelastic composite with pseudoelastic toughening have been
formulated for the case where ductile transformable shape memory alloy particles are embedded
coherently in an elastic matrix. It is demonstrated that a pseudoelastic stress-strain loop in a
macroscopic loading-unloading cycle can be obtained by microscopically stress induced
forward and reverse martensitic transformations in the shape memory alloy particles. The
toughening analysis of this innovative microstructure is given and a theoretical formula for the
evaluation of toughness enhancement due to the pseudoelasticity is derived (Sun, 1994). A
numerical study of this pseudoelastic toughening was recently performed by Stam (1994).
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Abstract: Results of a combined experimental and numerical study on crack processes in concrete and rock are
presented. The fracture process in these brittle disordered materialsis a complicated non-uniform process ranging from
distributed microcracking to crack face bridging. Crack-face bridging has been identified as the main toughening
mechanism leading to the long tail in the softening diagram. The crack-face bridges are overlapping crack tips near stff
inclusions in the material. Because of the non-uniformity of the fraciure process, the rotational stiffness of the loading
platens has asignificanteffecton the fracture energy and stress-crack opening behaviourin tension. The boundary effects
were analysed using the numerical latttice model and compared with experimental observations.

In the lattice model the material is discretized in a network of beam elements. After the adjustment of the elastic
stiffness of the lattice, fracture can be simulated quite realistically. In the paper different approaches are compared. The
results suggest that realistic fracture patterns can be simulated when the material structure is carefully mapped on a
regular or random triangular lattice. The fracture law at the beam level in the lattice model is still open to debate, as is
the method needed for the determination of the model parameters. These issues are also addressed in this paper.

1. Introduction

Fracture mechanics of concrete is a rapidly expanding field of research. The effort is
concentrated on deriving numerical models to analyse the behaviour of concrete structures. It is
essential in such approaches that the parameters needed in the numerical models can be derived in
a simple and straightforward manner. It would be most convenient if the material properties could
be measured directly from fundamental experiments in tension, (multiaxial) compression or shear.
Complex interactions exist however, between the fracture zone, the specimen geometry (size and
shape) and boundary conditions. This implies that it is not possible to retrieve material properties
directly from experiments. Instead a (semi-) inverse modelling technique should be used to derive
the input parameters for any given model. Obviously a relationship exists between the model
representing the phenomena thatare simulated, and the required input parameters. The physical basis
for such a model is important, as it is hoped this will eventually lead to well-defined material
constants. At present the most simple model containing the least elaborate parameters seems the best
choice for concrete and rock, provided of course that the model is capable of capturing the most
essential fracture phenomena in these materials.

Concrete, rock and (non-transformable) ceramics are complicated brittle matrix composites.
The macroscopic or global fracture behaviour of such materials is highly non-linear. In fact the global
response represents structural changes occuring at the local level, i.e. the microscopic or mesoscopic
material structure. For concrete the typical size range of the material structure responsible for the
macroscopic mechanical behaviour is the meso-level, where aggregate particles are embedded in a

Delft University of Technology, Department of Civil Engineering Stevin Laboratory, P.O. Box 5048,
2600GA Delft, The Netherlands.
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brittle cement matrix. The typical size range of the aggregates is between several hundreds of a
micrometre up to 20 mm. For ceramics the size range is much smaller, i.e. it is confined to the
micrometre range, whereas for rocks microstructures are found at a variety of size scales. For
example, sandstones are found with a rather uniform particle structure in the 1-2 mm range, but there
are also conglomerates that resemble concrete with particles sizes up to 50 mm.

An essential feature of fracture of the aforementioned brittle disordered materials is the fact
that microcracking occurs at the level of the material structure and preceeds the development of
global cracks. Basically, it seems that mode I fracturing occurs before frictional slip takes place. Even
under global compressive stress, tensile microcracking is observed; it precedes the growth of global
shear fractures. Recently developed lattice-type fracture models are an interesting technique to
capture these basic microcrack phenomena. In lattice models the continuum is discretized in a
network of bar or beam elements. The properties of the lattice elements have to be chosen such that
the overall elastic properties of a complete lattice resemble the global elastic properties of the
material that is modelled. Fracture can be simulated in a lattice by removing a lattice element after
an effective stress in the element exceeds the strength that was assigned to that particular element.
The assignment of strength and stiffness to the lattice elements can be done in a variety of manners.
Perhaps the simplest way is the selection of an appropriate stochastic distribution of beam strengths
and the assignment of different values to each of the lattice elements. Another approach would be
to map the material structure, either a computer-generated structure or a digital image taken from a
section through the real material, directly on top of a lattice.

In this paper different types of lattice models for simulating fracture in brittle disordered
materials will be outlined. The emphasis will be on the discretization method, the procedure to
introduce heterogeneity, the definition of a fracture law at the level of the lattice elements, and the
parameter identification procedure. At several stages examples of simulations of laboratory scale
specimens will be presented and, where possible, be compared with experimental results. Many
experiments were performed parallel to the simulations. The main goal of these exercises was to
come to an improved fundamental insight into the fracture processes in brittle disordered materials.
The simulation technique gives promising results so far, in particular for global tension and
combined tension/shear. Efforts are being undertaken to modify the models so that compression can
be simulated as well. The technique may possibly be suitable for use in the near future forengineering
materials with carefully designed properties for specific applications. Moreover, as will be demon-
strated, the technique is a useful tool in the search for reliable laboratory procedures.

2. Mechanisms of Fracture in Concrete and Rock

Before addressing the basics of lattice-type models the existing ideas on fracture mechanisms
in concrete and sandstone will be briefly described. The discussion will be limited to these materials
as they have some elements of behaviour in common. Let us consider the particle model of Figure
1. The load transfer and fracture mechanisms under tension and compression are drawn schemati-
cally. As mentioned, these models are thought to be representative of cohesive particle models such
as concrete and sandstone, where the particles are bonded together through a brittle matrix. The
difference between concrete and sandstone seems to be the size of the aggregates: they are quite
uniformly distributed in, for example, Colton or Felser sandstone, whereas a complete hierarchy of
particle sizes appears in concrete. In the model described here it is assumed that the aggregates have
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ahigher Young’s modulus than the surrounding matrix and that the interface between the matrix and
the aggregates is the weakest link in the system.

In tension (Figure 1a) fracture of the composite is initiated by microcracking in the transition
zone between matrix and aggregate, which is the weakest link in the material; see, for example,
Mindess (1989). The interaction between the various aggregate particles is not very important in
uniaxial tension, since the entire matrix is subjected to tensile stress. In concrete the interface israther
porous, as hydration of the cement is retarded; see, for example, Bentz et al. (1992). The situation
is more complicated, however, as premature debonding may occur. Shrinkage cracks may develop
around the aggregates due to differential temperature and humidity in the hardening concrete or due
to bleeding. The shrinkage cracks develop in most cases in preferential directions, causing initial
anisotropy of the material. As a result different properties can be found when the tensile loading
direction is changed; see, for example, Hughes & Ash (1970).

In compression, on the other hand, the particle interaction is essential in order to generate
tensile stresses in the microstructure of the material. In Figure 1b this is shown schematically for a
configuration of four circular inclusions. Splitting tensile forces develop, causing vertical tensile
cracks, again preferentially in the interfacial zone. The vertical cracks are, however, rather stable in
a compressive stress field, and propagation will
occur only under further increasing external load.

Wing cracks growing from inclined slits in a homo- T T T T O Gcl l l l
geneous material also stabilize in a compressive

stress field; see, for example, Horii & Nemat- @
Nasser (1985). The particle interactions are essen- i

and Kemeny & Cook (1991)). However, sandstones

are generally more porous and there is some debate

as to whether the particle interaction is the govern- l l l l o, - T T T T
ing mechanism or if perhaps the porosity plays a £

more important role. However, both mechanisms

lead to axial cleavage cracking atmoderate levels of

tial, not only for concrete; the same mechanism @7 _@ ( ;é ,S,_E)
seems to occur in sandstones (Nihei et al, (1994) E 1

global stress. A secondary mechanism seems nec- T T T T Gy
essary to cause global failure. In many compressive
tests on concrete, cone-like mortar elements have Q

been found on top of stiff aggregate particles; see, _OO

for example, Vile (1968), Stroeven (1973), Van D Q

Mier (1984) and Vonk (1992). These cones suggest

that some form of shear fracture must occurin later l l l l

stages of loading. In Figure 1b some of these failure 9

cones have been drawn, and a shear crack has been

schematized as an array of parallel splitting cracks. @)
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the aggregate particles depends on the ratio of aggregate stiffness to matrix stiffness. When, for
example, lightweight (porous) aggregates are used, the state of stress around the particles changes
dramatically. In lightweight concrete (containing porous (low strength) aggregates) fracturing seems
to initiate in the porous grains and not in the interface as discussed before,

Let us now consider the global experiments. The strength and fracture response of the global
specimen in uniaxial compression depends very much on the type of loading platen used in the
experiment, as shown by Kotsovos (1983) and confirmed by Vonk et al. (1989), and also on the size
(or rather slenderness) of the specimen, Van Mier (1986a). These effects are caused by the
aforementioned triaxially stressed zones in the top and bottom parts of a specimen. The amount of
boundary restraint ( 7, in Figure 2b) will determine directly the size of the triaxially stressed zone
and therefore also the failure mode of the specimen. Both effects, boundary restraint and slenderness,
are shown schematically in Figure 3. Of course there must be an interaction of both effects, and these

g o)
A increasing Tj, b 10

decreasing h/b

by
fo,

) €=9/h

(a) (b)
Fig.3 Effect of boundary restraint (a) and specimen slenderness (b) on the compressive stress-
deformation behaviour of concrete; after Van Vliet & Van Mier (1994),
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questions are currently under in-
vestigation in a round robin test Oy/fc | (compr)
by RILEM technical committee
148SSC (Strain Softening of Con-
crete). The conclusion must be
that a structural property is meas-
ured in a compressive experiment
(Van Mier, 1984), rather than a
material property.

Fortensile fracture the same @_gn
problemisencountered. The crack
growth process, and thus the (tens.)
strength and post-peak behaviour

are strongly affected by size and Fig.4 Biaxial strength envelope (solid line after Kupfer
boundary rotations in a tensile (1973)), and fracture modes. The envelope expands
under increasing boundary restraint; after van Vliet
& van Mier (1994).
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experiment; see, forexample, Van
Mieretal. (1994b). Consequently,
testing alone is not sufficient if we want to determine size- and boundary-independent fracture
properties of brittle disordered materials such as concrete and sandstone. The derivation of global
fracture properties such as stress-deformation curves, including the post-peak response and the
definition of a global fracture energy, may simply be impossible. This still has to be investigated,
however.

Again, for multiaxial states of stress the same problems are found as in uniaxial compression.
In order not to overestimate the multiaxial compressive strength, complicated test facilities are
inevitable; see, forexample, Gerstle et al. (1978). When sufficient precautions are taken, biaxial and
triaxial failure contours can be determined, indicating the strength of the material under generalized
stress. In Figure 4 the often quoted biaxial strength envelope of Kupfer (1973) is shown. The
experiments by Kupfer were done using brushes as a load-transmitting medium. Brushes have been
shown to be effective in reducing the boundary restraint, especially in the small deformation regime
up to peak stress. Figure 4 shows the increase in strength in the biaxial compression regime, and the
decrease in strength in the tensile/compressive regimes. Basically the mode of failure in biaxial
compression is similar to the failure mode in uniaxial compression, except that the lateral expansion
caused by the microcrack growth in the material can occur in the unloaded direction only. When
different loading systems are used, for example with higher boundary restraint, the biaxial failure
contour expands rapidly, as shown, for example, by Gerstle et al. (1978); see also Figure 4.

The strong boundary- and size-dependent strength and fracture properties of concrete and
rocks has led us to develop a simple fracture model at the particle level of the material. It is essential
is that the exact boundary conditions of the experiment are included in the simulations. Using this
model we hope to come to a better understanding of the behaviour of the material under mechanical
loading. These efforts may lead to the definition of a laboratory-scale experiment from which
macroscopic strength and fracture parameters can be estimated. The success of the lower-scale
fracture model depends to a high degree on the parameters used in the model: can they be measured
and is a physical interpretation possible? In the next section a number of possible lattice-type fracture
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models are outlined. Their potential for describing the fracture phenomena in tension and compres-
sion is discussed.

3. Lattice-type Fracture Models

3.1. Two Different Approaches

In 1941 Hrennikoff proposed solving problems of elasticity by using discrete truss works. Bar
elements were connected by hinges, and the elastic properties of the material were imitated by
selecting the appropriate cross-section and elastic constants for the lattice elements. At that time the
disadvantage of the truss model was that not sufficient computational power was available to solve
large systems. Moreover, since in triangular truss models the Poisson’s ratio is always equal to 1/3,
only a limited range of materials such as steel and ice can be studied. In the late 1980s lattice models
were introduced for simulating fracture; see, forexample, Hansen etal. (1989), Herrmann (1991) and
Zubelewicz & Bazant (1987). Instead of using trusses, large frameworks were analysed. These have
potential for a wider class of materials, as a larger range of Poisson’s ratios can be obtained. We were
inspired by the development in theoretical physics after the first author attended a summer school
in Cargese (Corsica), where the physicists tried to convince engineers that lattice models were the
most appropriate road to solving fracture problems in brittle disordered materials, Charmet et al.
(1990). We adopted the principle, but changed the geometry of the initially square lattices proposed
by Herrmann (1991) to triangular lattices, Schlangen & van Mier (1992a,b). The advantage of the
triangular lattice is the Poisson’s ratio, which is obviously zero for a square lattice, when similar
elastic constants are specified for all lattice beams. In the model by Herrmann (1991), however,
different elements with a Poisson’s ratio for each beam were adopted.

A lattice is a discretization of a continuum, and for modelling heterogeneous materials such
as concrete, rock and ceramics, disorder has to be introduced in the model. This can be done in various
ways. The material structure can be directly projected on top of a lattice; alternatively randomness
can be introduced through a distribution of one of the properties of the lattice elements such as length,
Young’s modulus or fracture strength, Two examples of introducing disorder are described below,
namely the lattice with particle overlay and the centre-particle lattice. In addition to these two models
a third variant can be found in literature, namely a lattice where each node is not only connected to
the neighbouring nodes but where contacts may also exist with nodes that are located at larger
distances; see, for example, Burt & Dougill (1977) and Berg & Svensson (1991). Here we will limit
ourselves to models where connections exist only between neighbouring nodes. As will be seen, this
can be achieved using either regular or random triangular lattices. In a sense the models described
here resemble the mechanical models that were presented in Figure 1, Following a description of the
models a number of examples will be shown of tensile fracture simulations with different models.

3.1.1. Lattice with particle overlay

The most straightforward approach to introducing disorder is to overlay a lattice on top of a
generated particle structure for the material under consideration. In Figure 5 a generated particle
structure for concrete is shown with a projected regular triangular lattice. Generating the particle
structure in this specific example starts from a three-dimensional Fuller distribution of aggregates.
The particles are assumed to be spheres. The number of circular sections in a plane is calculated using
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Fig.5 Lattice projected on top of generated Fig.6 Centre particle lattice; after
particle structure of concrete; after Van Vliet & Van Mier (1994)
Schlangen & Van Mier (1992a).

a formula derived by Walraven (1980). Next, starting with the largest particles, the circular
inclusions are placed randomly in a plane. One should of course be careful not to locate aggregates
with overlaps. If this occurs, a new trial is made. In most of the analyses that have been done to date,
a lower threshold for the aggregate size is specified in order to limit the number of lattice elements.
After the particle structure is generated, either a regular triangular or a random triangular lattice (i.e.
a lattice with variable beam lengths which is generated from a regular square grid of size s; see
Vervuurt et al., 1994) is projected on top of the material structure. Different properties are then
assigned to lattice beams falling inside the aggregates, in the matrix material or those beams
intersecting with the boundary of an inclusion. In the latter case bond properties are assigned to the
beam. This procedure has been used for the last few years and is described in detail in Schlangen &
Van Mier (1992a).

