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Abstract

Underwater surveillance of large areas, such as the North Sea, is an
increasingly relevant problem, driven by growing concern over activ-
ity targeting undersea infrastructure. A sensor network can address
this by measuring the Direction of Arrival (DoA) of a target. Cen-
tralised tracking with an Extended Kalman Filter (EKF) requires ev-
ery measurement to reach a central node, a communication cost that is
prohibitive for remote, battery-powered sensors. This thesis instead
develops a distributed solution, formulated as a consensus problem
and solved using the Primal-Dual Method of Multipliers (PDMM).
The EKF is reformulated as a distributed maximum a poste-
riori (MAP) problem, yielding EKF-PDMM. An equivalent, faster-
converging formulation is then derived in information form, exploiting
the additive structure of the Extended Information Filter (EIF), yield-
ing EIF-PDMM. EIF-PDMM is extended with gating for multi-target
association (EIF-PDMM-MT) and with sensor selection to reduce ac-
tive nodes by an order of magnitude in large networks (EIF-PDMM-
SS). Combined into EIF-PDMM-SS-MT, the algorithm achieves ac-
curate, scalable target tracking without any central point of fusion.
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Abstract

Underwater surveillance of large areas, such as the North Sea, is an increasingly relevant
problem, driven by growing concern over activity targeting undersea infrastructure. A
sensor network can address this by measuring the Direction of Arrival (DoA) of a target.
Centralised tracking with an Extended Kalman Filter (EKF) requires every measure-
ment to reach a central node, a communication cost that is prohibitive for remote,
battery-powered sensors. This thesis instead develops a distributed solution, formu-
lated as a consensus problem and solved using the Primal-Dual Method of Multipliers
(PDMM).

The EKF is reformulated as a distributed maximum a posteriori (MAP) problem,
yielding EKF-PDMM. An equivalent, faster-converging formulation is then derived
in information form, exploiting the additive structure of the Extended Information
Filter (EIF), yielding EIF-PDMM. EIF-PDMM is extended with gating for multi-target
association (EIF-PDMM-MT) and with sensor selection to reduce active nodes by an
order of magnitude in large networks (EIF-PDMM-SS). Combined into EIF-PDMM-
SS-MT, the algorithm achieves accurate, scalable target tracking without any central
point of fusion.
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Nomenclature

Table 0.1: Latin notation used throughout this thesis.

Symbol Description

a;, a Local measurement at node ¢ and its network average
(introductory distributed example)

Ajjj Coefficient matrix imposing a constraint between the
local variables of neighbouring nodes ¢ and j, indexed
by the directed edge from i to ;7 (PDMM)

bi Constant offset vector for the edge (i,7) (PDMM con-
sensus constraint)

c PDMM step size, controls convergence rate

C, C; Constant matrix used to rewrite the PDMM objective,
and its per-node component

d; Degree of node i (PDMM consensus constraint)

dactive Degree of node ¢ within the currently active subgraph
(sensor selection)

D? Squared Mahalanobis distance

€cons (k) Consensus error at PDMM iteration k

Estate (t) State estimation error at time ¢; per-track variant
Estate,r(t) for track ¢ (multi-target notation)

& Set of edges of the network graph G(V, €)

fe), fi(9) Global and per-node objective function minimised by
PDMM

F State transition matrix

Fa CDF of the x2_ distribution

Fx’%f Inverse CDF (quantile function) of the x2  distribution

G(lj, €) Network graph with node set V and edge set £

h(-) Non-linear measurement function

H Measurement matrix (linear KF)

H, Measurement Jacobian at time ¢t (EKF); indexed analo-
gously as H;, for sensor node ¢ and Hy,; for track ¢

1 Sensor node index

I Identity matrix

I Measurement information matrix (EIF, additive term);
distributed analogue is Z;; below

it Measurement information vector (EIF, additive term);
distributed analogue is ;; below

J Index of a neighbouring sensor node

k PDMM iteration index

K, Kalman gain

xvii



Table 0.1 — continued

Symbol Description

l Selected track index

L Number of tracks, equal to the number of targets in this
work

m Selected measurement index

m Measurement selected for track ¢ by the nearest-
neighbour association rule (gating)

M Number of measurements per sensor, equal to L under
the assumptions of this work

n Dimension of the state vector

N Number of sensor nodes

yactive Number of currently active nodes (sensor selection)

N; Set of (currently active) neighbours of node 4

n, Dimension of the measurement vector

P State estimate covariance matrix

B, Initial state estimate covariance matrix

Das Dys D= Target position components

9 9z, Gy, G- Power spectral density of the random acceleration noise;
¢z, Gy, ¢-. denote the per-axis values, assumed equal in
this work

Q Process noise covariance matrix

T max Maximum assumed measurement range of a node (sen-
sor selection)

reordor? Position of node i

R, R; Measurement noise covariance matrix, and its per-node
block

Sy Innovation covariance matrix; per-track variant Sy, for
track ¢ (multi-target notation)

t Discrete time instant

T Maximum simulation time, in seconds

v Measurement noise

Vg, Uy, U, Target velocity components

V Set of nodes of the network graph G(V, &)

w Process noise

Ty State vector at time ¢; local, per-node (z;;) and per-
track (x,.) variants follow the conventions in Table 0.3

Z True initial target state used to generate the initial es-
timate 2y

Tq)0 Initial state estimate, generated from xg

Ty Predicted state estimate

Ty Posterior (corrected) state estimate

7o Average state estimate across all nodes at PDMM iter-

ation k

xviii



Table 0.1 — continued

Symbol Description

Yt Linear measurement vector

y®) k) PDMM auxiliary (dual) variables at iteration k; node-
specific versions y;;, 2;; for the information vector &,
and Yj;, Z;; for the information matrix Z;,

2 Non-linear measurement vector

Zmt Measurement m at time ¢

2114 Sequence of measurements from time 1 to time ¢

2Nt Stacked measurement vector containing the measure-
ments of all N nodes at time ¢

Table 0.2: Greek notation used throughout this thesis.

Symbol Description

B, Bi PDMM constant vector and its per-node component

ot Sampling interval between discrete time steps, in sec-
onds

Az, Ay, Az Position differences between the target and a sensor
node

0; Elevation angle measured at sensor node

72 Innovation

| Innovation between measurement m and track /¢

Upn ot Whitened innovation

e Information vector (EIF, full posterior)

it Local, N-scaled measurement information vector at
node ¢ (EIF-PDMM); distinct from &, above

Eit Information matrix (EIF, full posterior)

St Local, N-scaled measurement information matrix at
node i (EIF-PDMM); the measurement-only contribu-
tion, distinct from Zy, above

IT Permutation matrix ensuring z;; = y;; (PDMM data
exchange)

o2, 0p Measurement noise variances of the azimuth and eleva-
tion angle

i Azimuth angle measured at sensor node ¢

Xa. Chi-squared distribution with n, degrees of freedom

xXix



Table 0.3: Notational conventions used throughout this thesis.

Notation

Meaning

~

()
(efe—1

-]

diag(-)

det(-)

tr(-)

e b

arg min, arg max
N(p, %)

N (@ 1, %)

El]

Estimate of the quantity (-)

Predicted value at time ¢, given measurements up to
time ¢ — 1

Posterior (corrected) value at time ¢, given measure-
ments up to time ¢

Local, node-specific copy of a quantity at node i
(PDMM)

Per-track quantity for track ¢ (multi-target notation)
Quantity transmitted from node ¢ to neighbour j
(PDMM exchange)

Value at PDMM iteration k

Quantity restricted to the currently active subgraph
(sensor selection)

Matrix or vector transpose

Matrix inverse

Assignment / iterative update, as opposed to mathe-
matical equality

Set of real a x b matrices

Set-builder notation, read as “such that”

Empty set

Euclidean (¢3) norm

Diagonal matrix formed from the given entries
Determinant of a matrix

Trace of a matrix

Loewner (positive semi-/definite) matrix ordering
Argument that minimises/maximises the given objective
Gaussian distribution with mean g and covariance X
Gaussian density with mean p and covariance X, evalu-
ated at x

Expectation operator

XX



Introduction

Underwater surveillance of large areas such as the North Sea is a challenging and highly
relevant problem. With an increase in suspicious activity targeting critical undersea
infrastructure, there is a growing demand for monitoring of these large areas [1].

To tackle this problem, a large sensor network could be used to monitor this vast
area. These sensors would then measure the Direction of Arrival (DoA) of, for example,
the sound produced by a target. A traditional solution would be to combine all mea-
surements of the sensor network at a central location such that a target can be tracked
using an Extended Kalman Filter (EKF). This method introduces a problem: combin-
ing all the measurements requires them to travel to the central location. In these remote
places, transmitting over such distances requires significant power, drastically increas-
ing cost and reducing the battery life of the sensors. This centralised solution also has
a single point of failure: the central location where all measurement are combined. It
would thus be beneficial to solve this problem in a distributed fashion, combining the
measurements locally using only sensor-to-sensor communication. This is also known
as distributed optimisation. Multiple distributed solvers exist that can be used to solve
such problems, such as Alternating-Direction Method of Multipliers (ADMM) [2] and
the more recently introduced Primal-Dual Method of Multipliers (PDMM) [3].

