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Article history: As our main result, we supply the missing characterization of the LP(u) —
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MSC- and Muckenhoupt weights © € A, and A € A;. Namely, the commutator
primary 42820 b,T): LP'(,u) — 'qu(/\) is bounded if and only if b satisfies the following new,
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where M7b is the weighted sharp maximal function defined by
Muckenhoupt weight

1
M#b:=sup —2 [ |b— ()o|d
#bi sup V(Q)!| ol da

and v is the Bloom weight defined by v/P+1/¢ .= [ 1/p\~1/q,

In the unweighted case u = A = 1, by a result of Hytonen the boundedness of the
commutator [b, T is, after factoring out constants, characterized by the boundedness
of pointwise multiplication by b, which amounts to the non-cancellative condition
b € Lr9/(P=9), We provide a counterexample showing that this characterization
breaks down in the weighted case u € A, and A € A,. Therefore, the introduction
of our new, cancellative condition is necessary.

In parallel to commutators, we also characterize the weighted boundedness of
dyadic paraproducts I, in the missing exponent range p # ¢. Combined with
previous results in the complementary exponent ranges, our results complete
the characterization of the weighted boundedness of both commutators and of
paraproducts for all exponents p,q € (1, 00).

© 2025 The Authors. Published by Elsevier Masson SAS. This is an open access
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RESUME

Notre résultat principal établit la caractérisation de la bornitude L?(u) — L7(\)
des commutateurs entre opérateurs de Calderén—Zygmund non dégénérés T et
opérateurs de multiplication ponctuelle par b, pour les exposants 1 < ¢ < p < oo
et les poids de Muckenhoupt p € A, et A € Ay. Plus précisément, le commutateur
[b,T): LP(u) — L9(\) est borné si et seulement si b satisfait la nouvelle condition

be c Lpe/(p=a) (v),

portant sur les oscillations de b, ou M#b est la fonction maximale diése, définie par

1
M#b:=sup —2 [ |b— (b)q|d
#b=sup ”(Q)Zl (bl do

et v est le poids de Bloom défini par v1/P+1/4 .= ;1/P\~1/q,

Dans le cas sans poids ¢ = A = 1, par un résultat de Hytonen, la bornitude du
commutateur [b, T] est, aprés avoir factorisé les constantes, caractérisée par celle
de la multiplication ponctuelle par b, ce qui équivaut & la condition b € LP4/(P—a)
portant uniquement sur la taille de b. Nous fournissons un contre-exemple montrant
qu’une telle caractérisation est fausse dans le cas pondéré p € A, et A € A,. Donc,
I'introduction de notre nouvelle condition est nécessaire et celle-ci fait intervenir les
oscillations de b.

Parallelement aux commutateurs, nous caractérisons également la bornitude
LP(u) — L%(\) des paraproduits dyadiques II, lorsque p # ¢. Nos résultats
complétent la caractérisation de la bornitude pondérée des commutateurs et des
paraproduits pour tous les exposants p,q € (1, 00).

© 2025 The Authors. Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
1.1. Commutators

The boundedness of the commutator [b,T] of a Calder6n-Zygmund singular integral operator T and
pointwise multiplication by b € LllOC plays an important role in harmonic analysis, which dates back to the
work of Nehari [36] on the boundedness of [b, H] on LP, where H denotes the Hilbert transform. This result
was later extended by Coifman, Rochberg, and Weiss [9], who showed that [b,T]: LP — LP is bounded
for a wide class of Calderén—Zygmund operators T' with convolution kernels, b € BMO and p € (1,00).
Subsequent works have yielded a full characterization of those b € L{ _ for which [b,T]: LP — L7 is bounded
for non-degenerate Calderéon-Zygmund operators. The state-of-the-art result can be formulated as follows:
For p,q € (1,00), T a non-degenerate Calderén-Zygmund operator and b € Li _, there holds

loc»


http://creativecommons.org/licenses/by/4.0/
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10l 8nr0 p=q, [9],
1B TN oo =  Blleoe S=2—=L p<q [29],
Hb”LT % = % - % p > q, [27]5

where C%* denotes the space of all a-Holder continuous functions and L” denotes the Lebesgue space L”
modulo constants. We refer to [27,29] and [22, Section 1.1] for a survey of all results leading up to this
full characterization. An analogous characterization in a different context, namely on the boundedness of a
Toeplitz type operator between Hardy spaces on the unit ball, was obtained by Pau and Perala [39].

Weighted versions of commutator estimates in the case p = ¢ date back to the work of Stréomberg, who
gave an alternative proof of the boundedness of [b, H] on L? using the Fefferman—Stein maximal function,
which also showed the boundedness of [b, H] on LP(w) for any Muckenhoupt weight w € A, (cf. [43, p.
419]). A sharp version of this result in terms of the weight characteristic [w]4, was obtained by Chung [6],
which was afterwards extended to any Calderén-Zygmund operator by Chung, Pereyra and Perez [8]. In
particular, they showed that any Calderén-Zygmund operator 7' satisfies

. 1
2max{l,;=5}

H[ba T}HLp(w)ﬁLp(w) S [w}AP Hb”BMO (1.1)

for all w € A, and p € (1,00) and the dependence on [w],4, is sharp.

These results have been generalized to a two-weight setziuing by taking weights p, A € A, and asking for
a characterization of those b € L . such that [b,T] is bounded from LP(u) to LP(A). In this setting, long
before even the one-weight works [6,8], Bloom [3] proved that for u, A € A, and p € (1,00), it holds that
[b, H]: LP(u) — LP()\) is bounded if and only if b € BMO,. Here v := p'/PA=/? and BMO,, is defined as

the space of all f € L _such that

loc

1
v, +=s1p s Z = {Folde < oo,

where (f)Q = ﬁ fQ f and the supremum is taken over all cubes @ in R?. Note that BMO, = BMO when
i = A. The sufficiency of b € BMO, for the boundedness of [b,T] from LP(u) to LP(\) was later extended
to general Calderén—Zygmund operators by Segovia and Torrea [42].

The study of characterizing the boundedness [b, T]: LP(u) — L?(\) of commutators (or other operators)
for p,q € (1,00) by means of conditions on the Bloom weight v, which is connected to the weights p and A
by the relation yrte = ,u%)fé, is now called the Bloom setting. In this setting, the weights ;1 and A are
typically satisfying the a priori assumption € A, and A € A,. We refer to [35, Section 6] for a discussion
of the necessity of the conditions p, A € A, for the boundedness of the commutator [b,T] from LP(u) to
LP(N).

The Bloom setting has in recent years attracted renewed attention, starting with the works [19,20] of
Holmes, Lacey and Wick. This has led to the following current state-of-the-art result: For 1 < p < ¢ < oo,

w€ Ap, A € Ay, T a non-degenerate Calderén-Zygmund operator and b € L], there holds

loc»

max{l,p%} .
Txall < {ﬂulAMAq) Dblpyo, p=g (34,
’ Lr La(\) ~ o
(n)—La(N) C}L,)\ Hb”BMOg Vi = % — % P < q, [22]7
and
1bllsmo p=4q, [27],
||[b’TH| P a(\ Z CM,)\ { Y o
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=

Here vvt ' = ,uzl) A% and BMOY is defined as the space of all f € L _ such that

loc

/|f fgldz < oo,

”fHBMO"‘ = Sup Q)+

R

where the supremum is taken over all cubes @ in R?. We note that these results recover the unweighted
setting for p < ¢, since BMOY = C% Moreover, we note that BMOS = BMO,,. We refer to [22, Section
1.2] for a survey of the results leading up to this characterization.

Any characterization for the off-diagonal (upper triangular) case p > ¢ in the Bloom setting has been
missing so far. In this paper, we will characterize the boundedness of [b, T] for non-degenerate Calderén—
Zygmund operators in this case 1 < ¢ < p < oo by introducing a new cancellative condition on b. This
completes the characterization of the boundedness of [b, T] from LP(u) to LI(A) for all p,q € (1,00) in the
Bloom setting. The case ¢ < p is important, for example, for questions related to the Jacobian problem
(see, e.g., [28,30,31]).

Fix1<q<p<ooand%
the boundedness of [b, T is very simple. Indeed, this is a direct consequence of the boundedness of T' on L?

=1_ %. In the unweighted case, the sufficiency of the condition b € L" for

and L? and Holder’s inequality:

[0, T1fllpe < 0T fllpa + T O pe < WO NTF e + 1T pass Lo llOF Nl Lo
< (1Tl pomspr 1T N pass L) 101 Lo 11 o

The surprising fact from [27] is that b € L" is actually also necessary for the boundedness of [b, T] from L?
to L9, proving that, after factoring out constants, there is no mutual cancellation between the two terms
of the commutator. This is in stark contrast with the case p = ¢ and thus » = oo, in which case the two
individual terms are only bounded if b € L but combined one can allow b € BMO by the seminal result
of Coifman, Rochberg and Weiss [9].

In the weighted setting, it is well known that a Calder6n—Zygmund operator T is bounded on L?(u) for
i € Ap. Translating the observations above to the Bloom setting, one may therefore conjecture that the
boundedness of [b, T] from LP(u) to LI(\) for p € A, and A € A, can be characterized by the boundedness
of the multiplication map f + bf, modulo constants. By Hélder’s inequality, one easily checks that

If = beLP(H)_J,q()\) = [lov!

which would suggest the right-hand side, modulo constants, as the canonical condition on b for the bounded-
ness of [b, T] from LP(u) to LI(\). However, although this condition is clearly sufficient for the boundedness
of [b,T], it turns out to be non-necessary, as we shall prove in Section 5. Thus, in the Bloom setting, [b, T
can be bounded from LP(u) to L4(\) for more b € L] _ than those b for which the individual terms of the
commutator are bounded, i.e. cancellation plays a role in the Bloom setting. To characterize boundedness
of [b,T] from LP(u) to L7(\) we therefore have to introduce a new, cancellative condition on b.

To state our condition on b, let us introduce a weighted sharp maximal function. For b € L10C and a
weight v, we define

M#b —sup /|b— Yol dx.

We will show that boundedness of [b,T] from LP(u) to LI(\) for p € A, and A € A, for p > ¢ can be
characterized by the assumption M#b € L"(v) with p1/P+1/¢" .= ;,1/P\=1/4 Note that when v = 1, and ¢
denotes a constant, we have
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by the classical result of Fefferman and Stein [11], which actually extends to the case v € A, (see Proposi-

Nme — v L)’

tion 5.1). However, the assumptions on g and A only yield v € As,s (see Lemma 2.23), which explains why
we cannot characterize the boundedness of [b, T'] from LP(u) to L9(A\) by

inf||(b— c)r |

Lr(v) < oQ.

Our main result for commutators reads as follows. We refer to Subsection 2.6 for the definition of a
non-degenerate w-Calderén-Zygmund operator.