The particle structure can be generated following different procedures. In addition to the above
method, itis also possible to drop particles from randomly chosen horizontal positions. The particles
are randomly selected from a given distribution. Thus again, first a particle distribution is prescribed
thatresembles areal particle structure of concrete, The examples shown in section 3.3 were generated
in this manner. The advantage is that the computational effort is considerably less than with the
random placement method. The random ‘drop’ method will be described in detail in Van Vliet & Van
Mier (1995). The placement obtained using this method, however, is not completely random, since
holes appear below large aggregates. Horizontal shaking could probably improve the result. Finally,
it is possible to use a digital image of a real section through concrete or sandstone as a basis for the
lattice model, see Schlangen (1995). Assigning different properties to different beams is then similar
to what is described in Figure 5.

It has been argued that the same micromechanical approach can be followed using continuum
elements (in 3D analyses) or plane stress elements (in 2D). This has been done by several authors,
for example Vonk (1992) and Roelfstra (1989). In many such models interfaces have been made at
various locations. Crack growth is then of course limited to these locations. To obtain correct fracture
behaviour, however, still complex constitutive laws are used. In the lattice model the fracture law
remains very simple indeed, as will be shown in section 3.2.

3.1.2. Centre-particle lattice

An alternative manner of modelling a particle composite with a lattice is the centre-particle
lattice. The lattice beams directly represent the interactions between the aggregates, as shown
schematically in Figure 1. Again, one can start with generating a material structure as described
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before, but the lattice is now constructed by connecting the centres of neighbouring particles, as
shown in Figure 6. This approach has been followed by several researchers, for example Zubelewicz
& Bazant (1987) and Beranek & Hobbelman (1994). The identification of the lattice beam properties
now becomes more complicated, as each beam comprises part of an aggregate, the bond zone and
part of the matrix. Moreover, since this model is linked to a presumed stress transfer mechanism in
the particle composite, it can only be used for such a specific composite. The model described in the
previous section seems to have a wider application. The same fracture laws as used for the overlay
model can be used, but again in this case the selected fracture law should correspond with the
presumed stress transfer between the particles. Note that a lattice constructed in this way resembles
a random lattice, i.e. a lattice with different beam lengths.

3.2. Fracture Laws

In all the numerical work carried out to date the aim has been to model the fracture process using
the simplest possible fracture law. At present we are in a transitory stage, as the first proposal for the
fracture law seems to break down under global compressive load; see also section 6. In the past we
have done extensive simulations using the particle overlay method of section 3.1.1, in combination
both witha regular triangular lattice and with a lattice with random beam lengths. Since the beginning
of our investigations we have used a fracture law based on normal force and bending moment in the
lattice beams. The law is based on the maximum tensile stress that occurs in the outermost fibres of
a lattice beam due to the normal force F and the bending moments M; and M; in the nodes i and
J respectively,

Mij|m;)
o:=£+a7(l Gudl max (1)
A W

where A = bh is the cross-sectional area of the beam and W = bh% / 6 the section modulus. When
the stress @, exceeds the strength assigned to a particular beam, the beam is removed from the mesh
and a new computation is made, followed by the next removal. The failure strength of the beams
depends on the particular method used for mapping the material structure on the lattice. In section
4 more attention will be given to the parameteridentification procedure. Previous research has shown
thata value o = 0.005 gave realistic results in tensile and shear simulations. This parameter remains
rather debatable, however, as a physical basis is lacking. The effect of & will be considered again
in the next section.

Recently we have started to use another fracture law proposed earlier by Beranek &
Hobbelman (1994), which seems to have a better physical basis, Van Vliet & Van Mier (1994).
Basically, we compute the principal stresses in a beam and define fracture using Mohr’s circles. The
law can be written in terms of beam forces as follows:

1| —1£1+4(D/ Nge, )
crit =30t 7
2 (D/Nger)

N, 2

In Figure 7 a graphical representation is given of the complete procedure. For the combination of the
actual normal force (N,.,) and shear force ( D) computed in a beam element, the percentage of the
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critical combination (Ng.;, D) is computed. The
beam having the highest percentage will be removed
and the computation will be started again, in a similar
way to our original approach. |

As already mentioned, in most of the analyses ‘
carried out to date the fracture law Equation (1) was
used. The simulations given in this paper are also based
on this criterion. In section 6 it will be shown thatunder
tensile and combined tensile/compressive states of
stress the results of the simulations are independent of
the choice of fracture law. Only for biaxial compressive
states of stress is an important difference found. It will
be obvious that at the level at which the model operates Fig. 7

Increase of failure load with

asingle fracture law has to be selected. The second law, factor NIN..,;,, after Beranek &
Equation (2), seems a good candidate, but some of the qubelman (1994).; after Van
earlier work in which Equation (1) was used must be Viier & Van Mier (1994).

repeated before this choice can be made.

3.3. Comparison of different approaches

We have studied the difference between different lattice types through the analysis of a single-
edge-notched tensile specimen, see Figure 11a. We shall return to this geometry later on, when we
attempt to explain the fracture mechanisms underlying softening of concrete and sandstone. The SEN
specimen is 200 mm long, 100 mm wide and 50 mm thick. The specimen is loaded by giving the upper
edge a uniformdisplacement. Thus the upper edge remains parallel to the loweredge during the entire
analysis. Four different lattices were analysed, namely a regular triangular lattice with particle
overlay, two different centre-particle lattices and a random lattice. The details of the material
structure and the lattice size are as follows.

First of all we tried to keep the number of beam elements of each lattice roughly the same. The
starting point was the number of elements necessary to construct the regular triangular lattice with
particle overlay. The laboratory tests on SEN specimens were performed under displacement control
using the average displacement of 4 LVDTs as feedback for the closed loop system (see Figure 11).
The height of the lattice was kept equal to the measuring length (i.e. 35 mm); for the remainder of
the specimen plane stress shell elements were used. In this way the computational effort can be
reduced. The regular lattice was constructed using beams with a length of 5/3 mm. In order to acquire
different beam properties, a particle overlay was generated containing aggregates between 0.25 mm
and 8.0 mm, with a step size of 0.25 mm. Note that this particle structure was generated using the
method described in Vervuurt et al. (1995), which was mentioned briefly in section 3.1.1. The same
particle structure was used in the construction of the two centre-particle models and the regular lattice
with particle overlay. Owing to the chosen beam length, all particles smaller than 3.0 mm were
excluded. In this way a regular lattice consisting of 4269 beams was obtained. By taking a grid size
§=5/3 mm the number of beams for the random triangular lattice was 3854. As for the centre-
particle lattice, it was not possible to make a mesh of about 4000 elements based on the generated
grain structure, It was therefore decided to make two different centre-particle lattices. The coarse
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Table 1 Numberof beams removedfor eachlattice at peak load (I)and atbeginning
of horizontal part in descending branch (I1).

Crack opening  Centre particle  Centre particle Random Regular
lattice (coarse) lattice (fine) lattice lattice

I 25 25 50 200

II 75 100 100 275
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Fig. 8 Analysis of crack growth in a single-edge-notcheed tensile specimen between parallel
travelling end platens. Figure (a) shows crack growth at two stages for the fine centre
particle model, (b) for the coarse centre particle model, (c) for the random triangular

lattice without particle overlay, and (d) for the regular triangular lattice with particle

overlay.
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lattice, in which all particles smaller o o/p (MPa)

than 0.75 mm have been excluded, " | : : [
: ‘r | 1 Centre particle Lattice (coarse)

contains 3110 beams. On the other I{ip‘? i 2 Centre particle Lattice (fine)

hand the fine centre-particle lattice s i 3 Random Lattice

was constructed including also the V:" i/ 4 Regular Lattice

0.5 mm particles. This gave a total i

number of 6968 beam elements. The 0.50 :

cross-section of the beams of each

lattice was determined in such a way
that the Young’s modulus of the un- 425
notched lattices was equal to 30000
MPa. The results of the 4 simulations
are shown in Figures 8 and 9. Figure  0.00
8 shows the deformed specimen at

0.0 5.0 10.0 15.0

peak load (top figures) and at the w/B (um)
beginning of the horizontal part of Fig. 9 Dimensionless stress-crack opening diagrams for
the descending branch (bottom fig- the analysis of Figure 8

ures) respectively. In Figure 9 the

average stress-crack opening diagrams are plotted, the stresses and deformations being normalized
using a factor §. B is the macroscopic peak strength found in an analysis. It should be mentioned
that 8 depends on the type of lattice and therefore differs for each simulation. By normalizing both
the stress and displacement using 3, we find the same initial stiffness for all analyses and comparison
of results is more straightforward.

Despite the rather large differences between the several types of lattices used, the shapes of the
stress-crack opening diagrams do not differ very much (Figure 9). A closer look at the four curves
shows a narrow peak regime for the random lattice and the coarse centre-particle lattice. This can also
be concluded from Table 1 where the number of broken beams is given for the two stages mentioned
above. The largest amount of broken beams corresponds to the regular lattice and is due to the
microcracking found during the simulation (Figure 8d). The initial microcracks in the regular
triangular lattice with particle overlay all appear in the bond zones, which have been assigned a low
strength (see also section 4). In other words, the bond zones are the weakest link in the lattice. The
amount of stresses that can be transferred in the tail of the stress-crack opening diagramis also related
to the amount of detail in the finite element mesh. The fine meshes (regular lattice and fine centre-
particle lattice) show a higher tail for the softening branch. It has to be mentioned that for each case
only one simulation is performed. Since randomness is involved reliable results have to be obtained
from more simulations. The behaviour, however, corresponds with the results of the impregnation
experiments, which will be described in section 5.1.

4. Assessment of the Lattice Model Parameters

The advantage of the lattice model with different lattice geometries presented in some detail
in the previous section is that all model parameters are single-valued. Therefore, the inverse process
needed to determine the model parameters will become inherently more simple. The philosophy is
that simplicity should prevail, especially in those cases where parameters only can be determined
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through an inverse modelling process. Note, however, the danger of inverse modelling: the parameter
sets are in general not unique. Let us confine ourselves to the model with particle overlay, using
Equation (1) as the fracture law. The parameters needed in the lattice model can be divided into two
categories. The first category consists of those parameters related to the elastic stiffness of the lattice,
the second set contains the parameters related to the fracturing of the lattice beams.

The main parameters in the first set are the cross-sectional area of the lattice beams and the
Young’s moduli of the material that is represented by the beams. For the specific case of a regular
or random triangular lattice overlaid with the particle structure of the material, different Young’s
moduli must be specified for lattice beams appearing in each of the phases of the material, i.e.
aggregate, matrix and bond zone (see also the previous section). Moreover, the beam thickness and
depth must be chosen such that the Poisson’s ratio and Young’s modulus of the complete lattice
match experimental observations. For a random triangular lattice an empirical relation was
determined between the beam height-to-length ratio (4 / £) and the Poisson’s ratio v for a random
lattice of 50 * 50 nodes and a grid size of 5 mm; see Schlangen & Van Mier (1994). The following
empirical formula was obtained:

e LM 3)

3+(h/2)V?

For different lattices a similar procedure must be followed. For a regular triangular and
isotropic random lattice exact solutions can be derived. For a regular square lattice v=0.

The procedure is now as follows. As mentioned before, the length £ of the lattice beams is
related to the smallest particle in the material structure. In general it suffices to take a beam length
smaller than one third of the diameter of the smallest aggregate particle, Schlangen & Van Mier
(1992b). In such a case the projected material structure determines the answer, and not the size of
the lattice elements. The height of the beam can now be set through the previously determined
relation between the h/ £-ratio and the Poisson’s ratio. Subsequently the various stiffnesses are
assigned to the lattice beams appearing in the three phases of the material, viz. aggregate, matrix and
bond beams. We start by prescribing the correct ratios E, / E,, and E,, / E, corresponding to
macroscopic values of the Young’s moduli of the various phases. Thus, for example, for normal
concrete we set £, / E,, =70/25 and for convenience we set the Young’s modulus of the bond zone
equal to the modulus of the matrix, thus E,, / E; = 25/25. It should be mentioned that this is an
approximation. The bond zone is generally more porous (at least for normal-weight concrete
containing dense low-porosity natural aggregates), and the Young’s modulus of the bond zone
should be lower than the matrix modulus. At present we believe that this refinement of the model is
not realistic in view of other uncertainties. Another point is that in reality a stochastic distribution
of stiffness of the bond zone should be modelled. The same is true for the aggregate and matrix
phases. Again this is a refinement that can be made in later stages. Note that at this stage the ratios
of the various Young's moduli are important. The absolute elastic stiffness of a complete lattice is
finally set by selecting an appropriate beam thickness b. It should be mentioned that the above
procedure is the ideal procedure. In some of the analyses presented here this procedure was not fully
followed, and deviating values of Poisson’s ratio were obtained. However, in such cases we were
mostly interested in fracture mechanisms and not so much in quantifying fracture.



J.G.M.van Mier et al., Damage Analysis of Brittle Disordered Materials 113

So far only the beam size L L LT
and stiffness have been adjusted
to match the overall Poisson’s ra- 7 o (N/mm®) { L
tioand Young’s modulus of acom- ] T
plete lattice to the initial elastic T
stiffness of the material undercon-
sideration (in this case concrete).
The second group of parameters
consists of those related to the
fracture law. The fracture law se-
lected, Equation (1), is based on e
aneffective stressdetermined from
normal and flexural stresses in the
beams. Essentially a beam is bro-

ken when the effective stress ex- Fig. 10 Calibration of the model to an uniaxial tensile test
ceeds the tensile strength assigned on a concrete prism, after Schlangen & Van Mier
(1992b).

--— experiment
—— simulation

to that particular beam. Thus the
information needed comprises the fracture strengths of the beams appearing in the matrix, aggregate
and bond zones of the material structure. Moreover, the parameter ¢ in the fracture law should be
determined. The procedure of assigning strength values to the beams is similar to the procedure
followed to assign stiffnesses. First the strength ratios are assigned, corresponding to the realistic
macroscopic strength of matrix, bond and aggregate. Thus not the absolute values are important, but
rather the ratio’s f; ,, / f; » and f; 4 / f; p, Where the subscript 7 stands for ‘tensile’ strength, and
m, b and a refer to ‘matrix’, ‘bond’ and ‘aggregate’ respectively. For example, for a normalweight
gravel concrete f; . / f; p =4and f; ./ f; , =8, derived from macroscopic strengths of 10, 5 and
1.25 MPa, are considered realistic.

