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7KH WKHVLV LV DQ H[WHQVLRQ WR P\ LQWHUQVKLS SURMHFW FRQGXFWHG DW 6,0�&,� 7KH +DJXH RQ -XO\� ���� DV
SDUW RI P\ PDVWHU¶V SURJUDP� $ VHULDO YHUVLRQ RI WKH PRGHO ZDV VXFFHVVIXOO\ LPSOHPHQWHG DQG VXE�
VHTXHQWO\ LQWHJUDWHG LQWR WKH FRPSDQ\¶V VRIWZDUH SLSHOLQH� 1HYHUWKHOHVV� WKH FRPSXWDWLRQDO RYHUKHDG
RI WKH VROYHU SURYHG WR EH D ERWWOHQHFN� 7KHUHIRUH� WKH QHHG WR SDUDOOHOLVH WKH PRGHO HPHUJHG DV D
QHFHVVLW\� )XUWKHUPRUH� DV DQ DWWHPSW WR FRQWULEXWH WR WKH RSHQ�VRXUFH VFLHQWLILF VRIWZDUH FRPPXQLW\�
WKLV WKHVLV DOVR LV JHDUHG WRZDUGV VHUYLQJ WKDW SXUSRVH RQ WRS RI SURYLGLQJ D UHOLDEOH K\GURORJLFDO PRGHO
IRU WKH XVH RI XUEDQ SODQQLQJ RUJDQLVDWLRQV�

,Q WUXWK� WKLV SURMHFW ZRXOGQ¶W KDYH EHHQ SRVVLEOH ZLWKRXW WKH VWURQJ FRPPLWPHQW DQG GHGLFDWLRQ
RIIHUHG IURP VHYHUDO RI P\ VXSSRUW JURXSV� )LUVWO\� , ZRXOG OLNH WR WKDQN P\ PRWKHU ZKR KDV SURYLGHG
ZLWK DOO WKH ORYH DQG VXSSRUW WKDW D VRQ FDQ DVN IRU� 6KH KDV DQG DOZD\V ZLOO EH WKH PRVW LPSRUWDQW
UROH�PRGHO LQ P\ OLIH�

, ZRXOG DOVR OLNH WR VLQFHUHO\ SDVV P\ JUDWLWXGH WR P\ WKHVLV VXSHUYLVRU� 3URI� 'RPHQLFR /DKD\H
IRU KLV ZRQGHUIXO DGYLFH DQG VXSSRUW WKURXJKRXW WKH FRXUVH RI WKLV SURMHFW� )LQDOO\� , ZRXOG EH UHPLVV LI
, GLG QRW DFNQRZOHGJH WKH LQYDOXDEOH JXLGDQFH DQG NQRZOHGJH RIIHUHG E\ (HOFR 1DDUGLQJ DQG 0DUWLMQ
6WURHYHQ RI 6,0�&,�
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$W WKH VWDUW RI WKH QHZ PLOOHQQLXP� FRXQWOHVV VWXGLHV KDYH LGHQWLILHG FOLPDWH FKDQJH DV RQH RI WKH HPL�
QHQW GDQJHUV SRVHG WR PRGHUQ FLYLOL]DWLRQ� :LWK WKH LQFUHDVH LQ WKH GHYHORSPHQW RI SXEOLF LQIUDVWUXFWXUH
DQG WKH HYHU�H[SDQGLQJ XUEDQL]DWLRQ HIIRUWV� WKH UDWH RI FOLPDWH FKDQJH LV VXSHUVHGLQJ DQ\ QDWXUDOO\
HYROYLQJ SURFHVV� 2QH RI WKH PDQ\ SRWHQWLDOO\ GLVDVWURXV FRQVHTXHQFHV LV WKH ULVLQJ VHD OHYHOV DQG
WKH XQFRQWUROOHG IORRGLQJ RI XUEDQ LQIUDVWUXFWXUH�

0RGHUQ PXQLFLSDOLWLHV DQG JRYHUQPHQWDO ERGLHV DUH UXVKLQJ WR JDWKHU HIILFLHQW PHWKRGRORJLHV WR EH
EHWWHU SUHSDUHG IRU WKLV LQHYLWDEOH FRQVHTXHQFH RI IORRGLQJ� )XUWKHUPRUH� ILQDQFLDO LQVWLWXWLRQV VXFK DV
LQVXUDQFH ILUPV PXVW DFFRXQW IRU IORRGV LQ WKHLU ULVN DVVHVVPHQWV� 7KH DFFXUDF\ RI WKHVH HVWLPDWHV
FRXOG SRWHQWLDOO\ UHIOHFW WKH YDOXH RI WKHLU UHVSHFWLYH LQYHVWPHQWV LQWR YDULRXV FULWLFDO LQIUDVWUXFWXUH� $
VRXQG MXGJHPHQW RQ WKH UHOLDELOLW\ RI WKH V\VWHPV XQGHU H[WUHPH FRQGLWLRQV VXFK DV KHDY\ UDLQIDOOV
DQG�RU IODVK IORRGV LV DQ LPSRUWDQW IDFWRU WR EH FRQVLGHUHG�

)LJXUH ���� )ORRGV LQ <RUN� 8.

$FFXUDWH DQG HIILFLHQW PHWKRGRORJLHV PXVW EH PDGH DFFHVVLEOH WR WKHVH RUJDQLVDWLRQV WR EXLOG
VPDUWHU FLWLHV WKDW DGDSW WR D UDSLG FOLPDWLF VKLIW� $QDO\VLV RI WKH RYHUODQG IORRGLQJ SDWWHUQV FDQ EH
SURYLGHG E\ HPSLULFDO VWXGLHV RQ VFDOHG�GRZQ PRGHOV� 7KH SLWIDOOV RI WKLV PHWKRG OLH LQ WKH SK\VLFDO
WLPH DQG FRVW DVVRFLDWHG ZLWK EXLOGLQJ DQG PDLQWDLQLQJ H[SHULPHQWDO PRGHOV� 2Q WKH RWKHU HQG RI WKH
VSHFWUXP� LW FDQ EH SURYLGHG E\ QXPHULFDO PRGHOV JRYHUQHG E\ WKH SK\VLFDO ODZV RI K\GURORJ\� :LWK
WKH DGYHQW RI HIILFLHQW KLJK�SHUIRUPDQFH FRPSXWHUV� QXPHURXV JRYHUQPHQWV UHO\ RQ VLPXODWLRQ GDWD
SURYLGHG E\ QXPHULFDO PRGHOV�

�
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&RQYHQWLRQDO K\GURORJLFDO QXPHULFDO PRGHOV DUH EDVHG RQ IL[HG JULG PHWKRGV� 7KH FRQGLWLRQV UH�
ODWHG WR D W\SLFDO IORRGLQJ VFHQDULR DUH KLJKO\ LUUHJXODU EHFDXVH RI WKH FKDUDFWHULVWLFV RI WKH XUEDQ
ODQGVFDSH DQG RI WKH WLPH�GHSHQGHQW IORZ SDWWHUQV DFTXLUHG E\ WKH IORRG� 7R SURYLGH D UHOLDEOH DQG DF�
FXUDWH VROXWLRQ� WKH QXPHULFDO PRGHO PXVW EH HIILFLHQW DQG DFFXUDWHO\ SURYLGH SURSDJDWLRQ LQIRUPDWLRQ
RI WKH ZDWHU� 7KLV LV FULWLFDO LQ SUHGLFWLQJ WKH RYHUDOO GDPDJH LQIOLFWHG E\ DQ RYHUODQG IORRGLQJ HYHQW�
)L[HG JULG VROYHUV DUH QRW FDSDEOH RI HIILFLHQWO\ FDUU\LQJ RXW WKLV WDVN ZLWKRXW WKH XVH RI DQ XQUHDOLVWLF
DPRXQW RI FRPSXWDWLRQDO UHVRXUFHV�

7LPH�DGDSWLYH JULG PHWKRGV IRU K\GURORJLFDO DSSOLFDWLRQV SURYLGH D YLDEOH VROXWLRQ� 'XH WR WKH DGDSW�
DELOLW\ RI WKH PHWKRG� D YDVW DUUD\ RI VFHQDULRV FDQ EH VLPXODWHG ZLWK D KLJK GHJUHH RI DFFXUDF\ ZKLOH DW
WKH VDPH WLPH DGKHULQJ WR PDQDJHDEOH JULG VL]HV� $ PDVVLYHO\ SDUDOOHO VROYHU IXUWKHU H[SHGLWHV WKH SUR�
FHVV E\ WDNLQJ DGYDQWDJH RI WKH KLJK�SHUIRUPDQFH FRPSXWLQJ UHVRXUFHV DYDLODEOH� $GGLWLRQDOO\� WKH XVH
RI DQ RSHQ VRXUFH IUDPHZRUN WR EDVH VXFK D VROYHU ZLWK WKH UHTXLUHG GRFXPHQWDWLRQ LV QHHGHG E\ ERWK
DFDGHPLD DQG LQGXVWU\ DOLNH� $IWHU FRQGXFWLQJ D FRPSUHKHQVLYH VXUYH\ RI WKH DYDLODEOH RSHQ�VRXUFH�
WRS�OHYHO VFLHQWLILF OLEUDULHV� LW ZDV GHFLGHG WR EDVH WKH PRGHO XVLQJ 3(76F �3RUWDEOH ([WHQVLEOH 7RRONLW
IRU 6FLHQWLILF &RPSXWDWLRQ� >�@� 7KH REMHFWLYH LV WKXV WR FUHDWH D SDUDOOHO� WLPH�DGDSWLYH JULG K\GURORJLFDO
VROYHU EDVHG RQ DQ RSHQ�VRXUFH IUDPHZRUN SURYLGHG E\ WKH VFLHQWLILF OLEUDU\ 3(76F�

'XH WR WKH H[WHQVLYH QDWXUH RI 3(76F� WKH SURFHVV RI FUHDWLQJ WKH ILQDO PRGHO VHYHUDO SUHOLPLQDU\
DQG LQWHUPHGLDWH VWHSV� 7KHVH VWHSV LQFOXGHG LGHQWLI\LQJ WKH IXQFWLRQV DQG FDSDELOLWLHV RI WKH YDULRXV
VXEV\VWHPV PDNLQJ XS WKH VFLHQWLILF OLEUDU\� :LWK WKH LQIRUPDWLRQ LQ KDQG� WKH ILQDO PRGHO ZDV FUHDWHG
DQG YDOLGDWHG ZLWK SUHYLRXVO\ YHULILHG HPSLULFDO DQG DQDO\WLFDO FDVHV� )XUWKHUPRUH� WKH YDULRXV WXQ�
LQJ SDUDPHWHUV DVVRFLDWHG ZLWK D WLPH�DGDSWLYH JULG PRGHO LV DQDO\VHG WR LGHQWLI\ WKHLU HIIHFW RQ WKH
DFFXUDF\ DQG WKH FRPSXWDWLRQDO UHVRXUFHV UHTXLUHG�

���� ,QYROYHPHQW RI 6,0�&, +ROGLQJ %9
6,0�&,� 7KH +DJXH� 7KH 1HWKHUODQGV LV D WHFK VWDUWXS WKDW RIIHUHG D VLPXODWLRQ SODWIRUP WKURXJK D
6DD6 SODWIRUP� 7KHLU IODJVKLS VHUYLFH ZDV WKH VLPXODWLRQ RI FDVFDGLQJ HIIHFWV RQ WKH FULWLFDO LQIUDVWUXF�
WXUHV RI D FLW\� 7KHLU VRIWZDUH WKXV FRQGXFWHG D VLPXODWLRQ RI UDUH�HYHQWV VXFK DV WHOHFRPPXQLFDWLRQ
IDLOXUHV� HOHFWULFDO RXWDJHV� IORRGLQJ HYHQWV� RU GLVUXSWLRQ RI SXEOLF WUDQVSRUWV LQ FLWLHV ZLWK W\SLFDO PRG�
HUQ DPHQLWLHV� 7KURXJK WKH VLPXOWDQHRXV RSHUDWLRQ RI PXOWLSOH PRGHOV� WKH FDVFDGLQJ HIIHFWV RI D
JLYHQ GLVWXUEDQFH FDQ EH YLVXDOL]HG WKURXJK D 8QLW\ FOLHQW RIIHUHG E\ WKH FRPSDQ\� 7KH VDPH FDQ
EH DFKLHYHG LQ WKH FDVH RI D G\NH EUHDN RU IODVK IORRGV� 8VLQJ VSHFLDOLVHG PRGHOV WKDW FDOFXODWH WKH
GDPDJH RQ EXLOGLQJV DQG WKH LPSOLFDWLRQV RI D SRZHU RXWDJH RU D WHOHFRPPXQLFDWLRQ IDLOXUH� WKH WRWDO
ILQDQFLDO LPSDFW RI VXFK DQ HYHQW FDQ EH UHSRUWHG WR WKH XVHU�

$Q LQ�KRXVH K\GURORJLFDO PRGHO SURYHG WR EH D YLWDO DGGLWLRQ WR WKH SURGXFW¶V UHSHUWRLUH� )XUWKHUPRUH�
WKH K\GURORJLFDO PRGHOV FRXOG DOVR EH XVHG WR HQULFK WKH SUHGLFWLRQV FDOFXODWHG E\ WKH GDPDJH PRGHOV�
7KHUHIRUH� WKH LQFHSWLRQ RI WKH SURMHFW ZDV FDUULHG RXW LQ FROODERUDWLRQ ZLWK 6,0�&, >��@� 3DUW RI WKH
SULPDU\ REMHFWLYH RI WKH WKHVLV UHYROYHG DURXQG WKH IXQFWLRQDO UHTXLUHPHQWV SXW IRUWK E\ WKH GHYHORSPHQW
WHDP RI WKH FRPSDQ\� $FFRUGLQJ WR WKH UHTXLUHPHQWV� WKH ILQDO PRGHO PXVW WKXV IXOILOO WKH IROORZLQJ�

� 0RGHO 3HUIRUPDQFH� 7KH K\GURORJLFDO PRGHO PXVW EH UREXVW DQG FDSDEOH RI KDQGOLQJ D ZLGH
YDULHW\ RI VFHQDULRV LQFOXGLQJ EHLQJ DEOH WR PRGHO G\NH EUHDNV� DQG KHDY\ UDLQIDOOV� )XUWKHUPRUH�
WKH PRGHO PXVW EH VFDODEOH DQG ZULWWHQ LQ &�&���

� $FFXUDF\ RI WKH 5HVXOWV � $V WKH RXWSXW RI WKH PRGHO LV XVHG WR HVWLPDWH WKH GDPDJH� FRQWURO WKH
WUDIILF IORZ� DQG�RU WKH RSHUDWLRQ RI ILUVW UHVSRQGHUV� WKH DFFXUDF\ RI WKH PRGHO LV RI KLJK SULRULW\�

� 0DLQWDLQDELOLW\� 7KH SLHFH RI VRIWZDUH PXVW EH ZHOO GRFXPHQWHG DQG KLJKO\ PRGXODU LQ QDWXUH�
7KLV FRXOG DOORZ IRU HDVLHU GHEXJJLQJ DQG IRU UHWURILWWLQJ WKH PRGHO WR DFFRPPRGDWH FOLHQW�VSHFLILF
FDVHV�

� ,QWHJUDWLRQ ZLWK WKH 6RIWZDUH � ,Q RUGHU WR PRGHO FDVFDGLQJ HIIHFWV� WKH K\GURORJLFDO PRGHO PXVW
EH LQWHJUDWHG LQWR WKH VRIWZDUH SLSHOLQH� 7KHUHIRUH� WKH PRGHO PXVW EH EXLOW WR VXLW WKH $3, DGRSWHG
DQG PDLQWDLQHG E\ WKH FRPSDQ\� 7KLV LQGHHG GLFWDWHV WKH FKRLFH RI WKH FRGLQJ SDWWHUQV RI WKH
PRGHO�

� /LFHQVLQJ� 7KH ILQDO PRGHO FUHDWHG ZRXOG KHQFHIRUWK EH WKH LQWHOOHFWXDO SURSHUW\ RI WKH FRPSDQ\�
7KHUHIRUH� WKH PRGHO PXVW EH EDVHG RQ RSHQ�VRXUFH VRIWZDUH WKDW RIIHUV WKH DSSURSULDWH GLVWUL�
EXWLRQ ULJKWV�



���� 0RGHOOLQJ $SSURDFK �

'XULQJ WKH LQLWLDO VWDJHV RI WKH SURMHFW� GXH WR WKH SDVVLQJ RI FHUWDLQ OHJDO OHJLVODWXUHV� 6,0�&, ZDV
IRUFHG WR VWRS DOO WKH RQJRLQJ RSHUDWLRQV E\ LWV SDUHQW FRPSDQ\� $V D UHVXOW� LW ZDV GHFLGHG WR FDUU\ RXW
WKH SURMHFW ZLWKRXW WKH LQYROYHPHQW RI 6,0�&,� 1HYHUWKHOHVV� YDOXDEOH WHFKQLFDO DVVLVWDQFH ZDV RIIHUHG
E\ 0DUWLMQ 6WURHYHQ� &72 DQG (HOFR 1DDUGLQJ� 6FLHQWLILF 6RIWZDUH 3URJUDPPHU RI 6,0�&, WKURXJKRXW
WKH GXUDWLRQ RI WKH SURMHFW� :LWK WKH IDOO�RXW RI WKH FROODERUDWLRQ ZLWK WKH FRPSDQ\� LW ZDV IRXQG WKDW
WKH FRUH RI WKH IXQFWLRQDO UHTXLUHPHQWV VWLOO SURYLGHG YDOXH WR WKH RSHQ�VRXUFH VFLHQWLILF FRPPXQLW\�
7KHUHIRUH� WRJHWKHU ZLWK WKH DGPLQLVWUDWLRQ RI 6,0�&, DQG 'U� /DKD\H �WKHVLV VXSHUYLVRU�� LW ZDV GHFLGHG
WKDW WKH PRGHO FUHDWHG LQ WKLV SURMHFW QRW PDGH SURSULHWDU\� 7KH VRXUFH FRGH IRU WKH PRGHOV FDQ EH
IRXQG LQ WKH DXWKRU¶V *LWKXE UHSRVLWRU\ >��@�

���� 0RGHOOLQJ $SSURDFK
,Q UHFHQW \HDUV� VLJQLILFDQW UHVHDUFK KDV EHHQ GRQH LQWR QXPHULFDOO\ PRGHOOLQJ RYHUODQG IORZV� $ PD�
MRULW\ RI RFFXUUHQFHV RI IUHH VXUIDFH ZDWHU IORZ LQ D QDWXUDO VHWWLQJ FDQ EH FDSWXUHG E\ VROYLQJ WKH
WZR�GLPHQVLRQDO VKDOORZ ZDWHU HTXDWLRQV �6:(�� 7KH 6:( DUH REWDLQHG XVLQJ WKH GHSWK�DYHUDJHG
YHUVLRQ RI WKH 1DYLHU�6WRNHV HTXDWLRQV� 7KH HTXDWLRQV DVVXPH D K\GUR�VWDWLF FRQGLWLRQ DFURVV WKH
YHUWLFDO JUDGLHQWV RI SUHVVXUH� )XUWKHUPRUH� LW PDLQWDLQV WKDW WKH KRUL]RQWDO YHORFLW\ LV FRQVWDQW DFURVV
WKH HQWLUH GHSWK RI WKH IOXLG VHFWLRQ� 6RPH RI WKH QXPHULFDO PHWKRGV WKDW ZHUH FRQVLGHUHG WR VROYH WKH
K\SHUEROLF SDUWLDO GLIIHUHQWLDO HTXDWLRQ �3'(� DUH GHVFULEHG LQ WKH IROORZLQJ VXE�VHFWLRQV�

