<]
TUDelft

Delft University of Technology

Isogeometric analysis for multi-patch structured Kirchhoff-Love shells

Farahat, Andrea; Verhelst, Hugo M.; Kiendl, Josef; Kapl, Mario

DOI
10.1016/j.cma.2023.116060

Publication date
2023

Document Version
Final published version

Published in
Computer Methods in Applied Mechanics and Engineering

Citation (APA)

Farahat, A., Verhelst, H. M., Kiend|, J., & Kapl, M. (2023). Isogeometric analysis for multi-patch structured
Kirchhoff-Love shells. Computer Methods in Applied Mechanics and Engineering, 411, Article 116060.
https://doi.org/10.1016/j.cma.2023.116060

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1016/j.cma.2023.116060
https://doi.org/10.1016/j.cma.2023.116060

:‘) Available online at www.sciencedirect.com
o H H Computer methods

s ScienceDirect in applied

mechanics and
engineering

&

O AR e
ELSEVIER Comput. Methods Appl. Mech. Engrg. 411 (2023) 116060

www.elsevier.com/locate/cma

Isogeometric analysis for multi-patch structured Kirchhoff—Love
shells
Andrea Farahat"', Hugo M. Verhelst™*', Josef Kiendl’, Mario Kapl**

2 Johann Radon Institute for Computational and Applied Mathematics, Austrian Academy of Sciences, Linz, Austria
Y Department of Applied Mathematics, Delft University of Technology, The Netherlands
¢ Department of Maritime and Transport Technology, Delft University of Technology, The Netherlands
d Institute of Engineering Mechanics Structural Analysis, Universitiit der Bundeswehr Miinchen, Munich, Germany
¢ ADMIRE Research Center, Carinthia University of Applied Sciences, Villach, Austria

Received 14 September 2022; received in revised form 15 March 2023; accepted 10 April 2023
Available online xxxx

Abstract

We present an isogeometric method for Kirchhoff-Love shell analysis of shell structures with geometries composed of
multiple patches and which possibly possess extraordinary vertices, i.e. vertices with a valency different to four. The proposed
isogeometric shell discretisation is based on the one hand on the approximation of the mid-surface by a particular class of
multi-patch surfaces, called analysis-suitable G! (Collin et al., 2016), and on the other hand on the use of the globally C L
smooth isogeometric multi-patch spline space (Farahat et al., 2023). We use our developed technique within an isogeometric
Kirchhoff-Love shell formulation (Kiendl et al., 2009) to study linear and non-linear shell problems on multi-patch structures.
Thereby, the numerical results show the great potential of our method for efficient shell analysis of geometrically complex
multi-patch structures which cannot be modelled without the use of extraordinary vertices.
© 2023 The Author(s). Published by Elsevier B. V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

Keywords: Tsogeometric analysis; Kirchhoff-Love shell problem; Multi-patch structures; C'-smooth functions

1. Introduction

Isogeometric analysis [1] (IGA) is a powerful numerical framework for solving partial differential equations
by employing the same (rational) spline function space for representing the geometry and the solution space of
the considered partial differential equation. In the last years, it has been widely used as an effective tool for the
analysis of shells in various engineering disciplines including aerospace, automotive, maritime, civil and biomedical
engineering. Thereby, the high continuity of the employed splines allows to achieve a high accuracy and efficiency
in the numerical simulation. Shell analysis is a field where IGA had an especially high impact, and many innovative
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shell formulations have been developed, including Kirchhoff-Love shells [2,3], Reissner—-Mindlin shells [4-9],
hierarchic shells [10,11], and solid shells [12—16].

In this work, we will focus on the use of the Kirchhoff-Love shell element [2]. It is a popular element due to its
rotation-free nature, which is enabled by the use of second-order derivatives of the underlying basis functions, and
which implies a low number of element-wise degrees of freedom. The requirement for the existence of second-order
derivatives of the underlying basis of the isogeometric Kirchhoff-Love shell elements can be easily satisfied for
spline functions within a single patch. But in case of multi-patch geometries with possibly extraordinary vertices,
which are typically needed for modelling complex shell structures, the C! continuity across the patch interfaces has
to be additionally enforced. There exist two main strategies for imposing C'-smoothness across the interfaces of
multi-patch structured Kirchhoff-Love shells.

The first approach couples the neighbouring patches in a weak sense, which means that the used isogeometric
discretisation space is just approximately C'-smooth instead of exactly C'-smooth. The so-called bending strip
method [17] was the first developed technique for weak patch coupling and falls under the category of penalty
methods. It uses the concept of a stiff strip to connect patches with arbitrary angle and requires a conforming patch
interface. Besides the bending strip method, different penalty methods [18-21], Nitsche coupling techniques [22—
27], and other methods which are reviewed in [28] have been developed. While penalty methods provides a simple
implementation but require the choice of a parameter, the Nitsche coupling techniques are parameter-free but need
larger implementation efforts. An alternative to penalty and Nitsche methods are mortar methods [29-31]. They are
parameter-free and also provide flexibility for the patch connection angle as well as for non-conforming coupling
but require the finding of Lagrangian multipliers. Contrary to the penalty, Nitsche and mortar methods, where the
variational formulation is altered to establish the weak C' coupling across patches, the methods [32-35] directly
generate basis functions which are approximately C'. However, the techniques [32,34,35] are restricted so far to
planar domains and to the solving of the biharmonic equation.

The second strategy for imposing C!-continuity across the patch interfaces couples the neighbouring patches in a
strong sense, which leads to C'-smooth discretisation spaces that are exactly C'-smooth. Then after constructing a
basis for the resulting C'-smooth space, the Kirchhoff-Love shell formulation [2] can be directly applied. The
existing techniques for the Kirchhoff-Love shell analysis can be classified depending on the employed multi-
patch parameterisation of the mid-surface of the considered Kirchhoff-Love shell. They are either based on the
use of globally C'-smooth multi-patch surfaces with singularities at the extraordinary vertices [36,37], on the
application of globally C'-smooth multi-patch surfaces with specific G'-smooth caps in the vicinity of extraordinary
vertices [38,39], or on the most general case namely on the use multi-patch surfaces which are just G'-smooth” [41].
For the latter case, the usage of a particular class of G'-smooth multi-patch surfaces, called analysis-suitable-G'
(in short AS-G') [42], allows the construction of C'-smooth multi-patch spline spaces with optimal polynomial
reproduction properties. This has been demonstrated so far just for the solving of the biharmonic equation over
planar multi-patch parameterisations [42—46] and multi-patch surfaces [47], and will be extended in this work to
the case of multi-patch shell structures. Thereby, the representation of the mid-surface of the shell by an AS-G'
multi-patch surface is not restrictive, since any (approximate) G'-smooth multi-patch surface can be approximated
by an AS-G' multi-patch surface [47,48].