The last and perhaps most difficult parameteris ¢, which regulates how much bending is taken
into account. By changing & the failure mode of a beam can be changed from axial failure to
predominantly flexural failure. From a number of analyses we have found that & hardly affects
tensile fracture, Schlangen & Van Mier (1992b), but that it becomes more important in compressive
fracture, Margoldovd & Van Mier (1994) and Schlangen & Van Mier (1994). Increasing ¢ from 0.1
to 1.5 has a profound effect on the macroscopic compressive fracture strength as compared with the
tensile strength of the same random lattice. Moreover, the compressive behaviour changes from
brittle to ductile when & decreases. For a regular lattice with particle overlay, Margoldovd & Van
Mier (1994) showed that the fracture mode in compression changed from vertical splitting to inclined
cracking. These aspects are important for the final choice of the fracture law.

A uniaxial tension test on a small prismatic specimen (size 50%60*150 mm, with two 5 mm
deep and 5 mm wide notches at half height) loaded between non-rotating end platens is used as
calibration test to tune the macroscopic tensile strength of the lattice under consideration. Note that
this calibration has to be repeated when different lattices are used, for example a regular lattice with
a different beam length or a random lattice based on a different grid size etc. In Figure 10 the match
between a numerical simulation and an experimentis shown for a regular triangular lattice with beam
length £ = 5/3 mm and particle overlay according to a Fuller distribution, where only the particles
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Table 2 Overview of the parameters in the lattice model

Group 1 Parameters related to the elastic properties of the lattice

Beam size Length ¢ related to the smallest feature (D,yin)
in the material structure
Height h related to the overall Poisson’s ratio of the lattice
(for example random lattice with s = 5 mm, Eq. (3))
Thickness b related to the overall Young’s modulus of the lattice
Elastic moduli E; E,, Ep E = Ep (simplification)
of the lattice ratio £, /Ep, is set according to realistic macroscopic
beams data from uniaxial tension tests on aggregate and

matrix materials
Group 2 Parameters related to the fracture properties of the lattice

Fracture strength  fiq fim fib ratio’s fi o /fy.p and fim /f; p are set according to

of the lattice realistic macroscopic values from laboratory scale
beams uniaxial tensile tests

Flexural o tuning to standard tensile test

coefficient (Schlangen & Van Mier (1992b))

between 3 and 8 mm are included. Note that in this calibration analysis, the model behaves still too
brittle, but this can be largely attributed to excluding the small particles in the mesh and neglecting
the third dimension, Van Mier et al. (1993) and Schlangen & Van Mier (1994).

In the ideal situation the same set of parameters as defined so far should also be used in analyses
on different geometries and boundary conditions. In many publications we have shown that the
model is capable of simulating the fracture mechanism in concrete and sandstone under tensile and
combined tensile/shear loading, for example Schlangen & Van Mier (1992b, 1994), Van Mier et al.
(1994a), Vervuurt & Van Mier (1994a), Nooru-Mohamed et al. (1994) and Vervuurt et al, (1994).
In this paper we will include only the example of crack-face bridging in tension. For the particle
overlay lattice with failure criterion (Equation 1) the complete set of parameters is given in Table 2.

One lastremark should be made about the model parameters. It will be obvious that the fracture
law parameters cannot be measured directly in any experiment but have to be retrieved through an
inverse modelling technique. A new microscopy experiment is at present set up, in which we are
trying to map the experimentally observed fracture patterns on computed fracture patterns, Vervuurt
& Van Mier (1994b). Through a critical comparison of computed and measured crack patterns we
hope to derive the properties of the interface between cement and different types of aggregates. These
experiments will be outlined in another contribution to ICM7, Vervuurt & Van Mier (1995).

5. Crack Growth in Uniaxial Tension

Using the fracture law Equation (1) and the parameters defined in the previous section, we have
analysed the crack growth process in single-edge-notched tensile specimens of similar geometry to
that used before in the comparison of the different lattice types. The same specimen was used earlier
in vacuum impregnation experiments, where we tried to elucidate the physical mechanisms
underlying softening, Van Mier (1991a,b). Some results of these analyses are given below, including
adiscussion on the physical mechanisms and exaggerated brittleness of the model. Finally, the effect
of boundary rotation stiffness on the crack growth process will be shown.
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5.1. Crack growth analysis in a SEN tensile specimen

As already stated, using the model with fracture law Equation (1) and the particle overlay we
analysed crack growth in the specimen of Figure 11a. The lattice is shown in Figure 11b. As in the
previous analyses only the area where cracks were expected to grow was modelled as a lattice. The
remainder of the specimen was modelled using 7T

plane stress elements available in the Finite Element i

Package DIANA that was used to solve theequa- | [ | 0011
tions. The lattice was a triangular lattice of beam | L\:mg """
length 1.25 mm, whereas only aggregates between T__f-'r, ‘?’ﬁ yé hT 2 E_ —
2 and 8 mm were included in the mesh. The results %' .!‘ - L-‘ “4 "8 n

have been shown before, Schlangen & Van Mier 20,25 25 .25 |5 | L
(1992a), but will be shown again here in a wider o 30 AT ] L
context. In Figure 12 the crack patterns computed at ! G
four different axial crack openings are shown. The

four subsequent stages are indicated by the letters a- (a) (b)

d in the stress crack opening diagram of Figure 13. Fig, 11 SEN tensile specimen used in the
Crack growth proceeds from distributed debonding impregnation experiments (a) and
near the aggregate particles, through growth of the element mesh (b). The

macro crack branchesin stages band c, to crack-face numbers on Figure (a) refer to the

locations of the LVDTs that were
attached to the specimens surface.
Test control was over the average
of LVDTs 14,5 and 8; after
Schlangen & Van Mier (1992a).

bridging in stage d. At this stage the specimen is
fully cracked, but still a few connections exist,
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Fig. 12 Computed crack patterns Fig. 13 Stress-crack opening diagram for the analysis
at four stages of axial of Figure 12. The four stages of crack growth
crack opening, after plotted in the previous Figure are indicated by
Schlangen & Van Mier the letters a-d; after Schlangen & Van Mier

(1992a). (1992a).
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Fig. 14 Crack face bridging at w = 100 pm in 16 mm normal concrete (a), 12 mm lytag
concrete (b) and 2 mm mortar (c). The load-displacement diagrams are shown in
Figure (d); after Van Mier (19910)..

which we refer to as crack-face bridges. As shown earlierin this paper, the type and amount of crack-
face bridges depends on the type of lattice model used. So far the most reliable results (at least to our
opinion) were obtained with the regular triangular lattice with particle overlay. Different results are
found when the fracture properties of the matrix, aggregate and bond zones are changed. This was
worked out in more detail in Schlangen & Van Mier (19924, ¢).

Using the same specimen geometry, vacuum impregnation experiments were carried out on
four different concretes. The results of these experiments were later complemented by a number of
optical microscopy experiments using a QUESTAR QM-100 Remote Measurement System in
combination with a fully automatic staging and imaging technique, see Vervuurt & Van Mier
(1994b). Figure 14 shows some results of the impregnation experiments on three concretes with
different maximum aggregate size. In Figure 14a-c internal crack patterns are shown in 2 mm mortar
lytag lightweight concrete containing 12 mm lytag particles and sand with grain size up to 4 mm, and
16 mm normal concrete respectively. These crack patterns were all obtained by impregnating
cracked specimens with fluorescenting epoxy at an average crack opening of 100 pum. The technique
is fully described in Van Mier (1991a). In Figure 14d the three stress crack opening diagrams are
shown for these three experiments. At the end of the softening branch the specimens were
impregnated, cut open and the photographs of Figures a-¢ were taken under ultraviolet light. At a
crack opening of 100 um the specimen is fully cracked, but stress transfer is still possible. An
important conclusion from the impregnation experiments was that the stress transfer in the tail of the
diagram increases with increasing size of the stiff particles in the concrete, which is confirmed by
many others, e.g. Petersson (1981). The mechanism responsible for the stress transfer in the tail of
the softening diagram is visible in the three photographs: crack overlaps exist. These crack overlaps
seem to develop preferentially near stiff aggregate particles. Note thatin the lightweight concrete the
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main crack traverses the highly po-
rous lightweight particles (which
appear as speckled areas in the pho-
tograph). Bridges now appeararound
the stiff sand particles. This type of
behaviourcan also be simulated with
the lattice model, but then of course
the material structure overlay should ©)
be adjusted correspondingly. The

Internal
{ crack front

Fig. 15 Crack overlap near a stiff aggregate particle (a),

crack-face bridges seem to be an and failure mechanism (b). In reality the bridges
important stress transfer mechanism are three-dimensional flaps which can be
in the tail of the softening diagram identified on a crack face after complete rupture

; after Van Mi 991ab)..
Often it is argued that development ks R

of a zone of distributed microcracks in front of the macrocrack tip is the main toughening mechanism
in concrete. For example this mechanism was proposed, amongst others, in the seventies and early
eighties by Hillerborg et al. (1976) and Bazant & Oh (1983). However, experimental verification
has never been possible; see, for example, Mindess (1991). The bridging mechanism seems to make
more sense, although it should be mentioned here that microcracking must occur. The impregnation
experiments showed indirectly that microcrack weakening must occur at early stages of the fracture
process; see Van Mier (1992). Steinbrech et al. (1991) claimed that they measured diffuse
microcracking in ceramics. This issue remains open to debate, however, since much depends on the
definition of a microcrack.

The crack-face bridging mechanism is shown schematically in Figure 152 in two dimensions.
In Figure 15b a hypothesized 3D mechanism is shown. Basically a crack overlap will fail when one
of the crack branches extends and joins the wake of the other crack, as shown in Figure 15a. Failure
of a crack overlap was followed in a number of experiments using the QUESTAR QM 100 remote

Fig. 16 Example of crack face bridging in Colton sandstone. The images were taken from a
uniaxial tension test, using our automatic scanning remote measurement system. Crack
growth is shown at two stages (w = 120 pm and 150 pim), indicating clearly the
existence of crack face bridges.
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measurement system; see Van Mier (1991b). These experiments confirmed the mechanism shown
in Figure 15a.

The type of crack overlaps shown here for concrete have been found in a number of materials
over a wide range of sizes. The crack geometry was earlier recognised by Sempere & MacDonald
(1986). The relation with softening was first made in the experiments described above. In ceramics
the same crack geometries can be found; see, for example, Swanson et al. (1987) and Steinbrech et
al. (1991). In sandstone experiments Vervuurt found several good examples of crack-face bridging
using our long-distance microscope, as shown in Figure 16. In general the overlap size ranges from
a few micrometers in ceramics to some millimetres in concrete and rock. However, similar crack
geometries can be found in the Mid-Atlantic ridge, and, for example, in the East African rift zone,
but then at the kilometer scale. These latter mechanisms were addressed in the paper by Sempere &
MacDonald (1986). A full overview is given in Van Mier (1991b, 1992).

In the laboratory experiments, interactions of the crack zone occur with the boundaries of the
specimen. Recently we found that the amount of bridging depends on the freedom of the specimen
ends to rotate in a tensile experiment. The above impregnation experiments were all carried out
between parallel translating platens (referred to in the remainder of this paper as ‘“fixed’ platens).
Before showing some of these results, the mechanisms which cause the exagerated brittleness of the
model will be clarified. This can also be seen froma comparison of the stress-crack opening diagrams
of the impregnation tests (Figure 14d) with the simulated diagrams shown in Figures 9 and 13.

5.2. Brittleness in the model

There are at least two important reasons for the
exaggerated brittleness of the lattice model. Both rea-
sons are strongly related to the computational effort
needed for a simulation. The first reason is that not all
details of the material structure have been taken into
account. Most important in the previous analyses was
that a lower cut-off was made at 2 mm, i.e. all aggre-
gates smaller than 2 mm were omitted from the analy-

ses, This is important, since the length of the beams in il small particles

> i g | - -~ included

fhc }amcc and therefore ti_lc number of beam elements g | ret: Taaludad
is directly related to the size of the smallest aggregate
particle included in the material structure. This occurs
for any lattice that we want to use, as is clear also from
the comparative analyses of Figure 8. From this figure Ly
it is obvious, for example, that in the centre-particle 03 = % =5 == “100
lattice the number of beams increases massively when displacement (um)
a lower cut-off is made for the particle size. However,
the amount of detail in the crack patterns increases © <.
substantially (although this is more visible in the parti- 18- 17 Effect of small particles in the
cle overlay method). The effect of including small il L

i ph G e e QL INE UAIng Shaes without (b) small particles, and
particles in the mesh was demonstrated in a qualitative (¢) computed load-displace-
analysis by Schlangen & Van Mier (1993) and later for ment diagrams; after
Schlangen & Van Mier (1993)..
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the standard test geometry of Figure 10 by Van Mier et al. (1993). Figure 17 shows the result of the
qualitative analysis. A lattice (80 x 80 mm) containing a single large aggregate (d = 20 mm) was
subjected to uniaxial tension. This analysis was compared with a simulation where the large particle
was surrounded by numerous randomly placed 4 mm particles. The two meshes are shown in Figures
17a and b. The computed load-displacement diagrams are shown in Figure 17¢. The comparison
shows that the amount of detail in the crack patterns increases massively when the small particles are
added. Moreover, the brittleness decreases, i.e the slope of the falling branch decreases, as can be seen
from Figure 17¢. In other words, the brittleness would disappear to some extent in the previous
analyses of the SEN specimen if the small details of the material structure were included in the
analysis. It will be evident that the computational effort will increase substantially when all small
details in the material structure are included.

The second effect is what is referred to as 3D effect; see Schlangen & Van Mier (1994). The
crack growth process is in reality a three-dimensional process. This was clearly demonstrated by the
impregnation experiments; see Van Mier (1990). In a recent three-dimensional analysis it was found
that the crack front spreads non-uniformly through the specimen cross-section, much in line with
earlier observations. The brittleness in the analysis was not reduced however, as a relatively coarse
lattice was used. Again this was done to limit the computational effort. A full 3D comparison will
only become possible in the future, when more powerful computers and algorithms become
available.

The exaggerated brittleness may perhaps also be attributed to the typical fracture law used in
the simulations. Future work should indicate whether a change of fracture law, as suggested for
example in section 3.2 and partly elaborated in section 6, would also lead to less severe brittleness.

5.3. Effect of boundary rotations

Using “fixed’ loading platens in a tensile experiment has an important effect on the crack
growth process. Owing to the heterogeneity of the material, crack growth will always start from one
side, even in a completely symmetrical test set-up, Van Mier (1986). This has become an important
research issue. Many have followed and tried to analyse non-uniform opening in the ‘fixed’ tensile
tests, forexample Hordijk et al. (1987), Rots & De Borst (1989), Rossi (1989) and Bazant & Cedolin
(1993). Recently an experiment was proposed by Carpinteri & Ferro (1993), in which a dog-bone
shaped specimen was subjected to uniaxial tension. A complicated loading system consisting of three
controlled hydraulic actuators was used to avoid non-uniformities in the fracture zone. A central
actuator was used for loading the specimen; the other two actuators were used to correct non-
uniformities that might occur in-plane and out-of-plane. According to Carpinteri & Ferro, in this test
all non-uniformities have been removed and an ideal softening diagram is retrieved. We analysed the
experiment by Carpinteri & Ferro with our lattice model, see Vervuurt & Van Mier (1994a). Owing
to computational limitations we could only perform a 2D analysis within a reasonable amount of
time. In addition to the boundary condition used by Carpinteri and Ferro, we analysed three other
conditions. These are summarized in Figure 18. In Figures 18a and b the deformation ina central zone
of 35 mm and 50 mm length respectively is kept constant. Figure 18b corresponds to the loading
condition in the experiment by Carpinteri and Ferro. We compared these cases to the ‘fixed’
condition, where the specimen ends are kept parallel to one another (Figure 18¢c), and to the freely
rotating specimen which is shown in Figure 18d. The results have been exhaustively published in Van




120 J.G.M. van Mier et al., Damage Analysis of Brittle Disordered Materials

Mier et al. (1994a,b) and Vervuurt & Van Mier (1994a). Here we show the effect on fracture energy;
see Table 3. The fracture energy is defined as the area under the stress-crack opening diagram, where
crack opening is measured over a 35 mm gauge length. The fracture energies were determined up
to a crack opening of 100 pm. For each boundary condition two analyses were made, using two
different particle structures. The results of all eight analyses are included in Table 3. The results
clearly indicate an effect of rotational stiffness on fracture energy. The fracture energy decreases
when the rotational freedom increases. Note that in the analyses A, B and C the flexural stiffness of
the part of the specimen in the control length determines the rotational freedom of the crack zone.