������ )LQLWH (OHPHQW 0HWKRG
7KH ILQLWH HOHPHQW PHWKRG LV D SRSXODU DSSURDFK WR VROYH 3'(¶V� ,W LV FDSDEOH RI WDFNOLQJ FRPSOH[
ERXQGDU\ FRQGLWLRQV DV RSSRVHG WR D ILQLWH GLIIHUHQFH RU D ILQLWH YROXPH PHWKRG� %HKUHQV >��@ IROORZHG
D VLPLODU DSSURDFK E\ HPSOR\LQJ D ORZHU RUGHU ILQLWH HOHPHQW DSSURDFK ZKLOH FDUU\LQJ RXW ORFDO UHILQH�
PHQWV WR WKH PHVK� )RU WKH WHPSRUDO GLVFUHWLVDWLRQ� D VHPL�LPSOLFLW /DJUDQJLDQ PHWKRG ZDV XVHG� 7KH
LQWHUSRODWLRQ DQG YHORFLW\ FDOFXODWLRQV LQYROYHG LQ WKH PHWKRG DUH LQGHSHQGHQW DQG KHQFH DUH LQ DQ
H[FHOOHQW SRVLWLRQ IRU SDUDOOHOL]DWLRQ� 6LPLODU IOH[LELOLW\ LV RIIHUHG ZKHQ WKH 'LVFRQWLQXRXV *DOHUNLQ �'*�
PHWKRG LV FRPELQHG ZLWK DQ DGDSWLYLW\ VWUDWHJ\ WKDW PRGLILHV WKH ORFDO RUGHU RI DFFXUDF\ LQ WKH DUHDV
RI LQWHUHVW >��@� +RZHYHU� LW ZDV IRXQG WKDW WKH QXPEHU RI GHJUHHV RI IUHHGRP DVVRFLDWHG ZLWK '*
PHWKRGV LV KLJKHU ZKHQ FRPSDUHG WR FRQWLQXRXV ILQLWH HOHPHQW PHWKRGV >��@� $GGLWLRQDOO\� WKH ILQLWH
HOHPHQW DSSURDFK SRVHV D KLJKHU GHJUHH RI GLIILFXOW\ LQ WHUPV RI LPSOHPHQWDWLRQ DQG RSWLPL]DWLRQ IRU
VFDODELOLW\�

������ )LQLWH 9ROXPH 0HWKRG
2Q WKH RWKHU KDQG� D QXPEHU RI FRPPHUFLDO FRGHV DUH EDVHG RQ WKH ILQLWH YROXPH PHWKRG �)90��
7KHVH DOJRULWKPV LQFOXGH WKH KLJK�UHVROXWLRQ *RGXQRY�W\SH PHWKRGV ZKLFK DUH YHU\ ZHOO VXLWHG WR VROYH
IRU WKH 6:(� )RU LQVWDQFH� /HYHTXH >��@ XVHV D VHFRQG�RUGHU DFFXUDWH PHWKRG WR VROYH IRU YDULRXV
IORRGLQJ WHVW FDVHV� 'LVFRQWLQXLWLHV LQ WKH GRPDLQ� RIWHQ FDOOHG K\GUDXOLF MXPSV� DUH UHJXODU DUWLIDFWV RI
RYHUODQG IORRGLQJ DQG FDQ EH VROYHG HIIHFWLYHO\ XVLQJ KLJK�UHVROXWLRQ PHWKRGV� 7KH *RGXQRY PHWKRG
FDQ EH DSSOLHG E\ VROYLQJ WKH 5LHPDQQ SUREOHP DFURVV WKH GRPDLQ� +RZHYHU� XVLQJ DQ H[DFW 5LHPDQQ
VROYHU LV FRPSXWDWLRQDOO\ H[SHQVLYH� 7KHUHIRUH� DQ DSSUR[LPDWH 5LHPDQQ VROYHU RIIHUV DQ DOWHUQDWLYH
VROXWLRQ WR UHGXFH WKH FRPSXWDWLRQDO RYHUKHDG� /LDQJ >��@ XVHV DQ +//& DSSUR[LPDWH 5LHPDQQ VROYHU
LQ FRQMXQFWLRQ ZLWK D *RGXQRY W\SH PHWKRG� $GGLWLRQDOO\� WR DYRLG VSXULRXV� QRQ�SK\VLFDO RVFLOODWLRQV
XVXDOO\ REVHUYHG LQ VHFRQG�RUGHU PHWKRGV� OLPLWHUV FDQ EH DSSOLHG WR GDPS WKHP GRZQ� 6XFK DQ
DSSURDFK LV DGRSWHG E\ /LDQJ >��@ WR REWDLQ D UREXVW PRGHO FDSDEOH RI VROYLQJ IRU GDP�EUHDN VFHQDULRV�
,Q WKH IDFH RI D QXPEHU RI EHQHILWV RIIHUHG E\ )90� LW ZDV GHFLGHG WR EDVH WKH PRGHOV SUHVHQWHG LQ WKH
SURMHFW XVLQJ WKLV QXPHULFDO PHWKRGRORJ\�

������ *ULG $GDSWLYLW\
,Q WKH DSSOLFDWLRQV RI JHRSK\VLFDO PRGHOOLQJ� WKH GRPDLQ WR EH VROYHG XVXDOO\ FRQVLVWV RI YDVWV DUHDV
RI ODQG DQG ZDWHU ERGLHV� ,I RQH ZHUH WR XVH D XQLIRUP JULG VROYHU IRU VXFK DSSOLFDWLRQV� WKH\ ZRXOG EH
KHDYLO\ UHVWULFWHG WR XVLQJ ORZ�UHVROXWLRQ JULGV� &RPSOH[ EHKDYLRXUV RI RYHU�VXUIDFH IORZV VXFK DV WKH
LQWHUDFWLRQ ZLWK XUEDQ WHUUDLQV VXFK DV EXLOGLQJV DQG FDQDOV FDQQRW EH UHVROYHG DQG KHQFH� QDWXUDOO\
OHDG WR KLJK ORFDOL]HG HUURUV� &RXSOH RI PHWKRGRORJLHV DUH DYDLODEOH WR RYHUFRPH WKH JULG UHVROXWLRQ
LVVXH DQG LQFUHDVH WKH RYHUDOO HIILFLHQF\ RI WKH PRGHO�

7KH ILUVW VROXWLRQ LV WR XVH QRQ�XQLIRUP JULGV ZKLFK FDQ EH VHOHFWLYHO\ UHILQHG LQ FHUWDLQ DUHDV RI



� �� ,QWURGXFWLRQ

WKH JULG� )RU LQVWDQFH� LQ WVXQDPL PRGHOOLQJ VXFK D QHFHVVLW\ LV HYLGHQW DORQJ WKH FRDVWOLQHV ZKHUH
WKH UHVROXWLRQ RI WKH JULG LV UHTXLUHG WR EH KLJK� $V D UHVXOW� VLPXODWLRQV DUH FRQGXFWHG RQ JULGV WKDW
DUH VHOHFWLYHO\ UHILQHG DORQJ WKH FRDVWOLQHV LQ RUGHU WR SURYLGH WKH UHTXLUHG DFFXUDF\ RI WKH VROXWLRQ LQ
VXFK KLJKO\ YRODWLOH UHJLRQV� 7KHUHIRUH LQ WKH VWXGLHV >�� ��� ��@� WKH WVXQDPL PRGHOV DUH HTXLSSHG WR
KDQGOH QHVWHG DQG XQVWUXFWXUHG JULGV� 6LPLODUO\� LQ WKH FDVH RI K\GURORJLFDO PRGHOV� PXOWLSOH VWXGLHV
>��� ��� ��� ��� ��@ KDYH EHHQ GHGLFDWHG WR VROYLQJ WKH 3'( RQ XQVWUXFWXUHG RU QRQ�XQLIRUP� VWUXFWXUHG
JULGV� +RZHYHU� WKH GUDZEDFN RI D VWDWLF� QRQ�XQLIRUP JULG LV LWV DELOLW\ WR FDSWXUH WKH ZDYH�IURQW RI WKH
ZDWHU DFFXUDWHO\� ,Q GDP EUHDN FDVHV� LW LV HVVHQWLDO WR DFFXUDWHO\ SUHGLFW WKH GU\�ZHW LQWHUIDFH ZKLFK LV
WLPH�GHSHQGHQW� )XUWKHUPRUH� LQ WKH PDMRULW\ RI IORRGLQJ VFHQDULRV WDNLQJ SODFH LQ XUEDQ ODQGVFDSHV�
LW LV RIWHQ KDUG WR SUHGLFW DUHDV LQ WKH GRPDLQ WKDW UHTXLUHV KLJKHU UHVROXWLRQV�

$QRWKHU VROXWLRQ WR WKH FKDOOHQJHV SUHVHQWHG DERYH ZRXOG EH WR DGDSW WKH JULG ZLWK WLPH WR REWDLQ
EHWWHU DFFXUDF\ LQ VSHFLILF DUHDV RI WKH GRPDLQ� %\ GRLQJ WKLV� D FRPIRUWDEOH OHYHO RI DXWRQRP\ LV
UHDFKHG E\ GHOHJDWLQJ WKH WDVN RI UHILQLQJ WKH JULG WR WKH FRQGLWLRQV SURYLGHG E\ WKH VFHQDULR� 7KXV�
LW ZRXOG UHVXOW LQ ORZHULQJ WKH HUURU LQ WKH VROXWLRQ ZKLOH LQFUHDVLQJ WKH FRQGLWLRQLQJ DQG WKH HIILFLHQF\
RI WKH PRGHO� $OWKRXJK� WKH DSSURDFK RI UHILQLQJ WKH PHVK PXOWLSOH WLPHV SRVHV DQ DGGLWLRQDO PHPRU\
RYHUKHDG� WKH DFFXUDF\ DQG WKH HIILFLHQF\ RI WKH PRGHO DUH H[SHFWHG WR RXWZHLJK WKH GUDZEDFNV� 6RPH
RI WKH SRSXODU JULG DGDSWLRQ WHFKQLTXHV DUH SUHVHQWHG EHORZ�

)LJXUH ���� ,OOXVWUDWLRQ RI D U�5HILQHPHQW VWUDWHJ\

�� U�UHILQHPHQW �5HORFDWLRQ 5HILQHPHQW�� 2IWHQ FDOOHG WKH PRYLQJ PHVK PHWKRG >��� ��@� LW LV D
QHZHU GHYHORSPHQW LQ WKH DUHD RI PHVK DGDSWLYLW\� ,Q U�UHILQHPHQW PHWKRGV� WKH TXDGUDWXUH RI
WKH PHVK LV PRYHG DFFRUGLQJ WR VROXWLRQ FULWHULD� +RZHYHU� WKH QXPEHU RI PHVK SRLQWV� DQG WKH
WRSRORJ\ RI WKH PHVK LV NHSW FRQVWDQW� %XGG >��@ SURYLGHV D FRPSUHKHQVLYH DFFRXQW RI WKH DOJR�
ULWKPV DVVRFLDWHG ZLWK PRYLQJ PHVKHV� 'XH WR WKH IL[HG SDUDPHWHUV RI WKH PHVK� U�UHILQHPHQW
PHWKRGV RIIHU HDVLHU GLVFUHWLVDWLRQ VWUDWHJLHV LQ )(0� $V WKH RYHUDOO FRQQHFWLYLW\ DQG WRSRORJ\
GR QRW FKDQJH� KDQJLQJ QRGHV �QRGHV RQ IDFHV ZLWK QHLJKERULQJ FHOOV KDYLQJ GLVVLPLODU UHILQH�
PHQW OHYHOV� DUH QDWXUDOO\ HOLPLQDWHG� ,Q WKH VWXG\ E\ 0F5DH >��@� WKH JHQHUDO�SXUSRVH DOJRULWKP
SURYLGHG IRU JHQHUDWLQJ PRYLQJ PHVKHV IRU QRQ�OLQHDU 3'(¶V RIIHU WKHVH EHQHILWV� )XUWKHUPRUH�
PDWKHPDWLFDO DQG FRPSXWDWLRQDO RYHUKHDGV DVVRFLDWHG ZLWK PRGLI\LQJ WKH ORDG EDODQFLQJ DQG
GDWD VWUXFWXUHV DUH QR ORQJHU DQ LVVXH GXH WR WKH IL[HG DUUDQJHPHQW RI WKH PHVK SRLQWV� 1HYHU�
WKHOHVV� WKH PRYLQJ QDWXUH RI WKH PHVK UHTXLUHV VROYLQJ DX[LOLDU\ 3'(¶V WR REWDLQ WKH SRVLWLRQ DQG
YHORFLW\ RI WKH PHVK SRLQWV� 7KXV� WKLV DGGV WR WKH FRVW RI LPSOHPHQWLQJ D UHODWLYHO\ QRYHO PHWKRG
ZKLOH EHDULQJ WKH FRPSXWDWLRQDO H[SHQVHV FUHDWHG E\ WKH DGGLWLRQDO GHJUHHV RI IUHHGRP�

�� S�UHILQHPHQW� 6LPLODU WR U�UHILQHPHQW PHWKRGV� WKLV DSSURDFK LV ZHOO VXLWHG WR )(0� ,W LQYROYHV
QRQ�XQLIRUP GLVFUHWLVDWLRQ RI 3'(¶V DFURVV WKH GRPDLQ� %DVHG RQ D SRVWHULRUL HVWLPDWH FRPSXWHG
XVLQJ WKH VROXWLRQ� WKH ORFDO RUGHU RI WKH SRO\QRPLDOV LV PRGLILHG DFFRUGLQJ WR WKH WKUHVKROG FRQ�
GLWLRQV� ,Q RQH VWXG\ >��@� S�UHILQHPHQW VWUDWHJLHV ZHUH XVHG WR VROYH WKH ZDYH�FRQWLQXLW\ IRUPX�
ODWLRQ RI WKH VKDOORZ ZDWHU HTXDWLRQV� 7KH PHWKRG SURYLGHG DQ DFFXUDWH HVWLPDWH RI WKH VXUIDFH
HOHYDWLRQ E\ PDLQWDLQLQJ FRQWLQXLW\� )XUWKHUPRUH� LW ZDV GHPRQVWUDWHG WKDW ZKHQ FRPSDUHG WR
ORZHU RUGHU SRO\QRPLDOV� TXDGUDWLF HOHPHQWV SURGXFH PRUH DFFXUDWH UHVXOWV >�� �@� 1HYHUWKHOHVV�



���� 2SHQ�6RXUFH 6FLHQWLILF /LEUDULHV �

WKLV DGDSWLRQ VWUDWHJ\ LV VXLWDEOH IRU SDUWV RI WKH GRPDLQ ZKHUH WKH VROXWLRQ LV UHODWLYHO\ VPRRWK�
.XEDWNR >��@ XVHV D K\EULG KS�UHILQHPHQW WHFKQLTXH WR WDFNOH ERWK VPRRWK DQG GLVFRQWLQXRXV
VROXWLRQV�

�� K�UHILQHPHQW� %HLQJ RQH RI WKH PRUH ZLGHO\ UHVHDUFKHG DSSURDFKHV WR JULG DGDSWLYLW\� LW LV HP�
SOR\HG E\ D QXPEHU RI FRPPHUFLDO VRIWZDUH VXLWHV� 7KH K�UHILQHPHQW VWUDWHJLHV LQYROYH UHILQLQJ
DQG FRDUVHQLQJ VWDWLF JULGV IRU HYHU\ WLPH VWHS EDVHG RQ D SRVWHULRUL HUURU HVWLPDWH� ,W LV VKRZQ
WR DFFXUDWHO\ FDSWXUH KLJKO\ GLVFRQWLQXRXV VROXWLRQV DQG WKXV ZHOO VXLWHG WR EH XVHG ZLWK )90
VFKHPHV >��� ��� ��� ��@� 1XPHURXV VWXGLHV >��� ��� ��� ��� ��@ KDYH HPSOR\HG WKLV PHWKRG�
RORJ\ IRU JHRSK\VLFDO SKHQRPHQD VXFK DV VWRUP VXUJHV� ZHDWKHU SUHGLFWLRQ� DQG GDP EUHDNV�
+RZHYHU� XVLQJ DQ LPSURSHU VHOHFWLRQ RI D SRVWHULRUL HUURU HVWLPDWH RU D ORZHU RUGHU LQWHUSRODWLRQ
VFKHPHV PD\ OHDG WR QRQ�SK\VLFDO QXPHULFDO DUWLIDFWV LQ WKH VROXWLRQ� 1HYHUWKHOHVV� E\ XVLQJ
D EDODQFHG LQWHUSRODWLRQ VFKHPH LQ FRPELQDWLRQ ZLWK D ZHOO�EDODQFHG QXPHULFDO VFKHPH� KLJKO\
DFFXUDWH VROXWLRQV KDYH EHHQ SURGXFHG >��� ��� ��� ��@� 'XH WR WKH SURYHQ EDFNJURXQG DQG EHQ�
HILWV DVVRFLDWHG ZLWK )90� WKH PRGHO FUHDWHG LQ WKH FXUUHQW SURMHFW LV EDVHG RQ WKH K�UHILQHPHQW
VFKHPH�

���� 2SHQ�6RXUFH 6FLHQWLILF /LEUDULHV
,Q OLJKW RI GHYHORSLQJ DQ RSHQ�VRXUFH PRGHO� D VXUYH\ RI WKH DYDLODEOH RSHQ�VRXUFH VFLHQWLILF OLEUDULHV
ZDV FRQGXFWHG� %DVHG RQ WKH PHWKRG EHLQJ XVHG D YDULHW\ RI &RPSXWDWLRQDO )OXLG '\QDPLFV �&)'�
FRGHV ZHUH DYDLODEOH� )(QL&6 >�@ LV RQH VXFK SODWIRUP IRU PRGHOV EDVHG RQ WKH ILQLWH HOHPHQW PHWKRG�
,W RIIHUV D S\WKRQ LQWHUIDFH ZKLFK DFFRPPRGDWHV IRU DQ HDVLHU WUDQVODWLRQ RI PDWKHPDWLFDO RSHUDWRUV
LQWR WKH SURJUDP� )XUWKHUPRUH� DOJRULWKPV IRU DGDSWLYH PHVK UHILQHPHQW FDQ EH LQVWLWXWHG XVLQJ WKH
OLEUDU\ DV ZDV GRQH LQ WKH VWXG\ >��@�

$Q DOWHUQDWLYH IRU WKH ILQLWH YROXPH PHWKRG LV RIIHUHG E\ 2SHQ)2$0 >��@� :LWK DQ H[WHQVLYH XVHU�
EDVH DQG DQ DFWLYH FRPPXQLW\� LW IHDWXUHV D FRPSUHKHQVLYH OLVW RI FDSDELOLWLHV WR GHYHORS K\GURG\QDPLF
PRGHOV� 1XPHURXV VWXGLHV KDYH EHHQ GHGLFDWHG WR H[SORULQJ WKH K�UHILQHPHQW PHWKRGV RQ RFW�WUHHV LQ
��GLPHQVLRQDO VSDFH DQG TXDG�WUHHV LQ ��GLPHQVLRQDO VSDFH >��� ��� ��@� 1HYHUWKHOHVV� 2SHQ)2$0
GRHV QRW RIIHU DFFHVV WR FRQWURO HYHU\ SDUDPHWHU DVVRFLDWHG ZLWK WKH QXPHULFDO PHWKRGRORJ\�

3(76F >�� �� �� ��@ LV DQRWKHU FRXQWHUSDUW WR WKH KLJK�OHYHO RSHQ�VRXUFH VFLHQWLILF OLEUDU\� ,W SURYLGHV
D QXPEHU RI YHUVDWLOH PRGXOHV DQG GDWD VWUXFWXUHV WR IDFLOLWDWH WKH SURGXFWLRQ RI PDVVLYHO\ SDUDOOHO�
ODUJH VFDOH PRGHOV IRU SDUWLDO GLIIHUHQWLDO HTXDWLRQV� ,WV VROYHUV DQG PHVKLQJ WRROV DUH XVHG E\ RWKHU
OLEUDULHV VXFK DV 2SHQ)2$0 DQG )(QL&6� :LWK D ODUJH DQG DFWLYH GHYHORSPHQW FRPPXQLW\� D QXPEHU
RI JHRSK\VLFDO PRGHOV ZHUH GHYHORSHG XVLQJ WKH 76 �7LPH�VWHSSLQJ� DQG 2'( �2UGLQDU\ GLIIHUHQWLDO
HTXDWLRQ� VROYHUV RI 3(76F >��� ��� ��@� $V RSSRVHG WR WKH RWKHU FKRLFHV� 3(76F FDQ EH FRQVLGHUHG
DV D OLEUDU\�RULHQWHG PRUH WRZDUGV WKH PDWKHPDWLFDO IUDPHZRUN UDWKHU WKDQ WKH ILQDO DSSOLFDWLRQ� )XU�
WKHUPRUH� ZLWK FRQVLGHUDWLRQV RI WKH IXQFWLRQDO UHTXLUHPHQWV SRVHG E\ 6,0�&, �VHH VHFWLRQ ����� LW ZDV
GHFLGHG WR LPSOHPHQW WKH PRGHO XVLQJ 3(76F�

���� 2SHQ�6RXUFH 0HVKLQJ 7RROV
,Q IDYRXU RI UDSLGO\ SURGXFLQJ SURWRW\SHV DQG WU\LQJ WR VWD\ IRFXVHG RQ WHVWLQJ DQG LPSURYLQJ WKH H[LVWLQJ
K�UHILQHPHQW DGDSWLYH JULG VROXWLRQV IRU 6:(� D GHFLVLRQ ZDVPDGH WRPDNH XVH RI H[LVWLQJ RSHQ�VRXUFH
WRROV� %\ GRLQJ WKLV� WKH WLPH UHTXLUHG IRU WKH GHYHORSPHQW RI WKH VRIWZDUH LV E\SDVVHG DQG WKH QHHG WR
UHLQYHQW WKH ZKHHO LV WKXV HOLPLQDWHG� 7KHUHIRUH� D VXUYH\ RI DYDLODEOH RSHQ�VRXUFH WRROV ZDV FRQGXFWHG
DQG WKH UHVXOWV DUH GLVFXVVHG KHUHRQ�

:LWKLQ WKH K�UHILQHPHQW DSSURDFK� WKHUH H[LVWV D YDULHW\ RI VWUDWHJLHV WR LQFUHDVH WKH UHVROXWLRQ RI
WKH JULG� 7KLV FRXOG HLWKHU EH EORFN RU FHOO�EDVHG DGDSWLYH PHVK UHILQHPHQW �$05�� ,Q WKH EORFN�EDVHG
DSSURDFK >��@� WKH JULG FRQQHFWLYLW\ DVVRFLDWHG ZLWK WKH GDWD VWUXFWXUH UHPDLQV VPDOO� 2Q DFFRXQW
RI UHGXFHG FKDQJHV LQ WKH JULG UHVROXWLRQV� WKLV DSSURDFK KDV D VPDOOHU HIIHFW RQ FUHDWLQJ QXPHULFDO
DUWLIDFWV�

2Q WKH RWKHU KDQG� FHOO�EDVHG DSSURDFK DUH IRFXVHG RQ XQLIRUPO\ VXEGLYLGLQJ LQGLYLGXDO FHOOV �SDU�
HQW� LQWR VPDOOHU FRQVWLWXHQWV �FKLOGUHQ�� 7KH DOJRULWKP� WKXV� UHOLHVPRUH RQ WUHH VWUXFWXUHV WR KDQGOH WKH
UHVXOWLQJ JULG FRQQHFWLYLW\� $OWKRXJK LW UDLVHV FRQFHUQV LQ WKH LPSOHPHQWDWLRQ RI WKH QXPHULFDO PHWKRG�
LW RIIHUV DQ HDVLHU URXWH IRU ORDG EDODQFLQJ DPRQJ PXOWLSOH SURFHVVRUV� 7KHUHIRUH� KLJKO\ VFDODEOH DOJR�
ULWKPV FDQ EH SURGXFHG XVLQJ WKLV DSSURDFK� $GGLWLRQDOO\� GXH WR DQ LQFUHDVH LQ WKH QXPEHU RI ´EORFNV´



� �� ,QWURGXFWLRQ

)LJXUH ���� &HOO�%DVHG UHILQHPHQW VWUDWHJ\

LQ WKH JULG� LW FDQ HIILFLHQWO\ DGDSW WR KLJKO\ FRPSOH[ JHRPHWULHV�

������ *PVK
*PVK >��@ LV D SRSXODU RSHQ�VRXUFH XQVWUXFWXUHG PHVK JHQHUDWRU WKDW FRPHV ZLWK SUH� DQG SRVW�
SURFHVVLQJ XWLOLWLHV� ,W SURYLGHV DQ DWWUDFWLYH DOWHUQDWLYH WR WKH RWKHU PHVK JHQHUDWRUV DV LW RIIHUHG D ZHOO�
GRFXPHQWHG 6'.� )XUWKHUPRUH� LW KDV H[WHQVLYH IHDWXUHV FRUUHVSRQGLQJ WR DGDSWLQJ WKH K�UHILQHPHQW
VWUDWHJ\ >��@� 1HYHUWKHOHVV� XQGHU WKH *HQHUDO 3XEOLF /LFHQVH �*3/� RI WKH VRIWZDUH� LW ZDV SURKLELWHG
WR LQWHJUDWH LQWR D FORVHG�VRXUFH VRIWZDUH�

������ 3�HVW
$QRWKHU SRSXODU OLEUDU\ IRU KDQGOLQJ KLHUDUFKLFDO TXDG� DQG RFW�WUHHV LV S�HVW >��� ��@� ,W RIIHUV SDUDOOHO
FHOO�EDVHG $05 DOJRULWKPV XVLQJ OLQHDU VWRUDJH� 8VLQJ WUHH�EDVHG PHWKRGV DQG VFKHPHV WKDW DUH
UHFXUVLYH� LW GRHV QRW DOORZ RYHUODSSLQJ UHILQHPHQW� 7KHUHIRUH� WKHVH DWWULEXWHV PDNH LW YHU\ HIILFLHQW LQ
VWRULQJ GLVWULEXWHG PHVKHV DQG EDODQFLQJ ORDGV�

������ '0)RUHVW
'03/(; LV D VXEVHW RI PHWKRGV DQG URXWLQHV IRXQG ZLWKLQ WKH '0 PRGXOH RI 3(76F >��@� ,W VXSSRUWV
WKH VWRUDJH DQG KDQGOLQJ RI YDULRXV �UG SDUW\ PHVK IRUPDWV VXFK DV 0('� *PVK� DQG &*16 WR QDPH
D IHZ� 7KH JULG FRQQHFWLYLW\ LV WKHQ VWRUHG LQ WKH IRUP RI D GLUHFWHG DF\FOLF JUDSK �'$*�� (DFK OD\HU LQ
WKH '$* UHSUHVHQWV D TXDGUDWXUH HOHPHQW RI WKH JULG� +RZHYHU� '03/(; E\ GHILQLWLRQ ZDV FUHDWHG WR
VWRUH DQG KDQGOH FRQIRUPDO PHVKHV� 7KH VXSSRUW IRU QRQ�FRQIRUPDO� KLHUDUFKLFDO PHVKHV ODWHU FDPH
LQ WKH IRUP RI DQ LQWHUIDFH FDOOHG '0)RUHVW >��@� '0)RUHVW� HVVHQWLDOO\ XVHV WKH DOJRULWKPV SURYLGHG
E\ 3�HVW DQG RXWSXWV WKH GDWD LQ WKH XQVWUXFWXUHG JULG IRUPDW XVHG E\ '03/(;� 6LQFH '03/(; RIIHUV
WKH LGHDO SODWIRUP WR FUHDWH PRGHOV WKDW FDOO RQ WKH '0 $3, RI 3(76F� LW ZDV FKRVHQ DV WKH PHVKLQJ
WRRO IRU WKH VXEVHTXHQW PRGHOV SUHVHQWHG LQ WKLV SURMHFW�

���� 2EMHFWLYHV
7KH QHHG WR PRGHO VKDOORZ ZDWHU IORZV RYHU WKH XUEDQ ODQGVFDSH LV HYLGHQW DQG LWV DSSOLFDWLRQ H[LVWV
IRU D QXPEHU RI JRYHUQPHQWDO RUJDQLVDWLRQV� )XUWKHUPRUH� WKH QHFHVVLW\ LV KHDYLO\ MXVWLILHG E\ WKH ODFN
RI ZHOO�GRFXPHQWHG� YDOLGDWHG RSHQ�VRXUFH K\GURORJLFDO VROYHUV WKDW VXSSRUW YDU\LQJ WRSRJUDSK\ DQG
DGDSWLYH PHVK UHILQHPHQW� 7KH REMHFWLYH RI WKH SURMHFW ZDV WKXV WR FUHDWH D VFDODEOH� DQG HIILFLHQW
K\GURORJLFDO VROYHU WKDW IHDWXUHV WKH K�UHILQHPHQW VWUDWHJ\� )XUWKHUPRUH� WKH K\GURORJLFDO VROYHU PXVW
EH FDSDEOH RI KDQGOLQJ KLJKO\ GLVFRQWLQXRXV LQLWLDO FRQGLWLRQV WKDW DUH RIWHQ HQFRXQWHUHG LQ UHDO OLIH



���� 2EMHFWLYHV �

IORRGLQJ VFHQDULRV�
:LWK WKH GHFLVLRQ WR EDVH WKH PRGHO RQ DQ RSHQ�VRXUFH VFLHQWLILF OLEUDU\� D SRUWLRQ RI WKH HIIRUW ZDV

GHGLFDWHG WR XQGHUVWDQGLQJ DQG GHOLQHDWLQJ WKH VXEV\VWHPV DQG VXEURXWLQHV RIIHUHG E\ WKH OLEUDU\�
$OWKRXJK WKH SDFNDJH LV SURYLGHG ZLWK D QXPEHU RI H[HUFLVHV� RQH PLJKW ILQG WKH OHDUQLQJ FXUYH WR EH
UHODWLYHO\ VWHHS� 7KHUHIRUH� LW ZDV UHFRJQL]HG WKDW D VHFRQGDU\ REMHFWLYH RI WKH SURMHFW ZDV DOVR WR
SURYLGH D VPRRWKHU UDPS WR XQGHUVWDQGLQJ DQG HIIHFWLYHO\ DSSO\LQJ 3(76F IRU WKH LQFHSWLRQ RI RWKHU
PDWKHPDWLFDO PRGHOV� +HQFH� WRJHWKHU ZLWK WKH FRPPHQWV SURYLGHG LQ WKH VRXUFH FRGH� WKLV UHSRUW FDQ
EH XVHG DV D EXLOGLQJ EORFN IRU FRQVWUXFWLQJ RWKHU WLPH�GHSHQGHQW QXPHULFDO PRGHOV EDVHG RQ 3(76F�





�
3UREOHP 'HVFULSWLRQ

���� 6FDODU $GYHFWLRQ (TXDWLRQ
,Q RUGHU WR IDFLOLWDWH WKH XQGHUVWDQGLQJ RI WKH IUDPHZRUN RI 3(76F� WKH VWUDWHJ\ RI GLYLGH DQG FRQTXHU
ZDV XVHG� 7KH ELJJHU SUREOHP RI VROYLQJ D QRQ�OLQHDU V\VWHP RI 3'(¶V ZDV EURNHQ LQWR VPDOOHU SDUWV�
:LWK VLPSOHU DQG VPDOOHU SUREOHPV DW KDQG� LQGLYLGXDO IXQFWLRQDOLWLHV RI D FRPSOH[ VFLHQWLILF OLEUDU\ VXFK
DV 3(76F FRXOG EH IRFXVHG� VWXGLHG DQG WHVWHG� ,Q PDWKHPDWLFDO WHUPV� WKH HDVLHVW URXWH ZRXOG EH WR
FUHDWH D IXQFWLRQDO VROYHU IRU D VFDODU� OLQHDU 3'(¶V DQG WKHQ PRYH RQ WR PRUH FRPSOH[ 3'(¶V VXFK DV
WKH VKDOORZ ZDWHU HTXDWLRQV�

%HLQJ D VFDODU DQG D OLQHDU 3'(� WKH FUHDWLRQ DQGPDQLSXODWLRQ RI WKH DGYHFWLRQ PRGHO ZDV UHODWLYHO\
VLPSOHU WKDQ WKDW RI WKH VKDOORZ ZDWHU HTXDWLRQV� 7KH DGYHFWLRQ HTXDWLRQ WKDW LV VROYHG E\ WKH 5LHPDQQ
VROYHU LV JLYHQ E\�
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+HUH� ൠ DQG ൡ LV D FRQVWDQW� 1RZ� FRQVLGHU DQ LQLWLDO FRQGLWLRQ �&DXFK\ SUREOHP� JLYHQ E\

൳�൶� ൷� ൲  ��  ൳ኺ�൶� ൷�

:H FDQ GHULYH WKH VROXWLRQ RI WKH 3'( WR WKH LQLWLDO FRQGLWLRQ DV WKH IROORZLQJ�

൳�൶� ൷� ൲�  ൳ኺ�൶ ࢿ ൠ൲� ൷ ࢿ ൠ൲�

:KHQ ൳�൶� ൷� ൲� LV SORWWHG� ZH VHH WKDW LW PRYHV DORQJ VSDFH DQG WLPH ZLWKRXW DQ\ GHIRUPDWLRQV
�FKDUDFWHULVWLF OLQHV LQ D [�W SODQH�� +HQFH IRU WKLV FDVH� ZH KDYH WKH H[DFW VROXWLRQ IRU WKH LQLWLDO SUREOHP
DQG WKXV DOORZLQJ D GHWDLOHG HUURU DQDO\VLV DQG JULG VHQVLWLYLW\ DQDO\VLV WR EH SHUIRUPHG� 7KH HUURUV
FRPSXWHG DUH QRUPV RI WKH GLIIHUHQFHV EHWZHHQ WKH H[DFW VROXWLRQ DQG WKH QXPHULFDO VROXWLRQ�

���� 6KDOORZ :DWHU (TXDWLRQV
,Q WHUPV RI PDWKHPDWLFDO FRPSOH[LW\� WKH QH[W VWHS ZRXOG EH WR VROYH IRU D V\VWHP RI QRQ�OLQHDU 3'(� 7KH
WZR GLPHQVLRQDO VKDOORZ ZDWHU HTXDWLRQV �6:(� H[KLELW WKHVH FKDUDFWHULVWLFV� 7KH 6:( LV D GHGXFWLRQ
RI WKH 1DYLHU�6WRNHV HTXDWLRQV ZLWK WKH DVVXPSWLRQ RI D K\GURVWUDWLF FRQGLWLRQ IRU SUHVVXUH� %HVLGHV�
WKH YHORFLWLHV DUH DVVXPHG WR EH FRQVWDQW DFURVV WKH FROXPQ RI ZDWHU� 7KLV HVVHQWLDOO\ LV REWDLQHG
E\ QHJOHFWLQJ WKH YLVFRXV HIIHFWV� 'XH WR UHODWLYHO\ ORZHU ZDWHU FROXPQ KHLJKWV� WKH &RULROLV HIIHFW LV
FRQVLGHUHG QHJOLJLEOH DV RSSRVHG WR EHLQJ D IDFWRU LQ WVXQDPL PRGHOOLQJ�

:KHQ FRQVLGHULQJ WKH 3'( ZLWKRXW WKH LQYROYHPHQW RI D WRSRJUDSK\ RU WKH HIIHFWV RI IULFWLRQ� RQH
REWDLQV WKH 6:(ZLWKRXW DQ\ VRXUFH WHUPV� 7KH ILUVW ZDYH RI PRGHOV ZHUH PRGHOOHG XVLQJ 6:(ZLWKRXW
EDWK\PHWU\ WHUPV DV D VWHS WR ERWK H[SHGLWH WKH SURFHVV DQG WHVW WKH HIILFDF\ RI WKH $05 DOJRULWKP�
7KH IRUPXODWLRQ RI WKLV V\VWHP LV VKRZQ LQ HT� ����
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�� �� 3UREOHP 'HVFULSWLRQ

%\ WDNLQJ LQWR DFFRXQW WKH HIIHFW RI IULFWLRQDO WHUPV �൘፟� DQG WRSRJUDSKLF VORSHV �൘�� WKH 6:( FDQ
EH H[SDQGHG DV
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+HUH� WKH YHFWRUV DUH GHILQHG DV WKH IROORZLQJ�
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ဆ፱�൳� ൴�  ဃൈ፟൳ᔂ൳ኼ � ൴ኼ �����

ဆ፲�൳� ൴�  ဃൈ፟൴ᔂ൳ኼ � ൴ኼ �����

ZKHUH ൸�൶� ൷� LV WKH EHG HOHYDWLRQ RI WKH GRPDLQ� $V VKRZQ LQ HT� ����� DQG ������ ဆ፱�൳� ൴� DQG
ဆ፲�൳� ൴� DFFRXQW IRU WKH IULFWLRQ RIIHUHG E\ WKH EHG� 7KH\ DUH DOVR D IXQFWLRQ RI WKH EHG URXJKQHVV
FRHIILFLHQW ZKLFK LV JLYHQ E\
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)XUWKHUPRUH� Q LV FDOOHG DV WKH PDQQLQJ FRHIILFLHQW� ,W LV HVWLPDWHG WKURXJK HPSLULFDO PHWKRGV WKDW
DUH FDUULHG RXW WKURXJK FRQWUROOHG PHDVXUHPHQWV RI WKH IORZ RI OLTXLGV RYHU GLIIHUHQW WHUUDLQV�



�
1XPHULFDO 0HWKRGRORJ\

���� 6FDODU $GYHFWLRQ (TXDWLRQ
)RU WKH VFDODU DGYHFWLRQ HTXDWLRQ� WKH GLVFUHWLVDWLRQ ZDV GRQH XVLQJ WKH ILQLWH GLIIHUHQFH PHWKRG� 7KLV
FKRLFH LV PRWLYDWHG E\ WKH XVH RI WKH '0'$ PRGXOH RI 3(76F� 6XLWHG WR KDQGOH XQLIRUP PHVKHV� WKH
'0'$ PRGXOH RIIHUV URXWLQHV VWRUH DQG KDQGOH DGMDFHQF\ LQIRUPDWLRQ RI WKH UHVSHFWLYH FHOO FHQWHUV�
7KLV QDWXUDOO\ UHVXOWV LQ D VWUDLJKW IRUZDUG SURFHGXUH WR LPSOHPHQW WKH ILQLWH GLIIHUHQFH PHWKRG�

&RQVLGHU HT������� WKH VSDFLDO GHULYDWLYHV DUH GLVFUHWL]HG XVLQJ WKH ILUVW RUGHU XSZLQG PHWKRG� 6XS�
SRVH IRU D LQQHU FHOO �൧� ൨�� RQFH WKH VSDWLDO GLVFUHWL]DWLRQ LV FDUULHG RXW� WKH HTXDWLRQ WKHQ EHFRPHV
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ZKHUH
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)RU WKH SXUSRVH RI YHULI\LQJ WKH VROYHU¶V QXPHULFDO RUGHU RI DFFXUDF\� WKH )RUZDUG (XOHU PHWKRG LV
XVHG WR GLVFUHWLVH LQ WKH WHPSRUDO GRPDLQ� (T������ WKXV EHFRPHV