In this work, we will develop a novel, simple isogeometric method for the analysis of shell structures composed
of several patches with possibly extraordinary vertices. The presented technique will follow the second strategy
above, and will rely on three main ingredients, namely first on the representation of the mid-surface of the shell by
an AS-G' multi-patch surface, then on the usage of the globally exactly C'-smooth multi-patch spline space [47]
as discretisation space of the shell and finally on the application of the Kirchhoff-Love shell formulation [2] for the
analysis. An advantage of our proposed approach compared to other strong coupling techniques is that our method
can be applied to any G'-smooth multi-patch spline surface, which is then modelled by an AS-G' multi-patch
surface, and is not based on the usage of a particular class of multi-patch surfaces. E.g. the technique [37] cannot
be applied to smooth multi-patch spline surfaces, which possess boundary vertices, where two patches just meet
with C°-smoothness. A benefit of our strong coupling method compared to existing weak coupling techniques is
that the employed discretisation space [47] is exactly C'-smooth, which allows to directly apply the Kirchhoff-Love
shell formulation [2]. Hence, it is not necessary e.g. to add penalty terms to the weak form of the problem and to

2 A surface is G'-smooth if it possesses at each point a well-defined tangent plane, cf. [40]. The G'-continuity of a surface is a weaker
condition than the C'-continuity, where at each point the partial derivatives have to be well-defined.
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deal with penalty factors as in penalty methods or to use Lagrange multipliers as in mortar methods. Several linear
and non-linear benchmark examples will demonstrate the great potential of the presented method for performing
analysis of complex Kirchhoff-Love shells.

The outline of the paper is as follows. Section 2 provides the basics of isogeometric Kirchhoff-Love shell analysis
with the focus on the used Kirchhoff-Love shell formulation [2]. In Section 3, we introduce the employed C'-
smooth multi-patch discretisation, which is based on the one hand on the approximation of the mid-surface of the
shell by a particular class of multi-patch surfaces, called AS-G' multi-patch geometries [42], and on the other hand
on the application of the C'-smooth spline space [47]. The detailed construction of the used C'-smooth spline space
with implementation details is discussed in Appendix. Section 4 presents the novel isogeometric method for the
analysis of multi-patch structured Kirchhoff-Love shells with several linear and non-linear numerical benchmark
examples. Finally, we conclude our work in Section 5.

2. Kirchhoff-Love shell formulation

Based on the works [2,49,50], we will briefly recall the Kirchhoff-Love shell formulation, which will be used
throughout the paper. For the sake of brevity, we will restrict ourselves in this section to a single-patch mid-
surface r : [0, 1]> — R?, but the presented formulation can be simply extended to the employed multi-patch setting
introduced in Section 3 by just applying it in each case to the single surface patches. Firstly, Section 2.1 will define
the shell coordinate system, followed by Section 2.2 where the shell kinematics will be defined accordingly. Finally,
in Section 2.3 the variational form of the shell problem will be given. In the following, we will use Greek indices
o, B,y,8 €{l,2} and Latin indices i, j € {1, 2, 3}.

2.1. Shell coordinate system

The Kirchhoff-Love shell formulation is defined on the surface r(¢', £2) with parametric coordinates £%. By the
Kirchhoff Hypothesis [51], which implies no shear in the cross section and orthogonality of orthogonal vectors after
deformation, any point in the shell y(&', £2, £%) can be represented by a point on the mid-surface and a contribution
in normal direction:

yE', £, %) =1, £%) + &a;, (1)

where a3 is the unit normal vector to the surface and &3 is the through-thickness coordinate. The deformed and
undeformed configurations are denoted by y, r and y, F, respectively. The covariant basis of the mid-surface and

the normal vector are obtained by the partial derivatives of r with respect to its parametric coordinates, i.e.
or a; X a
aQ=——, a3=——.
95« la; x a]

In addition, the first and second fundamental forms aqg, bog are defined as follows:
dop = Ay - Ag, byg =23 245 = —A34 - Ay, 2

where a, g is the Hessian of the surface and a3, is the derivative of the normal vector, which can be obtained by
Weingarten’s formula a3 , = —bgaﬂ with bg = a*"b,p as the mixed curvature tensor [52]. From Eq. (2) it can be
observed that second-order derivatives are required for evaluation of the second fundamental form.

2.2. Shell kinematic and constitutive relations

The Green—Lagrange strains E,g at any point in the shell are defined as:
Eop = ap + E3kap, 3)

where €44, kop are the membrane strains and curvature change, respectively, which are obtained by the first and
second fundamental forms (2) of the undeformed and deformed configurations [2,49]:

1 ,
Eqp = E(a(xﬂ - aotﬁ) (4)

o

Kap = baﬁ — baﬂ.
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Stresses are represented by the stress resultants n and m, corresponding to membrane forces and moments,
respectively. Assuming isotropic linear elastic material, they are obtained by

n = 7% : g,

m“’g = Caﬁy& L Kys,

where C*7% is the plane stress material tensor. Within this paper, only isotropic linear elastic materials are
considered, but the formulation can be easily extended to nonlinear materials as shown in [49].

2.3. Variational formulation

The variational formulation for the Kirchhoff-Love shell problem is defined by using the principle of virtual
work as in [2,49], and by following the notations from [50]. Denoting the internal and external energies by W™
and W, respectively, the variations of the internal and external work are defined as

SW(u, su) = sWint — swet =

=/ n:8€+m:8kd9—/ f-dudf?.
Q 1?)

Here, we denote by u the displacements, by du the virtual displacements, by e the virtual membrane strain and
by Sk the virtual curvature change.

Furthermore, F represents the undeformed mid-surface of the shell, defined on the parametric domain [0, 1]%. Note
that the metric basis of the deformed configuration is computed on r, which has the same parametric domain as the

undeformed configuration. In addition, d{2 = ,/ |c°zo,5 |d§ 1dg? is the differential area in the undeformed configuration

mapped onto the parametric domain [0, 1]°.

Following a Galerkin approach, we represent the shell displacements u by a finite sum of basis functions ¢; and
their coefficients u;, i.e. u = Zi u;¢;. Then, the discrete residual vector R; is defined by taking the first Gateaux
derivative with respect to u; [2], i.e.