Recently we carried out a number of experiments between ‘fixed’ and freely rotating loading
platens. In these experiments we found that the fracture energy under freely rotating loading platens
decreases by about 30 to 40 % as compared with specimens that are loaded between ‘fixed” end
platens. A key figure is reproduced in Figure 19, where the evolution of fracture energy with average
crack opening is shown. The diagram for fixed boundaries is higher than the curve for rotating
boundaries. The results are for § mm concrete, but similar observations were made for Colton
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Fig. 18 Specimen geomerry tested by Carpinteri & Ferro (1993), and the four different
boundary conditions analysed with the lattice model; after Van Mier et al. (1994a).

Table 3 Computed fracture energies.
The deformations are based on a measuring length of 35 mm in all cases. The fracture
energy has been calculated as the area under the stress-crack opening diagram up to
100 pm. The cross-sectional area is taken equal to 50*100 = 5000 mnt’.

Simulation grain- Gy (N/m)
structure
CASE A (4neas = 35 mm) 1 40.0
2 44.0
CASE B (4)n¢qs = 50 mm) 1 40.6
2 43.8
CASE C (fixed) 1 35.3
2 32.5
CASE D (rotating) 1 29.8

11.6
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Fig. 19 Fracture energy versus axial crack opening for tests between ‘fixed’ and freely rotating
loading platens. The specimens were 100 mm diameter and 100 mm long cylinders with
a 5 mm deep circumferential notch at half height; after Van Mier et al. (1994b).

sandstone and Felser sandstone; see Van Mier et al. (1994b). In addition to the effect on fracture
energy, the rotational freedom of the loading platens also affects the post-peak stress-crack opening
diagram. This is shown qualitatively in Figure 20. For the full results the reader is referred to Van
Mier et al. (1994b). Basically, a bump is found in the softening branch when ‘fixed’ boundaries are
used, whereas a smooth softening curve is measured under freely rotating conditions. These results
confirm what was hypothesized in Van Mier (1986b) and later measured by Daerga (1992).
Unfortunately the results obtained by Daerga were too limited to permitany quantitative conclusions,
which led us to repeat the experiment. The numerical analyses mentioned above indicated that the
crack growth processes alsodepend on the boundary conditions. Underrotating platens a single crack
develops from one side of the specimen. Under ‘fixed” boundaries, a crack also starts at one side of
the specimen but is arrested by a bending moment. This bending moment is the result of the gradually
increasing load eccentricity when the crack propagates. At some point in time the specimen must
crack on the other side, and two interacting cracks develop. These interacting cracks were observed
in many experiments; see, for ex-

ample, Van Mier & Nooru-

Mohamed (1990). Note that the TP MK‘T\P g
analyses based on a softening
smeared crack model by Rots &

De Borst (1989) showed no dif- =
ference in stress-crack opening fotating
behaviour when the boundary con- M
w
ditions were changed from fixed lp Kﬁ
to freely rotating. On the other (a) (b) (c)

hand the analyses by Rossi (1989) Fig.20 Effect of boundary conditions on softening: (a)

showed the correct result. [reely rotating boundaries, and (b) fixed'
boundaries. In Figure (c) the stress-crack opening
diagrams are shown,
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(a) (b)

Fig. 21 Front view, side view and isometry for the 1x1 mesh (a) and the 4x4 mesh (b); after Van

Viiet & Van Mier (1994)

6. Simulating Out-of-plane Fracture under Global Compression

Sofarall analyses have concerned tensile fracture. Only the fracture law Equation (1) was used,
and the results seem quite promising. However, when we started to examine compressive fracture
of concrete, it was found that the load-displacement response, the peak load and the post-peak
response depend to a large extent on the coefficient o in the fracture law; see Schlangen & Van Mier
(1994) and Margoldovd & Van Mier (1994). This has more or less forced us to check whether the
fracture law that we have used is the correct one for generalized stress. Inspired by Beranek &
Hobbelman (1994), we decided to carry out a number of analyses with the fracture law Equation 2.
As a test we tried to determine the shape of the biaxial failure contour for the lattices of Figure 21.
In order to simulate out-of-plane fracture in biaxial compression, a three-dimensional lattice was

adopted. As a basic element a tetrahedron was se-
lected. Three different lattice sizes were analysed,
namely a mesh consisting of a single tetrahedron, a
4x4 mesh containing 28 tetrahedrons, and a 21x24
mesh containing 984 tetrahedrons. In addition to the
fracture law we investigated the effect of the rotational
freedom of the nodes in the lattice. Full details of all
these analyses are given in Van Vliet & Van Mier
(1994); here we will show only the effect of changing
the fracture law. In Figure 22 the computed biaxial
failure contours are shown for three different sets of
analyses. The shear force criterion (Equation 2) is
compared with the moment criterion, with ¢ =0.5 and
0.005 respectively. In this example a 4x4 mesh was
used; the rotations of all nodes in the plane z = () were
suppressed. The result is quite straightforward. When
the shear force criterion is used, it is found that the
biaxial failure locus is closed in the biaxial compres-
sive regime, and out-of-plane fracture can be simu-
lated. However, using the moment criterion (Equation
1), the biaxial failure contour is open in the biaxial

o/t (%)
" e
e \
o= < a
/ f
-50 | I..'I |
| ‘\ L
{ i
-150 | ‘
|
|
=250 + |
350 —
=350 =250 -150 =50 50
ay/f. (%)

o Shear Force criterion
o—a Moment criterion, alfa=0.005
o0 Moment criterion, alfa=0.5

Fig. 22 Effect of choice of fracture law

on the biaxial failure contour. A
4x4 mesh of rtetrahedrons was
used in these analyses; after
Van Vliet & Van Mier (1994).
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compression regime. These results suggest that a change of fracture law is necessary in order to
describe fracture under generalized stress. Note that the difference between the two fracture laws is
minimal in the biaxial tensile and tension-compression regimes. Only for high values of & does the
shape of the failure contour become distorted in the tensile regimes. This would suggest that the
tensile results presented in the first part of this paper would remain the same when the shear fracture
criterion is used, but this must still be verified. The behaviour of the lattice in compression is at
present being studied in more detail. Especially edge effects in the lattice and the influence of the
elements in the third dimension need some furtherinvestigation. Itis mentioned that a single fracture
law must suffice to describe the behaviour of the material at the particle level. Here it is only
suggested that there is reason to change the earlier normal load bending moment criterion according
to Equation (1).

7. Conclusion

This paper gives an overview of our recent work on fracture of concrete and rock. Both
experiments and analyses with a recently developed lattice model are used to obtain a more
fundamental insight into the fracture process. The lattice model is an excellent tool for studying
fracture in laboratory-scale specimens. It is essential is that the exact boundary conditions in the
experiment simulated are taken into account in the numerical analyses. The numerical and
experimental results obtained to date suggest that fracture in brittle disordered materials such as
concrete and rock is a highly complex, non-uniform process. After distributed microcracking,
macrocrack branches develop. The macrocrack branches do not coalesce, but crack overlaps
develop. These crack overlaps develop primarily near stiff aggregate particles in the concrete. This
type of crack-face bridging seems to be the main toughening mechanism in concrete and rock and
causes the long stable tail in the softening diagram. Moreover, the same has also been observed in
some ceramics as well. Owing to the non-uniformity of the fracture process, significant boundary and
specimen size effects are observed. In the paper the effect of rotational freedom of the specimen
boundaries in uniaxial tensile tests is examined. It is found that the crack density increases when the
specimen is loaded between parallel translating loading platens (‘fixed’ boundaries). The resulting
difference in fracture energy can be as high as 30 to 40 %.

The lattice model has given excellent results in tension. Noteworthy is the difference between
the centre-particle lattice and the lattice with particle overlay. In the centre-particle lattice, the
analysis is based on ideas concerning load transfer and interaction between rigid particles in concrete
(see Figure 1). In the particle overlay method we identified stiff aggre gates and weak interface zones
directly in the model. This latter approach seems 10 give more realistic crack mechanisms, while the
stress-crack opening behaviour remains almost identical. In order to increase the range of applica-
bility of the lattice model, a new fracture law has been implemented. The effect of this fracture law
on the stress-displacement behaviour has not been studied to date but will be subject to further study.
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Abstract: Processing significantly affects the mechanical properties of a polymer product. The properties
are generally related to the orientation of an extruded film or the crystalline structure of an injection-moulded
part. It is therefore of interest to examine in detail the effects of processing on the quality of the mouldings.
The paper discusses and gives examples of two different approaches to the understanding of these relations.
The first approachis an experimental method using physical processing data such as temperature, cooling rate,
shear rate derived from the machine setting and the machine and mould geometries. These are correlated
empirically with the part properties. The second approach is the theoretical prediction of mechanical part
properties on the basis of computer modelling of the molecular orientation and the developing crystalline
structure. This is an encouraging step towards a better understanding of the relations between processing and

properties.

1. Introduction

Itis very well known - and also theoretically understood - that by stretching a semi-crystalline
polymer film ata temperature a little below the crystallization temperature the mechanical properties,
e.g. Young’s modulus, can significantly be improved. This is essential forexample in the production
of video tape film. It can also be seen that when cooled at different cooling rates (high or low)some
materials may remain totally transparent or even become opaque due to the development of a
different crystallinity. By mechanically testing these samples or products one can often also detect
marked differences in mechanical properties. This is also of importance in polymer film production.
Similarly when we analyse the mechanical performance of a complex-shaped technical part, e.g. an
injection-moulded clutch-pedal made of glass-fiber-reinforced polyamide, the specialist at any rate
knows thatits mechanical behaviour is very much dependent on the specific gating situation and the
selected injection processing conditions.

Perhaps the most fundamental and essential question in polymer processing is to know how
to handle a specific material, how to run and how to adjust a process in order to achieve a desired
product quality. New polymers, computer-integrated manufacturing and quality requirements
everyday call for a fresh, up-to-the-minute answer to this question. The answer is very complex and
requires fundamental knowledge about how, in the case of a given polymer, the structure of a product
correlates with its processing conditions. As shown in the above examples, these crucially affect the
final properties and product performance. When we talk about processing conditions we have to keep
in mind that they are often dependent on the polymer itself, the specific design of the processing
equipment, the quality of the control systems, the handling and pretreating, e.g. drying, compound-
ing, evapozing, and the environmental conditions.
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While trying to understand processing better, we have to take care to recognize that changing
one parameter during processing can also affect other final product properties, either positively or
negatively. We therefore have to identify and study the individual influences for a given material.
It is first necessary to optimize the design of a plastics part before seeking optimized material
processing. Optimum part design is not, however, the objective of this paper. The final properties of
aplastics part made from a given and defined polymer are independent of the production process used
(whether extrusion, injection moulding or, for example, compression moulding) in that the inner
structure - morphology, crystallinity, dispersion in a multi-phase system, orientation or internal
stress pattern - predicts the properties (Michaeli, 1990). Our research work analyses injection
moulding, extrusion, compression moulding, thermoforming and welding within this context. This
paperisrestricted to unfilled thermoplastics and to the first two processes mentioned. In all processes
analyzed the structure formed is a function of thermal and mechanical (flow and deformation)
influences. The absolute degree of structural properties, such as crystallinity or orientation, is
different for the individual processes and the products formed but is always derivable from the
specific process conditions. This gives us the opportunity to transfer findings from one production
process to another.

The aim is therefore to abstract a process into individual parts for which the processing
parameters are defined. From this the inner properties (structure) and final properties can be
determined. This is shown in Figure 1 (Berghaus ez al., 1988). Process data are figures independent
of moulding and processing equipment. They are derived or calculated from the processing
conditions and the specific geometrical boundary conditions of the equipment used, mould, die etc.
Compared with compression moulding, for example, the material is more loaded (e.g. sheared,
heated) during extrusion and therefore we have to expect molecular alteration. A comparison of
extrusion and injection moulding gives us a similar set of significant process data, but the amount
and effect are different. The pressure level and the shearing in injection moulding, for example, is
significantly higher than in extrusion (Berghaus er al., 1988). The structural parameters (e.g.
orientation or boundary layers) are less distinct in extrusion. During cooling in injection moulding

Compression Process data Internal material properties
molding B
Melt loading ? |Molecular structure
o Shear deformation Molecular weight
Exfrusion g Residence fime Molecular weight distribution| f}
S0 \ = Mass temperature C
it E = Orientation 3
Injection a Melt deformation Average orientation =
molding o A Shear stress C : s
= Temperature rystalline structure =
/ & Cooling rate Degree of crystallization =
Welding 2 : Morphological structure =
gool;]r;grgruerclhng Dispersion in multi - 1]
TR em
'Il;hermo— Heating rate ph?s;ele:zir}ems
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Fig.1  From production process to part properties; from Berghaus et al. (1988).
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comparatively the same cooling gradients exist, but due to the melt flow during the packing phase
high deformation rates at fairly low melt temperatures influence the inner structure. The morphologi-
cal structures and internal stress patterns can be correlated for both processes with the cooling,
pressure and deformation conditions. Analysis of these fields provides the key to understanding the
relations between processing and properties.

2. How to establish relations between processing and properties

Basically there are two different ways of establishing relations between the polymer and the
processing on one hand and the resulting product properties on the other: the experimental method
and the theoretical method by means of process and structure development modelling. Since this
relationship is of an extremely complex nature most of the approaches found in the literature lie
somewhere between the two methods but generally they are more experimental. Describing the flow
and deformation with respect to the orientation of a polymer in a processing machine and its toolings
and also its cooling and the parallel development of crystalline structures or internal stresses is no
longer out of our reach when modelling polymer processing. Computers have proved to be essential
for polymer engineers and scientists; in other words: simulation of polymer processing is already
very advanced and, although it is definitely still a vision, the parallel prediction of part properties,
including the mechanical properties, is becoming more and more realistic. We already see the day
when it will be possible to the predict processing behaviour and properties of the product before
processing, using adequate modelling (software) and computers (hardware). Examples of both these
approaches will be given in the following,

3. Processing - property relations; the experimental approach

The state of a thermoplastics material while being processed and moulded to a plastics part is
defined by (Berghaus er al., 1988):
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Fig.2  Melt loading of PP; from Berghaus et al. (1988).
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al. (1988).