൳፧ዄኻ።�፣  ൳፧።�፣ ࢿ ́൲ ᓊ>ൠዄ൳ዅ፱ � ൠዅ൳ዄ፱ @ � >ൡዄ൳ዅ፲ � ൡዅ൳ዄ፲ @ᓎ

���� 6KDOORZ :DWHU (TXDWLRQ
7KH VSDWLDO GLVFUHWLVDWLRQ RI WKH WZR GLPHQVLRQDO VKDOORZ ZDWHU HTXDWLRQV DUH GRQH XVLQJ WKH ILQLWH
YROXPH EDVHG *RGXQRY W\SH DSSURDFK�

/HW XV UHFRQVLGHU HT������ DQG ZULWH LW LQ WKH IRUP RI D GLIIHUHQWLDO FRQVHUYDWLRQ ODZ�

ඹ፭ � ඹ�፱�ࠔ � ධ�ඹ�፲  � �����

1RZ� WKH LQWHJUDO IRUP FDQ EH ZULWWHQ DV�
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ZKHUH ͕ LV WKH GRPDLQ ERXQGDU\� ය UHSUHVHQWV WKH FRQWURO YROXPH� ߳  >ോ� ൌ@ፓ FRUUHVSRQGV WR WKH
IOX[ DQG ൬ˁ LV WKH QRUPDO YHFWRU LQ WKH UHVSHFWLYH &DUWHVLDQ FRRUGLQDWHV�

��



�� �� 1XPHULFDO 0HWKRGRORJ\

)RU WZR GLPHQVLRQV� WKH FHOO DYHUDJH RI FRQVHUYHG YDULDEOHV DFURVV WKH FHOO DUHD FDQ EH FRPSXWHG
XVLQJ
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)XUWKHUPRUH� WKH DYHUDJH RI WKH QHW VXP RI QRUPDO IOX[HV WKURXJK WKH LQWHUIDFHV RI WKH FHOO FDQ EH
FRPSXWHG IURP WKH LQWHJUDO�
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8VLQJ HT������ DQG ������ WKH VHPL�GLVFUHWH IRUP FDQ EH ZULWWHQ ZKHUH WKH IOX[ WHUP LV GLVFUHWLVHG LQ
VSDFH ZKLOH WKH FHOO DYHUDJH LV OHIW FRQWLQXRXV LQ WLPH�
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ZKHUH ፩ࠔ  ࣘ
ፀᑡᎼᎳ
ፀᑡ

>൬ኻࠔ�ඹ� � ൬ኼධ�ඹ�@ൣ͕� )RU D WZR GLPHQVLRQDO VSDFH FRPSRVHG RI ൎ�።�፣�� �൧ࢭ ൨ ࢵ
>�� ൬@� ZKHUH HYHU\ FHOO LV D TXDGULODWHUDO� DQG WKH DSSURSULDWH FHOO ZLGWKV LQ WKH [ DQG \ GLUHFWLRQV DUH
́൶ DQG ́൶ UHVSHFWLYHO\� HT������ FDQ EH ZULWWHQ DV
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7KH QXPHULFDO PHWKRG LV FRQVLGHUHG FRPSOHWH RQFH WKH IOX[ WHUPV DW WKH LQWHUIDFHV� L�Hࠔ��።ዄᎳᎴ �፣
� ධ።�፣ዅ ᎳᎴ

�
DUH GHILQHG� 7KH FKRLFH RI WKHVH WHUPV DUH IXUWKHU GHFLGHG E\ WKH QXPHULFDO VFKHPH SLFNHG� 7KH *R�
GXQRY IOX[ LV SLFNHG DV WKH FKRLFH RI WKH IOX[ WR SURYLGH D FRPSOHWH DQG D FRQVHUYDWLYH VFKHPH�

���� *RGXQRY 8SZLQG 0HWKRG
$VVXPLQJ WKDW ZH KDYH D VROXWLRQ ZKLFK ZKHQ GLVWULEXWHG DFURVV D ILQLWH JULG� LV GHFRPSRVHG LQWR Q
SLHFH�ZLVH FRQVWDQW VROXWLRQV� 7KH LQWXLWLRQ EHKLQG WKH *RGXQRY PHWKRG LV WKDW HDFK RI WKHVH SLHFH�
ZLVH FRQVWDQW VROXWLRQV DUH WUDYHOOLQJ DW D ILQLWH VSHHG DQG FDQ EH FRPSXWHG� 7KHUHDIWHU� WKH ILQDO
VROXWLRQ FDQ EH H[DFWO\ FRPSXWHG E\ VROYLQJ WKH 5LHPDQQ SUREOHP DW WKH LQWHUIDFHV RI HDFK FHOO� :LWKRXW
DQ\ H[WHQVLRQV� WKH VFKHPH LV ILUVW RUGHU DFFXUDWH� )RU EUHYLW\ DQG FODULW\� WKH *RGXQRY PHWKRG LV
UHSUHVHQWHG E\ WKH RQH GLPHQVLRQDO YHUVLRQ RI WKH VKDOORZ ZDWHU SUREOHP�

ඹ፭ � ඹ�፱�ࠔ  � �����
)ROORZLQJ WKH SURFHGXUH LQ VHFWLRQ ���� HT������ FDQ EH GLVFUHWL]HG LQ VSDFH DQG WLPH DQG EH UHSUH�

VHQWHG DV WKH IROORZLQJ

ඹ፧።  ඹ፧ዄኻ። ࢿ
́൲
́൶
።ዄᎳᎴࠔ�

ࢿ ።ዅᎳᎴࠔ
� �����

1RZ FRQVLGHU ൶  ൧ � ኻ
ኼ
LQ D WLQ\ IUDFWLRQ RI WKH GRPDLQ� ൶።ዅᎵᎴ

ऑ ൶ ऑ ൶።ዄᎳᎴ
� +HUH ZH FDQ VHH WKDW LW

FDQ EH UHGXFHG WR D LQLWLDO YDOXH SUREOHP �,93� ZKLFK FRQVLVWV RI D GLVFRQWLQXLW\ DW ൶  ൧ � ኻ
ኼ
DQG VR RQ�

&RQVLGHULQJ WKH VDPH 3'( JRYHUQLQJ WKH SUREOHP� WKH LQLWLDO YDOXH RI ඹ IRU WKH VSHFLILHG GRPDLQ FDQ
EH ZULWWHQ DV

ඹ�൶� ൲፧�  ᗥ
ඹ፧። � LI ൶ � ൶።ዄᎳᎴ
ඹ፧።ዄኻ� ൶ ! ൶።ዄᎳᎴ

8VLQJ WKH VDPH ORJLF� D VLPLODU ,93 FDQ EH LQVWLWXWHG IRU WKH LQWHUIDFH DW ൶።ዅᎳᎴ
� ,Q RUGHU WR FRPSXWH

WKH IOX[ DW WKH LQWHUIDFH� VD\ ඹ�።ዄᎳᎴ�ࠔ�
�� ZKHUH WKH YDOXH RI ඹ።ዄᎳᎴ

LV VXFK WKDW DORQJ WKH W D[LV� ZH KDYH
൶�൲  �� 7KHUHIRUH� WR ILQG WKH YDOXH RI ඹ።ዄᎳᎴ

�൶�൲  ��� RQH QHHGV WR VROYH WKH 5LHPDQQ SUREOHP
FRUUHVSRQGLQJ WR HT������� 7KH H[DFW FKRLFH DQG W\SH RI 5LHPDQQ VROYHU LV H[SODLQHG IXUWKHU LQ WKH
XSFRPLQJ VHFWLRQ�



���� 5LHPDQQ 6ROYHU ��

���� 5LHPDQQ 6ROYHU
5HFRQVLGHULQJ HT������� ZH DVVXPH WKDW WKH IOX[ WHUPV ።ዄᎳᎴࠔ

DQG ።ዅᎳᎴࠔ
GR QRW FKDQJH RYHU WLPH� 7KHQ�

WKH IOX[HV FDQ EH H[DFWO\ FRPSXWHG XVLQJ WKH YDOXHV SURYLGHG E\ WKH VROXWLRQ RI WKH 5LHPDQQ SUREOHP�
'HSHQGLQJ RQ WKH W\SH RI FDVH �UDUHIDFWLRQ ZDYH RU D VKRFN�� WKH 5LHPDQQ VROYHU SURYLGHV WKH YDOXHV
DW WKH LQWHUIDFH� &RQVHTXHQWO\� RQH FDQ FRPSXWH WKH IOX[ YDOXHV XVLQJ WKRVH YDOXHV�

'HSHQGLQJ RQ WKH FRPSOH[LW\ RI WKH HTXDWLRQ� VROYLQJ WKH H[DFW 5LHPDQQ IOX[HV DW WKH LQWHUIDFH FDQ
EH YHU\ FRPSXWDWLRQDOO\ H[SHQVLYH� )RU WKH WZR GLPHQVLRQDO VFDODU DGYHFWLRQ HTXDWLRQ� WKH XVH RI DQ
H[DFW 5LHPDQQ VROYHU LV YHU\ PXFK IHDVLEOH� 7KLV LV EHFDXVH RQH KDV WR RQO\ ZRUU\ DERXW D VLQJOH ZDYH
SURSDJDWLQJ DW HYHU\ LQWHUIDFH GXH WR WKH VLPSOLFLW\ RI WKH HTXDWLRQ� +RZHYHU� LW LV D GLIIHUHQW FDVH ZKHQ
LW FRPHV WR WKH VKDOORZ ZDWHU HTXDWLRQV ZKHUH PXOWLSOH ZDYHV SURSDJDWLQJ DW WKH GLIIHUHQW VSHHGV DQG
SRVVLEO\ LQ GLIIHUHQW GLUHFWLRQV� $V D FRQVHTXHQFH� XWLOL]DWLRQ RI DQ H[DFW 5LHPDQQ VROYHU EHFRPHV
LPSUDFWLFDO�

7KH H[DFW 5LHPDQQ VROYHU LQ WKLV FDVH FDQ EH FRQVLGHUHG WR EH UHGXQGDQW DV WKHUH LV QRW D VLJQLILFDQW
JDLQ LQ DFFXUDF\ ZKHQ VKLIWLQJ IURP H[DFW WR DSSUR[LPDWH 5LHPDQQ VROYHUV� )XUWKHUPRUH� DSSUR[LPDWH
5LHPDQQ VROYHUV DUH QRW DV FRPSXWDWLRQDOO\ H[SHQVLYH ZKHQ FRPSDUHG WR WKHLU FRXQWHUSDUWV� 7KHUH�
IRUH LQ WKH IROORZLQJ VHFWLRQV� WKH DSSUR[LPDWH 5LHPDQQ VROYHUV XVHG LQ VKDOORZ ZDWHU HTXDWLRQV DUH
GHVFULEHG�

������ 5XVDQRY $SSUR[LPDWH 5LHPDQQ 6ROYHU
:H NQRZ WKDW ZKHQ D QDLYH DYHUDJH RI WKH IOX[ LQ WKH OHIW DQG VLGH RI WKH LQWHUIDFH LV FRQVLGHUHG� WKH
PHWKRG LV XQFRQGLWLRQDOO\ XQVWDEOH IRU K\SHUEROLF V\VWHPV� +RZHYHU WKH LQVWDELOLWLHV FDQ EH HOLPLQDWHG
E\ DGGLQJ HQRXJK YLVFRVLW\ WR WKH DYHUDJH� 7KH PDJQLWXGH RI WKH VWDELOLW\ FDQ EH SUHGLFWHG E\ WKH
ODUJHVW ORFDO ZDYH VSHHG JLYHQ E\ WKH HLJHQYDOXHV RIත� 7KH ODUJHVW RI WKHP FDQ EH FRQVLGHUHG DV WKH
YLVFRVLW\ FRHIILFLHQW� $V DQ LOOXVWUDWLRQ� IRU D K\SHUEROLF V\VWHP� RQH KDV

ဌඹ
ဌ൲

�
ဌࠔ�ඹ�
ဌ൶

 �

7KHQ WKH 5XVDQRY )OX[ LV GHILQHG DV WKH IROORZLQJ�

ඹፋ�፫፮፬ፚ፧፨፯ࠔ ࢿ ඹፑ�  
�
�
�ඹፋ�ࠔ� � �ඹፑ�ࠔ ࢿ ፦ፚ፱�ඹፋ ࢿ ඹፑ�� �����

+HUH� ൳ፋ DQG ൳ፑ DUH YDOXHV RI WKH VWDWH YHFWRUV EDVHG RQ WKH OHIW DQG ULJKW FHOOV RI WKH FRUUHVSRQGLQJ
LQWHUIDFH�

,Q WKH FDVH RI WKH VKDOORZ ZDWHU HTXDWLRQV� WKHUH DUH � HLJHQYDOXHV IRU WKLV V\VWHP� 7KH PD[LPXP
ZDYH VSHHG LV WKXV JLYHQ E\�

፦ፚ፱  PD[ඹࢵ>ඹᑃዅඹᑉ@_�ࠔ
ᖣ�ඹ�_  ൫ൠ൶�൳ፋ � ᔂ൦߶ፋ� ൳ፑ � ᔂ൦߶ፑ�

+HUH� ൬፱ DQG ൬፲ DUH QRUPDOV LQ WKH [ DQG \ GLUHFWLRQ� +RZHYHU� LW PXVW EH QRWHG WKDW WKH FKRLFH RI WKH
ZDYH VSHHG LV UHVWULFWHG� )RU VWDELOLW\� WKH IROORZLQJ FRQGLWLRQ PXVW EH VDWLVILHG

፦ፚ፱ ऑ
́൶
́൲

������

,Q WKH FDVH RI DQ HTXDOLW\ LQ HT�������� WKHQ WKH IOX[ SURYLGHG E\ HT������ UHVXOWV LQ D /D[ )ULHGULFKV
IOX[� 7R HVWDEOLVK D VWDEOH FRQGLWLRQ IRU HDFK WLPHVWHS� DQ HVWLPDWH RI WKH PD[LPXP ZDYH VSHHG PXVW
EH NQRZQ� 8VLQJ WKH FRPELQDWLRQ RI WKH ZDYH VSHHG DQG WKH &RXUDQW�)ULHGULFKV�/HZ\ YDOXH �&)/� ൈ�
RQH FDQ FRPSXWH D PD[LPXP WLPHVWHS YDOXH�

́൲  ൈ
́൶
፦ፚ፱

������ +// $SSUR[LPDWH 5LHPDQQ 6ROYHU
6LPLODU WR WKH 5XVDQRY DSSUR[LPDWH 5LHPDQQ VROYHU� WKLV VROYHU WDNHV LQWR DFFRXQW DQ HVWLPDWH RI
WKH PLQLPXP DQG WKH PD[LPXP ZDYH VSHHGV� ,Q WKLV DSSURDFK� WKH HIIHFWV RI VKHHU ZDYHV DQG DQ\
LQWHUPHGLDWH ZDYHV DUH DVVXPHG WR EH QHJOLJLEOH� $V VKRZQ LQ ILJXUH ���� OHW XV DJDLQ FRQVLGHU WKH



�� �� 1XPHULFDO 0HWKRGRORJ\

)LJXUH ���� :DYH VWUXFWXUH RI WKH 5LHPDQQ SUREOHP DW WKH LQWHUIDFH ፱  ። ዄ Ꮃ
Ꮄ

LQWHUIDFH ൧ � ኻ
ኼ
ZKHUH ZH VHW WKH VWDWH YHFWRUV ඹፋ ऎ ඹ። DQG ඹፑ ऎ ඹ።ዄኻ DV WKH OHIW DQG ULJKW VWDWHV RI WKH

LQWHUIDFH� 6LPLODUO\ IRU IOX[ YHFWRUV ZH VHW ፋࠔ ऎ �ඹ።�ࠔ DQG ፑࠔ ऎ ��ඹ።ዄኻ�ࠔ
7KHQ WKH IOX[ DW WKH LQWHUIDFH LV GHFLGHG EDVHG RQ WKH HVWLPDWHG VSHHGV RI WKH OHIW�JRLQJ DQG ULJKW�

JRLQJ ZDYHV� $ QXPEHU RI GLIIHUHQW IRUPXODWLRQV IRU WKH HVWLPDWHV RI WKH ZDYH VSHHGV DUH DYDLODEOH�
7KLV FKRLFH LV DJDLQ PDGH WR REWDLQ WKH EHVW UHVXOWLQJ DFFXUDF\ DQG VWDELOLW\ IRU WKH VFKHPH�

።ዄᎳᎴࠔ
 ᒽ

�ፋࠔ LI ൘ፋ ! �
�፫።፞፦ࠔ LI ൘ፋ ऑ � ऒ ൘ፑ
�ፑࠔ LI ൘ፑ ऑ �

7KH +// IOX[ LV JLYHQ E\�

፫።፞፦ࠔ  
൘ፑࠔፋ ࢿ ൘ፋࠔፑ � ൘ፑ൘ፋ�ඹፑ ࢿ ඹፋ�

൘ፑ ࢿ ൘ፋ
������

$V PHQWLRQHG EHIRUH� WKH ZDYH VSHHGV DUH FKRVHQ VXFK WKDW LW KDQGOHV WKH LQWHUIDFHV RI GU\ QHLJK�
ERUV� 7KHUHIRUH� DQ DSSURSULDWH FRQGLWLRQ LV QHFHVVDU\ IRU WKH OHIW DQG ULJKW ZDYH VSHHGV� DQG WKH
LQWHUPHGLDWH SDUDPHWHUV DV GHVFULEHG E\ 7RUR >��@�

൘ፋ  ᒼ
൳ˁፑ ࢿ �ᔂ൦߶ፑ� LI ߶ፋ  �
൫൧൬�൳ˁፋ ࢿ ᔂ൦߶ፋ� ൳።፧ ࢿ ᔂ൦߶።፧�� LI ߶ፋ ! �

൘ፑ  ᒼ
൳ˁፋ � �ᔂ൦߶ፋ� LI ߶ፑ  �
൫൧൬�൳ˁፑ ࢿ ᔂ൦߶ፑ� ൳።፧ � ᔂ൦߶።፧�� LI ߶ፑ ! �

ZKHUH� ൠፋ�ፑ  ᔂ൦߶ፋ�ፑ LV WKH JUDYLW\ ZDYH VSHHG DQG ൳ˁፋ�ፑ  ൳ፋ�ፑ ൬፱ � ൴ፋ�ፑ ൬፲ LV WKH QRUPDO YHORFLW\
ZLWK UHVSHFW WR WKH LQWHUIDFH� )XUWKHUPRUH� ൳ፋ�ፑ DQG ൴ፋ�ፑ DUH WKH YHORFLWLHV LQ WKH [ DQG \ FRRUGLQDWHV
ZLWK UHVSHFW WR WKH LQWHUIDFH� 7KH LQWHUPHGLDWH YDULDEOHV ൳።፧ DQG ߶።፧ DUH JLYHQ E\

߶።፧  
�
൦
ᗛ
�
�
�ᔂ൦߶ፋ � ᔂ൦߶ፑ �

�
�
�൳ˁፋ ࢿ ൳ˁፑ�ᗜ

ኼ
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൳።፧  
�
�
� ˁ൳ፋ � ˁ൳ፑ� � ᔂ൦߶ፋ ࢿ ᔂ൦߶ፑ ������



���� 086&/�+DQFRFN 6FKHPH ��

������ $XJPHQWHG 5LHPDQQ 6ROYHU
7KH WRSRJUDSK\ LQ WKH GRPDLQ FDQ EH WDNHQ LQWR FRQVLGHUDWLRQ ZLWK WKH DGGLWLRQ RI WKH VRXUFH WHUP
FRQWDLQLQJ WKH EHG VORSH WHUP� 5HZULWLQJ HT������ ZLWKRXW WKH VRXUFH WHUP DVVRFLDWHG ZLWK IULFWLRQ� ZH
KDYH