» d d a
R,~=F;“‘—fo‘=/n:—e—i—m:—KdQ—/f-—udQ, )
o  Ou; ou; o) u;
where 2 C R? represents the surface domain defined by the mid-surface r. Applying a second linearisation of the
variational form with respect to u;, the components K;; of the tangential stiffness matrix, can be found as

_ int __ ext __
Kyj=KM— K=

n_ de 9%e N am Ok N 9%k a0 (6)

Qauj 8_14, Buiauj Buj a_u, au,-auj
Lastly, for non-linear simulations, Newton iterations are performed for solution u and increment Au by solving
K Au = —R.

Throughout these iterations, the deformed geometry r is updated with the displacement field.

Due to the appearance of the curvature variations of the curvature tensor xqg in Egs. (5) and (6), second-
order derivatives for the basis functions ¢, are required for the variational formulation. This means that the basis
functions ¢; have to be at least globally C'-smooth. Considering a multi-patch structured Kirchhoff-Love shell as
in this work, the C'-smoothness can be trivially satisfied within a single surface patch but has to be imposed across
the patch interfaces, which gives rise to the globally C'-smooth isogeometric multi-patch spline functions presented
in Section 3.

3. C'-smooth multi-patch discretisation space

We will briefly describe the C'-smooth multi-patch space construction [47], which will be used as discretisation
space for the isogeometric Kirchhoff-Love shell analysis of multi-patch geometries with possibly extraordinary
vertices in Section 4. Before, we will also present the employed multi-patch structure for the mid-surface r as well
as the particular type of multi-patch surface, called AS-G' multi-patch surface [42], which is needed to represent
the mid-surface r. Details of the construction and implementation of the basis of the C'-smooth spline space will
be discussed in Appendix.
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Fig. 1. The multi-patch setting demonstrated on the basis of an example of a three-patch surface.

3.1. The multi-patch surface structure

In the following, let the mid-surface r be a G!-smooth conforming multi-patch surface which consists of regular
quadrilateral surface patch parameterisations r) € (8)°)%, i € Jp, given by

r?: [0, 117 — 00,

where 8)* is the tensor-product spline space 8!* ® 8/, with p = (p, p) and s = (s, s) on the parameter domain
[0, 1]%, obtained from the univariate spline space 8. of degree p, continuity C* and mesh size h = % defined
on the parameter domain [0, 1]. We will require that p > 3,1 < s < p — 2, k > 1, and will further denote
by N*, j =0,....,n =1, with n = p + (k — 1)(p — 5) + 1, the B-splines of the spline space 8;"*, and by
ij’s = Nﬁ’ijpz’s,j = (ji, j») € {0,...,n — 1}2, the associated tensor-product B-splines of 8'*. We will further
consider the univariate spline spaces 8/*"' and 8”~"* with the corresponding B-splines N H ST =0, n0—1,
ngp=p+k—1(p—s—1)+1and N;’fl’s, j=0,....,n1—1,n = p+ (k= 1)(p—s — 1), respectively.

The multi-patch surface r defines a surface domain {2 C R?, which can be represented as the disjoint union of

the open quadrilateral surface patches 2, i € I, of open edges (i.e. interface and boundary curves) XY@, i € Iy,
and of inner and boundary vertices XV, i € J,, i.e.

0= U NO 1y U »O 1y U x®
ielp i€y iedy
cf. Fig. 1. To distinguish the case of an interface or boundary curve and the case of an inner or boundary vertex,

we further divide the index sets Jx and J, into Iy, = J5, UJL and J, = Y Uf , where in both cases the symbol
I" denotes the boundary case and the symbol o the interface/inner case.

3.2. AS-G' multi-patch surfaces

In this work, we will model the mid-surface r by a specific G'-smooth multi-patch surface, called analysis-
suitable G' (in short AS-G') multi-patch surface [42]. AS-G'! multi-patch surfaces are of great importance,
since they are needed to ensure the construction of C'-smooth isogeometric multi-patch spline spaces with
optimal polynomial reproduction properties. More precisely, in case that a multi-patch surface is not AS-G', the

5
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approximation power of the resulting C'-smooth spline space over the multi-patch surface can be dramatically
reduced, cf. [48].

We recall first that a C%-smooth multi-patch surface r is G'-smooth if and only if for any two neighbouring
patches 20V and 20, i, i, € I, with the common interface curve X C 00D N 2062, there exists functions
a®):[0,1] = R, a®2) :[0,1] — R and B : [0, 1] — R satisfying

a(i,il)(é)a(i»lé)(%‘) > O’ é: S [O, 1]7

and
a (&) dr (&, 0) + "2 (&) 3;rV(0, £) + (E) r'(0,£) =0, £ €0, 1], 7)

cf. [40], where r" and r2) are the corresponding patch parameterisations of 2V and 202, respectively, both
(re)-parameterised (if needed) into the so-called standard form [47], which means that the common interface
curve X is given by ri(0, &) = r(g, 0). (See Appendix A.l for details about the standard form.) Thereby,
the functions a0, @) and B® are uniquely determined up to a common function ¥ : [0, 1] — R via the
patch parameterisations r? and r». A G'-smooth multi-patch surface is then called AS-G' if for each interface
curve YO i € .'J(g, the functions o™V and a*2) can be linear polynomials and if there further exists (non-uniquely
determined) linear polynomials B¢V : [0, 1] — R and g% : [0, 1] — R such that

BUE) = " V(E) BPE) + D) UE) £ €0, 11.
To uniquely determine the functions a1V, @2 gG:1D) and B@72) we select those relatively prime functions o-'1)
and a2 and those functions %1 and %), which minimise

s i s i Gin2
™™ = 1T, o, + ™ = 1,01y andIB“VIE 0,1 + 1B 17 40,100

respectively, cf. [45]. In case of a boundary curve @ c Q0D i € Iy, we simply set o) = 1 and 1) = 0.

The design of AS-G' multi-patch spline surfaces was studied so far for the case of planar domains in [42,44,
46,48], and for the case of multi-patch surfaces in [47,48]. In this work, we will employ the methods [47,48] to
generate AS-G' multi-patch parameterisations of the mid-surface r, e.g. by approximating a non-AS-G' multi-patch
parameterisation of the mid-surface r by an AS-G' multi-patch geometry.