1.1 Research Question and Outline

This thesis addresses the following research question: How can a distributed sensor net-
work, providing Direction of Arrival (DoA) measurements, be used for target tracking
in large, remote areas? To this end, this thesis develops a distributed algorithm for
multi-target tracking.

The remainder of this thesis is structured as follows: Chapter 2 provides background
knowledge on the centralised state-space model and the Kalman Filter framework, in-
cluding the Kalman Filter (KF), the Extended Kalman Filter (EKF), and the Extended
Information Filter (EIF). Chapter 3 extends the centralised model to a distributed
model and introduces and compares two new distributed algorithms, EKF-PDMM and
EIF-PDMM. Chapter 4 shows how the EIF-PDMM algorithm can be extended to a
multi-target scenario resulting in EIF-PDMM-MT. Furthermore, it extends the algo-
rithm to do a simple sensor selection method to reduce the number of sensors needed in
the network resulting in EIF-PDMM-SS. Lastly, it combines the two resulting in EIF-
PDMM-SS-MT. All algorithms are accompanied by simulations. Chapter 5 concludes
the thesis with a brief summary and steps to take for future work.






Centralised Model

This chapter introduces the background and notation required to understand the main
contribution of this thesis: a distributed target tracking algorithm. To this end, tar-
get tracking is first considered for a centralised system, in which all measurements
are evaluated at a single, central location. Understanding this centralised setting is
a prerequisite for the distributed methods discussed in later chapters. The chapter is
structured as follows: first, the state-space model is introduced. Second, the Kalman
Filter and Extended Kalman Filter are discussed. Third, the Extended Information
Filter is presented, including why it is particularly well-suited for a distributed imple-
mentation. Finally, multi-target notation and gating are introduced.

2.1 State-Space Model

In this work, the motion of a target is described using a state-space model. At discrete
time instant ¢, the target state is represented by the state vector z, € R™*!, where
n denotes the dimension of the state vector. For three-dimensional motion, the state
vector contains the target position p and velocity v in the z-, y-, and z-directions (giving
n=6),
-

Ty = [ e Dy Dz Uz Uy vz} ) (2.1)

The evolution of the target state is described by the state transition model, while the

observations are related to the state through the measurement model. Assuming linear
dynamics and linear measurements 1, the state-space model is given by

Ti41 = Fxt + Wy, Wy ~ N(O7Q)7

2.2
vy = Hxy + vy, vy ~ N (0, R), (2:2)

where F' € R™" is the state transition matrix and y, € R™*! is the measurement
vector, with n, denoting the dimension of the measurement vector. The measurement
matrix is denoted H € R™*" where H is the linear transformation of x; to 1. The
process noise w models uncertainties in the target dynamics, whereas the measurement
noise v accounts for sensor inaccuracies. Both noise terms are assumed to be Inde-
pendent and Identically Distributed (i.i.d), zero-mean Gaussian random vectors with
covariance matrices () € R™™ and R € R™*"= respectively. The specific structure of
these covariance matrices is discussed below.

In target tracking, the measurement model is typically non-linear, since sensors
commonly measure quantities that are non-linear functions of the Cartesian state. The
state-space model is then given by

Ty = Fay + wy, N(0,Q),

2z = h(xy) + vy, Vg ~ N(O, R), (2:3)



where h(z;) is a non-linear function that maps the state vector z; to the non-linear
measurements z; € R™*!. The specific state transition model and measurement model
used in this work are introduced below.

The state transition matrix F' is modelled using a constant-velocity model, which
assumes zero acceleration between time steps and therefore captures only simple, linear
dynamics. However, in combination with the process covariance (), more complex
dynamics such as accelerations or turning motions, can still be captured through the
added process noise. The state transition matrix is given by

F:[g5?], (2.4)

where I denotes the 3 x 3 identity matrix and 6t denotes the sampling interval between
discrete time steps ¢ and ¢+ 1. Using this constant-velocity model, the state is updated
as,

Typq = [pz + 0,0t py + vyt p.+U0t vy vy vz}T + wy. (2.5)

Different models can be used for the process covariance (), capturing effects such as
acceleration or turning motion. In this work, the process covariance is given by

_ et /3)I q(6t?/2)1
Q= lgrr g | 20)
where ¢ denotes the power spectral densities of the random acceleration noise, assumed
equal along the x-, y-, and z-axes. This model adds random accelerations to the state
transition, with uncoupled noise between the axes. Further details are given in [].

Having introduced the state transition model, the measurement model used in this
work is discussed next and illustrated in Figure 2.1.

z
A

Figure 2.1: Sensor geometry for a single sensor node i.

The measurement model considers angle measurements, namely azimuth and ele-
vation. These measurements are obtained from a sensor network with known sensor
positions. For a sensor node i € {1,..., N}, where N denotes the number of sensor



nodes, the non-linear function h(x;) that maps the Cartesian position states to the
azimuth and elevation angle measurements, is given by

arctan | 22
-] ((ii) o

where ¢; and 6; denote the azimuth angle and elevation angle, respectively, measured
at sensor node 7, and Az, Ay, and Az denote the position differences in the z-, y-, and
z-directions between the target and sensor node ¢. The measurement noise covariance
R is given by
2
oz 0

— Y
e o
where 2 and o denote the measurement noise variances of the azimuth and elevation
angle, respectively, giving n, = 2 for the angle measurements considered in this work.

2.2 Kalman Filters

In this section, the notation and operation of the Kalman Filter and Extended Kalman
Filter are discussed.

2.2.1 Kalman Filter (KF)

The Kalman Filter (KF) is a recursive algorithm that computes the optimal estimate
of the state x; given a sequence of measurements, under the assumption of a linear
system as shown in Equation 2.2. Provided the system matrices F' and H and the
noise covariances () and R are known, the KF is the optimal linear estimator in the
Minimum Mean Squared Error (MMSE) sense [5]. If the process and measurement
noise are additionally Gaussian, the KF is optimal among all estimators, not only the
linear ones [0].

The KF consists of two steps, the prediction step and the correction step. The
notation Z;,_; denotes the predicted mean at time ¢ conditioned on the observations
Yo, - - - Yi—1, with associated covariance P,;_; € R"*" denoting the uncertainty in this
estimate. The prediction step is given by

Tijt—1 = Ffft—1|t—1,

2.9
Py = FPt—1|t—1FT +Q, (29)

which propagates the previous posterior estimate forward using the state transition
model F'. Correspondingly, the predicted covariance reflects how the uncertainty in the
previous estimate evolves under this same linear transformation. The term FP_y;_1 F T
propagates the existing uncertainty through the dynamics, while the addition of @
accounts for the new uncertainty introduced by the process noise at each time step.
As a result, Py,_; is always at least as large as P,_;;_1, reflecting the fact that, in the



absence of new measurements, uncertainty in the state estimate can only grow over
time. Before the correction step can be given, two intermediate quantities are defined,

S,=HPyH' +R,

) (2.10)
Kt - -Pt|t—1HTSt 17

where S; is the innovation covariance, with the innovation v, =y, — HZ;;—; denoting
the discrepancy between the actual and predicted measurement, and K, is the so-called
Kalman gain. Using these definitions, the correction step is given by

Ty = Ty + Ko(ye — HTy—1),

2.11
Pt|t = Pt\t—l - KtHPﬂt—l; ( )

which updates the predicted state and covariance using the new measurement ;. Since
the correction step incorporates new information, the resulting covariance P,; is reduced
relative to Fy,—1, with the magnitude of this reduction governed by the Kalman gain
K. Alarger gain, corresponding to a more reliable measurement relative to the current
prediction uncertainty, results in a larger reduction in uncertainty.

Due to the non-linear mapping of the azimuth and elevation angle measurements
introduced in Section 2.1 to Cartesian coordinates, the standard KF cannot be used,
since it assumes a linear measurement model. The Extended Kalman Filter (EKF) is
introduced next to address this non-linearity in the measurement update.

2.2.2 Extended Kalman Filter (EKF)

This work considers the non-linear system given in Equation 2.3, where the measure-
ment model is non-linear while the state transition remains linear. Because only the
measurement model is non-linear, the prediction step of the EKF is identical to that of
the linear KF,

Tyo1 = Foyqp4-1,

Py = FRf—l|t—1FT +Q.
What changes is the measurement update. The measurements considered in this work
are the azimuth (¢;) and elevation (6;) angles. The same t|t— 1 conditioning convention

introduced in subsection 2.2.1 applies here, with the non-linear measurement z; taking
the place of y;. The measurement model is given by

(2.12)

2= [%‘ ei]T + vy = h(wy) + vy, (2.13)

where the non-linear function h(z;) was already introduced in Equation 2.7, with z;
the state vector as described in Equation 2.1.

The EKF approximates the non-linear function h(x;) using a first-order Taylor ex-
pansion around the current predicted state z;_;. This linearisation replaces the con-
stant measurement matrix H used in the linear KF (Equation 2.2) with the Jacobian
matrix H; € R"*", which is evaluated locally at Z;,_, and therefore has to be recom-

puted at every time step,

_ o

H, (2.14)

Tt |4
t Tt|t—1



Because the linearisation in Equation 2.14 is only locally accurate, the EKF can diverge
when #,;_; is a poor estimate of the true state, a risk that is especially pronounced
during initialisation, i.e. for Zy.

