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 A B S T R A C T

Adhesive bonding has emerged as an attractive solution for the joining of lightweight structures, yet accurate 
stress analysis remains computationally demanding when relying on Finite Elements (FE). This paper introduces 
a novel plate Macro-Element (ME) formulation that extends previous beam-type approaches to enable three-
dimensional stress analysis of bonded joints. High-order polynomial expansions are employed to describe 
the displacement field of the adherends, while the adhesive is modeled as an elastic foundation. Governing 
equations are derived using a variational principle and integrated within a standard FE framework. Through 
the derivation of a special stiffness matrix, a ME can simulate an entire overlap with just one element. The 
proposed methodology is validated against FE results for a single-lap bonded joint with a thin adhesive layer. 
The influence of different higher-order displacement assumptions and constitutive models is investigated. The 
results show that their inclusion in the formulation improves the solution accuracy.
1. Introduction

Adhesive bonding is recognized as one of the most appealing solu-
tions for joining of lightweight structures thanks to its elevate strength-
to-weight ratio. For this reason, it has recently experienced swift de-
velopment in a number of high-tech industries such as aerospace and 
automotive, but also electronics and medical surgery (Ebnesajjad, 2009; 
Pizzi and Mittal, 2003). The design of a joint relies on the existence 
of computational tools that allow to estimate the stress state of the 
assembly during its operational life, reducing the need for expensive 
experiments. However, very accurate analyses based on Finite Elements 
(FE) usually require considerable computational time, limiting the 
feasibility of structural optimization. As a result, approximated methods 
capable of operating in reduced time are essential and have become a 
key focus of research.

Over the last two decades, multiple reviews (da Silva et al., 2009; 
Da Silva et al., 2009; Banea and Silva, 2009; He, 2011; Budhe et al., 
2017; Tserpes et al., 2022; Wei et al., 2024) have collected the ad-
vancements on the topic, covering the analytical, semi-analytical and 
numerical approaches to the stress analysis of bonded joints. Among 
the various joint configurations, the Single Lap Joint (SLJ) emerges as 
the classic example case of study, and is therefore commonly adopted 
by the authors as a benchmark for the techniques presented below.

∗ Corresponding author.
E-mail address: Sebastien.SCHWARTZ@isae-supaero.fr (S. Schwartz).
URL: https://github.com/sschwart/research (S. Schwartz).

Analytical models are based on the laws of conservation and, given 
the appropriate simplifying assumptions, yield solutions in the form 
of ready-to-use formulas. Fundamental work was done by Volkersen 
(1938) in 1938 applying the concept of differential shear to the load 
transfer in mechanical assemblies. In his model, the adherends of a 
SLJ were treated as deformable bars and the adhesive as an infinite 
series of shear springs. This kind of formulation is often referred to 
as ‘‘beams on elastic foundation’’ model. The structure was considered 
in its entirety and with simple supports at the boundaries, allowing 
for the determination of the internal loads. Successive studies pro-
gressively refined Volkersen’s model, each building upon the previous 
with incremental improvements. Goland and Reissner (1944) included 
bending moment and peel stress in the analysis treating the adherends 
as deformable beams and defining a bending moment factor dependent 
on geometry and normal load. Hart-Smith (1973) accounted for the 
geometric effect of the adhesive thickness in the moment balance 
and for its flexibility in shear, and thus gave a modified expression 
for the bending moment factor. Additional advancements considered 
increasingly complex displacement fields for the adhesive layer, as seen 
in Ojalvo and Eidinoff (1978), as well as more sophisticated kinematics 
for the adherends, such as in the work by  Oplinger (1991) and Luo and 
Tong (2007). Nonetheless, the applicability of such models is highly 
restricted by the boundary condition assumption of simple support 
https://doi.org/10.1016/j.ijsolstr.2025.113787
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Fig. 1. Reference system for isolated plate.
and becomes greatly complicated, if not unfeasible analytically, when 
considering non-identical adherends. To overcome these limitations, 
alternative formulations focus solely on the overlap of the SLJ, often 
referred to as ‘‘sandwich’’, while assuming known conditions at its 
extremities. Early investigations were carried out by Williams (1975), 
who considered different substrates and proposed a mathematical form 
of the analytical solution accounting for the coupling between normal 
and shear stresses. An exact solution for this problem was later provided 
by Bigwood and Crocombe (1989), although neglecting the coupling 
between normal and shear stresses. Subsequent studies, including that 
of Frostig et al. (1999), implemented high-order displacement theories. 
Such additional complications, however, mean that a closed-form so-
lution is only obtained in very simple cases. These models, which lead 
to a mathematical formulation but require computational support to 
produce an output, are then known as semi-analytical. More elaborate 
versions of them were given by Adams and Mallick (1992), Mortensen 
and Thomsen (2002) and Nguyen and Le Grognec (2021). Nonetheless, 
very few studies (Adams and Peppiatt, 1973; Oterkus et al., 2004) 
have incorporated three-dimensional effects such as finite width into 
simplified modeling frameworks.

The Macro-Element (ME) modeling belongs to the latter category of 
semi-analytical models. First introduced in 2007, it consists in a sim-
plified analysis inspired by FE but requiring a very low computational 
burden compared to them. The method is based on the discretization 
of the structure into elements with special stiffness characteristics, 
whose interpolation function is not assumed but derived from the 
constitutive and equilibrium equations. Thanks to its specially formu-
lated stiffness matrix, a ME can simulate an entire overlap with just 
one element. This key feature allows to overcome many of the chal-
lenges faced by previous models, including non-identical adherends, 
variable boundary conditions, and the need for refined meshing. In 
earlier formulations (Paroissien et al., 2007) the stiffness matrix was 
derived analytically, and its development followed an incremental path 
analogous to the one discussed earlier for analytical models. Numerous 
studies have validated the accuracy of such simplified ME analyses, 
proving good agreement with FE across different geometries (Paroissien 
et al., 2019). The method has also been successfully applied to model 
damage initiation and propagation in Double Cantilever Beam (DCB) 
tests (Lachaud et al., 2020), SLJ (Lelias et al., 2015), stepped joints (Or-
satelli et al., 2024), and interface adhesive failure (Birro et al., 2020). 
2 
In the later publication by Schwartz et al. (2024a), the procedure 
to derive the stiffness matrix is automated and generalized with a 
variational principle based on virtual work. This new approach allows 
for easy model enrichment, as demonstrated in Schwartz et al. (2024b). 
However, previous work has been restricted to beam-type kinematics 
and plane strain or stress hypotheses, limiting its applicability to more 
complex structures such as plates and shells.

In this paper, a new plate formulation based on a variational princi-
ple is presented. High-order displacement functions are used to define a 
solid ME to represent the adherends, while the adhesive is modeled as 
an elastic foundation. The method is validated against an equivalent FE 
model for the stress analysis of a SLJ. The influence of different higher-
order displacement assumptions and constitutive models on solution 
accuracy is systematically investigated.

2. Methodology and formulation framework

2.1. Outline

Thanks to its specially formulated stiffness matrix, a ME can simu-
late an entire overlap with just one element.

The methodology to derive the ME is presented as follows. First, 
the fundamental underlying hypotheses are outlined along with their 
implications. Next, the governing equilibrium equations are derived 
using the virtual work principle. Finally, the stiffness matrix is written 
and its implementation within a solving algorithm is illustrated.

2.2. Hypotheses

The formulation is developed under the assumptions of linear elastic 
behavior for isotropic materials, static loading, and small displace-
ments. The reference system used is illustrated in Fig.  1 for the isolated 
adherend plate and in Fig.  2 for the SLJ assembly.