1

Theorem A. Let 1 < g <p <oo, n € Ay, and A € Ay. Setl —%—% and vt 7 —/QL%)\_l Let T be a
non-degenerate w-Calderon-Zygmund operator with w satzsfymg the Dini condition. For b € LIOC, we have
max{l,%l} max{l,%l}
10T oy oy S Wl 7 D 08,

and

|| ||Lp Y—La(\) ~ > ClL )\”M b”Lr
The proof of the upper estimate in Theorem A can be found in Theorem 3.4 and the lower estimate in
Corollary 4.3. These theorems actually prove more general statements:

o In Theorem 3.4 we also revisit the upper bound in the case 1 < p < ¢ < oo from [22]. Indeed, we obtain
a quantitative bound on [|[b, 7|15,y pa(y) In terms of [p]a, and [A]a,, which recovers the known sharp
one-weight estimate in (1.1) for 4 = A and ¢ — p. Tracking this dependence in the proof of [22, Theorem
2.4] would yield a worse dependence on [u]4, and [A] 4, .

o In Theorem 4.1 we replace the conditions p € A, and A € A, in the lower bound by a weaker condition
on the pair of weights (u, \).

In a follow-up paper, we will characterize when [b, T] is compact from LP(u) to L4(A) in the case 1 <
q < p < 0o, which in the unweighted setting was recently characterized by Hytonen, Li, Tao and Yang in
[18]. Combined with the case 1 < p < ¢ < oo from [22], this will also complete the characterization of the
compactness of commutators in the Bloom setting.

1.2. Paraproducts

Paraproducts also play a vital role in harmonic analysis, for example in the celebrated dyadic represen-

tation theorem for Calderén-Zygmund operators by Hyténen [25,26]. A paraproduct II, with a b € L] _ is
typically less singular than the commutator [b,T] for a Calder6n-Zygmund operator T'. Indeed, using the
aforementioned dyadic representation theorem, one can write the commutator [b,T] as the sum of compo-
sitions of paraproducts and Haar shift operators (cf. [20, Section 5]). Consequently, the sharp exponent in
the dependence on a weight characteristic is typically smaller for paraproducts than for commutators. For
example, in the one-weight setting, it is well-known (see e.g. [38]) that for p € (1,00), w € 4, and b € L{,.

the paraproduct II, is bounded on LP(w) with sharp dependence on [w]a, given by

I < max{l,ﬁ} b
[ b”Ll’(w)%LP(w) ~ [w]AP bl gymo -
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which should be compared to (1.1).
In the recent work [14] by Fragkiadaki and Holmes Fay, the Bloom setting has also been investigated for
paraproducts in the case p = q. They showed for p € (1,00), u, A € A, and v := pt/PA=1/P that

||Hb||Lp(,L)_>Lp(>\) S [Mf (A4, 1llpmo, -

which should be compared to the result for commutators in [34] mentioned before. Moreover, they showed
that in case p = 2 and A = ! their estimate is sharp.

In this paper, we will give a full characterization of the boundedness of II, from L?(u) to LZ()\) for
p,q € (1,00) and b € L] _ in the Bloom setting. Our main result for paraproducts reads as follows. We refer

to Subsection 2.8 for the definition of the paraproduct II,.

Theorem B. Let 1 < p,q < oo, p € Ay and X € A,. Set L := % 7%’ q= % 7% and v :,u%)\_% For
be LllOC we have
o 15l 3n10 p<a
”HbHLP( )= La(\) S [H]fx;l [Ala, { 17 28 -
" WL IMEb ey 2> 4

and

||bHBM03 p < q,
IMEb ey P>

||Hb||Lp(,L)_>Lq(>\) 2 C;l,,)\ {

We note that, in the setting of Theorem B, we always have v € Ag,» and hence v € A,. The proof of the
upper estimate in Theorem B can be found in Theorem 3.10 (see also Remark 3.11) and the lower estimate
in Theorem 4.4. Once again, these theorems actually prove more general statements:

o Viewing a paraproduct as a bilinear operator, one would expect the upper bound in Theorem B to hold
for the pair of weights (i, A) in a genuinely multilinear weight class (cf. [1, Section 4.6]). In Theorem 3.10
we will show that it suffices to assume the weaker condition

1

/ i/ L l+ﬁ
sup (W P)ENLE T <o
for the upper bound to hold. In fact, this condition on the weights is also necessary for the stated upper
bound, as we will show in Lemma 3.8.
 For the lower estimate, we again replace the conditions p € A, and A € A, in Theorem 4.4 by a weaker
condition on the pair of weights (u, \).

1.3. Outline
This paper is organized as follows:

e In Section 2, we will discuss some preliminaries on dyadic analysis, weights, Calderén—Zygmund operators
and paraproducts.

e In Section 3 we will prove the upper bounds for both commutators and paraproducts using sparse
domination techniques.

e In Section 4 we will prove the lower bounds for both commutators and paraproducts.

o Finally, in Section 5 we will give an example of a b € L{  which does not satisfy inf, || (b—c)v—! ’ 0,

but for which the commutator [b, T] and the paraproduct II, are bounded.

L) <
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2. Preliminaries
2.1. Notation

The standard or most used notation is summarized in the following table:

Q Cube with sides parallel to the coordinate axes.
20Q) Sidelength of cube Q.
a@ Cube concentric to cube @ with sidelength af(Q).
D Dyadic lattice.
@ Dyadic parent: Smallest cube R € D such that Q C R.
(NG Average: (f)f) = #Q) Jo fdu.
Dqf Difference of averages: Do f := " p.z_o(f)r1r — (f)Qle-
P’ Conjugate exponent of p: ﬁ + % =1
a Exponent defined by § = 1 — £
Exponent defined by % = % — %.

~

Dual weight of p w.r.t. exponent p defined by p’ := ,u_p//p.
Dual weight of A\ w.r.t. exponent ¢ defined by \ := A4/,
Bloom weight defined by yrtv = pt/PA=1/a,

T o>mo®

1fllgmos 1/ 1lpmos = supg V(Q)++% lef = (flgldx
1
| fllry  Lebesgue norm: || fllre(uy == (Jgalf|” d) /P

IT, f Dyadic paraproduct: II, f := ZQeD Dqob{f)q.
M f Maximal operator: M* f := supQ<\f|>’élQ.
M7b Weighted sharp maximal operator:

#— sup—2_ [ 1 —
M7b = sgp V(Q)zw (b)g| dz.

“ ”

If p is the Lebesgue measure, “p” is omitted from the notation; similarly with A and v. The supremum
supg, is either over all cubes @ or over all dyadic cubes @ € D in a dyadic lattice D, as understood from
the context. We will make extensive use of the notation “<” to indicate inequalities up to an implicit
multiplicative constant. These constants may depend on p,q,d and also on e.g. the Calderén—Zygmund
operator T' and properties of its kernel and sparseness constants, but not on any of the functions under

2

consideration. If these implicit constants depend on the weights p, A, v, this will be denoted by “<, x.”
2.2. Dyadic lattices

By a cube Q we mean a cube in R¢ with sides parallel to the coordinate axes.

Definition 2.1 (Dyadic lattice). A collection of cubes D is called a dyadic lattice on the Euclidean space R?
if D = J,cz Dk, where Dy, is a partition of the Euclidean space R by cubes of side length 2% and the
partition Dy refines the partition Dy. The cubes @ € D of a dyadic lattice D are called dyadic cubes. If
D is a dyadic lattice and Qg € D, we denote

D(Qo) :=={Q €D: Q S Qo}-
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From the definition, it follows that the dyadic lattice D is a countable collection of cubes with the dyadic
nestedness property: QN R € {Q, R, (0} for all Q, R € D. For Q € D we define its dyadic parent @ to be the
smallest R € D such that ) C R.

Example. The dyadic lattice
DY = {27k([0,1) +j): ke Z,j € 2}
is called the standard dyadic lattice and the dyadic lattices
D :={275([0,1) + j + (-1)*a) : k € Z,j € Z?} where a € {0, 3, 2}4,
are examples of shifted dyadic lattices.

The geometric observation that generic cubes can be approximated by shifted dyadic cubes is known as
the one-third trick [37] and can be stated as follows (e.g. [21, Lemma 3.2.26)):

1 21\d

Lemma 2.2 (Shifted dyadic cubes approzimate generic cubes). For each cube Q C R? there are a € {0, 5, %

and R € D such that Q C R and ¢{(R) < 34(Q).

Thanks to this approximation, dyadic and non-dyadic quantities are often comparable when measures
are doubling. As an example that we will use in what follows, we can compare dyadic and non-dyadic sharp
maximal functions.

Corollary 2.3 (Dyadic and non-dyadic sharp maximal functions are comparable). Let v be a doubling measure
and f € L _. Then

loc*

MF¥f(x)=~, suwp MPp.f(x), zeRY
acf0,%,2}4 ’

where in praf the defining supremum is taken over cubes QQ € D*.

Proof. Let @ be a cube. Then there are a € {0, 3,%}% and R € D* such that @ € R and /(R) < 3/(Q).
The observation that R C 5Q) together with the assumption that v is doubling gives

1 u6Q) 1 1
/@)~ Q) (@) = um)

Moreover, because @@ C R, we obtain

/|b7<b>Q|dx§2inf/|bfc|dx§21nf/|bfc|d:17§2/|b7(b>R|dx,
Q Q R R

which finishes the proof. O
2.8. Dyadic analysis
In what follows, we introduce Carleson and sparse collections, the basic estimates for them, and the

related theory of the A, measures. The results are well-known but perhaps somewhat scattered, so we
hope that the systematic exposition in this section will be convenient for the reader.
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Throughout this section an arbitrary dyadic lattice D is fixed; for brevity “D” is suppressed in most
notation. A basic tool in dyadic analysis is the well-known Hardy-Littlewood maximal inequality. The
dyadic Hardy—Littlewood maximal operator M* is defined by

M"f = sup(|f])§)lo-
QeD

Lemma 2.4 (Dyadic Hardy-Littlewood maximal inequality). Let p be a locally finite Borel measure and
€ (1,00). Then

IMH | ey < PN Flle e

for all f € LP(u).

The Hardy-Littlewood maximal inequality and the Carleson embedding theorem are closely tied: each
can be derived from the other. A family {sg}gep of complex numbers indexed by dyadic cubes satisfies the
p-Carleson packing condition if there is a constant C' > 0 such that

> lseln(@) < Cu@Q)
Q' ED:Q'CQ

for all cubes @@ € D. The least constant in the estimate is called the Carleson norm and is denoted by

||8||Car(p)a i.e.

1
||8||Car(u) ‘= sup @ Z |SQI|/,L(Q,).
QeP M) gremqica

Lemma 2.5 (Dyadic Carleson embedding theorem). Let u be a locally finite Borel measure and let p € (1,00).
Then

1/
(32 nalPsan@) " < lIsIe 1w

QED

for all {sq}gep € Car(u) and f € LP(p).

In this context the A,,-class enters because it is precisely the class that preserves the Carleson packing
condition. A locally finite Borel measure w is said to satisfy the dyadic Fujii-Wilson A -condition with
respect to a locally finite Borel measure 1, and this is denoted by w € Ay (p), if

W(B) 4 < Cw
Z S S dutr) < Cu(@) (2.1)

for all cubes @ € D. The least admissible constant C' is denoted by [w]a__(,) and is called the dyadic
Fugii- Wilson A -characteristic.
The following lemma can be found, for example, in [24, Proposition 3.7].