Before the update equations of the EKF are given, the innovation is reintroduced.
The innovation represents the discrepancy between the actual measurement z; and the
measurement predicted from the current state estimate, h(Zy;—1), and is given by

Ve = 2t — h(ith‘fl)- (2-15)

As in subsection 2.2.1, the innovation covariance S; and Kalman gain K, are defined,
now using the Jacobian H; from Equation 2.14 in place of the constant H,

St = HtPt\t—lHtT + R,

B (2.16)
K = Ptlt—lHtTSt L

Using the Jacobian H; and the innovation (Equation 2.15) written explicitly, the update
equations of the EKF are given by

Ty = Typ—1 + K (Zt - h(it\t—l)) )

(2.17)
Pt\t = Pt|t—1 - KthPt\t—l-

2.3 Extended Information Filter (EIF)

The EKF can also be written in the so-called information form, referred to as the
Extended Information Filter (EIF) [7]. Using the EIF, as will be shown in this section,
multiple independent measurements will contribute additively, which is particularly
advantageous for a distributed implementation. To derive the information form, the
Woodbury matrix inversion lemma [3] is applied to the covariance update equation of
the EKF,

—1
Pyt = Pyp—1 — Pt|t—1HtT (lT‘[tP75|15—1f‘[t—r + R) Hy Py,

N (2.18)

Py = <Pt|th +H, R Ht> .

This motivates defining the information matrix
St = Py (2.19)

To obtain the corresponding information vector, the state update equation of the EKF
is first restated,

A A -1 A
Tyt = Tgje—1 + Pt|t—1HtT (HtPt|t—1HtT + R) (2t — h(Zgj-1))- (2.20)
Multiplying this equation by Z;; motivates defining the information vector
Eije = o = I%Ttl-%t\t, (2.21)

which, with the full derivation given in Appendix A, yields the following update,
Seie = Seje—1 + HtTR_l (Zt — W(Zyp—1) + Hti't|t71) . (2.22)
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The quantities Z;; and &; can also be written as an update relative to their previous
values Zy;_; and &1, plus an additive factor,

e = g1 + 1L,
et = Sepe—1 + i,
where the additive factor I;, referred to as the measurement information matrix, de-
pends only on the predictions of the EKF, while 4;, the measurement information vector,
additionally depends on the measurement z;. Using H; as defined in Equation 2.14,
these factors are given by
I, =H R 'H,
iv = H R (2 — M(@4-1) + Hidigp—n)-
When multiple independent measurements are available, the update reduces to a sum-
mation over all measurements, following from the block-diagonal structure of R~1.

When new information is added to the model, this corresponds to a simple addition in
the information form,

(2.23)

(2.24)

R 0 ... 0 Hy,
0 R*' ... 0 H ’
B =S+ [H, Hy, ... Hl]| . . . o (2.25)

0 0 0 R' [Huq
Summing over the measurements from all N sensor nodes introduced in Section 2.1

yields the following update equations for both the information matrix and the infor-
mation vector,

N
Et|t = Et\tfl + Z H;R_lHi,ta
o (2.26)
et = Sepe—1 + Z H;:Ril(zi,t — h(Z4t-1) + HigZye-1)-
i=1

This additive structure allows the EIF to fuse several independent measurements with-
out recomputing a matrix inverse for each one, making it particularly well-suited for
a distributed implementation. The state and covariance can easily be retrieved by
rewriting Equation 2.19 and Equation 2.21,

— =1
Pt\t = =t
Ty = Pyeye-
This leads back to the normal state-space notation introduced in Section 2.1.

(2.27)

2.4 Multi-Target Tracking

The formulations discussed above all implicitly considered a single-target scenario, while
most real-world scenarios involve multiple targets in the area of interest. This section
discusses the changes to the notation, as well as methods to select the correct measure-
ment for each target.



2.4.1 Multi-Target Notation

When considering multiple targets, measurements must be associated with the track
they originate from, where a track denotes the state maintained by the tracking algo-
rithm to represent an individual target over time. The selected measurement is denoted
by m € {1,..., M}, where M denotes the number of measurements per sensor. The
selected track is denoted by ¢ € {1,..., L}, where L denotes the number of tracks.

If m = ¢, the selected measurement originates from the corresponding track. If
m # (, the measurement originates from another track or is a false positive. False
positives and missed detections are not considered in this work. Therefore, every track
produces exactly one measurement per sensor, and every measurement originates from
a track, giving M = L. The measurement model for a correct measurement-to-track
association is thus given by,

Zm,t = h(l’g’t) + Vt. (228)

It is not known, however, which measurement corresponds to which track. A method
used for measurement-to-track association, called gating, is discussed in the next sub-
section.

2.4.2 Gating

A commonly used method to associate measurements with targets is called gating
[9]. Gating establishes a statistical threshold, admitting only measurements that are
sufficiently likely to originate from a given track. This is achieved by computing the
Mahalanobis distance between a measurement z,,; and the predicted measurement
h(Zggi—1), using the inverse of the innovation covariance matrix Sy, defined as in
Equation 2.16 but now evaluated per track using the Jacobian Hy;. The innovation is
defined as

Vot = Zmt — B(Zege-1), (2.29)

and the Mahalanobis distance is defined as
D = vy S0 Ve (2.30)

For each track ¢, the measurement yielding the smallest Mahalanobis distance is se-
lected,
. . T o-1
m = ar min v, .S, Unit, 2.31
gme{lva} m,0t°90t Ym it ( )
which is a nearest-neighbour association in the Mahalanobis metric. An upper bound
on this distance can additionally be imposed using a Xiz distribution, because z,,; is
assumed to be a Gaussian random vector, i.e. zp; ~ N (h(Z¢4—1), Ser). This is shown
below by first deriving the mean of the innovation v, ¢, followed by its covariance.
Linearising h(ze;) around &1 gives h(zey) ~ h(Tog—1) + Ho(Ter — Togp—)-
Substituting this into the measurement model and the definition of the innovation
gives

Umt = Zmyt — h(£’é,t|t71) ~ h(fﬁ,ﬂtfl) + Hyy(zor — jj[,t\tfl) + v — h(i"e,ﬂtfl); (2.32)
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where the two h(Zgy.—1) terms cancel, leaving
Vmp = Hor(Tor — Togp—1) + o1 (2.33)
Taking the expectation gives
E[Vm,é,t|£&t\t—1] = Hy Elxe, — ffz,t\t—l] + Elvy]. (2.34)

Because xp; ~ /\/'(ig,ﬂt_l, Pyy¢—1) and vy is zero-mean Gaussian noise, both terms van-
ish, leaving

ElVmit jjf,t\tfl] =0, (2.35)

confirming that the innovation, and hence z,,;, has mean h(&;_1), as required. Next,
the covariance of the innovation is derived,

R . . T
E[Vm,ﬁ,tl/;7£7t|mé,t|t71] =L [(le,t(xz,t — :L‘E,t|t71) + Ut) (Hé,t(xﬁ,t — xé,t|t71) + Ut) ]
= Hy B [(Ié,t — Zpgpe—1) (e — i’z,t\t—l)T] HZt +FE [UtUtT]

= HE,tPZ,t\t—ngTt + R = Sy,

(2.36)
where the cross terms vanish since v, is independent of the state prediction error and
has zero mean.

Now that the innovation is shown to be distributed as v, ¢+ ~ N (0, S;), the relation
between the Mahalanobis distance and the x? distribution can be established using a

—1/2 .

. - ~1/2 . . )
whitening transform. Define 7, o4 = S“/ Um,et- Since vy, o4 is Gaussian and S, S

n 1
. . - . . . ~1/2 .
a linear transformation, 7, ¢, is also Gaussian, with mean S“/ -0 = 0 and covariance

T T
i 28y, (5;/2) — 1, 50 that s, ~ N(0,1). Using (5,;1/2) Si? = 57}, the

t 4t
Mahalanobis distance from Equation 2.30 can be rewritten in terms of 7, 4,

2 T -1 o
D* = m,é,tSZ,t Vmt = Vi o tVm,0t- (237>

Since Uy ot ~ N (0, I), its components are independent, standard normal random vari-
ables, so by definition of the x? distribution, D? = 37 [#r4]° ~ x2., showing the
relation between the Mahalanobis distance and the y? distribution.

As a consistency check, since a Xflz—distributed variable has mean n., the expectation

of D? can be verified directly using its original definition,

E[D? = E [V, 1,50/ Vm.t]
=F [tr (V;7£7t52t1ym747t)}
=F [tr (SZtIVm,e,tV;,z,t)} (2.38)
=tr (S[;E [Vm,é,ty;r17f7t])
=tr (S[,tlsm) =n,,
where n, is the number of dimensions of z,,,, confirming the result.