In these hypotheses, let 𝑈 (𝑠), 𝑉 (𝑠) and 𝑊 (𝑠) represent the displace-
ment functions of the 𝑠th substrate in the 𝑥, 𝑦 and 𝑧 directions, respec-
tively. Using a series expansion, the general displacement of a point in 
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Fig. 2. Reference system for SLJ assembly.
the 𝑠th plate can be written as: 

𝑈 (𝑠)(𝑥, 𝑦, 𝑧) =
𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗𝑧𝑘

𝑉 (𝑠)(𝑥, 𝑦, 𝑧) =
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗𝑧𝑘

𝑊 (𝑠)(𝑥, 𝑦, 𝑧) =
𝑝(𝑠)𝑦
∑

𝑗=0
𝑤(𝑠)

𝑗 (𝑥) ⋅ 𝑦𝑗

(1)

where 𝑢(𝑠)𝑗𝑘  and 𝑣
(𝑠)
𝑗𝑘  are the (𝑗, 𝑘)th order displacement functions of the 

𝑠th adherend plate and 𝑛(𝑠)𝑦 , 𝑛(𝑠)𝑧  and 𝑚(𝑠)
𝑦 , 𝑚(𝑠)

𝑧  the higher orders in the 
expansions, respectively. In plate kinematics, it is assumed that the 
thickness of the plate is very small compared to its other dimensions, 
so that 𝑊 (𝑠) can be considered a function of only the in-plane coor-
dinates 𝑥, 𝑦. Therefore, only the series expansion for the 𝑦 direction is 
considered, where 𝑤(𝑠)

𝑗  is the 𝑗th order displacement function and 𝑝(𝑠)𝑦
the higher order in the series. It should be emphasized that each term 
in the series, according to its order, directly corresponds to a specific 
displacement or deformation shape that the adherend is capable of 
exhibiting under loading. Higher-order terms enable the capture of 
increasingly complex deformations. Although this formulation does not 
directly lead to standard plate theories due to the series expansion in 
𝑦, they can be still recovered introducing the additional assumption of 
cylindrical bending and disregarding the 𝑦-coordinate dependence. In 
this case, well-known plate theories can be attained by appropriately 
adjusting (𝑛(𝑠)𝑧 , 𝑚(𝑠)

𝑧 ). For instance, if (𝑛(𝑠)𝑧 , 𝑚(𝑠)
𝑧 ) = (1, 1) the Reissner–

Mindlin theory with adherend shearing is obtained, while the Reddy 
theory presented in Reddy (1984) is retrieved with (3,3).

The strain–displacement relationships can be expressed in a com-
pact form as: 

𝜀(𝑠)𝑞𝑟 = 1
2

(

𝜕𝐷(𝑠)
𝑞

𝜕𝑥𝑟
+

𝜕𝐷(𝑠)
𝑟

𝜕𝑥𝑞

)

(2)

where 𝜀(𝑠)𝑞𝑟  represents the strain components of the 𝑠th adherend, 𝐷(𝑠)
𝑞

and 𝐷(𝑠)
𝑟  denote a generic displacement at a point of the 𝑠th adherend 

and the subscripts 𝑞 and 𝑟 indicate the directions associated with the 
3 
spatial coordinates. The strain vector for the plate, obtained inserting 
Eq. (1) in Eq. (2), then takes the form: 

𝜀(𝑠)𝑥𝑥 =
𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0

𝑑𝑢(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅ 𝑦𝑗𝑧𝑘

𝜀(𝑠)𝑦𝑦 =
𝑚(𝑠)
𝑦

∑

𝑗=1

𝑚(𝑠)
𝑧

∑

𝑘=0
𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗𝑦

𝑗−1𝑧𝑘

𝜀(𝑠)𝑧𝑧 = 0

𝜀(𝑠)𝑥𝑦 = 1
2

⎡

⎢

⎢

⎢

⎣

𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0

𝑑𝑣(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅ 𝑦𝑗𝑧𝑘 +

𝑛(𝑠)𝑦
∑

𝑗=1

𝑛(𝑠)𝑧
∑

𝑘=0
𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗𝑦

𝑗−1𝑧𝑘
⎤

⎥

⎥

⎥

⎦

𝜀(𝑠)𝑥𝑧 = 1
2

⎡

⎢

⎢

⎢

⎣

𝑝(𝑠)𝑦
∑

𝑗=0

𝑑𝑤(𝑠)
𝑗 (𝑥)

𝑑𝑥
⋅ 𝑦𝑗 +

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=1
𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑘𝑦

𝑗𝑧𝑘−1
⎤

⎥

⎥

⎥

⎦

𝜀(𝑠)𝑦𝑧 = 1
2

⎡

⎢

⎢

⎢

⎣

𝑝(𝑠)𝑦
∑

𝑗=1
𝑤(𝑠)

𝑗 (𝑥) ⋅ 𝑗𝑦𝑗−1 +
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=1
𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑘𝑦

𝑗𝑧𝑘−1
⎤

⎥

⎥

⎥

⎦

(3)

It is worth mentioning that, for the sake of simplicity, the series 
can be kept starting from index zero, as the corresponding terms 
vanish automatically. This convention will be adopted in the following 
developments.

Based on Hooke’s law, the stress–strain relations are given by: 

𝜎(𝑠)𝑞𝑞 = 𝐸(𝑠)
(

1 + 𝜈(𝑠)
) (

1 − 2𝜈(𝑠)
)

[

(

1 − 𝜈(𝑠)
)

𝜀(𝑠)𝑞𝑞 + 𝜈(𝑠)
(

𝜀(𝑠)𝑟𝑟 + 𝜀(𝑠)ℎℎ

)]

𝜏(𝑠)𝑞𝑟 = 2𝐺(𝑠)𝜀(𝑠)𝑞𝑟

(4)

where 𝜎𝑞𝑞 and 𝜏𝑞𝑟 are the normal and shear stresses relative to the 
directions specified by the subscripts 𝑞 and 𝑟, 𝐸 the Young Modulus, 
𝜈 the Poisson coefficient and the shear modulus 𝐺 can be assessed with 
the classic formula 𝐺 = 𝐸∕(2(1 + 𝜈)). Eq. (4) can be rewritten in the 
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𝑥, 𝑦, 𝑧 reference system with a simpler matrix expression as: 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜏𝑥𝑦
𝜏𝑥𝑧
𝜏𝑦𝑧

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(𝑠)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐸′ 𝜈′𝐸′ 𝜈′𝐸′ 0 0 0
𝜈′𝐸′ 𝐸′ 𝜈′𝐸′ 0 0 0
𝜈′𝐸′ 𝜈′𝐸′ 𝐸′ 0 0 0
0 0 0 2𝐺′ 0 0
0 0 0 0 2𝐺′ 0
0 0 0 0 0 2𝐺′

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(𝑠)
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
𝜀𝑥𝑦
𝜀𝑥𝑧
𝜀𝑦𝑧

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(𝑠)

(5)

where the introduction of the 𝐸′, 𝜈′ and 𝐺′ notation allows to simply 
modify the constitutive relations and to account for various models or 
effects, such as the confinement of the adhesive between the adherends 
— which influences the effective material moduli (Anasiewicz and 
Kuczmaszewski, 2021, 2022) — or the assumptions of plane stress and 
plane strain. The use of effective moduli offers a practical means of 
incorporating them into the analysis.

Finally, the numerical internal moments of (𝑗, 𝑘)th order relative to 
each stress component are defined as: 

𝑀 (𝑠)
𝑥𝑥,𝑗𝑘 = ∫𝑆(𝑠)

𝑦𝑗𝑧𝑘 ⋅ 𝜎(𝑠)𝑥𝑥 𝑑𝑆
(𝑠) 𝑀 (𝑠)

𝑥𝑦,𝑗𝑘 = ∫𝑆(𝑠)
𝑦𝑗𝑧𝑘 ⋅ 𝜏(𝑠)𝑥𝑦 𝑑𝑆

(𝑠)

𝑀 (𝑠)
𝑦𝑦,𝑗𝑘 = ∫𝑆(𝑠)

𝑦𝑗𝑧𝑘 ⋅ 𝜎(𝑠)𝑦𝑦 𝑑𝑆(𝑠) 𝑀 (𝑠)
𝑥𝑧,𝑗𝑘 = ∫𝑆(𝑠)

𝑦𝑗𝑧𝑘 ⋅ 𝜏(𝑠)𝑥𝑧 𝑑𝑆
(𝑠)

𝑀 (𝑠)
𝑧𝑧,𝑗𝑘 = ∫𝑆(𝑠)

𝑦𝑗𝑧𝑘 ⋅ 𝜎(𝑠)𝑧𝑧 𝑑𝑆(𝑠) 𝑀 (𝑠)
𝑦𝑧,𝑗𝑘 = ∫𝑆(𝑠)

𝑦𝑗𝑧𝑘 ⋅ 𝜏(𝑠)𝑦𝑧 𝑑𝑆(𝑠)

(6)

where 𝑆(𝑠) is the cross-sectional area 𝑑𝑦𝑑𝑧 of the 𝑠th adherend, where 
the stress is applied. It is important to note that, by substituting Eq. (3) 
into Eq. (5) and subsequently Eq. (5) into Eq. (6), an expression of the 
internal loads in terms of the displacement functions can be obtained.