Lemma 2.6 (Carleson condition is preserved by Ao, measures). Let w,u be locally finite Borel measures.
Then

o HS”Car(w)
[w]Am(u) = sup —
s={sqtoen |ISllcar(u)
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This fact, combined with Lemma 2.5, implies the weighted version of the Carleson embedding theorem:

Lemma 2.7 (Weighted version of the dyadic Carleson embedding theorem). Let u be a locally finite Borel
measure, w € Aoo(p) and let p € (1,00). Then

1/p 1
(QZ;| B17squ(@) < Pl o 151D oI leo )
€

for all {sq}gep € Car(p) and f € LP(w).

A collection § of dyadic cubes is called (C, u)-Carleson if there exists a constant C' > 0 such that

> uls) <o)

8'€8:8'CS

for all S € S. The associated Carleson norm is given by

1
Sllcar =11 ar(y) = SUP ——— 7).
[Sllcar(u) = 1s(@)llcar(n) Sup S > uls)

5'€8:8'CS

Thus, a Carleson collection S of dyadic cubes is a special case of a Carleson family of complex numbers via
the correspondence sg := 1s5(Q). Iterated stopping time arguments typically generate sparse collections,
which are collections of large disjoint parts and hence in particular satisfy the Carleson packing condition.

Definition 2.8 (Sparseness). Let p be a locally finite Borel measure and let v € (0,1). A collection S of
dyadic cubes is called (v, u)-sparse if for each S € S there exists Eg C S such that u(Fg) > yu(S) and
such that the sets {Es}secs are disjoint. If u is the Lebesgue measure, it is omitted from the notation.

Every ~-sparse collection S satisfies the v~ !-Carleson packing condition:

1 1 1
Sllcar(y) = Sup —— S < Zsup —— Eg) <
18 llcart = sup 7o > ws) p > wEs)

1
5/€5:5'CS 7 ses k() 5/'€5:5'CS v

An obstruction for the converse is a point mass: a mass point can not be divided between two sets. Excluding
this obstruction, the converse also holds (see [44, Corollary 6]):

Lemma 2.9 (Carleson and sparse are equivalent). Let p be a locally finite Borel measure with no point
masses. Then each (C, p)-Carleson collection of dyadic cubes is (%,,u)—sparse.

For different proofs and generalizations, see [2,7,13,17,32,40]. As an immediate corollary of the equivalence
of being Carleson and being sparse, we see that A..-measures do not only preserve Carleson, but also
sparseness:

Corollary 2.10 (A..-measures preserve sparseness). Let p and w be locally finite Borel measures with no
point masses. Assume that w € Ao (p1). Then every (v, p)-sparse collection is (y[w] ;" (#),w)—sparse,

Proof. The statement follows by combining Lemma 2.6 and Lemma 2.9. O

For many purposes Carleson (or in particular sparse) collections behave like disjoint collections. An
instance of this is captured by the following lemma:
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Lemma 2.11. Let p be a locally finite Borel measure. Assume that S is a u-Carleson (or in particular
p-sparse) collection of dyadic cubes. Then

1/ 1/p
|3 asts|, < plsIE, (X laslu(s)
ses () ses

for all families {as}ses of complex numbers.

Proof. By Hélder’s inequality, we have

[ (S ests)oan= (3 lestut)) ™ (S cabey ) ™

Ra SES Ses Ses

From this the statement follows by LP — e duality and the dyadic Carleson embedding theorem
(Lemma 2.5). O

As before, the fact that an A,,-measure preserves the Carleson packing condition leads to a weighted
version of this lemma:

Lemma 2.12. Let p be a locally finite Borel measure and w € A (p). Assume that S is a p-Carleson (or,
in particular, p-sparse) collection of dyadic cubes. Then

1/p’ 1/p’ p 1/p
|2 asts]],,,,, <Pl IShog) (X lasPu(s) ™
Ses SeS

Proof. The statement follows by combining Lemma 2.6 and Lemma 2.11. O

When measures are doubling, the above estimates involving dyadic cubes translate easily into their
counterparts involving generic cubes, by using shifted dyadic lattices (Lemma 2.2) in a typical fashion. In
particular, we will need the following non-dyadic counterpart:
Lemma 2.13 (Weighted basic lemma for sparse collections of generic cubes). Let p € (1,00). Assume that w

and p are doubling measures and that w € Ax (). Assume that S is a (v, p)-sparse countable collection of
cubes. Then

/ 1/
|3 asts],, ., S 11200 (S lasius)) ™
Ses S

The implicit constant depends on the measures p and w via their doubling constants.

Proof. The lemma follows from its dyadic counterpart in Lemma 2.12 via shifted dyadic cubes (see
Lemma 2.2). O

2.4. Muckenhoupt weights
A locally integrable function w: R? — (0,00) is called a weight. By associating the measure w(E) :=

f  wdx for measurable £ C R< to a weight w, the statements of the previous subsection are applicable to
w.
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For p € (1,00) the (non-dyadic) A,-characteristic [w]a, is defined by

[w]a, = sgp<w>g<w—p//p>g/’”,

and for p = oo the (non-dyadic) Fujii-Wilson A..-characteristic from the previous section takes the form

w4, = sup dz,

o w(@Q)
Q

sup

1 w(@Q N R)
/Rax |R|

where the suprema are over all cubes. We will write w € A, if [w]a, < 0.

Remark 2.14. The dyadic version of the A,-characteristic is defined similarly, but with the suprema over
dyadic cubes instead of generic cubes. The dyadic version is used in the context of dyadic operators (e.g.
dyadic paraproducts), while in the context of non-dyadic operators (e.g. commutators) the non-dyadic
version is used; this distinction is suppressed in the notation and understood from the context.

Example. The power weight ws(z) := |x|° satisfies ws € A, if and only if —d < § < (p — 1)d.

We will only need the following well-known properties for the A,-characteristic:

Lemma 2.15 (Duality and monotonicity of the A, characteristic). Let w be a weight.

o (Duality) [w]{” = [ /""" for p € (1,00).
e (Monotonicity) [w]a, > [w]a, and [w]a, 2 [w]a,, for1<p<q< oo.

Proof. The duality is clear from the definitions. The inequality [w]a, > [w]a, for 1 < p < ¢ < oo follows
by Jensen’s inequality and for [w]a, 2 [w]a. we refer to [23, Proposition 2.2]. O

We will use the following bound for the weighted norm of the maximal operator.

Lemma 2.16 (/}/). Let p € (1,00) and w € A,. Then
%
M fllze@w) S [wli, 1 lze )
for all f € LP(w).
2.5. Bloom weight and the Bloom—-Muckenhoupt joint characteristics

Let p,q € (1,00) and let u, A be weights. An operator U: LP(u) — L()\) is bounded if and only if

| [Ws)9ds]| < Ui lgln-am
]Rd

forall f € LP(u) and g € Lq/()\q//q). The weight A~9/% appearing in this bilinear estimate is called the dual
weight of the weight A with respect to the weighted space LI(\) and is denoted by N := A4'/a, Similarly,
we write p/ := =P /P for the dual weight of the weight y with respect to the weighted space LP ().
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Definition 2.17 (Bloom weight). Let 11, A be weights and let p, ¢ € (1, 00). The Bloom weight v = v1p () £a(x)
associated with LP(u) — L?(\)-boundedness is defined by

et = g PV = e, (2.2)

Remark 2.18. An operator U: L?() — L2()\) is bounded if and only if U*: L9 (X') — L?'(4/) is bounded,
where U™ is the adjoint with respect to the unweighted integral dual pairing. Note that the Bloom weight
is invariant under duality in the sense that

Vpa' (\y—rLv' (u) = VLP(m)—=La(XN)-

In our main theorems, Theorems A and B, we assume that 4 € A, and A € A,. However, as we shall
see in Sections 3 and 4, one can sometimes use weaker, joint weight characteristics in the upper and lower
bounds in the Bloom setting. We will introduce these joint characteristics in the following definition and
afterwards show that these characteristics are finite in case p € A, and A € A, and vt = /P,

Definition 2.19 (Joint Bloom—Muckenhoupt characteristics). Let p,q € (1,00) and let p, A\, v be weights.
(i) (Characteristic for upper bounds) We define

[/-U, A, V]Bp/,q = sgp <M/>1Q/P </\>22/Q<V>22/p+1/q ’

and write (¢, \,v) € By o if [/, A\, V], < oo.
(ii) (Characteristic for lower bounds) We define

/ p /N /4
[u’ by ]prq/(V) = Slclgp ('I:Egi) (i‘/((g)))

and write (p, X') € By ¢ (v) if [0, N]p,(v) < 00.
Remark 2.20.

(i) Interpreting the lower bound Bloom characteristic as an assumption on the triplet of weights (u, \', v/)
through

[, X V]B, () = sup (M(Q))”P(X(Q))W (V(Q))l/f”“/q’
e e Q) v(Q) v(Q)

we see that the notation for the lower and upper bound Bloom characteristics could be unified,
identifying the upper bound Bloom weight class with B, ,(1).

(ii) The class B, 4 is exactly the class that plays an important role in the weighted LP x LY — Lr'-
boundedness of bilinear operators for X = % + % (cf. [33]).

(iii) The class of weights B, ,(v) is closely related to the Muckenhoupt classes used in weighted L — L9
boundedness of linear operators, using v as the base measure on R¢ (cf. [10]).

Remark 2.21. Note that, for a fixed b € L], the norm ||b||gy;0e decreases as v increases. Similarly, the norm

| M0 L+ () is comparable to a discrete version (as stated in Lemma 4.7), which decreases as v increases.
Moreover, we have:
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o For weights (u, A\, v) € By 4 we have by the Lebesgue differentiation theorem that
M/(gc)l/p’)\(@1/qy(x)1/p+1/q' <[, As,, s r e RY

and thus

1
Therefore, we will always assume to be in the Bloom setting yrte = p!/PA=1/4 when proving upper bounds

for weights in the class B, 4 or lower bounds for weights in the class By 4(v).

As already announced, the assumption that the joint Bloom—Muckenhoupt characteristics in Defini-
tion 2.19 are finite relaxes the typical Bloom-setting assumption that p € A, and X € A, separately.

Lemma 2.22 (Separate Muckenhoupt conditions imply the joint Bloom—Muckenhoupt conditions). Let p,q €
1 1
(1,00), p € Ap, N € A, and let v» 77 = pt/PA=1/49. Then

1 1
W Avls,, < [u{PINY

[ N5, ) < I PINEE

P q

Proof. The first estimate is a direct corollary of Hoélder’s inequality. The second estimate follows from
Jensen’s inequality, see [22, Proposition 3.1]. O

We end this subsection with two lemmata on properties of  and A induced by the joint Muckenhoupt—
Bloom conditions.

Lemma 2.23 (Bloom-Muckenhoupt characteristic for upper bounds). Let p,q € (1,00) and set & :=

v +
Let p, \ be weights and set pUr = pt/Pa—1a,

s =
Q|

(i) (W, A\ v) € By 4 if and only if ' € Agy, A € Agg and v € Ay and in this case
Way, < W AT,
In particular, if p € Ap, X € Ay, then v € Agyr with

W]ay. < /PN

q

(it) For 1 < s < 2r' there exist weights p € A, and X € Ay such that v ¢ A,.