The y? distribution can thus be used as an upper bound to filter out outliers from
a Gaussian-distributed random variable. Let F\2 . denote the Cumulative Distribution

10



Function (CDF) of the x4 distribution. A threshold for a given percentile is then found
using its inverse F ;! 2 the quantile function. This Xn result is exact only under the
linear-Gaussian assumptlons of the KF. For the EKF, both S;, and the assumption that
the innovation is normally distributed rely on the ﬁrst order linearisation of h(+), so the
x2_ distribution is an approximation that degrades when h(-) is strongly non-linear or
the prior uncertainty P, is large.
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Distributed Model

This chapter presents the conversion of the centralised model introduced in Chapter 2
into a distributed formulation, such that it can be solved without a central node/fusion
centre. The chapter is structured as follows: Section 3.1 illustrates, through a simple
example, how a centralised estimation problem can be reformulated as a distributed
consensus problem using local copies of the variable of interest. Section 3.2 introduces
the Primal-Dual Method of Multipliers (PDMM), the distributed solver used through-
out this work, along with the notation required to apply it to a general distributed
optimisation problem. Building on this, Section 3.3 derives a distributed formulation
of the EKF by first casting it as a maximum a posteriori (MAP) estimation prob-
lem and then rewriting this as a distributed consensus problem solved using PDMM,
referred to as EKF-PDMM. Section 3.4 presents an alternative formulation in informa-
tion form, EIF-PDMM, which reuses the additive structure of the EIF introduced in
Section 2.3. Finally, Section 3.5 compares the convergence behaviour of EKF-PDMM
and EIF-PDMM, showing that EIF-PDMM reaches consensus substantially faster while
converging to the same result. Based on this, EIF-PDMM is adopted for the remainder
of this work.

3.1 General Idea of Distributed Algorithms

The goal of a distributed algorithm is to solve a centralised problem in a distributed
fashion. For example, a sensor network is considered in which spatially distributed
sensors measure temperature over an area, where the mean temperature of that area
is of interest. In a centralised method, all measurements would be gathered and the
mean calculated. In this example, a; denotes the measurement of node 7, and the mean
value of all measurements, a, is given by

1
a= NZai. (3.1)

To construct an equation that yields the same average value in a distributed fashion, an
auxiliary variable z is introduced. An equivalent problem to Equation 3.1, formulated
as an optimisation problem using the auxiliary variable x, is given by

min > %(x — ;) (3.2)

i=1

Local copies of this auxiliary variable z are introduced for each node, denoted x; for
node 7. This ensures node separability. To ensure that every node converges to the
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same answer, the problem is constrained such that x; = z; for neighbouring nodes,
yielding
. 1 2
min —\Tr; —a;),
2 5t —a) (3.9

T1,...,T
1 N i=1
subject to  x; —x; = 0.

These are the basic steps needed to rewrite a centralised problem into a distributed
optimisation problem. The distributed solver used in this work is discussed next. This
solver takes a distributed optimisation problem and handles the communication and
consensus process.

3.2 Primal-Dual Method of Multipliers (PDMM)

The Primal-Dual Method of Multipliers (PDMM) algorithm [10] is not as well known
as other distributed algorithms such as Alternating-Direction Method of Multipliers
(ADMM) or randomized gossip [!1]. It is shown in [3] that a 1/2-averaged PDMM is
equivalent to ADMM, meaning ADMM is a special case of the more general PDMM
framework. Because PDMM’s averaging parameter is not restricted to this special
case, it can be tuned to achieve a faster convergence rate than ADMM, provided it
converges [12].

A minimisation problem is defined, involving a function f;(x;) to be minimised in a
distributed manner. To do this, a graph G(V, £) must be defined, where V = {1,..., N}
denotes the set of all N nodes, and £ denotes the set of undirected edges such that
(i,7) € & if node i and node j are connected. The set of neighbours of node i is given
by N; = {j € V|(i,j) € £}, i.e. all nodes j that are connected to node ¢ by an edge.
The distributed minimisation problem can then be written as

minimise Z fi(zi),
iev (3.4)
subject to Az|sz + Aj|i£L’j = bi,j \V/(Z,j) eé.
The matrices A;; € R™", together with b;; € R™*!, impose a constraint between
the local variables of neighbouring nodes ¢ and j. The notation i|j denotes a directed
edge, and 7, 7 denotes an undirected edge. To transform the problem into a consensus
problem, A;; = —Aj; = I and b; ; = 0. This implies that every local value must be

equal to the value of their neighbours, i.e. z; — 2; = 0. The standard form of PDMM,
as derived in [3], is given by

#®) .= arg min (f(x) + (Z(k))T Cx + g”cx — 5”2) )

y®) = 2 4 2c(Ca® — B, (3.5)
L) ),

where II is a permutation matrix that ensures that (V(i,j) € &) z;; = yy;, ie. it
represents the actual data exchange in the network, illustrated in Figure 3.1. y®
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and z*) denote auxiliary node variables, and ¢ denotes the step size that controls the
convergence rate. The index k£ denotes a PDMM iteration, in which every node shares
its values with all its neighbours once. A broadcast method for communication is
assumed in this work. PDMM is used as a synchronous algorithm. An asynchronous
variant does exist [10] but it is not used in this work.

i J

O O

Zilj < Yjli Zjli < Yilj

Figure 3.1: Information exchange between neighbouring nodes ¢ and j, node ¢ receives data

Yjj; from j and treats it as z;);, while node j receives y;|; from ¢ and treats it as z;;.

VR lj
The constant matrix C' and vector 3 are used to rewrite the objective. The compo-

nents of C, denoted by C}, and the components of 3, denoted by f;, are given by,

cy ... 0
-
C=|: . +|.8=[8 ... B8] . (3.6)
0 ... Cy
and the components themselves are given by
T,
Co=[A], ... AL, AL, ..Al]"viev,
1 T T T T 1T s (37)
B = 3 [bm v by by bi,N} Vie V.

The terms A;; and b;; are only included in C; and f; if and only if (i,5) € £ To
rewrite this standard notation of PDMM such that its distributed nature is easier to
recognise, the structure of C' can be exploited in the following two equations [3],

2 Cr = Z Z zileAZ-U:ci, (3.8)

1€V jJEN;

1
ICz = BIIP =D || Agymi — 5%'“2- (3.9)

i€V jeN;
Due to the separability of these two equations over the nodes, this results in the node-
specific PDMM update equations

. C 1
xz(.k) = argmin (fz(%) + Z (Zy;)TAijxi + §||Ai\f'x’i — 5biy

o 2 (3.10)
) ) ) ] 3.10
yfu) = Zi(lj) + 26(A1|j$@(- )~ §bz’7j)7
(k+1) . (k)
Zite T Yl

These node-specific update equations form the basis for applying PDMM to the dis-
tributed EKF', discussed next.
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3.3 Extended Kalman Filter — Primal-Dual Method of Multi-
pliers

This section derives a distributed formulation of the EKF, building on [13], where the
update equations for a KF solved by ADMM are obtained by first rewriting the problem
as a maximum a posteriori (MAP) estimation problem. This formulation is extended
to the EKF, using PDMM as the distributed solver.

3.3.1 Maximum a Posteriori Formulation for the EKF

This subsection shows how a centralised EKF can be solved as a MAP estimation
problem. This formulation is then extended to a distributed notation, from which the
PDMM update equations for EKF-PDMM are derived in subsection 3.3.2.

For the MAP problem, an x; that maximises the posterior distribution p(x;|z1.) is
desired, where z1,; represents the measurements from time 1 to the current time ¢. By
applying Bayes’ rule, the MAP estimator can be defined as

Ty = arg fop(xﬂzl:t) = arg néaxp(zt|xt)p(xt|z1:t_1), (3.11)
which can also be written as
Zi“t\t = arg mzax In (p(zt|xt)p(xt|zlzt—1)) ) (3-12)

where p(z|z;) is the likelihood function, given by N (z; h(z;), R), evaluated at z;, with
mean h(x;) and covariance R. Similarly, p(z¢|z1..—1) is the prior distribution, given by
N (x; Zy4—1, Pyje—1), evaluated at x;, with mean Z,;_; and covariance P,;_;. Substitut-
ing these two distributions gives

Inp(z|z;) = —%(zt — h(z)) R (2 — h(wy)) — %ln((Qﬂ)”z det(R)), (3.13)
In (a2 210 1) = —%(:z»t't_l =) TP (g — 1) — %ln((Qﬂ)"det(Ptt_l)), (3.14)

where n is the number of measurements contained in z;, and n is the number of states
in ;. Since a derivative will be taken with respect to z; to find &y, the last term in each
expression can be dropped, as it does not depend on z;. In Equation 3.13, the non-linear
function h(x;) appears. Since z; is unknown at this point, this must be approximated.
The EKF approximates this by linearising h(z;) ~ h(Zy—1)+H (2 —Zy4—1), where H, is
again given by Equation 2.14. Using this approximation, and writing the maximisation
as a minimisation to drop the minus sign, gives

Ty = arg H}én (5(@7:1 — ft)TPtﬁl,l(@t\tfl — 1)
. . T _
+ (Zt — (h(Zgfp—1) + He(z — $t|t—1))) R (3.15)