The adhesive layer is modeled as a foundation of linear elastic 
springs connecting the two plates. The force generated by the springs is 
proportional to the relative displacement between the overlapping ad-
herends, and constant through the adhesive thickness 𝑡(𝑎). The relative 
displacement of the springs extremities can be decomposed along the 
𝑥, 𝑦, 𝑧 directions, resulting in three corresponding strain components. 
Under the assumption of small displacement, their expressions are 
given by: 

𝜀(𝑎)𝑥𝑧 =
𝑈 (𝑎)
𝑠𝑢𝑝 − 𝑈 (𝑎)

𝑖𝑛𝑓

2𝑡(𝑎)

𝜀(𝑎)𝑦𝑧 =
𝑉 (𝑎)
𝑠𝑢𝑝 − 𝑉 (𝑎)

𝑖𝑛𝑓

2𝑡(𝑎)

𝜀(𝑎)𝑧𝑧 =
𝑊 (𝑎)

𝑠𝑢𝑝 −𝑊 (𝑎)
𝑖𝑛𝑓

𝑡(𝑎)

(7)

where the subscripts ‘‘sup’’ and ‘‘inf ’’ denote the upper and lower spring 
extremities. To simplify the notation, the relative displacements are 
defined as: 
𝛥𝑈 (𝑎) = 𝑈 (𝑎)

𝑠𝑢𝑝 − 𝑈 (𝑎)
𝑖𝑛𝑓 , 𝛥𝑉 (𝑎) = 𝑉 (𝑎)

𝑠𝑢𝑝 − 𝑉 (𝑎)
𝑖𝑛𝑓 , 𝛥𝑊 (𝑎) = 𝑊 (𝑎)

𝑠𝑢𝑝 −𝑊 (𝑎)
𝑖𝑛𝑓 (8)

The expression for the stresses in the adhesive layer is then: 

𝜎(𝑎)𝑧𝑧 = 𝐸′(𝑎)
[

𝛥𝑊 (𝑎)

𝑡(𝑎)

]

𝜏(𝑎)𝑥𝑧 = 𝐺′(𝑎)
[

𝛥𝑈 (𝑎)

𝑡(𝑎)

]

𝜏(𝑎)𝑦𝑧 = 𝐺′(𝑎)
[

𝛥𝑉 (𝑎)

𝑡(𝑎)

]

(9)

2.3. Governing equations

The equilibrium equations are derived using a variational approach
(Mantari and Granados, 2015) applying the virtual work principle: 
𝛿𝑊 = 𝛿𝑊𝑖𝑛𝑡 + 𝛿𝑊𝑒𝑥𝑡 = 0 ∀𝛿𝐷 (10)

where 𝛿𝐷 are the virtual displacements compatible with the boundary 
conditions and 𝛿𝑊  and 𝛿𝑊  the internal and external virtual work, 
𝑖𝑛𝑡 𝑒𝑥𝑡

4 
respectively. In an isolated system with no body forced nor surface 
traction, 𝛿𝑊𝑒𝑥𝑡 is trivially equal to zero and the expression for the 
internal virtual work is 
−𝛿𝑊𝑖𝑛𝑡 = ∫𝛺

𝜎𝑥𝑥 ⋅ 𝛿𝜀𝑥𝑥 𝑑𝛺 + ∫𝛺
𝜎𝑦𝑦 ⋅ 𝛿𝜀𝑦𝑦 𝑑𝛺 + ∫𝛺

𝜎𝑧𝑧 ⋅ 𝛿𝜀𝑧𝑧 𝑑𝛺

+ ∫𝛺
𝜎𝑥𝑦 ⋅ 𝛿𝜀𝑥𝑦 𝑑𝛺 + ∫𝛺

𝜎𝑥𝑧 ⋅ 𝛿𝜀𝑥𝑧 𝑑𝛺 + ∫𝛺
𝜎𝑦𝑧 ⋅ 𝛿𝜀𝑦𝑧 𝑑𝛺

(11)

where 𝛺 is the volume of the solid and the integrands represent the 
virtual work density exerted by the stress fields.

The principle is applied below to derive the equilibrium equations of 
the SLJ assembly within the presented framework, both for the bonded 
and the free regions of the substrates. Since the plates are assumed to 
be free from body forces, Eq. (10) reduces to the expression of 𝛿𝑊𝑖𝑛𝑡, 
as the external work is identically zero.

2.3.1. Isolated adherend
The variational form of Eq. (3) can be inserted into Eq. (11) to yield: 

−𝛿𝑊 (𝑠)
𝑖𝑛𝑡 = ∫𝛺(𝑠)

𝜎(𝑠)
𝑥𝑥

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0

𝑑𝛿𝑢(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅ 𝑦𝑗𝑧𝑘𝑑𝛺(𝑠)

+ ∫𝛺(𝑠)
𝜎(𝑠)
𝑦𝑦

𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
𝛿𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗𝑦

𝑗−1𝑧𝑘𝑑𝛺(𝑠)

+ 1
2 ∫𝛺(𝑠)

𝜏 (𝑠)𝑥𝑦

⎡

⎢

⎢

⎣

𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0

𝑑𝛿𝑣(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅ 𝑦𝑗𝑧𝑘 +

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
𝛿𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗𝑦

𝑗−1𝑧𝑘
⎤

⎥

⎥

⎦

𝑑𝛺(𝑠)

+ 1
2 ∫𝛺(𝑠)

𝜏 (𝑠)𝑥𝑧

⎡

⎢

⎢

⎣

𝑝(𝑠)𝑦
∑

𝑗=0

𝑑𝛿𝑤(𝑠)
𝑗 (𝑥)

𝑑𝑥
⋅ 𝑦𝑗 +

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
𝛿𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑘𝑦

𝑗𝑧𝑘−1
⎤

⎥

⎥

⎦

𝑑𝛺(𝑠)

+ 1
2 ∫𝛺(𝑠)

𝜏 (𝑠)𝑦𝑧

⎡

⎢

⎢

⎣

𝑝(𝑠)𝑦
∑

𝑗=0
𝛿𝑤(𝑠)

𝑗 (𝑥) ⋅ 𝑗𝑦𝑗−1 +
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
𝛿𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑘𝑦

𝑗𝑧𝑘−1
⎤

⎥

⎥

⎦

𝑑𝛺(𝑠)

(12)

Integrating by parts and using the notation given by Eq. (6), the internal 
virtual work can be expressed in a form where it does not depend on 
the derivatives of the virtual displacement functions as follows: 

−𝛿𝑊 (𝑠)
𝑖𝑛𝑡 =

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0

⎧

⎪

⎨

⎪

⎩

[

𝑀 (𝑠)
𝑥𝑥,𝑗𝑘𝛿𝑢

(𝑠)
𝑗𝑘 (𝑥)

]𝑙(𝑠)

0
− ∫𝑙(𝑠)

𝑑𝑀 (𝑠)
𝑥𝑥,𝑗𝑘

𝑑𝑥
𝛿𝑢(𝑠)𝑗𝑘 (𝑥) 𝑑𝑥

⎫

⎪

⎬

⎪

⎭

+
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
∫𝑙(𝑠)

𝑗𝑀 (𝑠)
𝑦𝑦,(𝑗−1,𝑘)𝛿𝑣

(𝑠)
𝑗𝑘 (𝑥) 𝑑𝑥

+ 1
2

𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0

⎧

⎪

⎨

⎪

⎩

[

𝑀 (𝑠)
𝑥𝑦,𝑗𝑘𝛿𝑣

(𝑠)
𝑗𝑘 (𝑥)

]𝑙(𝑠)

0
− ∫𝑙(𝑠)

𝑑𝑀 (𝑠)
𝑥𝑦,𝑗𝑘

𝑑𝑥
𝛿𝑣(𝑠)𝑗𝑘 (𝑥)𝑑𝑥

⎫

⎪

⎬

⎪

⎭

+ 1
2

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
∫𝑙(𝑠)

𝑗𝑀 (𝑠)
𝑥𝑦,(𝑗−1,𝑘)𝛿𝑢

(𝑠)
𝑗𝑘 (𝑥) 𝑑𝑥

+ 1
2

𝑝(𝑠)𝑦
∑

𝑗=0

⎧

⎪

⎨

⎪

⎩

[

𝑀 (𝑠)
𝑥𝑧,(𝑗,0)𝛿𝑤

(𝑠)
𝑗 (𝑥)

]𝑙(𝑠)

0
− ∫𝑙(𝑠)

𝑑𝑀 (𝑠)
𝑥𝑧,(𝑗,0)

𝑑𝑥
𝛿𝑤(𝑠)

𝑗 (𝑥) 𝑑𝑥

⎫

⎪

⎬

⎪

⎭

+ 1
2

𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
∫𝑙(𝑠)

𝑘𝑀 (𝑠)
𝑥𝑧,(𝑗,𝑘−1)𝛿𝑢

(𝑠)
𝑗𝑘 (𝑥) 𝑑𝑥

+ 1
2

𝑝(𝑠)𝑦
∑

𝑗=0
∫𝑙(𝑠)

𝑗𝑀 (𝑠)
𝑦𝑧,(𝑗−1,0)𝛿𝑤

(𝑠)
𝑗 (𝑥) 𝑑𝑥 + 1

2

𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
∫𝑙(𝑠)

𝑘𝑀 (𝑠)
𝑦𝑧,(𝑗,𝑘−1)

× 𝛿𝑣(𝑠)𝑗𝑘 (𝑥) 𝑑𝑥

(13)
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where 𝑙(𝑠) is the length of the isolated plate. From the principle of 
virtual work (Eq. (10)), since 𝛿𝑊𝑒𝑥𝑡 = 0, the condition 𝛿𝑊𝑖𝑛𝑡 = 0
must hold for any virtual displacement 𝛿𝑢(𝑠)𝑗𝑘 (𝑥), 𝛿𝑣

(𝑠)
𝑗𝑘 (𝑥) and 𝛿𝑤

(𝑠)
𝑗 (𝑥). 