» melt loading (degradation),
« melt deformation (orientation) and
« cooling conditions

3.1 Melt loading and inner structure

To achieve product properties such as suffi-
cient impact resistance, corrosion resistance and
dimensional stability under mechanical loading a
certain molecular weight is necessary. Molecular
weight and flow properties (e.g. MFI measure-
ments) can be correlated and give a good correlation
with meltloading - i.e. degradation (Berghaus eral.,
1988). Figure 2 (Berghaus eral., 1988) describes the
effect of melt loading on MFI as a function of mass
temperature and shear deformation. The signifi-
cance of the thermal influence (mass temperature)
canclearly be seen. This means that material process-
ing might change the properties of our processed
material. These experiments were carried out for
extrusion (Hoffacker, 1982; Brinkmann, 1986); in-
jection moulding shows the same tendencies.

3.2 Morphology and part properties

The changes in the inner structure of the
material during processing ultimately determine the
product properties. Tensile tests often do not reveal
significant tendencies or correlations with the mo-
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Fig.3  Change in impact strength according to melt flow index; from Berghaus et
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Fig.5  Averaged diameter of the spherulites and degree of crystallinity as a
function of the averaged coling rate; from Plefimann (1986).

lecular degradation. However, if we analyse the material behaviour during impact loading (impact
resistance, punching work) we can see from Figure 3 (Berghaus et al., 1988) how molecular,
degradation (expressed here by means of the MFI) is of significant influence. Not only molecular
degradation, for example in the screw or die of a processing machine, is of significant influence on
the mechanical product properties. Cooling and quenching conditions are also very important,

Figure 4 (Plefimann, 1986) shows how the properties (Young’s modulus) of an extruded film
from a semi-crystalline material (polypropylene) is influenced by the size of the spheroliths and the
degree of crystallinity. It can be seen from the figure that knowledge concerning the initiation
(nucleation), growth and influences on the number and size of the spheroliths is essential for the best
processing conditions of that semi-crystalline material. The cooling rate is one of the key factors
determining the mechanical properties (Figure 5; PleBmann, 1986).

Figure 6 (Menges et al., 1988) shows the variation of the degree of crystallinity along the flow
path for a number of different injected mouldings with simple geometries. For all these different
geometries and processing parameters the mouldings show a marked variation in the degree of
crystallinity along the flow path. According to Schonefeld and Wintergerst (Schinfeld and
Wintergerst, 1970) a reduction in crystallinity of the order of magnitude shown here is expected to
reduce the yield stress, Young’s modulus and surface hardness by about 10 % and to increase the
impact strength by the same amount. Microsampling measurements on moulded plates showed that
the high average degree of crystallinity observed at the beginning of the flow path is due to the
presence of a highly crystalline region near the surface of the moulding. This results from
solidification under the influence of shear stresses, the effect of which becomes less with increasing
flow distance. Altendorfer and Geymayer obtained similar results from investigations on injection
moulded beakers (Altendorfer and Geymayer, 1983).

The thickness, degree of orientation, crystallinity and morphology of the region close to the
surface, described by Backhaus (1985) as the freeze-off layer, determine to a large extent the
mechanical properties of the moulding. If different mouldings made from the same material have
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identical structures at the positions 60 —‘
where measurements are made, it can

be assumed that the end properties will
be similar. The mechanical properties
measured in the tensile tests, namely
Young’s modulus E, the yield stress oy
and the elongation at break eR, makes it
possible to characterize the stress-ex-
tension behaviour of the materials un-
der study and to make relative evalua-
tions. The size of the tensile bars needed
for tensile tests allows only the me-
chanical properties in the middle re-
gion of the moulding to be investigated.
Flat compression tests, on the other
hand, allow loading of the material even
near the edges of the components being
investigated, as the sample volume
needed for the test is small. This makes disk- shaped
it possible to determine the positional 50 L | molding
dependence of the mechanical proper- 0 50 100 150
ties at every part of the injection- flow length x; [mm]

moulded article (Menges er al., 1988).
Fig.6  Change of degree of crystallization along the

samples, were moslded from 8 FE flow path for different moulding geometries;
homopolymer (®Vestolen P 5200, fmm!;,‘fenges et al. (1988). k& '

manufactured by Hiils, Marl). Plates

with dimensions 114 mm x 114 mm and thicknesses of 1.5, 2.1 and 5.0 mm were made for the
investigations. (Where the thicknesses given in the figures differ from these, the values given are
actual thicknesses after shrinkage). Each test piece was injection-moulded with a film gate over the
full width. The processing parameters which were varied during the investigation were the melt
temperature Ty, the cavity wall temperature T, and the flow front velocity V. The holding
pressure p and the corresponding time fp, and also the cooling time 7, were adjusted to suit the
conditions in each case.
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The degree of orientation and the thickness of the fine-grained surface layer were determined
at different positions along the flow path from 30 pum thick microtome cuts (Troost, 1985). The
average degree of crystallinity over the cross-section was determined by the flotation method
according to DIN 53479. The extent of the spherulite size over the cross-section and along the flow
path was also determined, by point sampling (Wiegmann, 1987). These investigations showed that
along the flow path the structure changes significantly only in the region near the surface. In contrast,
the structure in the interior zone shows no noticeable variations. This indicates that the dependence
of the mechanical properties on flow path length is determined essentially by the structure in the
surface layer.
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Flat tensile test speciments of small dimen-
sions (unstretched length Ly = 25 mm) were cut
out of the mouldings in accordance with DIN
53455. The tensile tests were carried out at room
tem-perature under the control of a plastometer,
using a constant true extension rate of &, =0,5 |
min-1.

= compression bar

The deformation behaviour under com- Lol :
pression loading was determined by the flat com- b . sample height
pression test, Figure 7 (Menges et al., 1988). In b : sample width
this test two opposing rams with flat, well-lubri- a : stamp width
cated working faces are pressed into an equally L+ stamp length

F : compression force

flat specimen. Under suitable geometrical condi-
tions (b/h > 6) one can assume that the deforma- Fig. 7  Compression test; from Menges et
tion of the specimen is confined to one plane and al. (1988).

occurs in the directions I and II. The specimens

were cut out in such a way that the injection moulding direction coincided with either the direction
I (sampling angle 6 =0°) or the direction III (8 = 90°). By choosing suitable specimen widths the
ratio b/h was kept at 6, while the ratio h/a was kept at 1 (Menges et al., 1988). The tests were carried
outatroom temperature with a constant true compression rate £, =0,5min-!. The values measured
in the test for the force F and the decrease in the thickness of the specimen were used to calculate the
compressional stress o = F(ab) for a ram width a and a specimen width b, and the percentage
compression E; = [(hg - h)/h « 100 %), where hg and h are the specimen thicknesses before and after
applying the load respectively. In the following results the compressional strength is given as o5,
which is the compressional stress corresponding to a compression & = 50 % (Menges et al., 1988).
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Fig.8  Dependence of crystallinity and mechanical data on flow length;
Jrom Menges et al. (1988).
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As already mentioned, for moulded com-
ponents and semi-finished products made from
semi-crystalline plastics the degree of crystallin-
ity has a considerable influence on the mechani-
cal properties. The magnitude of this influence
was assessed by determining the yield stress oy
and the compressional strength os(). Figure 8
shows that for a 1.4 mm thick plate, both the
degree of crystallinity and o5() change appreci-
ably along the flow direction (Menges er al.,
1988). As both characteristics have comparable
dependences on the internal properties, the fol-
lowing figures show only the results from flat
compression tests. The local flow velocity, which
is almost identical to the flow front velocity Vg
for the plates investigated here, has an appreci-
able effect on the properties mentioned above in
the case of thin-walled mouldings. In general one
finds that the dependence of the degree of crystal-
linity on Vzbecomes less as the melt temperature
is raised. The explanation of this is that at higher
melt temperatures the effect of the flow front

160 T T T 1 T
N h in mm
mm?
=120 1
cn
=
2
@ 20
s
2 80 -
@ o ;
& Aol b8
g
40 = o
0 | | | | |
51 52 53 54 55 56 % 57
degree of crystallization
Fig.9  Compression strength vs. degree of

crystallization; from Menges et al.

(1988).

velocity on the thickness of the surface layer is appreciably reduced. As already mentioned, the
surface layer is highly crystalline owing to shear-induced crystallization, and consequently its
thickness has a considerable effect on the degree of crystallinity when averaged over the cross-
section of the moulding (Menges ez al., 1988). With increasing thickness the dependence of both the
structure and the mechanical properties on flow path length becomes less and less pronounced. The
crystallinity, however, increases if the conditions near the wall are otherwise unchanged. The curves
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frozen wall layer
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ol et
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e .
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e
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velocity shear rafe

Fig. 10 Velocity and shear rate distribution across the flow channel ar
different points-of-time during the filling phase; from Wiibken

(1974).
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shown in Figure 8 suggest that a o500 |ayer highly viscous  velocity profile of

relationship exists between compres- .skin"” the flow front
sional strength and degree of crystal- P \ kI

linity. In Figure 9 these two quanti- — S i 2] T

ties are plotted together for mould- 1 — —\ :

: 7 - —r— —— —i)-—i-wall thickness 2h
ings of three different thicknesses. E o e

= |

-

For mouldings of equal thickness
there is a very good correlation be-
tween compressional strength and
degree of crystallinity. With increas-
ing thickness it is found that for a
givendegree of crystallinity the com-
pressional strength decreases
(Menges et al., 1988). The compressional strengths measured for 4.8 mm thick plates correspond to
those found at the end of the flow path for thin plates. This result shows that in addition to the degree
of crystallinity there are other internal properties which have a considerable influence on the
mechanical behaviour. Therefore the effects of orientation on the mechanical behaviour were also
investigated (Menges er al., 1988).

o 0 ‘\/ = 7

transverse flow
next to flow front

velocity profile under
developed state of
flow (main flow)

Fig. 11 Velocity profiles across the flow channel; from
Wiibken (1974).

tion moulding mainly in the filling phase.
Shearing and extensional deformation of
the melt during flow in the runner system
and the cavity lead to an orientation of the
molecules in a preferred (“oriented”) di-
rection which is then frozen in during cool-
ing. While the melt flows through a ductthe
highest shear rates occur next to the sur-
rounding walls - if we presume wall adhe-
sion (Figure 10; Wiibken, 1974). The ma-
terial cools downratherquickly at the cooled
cavity wall and just about instantly a frozen
layer is formed which again influences the
flow pattern. This leads to a shifting of the
maximum shear rate in the boundary layer
between frozen material and the melt. Also
during the filling phase the very flow front
cools down to a highly viscous “skin” be-

Orientations develop during injec- }

cause of the cold air inside of the cavity.
Due to the flowing melt this viscous “skin”
is extensionally deformed like a balloon
while being blown and is laid down at the
cold cavity wall and freezes there instanta-
neously (Figure 11; Wiibken, 1974).
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In the final part the highest orientation PP5200 injection moulded
will be found at such locations of maximum .

. = = Q B = 0
shear and extensional deformation, These ori- o 0-90° Ceg
entations will relax with time according to an ; i
Eqy=0,5min

exponential function to reach their highest
state of entropy since such orientations are of
anentropy-elastic nature, With increasing tem-
peratures these relaxation processes will be
accelerated. Therefore we always find a cer-
tain relaxation procedure in a still warm
moulded part (Figure 12; Backhaus, 1985).

When the dependence of the mechani-
cal properties on position and direction was
investigated, it was found that the behaviour
of the material was highly anisotropic, to an
extent which depended on the position in the
moulded component. Figure 13 illustrates this
for the compressional strength, measured at

different positions of a plate with a thickness 5 4 3 2 1

of 1.4 mm (Menges et al., 1988). Oncompar-  rjo 13 Compression strength as a function of
ing the compressional strength values meas- location in the moulding; from Menges
ured in the longitudinal and transverse direc- etal. (1988).

tions at the same point in the moulding, quali-

tatively similar curves are found all along the flow path. In Figure 14 (Menges eral., 1988) the degree
of orientation and the compressional strength are plotted against flow distance along the path marked
3 in Figure 13. In the figure the curves for two mouldings made under greatly differing conditions
are compared. The compressional strength as a function of flow path length clearly shows the
anisotropy which is expected as a consequence of the orientation, and also the effect of the change
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Fig. 14 Dependence of orientation and compression strength on flow
length; from Menges et al. (1988).




Michaeli, W., Relations between the Mechanical Behaviour of Polymers and ... 137

in the degree of orientation along the 160

T
hinmm @ingrad
path (Menges et al., 1988).

14 0
14 90
20 0 g/ 3
L8 0

L8 90

N
As can be seen from Figure 15 mm?
(Menges er al., 1988), in represent- 120
ing the compressional strength as a
function of the average degree of
orientation, generalized for mould-
ings of all kinds (or, to be more spe-
cific, without taking account of
moulding thickness), the data show a
large scatter. Nevertheless, unlike the
situation found earlier for the de- 40
pendence of compressional strength
on degree of crystallinity, it is not
necessary in this case to derive sepa-
rate curves for different moulding 0
thicknesses (Menges et al., 1988).
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sentially be attributed to two causes. Fig. I5 Compression strength vs. orientation, from

The first of these is the uncertainties Menges et al. (1988).

that arise in determining the degree of orientation by the birefringence method; according to
Wiegmann (1985) the errors in this can be as much as 10 %. The second cause arises from the fact

that the degree of orientation O that is measured is an average value over the whole cross-section
of the specimen. Although this gives an approximate measure of the amount of orientation present,
equal values for the average degree of orientation can arise from either a thin, highly oriented surface
layer, or a less highly oriented, but thicker, freeze-off layer. Although these different structures both
influence the mechanical properties of the moulding in the same sense, the actual values of the effects
are different (Menges et al., 1988). It may be possible from a more detailed characterization of the
structure to reduce the amount of scatter in the dependence of mechanical properties on the degree
of orientation. As the results show, use of the flat compression test makes it possible to demonstrate
the positional dependence of the mechanical properties under compressional loading and to relate
this to structural variations (Menges et al., 1988). By combining results from the compression test
with the mechanical data generally used in designing structural components, it may be possible under
some circumstances to arrive at more accurate formulas for predicting the behaviour of the material.
The results analysed so far do not yet make it possible to fully attain this objective. Nevertheless,
proper use of the flat compression test opens up new possibilities for predicting the mechanical
properties of structural components.

4. Processing - property relations; the theoretical approach - a vision?

These experimental results show that the material properties are differentat any position in an
injection-moulded part. When we look at the overall part performance under loading conditions we
should not neglect the internal stresses which develop during cooling and might negatively “preload”
the part (Figure 16). These are difficult to detect; basically only physical modelling of their
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development during cooling and demoulding  crystallization , orientation

will help to show their magnitude and local

distribution in a moulding and make it possi- \ /
ble to judge their influence on the final part R —
performance (P6tsch, 1991). In recent years

significant advances have been made in order

to model their development. A computer pro-

gram for this purpose is already available for

the injection moulding process

(CADMOULD-3D, IKV, Aachen). At IKV Fig. 16 Relations between micro-structural

we are trying to model the injection moulding parameters and final properties of the
<ot : : moulding.

process in order to predict the properties of the

mouldings (Figure 17). In the first step we model the molecular orientation and the crystallization

process.

internal stresses

Orientation process

The orientation birefringence factor An is directly correlating to the normal stress difference
As . If we succeed in predicting the orientation birefringence factor An out of the stresses acting up
to the freezing of the material due to shearing and extensional deformation of the polymer at the flow
front during filling, we have at least one significant key for the correlation of the orientations with
the local mechanical properties. According to Tietz (1994), we have:

An=C Ao (1)

where C'is a constant and As is the main stress difference. For orientation through shear As is found

from:
Ac=+N{ +40} )

where s, is the shear stress, and N1 the normal stress difference following from (Backhaus, 1985):

2 .n
Ni=—o0 3
1= 5% (3)

Iteration: variation of the processing parameter
to optimize the moulding's properties

Given: * Simulation of the Calculation of the Calculation of
flow processes inner properties: the moulding's
- moulding (shear rate, pres- - orientation properties
- material sureloss etc.) and - crystallinity
temperature fields U - size of spheruliths

material data, equations to calculate material law:
processing parameter  the inner properties properties =
f(inner properties)

Fig. 17 Simulation of the moulding's properties
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with G being the shearmodulus. Forerientation through
extension the main stress difference in Equation (1)
follows from:

(4)

where hy, is the viscosity, and £ the extension rate at
the flow front, which is obtained from:

. n VF

Ep = —

4 (n + 1) AX

in which n is the flow exponent, v the velocity of the

flow front and AX = H/2 (H being the height of the
cavity).