3.3. The specific C'-smooth multi-patch spline space
Let the mid-surface r be an AS-G' multi-patch surface. The space of C'!-smooth isogeometric spline functions
over r is defined as
Vi={peC'(2): por? e8P’ iciyl,
or equivalently as
Vi={pe LX) : por? e8h* i e, and r{"(0.&) =r{"( 0), £€[0,1]j=0,1, i € I3},
with
ry M(0,8) = (¢ or™) (0,8) and ry" (€, 0) = (¢ 0 r'?) (5, 0),

91 (¢ o) (0,8) + B41(§)d (¢ o rV) (0, E)

(@.i1)
n0e= o (E)

and
O (¢ or@) (&,0) 4 BH2(£)d) (¢ o 1) (€, 0)

ahi)(§)
cf. [47], where each interface curve Y@, i € I3, is locally parameterised in standard form, see Appendix A.1. For
a function ¢ € V!, we denote the equally valued terms r(l o, &) = rl" ’2)(5 0) and ri’ 0, &) = fi’iz)(s, 0) by
the functions r(()i)(f;‘ ) and rfi)(s ), respectively, where r(()) represents the trace of the function ¢ along the interface
curve XY@ and r{i) describes a specific transversal derivative of the function ¢ across the interface curve X0,

r"(E.0) =

6
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cf. [42]. In case of a boundary curve XY@ c 0G0, i € JF locally given in standard form, see Appendix A.l, we
can equivalently define the functions r’ and r{’) just as r(()’)(é) =810, £) and riE) = r(' 0, £).

Due to the dependence of the dimension of V' on the initial geometry of the single patch parameterisations r("),
i € Jg, cf. [53], the entire C'-smooth space is, even for simple configurations, hard to study and analyse. Therefore,
we consider instead the C'-smooth subspace A C V' introduced in [47], which is simpler to generate, whose
dimension is independent of the initial geometry of the single patch parameterisations r'), and which still possesses
optimal approximation properties as numerically verified in [47]. The C'-smooth subspace A is given as

=peV P et Vesl™ ey, and ¢ € C2(x?), i €7,),

where each edge XV, i € Jy, is locally parameterised in standard form, see Appendix A.1, and where ¢ € C2(x")
means that the function ¢> is C2-smooth at the vertex x) with respect to the tangent plane at x?, cf. [47].
By requiring k > a possible basis of the space A can be given by the set of functions

sl’

® = U Poi | U U P50 | U U D)

ielp iely iedy
with
o L
Poir =,y * 12 €{2,...,n =3},

(@) . . . .
Doy =, 4y N €EB—Jareinjy =4+ jo}, 2 =0,1},
and
Py = {¢(,, i J 2 =0,1,2, ji1+ <2},

where the sets @i), Pxi) and D) collect the basis functions with respect to the individual patches 0O, edges »o
and vertices x”), respectively. Thereby, all C! smooth basis functions are locally supported with a support fully
contained within the patch 2@ for a function q)( i /2)’ Ji, 2 ef{2,. — 3}, with a support in the vicinity of the

curve X® for a function ¢(j1,jz)’ JHWEPB—jo,....nj,—4+ o}, o= 0, 1, and with a support in the vicinity of the

vertex x) for a function ¢E(;(';),j2)’ j1, j» =0,1,2, ji+ j» < 2. For the full details of the C'-smooth subspace A and of
its basis functions, we refer to [47]. A summary of the construction of the basis functions with some implementation
details is presented in Appendix.

4. Kirchhoff-Love shell analysis of multi-patch structures

Representing the mid-surface of a multi-patch structured Kirchhoff-Love shell by an AS-G' multi-patch
surface r, see Section 3.2, and employing the globally C'-smooth multi-patch discretisation space [47], recalled
in Section 3.3, we can directly apply the Kirchhoff-Love shell formulation [2], introduced in Section 2, to the
individual surfaces patches r'") of the multi-patch mid-surface r. This leads to a novel, simple isogeometric method
for the analysis of Kirchhoff-Love shells composed of multiple patches with possibly extraordinary vertices. The
performance of this method will be tested in this section on the basis of a series of benchmark problems. In
Section 4.1 the linear Kirchhoff-Love shell equation will be solved for a hyperboloid shell, adding a hole for the
benchmark in Section 4.2. In Section 4.3, post-buckling analysis of a clamped corner piece will be performed. In
Section 4.4, holes are added to this geometry. For the geometric and material properties of the considered shells we
will denote by L, W and a the lengths, by ¢ the thickness, by E the Young’s modulus, and by v the Poisson’s ratio.
In all examples, we will perform uniform h-refinement for the convergence analysis. In cases where the penalty
method from [18] is employed, a penalty parameter of o = 10° will be used, unless another value will be required
to produce good convergence rates and stress fields.

4.1. Hyperboloid shell

We represent the mid-surface of a hyperboloid shell, given by the hyperbolic surface
- T
rEh e =[¢" & ¢V -E)] ®)
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Fig. 2. Set-up of the clamped hyperboloid problem from [54]. The displacements and rotations are fixed on the left boundary represented
by the thick line. The distributed load p,3 is applied over the whole domain in vertical direction. Furthermore, the point A is used for
reference.

for the parameter domain D = [—L/2, L/2]?, by the two different 6-patch AS-G' multi-patch surfaces ry, £ = 1,2,
visualised in Fig. 3. The multi-patch parameterisation from Fig. 3(a) is selected since it has two interior extraordinary
vertices, i.e. vertices where 3 or more than 4 patches join. The geometry from Fig. 3(b) is selected due to its interior
extraordinary vertices and due to the fact that it has boundary vertices, where two patches join C? in the south-east,
south west and north east corners of Fig. 3(b); an aspect where the method from [37] would smoothen the geometry.

For the design of the multi-patch surfaces in Fig. 3 we follow the strategy from [47, Example 3]. LetT,, £ = 1, 2,
be the bilinearly parameterised multi-patch parameterisations shown in Figs. 3(a) and 3(b) (left), respectively, which
represent in each case the parameter domain D. We then generate the multi-patch surfaces ry, £ = 1,2, just
by choosing the single surface patch parameterisations r\’ as r\’ = Fo T, , where ¥’ are the individual patch
parameterisations of the parameterisations Ty, which implies that rg) € (85’5)3 with p = (2,2), s = (00, 00) and
h = 1. The two resulting multi-patch surfaces ry, £ = 1, 2, are AS-G'! by construction, since the surface T is just a
bivariate polynomial surface patch, and the bilinear parameterisations Ty, £ = 1,2, are trivially AS-G'.