This leads to the derivation of the equilibrium equations: 

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑑𝑀 (𝑠)
𝑥𝑥,𝑗𝑘

𝑑𝑥
− 1

2
𝑗𝑀 (𝑠)

𝑥𝑦,(𝑗−1,𝑘) −
1
2
𝑘𝑀 (𝑠)

𝑥𝑧,(𝑗,𝑘−1) = 0, 𝑗 = 0,… , 𝑛(𝑠)𝑦 , 𝑘 = 0,… , 𝑛(𝑠)𝑧

𝑑𝑀 (𝑠)
𝑥𝑦,𝑗𝑘

𝑑𝑥
− 2𝑗𝑀 (𝑠)

𝑦𝑦,(𝑗−1,𝑘) − 𝑘𝑀 (𝑠)
𝑦𝑧,(𝑗,𝑘−1) = 0, 𝑗 = 0,… , 𝑚(𝑠)

𝑦 , 𝑘 = 0,… , 𝑚(𝑠)
𝑧

𝑑𝑀 (𝑠)
𝑥𝑧,(𝑗,0)

𝑑𝑥
− 𝑗𝑀 (𝑠)

𝑦𝑧,(𝑗−1,0) = 0, 𝑗 = 0,… , 𝑝(𝑠)𝑦

(14)

The above differential equations constitute a set of 𝑝(𝑠)𝑦 +1+(𝑛(𝑠)𝑦 +1)⋅(𝑛(𝑠)𝑧 +
1) + (𝑚(𝑠)

𝑦 + 1) ⋅ (𝑚(𝑠)
𝑧 + 1) ordinary differential equations (ODEs), whose 

dimension depends on the order of development of the series defining 
the displacement functions. It has been considered, for the sake of 
simplicity as specified in Section 2.2, that all indices 𝑗, 𝑘 start from zero. 
This choice does not affect the formulation, since the corresponding 
terms automatically vanish and do not contribute to the equations.

2.3.2. Bonded overlap
The procedure for deriving the equilibrium equations is analogous 

to that illustrated for the isolated adherend. However, it requires to 
express the displacements of the spring ends in terms of those of 
the adherends, which are kinematically coupled through the elastic 
foundation.

The virtual internal work of the adhesive is obtained inserting the 
variational form of the strain–displacement relationships (Eq. (7)) into 
Eq. (11): 

−𝛿𝑊 (𝑎)
𝑖𝑛𝑡 = ∫𝛺(𝑎)

𝜎(𝑎)𝑧𝑧
𝛥𝛿𝑊 (𝑎)

𝑡(𝑎)
𝑑𝛺(𝑎) + ∫𝛺(𝑎)

𝜏(𝑎)𝑥𝑧
𝛥𝛿𝑈 (𝑎)

2𝑡(𝑎)
𝑑𝛺(𝑎)

+ ∫𝛺(𝑎)
𝜏(𝑎)𝑦𝑧

𝛥𝛿𝑉 (𝑎)

2𝑡(𝑎)
𝑑𝛺(𝑎)

(15)

The load transfer in the bonded overlap occurs through the forces 
generated in the springs which, due to the assumption of linear be-
havior, only depend on the distance between their extremities. This 
characteristic is exploited to impose the kinematic coupling between 
the substrates, by equating the displacements of the spring ends to 
those of the adherend–adhesive interfaces. Specifically, referring to Fig. 
2, these correspond to the lower surface of the upper adherend and 
the upper surface of the lower adherend. Let the upper adherend be 
denoted by number ‘‘1’’ and the lower by number ‘‘2’’. The coupling 
condition through the elastic foundation can be therefore written as:

𝑈 (𝑎)
𝑠𝑢𝑝 =

𝑛(1)𝑦
∑

𝑗=0

𝑛(1)𝑧
∑

𝑘=0
𝑢(1)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

− 𝑡(1)

2

)𝑘

𝑈 (𝑎)
𝑖𝑛𝑓 =

𝑛(2)𝑦
∑

𝑗=0

𝑛(2)𝑧
∑

𝑘=0
𝑢(2)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

𝑡(2)

2

)𝑘

𝑉 (𝑎)
𝑠𝑢𝑝 =

𝑚(1)
𝑦

∑

𝑗=0

𝑚(1)
𝑧

∑

𝑘=0
𝑣(1)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

− 𝑡(1)

2

)𝑘

𝑉 (𝑎)
𝑖𝑛𝑓 =

𝑚(2)
𝑦

∑

𝑗=0

𝑚(2)
𝑧

∑

𝑘=0
𝑣(2)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

𝑡(2)

2

)𝑘

𝑊 (𝑎)
𝑠𝑢𝑝 =

𝑝(1)𝑦
∑

𝑗=0
𝑤(1)

𝑗 (𝑥) ⋅ 𝑦𝑗 𝑊 (𝑎)
𝑖𝑛𝑓 =

𝑝(2)𝑦
∑

𝑗=0
𝑤(2)

𝑗 (𝑥) ⋅ 𝑦𝑗

(16)

The insertion of the variational form of Eq. (16) into Eq. (15) gives 
a new expression for the internal virtual work of the adhesive layer, 
defined in terms of the virtual displacements of the adherends at the 
5 
interfaces: 

−𝛿𝑊 (𝑎)
𝑖𝑛𝑡 = ∫𝛺(𝑎)

𝜎(𝑎)𝑧𝑧

𝑡(𝑎)

⎡

⎢

⎢

⎢

⎣

𝑝(1)𝑦
∑

𝑗=0
𝛿𝑤(1)

𝑗 (𝑥) ⋅ 𝑦𝑗 −
𝑝(2)𝑦
∑

𝑗=0
𝛿𝑤(2)

𝑗 (𝑥) ⋅ 𝑦𝑗
⎤

⎥

⎥

⎥

⎦

𝑑𝛺(𝑎)

+ ∫𝛺(𝑎)

𝜏(𝑎)𝑥𝑧

2𝑡(𝑎)

⎡

⎢

⎢

⎢

⎣

𝑛(1)𝑦
∑

𝑗=0

𝑛(1)𝑧
∑

𝑘=0
𝛿𝑢(1)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

− 𝑡(1)

2

)𝑘

−
𝑛(2)𝑦
∑

𝑗=0

𝑛(2)𝑧
∑

𝑘=0
𝛿𝑢(2)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

𝑡(2)

2

)𝑘⎤
⎥

⎥

⎥

⎦

𝑑𝛺(𝑎)

+ ∫𝛺(𝑎)

𝜏(𝑎)𝑦𝑧

2𝑡(𝑎)

⎡

⎢

⎢

⎢

⎣

𝑚(1)
𝑦

∑

𝑗=0

𝑚(1)
𝑧

∑

𝑘=0
𝛿𝑣(1)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

− 𝑡(1)

2

)𝑘

−
𝑚(2)
𝑦

∑

𝑗=0

𝑚(2)
𝑧

∑

𝑘=0
𝛿𝑣(2)𝑗𝑘 (𝑥) ⋅ 𝑦

𝑗
(

𝑡(2)

2

)𝑘⎤
⎥

⎥

⎥

⎦

𝑑𝛺(𝑎)

(17)

Since no derivatives of the virtual displacements are involved, no 
integration by parts is needed. The notations given by Eq. (6) are then 
applied so that 

−𝛿𝑊 (𝑎)
𝑖𝑛𝑡 =

𝑝(1)𝑦
∑

𝑗=0
∫𝑙(𝑎)

𝑀 (𝑎)
𝑧𝑧,(𝑗,0)

𝑡(𝑎)
𝛿𝑤(1)

𝑗 (𝑥) 𝑑𝑥 −
𝑝(2)𝑦
∑

𝑗=0
∫𝑙(𝑎)