ဌඹ
ဌ൲

�
ဌࠔ
ဌ൶

�
ဌධ
ဌ൶

 ൘�ඹ�

/HW WKH WRSRJUDSK\ ൸�൶� ൷� EH D IXQFWLRQ RI WKH GRPDLQ� +HUH WKH VRXUFH WHUP DVVRFLDWHG ZLWK WKH
WRSRJUDSK\ LV GHILQHG DV�

භ�ඹ�  ᓅ

�
�፱�፲�൦߶Ꭷ፳ࢿ

Ꭷ፱
�፱�፲�൦߶Ꭷ፳ࢿ

Ꭷ፲

ᓉ

)RU FODULW\ DQG VLPSOLFLW\� WKH IRUPXODWLRQ RI WKH DXJPHQWHG +// 5LHPDQQ VROYHU SURYLGHG E\ $X�
GHVVH >�@ LV RQO\ SURYLGHG IRU WKH LQWHUIDFHV ZLWK QRUPDOV LQ WKH [ GLUHFWLRQ� 2QH FDQ HDVLO\ GHULYH WKH
FRUUHVSRQGLQJ IRUPXODWLRQV LQ WKH \ GLUHFWLRQ XVLQJ WKH VDPH SURFHGXUH�

OLPඹᑃ�ඹᑉࢿඹ DVጂ፱ࢿኺභ�ඹፋ�ඹፑ� ൸ፋ� ൸ፑ�  ᓄ
�

�፱�፲�൦߶Ꭷ፳ࢿ
Ꭷ፱

ᓈ ������

:LWK WKH DSSUR[LPDWLRQ VKRZQ LQ HT�������� WKH\ FDQ EH WUDQVIHUUHG WR WKH /+6 DQG JURXSHG LQWR WKH
IOX[HV� )XUWKHUPRUH� RQH RI WKH SULPDU\ PRWLYDWLRQV RI UHIRUPXODWLQJ WKH IOX[ WHUPV XVLQJ WKH EDWK\PHWU\
WHUP LV WR SURYLGH D ZHOO EDODQFHG PRGHO WKDW DUH FRQVLVWHQW LQ VWHDG\ VWDWH FDVHV� 2QH RI VXFK FDVHV
LQYROYH D OHYHO ZDWHU VXUIDFH KHLJKW ZLWK D YDU\LQJ WRSRJUDSK\� ,Q WKH DEVHQFH RI D EDODQFLQJ WHUP LQ WKH
IOX[ IRUPXODWLRQ� WKHUH ZLOO EH QRQ�SK\VLFDO IOX[HV UHVXOWLQJ LQ D VFKHPH WKDW GRHV YLRODWHV FRQVHUYDWLRQ
RI PDVV� 7KXV� IRU VWDWHV ඹ፬ DQG ඹ፭� D ZHOO EDODQFHG VFKHPH VKRXOG VDWLVI\ WKH K\GUDXOLF EDODQFH
FRQGLWLRQ JLYHQ E\

ඹኻ፬ � ൡ፬  ඹኻ፭ � ൡ፭ ������
ඹኼ፬  ඹኼ፭ ������

)URP HT� ������ DQG ������� ZH FDQ VHH WKDW WKH LQWHUPHGLDU\ VWDWHV ൳።፧ DQG ߶።፧ ZLOO QRW GHSHQG RQ
WKH EDWK\PHWU\ WHUPV� 7KLV LQ WXUQ LPSOLHV WKDW WKH IOX[HV OHIW DQG ULJKW RI WKH LQWHUIDFH DW ൶  ൧ � ኻ

ኼ
� FDQ

DOVR EH GHILQHG DV D IXQFWLRQ RI WKH EDWK\PHWU\ ൸ፋ DQG ൸ፑ UHVSHFWLYHO\� 7KH\ DUH JLYHQ E\
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ዅፒᑉ፠ጂ፱፡
ᒟᑫ
ᒟᑩ

ፒᑉዅፒᑃ
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ZKHUH ፫።፞፦ࠔ LV JLYHQ E\ HT�������� )XUWKHUPRUH� WKH ZHOO�EDODQFHG SURSHUW\ LV SURYLGHG E\ DGRSWLQJ
D QDWXUDO GLVFUHWLVDWLRQ IRU WKH EHG VORSH WHUPV� ,W LV JLYHQ E\

߶
ဌ൸
ဌ൶

 
�
́൶
߶ፋ � ߶ፑ
�

�൸ፑ ࢿ ൸ፋ�

���� 086&/�+DQFRFN 6FKHPH
7KH 3(76F 76 PRGXOH DOORZV WKH FRQILJXUDWLRQ RI YDULRXV WLPH VWHSSLQJ PHWKRGV VXFK DV WKH (XOHU
)RUZDUG 0HWKRG� (XOHU %DFNZDUG PHWKRG� *HQHUDOLVHG /LQHDU 0HWKRGV� 5XQJH�.XWWD 7LPH VWHSSLQJ
VFKHPHV WR QDPH D IHZ� $Q H[SOLFLW WLPH VWHSSLQJ PHWKRG LV FKRVHQ RYHU DQ LPSOLFLW RQH DV LW ZDV IRXQG
WR EH IDU WRR FRPSXWDWLRQDOO\ H[SHQVLYH� :KHQ FRXSOHG ZLWK WLPH�DGDSWLYH PHVKHV� WKH DGYDQWDJHV
RIIHUHG E\ LPSOLFLW WLPH�VWHSSLQJ PHWKRGV LV RXWZHLJKHG E\ LWV KLJKHU )/23 �)ORDWLQJ SRLQW RSHUDWLRQV�
FRXQW DQG PHPRU\ XVDJH� 7R DFKLHYH DQ RYHUDOO VHFRQG�RUGHU DFFXUDWH VFKHPH� WKH 086/�+DQFRFN



�� �� 1XPHULFDO 0HWKRGRORJ\

PHWKRG LV FKRVHQ� $FFRUGLQJ WR WKH VFKHPH� WKH VROXWLRQ LV XSGDWHG LQ WZR VWHSV� QDPHO\ WKH SUHGLFWRU
DQG WKH FRUUHFWRU VWHS� ,Q WKH ILUVW VWHS� WKH VROXWLRQ LV PDUFKHG IRUWK E\ KDOI D WLPH VWHS� ([SDQGLQJ RQ
HT������ DQG GURSSLQJ WKH ˁ V\PERO� ZH KDYH
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ࢿ ධ፧
።�፣ዅ ᎳᎴ

�

+HUH WKH IOX[ WHUPV DUH FRPSXWHG XVLQJ WKH DSSURSULDWH 5LHPDQQ VROYHU� +RZHYHU� WKH VWDWH YHFWRUV
UHTXLUHG E\ WKH 5LHPDQQ VROYHU DUH OLQHDUO\ LQWHUSRODWHG YDOXHV IURP WKH FHOO FHQWHUV WR WKH FRUUHVSRQG�
LQJ IDFH FHQWURLGV� 7R VXSSUHVV VSXULRXV RVFLOODWLRQV� YDULRXV OLPLWHUV VXFK DV RI W\SHV 0LQPRG� 9DQ�
/HHU� RU 6XSHUEHH FDQ EH XVHG LQ WKH UHFRQVWUXFWLRQ SURFHGXUH� )RU LQVWDQFH� VXFK DQ LQWHUSRODWLRQ IRU
WKH VWDWH YHFWRU DW D SRVLWLRQ �൶� ൷� EDVHG RQ D FHOO FHQWHUHG YDOXH DW �൶።� ൷፣� LV JLYHQ E\

ඹ�൶� ൷�  ඹ።�፣ � ൰ � ඹ።�፣ࢴ

ZKHUH U LV WKH GLVWDQFH YHFWRU IURP WKH FHOO FHQWHU WR SRLQW XQGHU FRQVLGHUDWLRQ DQG ඹ።�፣ࢴ LV WKH
JUDGLHQW RI WKH VWDWH YHFWRU� 1H[W WKH FRUUHFWRU VWHS IROORZV� EXW QRZ WKH UHFRQVWUXFWLRQ RI WKH VWDWH
YHFWRU LV GRQH EDVHG RQ WKH XSGDWHG YDOXHV L�H�� ඹˁ፧ዄ

Ꮃ
Ꮄ � 7KLV VWHS LV WKXV JLYHQ E\�
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7KH IOX[HV DW WKH LQWHUIDFH PXVW EH FRPSXWHG WZLFH� 7KXV� WKH 5LHPDQQ VROYHU LV XWLOL]HG WZLFH IRU
HYHU\ WLPH VWHS PDUFKHG IRUZDUG� $V D UHVXOW� WKH 766HW5+6)XQFWLRQ�� LV FDOOHG WZLFH IRU HYHU\
WLPH VWHS�

���� 6WDELOLW\ &ULWHULD
$V DQ H[SOLFLW VFKHPH LV XVHG� WKH WLPH VWHS YDOXH LV OLPLWHG E\ WKH PD[LPXP ZDYH VSHHGV LQ WKH WZR
FRRUGLQDWHV� ൘፱ DQG ൘፲� )RU WKH WZR PRGHOV WKH\ DUH VSHFLILHG EHORZ IRU ͕  �൧� ൨� ࢵ ^���൫� � ��� ൬�`�

� 6FDODU $GYHFWLRQ (TXDWLRQ � ൘፱  ൳።�፣ DQG ൘፲  ൴።�፣

� 6KDOORZ :DWHU (TXDWLRQV � ൘፱  ൳።�፣ � ᔂ൦߶።�፣ DQG ൘፲  ൴።�፣ � ᔂ൦߶።�፣

7KLV FULWHULD LV PHDVXUHG E\ WKH &)/ QXPEHU� 7KH WLPH VWHS LV WKXV FRPSXWHG IURP WKH IROORZLQJ�

́൲  &PLQ ᗛPLQ
�́൶�።�፣
൘፱

� PLQ
�́൷�።�፣
൘፲

ᗜ

)RU WKH VXEVHTXHQW WHVW FDVHV LOOXVWUDWHG� D &)/ QXPEHU RI � KDV EHHQ XVHG� 1RWH WKDW LI WKH LPSOLFLW
WLPH VWHSSLQJ VROYHU LV XVHG� WKH YDOXH RI WKH WLPH VWHS LV QR ORQJHU ERXQGHG E\ WKH &)/ QXPEHU�
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���� 3(76F
3RUWDEOH� ([WHQVLEOH 7RRONLW IRU 6FLHQWLILF &RPSXWDWLRQ �3(76F� LV D FRPSLODWLRQ RI GDWD W\SHV DQG URX�
WLQHV GHYHORSHG IRU QXPHULFDOO\ PRGHOOLQJ RI SDUWLDO GLIIHUHQWLDO HTXDWLRQV� 3(76F LV VXLWHG WR FUHDWH
KLJKO\ VFDODEOH VROYHUV ZKLFK SHUIRUP ODUJH VFDOH VFLHQWLILF FRPSXWDWLRQV WKURXJK WKH XVDJH RI 03,
DQG�RU *38 DFFHOHUDWRUV� ,W FRQVLVWV RI GLIIHUHQW OLQHDU 3'(� QRQ�OLQHDU 3'(� DQG 2'( VROYHUV� 0RVW
RI WKH LPSOHPHQWDWLRQ RI WKH OLEUDU\ LV FDUULHG RXW LQ & DQG &�� ZLWK DGGLWLRQDO ZUDSSHUV ZULWWHQ LQ
3\WKRQ�

7KH SXUSRVH RI FKRRVLQJ 3(76F WR EDVH WKH PRGHOV SUHVHQWHG LQ WKLV UHSRUW FDQ EH LOOXVWUDWHG
WKURXJK VHYHUDO RI LWV IHDWXUHV� 7KH\ DUH JLYHQ EHORZ�

� 3DUDOOHOL]DWLRQ� 3(76F RIIHUV DQ LQWXLWLYH LQWHUIDFH WR ZRUN ZLWK SDUDOOHO YHFWRUV DQG PDWULFHV� $
PDMRULW\ RI WKH XQGHUO\LQJ PHFKDQLVPV QHHGHG IRU D SDUDOOHO SURJUDPPLQJ DUH KLGGHQ EHKLQG
XVHU�IULHQGO\ LQWHUIDFHV DQG URXWLQHV� 7KHVH URXWLQHV DUH UHODWLYHO\ VLPSOH WR FRQFHSWXDOL]H IURP
WKH SHUVSHFWLYH RI DQ DSSOLHG PDWKHPDWLFLDQ� 2SHUDWLRQV VXFK DV FRPPXQLFDWLRQ RI JKRVW SRLQWV
EHWZHHQ GRPDLQV� DVVHPEO\ RI PDWULFHV DUH IDFLOLWDWHG WKURXJK WKH IXQFWLRQV DOUHDG\ DYDLODEOH LQ
WKH OLEUDU\�

� 0RGXODULW\� 3(76F LV GLYLGHG LQWR VHYHUDO VXEV\VWHPV ZKLFK DUH UHVSRQVLEOH IRU KDQGOLQJ YDULRXV
IXQFWLRQV LQ WKH VXEVHTXHQW QXPHULFDO PRGHOLQJ RI WKH PDWKHPDWLFDO PRGHO� 7KH\ KDYH EHHQ
VWUXFWXUHG LQ D PDQQHU WKDW SURPRWHV ORZ FRXSOLQJ EHWZHHQ VXEV\VWHPV DQG KLJK FRKHUHQFH
ZLWKLQ D VXEV\VWHP� 0RUH LQIRUPDWLRQ RQ HDFK RI WKH VXEV\VWHP LV SURYLGHG ODWHU LQ VHFWLRQ ����

� 3RVW�SURFHVVLQJ 2SWLRQV� 7KH OLEUDU\ DOVR SURYLGHV D P\ULDG RI PHWKRGV WR SURFHVV WKH RXWSXW RI
WKH VROXWLRQ� 7KH VROXWLRQ WKXV� FDQ EH FRQYHUWHG DQG YLVXDOL]HG LQ �UG SDUW\ DSSOLFDWLRQV VXFK DV
0$7/$%� +')�9LHZHU RU 3DUD9LHZ WR QDPH D IHZ� 7KH DYDLODELOLW\ RI PXOWLSOH FKRLFHV SURYHG WR
EH H[WUHPHO\ YDOXDEOH GXULQJ WKH YLVXDOL]DWLRQV RI XQVWUXFWXUHG� DGDSWLYH JULG VROXWLRQV�

� &RPSUHKHQVLYH 'HEXJJLQJ � 3(76F FDQ EH FRQILJXUHG WR EH XVHG LQ FRQMXQFWLRQ ZLWK VHYHUDO
RSHQ�VRXUFH GHEXJJHUV VXFK DV OOGE DQG KUHIKWWSV���YDOJULQG�RUJYDOJULQG� 7KXV� LGHQWLI\LQJ EXJV�
PHPRU\ OHDNV DQG UXQQLQJ EHQFKPDUNV IRU PRGHOV LV IDFLOLWDWHG E\ WKLV VXSSRUW�

� 6RIWZDUH 6XSSRUW � 7KHUH LV DQ H[WUHPHO\ DFWLYH FRPPXQLW\ ZRUNLQJ RQ LPSURYLQJ DQG SURYLGLQJ
DGGLWLRQDO WXWRULDOV IRU WKH OLEUDU\� 3(76F HQMR\V VXSSRUW DQG FRQWULEXWLRQ IURP DFDGHPLF DQG
LQGXVWULDO UHVHDUFKHUV EDVHG DOO DFURVV WKH JOREH� 7KH SULPDU\ GHYHORSHUV SURYLGHG YDOXDEOH
VXJJHVWLRQV GXULQJ WKH SURMHFW ZKLFK KHOSHG VPRRWKHQ WKH OHDUQLQJ FXUYH DQG DFFHOHUDWHG WKH
SURJUHVV�

���� 6\VWHP 'HFRPSRVLWLRQ
,Q ILJXUH ���� DQ RYHUYLHZ RI V\VWHP GHFRPSRVLWLRQ LV VKRZQ� $V PHQWLRQHG HDUOLHU� 3(76F LV D ¶FROOHF�
WLRQ¶ RI PRGXOHV XVLQJ WKH IXQGDPHQWDO IUDPHZRUNV DOUHDG\ VHW LQ SODFH DW WKH ORZHVW OHYHO RI DEVWUDFWLRQ�
$ EULHI GHVFULSWLRQ RI HDFK RI WKH PRGXOH LV JLYHQ EHORZ�

��
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)LJXUH ���� 6\VWHP 'HFRPSRVLWLRQ RI 3(76F

������ 9(&
9(&� D GDWD W\SH GHILQHG LQ 3(76F� LV PHDQW IRU VWRULQJ� DFFHVVLQJ DQG PDQLSXODWLQJ YHFWRUV DVVRFLDWHG
ZLWK WKH PRGHO� ,W FDQ EH FRQVLGHUHG DV RQH RI WKH VLPSOHVW W\SH RI D 3(76F GDWD W\SH DQG LV VXLWDEO\
ORFDWHG DW WKH YHU\ ERWWRP RI WKH DEVWUDFWLRQ OHYHO� ,Q WKH FRQWH[W RI QXPHULFDO PRGHOOLQJ RI SDUWLDO
GLIIHUHQWLDO HTXDWLRQV �3'(�� 9(& LV FULWLFDO WR D PDMRULW\ RI WKH RSHUDWLRQV DV VROXWLRQV� TXDGUDWXUH
LQIRUPDWLRQ DQG DGDSWLYH JULG SDUDPHWHUV ZKLFK DUH DOO VWRUHG LQ WKH IRUP RI YHFWRUV� 6RPH RI WKH EDVLF
URXWLQHV DQG LWV GHVFULSWLRQ LV JLYHQ EHORZ�

� 9HFWRU &UHDWLRQ DQG $VVHPEO\� 7KH 9(& REMHFW LV FUHDWHG E\ SDVVLQJ WKH 03, FRPP REMHFW
DQG WKH LQLWLDOL]HG YHFWRU� 3UHOLPLQDU\ RSHUDWLRQV VXFK DV VHWWLQJ WKH VL]H DQG YDOXHV IROORZ
DIWHU WKH FUHDWLRQ RI WKH 9(& LWVHOI� 2QFH WKH REMHFW LV GHILQHG� 9HF$VVHPEO\%HJLQ�� DQG
9HF$VVHPEO\(QG�� KDV WR EH FDOOHG WR FRPSOHWH WKH DVVHPEO\ RI WKH REMHFW�

� 9HFWRU 'LVWULEXWLRQ� 6RPH RI WKH RSHUDWLRQV DUH GHGLFDWHG WR WKH PDQDJHPHQW RI WKH VWRUDJH
DQG GLVWULEXWLRQ RI WKH 9(& REMHFW DFURVV PXOWLSOH GRPDLQV DQG�RU SURFHVVRUV� )RU H[DPSOH� WKH
IXQFWLRQ 9HF*HW2ZQHUVKLS5DQJH�� DOORZV WKH XVHU WR REWDLQ WKH LQGLFHV RI WKH YHFWRU LQ UDQJH
IRU D JLYHQ SURFHVVRU� 'LIIHUHQW URXWLQHV DUH DYDLODEOH IRU ¶5HDG�2QO\¶ RU ¶5HDG�:ULWH¶ DFFHVV RI
WKH YHFWRUV VXFK DV 9HF*HW$UUD\��� 7KLV PXVW EH IROORZHG E\ WKH URXWLQH 9HF5HVWRUH$UUD\
�� WR UHFRUG WKH FKDQJHV�

� 9HFWRU 2SHUDWLRQV� 0RVW RI WKH EDVLF RSHUDWLRQV VXFK DV EDVLF DULWKPHWLF DUH SURYLGHG IRU WKH
9(& RSHUDWLRQV� )XUWKHUPRUH� 1RUP FRPSXWDWLRQV DUH IDFLOLWDWHG ZLWK VSHFLILF URXWLQHV� 7KH\ DUH
DXWRPDWLFDOO\ VXLWHG IRU ERWK SDUDOOHO DQG VHULDO YHFWRUV� +RZHYHU� RSHUDWLRQV EHWZHHQ D VHULDO
DQG D SDUDOOHO YHFWRU DUH QRW DOORZHG�

������ ,QGH[ 6HWV �,6�
7R LPSOHPHQW WKH RSHUDWLRQV RI VFDWWHULQJ DQG JDWKHULQJ LQ 9HFWRU REMHFWV� WKH ,QGH[ 6HW �,6� REMHFW LV
FUHDWHG� ,W HVVHQWLDOO\ UHIHUV WR WKH YDULDEOH WKDW FRQWDLQV WKH LQGLFHV RI WKH YHFWRUV RU PDWULFHV� ,Q WKH
PDMRULW\ RI WKH URXWLQHV� WKH ,6 REMHFW LV XVHG WR VWRUH WKH SURFHVVRU UDQJHV RI 9(& REMHFWV� $GGLWLRQDO
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���� 6\VWHP 'HFRPSRVLWLRQ ��

XVDJHV LQFOXGH WKH VWRUDJH RI LQGLFHV RI WKH LQWHU�SURFHVVRU DQG ERXQGDU\ JKRVW FHOOV� ,Q WKH FRQWH[W
RI WKH DGDSWLYH JULG PHWKRG� WKH ,6 REMHFW LV XVHG WR VWRUH WKH LQGLFHV RI WKH FHOOV WKDW DUH WDJJHG WR EH
UHILQHG RU FRDUVHQHG� 7KLV LV H[SODLQHG LQ ODWHU VHFWLRQV�

������ 61(6
7KLV PRGXOH SURYLGHV D VXLWH RI URXWLQHV WR WDFNOH ODUJH VFDOH QRQ�OLQHDU V\VWHPV� 0XFK RI WKH PHWKRG�
RORJLHV DUH EDVHG RQ WKH OLQHDU VROYHUV �.63� ZKLFK DUH QRW FRYHUHG LQ WKLV UHSRUW� :LWK DQ LGHQWLFDO
LQWHUIDFH WR RWKHU VROYHUV� WKH GDWD VWUXFWXUHV XVHG E\ 61(6 DUH LQ WXUQ VLPLODU� 7KH QRQOLQHDU HTXDWLRQV
DUH VROYHG IURP WKH IRUP JLYHQ EHORZ�

ോ�൶�  �

$V SURYLGHG LQ WKH 3(76F PDQXDO� WKH VROYHU XVHV 1HZWRQ¶V PHWKRG WR VROYH WKH QRQ�OLQHDU SUREOHP�
7KHUHIRUH� WKH VROXWLRQ YHFWRU RI Q�GLPHQVLRQ LV FRPSXWHG XVLQJ WKH IROORZLQJ HTXDWLRQ�

൶፤ዄኻ  ൶፤ ࢿ ൏�൶፤�ዅኻോ�൶፤�

ZKHUH ൩  �� �� ���� ൬ 7KH XVHU WKXV� KDV WR SURYLGH D URXWLQH WR DVVHPEOH WKH -DFRELDQ PDWUL[ ൏�൶፤� DQG
GHILQH WKH IRUP IXQFWLRQ ോ�൶፤��

������ 7LPH 6WHSSLQJ �76�
:LWK WKH IXQGDPHQWDO HOHPHQWV RI WKH IUDPHZRUN �9(& DQG ,6� LQ SODFH� 2UGLQDU\ 'LIIHUHQWLDO (TXDWLRQ
�2'(� VROYHUV DQG 'LIIHUHQWLDO $OJHEUDLF 6\VWHP �'$(� VROYHUV FDQ EH VROYHG XVLQJ WKH 76 PRGXOH RI
3(76F� 5HJDUGOHVV RI WKH QXPHULFDO PHWKRG XVHG� WKH 76 PRGXOH VROYHV IRU WKH HTXDWLRQ ZULWWHQ LQ
WKH IRUP�

ോ�൲� ൳� ൳̂�  ൌ�൲� ൳� �����

:KHUH WKH LQLWLDO FRQGLWLRQ LV GHILQHG E\ ൳�൲ኺ�  ൳ኺ� +HUH LQ WKH FRQWH[W RI 3(76F SURJUDPV� WKH
WHUP ൌ�൲� ൳� LV JHQHUDOO\ FDOOHG DV WKH ULJKW�KDQG VLGH �5+6� IXQFWLRQ� 7KHUH DUH RSWLRQV IRU HLWKHU
SURYLGLQJ DQ XVHU�GHILQHG URXWLQH IRU WKH 5+6 H[SUHVVLRQ �W\SLFDOO\ LQ WKH FDVH RI FHOO�EDVHG ILQLWH GLI�
IHUHQFH PHWKRG�� 1HYHUWKHOHVV� WKH PRGHOV XVHG LQ WKH SURMHFW ZHUH EDVHG RQ ILQLWH YROXPH PHWKRGV�
7KHUHIRUH� WKH 5+6 H[SUHVVLRQ ZDV FRPSXWHG XVLQJ UHVLGXDO HYDOXDWLRQ URXWLQHV SUHGHILQHG LQ WKH 76
PRGXOH�

:KLOH FRQVWUXFWLQJ D WUDQVLHQW PRGHO XVLQJ 3(76F� LW LV HVVHQWLDO WR GHILQH D IHZ HVVHQWLDO SDUDPH�
WHUV IRU WKH VROYHU� 7KH\ DUH GHVFULEHG DV IROORZV�

� 766HW7\SH�� � 6HWV WKH W\SH RI WLPH VWHSSLQJ VROYHU WR EH XVHG� 7KH WHPSRUDO GLVFUHWLVDWLRQ
FDQ EH FKRVHQ IURP D YDULHW\ RI PHWKRGV SUHVFULEHG LQ WKH 76 PRGXOH� 6RPH RI WKHP LQFOXGH�
IRUZDUG DQG EDFNZDUG (XOHU� 5XQJH�.XWWD PHWKRGV DQG� JHQHUDO OLQHDU PHWKRGV� 0RUH RI VXFK
RSWLRQV LV JLYHQ LQ 7DEOH �� RI >�@�

� 766HW7LPH6WHS�� � 6HWV WKH WLPHVWHS YDOXH DW WKH VWDUW RI HYHU\ WLPH LWHUDWLRQ� 7KH XVHU LV
UHVSRQVLEOH LQ SURYLGLQJ D URXWLQH WR HIIHFWLYHO\ FRPSXWH WKH WLPHVWHS ൣ൲ IURP WKH JULG DQG VROXWLRQ
SDUDPHWHUV�

� 766HW3RVW6WHS�� DQG 766HW0RQLWRU�� � 7KHVH URXWLQHV FRUUHVSRQG WR WKH SRVW FRPSXWDWLRQ
VWHS RI WKH VROYHU� 7KH\ DUH HVVHQWLDOO\ XVHG IRU PRQLWRULQJ WKH UHVLGXDOV DQG SURGXFLQJ WKH RXWSXW
LQ YDULRXV IRUPDWV�

������ 'DWD 0DQDJHPHQW �'0�
$V SHU WKH GHILQLWLRQ SURYLGHG E\ 3(76F >�@� '0 SURYLGHV D FROOHFWLRQ RI URXWLQHV DQG GDWD VWUXFWXUHV WR
GHILQH DQG IDFLOLWDWH WKH FRPPXQLFDWLRQ EHWZHHQ WKH 9(& DQG 0$7 REMHFWV DQG WKH GLVWULEXWLRQ RI PHVK
HOHPHQWV FRUUHVSRQGLQJ WR D SDUWLFXODU 3'(� $SDUW IURP VRPH EDVLF IXQFWLRQV� '0 LWVHOI LV GLYLGHG LQWR
� PDMRU W\SHV�

� 'LVWULEXWHG $UUD\V �'0'$�� ,W LV UHVSRQVLEOH IRU FUHDWLQJ DQG KDQGOLQJ &DUWHVLDQ VWUXFWXUHGPHVKHV�
7KH LQWHUIDFH IRU WKH WRSRORJ\ DQG JHRPHWU\ LV SURYLGHG E\ WKLV FODVV RI REMHFWV� )XUWKHUPRUH�
LW LV DOVR FDSDEOH RI SDUDOOHO UHILQLQJ DQG FRDUVHQLQJ� 5RXWLQHV VXFK DV '0'$&UHDWH�'�� DQG
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�� �� ,PSOHPHQWDWLRQ

'0'$&UHDWH�'�� FDQ EH XVHG WR FUHDWH WZR DQG WKUHH GLPHQVLRQDO XQLIRUP PHVKHV UHVSHF�
WLYHO\� $OWKRXJK KLJKO\ RSWLPLVHG IRU WKH ILQLWH GLIIHUHQFH PHWKRG� WKH GUDZEDFN RI '0'$ OLHV LQ
LWV ODFN RI VXSSRUW IRU QRQ�XQLIRUP� XQVWUXFWXUHG PHVKHV�

� 3OH[� 7KH YRLG FUHDWHG E\ '0'$ LV ILOOHG LQ E\ WKH '0 RI 3OH[ W\SH� 7KH\ DUH VXLWHG IRU KDQGOLQJ
RI XQVWUXFWXUHG DQG�RU QRQ�FRQIRUPDO PHVKHV� '03OH[ LV YHU\ ZHOO VXLWHG IRU SUREOHPV XVLQJ WKH
ILQLWH YROXPH RU WKH ILQLWH HOHPHQW PHWKRG DV LW DOORZV WKH XVHU WR ORRS RYHU WKH FHOO LQWHUIDFHV�
)XUWKHUPRUH� WKH IXQFWLRQDOLW\ RI UHDGLQJ IURP D �UG SDUW\ PHVK IRUPDW DQG VWRUH LW DV '0 REMHFWV
DUH DOVR DYDLODEOH�

� )RUHVW� ,W FDQ EH FRQVLGHUHG DV D GHULYDWLYH RI '03OH[� ,W LV VXLWHG WR KDQGOH SDUDOOHO TXDG�WUHHV
LQ �' DQG RFW�WUHHV LQ �'� ,Q WKH FRQWH[W RI WKH ILQDO PRGHO XVLQJ WKH DGDSWLYH JULG PHWKRG� WKH
'0)RUHVW FRQWDLQV URXWLQHV UHVSRQVLEOH IRU KDQGOLQJ WKH PHVK LQIRUPDWLRQ DQG WKH VXEVHTXHQW
LQWHUSRODWLRQ DVVRFLDWHG ZLWK DGDSWLQJ WKH PHVK IURP RQH UHILQHPHQW OHYHO WR DQRWKHU�

���� )LQLWH 9ROXPH 0HWKRG )UDPHZRUN RQ 3(76F
,Q WKLV VHFWLRQ DQG LQ ILJXUH ���� WKH LPSOHPHQWDWLRQ RI WKH )LQLWH 9ROXPH 0HWKRG �)90� LQ 3(76F LV
GHVFULEHG LQ GHWDLO� $V DQ H[DPSOH� WKH DGYHFWLRQ PRGHO LV FKRVHQ IRU WKLV VHFWLRQ� 1HYHUWKHOHVV� WKH
UXGLPHQWDU\ IORZ RI WKH SURFHVV UHPDLQV XQFKDQJHG IRU RWKHU 3'(¶V XVLQJ )90� 7KH IORZ RI WKH SURFHVV
LV GLYLGHG LQWR � VHFWLRQV DV OLVWHG EHORZ�

�� 8VHU &RQWH[W� 7KH XVHU FRQWH[W LV D FXVWRP VWUXFW GHILQHG E\ WKH XVHU WR VWRUHPRGHO RU SK\VLFV�
UHODWHG SDUDPHWHUV� 7KLV ZRXOG LQFOXGH� FRHIILFLHQWV DQG FRQVWDQWV ZKRVH DFFHVV LV QHHGHG E\
PXOWLSOH PRGXOHV GRZQ WKH OLQH RI WKH SURFHVV� )RU H[DPSOH� &)/ QXPEHU� JUDYLWDWLRQDO FRQVWDQW�
RU DGYHFWLRQ FRHIILFLHQW FRXOG EH SDUW RI WKH XVHU FRQWH[W� 6RPH LPSRUWDQW 3(76F GDWD VWUXFWXUHV
VXFK DV WKH 3HWVF)9 REMHFW FDQ DOVR EH LQFOXGHG LQ WKH XVHU FRQWH[W DV ZDV GRQH IRU WKH DGDSWLYH
JULG PRGHO�

�� '03/(;� %HLQJ D '0 REMHFW RI W\SH 3OH[� LW FRQWDLQV DOO RI WKH HVVHQWLDO LQIRUPDWLRQ FRUUHVSRQGLQJ
WR WKH PHVK� ,QSXWV VXFK DV FXVWRP ODEHOV IRU WKH W\SH RI ERXQGDU\ FRQGLWLRQV� VL]H� DQG W\SH RI
WKH JULGV FDQ EH VSHFLILHG XVLQJ WKH URXWLQHV SURYLGHG E\ WKH '0 OLEUDU\� ,Q DOO RI WKH PRGHOV XVHG
LQ WKH SURMHFW� '03OH[&UHDWH%R[0HVK�� LV XVHG WR FUHDWH WKH GDWD VWUXFWXUH IRU WKH PHVK� )XU�
WKHUPRUH '06HW$GMDFHQF\�� LV XVHG WR FRQILJXUH WKH '0 REMHFW WR VWRUH DGMDFHQF\ LQIRUPDWLRQ
DERXW YDULRXV PHVK HOHPHQWV VXFK DV FHOO FHQWHUV DQG FHOO IDFHV� 7KH QXPEHU RI FHOOV PDUNHG IRU
RYHUODS LV DOVR VSHFLILHG WR DOORZ WKH SDUDOOHOLVDWLRQ RI WKH SUREOHP� 6XEVHTXHQWO\� LW LV IROORZHG
E\ WKH GLVWULEXWLRQ RI WKH JKRVW FHOO ORFDWLRQV�

�� 3(76F )9� 6SHFLILF IXQFWLRQV UHODWHG WR )90 DUH DYDLODEOH WKURXJK WKH 3HWVF)9 REMHFW� +HUH�
WKH XVHU KDV WR SURYLGH WKH QXPEHU RI ILHOGV� GHJUHHV RI IUHHGRP� DQG WKH GLPHQVLRQ� ,Q WKH FDVH
RI DQ DGYHFWLRQ PRGHO� WKH QXPEHU RI ILHOGV DQG GHJUHH RI IUHHGRP DUH HTXDO WR RQH� $ VLPLODU
WUDQVODWLRQ FRXOG EH PDGH IRU WKH VKDOORZ ZDWHU HTXDWLRQV� )XUWKHUPRUH� WKH W\SH RI WKH 3HWVF)9
REMHFW GHFLGHV WKH LQWHUSRODWLRQ W\SH �/HDVW 6TXDUHV RU 8SZLQG��

�� 'LVFUHWH 6\VWHP �'6�� ,Q WKH SURFHVV RI FUHDWLQJ D ILQLWH YROXPH PRGHO� WKH VSDWLDO GLVFUHWLVDWLRQ
RI WKH V\VWHP LV SURYLGHG WR WKH 76 PRGXOH WKURXJK WKH '6 REMHFW� 7KH VSHFLILFDWLRQ RI WKH 5LH�
PDQQ VROYHU LV SURYLGHG WKURXJK WKH '6 REMHFW� 0RUHRYHU� WKH URXWLQH XVHG WR FRPSXWH WKH WLPH
GHULYDWLYH YDOXHV IRU WKH 76 PRGXOH XVHV WKH GDWD VWUXFWXUH GHILQHG LQ WKH '6 REMHFW�

�� 7LPH 6WHSSLQJ �76�� 7KH VROXWLRQ YHFWRU ; LV PDUFKHG IRUZDUG LQ WLPH E\ WKH UHVSHFWLYH WLPH
VWHSSLQJ VROYHU VSHFLILHG LQ WKH 76 REMHFW� $V PHQWLRQHG EHIRUH� XVLQJ WKH 3HWVF)9 DQG '6
REMHFW� ോ�൲� ൳� ൳̂� LQ HT� ��� LV FRPSXWHG� :LWK WKH DSSURSULDWH WLPH�VWHS ൣ൲� WKH VROXWLRQ YHFWRU
RI WKH QH[W WLPHVWHS LV FRPSXWHG IROORZHG E\ WKH URXWLQH IRU SRVW�SURFHVVLQJ LV H[HFXWHG� $V D
ILQDO VWHS� WKH VROXWLRQ FDQ EH RXWSXWWHG LQWR D ILOH� IRU LQVWDQFH� LQ WKH �YWX IRUPDW IRU YLVXDOL]DWLRQ
SXUSRVHV�
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���� 5RXWLQH WR &RPSXWH 7LPH 'HULYDWLYH ��

)LJXUH ���� 3URFHVV IORZ IRU D )LQLWH 9ROXPH 0HWKRG 0RGHO LQ 3(76F

���� 5RXWLQH WR &RPSXWH 7LPH 'HULYDWLYH
7KH VWHSV LQYROYHG LQ WKH FRXUVH RI WKH FRPSXWDWLRQ RI WLPH GHULYDWLYH LQ HT� ��� LV GHVFULEHG LQ GHWDLO
KHUHRQ�

�� 7KH LQLWLDO VWHS LQ WKH SURFHVV UHPDLQV WKH VDPH DV LOOXVWUDWHG LQ WKH ILJ� ���� $V PHQWLRQHG LQ



�� �� ,PSOHPHQWDWLRQ

)LJXUH ���� &RPSXWDWLRQ RI WKH 5LJKW +DQG 6LGH E\ WKH 76 VROYHU

WKH SUHYLRXV VHFWLRQ� WKH 3HWVF)9 DQG '6 REMHFW DUH UHTXLUHG IRU WKH VXEVHTXHQW FRPSXWDWLRQV
XVHG E\ WKH WLPH VWHSSLQJ VROYHU�

�� 7KH URXWLQH '03OH[76&RPSXWH5+6)XQFWLRQ)90�� LV XVHG WR WULJJHU WKH FRPSXWDWLRQ RI WKH
WLPH GHULYDWLYH XVLQJ WKH 5LHPDQQ VROYHU VSHFLILHG XVLQJ WKH '6 REMHFW�

�� 7KH DOJRULWKP IRU FRPSXWLQJ WKH IOX[ UHVLGXDOV IRU HYHU\ FHOO VWDUWV ZLWK WKH JHRPHWULF GDWD REWDLQHG
IURP WKH OVWLQOLQH'03/(; REMHFW� 7KH JUDGLHQWV DUH WKHQ FRPSXWHG XVLQJ WKH VROXWLRQ YHFWRU
DQG WKH DGMDFHQF\ LQIRUPDWLRQ� 7KH URXWLQH UHVSRQVLEOH IRU WKH UHFRQVWUXFWLRQ RI WKH JUDGLHQWV LV
HQFDSVXODWHG E\ WKH 3HWVF)9 REMHFW� 6XEVHTXHQWO\� LI WKH XVDJH RI D OLPLWHU LV VSHFLILHG� WKH\ DUH
XVHG GXULQJ WKH UHFRQVWUXFWLRQ SURFHGXUH�

�� ,I WKH JUDGLHQW FRPSXWDWLRQ LV GLVDEOHG� WKH VWDWH YDULDEOHV DUH QRW UHFRQVWUXFWHG DW WKH FHOO LQ�
WHUIDFHV� 5DWKHU� LQ WKLV FDVH� WKH FHOO FHQWHU YDOXHV DUH GLUHFWO\ WDNHQ LQWR FRQVLGHUDWLRQ E\ WKH
5LHPDQQ VROYHU�

https://www.mcs.anl.gov/petsc/petsc-current/docs/manualpages/TS/DMPlexTSComputeRHSFunctionFVM.html