(2t = (M(Zy—1) + Hy(z — Zyp—1))) )

| —
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This is not the exact MAP estimator of the true, non-linear estimation problem, since
the linearisation of h(x;) has already been applied. It is, however, exactly the same
approximation used by the EKF itself, so solving Equation 3.15 reproduces the EKF
update exactly. This problem can be rewritten to be solved in a distributed fashion by
PDMM. To use PDMM, Equation 3.15 has to be written in the form of Equation 3.4.
First, multiple independent measurements from N nodes are considered. All measure-
ments are stacked in the vector z.x; = [21,t zN,t}T, with h(-) and H; similarly
stacked. R~! is in block-diagonal form, which holds because the measurements, and
their associated noise, are assumed independent. Using this form, the measurement
term of Equation 3.15 can also be written as a summation over all nodes,

(leN,t — (h<ii’t\t—1) + Hy(xy — i't\t—l)))—r R (leN,t — (h(i't\t—l) + Hy(xy — i't|t—1)>)

DO | —

N
1 . . T . .
= Z 3 (2ia — (hi(Zge—1) + Hig(zr — Ze—1))) By (200 — (hi(Bye—1) + Hig(e — Zye-1))) -
i=1
(3.16)
The measurement part of the problem is now almost written in a node-separable form.
The state vector x; and the predicted state vector Zy;_; are not yet node-separable. By
making local copies of x;, the predicted state can similarly be represented by its local
copy Zige—1. Due to the local copies, a factor 1/N is needed to scale the summation,
giving
1, . 1 .
§($t|t71 - $t)TPt|t1,1($t|t71 - xt)
N (3.17)
N T 15— ~
= Z ﬁ(xi,ﬂt—l - xi,t) Pi7t\1t_1(xi,t\t—1 — Tiyt).
i=1

3.3.2 Update Equations for EKF-PDMM

The local, node-specific version of the objective from Equation 3.15 is now written using
the local copy x;,, following the local-copy construction introduced in Section 3.1,

1

filziy) :ﬁ(ii’z’,t\tq - xi,t)TPi;ft,l(i’i,ﬂtq — Tiy)
1 R R T e .
+ B (Zi,t — (hi(Zg4—1) + H; (234 — xi,t|t—1))) R; ! (3.18)

(Zz‘,t — (hi(Zgp—1) + H; (i — i‘i,t|t71))) .
Summing the local objective f;(x;:) over all nodes gives the node-separable objective,
AN
f(th; ce 7$N,t) = Z [ﬁ(iﬁi,ﬂt—l - Ii,t)TF)i;f\lt_l(JA:i,t\t—l - Iz’,t)

=1

1 . . T
+ 5 (Zi,t - (hi(Ii,t\t—l) + Hi,t<xz',t - xi,t\t—l))) Ri '

(Zi,t — (hi(Zigp—1) + Hip(wip — i‘i,t|t—1))) ]7

(3.19)
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subject to the consensus constraint,
N
,nin ; filwip),
subject to  (V(i,5) € £) xiy — x4 = 0.

To find the PDMM update equations for the state, the derivative with respect to z;,
is taken and equated to zero,

0= —H;Rffl (zig — (W(Zigpe—1) + Hip(@ip — Zige1)))

(3.20)

T __ . 3.21
- Npmlt_l(fcz',ﬂt—l —zia) + Y, (A2 + A Aiig) - (3:21)
JEN;
Since Equation 3.20 is a consensus problem, A;; = —A;; = I, so AiT|inlj = I, which

. . T o . . . .
implies JeN, cAi| jAZ-Uxi,t = cd;x; 1, where d; is the degree of node 7. This equation can
now be solved for z; 4,
1
T p-1 ~1 T p-1 . .
H, R "Hxi + Npi7t|t_1xi,t +ediziy = Hy Ry (zip — B(Zig)e-1) + HigZige-1)
1
-1 A T
+ P11 — > Afzi,
JEN;
1

-1
Tyt = (H;;Rlle + Npi;fit—l + Cdzl)

<H;Ril<zi,t — M Zigge-1) + HigBige1) + %Pi’tlt_lii,tt—l - Z AZ-TUZU) :
JEN;
(3.22)
Combining this result with the general PDMM update equations gives the following
update equations for the state vector,

, _ L, B
.ﬁEE’?t = (HLRZ 1Hz',t + Npi,tlltfl + Cdzl)

_ . . I . .
(HLRZ- 1(2i,t — M Zigpe—1) + Hipigpe—1) + —P,-’t‘lt_ll'z',ﬂt—l - Z AL%U) ;

N JEN;
(k) _ (k) - (k)
Yiyg = Zipy T 2040525,
(k+1) (k)

Zili T Yl
(3.23)
For the update equation for the covariance, the minimisation problem as defined in [13]
can be used. This definition already uses the information form of the covariance, which
is why it reduces to the fo-norm minimisation problem

| N
min 55 ||NH;R;1H¢¢—E¢¢||27
i=1

=it

(3.24)
subject to  (V(i,7) € ) Zir— =, =0.
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The difference between this formulation and that of [13] is that the matrix H;,R; ' H;,
is not half-vectorised here. In [13], half-vectorisation is done to reduce the amount
of data transmitted in the ADMM implementation. Since reducing this data is not
a goal of this work, half-vectorisation is omitted here. The derivation of the primal
update of the measurement information matrix is obtained by taking the derivative of
the problem described in Equation 3.24, combined with Equation 3.10, with respect to
=i+, which gives

0=, — NH,R7'Hyy+ Y (Al Zy; + cAj;AiZis)

JEN;
I+ cd;I)Z;y =NH,R;'H; Al Zys,
( )Eit t t— ]g 1541l (3.25)
S =(I 4+ cdiI)™ (NH; R7'Hiy— > Aj m) .
JjEN;

This leads to the PDMM update equations for the measurement information matrix,

= = (I +ed, D)™ (NH; R'H;, — ZA”JZU),

JEN;
—— (3.26)
Y‘] ZZ|] + 2cA; Uult ,
2 —y )
jli il

3.4 Extended Information Filter — Primal-Dual Method of
Multipliers

The EKF and its information form counterpart, the EIF, were shown in Chapter 2 to
be equivalent representations of the same posterior, related through Equation 2.19 and
Equation 2.21. Because of this equivalence, the MAP formulation of the distributed
EKF problem derived in Section 3.3 can equally be expressed in information form, us-
ing the additive structure given in Equation 2.26 to formulate an alternative consensus
problem. Only the local, N-scaled measurement information matrix =;; and measure-
ment information vector §;; need to be shared. These are the distributed analogues
of I; and 4; from Equation 2.24, excluding the prior. The prior is reintroduced when
recovering the state and covariance, given by

-1
Py = (P -1 + t) ;

Tiglt = Pi,t|t (Pi;g“,lxi,ﬂtfl + fzt) .

The distributed minimisation for the measurement information vector is given by

(3.27)

N
1
min — ]VI‘ITPL_1 Zi —hii'l — +HZ Z)A’JZ — — 2,
al Q;H (H; R (20 — h(Zi40-1) tige-1)) = &l (3.29)

subject to  (V(i,7) € ) &+ — & =0.
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The distributed optimisation problem for the measurement information vector &;; is
derived analogously to that of the measurement information matrix =;; in subsec-
tion 3.3.2, and only the resulting minimisation problem is stated here. The resulting

PDMM update equations for the measurement information vector are given by

k - _ . .
& = +cd1)™ (NHz‘TtRi zig = W(@iger) + Higige1) — Y Az—‘lrjz”> |
JEN;
(k) (k) (k)
Yy = %y 120y
(k+1) _ (k)
Sl T Vil
(3.29)
The measurement information matrix update equations are unchanged from Equa-

tion 3.26.

3.5 Convergence Comparison: EKF-PDMM vs. EIF-PDMM

The number of PDMM iterations run at each time step ¢ is a design choice: fewer
iterations reduce communication overhead but do not attain the same consensus preci-
sion, so the iteration count must be chosen according to the precision required by the
application.

3.5.1 Experimental Setup

The simulation setup used to obtain the results presented in subsection 3.5.2 is described
below. The initial state estimate is given by

2%1‘0 = FLU(), (330)

where zy contains only the target’s initial position, with the velocity components ini-
tialised to zero. The initial covariance is set to Py = diag(500, 500, 500, 100, 100, 100).
The process noise spectral density is assumed equal among the z-, y-, and z-axes,
ie. ¢ = q = ¢. = ¢ in Equation 2.6. The remaining simulation parameters are
summarised in Table 3.1.

Table 3.1: Simulation parameters used in the convergence comparison.

Parameter Value
Number of targets, L 1
Number of nodes, N 20
Maximum time, T' 20
Sampling interval, §t 0.1
Process noise spectral density, ¢ 0.2
Maximum PDMM iterations 4000
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3.5.2 Results

To show that EIF-PDMM needs fewer iterations to achieve consensus in the network
compared to EKF-PDMM, the optimal value of ¢ must first be found for both algo-
rithms. This can be done by trying all values of ¢ between 0 and 1 with increments of
0.01.