The benchmark problem is based on [54], and an overview is depicted in Fig. 2. The geometric and material
properties of the hyperbolic multi-patch shells y,, £ = 1,2, are determined by the length L = 1 [m], thickness
t = 0.01 [m], Young’s modulus E = 2- 10" [N/mz] and the Poisson’s ratio v = 0.3 [—]. The shell is fully clamped
on the west side at x! = —L /2, which means that all displacements and rotations are fixed weakly [18]. We apply
a uniformly distributed vertical load with magnitude p,s = —8000 -7 [N/m?] and perform linear analysis. We study
the vertical displacement at point A = (x!, x2, x*) = (L/2,0, L*/4) as in [54] as well as the strain energy norm
B = %uT Ku, where u is the solution displacement vector and K is the linear stiffness matrix. Numerical tests
are performed on the two multi-patch shells y,, £ = 1, 2, possessing the mid-surfaces r,, for polynomial degrees
p =3, 4,5, and maximal possible regularity s = p — 2 for the C' spline space A. These geometries are presented
in Fig. 3.

The results for the fully clamped hyperboloid shells with the two different AS-G' multi-patch configurations
for the mid-surfaces are presented in Fig. 4. The convergence plots include for comparison the results for a single
patch geometry and for a penalty coupling with penalty parameters a = 10!, 10°, see [18], with degree p = 3 and
regularity s = 1. The penalty parameter of o = 10" is selected for comparison purposes, given its convergence to
the single patch solution. It can be seen that the AS-G' multi-patch results show in the point-wise displacement
as well as in terms of the energy norm convergence towards the single-patch results, but with a lower rate as the
results for the single-patch or for the penalty coupling case.

Furthermore, the Von Mises membrane stress is computed for the single-patch hyperboloid as well as for the
considered multi-patch geometries. The results are obtained for degree p = 4 and regularity s = 2 with 16 x 16

8
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(a) Geometry 1

(b) Geometry 2

Fig. 3. AS-G' mid-surfaces of hyperboloid multi-patch shell geometries consisting of 6 patches in two different configurations. For both
subfigures (a) and (b) the left figure represents the parametric domain and the right figure gives and impression of the resulting geometry.
The reference point A is used in the numerical tests, cf. Fig. 4.

elements per patch. Since the regularity is equal to 2, it is expected that the stresses are C' continuous in the interior
and C° continuous over the patch boundaries, as they are derivatives of the C? interior basis which is C! over the
patch boundaries by construction. The results obtained by the penalty method are also given for degree p = 4,
regularity s = 2 and for the penalty parameter o = 10'. Fig. 5 verifies that the stress fields are smooth and well
represented by our AS-G' multi-patch construction compared to the single-patch stress field and the field obtained
by the penalty method. For the AS-G' geometry, small artifacts can be observed on the top and bottom boundaries
for the stress field. This could be simply solved in future by using for each boundary edge e.g. the entire space
instead of the subspace which has been selected in [47] to have a simple and uniform construction. Furthermore, it
should be noted that the results of the penalty method depend on the choice of a coupling parameter, as shown in
Fig. 4, whereas the present method is parameter-free.
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Fig. 4. Results for the 6-patch hyperboloid geometries from Fig. 3 subject to a uniform vertical load. The left plots represent the vertical
displacement in the reference point A (w4) and the right plots represent the strain energy norm (u’ Ku), both against the number of degrees
of freedom (#DoFs). For the AS-G' constructions, the degree p is varied between 3 and 5 with maximum regularity s = p — 2. The results
for the single-patch case as well as for the penalty method are obtained for degree p = 3 and regularity s = 1 and in case of the penalty
method using the penalty parameters o = 10! and « = 10.

4.2. Hyperboloid shell with a hole

We consider as in the previous example in Section 4.1 a hyperboloid shell but now with a hole, see Fig. 6.
Although this geometry does not possess extraordinary vertices, it cannot be represented by a regular single-patch
surface due to the presence of vertices on the outer boundary, where two patches join C°, and of the presence of
the smooth inner boundary at the same time. The AS-G' 4-patch geometry representing the mid-surface of the
shell is constructed via trimming from the hyperbolic surface T, given in (8), by following the strategy from [47,
Example 2]. For this, we first trim the parameter domain D = [—L/2, L/2]* of the hyperbolic surface by
cutting out an approximated disk with radius R = 0.15 whose boundary is a B-spline curve of degree 2, see
Fig. 7(a). The associated untrimmed parameter domain (see Fig. 7(b)) is then described via a planar AS-G' 4-patch

parameterisation T, consisting of individual patch parameterisations ¥, i = 1,...,4, with ¥ € (8}°)", p = (2, 2),
. oy o~ . o ; 3
s=(1,)and h = %, see Fig. 7(b). Viar®) =TFoF",i =1, ..., 4, we obtain surface parameterisations r') € (8}"*)",

withp=(4,4),s=({,1)and h = i, which finally form together the AS-G! 4-patch surface r, shown in Fig. 7(b),
representing the mid-surface of the desired hyperboloid shell with hole. Note that this geometry cannot be used by
the method from [37], since it contains vertices on the boundary, where two patches join C°.

We perform on the resulting hyperboloid shell with hole numerical tests as in the previous example in Section 4.1
by selecting the same geometric and material properties for the shell, i.e. the length by L = 1 [m], the thickness
by t = 0.01 [m], the Young’s modulus by E = 2 - 10!" [N/m?] and the Poisson’s ratio by v = 0.3 [—], again
by fully clamping the shell on the west side at x; = —L/2 by and applying a uniformly distributed vertical
load p,, = —8000 - # [N/m?]. Fig. 8 presents the results including a convergence analysis for studying the vertical
displacement at the reference point A = (x', x2, x*) = (0, 0, 0) for degrees p = 4, 5 and maximal possible regularity
s = p — 2 of the spline space A by performing h-refinement. For this example no reference solution is provided,

10
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Von Mises stress [MPa]

1. 10. 100. 1000. 10000. 200000.

(a) Single-patch geometry.
(b) Geometry 1, AS-G'! method. (c) Geometry 2, AS-G' method.
(d) Geometry 1, penalty method. (e) Geometry 2, penalty method.