���� ,QWHJUDWLRQ RI '03OH[ ([DPSOH ��

�� $ ORRS LV SDVVHG ZKLFK VSDQV DFURVV WKH FHOO LQWHUIDFHV RU IDFHV� 7RJHWKHU ZLWK WKH QRUPDOV DQG
WKH VWDWH YDULDEOHV RQ HLWKHU VLGH RI WKH FHOO LQWHUIDFH� WKH 5LHPDQQ IOX[HV DUH FDOFXODWHG IRU HYHU\
IDFH�

�� )LQDOO\ DQRWKHU ORRS� QRZ VSDQQLQJ DFURVV HYHU\ FHOO LV SDVVHG� 7KH IOX[HV DFURVV HDFK RI WKH IDFH
DUH DFFXPXODWHG DQG WKH UHVLGXDO YDOXH LV FRPSXWHG� 9DOXHV FRUUHVSRQGLQJ WR WKH FHOO�FHQWHUHG
VRXUFH WHUP FDQ EH LQFOXGHG LQ WKLV URXWLQH� 7KH WLPH GHULYDWLYH YHFWRU LV WKHQ ILQDOO\ SDVVHG WR
WKH WLPH�VWHSSLQJ VROYHU�

���� ,QWHJUDWLRQ RI '03OH[ ([DPSOH
$V PHQWLRQHG LQ VHFWLRQ ���� RQH RI WKH WHUWLDU\ REMHFWLYHV ZDV WR SURYLGH D VPRRWKHU UDPS IRU WKH
FUHDWLRQ RI WLPH�GHSHQGHQW QXPHULFDO PRGHOV XVLQJ 3(76F� 7KHUHIRUH� D QHZ 76 WXWRULDO ZDV LQWHJUDWHG
LQWR WKH GHYHORSPHQW YHUVLRQ RI 3(76F� 7KH WXWRULDO FRQVLVWV RI D XQLIRUP JULG� D VLPSOH DGYHFWLRQPRGHO
EDVHG RQ )90� DQG '03OH[� $ QXPEHU RI UHDVRQV PRWLYDWHG WKLV VWHS�

$IWHU D VXUYH\ RI WKH FXUUHQWO\ DYDLODEOH 76 WXWRULDOV DYDLODEOH LQ WKH UHSRVLWRU\� WKHUH ZHUH QRW DQ\
SURJUDPV GHGLFDWHG WR GHPRQVWUDWLQJ GLIIHUHQW URXWLQHV RI '03OH[� )XUWKHUPRUH� WKLV YRLG LV PRUH
VLJQLILFDQW IRU PRGHOV EDVHG RQ )90 DV WKHUH ZHUH RQO\ � WXWRULDOV XVLQJ WKH QXPHULFDO PHWKRGRORJ\�
,Q ERWK RI WKH WXWRULDOV� DGYDQFHG URXWLQHV DQG DGDSWLYH PHVK UHILQHPHQW ZHUH LQVWLWXWHG� $V RQH
PLJKW LPDJLQH� WKHUH LV D KXJH OHDS LQ FRPSOH[LW\ EHWZHHQ D XQLIRUP VROYHU DQG DQ DGDSWLYH JULG VROYHU�
7KHUHIRUH� WKH WXWRULDO LQWHJUDWHG VHUYHG WR ILOO WKLV YRLG� 1H[W� WKH GLVFUHWLVDWLRQ PHWKRGV LQ WKH DYDLODEOH
H[DPSOHV DUH QRW H[SOLFLWO\ SURYLGHG� 7KLV PDNHV LW KDUGHU WR XQGHUVWDQG WKH UROH RI HDFK URXWLQH� 7KH
VDPH DSSOLHV WR WKH 5LHPDQQ VROYHU LQWHUIDFH XVHG E\ WKH '6 DQG 76 REMHFW�

7KH SURSRVLWLRQ IRU D QHZ WXWRULDO ZDV JODGO\ DFFHSWHG E\ 0DUN $GDPV DQG 0DWWKHZ .QHSOH\ RI WKH
3(76F 'HYHORSPHQW WHDP ZKR DFNQRZOHGJHG WKH JDS PHQWLRQHG EHIRUH� ,Q RUGHU WR PDNH FKDQJHV
WR WKH UHSRVLWRU\� RQH KDV WR JR WKURXJK WKH &RQWLQXRXV ,QWHJUDWLRQ SURFHVV XVHG E\ 3(76F� 7KLV
DOORZV IRU PXOWLSOH GHYHORSHUV �ZLWK WKH DSSURSULDWH DXWKRULVDWLRQ� WR VHDPOHVVO\ LQWURGXFH LPSURYHPHQW
DQG IL[HV ZLWKRXW GLVUXSWLQJ WKH PDVWHU EUDQFK� 7KLV LQWHJUDWLRQ SURFHVV LV LPSOHPHQWHG E\ FUHDWLQJ
D VRIWZDUH SLSHOLQH FRQWDLQLQJ PXOWLSOH FKHFNV IRU WKH YDULRXV FRPSLOHU ZDUQLQJV EDVHG RQ GLIIHUHQW
RSHUDWLQJ V\VWHPV� 2QFH WKH SLSHOLQH LV SDVVHG� WKH QHZ WXWRULDO KDV WR SDVV WKURXJK D UHYLHZ GRQH E\
WKH SULPDU\ GHYHORSHUV RI WKH VRIWZDUH� ,Q WKLV FDVH� WKH UHYLHZ ZDV GRQH E\ GHYHORSHUV 0DUN $GDPV�
0DWWKHZ .QHSOH\� -HG %URZQ DQG 6DWLVK %DOD\� 7KH WXWRULDO FDQ EH IRXQG LQ WKH ODWHVW YHUVLRQ RI 3(76F
XQGHU WKH GLUHFWRU\ ��VUF�WV�WXWRULDOV�H[���F

https://crd.lbl.gov/departments/applied-mathematics/scalable-solvers/members/staff-members/mark-adams/
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�
$GDSWLYH *ULG 5HILQHPHQW

8VLQJ DQ H[LVWLQJ LPSOHPHQWDWLRQ LQ WKH 3(76F '0 PRGXOH� LW ZDV SRVVLEOH WR FDUU\ RXW DGDSWLYH JULG
VLPXODWLRQV IRU WKH DGYHFWLRQ DQG WKH 6:( PRGHO� 7KLV VHFWLRQ ZLOO IRFXV RQ WKH PDWKHPDWLFDO GHWDLOV
EHKLQG WKH DGDSWLYH JULG PHWKRG� 7KH PRGHOV LPSOHPHQWHG HDUOLHU ZHUH RQO\ FDSDEOH RI KDQGOLQJ XQL�
IRUP� VWUXFWXUHG JULGV SURGXFHG XVLQJ IXQFWLRQV LQ '0'$ DQG '03OH[� 7R VKLIW WR DGDSWLYH JULG PHWKRG�
WKH LQLWLDO JULG SURGXFHG E\ '03/(;&UHDWH%R[0HVK�� LV UHILQHG RU FRDUVHQHG DFFRUGLQJ WR YDULRXV
DGDSWLQJ FULWHULD WKDW DUH GLVFXVVHG ODWHU LQ VHFWLRQ ���� %XW ILUVW� '03OH[� WKH PRGXOH UHVSRQVLEOH IRU
KDQGOLQJ XQVWUXFWXUHG JULG GDWD LV GHVFULEHG LQ GHWDLO LQ WKH IROORZLQJ VHFWLRQ�

���� '03OH[
7KH VXEV\VWHP '03OH[ RI WKH PRGXOH '0 LV XVHG WR PDQDJH DOO XQVWUXFWXUHG JULGV LQ 3(76F >�@� $V
H[SODLQHG LQ VHFWLRQ ������ '03OH[ VXSSRUWV WKH PDQDJHPHQW RI GDWD RI QRQ�FRQIRUPDO� XQVWUXFWXUHG
JULGV ZKLFK DUH WR EH XVHG LQ WKH DGDSWLYH JULG DOJRULWKPV� 7KH SULPH DGYDQWDJH RIIHUHG E\ '03OH[ LV
WKDW LW UHFRJQL]HV HYHU\ FRPSRQHQW RI WKH PHVK FRPSRVHG RI SRLQWV UHODWHG WR HDFK RWKHU� 7KLV HQDEOHV
WKH UHF\FOLQJ RI DOJRULWKPV DFURVV PXOWLSOH GLPHQVLRQV ZLWKRXW D UDGLFDO VKLIW LQ PHVK PDQDJHPHQW
URXWLQHV�

)LJXUH ���� +DVVH GLDJUDP RI D �' TXDGULODWHUDO PHVK ZKHUH �ᑚࠓ� LV WKH HGJH� �යᑚ� LV WKH YHUWH[� DQG �ᑚࠔ� LV WKH IDFH IRU ። ࢵ >ኺ� @

������ 'DWD /D\RXW
7KH SRLQWV DUH VWRUHG DV WKH GDWD W\SH LQW DQG WKHLU FRUUHVSRQGLQJ UHODWLRQV EHWZHHQ HDFK RWKHU DUH
WHUPHG DV FRQHV� 7KH +DVVH GLDJUDP� VKRZQ LQ ���� LV XVHG WR UHSUHVHQW WKH UHODWLRQV EHWZHHQ WKH
SRLQWV ZKLFK FDQ WKHQ EH FRPELQHG WR IRUP GLIIHUHQW HQWLWLHV LQ WKH JULG� $OVR FDOOHG D 'LUHFWHG $F\FOLF
*UDSK� WKH +DVVH GLDJUDP LQ '03OH[ LV FRPSRVHG RI OD\HUV FRUUHVSRQGLQJ WR WKH GLIIHUHQW HQWLWLHV LQ
WKH JULG� $FFRUGLQJ WR WKH FRQYHQWLRQV XVHG E\ 3(76F� WKH JULG HQWLWLHV DUH VWRUHG FRQVHFXWLYHO\ DQG

��

https://www.mcs.anl.gov/petsc/petsc-current/docs/manualpages/DMPLEX/DMPlexCreateBoxMesh.html


�� �� $GDSWLYH *ULG 5HILQHPHQW

WKH RUGHU YDULHV DFFRUGLQJ WR WKH GLPHQVLRQ� )RU LQVWDQFH� LQ D WZR�GLPHQVLRQDO JULG� WKH SRLQWV RI
HQWLWLHV DUH VWRUHG LQ WKH RUGHU� IDFHV ��ࠔ� YHUWLFHV �ය�� DQG HGJHV ��ࠓ�

7R FRXSOH WKH GLVFUHWLVDWLRQ ZLWK WKH VSHFLILHG 3'(� DQ REMHFW FDOOHG 3HWVF6HFWLRQ LV XVHG� (V�
VHQWLDOO\� LW SURYLGHV D GDWD OD\RXW WR VWRUH DQG DVVRFLDWH WKH GHJUHHV RI IUHHGRP ZLWK HDFK SRLQW LQ
VSDFH� 7KHUHIRUH� ZLWK WKH '0 REMHFW LQ KDQG� D 3HWVF6HFWLRQ REMHFW LV FUHDWHG ZLWK SDUDPHWHUV
VSHFLILF WR WKH 3'( EHLQJ VROYHG�

���� 3DUWLWLRQLQJ
7KH SDUWLWLRQLQJ RI WKH JULG LV UHTXLUHG WR WDNH SODFH EHIRUH WKH DFWXDO QXPHULFDO RSHUDWLRQV VWDUW� 7KHUH�
IRUH� LW FDQ EH LQFOXGHG LQ WKH SUH�SURFHVVLQJ VWHSV� ,W LV WKXV YLWDO WR QRWH WKDW WKH SDUWLWLRQLQJ RI WKH
JULG LV D SUHUHTXLVLWH IRU FUHDWLQJ SDUDOOHO GDWD VWUXFWXUHV� 3(76F RXWVRXUFHV PXFK RI WKLV ZRUNORDG E\
XVLQJ SDUDOOHO SDUWLWLRQLQJ DOJRULWKPV SURYLGHG E\ 3DU0(7,6 >��@� $Q LQWHUIDFH GHYHORSHG E\ *HRUJH
.DU\SLV DOORZV IRU WKH XVH RI WKH SDUDOOHO PHVK GLVWULEXWLRQ DOJRULWKPV LQ 3(76F�

$V SHU YHUVLRQ ���� �-XQH �QG� ������ 3(76F GRHV QRW IHDWXUH G\QDPLF SDUWLWLRQLQJ WKDW DOORZV
WKH EDODQFLQJ RI ORDGV E\ VHQGLQJ DQG UHFHLYLQJ PDWUL[ DQG YHFWRU HOHPHQWV EHWZHHQ WKH GLIIHUHQW
SURFHVVHV� 7KLV LV HVSHFLDOO\ XVHIXO ZKHQ RQH LV WU\LQJ WR G\QDPLFDOO\ UHILQH RU FRDUVHQ WKH JULGV� ,W
ZRXOG SURPRWH WKH UHF\FOLQJ RI ROGHU GDWD VWUXFWXUHV WR FUHDWH XSGDWHG VWUXFWXUHV� ,Q WKH DEVHQFH RI
WKLV URXWH� DGDSWLYH PHVK UHILQHPHQWV LQ 3(76F WDNHV SODFH WKURXJK UHFUHDWLQJ WKH GDWD VWUXFWXUHV IURP
VFUDWFK�

���� 4XDG�7UHH
7KH TXDG�WUHH LV D QDWXUDO H[WHQVLRQ WR D XQLIRUP &DUWHVLDQ JULG� 7KLV JULG� KRZHYHU� LV OLPLWHG WR EH
FRPSRVHG RI RQO\ VTXDUH HOHPHQWV RU FHOOV� $ TXDG�WUHH DGDSWLRQ LV UHSUHVHQWHG LQ ILJXUH ����

+HUH� FHOO D LV FRQVLGHUHG WR EH DW WKH LQLWLDO VWDWH RI WKH JULG ZLWK UHILQHPHQW OHYHO� VD\� �� &RQVH�
TXHQWO\� E\ XVLQJ D JLYHQ DGDSWLYH FULWHULD� WKH LQLWLDO JULG �FHOO D LQ ILJXUH ���� LV DGDSWHG RU UHILQHG WR
� VTXDUH FHOOV� 7KH FHOOV� WKXV KDYH D UHILQHPHQW OHYHO RI � �IRU LQVWDQFH FHOO E�� ,Q WKH QH[W DGDSWLRQ
VWHS� WKH GLDJRQDO FHOOV DUH IXUWKHU UHILQHG LQWR � PRUH FHOOV� &HOO F KDV D UHILQHPHQW OHYHO RI � LQ WKH �UG
DGDSWLRQ F\FOH� ,Q WKH ILQDO VWHS� DIWHU DQRWKHU URXQG RI DGDSWLRQ� ZH REWDLQ D KLJKHU UHILQHPHQW OHYHO�
7KH VDPH ORJLF LQ UHYHUVH FDQ EH XVHG IRU FRDUVHQLQJ�

1RWH WKDW LQ RUGHU WR NHHS WKH PRGHO VWDEOH IRU WKH GLIIHUHQW FRQILJXUDWLRQV RI WKH JULG� LW LV QHFHVVDU\
WR PDLQWDLQ D ��� UHILQHPHQW DQG FRDUVHQLQJ UDWLR� 7KXV� QR QHLJKERXULQJ FHOOV LQ ERWK WKH GLDJRQDO DQG
RUWKRJRQDO GLUHFWLRQV FDQ GLIIHU E\ PRUH WKDQ RQH OHYHO RI UHILQHPHQW� ,I WKH FRQGLWLRQ LV YLRODWHG� WKHQ
LW PLJKW EH WKH FDVH WKDW WKH LQWHUSRODWLRQ HUURUV ZRXOG GRPLQDWH WKH HUURUV LQWURGXFHG E\ WKH PRGHO�
7KHUHIRUH� WKLV PD\ XOWLPDWHO\ OHDG WR HLWKHU DQ LQYDOLG VROXWLRQ RU LQVWDELOLW\ GXULQJ UXQ WLPH�

���� ,QWHUSRODWLRQ 0HWKRGRORJ\
,Q WKLV VHFWLRQ� WKH JULG�DGDSWLRQ URXWLQHV XVHG E\ 3(76F LV GHVFULEHG LQ GHWDLO� ,W PXVW EH QRWHG WKDW
WKH PHWKRGRORJ\ VWDUWV IURP WKH DVVXPSWLRQ WKDW WKH JULG SDUWLWLRQLQJ DQG WKH IRUPDWLRQ RI WKH GDWD
VWUXFWXUHV ´SRVW�DGDSWLRQ´ DUH DOUHDG\ DYDLODEOH� 3DUWLWLRQLQJ DOJRULWKPV� WKXV� ZRXOG QRW EH GLVFXVVHG
KHUH DV LW LV EH\RQG WKH VFRSH RI WKLV SURMHFW� 7ZR GLIIHUHQW DGDSWLRQ VFHQDULRV DUH FRQVLGHUHG LQ WKLV
VHFWLRQ� D JULG EHLQJ UHILQHG DQG D JULG EHLQJ FRDUVHQHG�

2QH RI WKH SULPH DGYDQWDJHV RI TXDG�WUHHV LV WKDW LW DOORZV RQH WR IRUP D SDUHQW�FKLOG UHODWLRQVKLS
EHWZHHQ WZR GLIIHUHQW FHOOV ZLWK GLIIHUHQW UHILQHPHQW OHYHOV� 7R LOOXVWUDWH WKLV SURSHUW\� FRQVLGHU ILJXUH
���� 6XSSRVH ZH KDYH � '0 REMHFWV FRQWDLQLQJ WKH JULG GDWD� QDPHO\ ።፧ � WKH ´SUH�DGDSWLRQ´ JULG DQG
፨፮፭ � WKH ´SRVW�DGDSWLRQ´ JULG� )XUWKHUPRUH� IRU ERWK RI WKH JULGV� ፫፞፟ LV FRQVLGHUHG DV WKH UHIHU�
HQFH JULG� 5HIHUHQFH JULGV DUH W\SLFDOO\ XQLIRUP FRQWDLQLQJ FHOOV DW D VSHFLILHG LQLWLDO UHILQHPHQW OHYHO�
,W FDQ EH VHHQ WKDW XVLQJ WKH SDUHQW�FKLOG KLHUDUFK\ GLDJUDP� RQH FDQ GHULYH WKH UHODWLRQ EHWZHHQ WKH
FHOO ^�` �SDUHQW� DQG FHOOV ^� � � � � � �` �FKLOGUHQ�� 7KLV LQIRUPDWLRQ HQDEOHV HIILFLHQW LQWHUSRODWLRQ URXWLQHV
ZKLOH UHILQLQJ RU FRDUVHQLQJ D JLYHQ UHJLRQ RI WKH GRPDLQ� 7KHVH WHFKQLTXHV DUH IXUWKHU HODERUDWHG LQ
WKH IROORZLQJ VHFWLRQV�

������ 5HILQLQJ
7KH DGDSWLYH PHVK UHILQHPHQW DOJRULWKP DOVR PXVW SURYLGH URXWLQHV WR FRPSXWH WKH QHZ VWDWH YHFWRU�
VD\ඹ፧። RQ WKH DGDSWHG JULG DW WLPHVWHS Q RI FHOO L� ,Q WKH FDVH RI UHILQLQJ� D OLQHDU LQWHUSRODWLRQ WHFKQLTXH