𝑀 (𝑎)
𝑧𝑧,(𝑗,0)

𝑡(𝑎)
𝛿𝑤(2)

𝑗 (𝑥) 𝑑𝑥

+
𝑛(1)𝑦
∑

𝑗=0

𝑛(1)𝑧
∑

𝑘=0
(−1)𝑘 ∫𝑙(𝑎)

𝑀 (𝑎)
𝑥𝑧,(𝑗,0)

2𝑡(𝑎)
𝛿𝑢(1)𝑗𝑘 (𝑥)

(

𝑡(1)

2

)𝑘
𝑑𝑥

+
𝑛(2)𝑦
∑

𝑗=0

𝑛(2)𝑧
∑

𝑘=0
(−1)∫𝑙(𝑎)

𝑀 (𝑎)
𝑥𝑧,(𝑗,0)

2𝑡(𝑎)
𝛿𝑢(2)𝑗𝑘 (𝑥)

(

𝑡(2)

2

)𝑘
𝑑𝑥

+
𝑚(1)
𝑦

∑

𝑗=0

𝑚(1)
𝑧

∑

𝑘=0
(−1)𝑘 ∫𝑙(𝑎)

𝑀 (𝑎)
𝑦𝑧,(𝑗,0)

2𝑡(𝑎)
𝛿𝑣(1)𝑗𝑘 (𝑥)

(

𝑡(1)

2

)𝑘
𝑑𝑥

+
𝑚(2)
𝑦

∑

𝑗=0

𝑚(2)
𝑧

∑

𝑘=0
(−1)∫𝑙(𝑎)

𝑀 (𝑎)
𝑦𝑧,(𝑗,0)

2𝑡(𝑎)
𝛿𝑣(2)𝑗𝑘 (𝑥)

(

𝑡(2)

2

)𝑘
𝑑𝑥

(18)

where 𝑙(𝑎) is the overlap length.

In the bonded overlap region, the total virtual work consists of the 
contributions of both the two adherents and the adhesive. The principle 
of virtual work, considering that the body and surface forces are zero, 
is thus written as

𝛿𝑊 = 𝛿𝑊𝑖𝑛𝑡 + 𝛿𝑊𝑒𝑥𝑡 = 𝛿𝑊 (1)
𝑖𝑛𝑡 + 𝛿𝑊 (2)

𝑖𝑛𝑡 + 𝛿𝑊 (𝑎)
𝑖𝑛𝑡 = 0 ∀𝛿𝑈 (19)

From Eq. (19), the condition that 𝛿𝑊  must vanish for every virtual dis-
placement 𝛿𝑢(1)𝑗𝑘 (𝑥), 𝛿𝑢

(2)
𝑗𝑘 (𝑥), 𝛿𝑣

(1)
𝑗𝑘 (𝑥), 𝛿𝑣

(2)
𝑗𝑘 (𝑥), 𝛿𝑤

(1)
𝑗 (𝑥) and 𝛿𝑤(2)

𝑗 (𝑥) leads 
to the equilibrium equations:
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𝑑𝑀 (1)
𝑥𝑥,𝑗𝑘

𝑑𝑥
− 1

2 𝑗𝑀
(1)
𝑥𝑦,(𝑗−1,𝑘) −

1
2𝑘𝑀

(1)
𝑥𝑧,(𝑗,𝑘−1)

+ (−1)𝑘+1

2𝑡(𝑎)

(

𝑡(1)

2

)𝑘
𝑀 (𝑎)

𝑥𝑧,(𝑗,0) = 0, 𝑗 = 0,… , 𝑛(1)𝑦 , 𝑘 = 0,… , 𝑛(1)𝑧

𝑑𝑀 (2)
𝑥𝑥,𝑗𝑘

𝑑𝑥
− 1

2 𝑗𝑀
(2)
𝑥𝑦,(𝑗−1,𝑘) −

1
2𝑘𝑀

(2)
𝑥𝑧,(𝑗,𝑘−1)

+ 1
2𝑡(𝑎)

(

𝑡(2)

2

)𝑘
𝑀 (𝑎)

𝑥𝑧,(𝑗,0) = 0, 𝑗 = 0,… , 𝑛(2)𝑦 , 𝑘 = 0,… , 𝑛(2)𝑧

𝑑𝑀 (1)
𝑥𝑦,𝑗𝑘

𝑑𝑥
− 2𝑗𝑀 (1)

𝑦𝑦,(𝑗−1,𝑘) − 𝑘𝑀 (1)
𝑦𝑧,(𝑗,𝑘−1)

+ (−1)𝑘+1

𝑡(𝑎)

(

𝑡(1)

2

)𝑘
𝑀 (𝑎)

𝑦𝑧,(𝑗,0) = 0, 𝑗 = 0,… , 𝑚(1)
𝑦 , 𝑘 = 0,… , 𝑚(1)

𝑧

𝑑𝑀 (2)
𝑥𝑦,𝑗𝑘

𝑑𝑥
− 2𝑗𝑀 (2)

𝑦𝑦,(𝑗−1,𝑘) − 𝑘𝑀 (2)
𝑦𝑧,(𝑗,𝑘−1)

+ 1
𝑡(𝑎)

(

𝑡(2)

2

)𝑘
𝑀 (𝑎)

𝑦𝑧,(𝑗,0) = 0, 𝑗 = 0,… , 𝑚(2)
𝑦 , 𝑘 = 0,… , 𝑚(2)

𝑧

𝑑𝑀 (1)
𝑥𝑧,(𝑗,0)

𝑑𝑥
− 𝑗𝑀 (1)

𝑦𝑧,(𝑗−1,0)

− 2
𝑡(𝑎)

𝑀 (𝑎)
𝑧𝑧,(𝑗,0) = 0, 𝑗 = 0,… , 𝑝(1)𝑦

𝑑𝑀 (2)
𝑥𝑧,(𝑗,0)

𝑑𝑥
− 𝑗𝑀 (2)

𝑦𝑧,(𝑗−1,0)

+ 2
𝑡(𝑎)

𝑀 (𝑎)
𝑧𝑧,(𝑗,0) = 0, 𝑗 = 0,… , 𝑝(2)𝑦

(20)

The differential equations presented above constitute a set of 𝑝(1)𝑦 +
𝑝(2)𝑦 + 2+ (𝑛(1)𝑦 + 1) ⋅ (𝑛(1)𝑧 + 1) + (𝑛(2)𝑦 + 1) ⋅ (𝑛(2)𝑧 + 1) + (𝑚(1)

𝑦 + 1) ⋅ (𝑚(1)
𝑧 + 1) +

(𝑚(2)
𝑦 + 1) ⋅ (𝑚(2)

𝑧 + 1) ODEs. If the same kinematics are assumed for both 
adherends, i.e. the same higher-order term in the displacement function 
series, then the number of equilibrium equations for the bonded overlap 
will be twice that of the isolated adherend.

2.4. Stiffness matrix

Two systems of differential equilibrium equations have been deter-
mined for the isolated (Eq. (14)) and bonded (Eq. (20)) regions of a 
SLJ.

2.4.1. Equilibrium equations solution
By progressively substituting the definitions of the numerical inter-

nal moments (Eq. (6)), the stress–strain relationships (Eq. (5)) and the 
strain–displacement relations (Eq. (3)) into the equilibrium equations, 
and finally evaluating the integrals, it is possible to rewrite the equilib-
rium equations in terms of the displacement functions. It can be verified 
that the expression for each internal numerical moment of fixed 𝑗, 𝑘
order in terms of displacement functions for the 𝑠th adherend is:

𝑀 (𝑠)
𝑥𝑥,𝑗𝑘̄

= 𝐸′(𝑠)
𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0

𝑑𝑢(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑠)

2

)𝑗+𝑗+1

⋅
1 + (−1)𝑘+𝑘̄

𝑘 + 𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘+𝑘̄+1

+ 𝜈′(𝑠)𝐸′(𝑠)
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗 ⋅

1 + (−1)𝑗+𝑗−1

𝑗 + 𝑗

(

𝑏(𝑠)

2

)𝑗+𝑗

⋅
1 + (−1)𝑘+𝑘̄

(

𝑡(𝑠)
)𝑘+𝑘̄+1
𝑘 + 𝑘̄ + 1 2

6 
𝑀 (𝑠)
𝑦𝑦,𝑗𝑘̄

= 𝜈′(𝑠)𝐸′(𝑠)
𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0

𝑑𝑢(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑠)

2

)𝑗+𝑗+1

⋅
1 + (−1)𝑘+𝑘̄

𝑘 + 𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘+𝑘̄+1

+ 𝐸′(𝑠)
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗 ⋅

1 + (−1)𝑗+𝑗−1

𝑗 + 𝑗

(

𝑏(𝑠)