(iii) For each power weight w € Ag,. there exist power weights € A, and A € A, such that wl/m =
pl/PAa = 1/

Proof. For (i) we refer to [33, Theorem 3.6] and Lemma 2.22. Part (ii) follows from using power weights
p(x) = |z|* and A(z) := |z|° and choosing the exponents suitably, using the fact that a power weight
ws 1= |ac|6 satisfies ws € A5, 1 < s < o0, if and only if —d < § < (s — 1)d. The statement in (iii) follows
similarly. O
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Lemma 2.24 (Bloom—Muckenhoupt characteristic for lower bounds). Let p,q € (1,00), let u, A be weights
1 1
and set vr T 7 = 1 /PATV9. Then

Wawo) S A5 0y

[X]Am(u) S [,Uv)\/}qB /()

p,q

for the dyadic versions of the weight characteristics.

Remark 2.25. Assuming that the weights u, A, v are doubling, these estimates hold also for the non-dyadic
versions of the weight characteristics, but with the implicit constant depending on the doubling constants.
This follows from the one-third trick in Lemma 2.2.

Lemma 2.24 could be deduced from viewing the class By, /() as a bilinear Muckenhoupt weight class
and then using [33, Theorem 3.6] combined with the monotonicity of Muckenhoupt classes in Lemma 2.15
(now considering weights with respect to the measure dv instead of the Lebesgue measure dx). For the
reader’s convenience, however, we write down the following, more transparent proof.

Proof of Lemma 2.24. Fix a cube Q). By Holder’s inequality and the definition of the dyadic weight charac-
teristic,

| RcQ v(R)

1/p Ly
<[ i) Garim)

N(R)\-1/d R)\ /7'
<[ Ns m/(sup 1RQ) (;g%hzu( )) dv

/ sup 1R,u(R) dv
R

P.q RCQ I/(R) I/(R)
Ra
N(R)\-p/d  \1/p p(R) VY
< A\ 1 d 1 d .
< [u, ]Bp,q,@)(R[(;g% RV(R)> ”) (R[;E% "u(R) V>

Therefore, via a monotone convergence argument to ensure finiteness, we have

,u(R) , / )\/(R) -p/q
1 dv < [, NP 1 d
| iy = 0o | G o)

Rd R4

Note that X' (Q) = fQ Nv~1dv and hence )l‘,,((g)) = (Mv71)%. Let a € (1,00) be an auxiliary exponent. Note

that t — t~7/(€'®) is convex. By Jensen’s inequality, we have

G < (owymmomsy”

Therefore, by the dyadic Hardy—Littlewood maximal inequality,

/(sup 1R/Z((§)))p/q/ dv < (o/)o‘/()\’y_l)_p/ql dv = /(/\’V_l)_p/qudx.

RCQ
R4 Q Q

Since (Nv~1)"P/¢'y = ;i by assumption, choosing a = 2 yields
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1 / HR) :
— sup 1g——=dv < 4[u, X% ,
M(Q)Rd RCQ RV(R) [ ]Bp,q/( )

Taking the supremum over all dyadic cubes yields the first estimate, the second is proven similarly. 0O
2.6. Calderon—Zygmund operators and kernels

We now turn to the definition of the operators under consideration. We start with the definition of
Calderén—Zygmund operators and their kernels.

A function w : [0,00) — [0,00) is called a modulus of continuity if it is increasing and satisfies
lim; o w(t) = 0. It is said to satisfy the Dini condition if fol # dt < oo.
Definition 2.26 (Non-degenerate w-Calderén—Zygmund kernel). Let w : [0,00) — [0,00) be a modulus of
continuity. A kernel K : R? x R\ {z = y} — C is called a (two-variable) w-Calderén-Zygmund kernel if it
satisfies the standard size and continuity conditions: for x # y

|K(x,y)| SK T
|z —y|?

and for |z — 2’| < 3|z — y|

1 | — /|
K(z,y) — K(z' K(y,z)— K(y,2')| < ,
K (z,y) — K(a',y)| + K (y,7) (yax)||x_y|dw<|x_y|)

The kernel K : R? x R?\ {z = y} — C is called non-degenerate if for each x € R? and r > 0 there is y € R¢
with |z — y| 2k r and

1
Ky, 2)| Zic -

The notion of non-degeneracy in Definition 2.26 was introduced by Hytonen in [27], to which we refer
for an overview of preceding non-degeneracy assumptions in the literature.

Definition 2.27 (w-Calderén—Zygmund operator). Let p € (1,00) and let T : LP — LP be a bounded linear

operator. Then T is called an w-Calderén—Zygmund operator if there is an w-Calderén—Zygmund kernel K
such that for every f € L2° one has the kernel representation

Tf(z) = / K@y)f@)dy = ¢supp(f).
R4

Estimates involving a Calderéon—Zygmund operator will implicitly depend on the operator norm of 7" on
LP, the modulus of continuity w, and the implicit constant in the definition of the kernel.

2.7. Commutators

Next, we turn to the definition of commutators between an w-Calderé6n—Zygmund operator and pointwise
multiplication by b € L{. .. In general, the commutator

[0, T|f :=bT(f) = T(bf)
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may be undefined for f € L%°, since for such f we only have bf € L'. If T is weak L'-bounded, this is

c

not an issue, which is for example the case when w satisfies the Dini condition. In this case we have the
following identity:

Lemma 2.28. Let T be a w-Calderén—Zygmund operator and b € Ll .. Suppose that T: L' — LY is
bounded. For f € L® and g € LS° with supports separated by a positive distance, we have

(9,[b,T]f) = (b, gTf — fT"g).

Proof. We start by noting that, by the support condition on f and g and the kernel estimates, we have
gT'f, fT*g € L, so the right-hand side is well-defined. It remains to show that

(9, T(bf)) = (b, fT"g). (2.3)

Define h = bf € L' and note that T'(h) € L is well-defined. Moreover T'(h 1j<,) — T'(h) in LV>
and thus T'(h 1)<y, ) — T'(h) pointwise a.e. for some subsequence (n)x>1. Therefore, for x ¢ supp(f), we
have by the dominated convergence theorem

T(f)(@) = Jim [ K@y)h(o) Lpica, dy = [ Ko, n)bw)f ) dy,
Rd Rd

from which (2.3) follows by Fubini’s theorem. O

Note that

(b,gTf — JT"g) = / / (b(z) — b(y)) K (2. 9)  (9)g(x) dy da

R4 R4

for f € Lg° and g € LS® with supports separated by a positive distance, where the integrand is Lebesgue

integrable due to the estimates for w-Calderén—Zygmund kernels.

1
loc

assuming the 7' : L' — L% boundedness. Indeed, as in [27], we will work under the assumption that we

In our lower bounds for commutators we will avoid well-definedness issues of [b,T] for b € L . without

study an operator U, with off-support kernel representation with w-Calderén—Zygmund kernel,

(0, Unf) = // (b(y) — b(@)) K (4, ) f (2)g(y) de dy,

for f € L and g € L° with supports separated by a positive distance. Assumptions are formulated
entirely in terms of the boundedness of U, and this kernel representation, with no reference to T or [b, T).
The prototype of such an operator is of course the commutator Uy, := [b, T] with T an w-Calderén—Zygmund
operator with w satisfying the Dini condition.

2.8. Paraproducts

We end our preliminaries with the introduction of paraproducts. Let D be a dyadic lattice and b € L]
The difference of averages Dgb for Q) € D is defined by

Dob:= Y (brlr— (bole-
ReD:R=Q
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The difference Dgb can also be written in terms of Haar projections

Dob= Y (bhi)hiy,
1€{0,1}4\{0}

where (hég)ie{o’l}d are the Haar functions associated with Q.
The paraproduct II; associated with b € LllOC is formally defined as

f = Y Dob(f)g

QeD

for f € L2°. Since the assumption b € L] _ alone is insufficient to make sense of convergence of the sum over
all dyadic cubes, we include into the definition an a priori unconditional convergence assumption:

Definition 2.29 (Paraproduct). Let b € Li. .. Assume moreover that b is such that for each f € L° the sum

Z DQb<f>Q

QeD

converges unconditionally in Llloc, by which we mean unconditional convergence in L!(K) for every compact
set K. Then the operator I, : LS — Ll _ defined by

loc

Hbf = Hb,Df = Z DQb<f>Q

QeD

is called the dyadic paraproduct associated with the function b.

We write Hb,D’f = Zer, DQb<f>Q when D’ g D.

Stronger conditions on b ensure stronger unconditional convergence. In the unweighted setting, for exam-
ple, if b € BMO, then for every f € LP the sum II;, p f converges unconditionally in L? for every p € (1, 00).
In the extension of this to the Bloom setting, Burkholder’s weak L'-inequality is a useful tool:

Lemma 2.30 (Burkholder). Let D be a dyadic lattice and let (vg)gep be a finitely nonzero sequence of
scalars. We have for f € L!

|3 webas|,, <2 swleal £l
QeD QeD
Proof. Viewing D as a filtration on R?, and rescaling such that ZQeD voDg f is supported on [f%, %}d
we can view ZQGD vDq f as a martingale transform. The statement then follows from Burkholder’s weak

)
L'-inequality for martingale transforms [5]. O

Remark 2.31. In R?, there are two more paraproducts of interest, which can be treated using similar methods
as employed in the current paper. We refer to [14] for a discussion of these paraproducts in the context of
Bloom boundedness with p = q.

3. Upper bounds

In this section we will give sufficient conditions for the Bloom boundedness of commutators and para-
products for all 1 < p,q < co. The results in the case ¢ < p are entirely new, whereas in the case p < ¢ the
results for paraproducts are new and for commutators we obtain sharper quantitative bounds in terms of
the weight characteristics than currently available in the literature.
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3.1. Commutators

We start with the upper bound for commutators, for which we will use the main sparse domination result
of [34]. To state their result, for f,b € L]
operator

e and a sparse family of cubes S, we define the auxiliary sparse

Aspf(x) =Y [b- )o 1o(@), z € RY,

QeS

and its formal adjoint

5uf@) =D (b= (b)olf)g Loa), z € RY

QeS

Theorem 3.1 ([3/, Theorem 1.1]). Let T be an w-Calderdn-Zygmund operator with w satz'sfying the Dini
condition and let b € Lloc For every f € L, there exist 3% dyadic lattices D* and gd -sparse families
Si. C D* such that

3d

b, T1f ()] O (As, ol fl() + A5, 4l fI(2)), 2 €R%

k=1

In view of Theorem 3.1, to prove Bloom upper estimates for the commutators [b, T, it suffices prove
Bloom estimates for As and A% ;. We will need the following lemma, which is a special case of the main
result in [10].