4000 : :
EKF-PDMM
EIF-PDMM
3000 — ~
)]
5
£ 2000 -
o
1000 — -
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Figure 3.2: Consensus error against PDMM step size ¢, used to select the optimal ¢ for
EKF-PDMM and EIF-PDMM.

Figure 3.2 shows that the optimal ¢ for EKF-PDMM is ¢ = 0.08, and for EIF-
PDMM is ¢ = 0.1. With these ¢ values, the consensus speed of both algorithms can be

compared, defined as
(K _(k
econs(k) = |25, — 24117, (3.31)

tlt

where jriﬁ) denotes the average state of all nodes for PDMMe-iteration k.

5 1 1
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EIF-PDMM avg.
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PDMM - iterations

Figure 3.3: Consensus error econs(k) against PDMM iteration k& at the final time step, for
EKF-PDMM and EIF-PDMM. The horizontal axis is truncated at 400 of the 4000 iterations
simulated.



The consensus plot in Figure 3.3, truncated at 400 iterations for legibility, shows
that the EIF-PDMM implementation needs about 45 PDMM iterations per time step
to reach a consensus error of 1072¢. The EKF-PDMM implementation, while attaining
a low consensus error, does not reach that level within the 400 iterations shown, so
any practical iteration budget favours EIF-PDMM. Despite this difference in consensus
speed, both algorithms produce the same state estimate. This is evaluated using the

state error
Estate() = ||Tee — thH27 (3.32)

where x; denotes the true target state at time ¢, and is shown in Figure 3.4.
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Figure 3.4: State error egyate(t) over time for EKF-PDMM vs. EIF-PDMM.

The EIF-PDMM algorithm can be seen in Algorithm 2 in Appendix B.

This chapter has shown how the centralised model introduced in Chapter 2 can be
reformulated to be solved in a distributed fashion. Section 3.1 and Section 3.2 estab-
lished the general principle: introducing local copies of the variable of interest, subject
to a consensus constraint, and solving the resulting problem using PDMM. This prin-
ciple was then applied to the EKF, first via a direct MAP formulation (EKF-PDMM,
Section 3.3), and subsequently via the information form of the EIF (EIF-PDMM, Sec-
tion 3.4). The comparison in Section 3.5 showed that although both formulations con-
verge to the same result, EIF-PDMM reaches consensus in substantially fewer PDMM
iterations than EKF-PDMM. For this reason, EIF-PDMM is used as the distributed
filtering algorithm for the remainder of this work. The formulation presented here
considers only a single target and assumes every node participates in every update.
The next chapter extends EIF-PDMM to multi-target tracking and introduces sensor
selection, allowing the algorithm to scale to large sensor networks.
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Extension to Multi-Target
Tracking and Sensor Selection

This chapter extends EIF-PDMM, introduced in Chapter 3, beyond the single-target
setting in which every node participates in every update. Two limitations of that for-
mulation are addressed. First, EIF-PDMM provides no mechanism for associating a
measurement with the track it originates from, and therefore cannot be applied di-
rectly once multiple targets are present. Second, requiring every node to communicate
with every other node becomes infeasible as the sensor network grows, since nodes
far from a target rarely observe it. The chapter is structured as follows: first, gating
is incorporated into EIF-PDMM to resolve measurement-to-track association, yield-
ing EIF-PDMM-MT. Second, sensor selection is introduced to address the scalability
problem, yielding EIF-PDMM-SS. Finally, the two extensions are combined into EIF-
PDMM-SS-MT, and its performance in a multi-target, large-scale setting is evaluated.

4.1 Multi-Target in EIF-PDMM

The method derived in Section 3.4 provides no mechanism for measurement-to-track
association and therefore cannot be applied directly to multi-target scenarios. This
section addresses this limitation using gating, the most straightforward method for
measurement-to-track association, introduced in subsection 2.4.2 with the association
rule given in Equation 2.31. This section shows how gating is incorporated into EIF-
PDMM and presents the resulting performance. Applying gating to EIF-PDMM yields
EIF-PDMM-MT (Multi-Target), given in Algorithm 1.

As shown in subsection 2.4.2, the y? upper bound imposed on the Mahalanobis
distance rejects measurements unlikely to originate from a track, reducing the impact
of false positive measurements. This work, however, does not consider false positive
measurements, so every measurement is known to originate from a target, and applying
this upper bound as an outlier-rejection criterion would therefore only increase the
overall estimation error. This follows directly from the additive structure of the EIF.
As shown in Equation 2.26, each measurement contributes a positive semi-definite
term H;R;IH@,: >~ 0 (since R; = 0) to the information matrix, so Zy; = Z;—; and,
since matrix inversion reverses the positive semi-definite ordering, P, = FPy,—1. The
same argument extends directly to the distributed formulation of Chapter 3, where
Pft‘lt = Pijﬂlt_l + 24 (Equation 3.27) gives P, < P41 at every node. Discarding
a valid measurement can therefore only remove information, never add it, so the x?
upper bound is not used here as an outlier-rejection criterion. Gating is instead used

solely for measurement-to-track association.
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Algorithm 1 EIF-PDMM-MT

for /=1,...,L do
Initialise: y,z € R™! Y, Z € R
for £k =1,..., maxlter do
for all i € V do

Zoip—1 = FTois—110-1
Prite-1 = FPZ,i,tflh‘,leT +@Q
Stit = HeitPrigi—1Hf; + R
for allm=1,...,M do

Vit = (Zmjit — M Zei400-1))

o - T 1
m= arg mlnm6{177M} meeyivtse»ivtljm’z’i7t‘

(k) _

(I +ed;I)~! <NHT R!

(2t — P(Zeige—1) + Heindoipe—1)

Oit — 0,i,t1Y
T
— 2 jeN; Ai|jz€:ij>
—(k _ _
=0 = (I edi )™ (NH B o = Y, Al Zeits )
end for
end for
end for
end for

4.1.1 Experimental Setup

The simulation setup used to obtain the results presented in subsection 4.1.2 is described

below. The initial state estimate is given by

Ty1l0 = Fil?'e,m

where x4 contains only the target’s initial position, with the velocity components ini-
tialised to zero. The initial covariance is set to Py = diag(500, 500, 500, 100, 100, 100).
The process noise spectral density is assumed equal among the x-, y-, and z-axes, i.e.
¢z = ¢y = ¢. = q in Equation 2.6. As found in subsection 3.5.2, ¢ = 0.1. The remaining

simulation parameters are summarised in Table 4.1.

Table 4.1: Simulation parameters used in the multi-target scenario.

Parameter Value
Number of targets, L 2
Number of nodes, N 20
Maximum time, T 100
Sampling interval, &t 0.5
Process noise spectral density, g 0.2
Maximum PDMM iterations 100
Angle noise standard deviation, o, 09 5°

The per-target state error, used to evaluate the results presented in subsection 4.1.2,
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is given by

€state,e(t) = Hfi’e,ﬂt - -’er,tHZ> (4-2)

where z,, denotes the true state of track ¢ at time ¢. This is the same error definition
used for every error reported throughout this thesis, including the sensor selection
results presented later in this chapter.

4.1.2 Results

The mean error per target over 100 Monte Carlo simulations is shown in Figure 4.1,
where the node positions are kept fixed across runs and only the measurement noise re-
alisation vy, is varied. The presented algorithm, EIF-PDMM-MT, is compared against
its centralised counterpart, EIF-MT. The bottom subplot shows the absolute difference
between the two error curves, which remains on the order of 107! throughout, i.e. at
the level of floating-point precision. This confirms that EIF-PDMM-MT converges to
the same estimate as the centralised solution and can track multiple targets with no
measurable loss of accuracy from distributing the computation.
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Figure 4.1: Mean state error per target over time for EIF-PDMM-MT and EIF-MT, with
their absolute difference shown in the bottom subplot.

The estimated trajectories of EIF-PDMM-MT are shown in three dimensions in
Figure 4.2, and projected onto the X-Y and X-Z planes in Figure 4.3. The trajectories

of EIF-MT are omitted, since they are visually indistinguishable from those of EIF-
PDMM-MT.
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Figure 4.2: Estimated target trajectories in three dimensions, EIF-PDMM-MT.
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Figure 4.3: Estimated target trajectories projected onto the X-Y and X-Z planes, EIF-
PDMM-MT.

The trajectories shown are not of closely spaced targets, since gating cannot cor-
rectly associate measurements once tracks are in close proximity.

4.1.3 Improvements

While the results confirm that gating provides adequate measurement-to-track asso-
ciation in this scenario, two extensions are worth considering for future work. First,
Joint Probabilistic Data Association (JPDA) extends gating by weighting every can-
didate measurement within the gate by its likelihood, rather than selecting a single
nearest neighbour, and would be expected to improve performance for closely spaced
targets where the gates of different tracks overlap. Second, if false positive measure-
ments were introduced, e.g. from clutter, the x? upper bound on the Mahalanobis
distance introduced in subsection 2.4.2 would become necessary to discard them. This
work’s argument against using it as an outlier-rejection criterion relies specifically on
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the assumption that every measurement originates from a target, an assumption that
no longer holds once false positives are present.