2

)𝑗+𝑗

⋅
1 + (−1)𝑘+𝑘̄

𝑘 + 𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘+𝑘̄+1

𝑀 (𝑠)
𝑥𝑦,𝑗𝑘̄

= 𝐺′(𝑠)
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0

𝑑𝑣(𝑠)𝑗𝑘 (𝑥)

𝑑𝑥
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑠)

2

)𝑗+𝑗+1

⋅
1 + (−1)𝑘+𝑘̄

𝑘 + 𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘+𝑘̄+1

+ 𝐺′(𝑠)
𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑗 ⋅

1 + (−1)𝑗+𝑗−1

𝑗 + 𝑗

(

𝑏(𝑠)

2

)𝑗+𝑗

⋅
1 + (−1)𝑘+𝑘̄

𝑘 + 𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘+𝑘̄+1

𝑀 (𝑠)
𝑥𝑧,𝑗𝑘̄

= 𝐺′(𝑠)
𝑝(𝑠)𝑦
∑

𝑗=0

𝑑𝑤(𝑠)
𝑗 (𝑥)

𝑑𝑥
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑠)

2

)𝑗+𝑗+1

⋅
1 + (−1)𝑘̄

𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘̄+1

+ 𝐺′(𝑠)
𝑛(𝑠)𝑦
∑

𝑗=0

𝑛(𝑠)𝑧
∑

𝑘=0
𝑢(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑘 ⋅

1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑠)

2

)𝑗+𝑗+1

⋅
1 + (−1)𝑘+𝑘̄−1

𝑘 + 𝑘̄

(

𝑡(𝑠)

2

)𝑘+𝑘̄

𝑀 (𝑠)
𝑦𝑧,𝑗𝑘̄

= 𝐺′(𝑠)
𝑝(𝑠)𝑦
∑

𝑗=0
𝑤(𝑠)

𝑗 (𝑥) ⋅ 𝑗 ⋅
1 + (−1)𝑗+𝑗−1

𝑗 + 𝑗

(

𝑏(𝑠)

2

)𝑗+𝑗

⋅
1 + (−1)𝑘̄

𝑘̄ + 1

(

𝑡(𝑠)

2

)𝑘̄+1

+ 𝐺′(𝑠)
𝑚(𝑠)
𝑦

∑

𝑗=0

𝑚(𝑠)
𝑧

∑

𝑘=0
𝑣(𝑠)𝑗𝑘 (𝑥) ⋅ 𝑘 ⋅

1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑠)

2

)𝑗+𝑗+1

⋅
1 + (−1)𝑘+𝑘̄−1

𝑘 + 𝑘̄

(

𝑡(𝑠)

2

)𝑘+𝑘̄

(21)

where the positioning of the reference system of Fig.  1, centered at half-
width and half-thickness of the plate, is exploited, so that the integrals 
of odd functions over the 𝑦 and 𝑧 directions vanish. The same can be 
ascertained for the internal numerical moments of the adhesive layer 
making use of the stress–displacement relations Eq. (9) and considering 
the coupling condition of Eq. (16), leading to:

𝑀 (𝑎)
𝑥𝑧,(𝑗,0) = 𝐺′(𝑎)

𝑛(1)𝑦
∑

𝑗=0

𝑛(1)𝑧
∑

𝑘=0
𝑢(1)𝑗𝑘 (𝑥) ⋅ (−1)

𝑘
(

𝑡(1)

2

)𝑘
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑎)

2

)𝑗+𝑗+1

− 𝐺′(𝑎)
𝑛(2)𝑦
∑

𝑗=0

𝑛(2)𝑧
∑

𝑘=0
𝑢(2)𝑗𝑘 (𝑥) ⋅

(

𝑡(2)

2

)𝑘
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑎)

2

)𝑗+𝑗+1

𝑀 (𝑎)
𝑦𝑧,(𝑗,0) = 𝐺′(𝑎)

𝑚(1)
𝑦

∑

𝑗=0

𝑚(1)
𝑧

∑

𝑘=0
𝑣(1)𝑗𝑘 (𝑥) ⋅ (−1)

𝑘
(

𝑡(1)

2

)𝑘
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑎)

2

)𝑗+𝑗+1

− 𝐺′(𝑎)
𝑚(2)
𝑦

∑

𝑚(2)
𝑧

∑

𝑣(2)𝑗𝑘 (𝑥) ⋅
(

𝑡(2)

2

)𝑘
⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑎)

2

)𝑗+𝑗+1
𝑗=0 𝑘=0
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Fig. 3. ME modeling of SLJ assembly.
𝑀 (𝑎)
𝑧𝑧,(𝑗,0) = 𝐸′(𝑎)

𝑝(1)𝑦
∑

𝑗=0
𝑤(1)

𝑗 (𝑥) ⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑎)

2

)𝑗+𝑗+1

− 𝐸′(𝑎)
𝑝(2)𝑦
∑

𝑗=0
𝑤(2)

𝑗 (𝑥) ⋅
1 + (−1)𝑗+𝑗

𝑗 + 𝑗 + 1

(

𝑏(𝑎)

2

)𝑗+𝑗+1
(22)

The systems of equilibrium equations Eqs. (14) and (20), once ex-
pressed in terms of displacement functions via Eqs. (21) and (22), 
constitute sets of second-order linear ODEs dependent only on the 
𝑥 variable. As is well known, a system of this kind, comprising 𝑁
second-order equations, can be recast as an equivalent system of 2𝑁
first-order linear ODEs. Introducing 𝑁 auxiliary equations, the set can 
be effectively represented in a matrix form as: 
𝑑𝑌 (𝑥)
𝑑𝑥

= 𝐴𝑌 (𝑥) (23)

where 𝐴 is a square matrix of size 2𝑁 × 2𝑁 and 𝑌 (𝑥) is the vector 
collecting the unknown functions and their first derivatives.

For the problem under consideration, let 𝑞(𝑥) be a vector that 
contains all the individual displacement functions 𝑢(𝑠)𝑗𝑘 (𝑥), 𝑣

(𝑠)
𝑗𝑘 (𝑥) and 

𝑤(𝑠)
𝑗 (𝑥). In light of the above, the equilibrium equations systems for both 

the isolated (Eq. (14)) and bonded (Eq. (20)) regions of a SLJ can be 
written in the form of Eq. (23), where 

𝑌 (𝑥) =
{

𝑞(𝑥) 𝑑𝑞(𝑥)
𝑑𝑥

}𝑇

𝑑𝑌 (𝑥)
𝑑𝑥

=
{

𝑑𝑞(𝑥)
𝑑𝑥

𝑑2𝑞(𝑥)
𝑑𝑥2

}𝑇 (24)

A classical solution for this problem, already tested in Schwartz et al. 
(2020), is: 
𝑌 (𝑥) = 𝑒𝐴⋅𝑥 ⋅ 𝐶 (25)

where the expression consists of the matrix exponential of 𝐴 ⋅ 𝑥 and 
a vector of integration constants 𝐶. The complete displacement field 
of the bonded assembly can be then reconstructed by extracting the 
displacement functions in 𝑞(𝑥) from 𝑌 (𝑥) and inserting them into the 
series expansions of Eq. (1).

2.4.2. Numerical implementation
The solution requires the determination of the integration constants 

of 𝐶. One of the key advantages of the ME methodology presented 
is that it can be integrated into the standard structure of a FEM 
solving algorithm, where the relationship between nodal forces and 
displacement is expressed through the classical equation, derived from 
7 
Table 1
Geometric parameters of the SLJ test case designed according to ASTM D1002-
10.
 𝑙(1) [mm] 𝑙(2) [mm] 𝑙(𝑎) [mm] 𝑡(1) [mm] 𝑡(2) [mm] 𝑡(𝑎) [mm] 𝑏 [mm] 
 63.5 63.5 25.4 1.6 1.6 0.25 25.4  

the minimization of the potential energy: 
𝐹 = 𝐾 ⋅ 𝑈 (26)

where 𝐾 is the stiffness matrix. In this framework, the SLJ assembly 
can be discretized into three ME, one for each isolated portion of the 
two adherends and one for the bonded region, as shown in Fig.  3. 
The vectors of nodal displacements and loads, denoted by 𝑈 and 𝐹
respectively, can be calculated as: 
𝑈 = 𝐷 ⋅ 𝐶

𝐹 = 𝐿 ⋅ 𝐶
(27)

where 𝐷 and 𝐿 are square matrices that can be determined based 
on the boundary conditions assigned and the geometric and material 
characteristics of the assembly. Substituting Eq. (27) into Eq. (26) 
and rearranging the expression, it is finally possible to determine the 
stiffness matrix 𝐾 of the ME as: 
𝐾 = 𝐿 ⋅𝐷−1 (28)

3. Results on the single-lap joint

3.1. Case study

The presented ME formulation was implemented and confronted 
with a FE model for the test case of a SLJ. The virtual experiment was 
designed according to the standard ASTM D1002-10 (ASTM, 2019) and 
is illustrated in Fig.  4. The dimensions of the specimen are reported in 
Table  1, where 𝑏 is the sample width, 𝑡 the thickness, 𝑙 the adherend 
free and overlap lengths and the superscripts 1, 2, 𝑎 respectively refer to 
the first, second adherend and adhesive.