Lemma 3.2 ([10]). Let 1 <p < q < oo, set 1 :=
y-sparse collection S C D we have

1 .\ 1/s
|5 e fir )2

% + L and let w € A,. Let D be a dyadic lattice. For any

Q

max{ 1,+q = L3}
~ [w}Aq

Lp(wp/a)—La(w)

Proof. Let f € LP(w) and write

QGS

Using [10, Theorem 1.1] with parameters p = p/s, ¢ = q/s, 7 =1/s,a = s, w =w and 0 = w9/7 = W', we
obtain

1A 0 Fll oy = I1(As 20|
1/s 1/s

Lp/s(w')

I

wl

< (sup QI w(@)iw' (@)% ([ul}
QES

;)

< sup |Q M w(@)Y 1w (@) ([l + [0 )1l wrrar
QES

where we used
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in the last step. Noting that

€S
and by Lemma 2.15
1 1 1 1 P 1 1 1
o’ Na o’ q(q=1) max{ 7. o=~ q}
+ Wi, < [w]Aq + [w]Aq <2 [w]Aq )

finishes the proof. O

Using Lemma 3.2, we can now prove Bloom estimates for A%,
Take € Ap, A € Ay and set

Proposition 3.3. Let 1 < p,q < oo and define L := % - % and g = % - %
yrta = u%)\ a. Let D be a dyadic lattice. For any y-sparse collection S C D and b € L{,. we have
max{ 5 +4, 717}
et [ 7 oy 2%
~ max{1l, =5}
’ [)‘]Aq o ||M3b||LT(y) p>q.

||Ag,bHLp(u)—>Lq()\)

Proof. We start by noting that by [34, Lemma 5.1], there is a J-sparse collection S C D with S C S so

that for any Q € S we have

/ b= ()l dz < / S (b= (B)al) ol 1 da
Q RES:RCQ (3.1)

- ¥ /|bf Bl - (£} de

RES:RCQR

Furthermore, in order to use Lemma 3.2 efficiently, we define for s € (0, 00)

Asat =3 (g7 /|f| ar) 1.

QGS
We first consider the case p < ¢. Since < := % + L > 1, we have by Minkowski’s inequality

Z b— () gl ([flgdz < ||b||BMog Z v( )1/g<|f|>

RES:RCQR RES:RCQ
1/
—Pllovos Yo ([ U651 av)
RES:RCQ Q

< [Iblsnmos (/( Z {15 1R)de>1/

Q RES:RCQ
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And thus, combined with (3.1), Lemma 3.2 and the definition of v, we obtain for f € LP(u)

”Ag‘,besz()\) S ”b”BMO,‘}HASvS (A§,1f ' Vl/S)HLq(,\)

max{i—l—%,qfll}

S 16l gasos AL, [ 2 | PPN

max{+1, 1)

= ”bHBMO‘,j P‘]Aq ||-A§,1f||LP(M)

max{ﬁJr% qfil} max{1,

1
. =
S HbHBMO‘,j [)‘]Aq [N]Ap ' HfHLP(;L)’

finishing the case p < q.
Next, we consider the case p > gq. We have

1
v(R) R/Ib_ <b>R‘ dx - <|f|>R 1p dv

@\ @\

DR A UMRIPEE

RES:RCQR RES:RCQ

< ManAg,lfdl/.

Thus, combined with (3.1) and Lemma 3.2, we obtain for f € LP(u)

IS5l ooy S [As (MED- Ag o f - v) | L
max{l,q%}
S A, ' HMBb'A&lf'VHLq(A)‘
Finally, using Holder’s inequality, the definition of v and Lemma 3.2 once more, we obtain
[M5b - Asaf- V”Lq(A) = |[Mb- A Asaf- Vl/T/Al/qHLq

S REY

LT A§,1f T Al/q“m
= HMBbHLr(y) HAg,lfHLp(#)

max{l,ﬁ}

A, ||M£b||LT(y) HfHLP(H)a

S

~

finishing the proof. 0O

Since A, is the formal adjoint of Asp, we can also deduce upper Bloom estimates for Asp from
Proposition 3.3. Combining Theorem 3.1 and Proposition 3.3, we therefore obtain our desired result.

Theorem 3.4 (Bloom upper estimate for commutators). Let p,q € (1,00) and define % = % — % and § =
11

it Take p € Ay, A € Ay and set yrt = u%)\_%. Let T be an w-Calderon-Zygmund operator with w
satisfying the Dini condition and let b € Li .. We have

H[b’T}HLv(M)—wq(,\) S

max{l,ﬁ} max{l,q%l} ||b||BMO‘L} p<gq,
et e 10l
||Mub| L™ (v) p>q.

Proof. By Proposition 3.3 and duality, using 1% + % < 1 when p < ¢, we have

||A8,b||[,p(u)4,[,q(>\) = ||A§,b||Lq’(>\f)4,Lp’(H/)
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< [M/]max{l,p,lil}P\/]max{l,q/il} . ||b||BM05¥ p < q
~Y A ’ A ! u
”Mub”LT(z/) p>q

max{l }[A]max{l,ﬁ} ) {”b”BMOS p S q
Aq
IMEbl ey P> 4

Therefore, the theorem follows from Theorem 3.1 and the density of the bounded, compactly supported
functions in LP(p). O

Remark 3.5. For p = ¢, Theorem 3.4 was already obtained in [20]. We generalized the proof that uses sparse
domination from [34], where the case p = ¢ is considered as well. If y = A = w for w € A,, it is known that
the dependence on [w]4, in Theorem 3.4 is sharp, see [6,38] and the references therein.

A qualitative version of Theorem 3.4 for p < g was recently obtained in [22]. Tracking the constants in
[22, Theorem 2.4] would yield quantitatively worse behavior in [u]4, and [A]4, than Theorem 3.4. Note
that the dependence on [u]4, and [A]4, in Theorem 3.4 can be slightly improved in the case p < ¢, using
the full power of Proposition 3.3. Since we do not know if the obtained bound is sharp, we leave this to the
interested reader.

3.2. Paraproducts

Next, we consider Bloom upper bounds for paraproducts. We start our analysis with a sparse domination
result for finite truncations of I, for b € L{. ., which generalizes [14, Theorem 4.1]. We will employ a stopping
time argument that has two innovative features: “coupled stopping conditions” and “uniformity over parts
of the input data” In our further considerations it will be crucial that this sparse domination result still
contains the terms (|b— (0)o >Q rather than the more typical sparse estimate of paraproducts using ||b|| g0 -

Theorem 3.6 (Sparse domination of paraproducts). Let f,b € LL _(R?), and let D be a dyadic lattice. For
every Qg € D, there exist a 2(,,T—sparse family S C D(Qq) such that for all finite collections F C D(Qo)

> Dablf)o| £ D (= Blolgilihe L
QeF QeS

Proof. We will show that for each @ € D there exists a collection of pairwise disjoint cubes {Py}, C D(Q)
such that Y, |Px| < £|Q| and such that

Z D 1| <25 = Bgl)o (1 1
ReD(Q
+Z\Dpkb| M tn+d| D Dablfg
k  ReD(Py)NF

uniformly over all finite collections F C D. Note that
|Dp, bl 1p, = [(b)p, — (b)p, | 1P, -
Iterating the estimate (3.2), starting at the cube @, we obtain a -sparse collection S C D(Qy) such that

> Dablhlo| < 30206 gl 1£1)g Ta

QEF QeS

+ ) g~ Bgllfhgt

QeS\{Qo}

(3.3)
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uniformly over all finite collections F C D(Qp). Noting that

§:=8U{Q:QeS8\{Qo}} CD(Qy)

is 2d%—spalrse and for every @Q € D we have

b — ) IfNg 1e < 2= (B)ghs(f)g 1o

then yields the result.
Let us prove (3.2). Let { Py}, be the collection of maximal cubes P € D(Q) such that

(fDp>4(fq

or there exists a finite collection Fp such that on P we have

>> Drbifg| > 2 (b= blgl)gllfhg = ac.

ReFp:PCRCQ

We remark that the left-hand side is constant on P.
For R € D(Q) define

0 otherwise.

vR;{<f>R ReU{SeFp P CSCQ}

23

(3.4)

By the stopping condition (3.4) we have |[vg| < 4(|f])g for R € D(Q). Therefore, using the stopping
conditions (3.4) and (3.5), Burkholder’s weak L!-inequality for martingale differences (see Lemma 2.30)

and the weak L'-boundedness of the dyadic maximal operator, we have

SiPI<[{l ¥ vaDatl > ao}|+|{ s dfha> (7o}

RED(Q)
2
2 . b |
: aQ RESEIE)Q)‘URl HRGXD%Q) R H <|f‘> Hf QHL
: Q|
< 4 . 1
= 25(Jb— Bl e (1/Dq b= Bl +

=3lal.

Now, to show (3.2), let F C D be a finite collection of cubes and write

ST Debihe|<| Y Dablf)a| 1w,

ReD(Q)NF ReD(Q)NF

+Z’ > DRb<f>R‘ 1p,

k' ReF:P,CRCQ

+ Y 1Dpb{f) 5, Lr,
k

| Y prvtnal

k  ReD(P,)NF
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By the stopping condition (3.5), we have

S Drblf)a| < 20— Blolgilfhe:

ReD(Q)NF

1o\, P

and

S Dablfr| <27 (Ib— gl hg:

ReF:P,CRCQ

2. 1n
k

both uniformly over all finite collections F C D. This concludes the proof of (3.2) and thus finishes the
proof of the theorem. 0O

Remark 3.7. The estimate in (3.3) is interesting in its own right, since it does not use the doubling property
of the Lebesgue measure. In fact, it directly generalizes to the setting where one has a locally finite Borel
measure  on R? instead of the Lebesgue measure.

Let p, A\, v be weights and f,b € Ll .. In the case 1 < p < g < oo the sparse operator arising in
Theorem 3.6 can be estimated as follows

1
+
a’

v(Q)
Lo = HQZE; “ar he 1Q”Lq(A>Hb”BM03'

Bl

|32~ Bl llfg 1]
QeS

Therefore, to prove the Bloom-weighted boundedness of the (finitely truncated) paraproduct II, »f, one
could analyze the Bloom-weighted boundedness of the sparse operator

Led,
[y ”(C?T<|f|>Q1Q.
QeS

In the case p = ¢ and u, A\ € A,, this operator was studied in [14, Theorem 3.9]. Note that, viewing a
paraproduct as a bilinear operator, one expects weighted boundedness to hold for (u, ) in a genuinely
multilinear weight class (cf. [1, Section 4.6]).

The next lemma identifies the canonical weight class for Bloom estimates of paraproducts for all p,q €
(1,00). In Proposition 3.9, we will study Bloom estimates for the sparse operator arising in Theorem 3.6
using this weight class.

Lemma 3.8 (Bloom weight class for paraproducts). Let 1 < p,q < oo and define % =
Let pu, A\, v be weights and p' = ,u’p//p. Suppose that for all b € L] . we have

[bllgpos P <4,
||Hb||Lp La(\ s { Y
BB S MEBl ey P> 6

Then we have (W', \,v) € By 4.