The EIF-PDMM formulation described so far introduces a scalability problem as
the area of interest increases. All sensors are still required to communicate with each
other, even though sensors that are far apart are unlikely to observe the same target.
This problem can be addressed using a method called sensor selection. The method
and its implementation are presented in the next section.

4.2 Sensor Selection

In order to make this algorithm feasible for large-scale sensor networks, it cannot be
assumed that every node has a measurement of the target. A method is therefore
needed to select the nodes that are likely to have a measurement of the target and can
thus contribute to the state estimate. This introduces two problems. First, how to
select the active nodes. Second, how to maintain consensus among the nodes that do
not contribute a measurement. The second problem arises because it is not known in
advance which node will be in range of the target at a future time step, so neighbouring
nodes of an active node still need to track the target state to know when it is in range
and to have a valid initialisation for the EKF or EIF once it becomes active.

The first problem is addressed by assuming a maximum measurement range and
using the known node position together with the previous state estimate of the target.
Using this information, the distance between the node and the target can be estimated
and used to determine whether the node is active or inactive at the current time step.
This is a simple method and could be improved in future work.

Sensor selection is possible because every node can compute a prediction of the
target state Z;;—; using

Ty = Flpqp-1, (4.3)

identical to the prediction step already introduced in Equation 2.12. The estimated
x-position of the target is given by the first entry of the state vector, &,_1(1), following
the state vector convention of Equation 2.1. The z-distance between the target and
node ¢ is given by

Azx = i’t‘tfl(l) —r?

7

(4.4)

where 77 denotes the z-position of node ¢, with Ay and Az defined analogously for
the y- and z-axes. Node 7 is selected as active if the target falls within its assumed
maximum measurement range rmyax,

\/AI2 + Ay? + Az? < rpax. (4.5)

Applying this criterion to every node at each time step determines the set of cur-
rently active nodes. Because only active nodes transmit, both an active node and an
inactive node only ever receive values from their currently active neighbours. For the
remainder of this section, N therefore denotes the set of node 4’s currently active neigh-
bours, rather than its full set of neighbours in the network graph as used in Section 3.2,

27



with 2% denoting the resulting degree of node i. Using this, the information vector
and information matrix are updated for each active node ¢ as

active 7\ —1 active — ~ ~
fz(t) (I + cdi I) (N ‘ H;RZ- ! (Zi,t — (@ g¢—1) + Hi,t$i,t|t71) - Z AiT|sz'|j> )
JEN;

H(k) (I+Cdactlve1) -1 (NaCtlveHth let Z Al|j ) :
JEN;

(4.6)
where N2°%ve denotes the number of currently active nodes. The second problem,
maintaining consensus without letting inactive nodes influence the state estimate, is
addressed by allowing only active nodes to transmit their auxiliary variables z;; and
Zjj;. Because inactive nodes do not transmit at all, they cannot contribute to any
neighbour’s update, whether that neighbour is itself active or inactive. Active nodes
broadcast these variables using the general PDMM transmission rule introduced in

Section 3.2, given here for node ¢ transmitting to neighbour j as
k
Yilj = Zilj + QCA'ijz'(t)a (4.7)
Yijj = Zij; + 2¢4; \Jwt ,

while inactive nodes only listen, without transmitting any values of their own. For an
inactive node ¢, this means y;; = 0 and Y;; = 0 for every active neighbour j € M.
Left-multiplying by AJ]. and summing over N gives

_ (k)
0= Al +2 ) AlA &7,

JEN; JEN;

) (4.8)
0= Z A \JZzIJ +2CZ A Aii Ziy -
JEN; JEN;
Since A;; = I for the consensus constraint introduced in Section 3.2, A7,| jA =1, so
these reduce to 2cd2tve] @,t == ien Ai|jzi\j and 2cd?tve] Ef’? == ien AT Zijj,
yielding the update equations for an inactive node 1,
€ = (2edetver) ( Y |) ,
JEN: (4.9)
— active -1
=) = (2editver) ( > Al m) :
JEN;

At t = 0, every node, active or inactive, is initialised with the same known initial
state xg, before any activation decisions are made. This provides the seed estimate
from which the first active nodes obtain their initialisation, since no node has a prior
active neighbour to receive from at ¢t = 0.

If node ¢ has at least one active neighbour, N; # 0, it computes an updated state
estimate using Equation 4.9, since it is likely to come within measurement range and
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become active in the near future. Once node ¢ becomes active, this estimate, obtained
without node i itself ever transmitting a measurement, serves as its initialisation for the
EIF. This relies on the target never leaving the measurement range of every node simul-
taneously, discussed further in subsection 4.2.3.Applying this sensor selection method
to EIF-PDMM yields EIF-PDMM-SS (Sensor Selection).

4.2.1 Experimental Setup

The simulation setup used to obtain the results presented in subsection 4.2.2 is described
below. The initial state estimate is given by

JA,’HO = F(L’(), (410)

where zy contains only the target’s initial position, with the velocity components ini-
tialised to zero. The initial covariance is set to Py = diag(500, 500, 500, 100, 100, 100).
The process noise spectral density is assumed equal among the x-, y-, and z-axes, i.e.
¢z = ¢y = ¢. = q in Equation 2.6. As found in subsection 3.5.2, ¢ = 0.1. The remaining
simulation parameters are summarised in Table 4.2.

Table 4.2: Simulation parameters used in the sensor selection scenario.

Parameter Value
Number of targets, L 1
Number of nodes, N 200
Maximum time, T 100
Sampling interval, &t 0.5
Process noise spectral density, g 0.2
Maximum PDMM iterations 100
Angle noise standard deviation, o, 09 5°
Monte Carlo runs 100
Measurement range, rmax 700

4.2.2 Results

The mean error per target over 100 Monte Carlo simulations is shown in Figure 4.4,
where the node positions are kept fixed across runs and only the measurement noise
realisation vy is varied. The presented algorithm, EIF-PDMMS-SS, is compared against
EIF-PDMM. The error of EIF-PDMM-SS remains consistently above that of EIF-
PDMM, which is expected because, as discussed in Section 4.1, more measurements
will result in a lower error, and the EIF-PDMM algorithm assumes that all sensors
have a measurement from the target and thus uses all sensors.
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Figure 4.4: Mean state error over 100 Monte Carlo runs, EIF-PDMM-SS vs. EIF-PDMM.

Figure 4.5 shows the mean number of nodes used by the EIF-PDMM-SS algorithm.
The number of selected nodes remains around 20, compared to the total of 200 nodes
given in Table 4.2, a significant reduction in the number of nodes used.
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Figure 4.5: Mean number of selected nodes per time step ¢, EIF-PDMM-SS.

Figure 4.6 shows the estimated trajectory in three dimensions, and Figure 4.7 shows
the same trajectory projected onto the XY and X7 planes, for the EIF-PDMM-SS
algorithm.
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Figure 4.6: Estimated target trajectory in three dimensions, EIF-PDMM-SS.
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Figure 4.7: Estimated target trajectory projected onto the X-Y and X-Z planes, EIF-
PDMM-SS.

4.2.3 Improvements

A node that becomes active without having had a prior active neighbour would have no
valid state estimate to initialise from, since Equation 4.9 depends on receiving values
from at least one active neighbour. The method therefore relies on the target never
leaving the measurement range of every node simultaneously. The simulation setup of
subsection 4.2.1 is designed to satisfy this condition, but it is not enforced by the sensor
selection method itself. Handling scenarios in which the target may leave the range of
all nodes, for example through explicit re-initialisation logic, is left as a direction for
future work.

Because the current method for sensor selection is not optimal, different methods,
as the ones described in [11], can be used to select sensors based on how informative
their measurement is. This is likewise left as a direction for future work.
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4.3 Sensor Selection in a Multi-Target Environment

The sensor selection method can also be combined with the multi-target method result-
ing in the EIF-PDMM-SS-MT. This is done by applying the gating principle discussed
in Section 4.1 and the sensor selection method discussed in Section 4.2.

4.3.1 Experimental Setup

The simulation setup used to obtain the results presented in subsection 4.3.2 is described
below. The initial state estimate is given by

i‘z,l\o = Fl'e,o; (4~11)

where x4 contains only the target’s initial position, with the velocity components ini-
tialised to zero. The initial covariance is set to Py = diag(500, 500, 500, 100, 100, 100).
The process noise spectral density is assumed equal among the x-, y-, and z-axes, i.e.
¢z = ¢y = ¢. = q in Equation 2.6. As found in subsection 3.5.2, ¢ = 0.1. The remaining
simulation parameters are summarised in Table 4.3.

Table 4.3: Simulation parameters used in the sensor selection multi-target scenario.