Fig. 5. Von Mises membrane stress fields for the single-patch and multi-patch hyperboloid geometries in Fig. 3 on a 16 x 16 element
mesh per patch for degree p = 4 and regularity s = 2. The penalty parameter for the penalty method results is « = 10'. All stress fields
are plotted on the same colour scale. The contour lines are provided for values 10, 102, 103, 104 and 105 [MPa]. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

11



A. Farahat, HM. Verhelst, J. Kiendl et al. Computer Methods in Applied Mechanics and Engineering 411 (2023) 116060

0.6
0.4

0.2

0.5

0.4

i 06 05

Fig. 6. Set-up of the clamped hyperboloid with a hole of radius R = 0.15. The displacements and rotations are fixed on the left boundary
represented by the thick line. The distributed load p, s is applied over the whole domain in vertical direction. Furthermore, the point A is
used for reference.

since no single-patch equivalent for this case exists, hence a penalty coupling [18] with parameter o = 10? is used
as reference, which appeared to be the optimal choice for displacement and stress reconstruction. Again, we see that
the solutions for our AS-G' method converge, but with a lower rate compared to the penalty method. The speed of
convergence grows by increasing the degree p. In addition, the stress field for the untrimmed hyperboloid with a
hole by using our AS-G' method and the penalty method are presented in Fig. 9 and show good correspondence with
again small artifacts on the top and bottom boundaries for the stress field from the AS-G' method. As mentioned
before, this could be simply solved in future by using for each boundary edge e.g. the entire space instead of the
subspace selected in [47]. The stress field resulting from the penalty method show a good stress field as well, but
depends, as mentioned previously, on the choice of the penalty parameter.

4.3. Post-buckling of an L-shaped domain

We apply our developed method to a geometrically non-linear Kirchhoff-Love shell on the post-buckling response
of an L-shaped domain, inspired by an example from [55] later performed by [56] using beam and flat shell elements.
The problem set-up is depicted in Fig. 10. The geometry has length L = 255 [mm] and width W = 30 [mm] with a
thickness of 0.6 [mm] and Young’s modulus E = 71240 [N/mmz] and Poisson ratio v = 0.31[—]. The material law
is a linear isotropic Saint-Venant Kirchhoff model. Furthermore, Crisfield’s arc-length method is employed [57].
The solutions are computed for degrees p = 3,4, 5 with maximum regularity s = p — 2. Furthermore, the results
are calculated by using the penalty method [18] with penalty parameter & = 10° and degree p = 3 and regularity
s = 2 as a reference since reported benchmark results have been only provided for beam elements.

The results for the (post-)buckling analysis of the 2 patch L-shaped domain are presented in Figs. 11 and 12. As
can be seen in Fig. 12, buckling occurs around AP = 1.19 [N], which is higher than the value of AP = 1.1453 [N]
as reported by [55], but a converged value for the AS-G' multi-patch and the penalty coupled multi-patch technique
has been tested here. In addition, it can be seen that the load—displacement curves resulting from the AS-G' method
for degree p = 4 and p = 5 approach the penalty curve with degree p = 3. The AS-G' curve for degree p = 3,
on the other hand, is considered inaccurate.

4.4. Post-buckling of an L-shaped domain with holes

As last example, we consider the L-shaped geometry from Section 4.3 with rectangular holes, c.f. Fig. 13.
The material and geometric parameters are the same as in the previous example, additionally with the size of the
rectangular holes given by L;, = 55 [mm] and W), = 10 [mm)].

12
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(—0.5,0.5) (0.5,0.5) (—0.5,0.5) (0.5,0.5)
(—0.5,—0.5) (0.5,—0.5) (=0.5,-0.5) (0.5,-0.5)
(a) Trimmed parameter domain (b) Untrimmed parameter domain

(c) AS-G' 4-patch geometry

Fig. 7. Multi-patch hyperboloid shell with a hole. (a): Trimmed parameter domain. (b): Untrimmed parameter domain given by an AS-G!
4-patch parameterisation. (c) AS-G'! 4-patch surface of the hyperboloid shell with hole with the reference point A for the numerical tests,
cf. Fig. 8.

1074
: :
~08 4
3 2 35
= -1 h:
S g
12 25 +—Pen. a = 10?
| I | | | -
103 10* 103 10° 103 10* 10° 10°
#DoFs #DoFs

Fig. 8. Results for the 4-patch hyperboloid with a hole from Fig. 7 subject to a uniform vertical load. The left plot represents the vertical
displacement in the reference point A (w4) and the right plot represents the strain energy norm (u’ Ku), both against the number of degrees
of freedom (#DoFs). For the AS-G' constructions, the degree p is varied between 4 and 5 with maximum regularity s = p — 2. The results
for the penalty method is obtained for degree p =4 and regularity s = 2 using the penalty parameter o = 10
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Von Mises stress [MPa]

FEETHT T T TTT H!!H!Hm

1. 10. 100. 1000. 10000. 200000.

(a) AS-G' method. (b) Penalty method.

Fig. 9. Von Mises membrane stress field for the untrimmed hyperboloid geometry with a hole in Fig. 3 on a 16 x 16 element mesh per
patch. The stress field is plotted on the same colour scale as in Fig. 5. The contour lines are provided for values 10, 102, 10>, 10* and
10° [MPa). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

A NN\

AP

AP,

Fig. 10. Geometry of the L-shaped domain with length L = 255 [mm] and width W = 30 [mm] consisting of two bi-linear patches. The left
side of the domain is fixed in all directions and rotations and on the bottom right a point load with magnitude AP is applied in horizontal
direction. To replicate the example from [56], an unbalancing load APy in out-of-plane direction is applied to force buckling. The factor A
is the load magnification factor used in the arc-length methods to solve the problem.

The results are presented in Fig. 14 and Fig. 15. The load—displacement curves in Fig. 15 are given for p = 3,4
and maximum regularity s = p — 2. The curve for p = 5 is omitted because it overlaps with the p = 4 curve.
Furthermore, the example has been computed by using the penalty method [18] with the penalty parameter @ = 103.
The results show that the AS-G' technique provides a very good estimate of the load—displacement curve compared
to the penalty method for degree p = 4. For degree p = 3, however, the results show a large deviation with the
other lines, similarly to the results in the previous section.
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Fig. 11. Deformed geometry of the L-shaped domain with 2 patches corresponding to Fig. 10 on the last point of the load—displacement
curve for the AS-G' method for p = 5 in Fig. 12. The colour scale represents the out-of-plane displacement. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Out-of-plane displacement at end point [mm]

Fig. 12. Displacements at the point where the load is applied in Fig. 10. All results are plotted with the out-of-plane displacement component
on the horizontal axis and the load AP on the vertical axis. The penalty parameter used for the penalty method is « = 103.