Proof. For a fixed cube @ € D, define b = 1, — 1g_, where Q4 and Q_ are the right and left halves of Q
along the first coordinate axis respectively. Note that
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Q
b o= — 1T <q,
16l Bnmos V(Q)%+$ p>q
Q) Q|
IMEBI ey = MY 1g| oy <7 p>q
L7 (v) V(Q) QliLr(v) V(Q)%Jrq%

Applying the boundedness of IT, to f := 1¢g i/, we get
Q) . \?
W Ml S — - ([ 177 du)”.
v

Rearranging the terms, we obtain

for some C > 0 independent of Q. O

1 1
By Lemma 3.8 and Remark 2.21 it is canonical to assume the Bloom relation vt

= ,u%A_% when
studying upper bounds for paraproducts. In this setting, the assumption (u/,\,v) € B, 4 is exactly the
same as the assumption that (u,\) € A, 4, where A, oy denotes a multilinear weight class (see [33]).
This assumption is strictly weaker than p € A, and A € A, (see Lemma 2.23).

In the following proposition, we will prove the Bloom estimates for the sparse operator arising in Theo-
rem 3.6 for weights (u/, A, v) € By 4 satisfying the Bloom relation vt = u%)\_%. Note that g/, A\, v € Ay
by Lemma 2.23.

11

Proposition 3.9. Let 1 < p,q < oo and define % =3 and § = L_ %. Let (1, \,v) € By 4 with

p
w = ,u_p//p and vr T = ,u%)f%. Let D be a dyadic lattice and v € (0,1). For any y-sparse family S C D
and b € L . we have

loc

< Cprn- bl grnios P=q
LP ()=~ L1(A) IMED] iy P> 4

[ £ (b= Bl £Dg 10|

QeS

where

Cur = (W A5, - WYY

oo

Proof. Throughout the proof we will write ry = ﬁ Note that

1l oy = WA/H N pgys € L7 (),

so, by duality, it suffices to show

{|b||BMog P=q

S 15— o) o UgIN) o Az S Conll 1l 9l o oy -
/ e GOTEE Ml ey 2> 4,

QGSQ

for f € LP(p') and g € L7 (). Since % + % + % > 1, we have by Holder’s inequality and Lemma 2.7
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S~ b= gl U7l) g ol

QESQ
=3 [ I= W)l D gl () g - v(@)F 7
B 47 Q Q\glio\Wio\Ng -V .
Qes v(@Q)r " )
1 1
<[ \v)s,, > el BUEKOPIRKVYR(OE (lghoA Q)7 dx
Qes v(Q)r e o
1/p ’ 1/q
<[ A ls,, (3 WME @) (D (WUghd) A@)
Qes QeS
1 ry\ 1/r4
(X (s 1= Bglan)™)
Qes v(Q)r e 0
pq '
< g (Al L o ol
1/ry
( 1/w /|b Q|dx ) :
Now if p < ¢, we have r = oo, in which case we see directly that
1/T+
) I / b= ®)gldr) )" < Ibllpyio
For the case that p > ¢, we have ry = r and by Corollary 2.10
1/T+
(2 G / b= (tlgldz) )
W r
< / b (bl ) v(Eq))
QGS
1/’1“ T [I/]I/T
< 2= (3 fomran)” < B,
QESE,

finishing the proof. 0O

Combining Theorem 3.6 and Proposition 3.9, we now obtain a Bloom upper bound for paraproducts for

weights (1, A\, v) € By 4 with yrta = u%)\_%. The case p = ¢, p € A, and A € A, has previously been
obtained in [14].

Theorem 3.10 (Bloom upper estimate for pamproducts) Let 1< p,q < oo and define % = % — % and

g = ; — <. Let (1, \,v) € By 4 with i = /0 and vt —MP)\ i. LetD be a dyadic lattice. For any
be L. we have
+ ) bllgpos p<q,
1Tl o oy oy S [ A 0], I THE AL - { Vry oy
e | WA IMERl ey P> 0
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where

Myf =Y Doblf)g,  f€LP(n),

Q€D
converges unconditionally in LI()\) if b € BMO® when p < q and if Mib € L"(v) when p > q.

Proof. Let f € LP(u). By density we may assume without loss of generality that f has compact support.
Moreover, by considering quadrants separately if needed, we may assume that there is a Qg € D such that
supp f € Q. By Theorem 3.6, we can find a 2d,%—spaurse family of cubes S C D(Qy) such that for all finite
collections F C D(Qo) we have

|3 Dablfig] £ 3 (b= Gl fhe

QEF QeS

Now set S = SU {Q €D: Qo< Q}, which is 2d%—spa]rse as well. Since, for any @) € D, we have

Dabl=| D> ()p1r—(b)g o]
PeD:P=Q
S Z <‘b QDP 1P < 2d<|b7 |> ]'Qa
PeD:P=Q

it follows that for all finite collections F C D we have

1> Dabllo=| X DQb<f>Q1+ S Dbl

QeF QeFND(Qo) QEF:QoCQ

S (b=l fhe

Qes

Since the right-hand side is finite a.e. and does not depend on F, this implies that ZQ6D|DQb<f>Q| converges
pointwise a.e. and for any choice of eg € {0,1} we have

> ceDabiflg| £ 3o (I~ Blahgilfiig
QeD Qes

The norm estimate now follows from Proposition 3.9 and the unconditional convergence follows from the
dominated convergence theorem. 0O

1

@’

P By Lemma 2.15 and

'§I>—‘
S|

Remark 3.11. Let p,¢ € (1,00), p € A, and A € A, and set v
Lemma 2.22 we have

= p

1

[ A, 1IN < A Aa,

oo oo

so, in particular, Theorem 3.10 proves the upper bound in Theorem B.
Let w € Ay. In the case p = ¢ =2, u = w, A = w~! and thus v = w, it was shown in [14, Section 4.1]
that there is a b € BMO,, such that

61| 12 (1) s 22001y 2 10llBato, [w0] 4,



28 T.S. Hinninen et al. / J. Math. Pures Appl. 208 (2025) 103772

In this setting we have

1) 42N 4, = W],

so our result, as well as [14, Theorem 3.9], is sharp. We do not know if Theorem 3.10 is also sharp for other

parameters.

Remark 3.12. We note that the claimed unconditional convergence in Theorem 3.10 is not automatic, since
we do not have A € A, in general (see Lemma 2.23). As a consequence, we note that the functions with
finite Haar expansion are not necessarily dense in LI(\).

4. Lower bounds

Next, we turn to lower bounds for commutators and paraproducts. Throughout the section, recall the
following for weights u, A, v:

e Weset M := \"9/% and

H(Q)\ P N(QN\ Y
N = .

[/J“u ]Bp‘q/(u) Sllep(V(Q)> (I/(Q) )

e Suppose vt = u%)\_%. Then the condition (p, ') € By, o (v) implies the conditions p € As(v) and
N € Ax(v) by Lemma 2.24.

4.1. Statement and overview of proof for commutators
We start by proving that, in the Bloom setting, the sharp maximal function condition
I M| -y < 400

is necessary for the LP(u) — L9(\) boundedness of commutators [b,T] in the range 1 < ¢ < p < co. We will
prove this under weaker assumptions on the weights than u € A4,, A € A,.

The main challenge in the Bloom setting for 1 < ¢ < p < oo is finding a condition that is not only
sufficient but also necessary. The proof of the lower bound builds upon techniques from [16,27,22], and upon
weighted sparse analysis.

Theorem 4.1 (Sharp mazimal function condition is necessary in the Bloom setting). Let 1 < ¢ < p < 00

and set % = % - ]lj. Let b € LllOC and let K be a non-degenerate w-Calderon—Zygmund kernel. Assume the

following:

o (Weights) Let p and \ be weights and set N = AC/9 gnd vr T = u%)\_%. Assume that p, N, v are
doubling and (p, X') € By ¢ (v).

e (Boundedness) Assume that Uy : LP(pu) — L9(\) is a bounded linear operator.

o (Off-support bilinear integral form representation) Assume that

/ gUS de = / / (b(y) — b@))K (4, 2) (2)g(y) da dy

R4 Rd R4

whenever the functions f € L and g € L have supports separated by a positive distance.
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Then

1
1M Ol ey Spvw (1 X] B, ) 1] /i(,,) INTY o MU Loy 290

where the implicit constant depends on the doubling constants of u, X', v.

Remark 4.2 (Unweighted setting). In the unweighted case p = A = v = 1 the theorem recovers [27, Theorem
2.5.1] because of the well-known comparison

127 0|

L ~ inf||b — ¢|| -
C

From Theorem 4.1 we can easily deduce the lower bound in Theorem A.

Corollary 4.3 (Lower bound for commutator). Let 1 < ¢ <p < oo, p € A, and A € A,. Set % = % — % and

plU/rtl/d = pt/PA=Y4, Let T be a non-degenerate w-Calderén-Zygmund operator with w satisfying the Dini
condition, and let b € Ll .. Then

HMBbHLr(y) S Cm/\H[bv T]HLp(u)ﬁLq(A)-

Proof of Corollary 4.3. This follows from observing that the assumptions of Corollary 4.3 imply the as-
sumptions of Theorem 4.1, as follows. From p € A, and A\ € A, (or equivalently X € A, ) it follows that
(u, N') € By o(v) by Lemma 2.22 and that v € Ag,v by Lemma 2.23. In particular, u, A, v are doubling
since they are A..-weights. Since w satisfies the Dini condition, T is bounded from L' to L. Therefore,
by Lemma 2.28, we have the kernel representation

/ fb, T)g = / / (b(x) — b(y)) K (2. 9) (4)g(x) dy dz

Rd R4

whenever the functions f € L2 and g € LS° have supports separated by a positive distance. 0O

Proof of Theorem 4.1. The proof proceeds in three main steps: (1) discretization of the Lebesgue norm of
the sharp maximal function, (2) control of mean oscillations by bilinear forms, and (3) use of a sequential-
type testing condition on bilinear forms for general abstract operators. Each of these steps is stated as a
separate lemma. How the lemmas are combined to yield the theorem is detailed in what follows.

First, we discretize. Fix a parameter v € (0,1). By combining Corollary 2.3 and Lemma 4.7, we obtain

r 1/r
||be||Lr(l,) =, sup sup /|b b)s| dx V(S)) ,
D SCD

where the supremum is taken over all dyadic lattices D and over all collections S C D that are (v, v)-sparse.

Second, we control each oscillation by testing a bilinear form against a pair of test functions. By
Lemma 4.8, for each cube S € S there exist a cube S with £(S) ~ £(S) and dist(S, S) ~ £(S) and functions
f&, 9% with | f§] < 1s, |95 < 15 for i = 1,2 such that

2
J1b=wslaz <37 [ givifs aal
S i:le

Therefore,
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/|b bslde) )1”32(2\ [ dsvnrsas] ws) "

Ses ]Rfl

Finally, the right hand-side, the so-called sequential testing condition on bilinear forms, is bounded by
the operator norm by Lemma 4.10, which completes the proof. O

4.2. Statement and overview of proof for paraproducts

The lower bound for dyadic paraproducts is stated and proved as for commutators, except that the
structure of dyadic paraproducts, in particular the use of dyadic cubes instead of generic cubes, simplifies

estimations.