Parameter Value
Number of targets, L 2
Number of nodes, N 200
Maximum time, T 100
Sampling interval, ot 0.5
Process noise spectral density, ¢ 0.2
Maximum PDMM iterations 100
Angle noise standard deviation, o, og 5°
Monte Carlo runs 100
Measurement range, rpyax 700

4.3.2 Results

Figure 4.8 shows the error of EIF-PDMM-MT and EIF-PDMM-SS-MT for both targets.
The estimate of target 1 under EIF-PDMM-SS-MT deteriorates as time progresses. In-
specting Figure 4.12 confirms this: the later estimates for target 1 depart visibly from
its true trajectory. A possible explanation is that, because target 1 moves almost ex-
clusively in the z-direction and the sensors measure only angles, the resulting change in
angle becomes difficult to detect once only a small subset of nodes is selected, degrading
the estimate. This would also explain why the error remains lower when all sensors
are considered, as in the EIF-PDMM-MT algorithm. To confirm this explanation, a
second scenario is generated in which the two targets move less in the z-direction. The
resulting mean error is shown in Figure 4.9, where the error of target 1 under EIF-
PDMM-SS-MT remains close to that of EIF-PDMM-MT, rather than deteriorating as
in the first scenario. This supports the explanation above, since reducing the motion of
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the target along the least observable axis of the sensors removes the effect responsible

for the earlier degradation.
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Figure 4.8: Mean state error over 100
Monte Carlo runs, EIF-PDMM-SS-MT vs.
EIF-PDMM-MT (first scenario).

Figure 4.9: Mean state error over 100
Monte Carlo runs, EIF-PDMM-SS-MT vs.
EIF-PDMM-MT (second scenario).

Figure 4.10 shows the mean number of nodes used by the EIF-PDMM-SS-MT al-
gorithm for the first scenario, and Figure 4.11 shows the same for the second scenario.
In the first scenario, the number of selected nodes remains around 20 for target 1 and
around 16 for target 2, a reduction comparable to that observed in the single-target
case of Section 4.2. The second scenario yields node counts of the same order but not
identical, since the two targets follow different trajectories. Compared to the total of
200 nodes given in Table 4.3, both scenarios represent a significant reduction.
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Figure 4.10:

(first scenario).
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Figure 4.11: Mean number of selected
nodes per time step t, EIF-PDMM-SS-MT
(second scenario).

Figure 4.12 shows the estimated trajectories in three dimensions, and Figure 4.14

shows the same trajectories projected onto the XY and XZ planes, for the EIF-PDMM-
SS-MT algorithm in the first scenario. Figure 4.13 and Figure 4.15 show the correspond-
ing trajectories for the second scenario, where the estimate of target 1 no longer departs

from its true trajectory.
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Figure 4.12: Estimated target trajecto-
ries in three dimensions, EIF-PDMM-SS-MT
(first scenario).
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Figure 4.13: Estimated target trajecto-
ries in three dimensions, EIF-PDMM-SS-MT
(second scenario).
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Figure 4.14: Estimated target trajectories
projected onto the X-Y and X-Z planes, EIF-
PDMM-SS-MT (first scenario).
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Figure 4.15: Estimated target trajectories
projected onto the X-Y and X-Z planes, EIF-
PDMM-SS-MT (second scenario).

Figure 4.16 shows the trajectories of scenario one of the two targets and the active

nodes used to estimate them at ¢ = 100.
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Figure 4.16: Estimated target states and active nodes at ¢t = 100, EIF-PDMM-SS-MT (first

scenario).
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Conclusion

In this thesis, it has been shown that PDMM can be used to solve a target tracking
problem using Direction of Arrival (DoA) measurements in a EKF and EIF framework.
It also has been shown that the outcomes of these filters are equivalent to each other
and to a centralised solution.

The algorithms introduced in this work, EKF-PDMM and EIF-PDMM, have ad-
vantages over their centralised counterparts: while not shown explicitly in this thesis,
they are robust against node failures and transmission losses, and have no single point
of failure. With EKF-PDMM and EIF-PDMM the problem is solved locally, which
greatly reduces the communication range needed for the sensors in the sensor network
in a vast area such as the North Sea.

Through simulation, it has been shown that EIF-PDMM converges faster than EKF-
PDMM while attaining the same result, making EIF-PDMM the preferable choice in
terms of convergence speed.

It has furthermore been shown that EIF-PDMM can be extended to a multi-target
scenario by making use of gating, resulting in EIF-PDMM-MT. Additionally, a distance-
based sensor selection method was shown to allow EIF-PDMM to operate using fewer
sensors while maintaining consensus, resulting in EIF-PDMM-SS. As expected, this
comes at the cost of a higher estimation error than when using the full set of sensors.
These two extensions were also shown to be compatible, combining into EIF-PDMM-

SS-MT.

5.1 Future Work

While this thesis demonstrates that EIF-PDMM can be extended to multi-target track-
ing and large-scale sensor networks, several directions remain open for future work.
Some of these points were already raised in the relevant chapters and are restated here
to give a single, consolidated overview of the limitations of the presented work.

Throughout this thesis, the number of targets L is assumed to be known and fixed,
with every track already initialised and active for the full duration of the scenario.
In practice, targets enter and leave the area of interest over time, and the algorithm
presented in this work provides no mechanism for detecting the birth of a new track
or terminating a track once its target has left the sensor network’s coverage area.
Extending EIF-PDMM-MT with a track initiation and termination scheme is therefore
an important direction for future work.

A related simplification is that every measurement is assumed to originate from an
active target, so false positive measurements are not considered. Should false positives
be introduced, for example from clutter, the y? upper bound on the Mahalanobis
distance, introduced in subsection 2.4.2 but deliberately not used as an outlier-rejection
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criterion in this work, would become necessary to discard them.

A further limitation concerns closely spaced targets, for which gating cannot cor-
rectly associate measurements once the gates of different tracks overlap. JPDA ad-
dresses this by weighting every candidate measurement within a gate by its likelihood,
rather than selecting a single nearest neighbour, and would be expected to improve
performance in this regime.

For sensor selection, two extensions are worth pursuing. First, the current method
assumes the target never leaves the measurement range of every node simultaneously,
since a node that becomes active without a prior active neighbour has no valid state
estimate to initialise from. Handling the case in which the target does leave the range
of all nodes, for example through explicit re-initialisation logic, would remove this
restriction. Second, the current criterion selects nodes based only on distance to the
target. Selecting nodes based on how informative their measurement is expected to
be, using methods such as those described in [14], would likely allow the algorithm to
extract the available information more efficiently.
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EIF Derivation

This appendix provides the full derivation of the EIF information vector update used in
Section 2.3, obtained by multiplying the EKF state update equation by the information

matrix Ptﬁl

N ~ -1 N
Tyt = Tyjp—1 + 1th|t—1['[tT (HtRf|t—1HtT + R) (Zt - h(mﬂt—l));

1 - A -1 A
Pt‘tlxﬂt = Pt‘tl («rt\t—l + Pt|t_1HtT (Htpt‘t_lHtT + R) (Zt - h(%\t—l)))
— — N -1 N
= <Pt\t171 + HtTR 1Ht> <$t|t71 + Pt|t71Ht—|— (Htpﬂt,lHtT + R) (Zt - h(a?t‘t,l))>

= Pl ds + HI R Hydyy o
+ H] (HPy 1 H +R) ™ (2 — h(#11))
+H/ R Hy Py H, (H Py H, + R)fl (2 — h(Z4p-1))
= tﬁl—lftlt—l + H R~ Hydyy
+H] ((lEthDtu_ﬂEltT + R)_1 + R'H Py H] (H,Py—1 H, + R)_1> (2 — h(Egi-1))-

(A.1)
With A = HtPt|t_1HtT , only the last term of the equation above needs to be considered,

H' (A+R) ™"+ R TAA+R) ™) (2 — MEyi1))
= H/ ((I+ RA)(A+ R)_l) (2e — M(Zye—1))
=H' (R (A+R)(A+R)™") (2 — h(Zye—1))
= H R (2 — h(Z4-1))-

(A.2)

Substituting this result back into the equation above yields
Izﬁ?tljt‘t == Ptﬁlfliﬂt*l + Ht—rR_lHti'ﬂt,l + HtTR_1<Zt — h‘(iﬂtfl))
= tﬁl_lfit|t—1 +H'R™! (Zt — W(@yp—1) + Htu%t\t—l) ) (A.3)
S = &eje—1 + H'R™! (Zt — W(&yp—1) + Htft\t—l) ;

which is the information vector update given in Equation 2.22 of Section 2.3.
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EIF-PDMM Algorithm

Algorithm 2 EIF-PDMM

Initialize: F, H,Q, R, xq, Py
for t=1,...,T do
Initialise: y,z € R™! Y, Z € R
for k=1,...,do
for all i € V do
Tige1=Fip 11
Piyi-1= FPi,t71|t71FT +Q

/ 5 _ ) )
e = (I + cd;)™ (N H{\ Ry (zig = hl#ggge-1) + Higtige-1) = Yjen, Az‘T\jZ“J‘)
= = (I +ediI)! (NHiTtR;lHi,t —2jen; ALZ@

for all j € NV; do

k
Yilj = Zi|j T 20Ai|j§z‘(,t)
—(k
Y = Zy; + 24,5,
end for
for alli € V,j € N; do
%l = Yjli
Zilj = Yjli
end for
end for
end for 1
_ —1 ':(k) B
Py = (Pt|t_1 =i )
. 1 . k
Ty = Py <Pt|t1—1xi7t\t*1 + £§,t))
end for
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