5. Conclusion

We presented an isogeometric method for the analysis of complex Kirchhoff-Love shells, where the mid-surface
of the shells is approximated by a particular class of G'-smooth multi-patch surfaces, called AS-G' [42]. This class
of multi-patch surfaces allows to use for the discretisation space of the considered shell the globally C'-smooth
isogeometric multi-patch spline space with optimal polynomial reproduction properties [47], whose construction is
simple and uniform. Our proposed method further relies on the usage of the Kirchhoff-Love shell formulation [2],
which can be directly applied due to the globally C'-smoothness of the employed discretisation space.

We used the developed isogeometric technique to study several linear and non-linear benchmark problems for
geometrically complex multi-patch structures. We compared our results to single patch solutions (where possible)
and to results obtained by the penalty method [18]. We get good results with our AS-G' approach for displacements
and stresses. The convergence of our method is slower than for the penalty method, which is a disadvantage, but
the advantages of our AS-G' approach are that strong C! coupling is guaranteed, there is no need for the selection
of a penalty parameter and that geometries can be handled which are not possible by some other methods like [37].

The slower convergence of our method compared to the single patch case and to the penalty method is caused
by the fact that the used C'-smooth space [47] is a subspace of the complex, entire C'-smooth space over the
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Fig. 13. Geometry of the L-shaped domain with length L = 255 [mm] and width W = 30 [mm] and with rectangular holes of size
Ly = 55[mm] and W, = 10 [mm]. The geometry consists of 25 bi-linear patches. The setting of the problem is like in Fig. 10.
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Fig. 14. Deformed geometry of the L-shaped domain with 25 patches corresponding to Fig. 13 on the last point of the load—displacement
curve for the AS-G! method for p = 4 in Fig. 15. The colour scale represents the out-of-plane displacement. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

considered AS-G' multi-patch mid-surface. A first possible future work could be now to enlarge the space [47]
by constructing the entire C'-smooth space or by partly increasing the degree of the space along the edges, which
should considerably increase the speed of convergence. Since the employed C'-smooth spline space [47] allows
the construction of a sequence of nested spaces, one further possible future work could be the extension of our
approach to an adaptive method to perform local refinement for the analysis of multi-patch Kirchhoff-Love shells.
This would allow a reduction of the needed degrees of freedom for solving the problems with an approximation
error of similar magnitude.
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Fig. 15. Displacements at the point where the load is applied in Fig. 13. All results are plotted with the out-of-plane displacement component
on the horizontal axis and the load AP on the vertical axis. The penalty parameter used for the penalty method is o = 103.
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Appendix. Construction of the basis of the C!-smooth subspace A

We will summarise the construction of the basis functions of the C'-smooth isogeometric spline space A
introduced in [47], and will further give some implementation details for the functions. Before, some required
preliminaries will be presented.

A.l. Local parameterisations in standard form

For each edge X7, i € Iy, or vertex x?, i € J,, the patch parameterisations r'/) in the neighbourhood of the
edge or vertex can be always locally (re)parameterised (if needed) into the so-called standard form [47].
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Fig. A.16. Parameterisation in standard form in case of an interface curve (left) and of an inner vertex (right).

Standard form for an edge. In case of an interface curve X, i € J3,, with @ c Q200 N QG i, i, € T, the
patch parameterisations r1) and r'2) are (re)parameterised in such a way that the curve X is given by

r0,8) =r?,0), £€(0, D),
see Fig. A.16 (left). Similarly, in case of a boundary curve X@ c 200, i € JL,, the curve Y@ is just taken as

2O = (r0,&): & € (0, 1))

Standard form for a vertex. In case of an inner vertex xD i € J;, with patch valence v;, assuming that the
patches and interface curves around the vertex x are labelled in counterclockwise order as X1, 202) ¥
22vi=0 W2) (and further setting X+ = 201 and QU0 = QU2%)), the associated patch parameterisations r2¢),
£ =1,...,v;, are (re)parameterised in such a way that the interface curve X1 is given by

r20(0,£) =r?(,0), £ € (0, 1),
and the interface curves X2t+0, ¢ =1,..., v; — 1, are given by

r20(0, &) = r22(€,0), £ € (0, 1),
which leads to

x@ = 120, 0) = - - . = r)(0, 0),

cf. Fig. A.16 (right). In addition, the patch parameterisations ri20) ¢ =1,... v, are collectively rotated in such a
way that their normal vectors at the vertex x) are parallel to the x3-axis. Similarly, the patch parameterisations r(20),
£=1,...,v;, around a boundary vertex x® i e 9L with patch valence v; are (re)parameterised and rotated, where
the curve 200 and the additional curve X i+ are the two boundary curves.

A.2. Construction of the basis functions

We present the construction of the patch, edge and vertex functions for the single patches, edges and vertices,
respectively. This will require the use of the functions M/, i =0, 1, Mip’Hl, i =0,1,2, and M[pfl’x, i=0,1,
which are defined as

1
My €)=Y NPUE), MPE) = M@,

j=0

1
—Ls —Ls —Ls h —Ls
M@ =Y NPT E), M@ = SN @),
j=0
18
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and

2 2
s 0,8 s h . N N hzll’ n
M E) = 3 ONTTE), MPTTE) = Y 0N E), MPT ) = NI E)
j=0 p j=1 p(p )
withd(j)=jandu=1fors <p—2,and 9(j)=2j—land pu =2 fors =p—2.
Patch functions. For each patch 2©, i € Jg,, the patch functions ¢(!./?1(f)iz>’ ji, j» € {2, ..., n—3}, are constructed as

( £ ° (r(i))_l> x) ifx € 20,

O,y j2)
0 otherwise,

f9.0)
by, X = {
with
(i) 1 £2y _ A7Pss 1 &2
fQ(i),(jlyjz)(g 75 ) - N(jl,jz)(f 75 )

Edge functions. For each interface curve XY@, i € JS,, locally parameterised in standard form, the edge
functions 4551(32), J1eB3—ja....,nj, —4+ j2}, jo=0,1, are defined as

(f(il) o (r("l))fl) (x) if x € 2,

20 (1. j2)
o7 0 =1 (@ o (F)™) (%) if x € 2@
(1.J2) 2O (j1.j2) ’
0 otherwise,

with

f;éi)),(jlﬁo)(gl’ 52) _ Nﬁ,s+l(€2)M(€7,s(El) _ 'B(i,il)(EZ) (Nj{vl,s+1>/(%_2)M117,s(sl)’