Ac=1npér

(5)

Figure 18 shows a first qualitative calculation of
the orientation pattern over the part thickness compared
with a measured birefringence pattern. Figure 19 (Tietz,
1994) shows that there are still some deviations in the
centre of the parts. The reason for this is that the
modelling does not yetconsider the melt flow during the
packing phase of the injection moulding process; how-
ever, the qualitative function of the orientation - with
the high orientation at the part surface according to the
extensive molecular orientation at the flow front and the
relative orientation maximum due to shear flow - is
most encouraging. Figure 20 shows calculated orienta-
tions at different positions in a complex-shaped mould-
ing (Tietz, 1994).

measured

calculated

degree of orientation

top layer center top layer

Fig. 18 Comparison of measured
and calculated orientation
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Fig. 19 Comparison of measured and calculated orientation courses (close

to the gate); from Tietz (1994).
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20 -> center
Fig.20 Orientation distribution in different layers of a toy moulding; from Tietz
(1994).
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Fig.21 Degree of crystallinity over the moulding thickness with/without heat of
crystallization calculated and compared to measurements (close to the
gate); from Tietz (1994 ).

Crystallinity

The Avrami equation for isothermal development of crystallinity is:

x(f)=x{w}[l—e"’"") (6)

where:

K =crystallization constant;

% (e2) = maximum crystallinity;

n = Avrami exponent (n = 1...4)
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To describe the developing crystallinity of the moulding during cooling a non-isothermal formula-
tion of the Avrami equation was integrated in our injection moulding computer program, resulting
in (Tietz, 1994):

—[i’k(i"(:)}dt]

0

x()=px(=)|1-¢e (7

with k=KV". A comparison between the calculated and the measured degree of crystallinity
distributions is given in Figure 21 (Tietz (1994). Since the shear-introduced crystallization close to
the surface of the moulding is not yetintegrated in our modelling, differences between the calculation
and the measurement can be seen.

Assuming success in modelling and predicting the local crystallinity, local orientation and
local internal stresses in a three-dimensional moulding, a relation to the local mechanical properties
is still missing. There is still a large field for fundamental research. The Aachen University of
Technology is working on this question together with the IK'V team. Perhaps the first step in finding
arelation is to use data as given in Figure 4 for prediction. However, this will only give information
for the local modulus; predictions of failure behaviour are certainly even more complex.

5. Final remarks

The calculation of processing
and mechanical properties by com-
puter modelling is at the moment
still a vision. However, when we
analyse the processing of short fi-
bre-reinforced polymersitis already =N )
possible to calculate fairly exactly
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Il‘lc local fibre orientation and the “\«} %
fibre distribution even in very com- qﬁ gate
plex moulding (Figure 22; Mohr- ‘q’l

Matuschek, 1991).

e

Since the modulus of the fi-
bres (e.g. glassfibres)ismuch higher
than that of the polymer we can
apply the rules we know from the
mechanical analysis of composite
materials (“laminate theory™) in or-
der to predict the overall mechani-
cal performance of the part (Mohr-
Matuschek, 1991). This brings us
very close to our vision!

N,

Fig. 22 Filling simulation for the clutch-pedal geometry;
Jfrom Mohr-Matuschek (1991).
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Reference: Flewitt, P.E.J. (1995), Structural Integrity Assessment of High Integrity Structures and
Components; User Experience. In: Mechanical Behaviour of Materials (ed. A. Bakker), Delft University
Press, Delft, The Netherlands, pp. 143-164.

Abstract: The continued safe operation of high integrity structures and components is assured using
structural integrity arguments which are usually based upon deterministic methodology. In this review the
methodologies used to develop these arguments are considered with emphasis given to the conservatisms in
the input parameters, particularly the mechanical and physical properties of the materials. Anexample of a
multi-legged deterministic fracture mechanics based argument is addressed by describing that formulated to
support the continued operation of the high integrity reactor steel pressure vessels at four carbon dioxide gas
cooled Magnox power stations operated by Nuclear Electric plc (UK). Finally there is a brief consideration
of the potential benefits associated with probabilistic arguments compared with a deterministic approach.

1. Introduction

Major construction, process, manufacturing and transport industries are usually concerned to
be able to assure the safe and economic production by use of appropriate structures and components
for operation of their plant. An essential input to demonstrating this necessary assurance is a
structural integrity assessment. The design of these structures and components is an interactive
process which aims to achieve a realistic balance between state-of-the-art structural capability and
the service requirements. This balance is achieved by use of codes and standards, methods of
analysis, material property databases and validation tests. As a consequence the design engineer
must create a structure or a component using analytical tools and supporting data most appropriate
for the application. However, in addition, the operator of the structure or component has to ensure
that throughout the service life it is secure against the design intent. This latter aspect offers
challenges with respect to structural integrity diagnosis and assessment. In all such cases it is
essential to have a knowledge of the mechanical and physical properties of the materials used to
construct these structures and components.

In general the probability of failure with time in service for structures and components follows
acurve of the form givenin Figure 1, Neubauerand Bietenbeck (1989). This figure shows thatduring
the early part of the operating life, there is a greater probability of failure which decreases and then
rises slowly as the design life is approached, but then increases rapidly. Problems encountered during
commissioning and the early life usually emerge as a result of poor design, inadequacies in
component fabrication, construction and assembly, whereas in the latter stages of life they are
associated with degradation of the properties of materials and the onset of time dependent failure
mechanisms. However, in the intermediate stages, problems can develop, at varying levels, due to
the unforeseen response of the material to the service environment, specific requirements of the plant
operating regime, inadequacies in the manufacturing route and poor maintenance, Endo (1994),

Nuclear Electric plc, Engineering Division, Berkeley Technology Centre, Berkeley, Gloucestershire
GL13 9PB, United Kingdom
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Swift (1994). An extreme example is
the well documented catastrophic fail-
ure in 1969 of a low pressure steam
turbine disc, 1.5m diameter, in a tur-
bine generator ata power station in the
UK, Figure 2(a), Grey (1972), Kalderon
(1972). This was aresult of the initia-
tion and growth of stress corrosion
cracks within the bore of the discs,
Figure 2(b), arising from the operating
steam environment combined with a
material, inthiscase alow alloy 3CrMo
ferritic steel, with a low fracture tough-
ness, =40 MPaVm. The consequential
effects of this are shown in Figure 3
where, although there were no nuclear

Mid-Life
Design Life

Probability of Problem

et T ol = i "
Operating Life

Fig.1 The change in the probability of the incidence of
structural integrity problems in relation to the
operation life of plant

safety implications, the costs to return the turbine generator to electrical power generation were
substantial. Here it was the more onerous environmental service conditions during periods off load
notaddressed in the design, combined with poor materials properties for the particular rotor dises that

produced the premature failure.

(a)

(b)

Fig.2 Failure of a low pressure stage steam turbine disc manufactured from a low alloay
ferritic steel. (a) Reassembled pieces of the 1.5 m diameter disc which failed while
rotating at 50 Hz. (b) Failure was caused by the growth of a small SCC crack of the
type shown here in a steel of low fracture toughness.
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Fig.3 A general view of the consequential effects of the low pressure steam turbine disc failure
shown in Figure 2.

As a consequence it is essential that materials selected for high integrity service structures and
components have a high measure of reliability in their properties. If consistent performance is not
guaranteed other factors such as materials selection costs, overall economic service life etc., cannot
be evaluated. Consideration of reliability has to focus on the potential failure modes and how well
these can be predicted. Certainly it is usual to be able to diagnose the reason for failures after they
have occurred. However the prediction of service life is less secure and as a consequence the design
has to accommodate uncertainties by adding conservatisms and supporting these for high integrity
plant with use of surveillance specimens, monitoring the operating conditions the component
experiences and non-destructive inspection. These are used either individually or more usually in
combination againstadeclared strategy. As pointed out by Prager (1991), the challenge is to develop
predictive models for life combined with mechanical property data to support these. The latter offers
considerable challenges since components are usually of larger cross-section than the test specimens
and the environment and stress state more complex. In addition, the period of service required for
the component usually exceeds that achievable in a laboratory test, so thatacceleration in parameters
including stress, temperature and environment is required combined with extrapolation to the service
conditions. Thus there is a need to ensure that the mechanisms associated with the accelerated tests
remain those experienced in service. Here there are benefits associated with being able to develop
realistic mechanistic maps, for example, deformation and fracture maps, Figure 4, extending to
stresses, temperatures and environments which are appropriate to service, to ensure the operating
mechanisms are accommodated (Cocks and Ashby 1982). Here we show such a map for o-iron
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Fig.4 An example of a mechanism map for o-iron

due to the impacton the environment (grain size 32 pm) describing the stress and
and society, and this is particularly temperature regimes which can be used to
relevant to the chemical, transporta- provide guidance for extrapolation to service

. : : conditions for structures and components.
tion and nuclear industries. As a

consequence, in the UK the reliable, safe and economic continued operation of nuclear plant,
including electrical power generating plant, is assured by the implementation of planned mainte-
nance schedules supported by an appropriate range of safety arguments. To specify the maintenance
schedules and formulate the safety arguments for electrical power generating plant requires a
comprehensive understanding of the capability of the plant to meet the required duty based upon a
structural integrity assessment. The commercial benefits to be obtained from structural integrity
assessments associated with plant breakdown and continued operation beyond the original design
life have been described previously, Doig and Gasper (1992) and Flewitt and Williams (1994).

An unplanned plant breakdown, or a fault identified during a scheduled outage, results in loss
of availability or capability so that it is necessary to utilise structural integrity assessments. To meet
the UK regulation requirements these arguments are usually formulated into a Safety Case to:

(i) allow continued operation with known faults,
(ii) establish appropriate plant monitoring,
(iii) define a repair or replacement strategy,

(iv) define acceptance criteria for continued operation.

As a consequence, it is possible to minimise loss of income and additional expenditure by
implementing a Safety Case, effecting a repair or replacement, or providing an operational solution,
Figure 5(a). Here is shown schematically the cost and time associated with an unscheduled outage
together with the effect on the total operating cost, as designed, and the revised income. This
indicates the reasons to minimise period and cost of the outage which would arise from the need to
undertake an assessment and prepare a Safety Case, effect a repair, or replace a component. The
financial break-even point for the plant is shifted in time, thereby decreasing overall profitability to
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Fig.5 The economics associated with operating electrical power plant including the initial
fixed construction cost for (a) an outage (A = Design life, financial breakeven point;
A’ = revised financial breakeven point); (b) extension beyond the design life,
the point where, in the extreme, continued operation may not be economic. These financial losses
have to be recovered subsequently by improved operating efficiency, possibly combined with an
extension to the operating life of the plant. This is supported by a structural integrity assessment to
establish life limiting parameters, improving the knowledge of the operating history, identifying
conservatisms in the original design and testing the design against acceptance criteria. The economic
benefits associated with continued operation of plant beyond the design life are illustrated in Figure
5(b) where there is a need to undertake work to accommodate the increase in problems as shown in
Figure 5(a). However, for this strategy to be effective the life extension cost has to be minimised.

In this review paper the methodologies used to develop the structural integrity arguments for
assessing high integrity structures and components are considered by reference to that adopted in the
UK fornuclearelectricity power generating plant. Section 2 describes the framework for formulating
these structural integrity arguments. In Section 3 the arguments required to support the continued
operation of reactor steel pressure vessels used at four gas cooled Magnox power stations operated
by Nuclear Electric plc are considered. Finally an overall approach to the deterministic assessment
of high integrity plant is considered with respect to a probabilistic argument in Section 4.

2. Basis of Structural Integrity Arguments

Structural integrity assurance is the demonstration that a structure or component meets its
required duty with appropriate consideration of safety and economics. Asaconsequence, itisamulti-
discipline activity which involves inspection, diagnosis, assessment and formulation of safety
arguments, design criteria and repair/ replacement strategies and their implementation. It draws
mainly from the technical disciplines of:

(i) inspection, plant monitoring and remote handling,

(ii) material science including materials properties, fracture mechanisms, welding technology and
tribology,

(iii) structural analysis including stress analysis, dynamics, continuum mechanics and fracture
mechanics, and

(iv) general engineering safety and economic assessment.
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Certainly it applies to all stages of the Inspection 1 1 Diagnosis , l Assessmem—‘
life of a structure or component, from ‘

conception to decommissioning, and as

such it is not simply, as is often consid- ‘ PROBLEM \

ered, a failure and fault diagnosis pro- ‘

cedure. Moi‘eovent has to be supported Safety Repair/ Operational
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Inputs to a particular problem are mul- assessment which leads to a safety argument, a
tipleand varied and, as shown in Figure repair or replacement or an operational

6, they involve the key elements of: solution to a problem

(i) Inspection (iv) Safety Argument Formulation
(i) Diagnosis (v) Repair or Replacement

(iii) Assessment (vi) Operational Solution

The first three provide the necessary input to the latter three and, for a given problem, each will have
an input, although the weighting assigned will vary with the nature of the particular problem. In the
case of the inspection, diagnosis and assessment of a problem, the inputs span the plant investigation
work at the site, to longer term research and development activities to provide the necessary tools
to solve the problem. In the case of inspection, however, it is to provide the hardware for techniques
of inspection together with the interpretative capability to support the detection limits and resolution
for defect sizing. In addition, for undertaking work within a nuclear reactor circuit, for example, it
is necessary to develop both the appropriate delivery systems and optimise the tech niques for remote
operation. For problem diagnosis, work is required to offer the correct understanding of the
mechanisms leading to any deterioration of the plant integrity or potential failure to allow the correct
structural integrity assessment, safety argument, repair or replacement strategy or operational
solution to be adopted.

As considered by Wannenberg,
Klintworth and Rauth (1992) a determin-
istic structural integrity assessment has to
be conservative and of sufficient accuracy
as shown schematically in Figure 7. Here
a simplified analysis adopts conservative
assumptions whenever an uncertainty ex-
ists, to give a conservative assessment of
safety. If the simple structural integrity
assessment gives a level of safety that
would require, for example, a costly re-
pair or replacement the option remains to

undertake a more detailed analysis which : it _
could lead to less conservative, but suffi- /8-7 Schematic diagram showing the amount of
analysis detail required with respect to the

) st ) e level of safety associated with a structural
is an option in formulating a deterministic integrity assessment.