The materials selected are aluminium 6061-T6 for the adherends, 
a commonly used alloy in aerospace applications, and the structural 
epoxy adhesive 3M Scotch-Weld™AF 163-2K. Both materials are as-
sumed to be homogeneous and isotropic, and their behavior is supposed 
to be linear elastic. Their characteristics are detailed in Table  2.

A static tensile load of 1000 𝑁 is applied in longitudinal direction 
at the center of the assembly.



M. Calì et al. International Journal of Solids and Structures 327 (2026) 113787 
Fig. 4. 3D FE virtual experiment model.
Fig. 5. 3D FE model domain subdivision and refinements. The arrows indicate the direction of decreasing element size, the corresponding numbers indicate the 
bias.
Table 2
Material properties of aluminium 6061-T6 and adhesive AF 163-2K (Teixeira 
de Freitas and Sinke, 2017).
 𝐸(1) [MPa] 𝜈(1) 𝐸(2) [MPa] 𝜈(2) 𝐸(𝑎) [MPa] 𝜈(𝑎)  
 68900 0.33 68900 0.33 2043 0.34 

3.2. 3D FE model

A 3D FE model was created with the ABAQUS 2022 software as 
shown in Fig.  4. Eight-node linear brick elements with full integration 
and six degrees of freedom per node (C3D8) were used for both the 
adherends and the adhesive. To reduce computational cost, only half 
width of the SLJ was modeled, assigning a symmetry constraint on its 
midplane. As a consequence, the applied load in the FE model was 
halved (500 N). The boundary conditions were imposed on reference 
points located at the mid-thickness of the plate free ends on the sym-
metry plane, which were then connected to the plates via a kinematic 
coupling. The simple support constraint is commonly adopted in the 
literature (He, 2011), as it typically does not affect the behavior of the 
overlap, provided that the free length of the adherends is sufficiently 
large. The SLJ was simulated as a single continuous part, rather than 
multiple bodies with kinematic couplings, by assigning the material 
characteristics in Table  2 to the respective regions.
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Table 3
Dimensions of subdomains for meshing strategy.
 𝑟1 [mm] 𝑟2 [mm] 𝑟3 [mm] 𝑟4 [mm] 𝑟𝑡(𝑠)  
 4.5 4.5 4.5 4.5 𝑡(𝑠)∕2 

To further reduce the number of elements while ensuring conver-
gence of the solution, a parametric meshing strategy was implemented. 
Multiple refinements were applied based on the number of elements 
through the adhesive thickness, which was discretized with uniformly 
spaced seeds in the through-thickness direction. To assign the refine-
ments with a smooth transition in element size, the structure was 
divided into subdomains, as illustrated in Fig.  5 and detailed in Table 
3. Parallel edges share the same bias and the same strategy is applied 
to both adherends. This scheme also entails that the smallest elements 
of the mesh are those positioned at the interface and free edge of the 
SLJ, and are cubic. This approach guarantees accuracy in critical areas 
subjected to high stress gradients. A picture of the resulting mesh is 
shown in Fig.  6.

The mesh convergence was verified varying the number of elements 
in the adhesive thickness and examining the stresses on the path iden-
tified by the intersection of the adhesive midplane and the symmetry 
plane. The result is illustrated in Fig.  7, with the convergence being 
attained for 8 elements.
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Fig. 6. 3D FE mesh illustration with zoomed detail in ABAQUS 2022.
3.3. Comparison and discussion

The results of the FE and ME analyses were compared under various 
assumptions to validate the simplified stress analysis of the SLJ. The 
same expansion orders were applied to both adherends.

3.3.1. Classic theories
As explained in Section 2.2, standard plate theories can be recovered 

from the presented high-order formulation by introducing the assump-
tion of cylindrical bending and neglecting the 𝑦-coordinate dependence 
of the displacement field. The Reissner–Mindlin and Reddy theories 
were implemented in the ME framework by selecting (𝑛(𝑠)𝑧 , 𝑚(𝑠)

𝑧 ) = (1, 1)
and (3, 3), respectively, while 𝑛(𝑠)𝑦 , 𝑚(𝑠)

𝑦  and 𝑝(𝑠)𝑦  were set to zero. The 
moduli 𝐸′ and 𝜈′ were initially assumed to be equal to those indicated 
in Table  2, with the shear moduli calculated as 𝐺′ = 𝐸′∕(2(1+ 𝜈′)). The 
results presented were used for the verification of the model.

The stresses in the adhesive layer in the longitudinal direction are 
shown in Fig.  8. First, the general shape of the stress distributions 
along the overlap aligns with the expected physical behavior of the 
problem, exhibiting a near-zero stress region at the center and a sharp 
concentration towards the ends of the overlap. The zero value of 
𝜏𝑦𝑧 is consistent with the assumption of cylindrical bending, as the 
transverse displacement 𝑉 (𝑠) is constant through the width. This feature 
also implies that all the stresses are constant in the 𝑦 direction at 
the same 𝑥 coordinate. The zero-stress condition at the overlap free 
ends is not satisfied as a consequence of the elastic foundation model. 
However, the formulation still allows for an effective estimation of 
the peak values in their immediate vicinity. Moreover, this outcome 
may also be considered representative of a real joint, where some 
residual load is transferred by the spew fillets (Mortensen and Thomsen, 
2002). Secondly, the solutions calculated under the Reissner–Mindlin 
and Reddy assumptions are nearly indistinguishable. This result is 
consistent with the study case of a thin plate, whereas more significant 
differences would be expected for thicker plates. Finally, the maximum 
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stresses are predicted with good accuracy and only slight underestima-
tion. The non-zero value of 𝜏𝑦𝑧 resulting from the FE is likely only a 
computational residual, given its extremely small value.

The proposed methodology also allows to fully reconstruct the 
entire displacement, strain and stress fields in the adherends. Contour 
plots of the longitudinal stress 𝜎𝑥𝑥 are shown in Fig.  9, while the 
corresponding difference with respect to the FE reference is depicted 
in Fig.  10. Broad agreement is shown across the entire plate, with 
a reasonable estimation of the extreme values. The areas of stress 
concentration at the overlap left-end corners are correctly identified, 
and the error magnitude is small compared to the local stress intensity.

3.3.2. 𝑌 -coordinate dependence
The cylindrical bending assumption was removed in order to in-

vestigate the full three-dimensional formulation of the ME model. 
Based on the aforementioned results, a Reissner–Mindlin-type kinemat-
ics was retained for the 𝑧-coordinate dependence of the model by fixing 
(𝑛(𝑠)𝑧 , 𝑚(𝑠)

𝑧 ) = (1, 1). Meanwhile, the expansion orders relative to the 
𝑦-coordinate - 𝑛(𝑠)𝑦 , 𝑚(𝑠)

𝑦  and 𝑝(𝑠)𝑦  - were varied jointly from 0 to 3.
The results of the analysis are shown in Fig.  11. While the global 

shape of the solution remains consistent with FE, the inclusion of the 
third dimension dependence improves the accuracy of the maximum 
stress predictions in the adhesive layer. In particular, the first-order 
expansion (𝑛𝑦, 𝑚𝑦, 𝑝𝑦 = 1) introduces an increase in the stresses due 
to the coupling between deformations and Poisson effect. The first-
order displacement field, however, does not directly affect the solution 
since it is associated with an odd function, whilst the loading and 
boundary conditions are symmetric. The even second-order expansion 
(𝑛𝑦, 𝑚𝑦, 𝑝𝑦 = 2), instead, is activated by the loading condition, signifi-
cantly improving the stress prediction for 𝜎𝑧𝑧 and 𝜏𝑥𝑧. The third-order 
expansion (𝑛𝑦, 𝑚𝑦, 𝑝𝑦 = 3), in line with the above analysis, does not 
influence the solution further. In the context of the present study case, 
second-order expansion constitutes the most representative kinematic 
description and provides the best correlation with the FE results.
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Fig. 7. Convergence analysis for the mesh of the FE model.