» , , . Y , (A.1)
P &' €D = NI E M ) — B (NF) €Hml e,
and
@) — Ui —Ls
Fyto )& E) = aWVEONTTED, )

o E ) = —a P ENT @),

In case of a boundary curve yo i e Jg, locally given in standard form, the edge functions d)éff)jz), Jj1 €
3—j2...,nj, —4+ ja}, j2=0,1, are equal to
(fg%")) G © (r(m)il) () if x € L0V,

otherwise,

; : (Y] @) . . .
with the functions fE(i),(jl,O) and f2<i>.(j1,1) as given in (A.1) and (A.2), respectively.
Vertex functions. Let x®, i € J,, be a vertex with patch valence v; locally given in standard form. We denote
by r(lﬂ”), £ =1,...,v;, the patch parameterisations r'2¢) restricted to the first two coordinates. For each interface

curve X we define the vector functions
ti0(E) = dry (0, §) = i€, 0)
and

dioE) = m(SIrgz’l)(O,E)+ﬁ(iz’ie*])(é)azl‘gil)(ov‘5))
=t (0280 0 4 g @ 0)

o)
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)

and in analogous manner for the possible boundary curves X and Y+ The vertex functions i, i

Ji, j2=0,1,2, ji 4+ j» < 2, are defined as

(o“*”f((’,ﬂ)(h,jz) o (r<"@>)") (x) ifxe @, =24, .. 2y,

otherwise,

with the uniform scaling factor o = (ﬁ Z ||Vr(’”)(0, 0)”) The functions f((lz)) = G i ja=0.1,2,
Jj1 + jo <2, are given as

(ig—1.i¢) Gg+15ie) i
£ E 8 = gy E L ED g VE L 8D — gl (6 )
with the single functions

2

g€ = Y da (MO EIME Y — B E ML (M D)

x(l) Ki
w=0

+ de’fi e @M @M)€,

gy @8 = Zd}’fo b (MO EDMIE) = Bt OEH MY €M )

X(t) Ki

1

= Sl g0y €M ),

w=0

and

1 1
g €L EN =D A, MBS EYMEE),

w;=0 wy
possessing the coefficients

d;l(r?)z;z)) — 80]-1 50j2’ dj(,l;?):l]()) — bB t(tm)(o) d(l("g) 12()) (t(im)(o))T I_IjS t(im)(o) 4 b? (t(i”’))’(O)’

dj(l(ml :)4;) — bB d(lm)(o) dj(l("i llz)) — (t(i’")(O))T Hja d(im)(()) + b? (d(i)rl))/(())’
form=4¢—-1,£+ 1, and

(i) ) 8 ¢(ip—1) (i) 8 ¢(igs1)
d;'(0.0) = 80005 dj (] o) =B} tU000), dj'(g,, = b} t(0),

d_(il)

) = WD) HY t90(0) + b] 89,r%(0, 0),

with the row vectors b? = [81;,80j, 80j,61j,], and with the matrices
go — |%201%0 815815
81j101j,  B0ji82j- ]

where §; i, 18 the Kronecker delta.

i
A.3. Implementation details

Due to r') € (80"*)3, i € I, each patch parameterisation r'” possesses a spline representation of the form
n—1 n—1
Nl g2 i
rOE L E) =YD el NES L E ED) = (NP (e CONPH(E?),
J1=0j2=0
20
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with the column vector of B-splines N”* = [Np *1j=0....n—1, and the coefficient matrix C¥) = [c(u i bt ja=0,.n—15
with the single coefficients cE’j)l i € R?. Similarly, for each function ¢ € A, the associated spline functions

por® e 8P, i €Jg, can be represented as

n—1 n—1
(or?) G 6 =D D djl NG, E" 8 = N ()T DONP(ED), (A3)
J1=0 j2=0
with the coefficient matrix D = [d((z jz)] j1.2=0,...n—1, and the single coefficients d((z i € R. Knowing the

spline representations (A.3) for the basis functions of A, we can compute their Bernstein Bézier representations
by means of the so-called Bézier extraction. This further allow us to implement and integrate the basis functions
in isogeometric analysis software such as G+Smo [58] or GeoPDEs [59]. Recall that all basis functions are locally
supported which means more precisely that in case of a patch function d)( i) just for the patch 2%, in case of
an edge functlon ¢( m Jz) just for the one patch or the two patches containing the edge X”, and in case of a vertex
function ¢X |.j»y Just for the patches containing the vertex x), the coefficients in (A.3) can be non-zero. Below, we
will brleﬂy explam how to compute these non-zero coefficients for the single basis functions.

In case of a patch function ¢( ) the spline representations (A.3) are directly obtained, since Just one coefficient,

)
namely d(]l )

function ¢(; . _jp)» the spline representations (A.3) can be computed by means of the following steps:

= 1 for £ = i, is unequal to zero by definition. In case of an edge function ¢>( 7, m or of a vertex

e At first, we locally (re)parameterise (if needed) the initial patch parameterisations r® containing the edge X
or the vertex x) into standard form, cf. Appendix A.1. This can be achieved by multiplying the coefficient
matrix C¢ of each such patch parameterisation r¢’ by a suitable transformation matrix 79 from the right
side, which will accordingly reverse and swap the parametric directions of the patch parametensatlons to
get the local (re)parameterisation as shown in Fig. A.16. In case of a vertex function ¢( i)y We additionally
multiply each of the three-dimensional coordinates of the transformed coefficient matrix C(’ZZ) T by the same
suitable rotation matrix from the right side such that the normal vectors of the resulting patch parameterisations
at the vertex x) are parallel to the x3-axis.

e Secondly, we use the obtamed patch parameterisations in standard form to construct the edge function ¢>( 7, m

or the vertex function ¢>( 1.jy as described in Appendix A.2.
o)

Grj2) © r

e Thirdly, we compute for each obtained spline function f ("(fl)) G = ¢(§1(3.2) or or f ((I’Z))(n =0

the corresponding spline representation (A.3), e.g., by means of an interpolation problem.

e Finally, we multiply the coefficient matrix D of each of the resulting spline representations (A.3) of an edge
or vertex function from the right side by the inverse of the associated transform matrix 7, used in the first
step, to get the final and desired representation (A.3). This will accordingly reverse and swap the parametric
directions of the spline functions of an edge or vertex functions in such a way that their parametric directions
will coincide again with the ones of the initial patch parameterisations.
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