True Safety
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Simple — Complc;
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cient, results. Therefore such an approach
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ment assumes the lowest value options of the point within the safe region, together
variables to give a conservative and, indeed, often with the trajectories of this point
over-conservative assessment. Asaconsequence, when fracture toughness K rc, yield

a probabilistic approach offers the potential to s:re:s‘s Oy load and crack size are
incorporate the appropriate level of detail into the pad.

analyses to lead to a more realistic assessment of the level of safety. The developments that lead to
probabilistic approaches have been described elsewhere, and will be considered further in Section
4, but we will concentrate on deterministic approaches.

Although each deterministic assessment could be carried out in an ad hoc manner, the use of
standardised procedures leads to greater efficiency and improves the acceptability to the Regulator.
As aconsequence significant effort was devoted to research and development within the CEGB, and
more recently Nuclear Electric, to this approach. The R6 procedure Milne et al (1986) is well
recognised and established for assessing structures which potentially could fail by any combination
of fracture and plastic collapse. This procedure introduces the concept of a failure assessment
diagram to link linear elastic fracture mechanics, K, and more recently fully plastic, J, solutions with
fully plastic fracture concepts, Figure 8. To use this procedure the severity of loading on a structure
containing a defect or an assumed defect is calculated in terms of two parameters (i) L, which is
proportional to the plastic yield load and (ii) K- which is proportional to the load for LEFM failure.
The two parameters are plotted as a co-ordinate pair on the diagram, Figure 8, and if the assessment
point lies outside or on the assessment line possible failure is identified. Also included here is the
effect of certain input materials properties and parameters on the trajectory of the assessment point.

This procedure is used routinely as a basis for deterministic fracture mechanics safety
arguments supported by British Standards and ASME documentation. The success of this approach
has spawned the development of a family of R procedures, to address the response of structures to
unsteady loads, impact events, seismic loadings and high temperature loadings. In addition, the
concern for safety is addressed by a consideration of the consequences of structural failure to the
general public, the environment 4nd the operator where the basic principles are defined taking into
account the ‘Safety Assessment Principles for Nuclear Plant’ issued by the Regulator, HM Nuclear
Installations Inspectorate (1992). As a consequence, the Safety Standards adopted in the UK by
Nuclear Electric are monitored by Company Assessors and the Regulator who have to be satisfied
with compliance to an agreed level of safety. This requires that structural integrity Safety Cases are
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formulated on the basis of the technical inputs of inspection, diagnosis and assessment. In general,
a Safety Case considers various inputs each of which forms a leg of a multi-legged argument where
the overall argument is judged on the basis of the strengths and weaknesses of each leg.

An alternative to a safety argument is to repair or replace a component where this has a clear
economic benefit over the operating life of the plant. For example, in the case of repairs which
involve welding, specific procedures are developed and underwritten by appropriate research and
development work, although on many occasions it is sufficient to use the results of a welding trial
or procedure test. Moreover, in the case of a repair or replacement, the integrity has to be
underwritten for future operation. The arguments described for safety cases and repair or
replacement solutions apply equally to operational solutions which are embodied in rules and
instructions against which the plant is then operated.

3. A Deterministic Structural Integrity Assessment Case History

In this section consideration is given to the structural integrity assessment of Magnox reactor
steel pressure vessels which are used in electrical power stations operated in the UK by Nuclear
Electric. These provide a demonstration of the underlying philosophy and approach adopted for a
rigorous, deterministic fracture mechanics based argument.

3.1. Background

The four Magnox power sta-
tions with reactor steel pressure ves-
sels which are operated by Nuclear . surcr

Electric plc were designedin the early o J, \

1960s against a requirement that fail- @

ure in service should be incredible.

Therefore, the vessels were designed Sl Ll )

and manufactured to the highest '

standards of the period, Holliday and CouRfse [ o.s

Noone (1961), Poynor (1969), and

procedures were put in place to en-

sure that they were not operated out- ) bt 3

side their design limits. Since con- : ! ]

struction all the vessels have oper- e / %

ated satisfactorily and changesto the  Scrion suromr . _'_ | AT

properties of the steels used in their  crcwon -_— F | exacana

fabrication as a result of exposure to CoRsL b2 ' i e My

neutron irradiation and service tem-

peratures have been monitored via

in-reactor surveillance schemes. The

surveillance scheme results have been

used as a basis for periodically re-

viewing the case for continued safe Fig. 9 Schematic diagram of a Magnox reactor steel
pressure vessel showing distribution of plates and

welds together with the inlet and outlet gas ducts.

operation of the vessels taking into
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Table 1 Typical chemical compositions of reactor pressure vesselsteel plate and forging, sub-
merged arc weld metal, and manual metal arc weld metal (wi-%)

C Si Mn = S Cr Mo Ni Al As Cu Sn Fe

Plate
0.15 0.17 15LS 0.02 0.035 0.03 0.01 0.06 0.057 0018 0.10 0.012 Bal.

Nozzle Forging

0.18  0.36 1.30 0.024 0.024 007 001 0.08 0.049 0.029 0.10 0.015 Bal
Submerged Arc

0.07 0.72 1.80 2:035° 0051 0025 .. 0.04 0.25 0.02 Bal
Manual Metal Arc

008 045 090 0.025 0.027 006 002 006 <001 0.032 0.06 <0.01 Bal

account any new developments in fracture mechanics which have occurred since the vessels first
entered service and the requirement to operate beyond their original design lives. The Safety Cases
developed for these major components provide an example of the formulation of a multi-legged
structural integrity safety argument.

The Magnox reactor pressure vessels are essentially 20m diameter spheres fabricated from 75
to 100mm thick carbon steel plates and forgings jointed together by either manual or machined made
welds. The composition of these steels are given in Table 1. A schematic diagram showing the
typical distribution and form of welds and plates is presented in Figure 9. This spherical shell
contains the carbon dioxide coolant gas and operates, typically, at a pressure of 1.8 MPa and a
temperature of £340°C. As withany structure of this type itis the welds that are judged to be the areas
of the vessel most likely to contain any significant defects. At the time of their construction in the
early 1960s there was no specific nuclear code available and the vessels were designed, constructed,
inspected and tested to the conventional code BS1500 Class 1. Thus, the original safety assessments
for the vessels were based on the fact that they had been built to an established code of practice taking
particular care in the quality control, fabrication and inspection techniques. Although BS1500 did
not directly address the problem of brittle fracture, the designers recognised the risk from this mode
of failure and took steps to eliminate concern by establishing Operating Rules which prevented
significant pressurisation of the vessel until the minimum operating temperature exceeded some
limiting value. This limiting value, derived on the basis of a crack arrest philosophy, was obtained
by combining the crack arrest temperature measured on plate material, with an upward shift in this
temperature to accommodate in-service neutron irradiation and thermal ageing effects. Wide plate
tests on full thickness specimens taken from similar steel plates indicated crack arrest temperatures
which were typically 30°C. A nominal 40°C shift was then added to allow for in-service degradation.
Specimens of the pressure vessel steels were installed in canisters within the reactors to monitor the
extent of this temperature shift and hence provide a basis for any necessary future modification to
the Operating Rules.

During the subsequent period of operation, tensile and Charpy impact energy specimens have
been withdrawn from the surveillance schemes for testing on a regular basis. By the late 1970s these
tests indicated that the allowance for irradiation/ thermal ageing effects used in setting the original
Operating Rules had been exceeded and that some revision of these was necessary. The largest
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change in material properties occurred in specimens of machine-made submerged arc weld metal for
which the upward temperature shift in the 40J Charpy energy was greater than 40°C. The change in
materials properties for plate, forging and manual metal arc weld specimens were considerably less.
This difference in response to neutron irradiation was attributed to the higher copper content of the
submerged arc weld metal resulting from the coating on the original weld consumable, Table 1.

As a consequence of the results from the monitoring schemes, the integrity of the pressure
vessels was reviewed in the early 1980s and the safety arguments revised using a fracture mechanics
methodology. Since that time the safety arguments have evolved to a high level of sophistication and
further modifications to the vessel operating procedures have been made. The assessments carried
out are now supported by the results from an ultrasonic inspection of a sample of vessel welds at two
power stations, Bowring et al (1993), Curry and Burrows (1993).

3.2. Basis of the Assessment

The basis of the fracture mechanics deterministic argument is summarised in Figure 10. There
are three major legs which input to the total argument.

(i) a proof test based assessment,
(i1) an assessment of reference defects,

(iii) detection of gas leakage from assumed
defects of sub-critical size,

where a leg is defined as “an independent
argument that in itself demonstrates safety”.
The argument for the Magnox reactor steel
pressure vessels provides an example typical
of the type of legs that can be assembled to
formulate a multi-legged argument. It should
be noted, however, that there are additional
factors that, on this occasion, are accommo-

i Reference Leak rate
dated, (a) the demonstration that the vessel defects assessment

operates at temperatures that are on the upper
shelf of the fracture toughness curve, (b) a
demonstration of the tolerance to large defects i

from the quality of vessel construction, and (c) Iﬁlults and hazards |

plant monitoring,

(i)  ProofTest Assessment In the proof-test {Base e assessmtﬁ}

assessment use is made of the fact that
the vessels survived an original proof-
test to over 1.5 times the design pressure

Fig. 10 Basis of the deterministic fracture
mechanics based structural safety argu-
ment (case) for reactor steel pressure

to determine the maximum size of de- vessels showing the main legs of the
fects that could have been present in the baseline assessment; the additional
welds. Growth of these defects is then factors, on-shelf operation, quality of

construction and plant monotoring are
also included.

assumed to occur by fatigue and creep
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processes in service and the extended defects are assessed to evaluate pressure margins against
failure in future operation. This approach to determining possible defect sizes is grossly
pessimistic since the derived defect depths are over 50% of the vessel wall thickness. For such
pessimistic defects it is not always possible to demonstrate positive safety margins at all
locations, in particular those subject to high in-service thermal or system stresses. However,
in these cases, an argument can often be constructed which indicates that the length of weld
atrisk is small or the probability of a defect being in the depth range whereby it would survive
the proof test yet fail in service is low.

(ii) Reference Defects As an alternative to the proof test approach reference defects 25mm deep
are considered, including both fully extended defects and semi-elliptical defects with a 6:1
aspect ratio. The former is consistent with the requirements of ASME XI for pressure vessel
assessments whilst the latter is considered to be a closer representation of the shape of defects
that could be present in the vessels. Itis judged very unlikely that defects in excess of 25mm
deep would have been missed by the radiographic inspection carried out on all the welded joints
following construction,

(ii) Gas Leakage The leak rate assessment lends additional support to the safety argument by
providing confidence that should carbon dioxide leak from a postulated through-thickness
crack in the pressure vessel, it would be readily detectable before the crack reached a critical
size.

The overall logic of the approach adopted demonstrates that, in addition to positive pressure margins

against failure for defects, consideration is given to the temperature margins which exist between the

normal operating temperature of the vessel and the temperature at which the onset of upper shelf
fracture toughness conditions occur. For this assessment the onset of upper shelf conditions is taken
as the temperature at which there is only a 5% chance of brittle failure based upon the upper bound

95% confidence limit of the data. A positive temperature margin provides the added security that

if the vessel were to fail it would do so in a progressive, ductile mode leading to carbon dioxide gas

leakage.

The analysis route for the above assessment gives critical crack sizes for both part through and
fully penetrating defects in the vessel. Further support for the safety argument is derived from a
comparison of these critical sizes with the size of defects likely to be present in the welds judged from
the quality of vessel construction and the results of ultrasonic inspection of welds in other component
parts of the Magnox reactor pressure circuit,

3.3 Deterministic Structural Integrity Assessment

The deterministic method of assessment has been described in detail elsewhere Flewitt et al
(1993), Flewitt et al (1994) and Wright (1994). Briefly, a fracture mechanics approach is adopted
based on the R6 two criteria procedure, Milne et al (1986), referred to previously, Figure 8, for the
assessment of structures containing defects. The main inputs to the fracture mechanics assessment
are (i) depth, shape and position of a potential defect, (ii) materials properties, (iii) loading conditions,
and (iv) geometry of the component. This procedure is used to determine the minimum failure
pressure as a function of vessel temperature, defined as the pressure limit line, for different locations
onthe vessel. By comparing this failure line with the pressure/temperature limits set by the Operating
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Rules, Figure 11, it is possible to
derive temperature margins and
reserve factors on pressure. Cal-
culations have been carried out as
a base line integrity assessment
for a range of loading conditions
including reactor start-up, normal
steady state operation and a pres-
sure fault loading condition de-
fined by the setting of the safety Temperature B
relief valves. As an extension to
this base line assessment, sepa-
rate calculations have been car-
ried out for a number of possible
butunlikely faultand hazard load-
ings for the reference defect case
only (see Figure 10).
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Fig. 11 A schematic diagram showing the pressure and
temperature margins that can be derived when the
Rule to which the plant is operated is compared with

Input Data the calculated limit line.

During service neutron irradiation degrades mechanical properties in the parent plate, but in
particular the submerged arc weldments, English et al (1993). The compositions of the constituent
materials for these Magnox reactor steel pressure vessels are given in Table 1. For these carbon
manganese steels the neutron irradiation usually increases the brittle to ductile transition tempera-
ture, decreases the upper shelf energy and increases yield strength and hardness. There is also a
corresponding reduction in overall ductility and work hardening rate. These arise from microstruc-
tural changes which include the formation of precipitates mainly copper and carbides, vacancy and
interstitial clusters which produce small voids and dislocation loops and segregation of certain
impurity elements to the ferrite grain boundaries. Thus neutron irradiation has the potential to
enhance both diffusion and clustering mechanisms. Therefore it is important to have a detailed
knowledge of the neutron fluence and irradiation temperature, combined with the composition of the
material and its microstructure.

As a consequence the input data required for this deterministic fracture mechanics structural
integrity assessment are:

(i)  the start-of-life material properties for the submerged-arc weld metal including yield stress,
ultimate tensile stress, fracture toughness, fatigue crack growth rates and creep properties
including growth rates.

(ii) the temperature and neutron flux values at different locations in the pressure vessel,
(iii) the effect of neutron irradiation on the material properties,

(iv) the stresses arising from the loads that act in the vessel either during operation or an assumed
fault condition.

Tensile properties at ambient temperature and Charpy impact energy values at -10°C were obtained
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during construction but no fracture toughness measurements were made. Charpy impact data over
a wider temperature range have since been obtained from the monitoring scheme control specimens.
To supplement the available data, tensile and fracture toughness tests have been undertaken over a
wide range of temperatures on submerged-arc weld metal specimens obtained from material
removed from the vessels during construction to accommodate the inletand outlet ducts. The fracture
toughness data have been analysed to provide brittle fracture and ductile crack initiation distributions
at start-of-life, where initiation is taken as 0.2mm of stable crack extension. Survival statistics and
the concept of competing risks have been used to analyse the data in the transition region where both
modes of failure can occur, Moskovic (1993). Using this approach itis possible to estimate the start-
of-life toughness distribution from the lower shelf, brittle fracture, to the upper shelf, ductile fracture
and to determine the relative likelihood of brittle or ductile failure at any prescribed temperature.
Figure 12 shows schematically the start-of-life fracture toughness distribution and the associated
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Fig. 12 Derivation of a fracture toughness curve for submerged arc weld metal using
competing risk analysis. (a) the interaction of cleavage and ductile probability
distributions at two temperatures T1 and T2, (b) the variation of the mean fracture
toughness with temperature and the corresponding calculated probability of cleavage
fracture used for defining the onset of the upper shelf temperature (5% cleavage
definition)
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probability of cleavage fracture plot-
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The neutron flux levels around the vessels have been derived from a combination of
measurement and neutron transport calculations. Neutron activation measurements have been taken
either on steel wires which were wrapped around the vessel or on samples of steel removed from
redundant structures located within, but close to the steel pressure vessel. These measurements have
provided flux levels in terms of the fission equivalent flux. However the effect of neutron damage
on the material properties are more appropriately characterised in terms of displacements per atom
(dpa) English et al (1993). Dpa estimates have been obtained by applying scaling factors, derived
from complex neutron transport calculations, to the measured fission equivalent flux values. The
models used to perform these calculations included the outer parts of the active core and the reflectors

Fig. 14 Scanning electron fractograph showing a mixture of cleavage and intergranular
Jracture in a specimen fractured at a temperature in the brittle range.
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in detail and representations of the core restraint, core support structure and other steelwork inside
the vessels. The temperature at which a vessel operates is based on data collected from the permanent
thermocouples which were attached to the outside surface of the vessel when it was constructed and
on heat transfer models, the latter being used to interpolate between the discrete thermocouple
positions on the vessel. The variation in the neutron dose rate and vessel temperature along a typical
vessel meridian is shown in Figure 13.