The influence of three-dimensional kinematics on the adhesive 
stress can be better illustrated by analyzing the displacement fields 
in the adherends. The inclusion of the 𝑦-coordinate dependence al-
lows to model the striction of the substrates in the transversal di-
rection at the adherend-adhesive interface, which alters the adhesive 
stress state. This behavior is purely 3D and cannot be reproduced by 
classical two-dimensional models. The transversal displacement 𝑉  is 
shown in Figs.  12 and 13 on the 𝑦𝑧 and 𝑥𝑦 planes, respectively, for 
a Reissner–Mindlin-type kinematics with second-order dependence on 
the 𝑦-coordinate.
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Fig. 8. FE and ME adhesive stresses for different classic plate theories in 
cylindrical bending along the symmetry plane in the longitudinal direction.

The contours in Fig.  12 represent a through-thickness slice of the 
upper adherend taken at the left end of the overlap. The shape of 
the field is correctly captured, with a more pronounced contraction 
near the corners at the adhesive interface and a milder elongation 
on the top surface. Despite the positive effect on the adhesive stress 
prediction, local displacement values may still exhibit some numerical 
inaccuracies.

The contours in Fig.  13 correspond to a midplane slice of the 
upper adherend across the entire overlap length and width. Unlike 
the previous case, the displacement field is accurately predicted only 
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Fig. 9. Contours of FE and ME upper adherend longitudinal stress on the symmetry plane in the overlap region for different classic plate theories in cylindrical 
bending.

Fig. 10. Contours of ME upper adherend longitudinal stress difference with respect to FE on the symmetry plane in the overlap region for different classic plate 
theories in cylindrical bending.
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Fig. 11. FE and ME adhesive stresses for different expansion orders of 𝑦 kinematics along the symmetry plane in the longitudinal direction with zooms.
on the left side of the overlap, while the right one is not correctly 
represented. This discrepancy arises because the left end is mechani-
cally connected to the rest of the substrate, whereas the right end is 
free and responds only to the action of the underlying adhesive. As 
previously discussed, the elastic foundation model fails to reproduce 
the adhesive zero-stress condition at free edges, and rather predicts 
maximum stress values there, affecting the results in the right end free 
corners. Nevertheless, these localized inaccuracies do not compromise 
the overall improvement in adhesive stress prediction.

These findings form the basis for the validation of the newly pre-
sented methodology. The representation of three-dimensional trans-
verse effects provides a substantial improvement in the stress analysis 
of bonded joints and highlights the potential of ME as a computation-
ally efficient alternative to FE.
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3.3.3. Constitutive models
As discussed in Section 2.2, the notation introduced in Eq. (5) allows 

for easy modification of the constitutive relations to account for various 
models or effects, such as the confinement of the adhesive or the 
assumptions of plane stress and plane strain. The possibility to flexibly 
adapt the model through the use of effective moduli is particularly 
valuable. In the proposed framework, altering 𝐸′, 𝜈′ and 𝐺′ directly 
impacts the internal numerical moments in Eqs. (21) and (22), and 
consequently the governing equations.

Various combinations of constitutive models for the adherends and 
the adhesive were investigated to improve the analysis results. Each 
hypothesis is labeled as H(𝑠)

𝑖  or H(𝑎)
𝑖 , where the superscript 𝑠 or 𝑎

refers to the substrate or the adhesive, respectively, and the subscript 𝑖
denotes the hypothesis level. These hypotheses are detailed as follow:
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Fig. 12. Contours of FE and ME upper adherend transversal displacement on the 𝑦𝑧 plane at the beginning of the overlap region.

Fig. 13. Contours of FE and ME upper adherend transversal displacement on the 𝑥𝑦 plane at half-thickness in the overlap region.
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Table 4
Maximum ME adhesive stresses and relative percentage difference with respect 
to FE for different adherend and adhesive constitutive models.
 Adherend hypothesis H(𝑠)

0

 Adhesive hypothesis 𝜎𝑧𝑧 [MPa] 𝜏𝑥𝑧 [MPa]
 Value Difference [%] Value Difference [%] 
 H(𝑎)

0 12.7 −3.8 −8.7 −3.2  
 H(𝑎)

1 13.5 2.1 −8.7 −3.2  
 H(𝑎)

2 15.8 18.1 −8.7 −3.2  
 Adherend hypothesis H(𝑠)

1

 Adhesive hypothesis 𝜎𝑧𝑧 [MPa] 𝜏𝑥𝑧 [MPa]
 Value Difference [%] Value Difference [%] 
 H(𝑎)

0 12.0 −9.4 −8.2 −8.4  
 H(𝑎)

1 12.7 −3.8 −8.2 −8.4  
 H(𝑎)

2 14.7 11.2 −8.2 −8.4  

H0: Unmodified isotropic
𝐸′ = 𝐸 𝜈′ = 𝜈

H1: Plane stress effective

𝐸′ = 𝐸
1 − 𝜈2

𝜈′ = 𝜈

H2: 3D effective

𝐸′ =
𝐸 (1 − 𝜈)

(1 + 𝜈) (1 − 2𝜈)
𝜈′ = 𝜈

1 − 𝜈

and 𝐺′ = 𝐺 across all of the above.
The effect of the adopted combination of constitutive models on the 

maximum stress values in the adhesive layer is reported in Table  4. 
Based on the previous findings, only the second-order expansion has 
been retained for the 𝑦-coordinate dependence of displacements, while 
a Reissner–Mindlin kinematic has been considered for the 𝑧-coordinate 
dependence. The adhesive stress 𝜏𝑦𝑧 has not been included because of 
its relatively small magnitude, and the difference with respect to FE 
was calculated in percentage as: 
𝜎𝑀𝐸 − 𝜎𝐹𝐸

𝜎𝐹𝐸
⋅ 100 (29)

The results clearly indicate that both 𝜎𝑧𝑧 and 𝜏𝑥𝑦 are sensitive to the 
choice of adherend hypothesis, but only the former is influenced by the 
adhesive model. A more constrained adhesive representation leads to 
higher peel stress in the layer, which improves the agreement with FE 
when selecting 𝐻 (𝑎)

1 . In contrast, 𝐻 (𝑎)
2  causes an overestimation of the 

peak values.
The 𝐻 (𝑠)

0 𝐻 (𝑎)
1  combination provides the best numerical match with 

the reference, with very small percentage deviations. This result is 
consistent with the study case of a thin adhesive layer. Moreover, it 
is worth mentioning that, considering the scale of the problem, even 
relatively higher percentage differences correspond indeed to small 
deviations in absolute terms (around 2 MPa).

The integration of various constitutive models demonstrates the 
flexibility of the proposed methodology, offering a versatile framework 
that can be adapted to enhance the stress analysis based on the specific 
behaviors of adherends and adhesives.

4. Conclusion and perspectives

In this paper, a novel extension of the ME modeling was presented. 
High-order polynomial expansions were used to describe the three-
dimensional displacement field of bonded adherend plates. A detailed 
methodology was presented for deriving the governing equations of the 
assembly based on an elastic foundation model. The implementation 
within a solving algorithm was illustrated.
14 
The proposed methodology was validated against FE results for the 
example case of a SLJ. Initially, classic theories were integrated in the 
ME for baseline verification. Subsequently, the influence of different 
displacement field assumptions and constitutive models was explored. 
The results highlighted the importance of including the presented, 
more advanced representations of the adherends behavior, capable of 
accounting for three-dimensional effects. The same holds true for the 
flexibility in adapting the constitutive models, especially significant in 
the case of the adhesive. Good agreement was shown in terms of both 
adhesive and adherend stress distributions.

Although the methodology improved upon previous studies that 
were limited to 2D representations of the substrates (Schwartz et al., 
2024a), the use of an elastic foundation still represents a limitation to 
the accuracy of the predictions due to the inability to satisfy the zero-
stress condition at the overlap ends. A more refined continuum repre-
sentation of the adhesive layer, such as the one proposed in Schwartz 
et al. (2024b), could provide further improvements. Moreover, a more 
accurate characterization of the confined adhesive constitutive behav-
ior may increase the precision of the peak values estimation.

Future works employing the ME could also address its application 
in dynamic analysis and damage modeling, as envisioned in Lachaud 
et al. (2020) and Lelias et al. (2015), thanks to its compatibility with 
established techniques in the field of FE involving mass matrices, in 
addition to stiffness matrices, and cohesive zones.

Ultimately, the methodology stands out as one of the few capable 
of performing approximate three-dimensional stress analysis (Banea 
and Silva, 2009), effectively capturing complex interactions without 
having to resort to FE or other mesh-based methods. In addition, 
the systematic selection of higher-order displacements and constitutive 
model provides great flexibility and accuracy.
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