Theorem 4.4 (Necessity in the Bloom setting for paraproducts). Let p,q € (1 00), set L = % - % and
= % - %. Let i and X be weights and set X' := \=9/9 and R g u%)\ a. Let b € Ll ., assume that
IT, : LP(p) — L9(A) is bounded and (u, N') € By o (v). Then the following hold:

bllros S s N5, o) 1ol 2o 2aca) p<a,

1/p’ 1
TP oy VL T 2oy o ) p>q.

SN, o)k

Remark 4.5. In this dyadic context the suprema in the weighted sharp maximal function, the space BMOY
and in all the weight characteristics are taken over the dyadic lattice associated with the paraproduct.

Remark 4.6. Note that the assumption (u, \') € B, () is weaker than the assumption p € A, and A € 4,
by Lemma 2.22.

Proof of Theorem 4.4. The case ¢ < p follows from combining Lemmas 4.7, 4.9, and 4.10. Note that no
dependence on doubling constants occurs in this dyadic context because of the following:

(1) The dyadic version of the weighted dyadic sharp maximal function is used.

(2) The pairs of test functions that Lemma 4.9 gives to Lemma 4.10 are of the form (fo., 90s) = (1s, 1s).
Therefore, inside the proof of Lemma 4.10, we can use Lemma 2.12 (dyadic estimate) instead of
Lemma 2.13 (non-dyadic estimate).

The case p < ¢ follows by combining Lemma 4.9 and Lemma 4.13. 0O

4.8. Discretizing the norm of the weighted sharp mazimal function

The first step in our proofs for both commutators and paraproducts is the discretization of the L"(v)-norm
of the weighted sharp maximal function.

Lemma 4.7 (Discretized norm of the weighted sharp mazimal function). Let b € Li ., v € (0,1), and D a
dyadic lattice. Let v be a locally finite Borel measure and r € (0,00). Then

[0 78 [10— ol as] /|b )slaz) v(s)) "
su — T ~ sup T) v ,
QG% v(Q) 5 @ Lr(v) SCD

where the supremum is taken over all (vy,v)-sparse collections S C D.
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Proof. Since for every cube @

inf/|b—c|dxz/|b—<b)Q|dm,
Q Q

the claimed conclusion is equivalent to the comparison

Hsup lo irc1f/|b—c|dx‘ ~ Sup(Z(ﬁiIclf/|b—C|dx)TV(S)>1/T.
Q Q

QeDV(Q) L(v) sSCD Scs

This comparison follows from a standard stopping time argument. Indeed, the classical stopping time ar-
gument of principal cubes is abstracted in [16, Lemma 2.4], whose particular case 7¢ := inf, [ olb—clda
recovers the comparison. O

4.4. Controlling oscillations by testing bilinear forms against pairs of test functions

Mean oscillation can be controlled by testing the bilinear form of the operator against pairs of test
functions. This is the only step in the proof of the lower bounds that relies on the concrete structure of the
operator.

For commutators [b, T'], the argument for the Beurling transform 7' = S is classical [9]. The argument for
a very general class of Calderon—Zygmund singular kernels, together with a discussion on previous results,
can be found in [27] (cf. [22, Proposition 4.2]):

Lemma 4.8 (Oscillations are dominated by testing the commutator against test functions; [27]). Let b €
Ll

loc

(R, C) and let K be a non-degenerate w-Calderén—Zygmund kernel. Let (g, [b, T|f) denote (as conve-
nient self-explanatory abbreviation) the off-support bilinear form

(0, TIf) = / / (b(y) — b)) K (4, 2) f(2)g(y) d dy
Rd ]Rd

for functions f € L and g € LS® with supports separated by a positive distance.
Then, for each cube Q, there exist a cube Q with £(Q) ~ £(Q) ~ dist(Q, Q) and functions fé,gé:) with
If5] < 1q, \gé| <1g fori=1,2 such that

J1b= Wl ds £ 3ol 1. 711)]

Q i=1

In the case of paraproducts, the argument and test functions are particularly simple.

Lemma 4.9 (Oscillations are dominated by testing paraproduct against indicators of cubes). Let b € Ll . and
let D be a dyadic lattice. Then, for every QQ € D, we have

[1o=®alds 5 [ elin(1)]de.
Q R4

Proof. Let @ € D. Using the triangle inequality to replace <b>Q by a term more appropriate for a paraprod-
uct, we obtain formally



32 T.S. Hinninen et al. / J. Math. Pures Appl. 208 (2025) 103772

/|b7(b>Q|dx§2inf/|bfc|dx
Q Q

< 2/|b— o+ 3 Dab(lg)s|ds
Q R2Q

= 2/| Z DRb<1Q>R—|— Z DRb<1Q>R|dJI

5 RCQ R2Q
:2/|1an(1Q)|dx.
Rd

Rigorously, we consider the truncations
Dyun:={QeD: 27 <¢(Q) <2V},

so that the term

Z Drb(1g)r

ReEDM,N:RDQ

is finite. Recall that for each f € L the sum II, p f converges unconditionally in L{, . by the definition of

dyadic paraproducts. Then, by a similar calculation as above, combined with the unconditional convergence
in L(Q), we obtain

/|b*<b>Q|d$§th lim /|1QHb,DM,N1Q|d$:/|1QHb1Q|dz- O

—00 M —o00

Q R4 R4

4.5. Sequential testing condition for general operators

The final steps in our arguments for the lower bounds for paraproducts and commutators is the necessity
of a sequential testing condition for general operators. We consider the cases p < g and p > ¢ separately.

Lemma 4.10 (Sequential testing condition on bilinear form is necessary). Let 1 < q < p < oo and set

1.= % - %. Let p and X\ be weights and U : LP () — LY(\) a bounded linear operator. Assume the following:

o (Weights) Set X' := \~9/¢ and vt = pr A" a. Assume that u, N, v are doubling and (u, N') € Bp g (V).

e (Test functions) To each cube P assign a cube Qp with £(Qp) S L(P) and dist(Qp, P) < £(P) and a
function fo, with |fop,| S 1lgp. Similarly, to each cube P assign a cube Rp with {(Rp) S ¢(P) and
dist(Rp, P) S U(P) and a function gr, with |gry| S 1rp-

o (Sparse collection) Assume that S is a (0,v)-sparse collection of cubes.

Then

TV(S)) 1/r

Ses

(Z‘ﬁ/gRsUst da
Ra

1/p’ 1
Sunw [ N V]Bp,q/(l/) [M]A/i(y) [)‘/]A/i(u) Ul Lr oy La(r)-

The implicit constant depends on the doubling constants of the weights u, N, v.
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Remark 4.11 (Formulation in terms of bilinear form and weak-form boundedness). As in [27, Theorem 2.5.1],
Lemma 4.10 can be formulated entirely in terms of a bilinear form I : LY x L — C. The boundedness
then takes the following weaker form:

N
R;l|L>(R; 1Ri
I (“)H;Hg Iz (Ry)

whenever (fg,,9r,) € L>®(Q;) x L>®(R;) for i = 1,...,N and N € N. In the case of commutators, the
pairs of test functions (fg,,90,) € L*(Qi) x L>(R;) are such that dist(Q;, R;) ~ 4(Q;) ~ ¢(R;), as in
Lemma 4.8.

N N
> (e gr)l 5 [ Ylfalix@le.
=1 =1

Lo (A)

Remark 4.12 (Weak-form boundedness in case ¢ > p). When g > p, the weak-form boundedness becomes

1(fos98)| S Il fall @19zl o (rym(@) /PN Q)M

For instances of uses of such L*>-type testing-conditions in the context of stopping time arguments, see for
example [41,15,12].

Proof of Lemma 4.10. The argument builds upon ideas from [27] and [22]. By the ¢ (v)-¢"' () duality, the
estimate of the conclusion is equivalent to the estimate

5 (5 [ msUtaq de)rsv(s) 5 (X 5ms)

Ses Rd Ses

By assumption we have 1 = qu + /,

r
—, SO
p

’ /p
/ r’ V(S) 1/ r’ V(S) ! . /
vs < [, NB, ) (75 )rTq(S)) | 7s = [, Np, ) Bs-as.

Therefore,

Z/gRsUst dzys Spaw /Z PBsgrs)(Uas fos) de

Sesg Ra SES

Randomization is used to decouple the factors in the summands. Let (es)ses be independent Rademacher
variables on a probability space, i.e. E(eger) = dgr for all S,T € D and |eg| = 1. Now,

/ Z BsgrsUas fos dx = /(Z €TﬂTgRT>U(Z €SOészs) dz
Tes ses

Ses
= ]E/QEUfN6 dz.

By Holder’s inequality and boundedness of U from LP(A) to L(u), we have

/geUf6 dx = /(gE(A/)—l/q’)U(ﬂ)\l/Q> dz
< 1Gell par iy U Fell zaay

<N Lo (uy=a Nell por oy I Fell 2o )
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The proof is completed by checking the estimates

and taking expectations.

We tackle the estimate for f; the estimate for g. is tackled similarly. Let us first write out what suffices
to be checked. On the one hand, recalling that f. := ) ¢ esagfos and that by assumption fg, S 1g,, we
see that

[ fellzequy < H > aslgs
Ses

Le(u)

1/p
On the other hand, recalling that ag := (fyg m) , we see that

Za,u <Z'YSV

Thus, it suffices to check that

|3 oste.

1/p
Le(p ) (Z sl ) '

This estimate is checked as follows. By assumption dist(Qg, S) < £(S) and £(Qs) < £(S), so there is an
a > 1 such that aS O Qg. Therefore,

|3 oste:
ses

o
Lo (1) ES: i VN

‘Pp.

Since S is (0, v)-sparse by assumption, for each S € S there is a Eg C S such v(Eg) > dv(S) and such that
the sets {Es}ses are disjoint. Since v is doubling, we have

v(Eg) > 0v(S) > dcq v (aS).

Since a > 1, we also have Eg C S C a8, so {aS}ses is (d¢q,u, V)-sparse.
Now, since by the preceding {aS}ses is v-sparse and by assumption p € Ay, (v), it follows by Lemma 2.13
that

/P

H Z aslas
ses

<, 1/p ( « aS)
’LP(N) ~H, Aoo (V) Z S’u

Since p is doubling, we have p(aS) Sa,, p(S), finishing the proof. O

We end this section with the necessity of testing condition for general operators in the case p < ¢, which
is much simpler than the case p > g.
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Lemma 4.13 (Testing condition in case p < q, cf. [22]). Let 1 < p < q < oo. Let u, A and v be weights and
set N == \~0/0. Assume that U : L () — LI(\) is bounded and (u, \') € By g (v). Then

1
sgp QP / lo|Ulglda < [, NB, i) IUllLe(uy—zan)-
Rd
Proof. By the relation ()\’)1/‘1/)\1/‘1 =1 and Hoélder’s inequality,
/1Q|U1Q\dx:/((A')l/q’1Q)(|U1Q|A1/P) dz
R4 R4

< ellpe o 10l Laey)
SNUlleey—sranllellLe el e w)-

The claim now follows from the definition of [, N']p ). O

5. The multiplier condition

1
7

Let 1 < g <p<ooandset 1/r:=1/q¢—1/p. Let pu, A be weights and set yrte = pt/PA=1/4_ In this
final section we will compare the multiplier condition

inf [ f = (b= ) fllzr—roeny = f][ (0= )™, < 00,

and sharp maximal condition M7*b € L"(v) and prove that, unlike in the unweighted setting, the multiplier
condition is not necessary for the boundedness of the commutator or for the boundedness of the paraproduct
when p > gq.
5.1. Conditions under which the multiplier and sharp mazimal conditions are equivalent

In this subsection we show that under the assumption that v € A,/, the multiplier norm and the L"(v)-
norm of the sharp maximal function are comparable. In the next subsection we will see that this is not
possible in general. In particular, the comparability result of this subsection shows that in the proof of
Theorem 5.3(ii) in the next subsection it will be crucial to use a weight v ¢ A,..
Proposition 5.1. Let b € L, r € (1,00) and let v be a weight.