The effect of neutron irradiation on the materials properties has been determined from changes
measured on the surveillance scheme specimens. The data obtained from the separate reactor
schemes have been analysed together to provide dose/damage trend curves. Upper shelf fracture
toughness properties have been adjusted for the effects of irradiation on the basis of tests carried out
on pre-cracked Charpy specimens. The toughness transition curve has been shifted upwards in
temperature by an amountequal to the change in the Charpy 40J value. The surveillance scheme data
have been supplemented with results from tests on specimens re-irradiated at an accelerated rate to
higher dose levels. These demonstrate the changes in properties arising from copper precipitation,
matrix damage and neutron induced phosphorus segregation to the grain boundaries which results
in a proportion of intergranular embrittlement and fracture, Figure 14, in the submerged-arc weld
metal. However, even when these weldments enter service there is a proportion of phosphorus
segregated to the ferrite grain boundaries due to the original welding heat treatment cycle, Abbott
et al, (1994). Although this level is insufficient to cause a significant amount of intergranular
fracture, geometrical arguments demonstrate that a small proportion of intergranular fracture <2%
will accompany the low temperature brittle cleavage fracture, Abbott et al, (1994). Dose/damage
trend curves which accommodate all three embrittlement mechanisms have been derived for use in
predicting the shift in transition temperature, Bolton et al (1994), and a typical example is given in
Figure 15.

The best estimate irradiated fracture toughness at any location in the vessel can be determined
by using the appropriate dose and dose/damage law to calculate the shift in brittle toughness and
change in upper shelf toughness and then adding these changes to the start-of-life properties. This
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significantly stressed.

For conservatism the determin-
istic fracture mechanics assessment
is based on the mostembrittled inside
surface material properties, even
though the crack tip of the reference
flaw is at a depth of 225mm beneath
the inside surface. Since the overall
fracture behaviour will be governed
by the material properties in the re-
maining ligament, it follows that a
more realistic assessment would be
obtained by using the initiation tough-
ness at the crack tip which would
provide increased safety margins
during start-up and increased tem-
perature margins above the 95% duc-
tile temperature during normal op-
eration. To further strengthen the
present position with regard to the
materials properties for submerged-
arc weld metal, there is a continuing
supporting work programme. Fur-
ther specimens will be withdrawn
from the monitoring scheme together
with accelerated irradiation tests to
add to the dose/damage database.
However, an ambitious plan has been
set in place which will remove sam-
ples of submerged-arc weld metal
from a shutdown reactor pressure
vessel in 1995/1996. These samples,
160mm dia, will be trepanned from a
location on the vessel wall where
neutron doses on the inside surface
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process becomes more complicated when the uncertainties in the start-of-life toughness, dose and
dose/damage law are taken into account. Hence a computer program is used which determines the
irradiated cleavage and ductile initiation toughness distributions by combining these three distribu-
tions. This program determines the combined irradiated toughness/temperature distribution using
a competing risks approach described by Moskovic (1993) and the temperature at which there is a
95% probability of ductile crack initiation. Figure 16 shows the predicted change in fracture
toughness and cleavage fracture probability for a typical submerged-arc weld location after thirty
years service. The temperature at which there is a 95% probability of ductile crack initiation is used
when specifying the Operating Rules for a reactor pressure vessel to ensure a ductile condition when

(a)

-—- Oyears

—— 30 years |
0 50 100 150 200 250
() Temperature (°C)

Probability of Cleavage Failure
for SMA Weld at 0 and 30 years

0 years

Onset of Upper Shelf

N

100 150
Temperature (°C)

Fig. 16 Onset of upper shelf for submerged arc weld

metal showing (a) the best estimate and upper
and lower bounds for the fracture toughness at
start of life and after 30 years service (b) the
corresponding calculated probability of cleavage
Jfailure defining the onset of the upper shelf
temperature.
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will be in excess of the highest dose received by the remaining operating Magnox reactor steel
pressure vessels. The neutron flux is attenuated when passing through the vessel wall and Charpy
impact test specimens will be obtained from different depths in these samples. This will allow the
data to be compared with the predictions from the relevant dose/damage trend curve. The results from
this supporting work will add to the present understanding of the embrittlement process and should
improve prediction and alleviate conservatisms used in the deterministic assessment of the operating
pressure vessels.

During service stresses occur in a steel pressure vessel from various types of loading including
internal pressure, and thermal and system loading. Although the vessels were subject to a stress relief
heat treatment a low level of residual stress is also assumed to exist in the welds. In the base line
assessments two pressure levels have been considered, the first equivalent to the normal operating
pressure, and the second relating to the safety relief valve settings. Thermal stresses arise in regions
of the vessel where there are large temperature gradients, e.g. across the gas seal or where the vessel
insulation is discontinuous. System loads are applied to the vessel via the gas ducts and result from
differential displacement between the vessels and the boiler shells. Stresses from these various types
of loading have been obtained by finite element analysis.

Inrecentassessments the implications of loads occurring as aresult of arange of different faults
and hazards have been considered assuming reference size defects to be present in the vessels, Figure
10. These include seismic loading, dropped loads, boiler tube failure and anomalies in the duct
hanger system. The principle adopted in examining the effects of such loads on the integrity of the
vessels is to identify a set of bounding faults and hazards representing the most severe events which
could conceivably occurover their lifetime. Less frequent but more severe events are not considered
on the basis of the low probability of large defects existing together with such remote loadings. This
approach is broadly similar to that used in ASME III for pressurised water reactor components where
infrequent events are considered separately by applying different allowable stresses or service limits
compared with normal operation.

At the time the pressure vessels were designed it was believed that no non-destructive
inspection would be possible once the reactors entered service. Therefore considerable reliance was
placed on the inspections carried out during and after vessel construction to ensure the quality of
manufacture. The principal inspection technique available at that time was radiography using X-rays
and this was used to inspect all the butt and seam welds in the vessel. In later vessels a limited amount
of ultrasonic inspection was also employed. Where any defects were found outside a stringent
acceptance code the welds were ground to remove the defects and re-welded. A final check on the
quality of construction was made through a proof pressure test to over 1.5 times the design pressure
plus a leak test. Large areas of the vessels were subsequently covered with internal and external
insulation and problems of direct access plus the high radiation levels that exist, even with the
reactors shut down, made any further inspection impossible for many years into the operating life of
the vessels.

However, due to the recent technical advances in remote inspection techniques, re-inspection
of some areas of the vessels has become feasible and an ultrasonic inspection has been carried out
on a limited length of weld on the vessels at two power stations. At one power station the vessel is
not insulated internally and this has allowed access to the welds in the region of the outlet gas duct
nozzles from inside the vessel, Bowring et al (1993). An ultrasonic probe head was carried on a
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rotating beam at the end of amulti-link manipulator which was deployed down arefuelling standpipe.
The system allowed line scans to be taken across the weld and with the beam rotated in increments
through a full 360° the entire length of the nozzle attachment weld could be inspected. An alternative
approach where access to the welds from inside the vessel is prevented by the internal insulation was
carried out from outside the vessel, with the ultrasonic probe carried on a remotely controlled trolley,
Curry and Burrows (1993). The total length of weld inspected at the two power stations was in excess
of 75 metres: no defects of any significant depth were detected. These inspection results provide
confidence in the high quality of construction of the Magnox reactor pressure vessels.

3.4. Consequences for Pressure Vessels and Operational Procedures

The purpose of the integrity assessment is todemonstrate that adequate pressure reserve factors
and temperature margins exist over the full operating range of the vessels, and that should a fully
penetrating defect be present in the vessel, the leakage of carbon dioxide coolant gas would be
detected well before the defect reaches a critical length., The strength of the overall safety argument
depends on the different approaches adopted whereby any potential weakness in one leg of the case
is offset by the strength of the remaining legs.

To strengthen the argument it has been appropriate to make a number of changes to the
operating procedures and to carry out modifications to the plant by providing additional measuring/
detection equipment. The integrity assessments have indicated that after taking account of the
various uncertainties in the prediction method, the upward shift in the fracture toughness transition
curve is typically of the order 150°C. To accommodate this change in the transition temperature,
changes have been made progressively to the Operating Rules which set the pressure/temperature
limits during a reactor start-up, Figure 17, and
to ensure that the vessels are not pressurised 7
fully until ductile fracture conditions have been
achieved in the weld metal. In addition, it has
been necessary to raise steady state vessel op-
erating temperatures to ensure that a suffi-
ciently large margin exists above the tempera-
ture at which the onset of upper shelf conditions
occur. Generally this has been achieved by
reducing the shield cooling air flow to the Xy
external surface of the vessel. However, in
these circumstances, care has to be taken so that
any temperature limits on the concrete biologi-
cal shield or the shield cooling fans are not Afail /
exceeded. Alternatively, the temperature of the ,/ / 4
bottom dome region of the vessel has been G ———»
increased by increasing reactor gas inlet tem-
perature but with a consequent reduction in

Fig. 17 Schematic diagram showing a failure
assessment diagram and integration
reactor power output. over material property distributions;
material property contours are
shown after transformation to K o

and space for a given defect size.

The inclusion of the leak rate assessment
as part of the overall safety argument has re-
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quired improvements to be made to the installed carbon dioxide gas leak detection systems. These
were intended originally to provide a general indication of any gas leakage problems and are not
capable of giving accurate measurements of carbon dioxide leak rate at the levels predicted in the
assessments. New detection systems have been installed which measure the increase in carbon
dioxide gas concentration in the shield cooling air and the air flow and the air flow rate thus providing
a detection capability down to about 1 tonne/day. In addition, to cover those locations where high
thermally induced bending stresses cause crack closure and hence limit gas leakage, leak testing has
been initiated during reactor start-up when isothermal conditions still exist.

4. Concluding Comments

Deterministic structural integrity arguments are formulated and used to ensure the safe
operation of a variety of high integrity structures and components, for example nuclear power
electrical generating plant. These arguments are based upon a knowledge of the plant design and
operating requirements combined with the inspection, diagnosis and assessment of any existing or
hypothetical defects. This approach to structural integrity assessments leads to an overall argument
(or Safety Case) that is often multi-legged, where each leg is formulated using conservative
assumptions with respect to the size and distribution of potential defects and input parameters.
However the strength of the overall argument is judged from an evaluation of the relative strength
and weakness of each leg. Such an approach is demonstrated to be reasonable by the example
described in Section 3 for Safety Cases developed for the four Magnox reactor steel pressure vessel
power stations operated by Nuclear Electric plc in the UK. In thisexample of a deterministic fracture
mechanics based structural integrity argument, itis clear that the procedure adopted provides a secure
and robust basis for setting Operating Rules which ensure the continued safe operation of this plant.
The oldest of these power stations has now operated successfully for over 30 years and work is in
hand to justify continued operation up to 40 years for all of the reactors. The degradation of the vessel
steels due to neutron irradiation and thermal ageing effects will be taken into account and revisions
proposed to the Operating Rules to preserve adequate pressure and temperature margins,

However it is clear that as an example of a typical deterministic argument for a high integrity
structure or component undue conservatisms have to be introduced which could be relieved if there
were a better understanding of the materials behaviour and adequate accommodation of materials
variables via an improved mechanistic understanding that would allow increased confidence in the
prediction of the overall operating life of the plantor components. In general, there is certainly a need
to improve the ability to predict the performance of a material from a knowledge of its composition,
microstructure and processing history. Although there is an increased recognition of the need for
plant surveillance specimens to assist in the assessment and underwrite of the integrity of plant and
components, there remains the need to improve both accelerated life testing and the associated
methodology. This means that accelerated life testing for a range of temperatures, environments and
stress states have to be combined with predictive methodology and developed beyond the present
understanding. Itis certainly not satisfactory when assessing high integrity structures and compo-
nents to simply rank materials behaviour under accelerated and, therefore, artificial test conditions.
Rather there is a need to develop assessment methodology and mechanical property data which when
combined with a mechanistic model will allow a quantitative life assessment with the appropriate
level of confidence to assure reliability and ensure failure will not occur. Until this stage is achieved
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to the necessary level, high cost conservatisms have to be built into the structural integrity arguments
and these may have to be supported by high cost, non-destructive inspection and monitoring of the
operating conditions combined with the use of data obtained from associated surveillance schemes.
An alternative is to consider a probabilistic structural integrity argument in total or as a part input to
the deterministic argument.

Detailed probabilistic fracture mechanics methodology based on the well established R6
procedure for the assessment of structures and components containing defects are at an early stage
of development, Gates et al (1990), Francis (1993). Two computer programs are used to implement
this methodology (a) the STARG6 program uses analytical and numerical techniques to perform the
required integrations whereas (b) the PROF code uses Monte Carlo simulation methods, Wilson
(1990). However, in principle a probability density function is required for each input quantity. As
a consequence, the probability of failure, Pf, in each case takes the form

w
P; = [ (@ [[Pi(K1)P,(5) dGdK), da
0 Agi

wheref{a), P1(Kj.) and Po( @ ) are the probability density functions for a defect of size a, the fracture
toughness, Kj,, and the flow stress, @, of the material. The limit of integration, w, is the component
section thickness and the integration region Agy;; in Figure 17 is related to the failure region of the
R6 diagram shown in Figure 8. In practice, due to computing limitations only the defect through-
wall extent, fracture toughness and flow stress distributions are used in STAR6 while deterministic
values are used for all other quantities such as dimensions and stresses. PROF can consider up to
twelve probabilistic variables but requires much greater computing times compared with STARG to
give statistically reliable results. For example, this approach could be applied to the assessment
described in Section 3 for steel pressure vessel. However to apply the probabilistic methodology
defined by the above equation, it would be necessary to take account of factors such as fatigue crack
growth, stable tearing, critical crack length, fault loadings, pre-service proof tests and competing
ductile and cleavage fracture mechanisms. The incorporation of these into the probabilistic argument
would add considerably to the complexity of the actual expressions to be evaluated but the basic
principles remain. At presentitis more appropriate that probabilistic methods should be considered
to enhance, rather than replace, the traditional deterministic approaches to structural assessments.
However they do offer a realistic way forward for integrity assessments to accommodate the
variability of all the input parameters including those for the material mechanical properties which
is a limitation and conservatism for deterministic arguments.
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