(i) If v is doubling, we have

IMED] 2wy So 10k (b= )™ [y
(ii) If v € A, we have

fl| (b — v ey £ WK Wan IMED] L.

To prove Proposition 5.1, we will need the following weighted version of [27, Lemma 3.6]. The proof is
almost identical.
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Lemma 5.2. Let be Ll , 1 <r < oo and v € A,.. If we have for all cubes Q that

loc?

10— B L wig) < C,

then there is a constant ¢ such that
(b= v ey < C.

Proof. Let us consider a sequence of cubes 1 C Q2 C - -+ with U]Oil Q; = R¢. For j < k, we have

[(0)q, = (b)g,| = |(b(x) = (b)g,) — (b(z) = (b)g, )

and hence, multiplying by v~/ T/, taking the L"-average over J; and using Minkowski’s inequality, we have
1 . 1/r
(i1 [ 10, - tlg, I (@) do)
Q5
Qj

<1QiITVTIIb = (B, v er g,y + QTG = (B v i)
< ClRII™T 1@ = Bl v lirw1a,)

< 2C|Q,|7 Y.

Rearranging the terms in this estimate, we obtain

|(b)g, — (B)g,| < 2C v 77(Q) " (5.1)

Note that because v € A,., we know that v'~" € A,. Furthermore, any A., weight gives infinite measure
to R and thus v'~"(Q;)'™" — 0 as j — oo. Thus inequality (5.1) implies that ({b),, )52, is a Cauchy

J

sequence and thus converges to some c. We conclude by Fatou’s lemma that

_ T, 1T — : _ r l—r
/|b cf"vi " da /]liglo 1o, 1b— (b)g,I"v " dx
R4 R4

< lim inf/ b= (D)o I'v' " de <O
j—oo J
Qj

This finishes the proof. O
We are now ready to prove Proposition 5.1.

Proof of Proposition 5.1 (i). Let c be a constant. Note that for z € R? we have

#b(x u 1 —c)dr = Y((b— ) 1) ().
Myb()§2zagy@)@/(b )do =200 (b= ) a)

So the claim follows from the Hardy—Littlewood maximal inequality. The non-dyadic versions of the maximal
functions are used in this context. Therefore, due to the one-third trick, the constant in the Hardy-Littlewood
maximal inequality depends on the doubling constant of the measure v.
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For (ii) it suffices to estimate

10— B v e gy = (b= (Bho)lallrwr-n)

uniformly over all cubes @ by Lemma 5.2. Fix a cube Q. By, e.g., [27, Lemma 3.1.2], there exists a %—Sparse
family S such that

1olb— (g |5| /|b ) o] da.

SES

Let g € LT/(V) be positive. By Holder’s inequality, we estimate
/ b(a)—{B)glo(a)

SGS

/ b= (b)ldz) (9)51(S)

/ b= Bslds) ) " (v

ses

For the first term, we estimate using Corollary 2.10

1/r Un " 1/r
/ b (gl dz) w(s)) S[V]A;(ng;g(y(g) S/ b (sl de) w(Es))
iy Z/ /\b—(b>5|dx)rdu>1/r

SESE

1/r
< W)Y IME]| o)

For the second term, we have using Corollary 2.10 and Lemma 2.16 that

(i) swl (Swines) " =wi (2 [wia)”
Ses s Es

Ses

1/r'
< WY |1 My]

L™ (v)
1/r’ 7/%
S W20 ol )
Combining these estimates and using duality, we get
10— D) lallLroi—r S W) ac IMEB Ly
finishing the proof. O
5.2. Multiplier condition is in general non-necessary for boundedness

In the previous subsection, we have seen that the pointwise multiplication condition and the sharp
maximal condition are equivalent for v € A,., which combined with Theorem A yields the following. We
have
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110, Tl ooy za(n) =ur f [[(0 = v~ |Lr(y),  assuming v € Ay, (5.2)

1

for 1 <g<p<oo, = % — %, weE A, A€ Ay and yrta = p!/PA=1/4 which is a direct analog of the

unweighted setting in [27]. In this subsection we will prove that the multiplier condition
: N1
113f||(b A ey < o0

is in general not necessary for the L? () — L9(\)-boundedness of commutators or paraproducts. From (5.2),
we know that a counterexample must satisfy v € Ao, \ 4.

Theorem 5.3. Let T be an w-Calderon-Zygmund operator with w satisfying the Dini condition.

(i) (Sufficiency) Suppose 1 < p,q < oo, p € A, and X\ € A,. For everyb e L{ _,

10, TV Loy < (1T 2o 2o (o) + 1Tl zsny»acn))
“f [[f = (b= ) fllLe gy Lagn)-

(ii) (Non-necessity) Suppose 1 < q < p < co. Then there are p € A,, X € A, and b € Li. . such that

loc
if |f = (b= )| Loy > aoy = 004
106 T e () La () < 00

Proof. The proof of (i) is straightforward and well-known. Let ¢ be a constant and denote ©(c) := || f —
(b =) fllze(u)—ra(n)- Then

116, 1 fllLacny = I[b— &, T1 fllagn)
<0 =T fllzay + 1T = ) F)llLany
< OONT fllzey + 1T zay a0 = ) fllLag)
<O T oy + 1Tl LarysLaonll fllLewy)
<O UTNLr(—zrwy + 1T Nzay—Lon) 1Fllze -

For (ii) the idea is to use Lemma 5.6 below. Let b € LZ° be given by b := 15(0,1), where B(0,1) is the unit
ball. Set 1 := % - 11—), let v := d(r' — 1) and define v(z) := |z|?. Then v € Ay, since —d < vy < d(2r' —1). By
Lemma 2.23, there exist power weights 1 € A, and A € A, such that i = p'/PA=1/4. By Theorem 3.4
and Lemma 5.6(i) we deduce that

10, Tl e ()= La(x) Sp ||Mj{:b||L’"(u) < 00.
Also, because for all constants ¢ we have by Holder’s inequality that
1f = (b= fllerg-rany = 10— v HLrw), (5.3)
Lemma 5.6(ii) shows that

inff o (b =€)l ma0y = o0 O
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We get a similar result to Theorem 5.3 for paraproducts instead of commutators. The sufficiency is
an immediate consequence of Theorem 3.10, Proposition 5.1(i) and equality (5.3). The non-necessity part
follows by using Theorem 3.10 instead of Theorem 3.4, in an otherwise identical proof to the non-necessity
part of Theorem 5.3. We write this result as follows:

Theorem 5.4. Let 1 < g < p < oc.

(i) (Sufficiency) Suppose € A, and X\ € A,. For every b € Lj

loc?

1/q—=1/p
Aoo

_1
Mol Lo (uy—ray S [u]4," A4, [V] ~f[[f = (b =) fllLr Lo

(ii) (Non-necessity) There are p € A,, X € Ay and b € L} . such that

loc
inf || f = (b =) fllr(uy—rar) = 00,

ITTs || £ () Lo (r) < 00

We will prove the non-necessity using power weights. We start by documenting a useful property of power
weights with a non-negative power:

Lemma 5.5. Suppose v > 0 and v(z) := |z|7. Then we have for all cubes Q

UQ)™* S v(Q)
In particular, for all « > 0 we have
sup & Sa .

Q:(Q)>a V(Q)

Proof. Let @ be a cube. Note that, since v > 0, we have v(Q) > v(Q’), where @’ is the cube with center 0
and side length £(Q). Integrating in polar coordinates shows that v(Q’) > £(Q)?+? proving the first estimate.
The second estimate is an immediate corollary of the first. O

The following lemma is the key in the proof of the non-necessity.
Lemma 5.6. Let r € (1,00) and set b:= 1pg,1), where B(0,1) is the unit ball.

(i) Let v(z) := |z|” for v > 0. Then

HMBbHLr(V) < oQ.

(i) Let v(z) := |x|%" =D, Then

inf [|(b — v ML) = oo

Proof. We use the notation B(a,s) = {z € R?: |z — a| < s}. For (i) we write

/(Mﬁb)rz/dx:< / + / + / )(Mﬁb)rudx,

R4 B(0,3) B(0,2\B(0,3) R4\B(0,2)
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and estimate M$b separately in each of the three domains.

For |z| < 1/2 suppose @ > z. If {(Q) < ﬁ, then @ C B(0,1) and thus

/|b— (bl dz = 0.

Q

For cubes Q with £(Q) > we use the estimate

_1

2vd’
/|b— (bholdz < 2/Q),
Q

which yields

M7#b(x) <2 sup 2] .
Q3z:0(Q)> 5~ V(Q)
An application of Lemma 5.5 shows that M#b(z) < 1.
For 1/2 < |x| < 2 we again estimate
Q|
M#b(z) < 2 sup | .
Q3z V(Q)

We split into two cases: £(Q) < ﬁ and £(Q) > 4%/3. In the first case, we have Q C {y € R%: |y| > 1/4}
and therefore

Q] < 47v(Q).

In the second case, we use Lemma 5.5 to get

QI S UQ)™ S v(Q).

Combining these estimates, we again obtain M#b(x) < 1.
For |z| > 2 note first that for any cube @,

/\b—(b)Q\dx§2/|b|dx§2/\b|dx§1.
Q Q Rd

If QN B(0,1) = 0, we trivially have
/|b— (bl dz = 0.
Q

Thus, by Lemma 5.5, we get

1 1
M#b(z) < sup < sup —.
@32,0nB(0,1)20 V(Q) ™ @32,0nB(0,1)20 L(Q)7H

Note that for all cubes @ in the supremum we have
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UQVA > [z 1> Y|

and thus £(Q) 2 |x|. This yields

—_

~ T+

The three domains have been considered and using the achieved pointwise estimates respectively, we get

/(Mﬂb)rudxg / |x|” dz + / |z| 7O qg,

Rd B(0,2) R4\ B(0,2)

Because v > 0 and r > 1, we have —r(y +d) + v = —y(r — 1) — dr < —d. Therefore both the first and the
second integral is finite.
For (ii) suppose first that ¢ = 0. Then

||(b _ C)Vilnzr(l,) > / |x|d(r —1)(1—-r) de = 00,

B(0,1)

because d(r’ — 1)(1 — r) = —d. Next, suppose that ¢ # 0. Then

16— vty > el / 2| D01 4 = oo,

R4\ B(0,1)

again because d(r' —1)(1 —r) = —d. O
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