���� ,QWHUSRODWLRQ 0HWKRGRORJ\ ��

)LJXUH ���� ,OOXVWUDWLRQ RI D TXDG�WUHH VWUXFWXUH

LV HPSOR\HG WR UHFRQVWUXFW WKH FHOO YDOXHV IRU WKH SRVW�DGDSWLRQ JULG� &RQVLGHU ILJXUH ���� WKH SUH� DQG
SRVW�DGDSWLRQ JULGV DUH ።፧ DQG ፨፮፭ UHVSHFWLYHO\�

8VLQJ WKH '0BLQ DQG 3HWVF)9 REMHFWV� WKH JUDGLHQWV RI WKH VWDWH YHFWRU DUH FRPSXWHG XVLQJ
'03OH[&RPSXWH*UDGLHQW)90�� IRU WKH SUH�DGDSWLRQ JULG� )XUWKHUPRUH� FHQWURLGV RI WKH FHOOV DUH
NQRZQ IRU ERWK WKH SUH� DQG SRVW�DGDSWLRQ JULGV� 8VLQJ WKLV LQIRUPDWLRQ� D OLQHDU LQWHUSRODWLRQ� VLPLODU
WR WKH RQH PHQWLRQHG LQ VHFWLRQ ��� FDQ EH FDUULHG RXW DQG WKH VWDWH YHFWRU RI WKH ¶GDXJKWHU¶ FHOOV FDQ
EH FRPSXWHG�

7R IXUWKHU LOOXVWUDWH WKLV� FRQVLGHU FHOO ^�` LQ ።፧� ,W¶V UHILQHPHQW OHYHO LV LQFUHDVHG E\ �� WKXV
UHVXOWLQJ LQ WKH IRUPDWLRQ RI � PRUH ¶GDXJKWHU¶ FHOOV ^� � � � � � �`� 1RZ FRQVLGHU WKH UHFRQVWUXFWLRQ RI WKH
VWDWH YDULDEOHV DW FHOO FHQWUH �� 6XSSRVH WKH FHQWURLG RI � LV DW ൝ኼ  �൶ኼ� ൷ኼ� DQG WKH FHQWURLG RI � LV DW
൝ዂ  �൶ዂ� ൷ዂ�� WKHQ

  �൝ዂ ࢿ ൝ኼ�  �́൶� ́൷�ፓ �����

,I ධ  �ධ፱� ධ፲�ፓ DUH WKH JUDGLHQWV RI VWDWH YHFWRU ඹኼ RI FHOO � LQ WKH [ DQG \ GLUHFWLRQV� WKHQ WKH VWDWH
YHFWRU ඹዂ DW FHOO � FDQ EH FRPSXWHG E\

ඹዂ  ඹኼ � ධ �  �����

������ &RDUVHQLQJ
'XH WR WKH KLHUDUFKLFDO VWUXFWXUH RI WKH JULG� FRDUVHQLQJ RU UHGXFLQJ D UHILQHPHQW OHYHO LV DFKLHYHG YHU\
HIILFLHQWO\� :KHQ WKH JULG LV FRDUVHQHG� WKH JULG DVVRFLDWHG ZLWK WKH ¶GDXJKWHU¶ FHOO LV HVVHQWLDOO\ UROOHG
EDFN WR WKH JULG ZLWK LWV SDUHQW FHOO FRQILJXUDWLRQ� 7KHUHIRUH� WKH VWDWH YHFWRU RI WKH QHZHU� FRDUVHU
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�� �� $GDSWLYH *ULG 5HILQHPHQW

)LJXUH ���� 5HILQHPHQW RI D '0 REMHFW DQG LQWHUSRODWLRQ RI VWDWH YHFWRU



���� $GDSWLQJ &ULWHULD ��

FHOO FDQ EH REWDLQHG E\ GLUHFWO\ LQMHFWLQJ WKH YDOXH DOUHDG\ RZQHG E\ WKH SDUHQW FHOO� ,Q ILJXUH ����
FHOOV ^� � � � � � �` DUH FRDUVHQHG WR REWDLQ FHOO �� +HUH� WKHUH LV QR QHHG IRU IXUWKHU UHFRQVWUXFWLRQ RI VWDWH
YHFWRU DW FHOO � DV WKH KLHUDUFKLFDO PRGHO RI WKH JULG DOORZV IRU WKH GLUHFW LQMHFWLRQ RI WKH YDOXH� +RZHYHU�
LI WKH ILQDO UHILQHPHQW OHYHO RI WKH FHOO IDOOV EHORZ WKDW RI WKH UHIHUHQFH JULG� WKHQ UHFRQVWUXFWLRQ ZRXOG
EH QHFHVVDU\�

)LJXUH ���� &RDUVHQLQJ D '0 REMHFW DQG LQMHFWLRQ RI VWDWH YHFWRU

���� $GDSWLQJ &ULWHULD
7KH PDLQ DWWUDFWLRQ WRZDUGV SXUVXLQJ DQ DGDSWLYH JULG DSSURDFK LV WKDW LW DOORZV WKH LQFUHDVH LQ WKH
UHVROXWLRQ RI WKH VROXWLRQ LQ VSHFLILF DUHDV RI LQWHUHVW� 7KH DUHDV RI LQWHUHVW FDQ EH GLFWDWHG E\ GLIIHU�
HQW SDUDPHWHUV DQG LW FKDQJHV RYHU WLPH� 7KH TXDQWLI\LQJ SDUDPHWHU ZLOO KHQFHIRUWK EH FDOOHG DV WKH
DGDSWLQJ FULWHULRQ ͅ� 7KH W\SH DQG PDJQLWXGH RI ͅ DUH FULWLFDO WR WKH DFFXUDF\ RI WKH ILQDO VROXWLRQ� ,Q
DGGLWLRQ� WKH FKRLFH LV DOVR FULWLFDO WR WKH FRPSXWDWLRQDO UHVRXUFHV UHTXLUHG�

:KHQ FRQVLGHULQJ WKH WKUHVKROG YDOXHV RI WKH DGDSWLQJ FULWHULD �ͅኻ DQG ͅኼ�� ZH FRQVLGHU HLWKHU DQ
DEVROXWH YDOXH RU D UHODWLYH YDOXH� 7KH\ DUH GHVFULEHG PRUH LQ GHWDLO EHORZ�

� $EVROXWH 9DOXH� ,Q WKLV FDVH� IL[HG YDOXHV RI ͅኻ DQG ͅኼ DUH FRQVLGHUHG ZKHQ GHFLGLQJ ZKHWKHU WR
DGDSW D JLYHQ FHOO� 7KH GHFLVLRQ LV FDUULHG RXW XVLQJ WKH IROORZLQJ FULWHULD�

�� 5HILQH WKH FHOO ZKHQ ͅ ! ͅኻ�



�� �� $GDSWLYH *ULG 5HILQHPHQW

�� &RDUVHQ WKH FHOO ZKHQ ͅ � ͅኼ�
�� .HHS WKH VDPH UHILQHPHQW OHYHO RWKHUZLVH�

+HUH� LI WKH FULWHULRQ IDOOV DERYH ͅኻ� WKH FHOO LV UHILQHG� 2Q WKH RWKHU KDQG� LI LW IDOOV EHORZ ͅኼ� WKH
FHOO LV FRDUVHQHG� 7KH WKUHVKROG YDOXHV DUH GHSHQGHQW RQ WKH VFHQDULR DQG DUH WKXV IRXQG XVLQJ
D WULDO DQG HUURU SURFHVV� ,W YDULHV DFFRUGLQJ WR D JLYHQ VFHQDULR DQG GRPDLQ�

� 5HODWLYH 9DOXH� ,Q WKLV SURMHFW� D UHODWLYH YDOXH RI ͅ፦ፚ፱ LV XVHG LQVWHDG� 7KH GHFLVLRQ RI DGDSWLRQ
LV QRZ EDVHG RQ WKH UDWLR RI WKH ͅ RI D FHOO ZLWK UHVSHFW WR WKH KLJKHVW YDOXH RI ͅ DW WKDW SDUWLFXODU
WLPH VWHS RI DOO WKH FHOOV LQ WKH GRPDLQ� 7KXV� UHILQLQJ RU FRDUVHQLQJ LV FDUULHG RXW XVLQJ WKH
IROORZLQJ ORJLF�

�� 5HILQH WKH FHOO ZKHQ ጆᑚ�ᑛ
ጆᑞᑒᑩ

! ͅ፫ኻ�

�� &RDUVHQ WKH FHOO ZKHQ ጆᑚ�ᑛ
ጆᑞᑒᑩ

� ͅ፫ኼ�

�� .HHS WKH VDPH UHILQHPHQW OHYHO RWKHUZLVH�

+HUH� LI WKH FULWHULRQ IDOOV DERYH ͅ፫ኻ� WKH FHOO LV UHILQHG� 2Q WKH RWKHU KDQG� LI LW IDOOV EHORZ ͅ፫ኼ� WKH
FHOO LV FRDUVHQHG� 8VLQJ WKLV VWUDWHJ\ UHGXFHV WKH OHYHO RI DUELWUDULQHVV ZKHQ FKRRVLQJ WKH WKUHVK�
ROG YDOXHV RI WKH FULWHULD� $OWKRXJK WKLV LV D EHWWHU DSSURDFK WR FKRRVH ZKHQ GUDZLQJ FRPSDULVRQV
EHWZHHQ YDULRXV W\SHV RI FULWHULD� LW LQWURGXFHV FHUWDLQ FKDOOHQJHV� 2QH RI WKH FKDOOHQJHV EHLQJ
WKDW WKHUH PLJKW EH XQZDQWHG DGDSWLRQ IRU PLQRU SHUWXUEDWLRQV LQ VRPH SDUWV RI WKH GRPDLQ�

7KH FKRLFH IRU WKH IRUPXODWLRQ RI DGDSWLQJ FULWHULD GHSHQGV RQ WKH SK\VLFDO V\VWHP XQGHU FRQVLG�
HUDWLRQ� 7KHUHIRUH� WKH IRUPXODWLRQ IRU ERWK WKH VFDODU DGYHFWLRQ DQG WKH VKDOORZ ZDWHU HTXDWLRQV DUH
SUHVHQWHG LQ VHSDUDWH VXE�VHFWLRQV�

������ &ULWHULD IRU 6FDODU $GYHFWLRQ (TXDWLRQ
'XH WR WKH VFDODU QDWXUH RI WKH HTXDWLRQ� ͅ LV HDVLO\ LGHQWLILHG� 7KH JUDGLHQWV RI WKH VWDWH YDULDEOH LQ
ERWK GLUHFWLRQV DUH FRQVLGHUHG� 7KH IRUPXODWLRQ LV WKXV JLYHQ EHORZ�

ͅ  ᔄᗛ
ဌ൳
ဌ൶
ᗜ
ኼ

� ᗛ
ဌ൳
ဌ൷
ᗜ
ኼ

&ULWHULD IRU 6KDOORZ :DWHU (TXDWLRQV
,Q WKLV FDVH� D QXPEHU RI SRWHQWLDO SDUDPHWHUV DUH LGHQWLILHG IRU WKH DGDSWLRQ RI WKH JULG� 7KH JUDGLHQW RI
ZDWHU KHLJKW LV D JRRG LQGLFDWRU RI FKDQJH LQ WKH VROXWLRQ� 1HYHUWKHOHVV� FKDQJHV LQ YHORFLW\ FRXOG DOVR
LQGLFDWH WKH ZDYH SURSDJDWLRQ� 7KLV PLJKW OHDG WR D VROXWLRQ WKDW FRXOG EHWWHU FDSWXUH WKH ZDYH�IURQW�
,Q YLHZ RI WKHVH GLIIHUHQW IDFWRUV� WKUHH GLIIHUHQW IRUPXODWLRQV DUH FRQVLGHUHG DQG SUHVHQWHG EHORZ�

�� *UDGLHQWV RI +HLJKW � +HUH� WKH RQO\ GHFLGLQJ IDFWRU IRU WKH DGDSWLRQ LV EDVHG RQ WKH FKDQJH LQ
KHLJKWV RI WKH VROXWLRQ�

ͅ  ᔄᗛ
ဌ߶
ဌ൶
ᗜ
ኼ

� ᗛ
ဌ߶
ဌ൷
ᗜ
ኼ

�� $YHUDJH RI WKH JUDGLHQWV RI KHLJKW DQG WHQVLOH FRPSRQHQWV RI YHORFLW\� 7KH FKDQJH LQ YHORFLWLHV
DUH WDNHQ LQWR DFFRXQW LQ WKH FULWHULRQ� 1HYHUWKHOHVV� WKH VKHHU JUDGLHQWV RI WKH YHORFLW\ DUH
QHJOHFWHG�

ͅ  
�
�
ᗡᔄᗛ

ဌ߶
ဌ൶
ᗜ
ኼ

� ᗛ
ဌ߶
ဌ൷
ᗜ
ኼ

� ᔄᗛ
ဌ൳
ဌ൶
ᗜ
ኼ

� ᗛ
ဌ൴
ဌ൷
ᗜ
ኼ

ᗢ

�� 6XP RI WKH JUDGLHQWV RI WKH VWDWH YHFWRU� 7KH VXP RI WKH VTXDUHV RI WKH JUDGLHQWV RI WKH VWDWH
YHFWRU LV FRQVLGHUHG LQ WKLV IRUPXODWLRQ� 1RWH WKH LQFOXVLRQ RI WKH VKHHU JUDGLHQWV RI WKH YHORFLW\�

ͅ  ߶ኼ፱ � ߶ኼ፲ � ൳ኼ፱ � ൳ኼ፲ � ൴ኼ፱ � ൴ኼ፲



���� ,PSOHPHQWDWLRQ LQ 3(76F ��

$IWHU D QXPEHU RI WHVWV� LW ZDV IRXQG WKDW FULWHULD � DQG � DUH KLJKO\ VHQVLWLYH� HVSHFLDOO\ DW WKH
ERXQGDULHV RI WKH GRPDLQ� 7KLV FRXOG EH DWWULEXWHG WR WKH FRQWULEXWLRQ RI WKH VKHHU JUDGLHQWV RI WKH
YHORFLW\� 7HVWV ZLWK FULWHULD �� RQ WKH RWKHU KDQG� GR QRW VKRZ WKLV EHKDYLRXU DW WKH ERXQGDULHV� )XU�
WKHUPRUH� LW ZDV IRXQG WR DFFXUDWHO\ LGHQWLI\ WKH ZDYH�IURQWV DQG RWKHU DUHDV RI LQWHUHVWV LQ WKH GRPDLQ�
7KHUHIRUH� WKH JUDGLHQWV RI KHLJKW ZHUH FKRVHQ DV WKH FULWHULD RI FKRLFH�

���� ,PSOHPHQWDWLRQ LQ 3(76F
$V GHVFULEHG LQ VHFWLRQ ������ WKH PRGXOH '0)RUHVW FRQWDLQV D VXLWH RI REMHFWV DQG VXEURXWLQHV WKDW ID�
FLOLWDWHV WKH KDQGOLQJ DQG XVDJH RI KLHUDUFKLFDO PHVKHV� 1HYHUWKHOHVV� DGGLWLRQDO VWHSV DUH WR EH PDGH
WR SUH�SURFHVV WKH '0 REMHFW WR WUHDW WKH VSHFLDO DUWLIDFWV RI QRQ�FRQIRUPDO PHVKHV VXFK DV GDQJOLQJ
HGJHV� )XUWKHUPRUH� WKH SURFHGXUH LQYROYHG LQ WKH DGDSWLYHPHVK UHILQHPHQW URXWLQH� DGDSWWRWROHUDQFH
�� LV GHVFULEHG LQ WKH IROORZLQJ VHFWLRQV�

������ $OJRULWKP IRU WKH $GDSWLRQ 5RXWLQH

)LJXUH ���� )ORZ RI RSHUDWLRQV IRU DGDSWLRQ

7KH DOJRULWKP RI WKH DGDSWLYH PHVK UHILQHPHQW PHWKRG LV VKRZQ LQ ILJXUH ���� 7KH VXEURXWLQH
DGDSWWRWROHUDQFH�� LV UHVSRQVLEOH IRU FDUU\LQJ RXW WKH DGDSWLRQ SURFHVV DFFRUGLQJ WR D VHOHFWHG
FULWHULRQ� 7KHUHIRUH� DOO RI WKH URXWLQHV H[SODLQHG KHUH DUH SHUIRUPHG E\ FDOOLQJ WKLV IXQFWLRQ�

7KH SURFHVV VWDUWV ZLWK WKH SUH�DGDSWHG 76 REMHFW� $W WKH VWDUW RI WKH SURFHVV� WKH SUH�DGDSWHG
VROXWLRQ YHFWRU ; DQG SUH�DGDSWHG 76 REMHFW DUH DYDLODEOH� 7KH '0 FRQWDLQHG E\ WKH SUH�DGDSWHG 76
REMHFW FDQ EH FRQVLGHUHG DV WKH EDVH '0 WKDW QHHGV WR DGDSWHG DFFRUGLQJ WR D JLYHQ VWUDWHJ\� $ SUH�
DGDSWHG '0 REMHFW LV FUHDWHG E\ GXSOLFDWLQJ WKH EDVH '0 DV D PHDVXUH WR QRW FKDQJH RU GLVUXSW WKH
SRLQWHUV RI WKH H[LVWLQJ '0� $FFRUGLQJ WR WKH DGDSWLRQ FULWHULD ͅ �VHFWLRQ ����� WKH FHOOV LQ WKH JULG DUH
PDUNHG ZLWK WKH IROORZLQJ ODEHOV�

� '0B$'$37B/$%(/B5(),1( � /DEHO JLYHQ WR LQFUHDVH WKH UHILQHPHQW OHYHO E\ ��

� '0B$'$37B/$%(/B&2$56(1 � /DEHO JLYHQ WR GHFUHDVH WKH UHILQHPHQW OHYHO E\ ��



�� �� $GDSWLYH *ULG 5HILQHPHQW

� '0B$'$37B/$%(/B.((3 � /DEHO JLYHQ WR PDLQWDLQ WKH VDPH UHILQHPHQW OHYHO�

2QFH WKH ODEHOV DUH DVVLJQHG WR WKH SUH�DGDSWHG '0� LW FDQ EH DGDSWHG XVLQJ WKH IXQFWLRQ

� '0)RUHVW6HW0D[LPXP5HILQHPHQW/HYHO�� � 7KH PD[LPXP UHILQHPHQW OHYHO WKDW DQ\ FHOO LQ
WKH JULG FDQ DWWDLQ�

� '0)RUHVW6HW0LQLPXP5HILQHPHQW/HYHO�� � 7KH PLQLPXP UHILQHPHQW OHYHO WKDW DQ\ FHOO LQ
WKH JULG FDQ DWWDLQ�

� '0)RUHVW6HW,QLWLDO5HILQHPHQW/HYHO�� � 7KH LQLWLDO UHILQHPHQW OHYHO RI WKH UHIHUHQFH JULG�
7KLV LV SURYLGHG GXULQJ WKH FUHDWLRQ RI WKH UHIHUHQFH JULG�

2QFH WKH SRVW�DGDSWHG '0 LV FRPSXWHG� WKH VROXWLRQ YHFWRU ; �SUH�DGDSWHG YHFWRU� FDQ DOVR EH
WUDQVIHUUHG WR WKH QHZ '0� 7KLV SURFHVV LV UHVSRQVLEOH IRU WKH UH�LQWHUSRODWLRQ RI WKH VROXWLRQ YHFWRU WR
WKH SRVW�DGDSWHG '0� 8VLQJ WKH XSGDWHG VROXWLRQ YHFWRU� DQ XSGDWHG 76 REMHFW FDQ DOVR EH REWDLQHG�
7KLV LV XOWLPDWHO\ XVHG WR PDUFK WKH VROXWLRQ WR WKH QH[W WLPH�VWHS�

������ 3URFHVV 'HVFULSWLRQ
:LWK WKH KHOS RI WKH GHVFULSWLRQ SURYLGHG E\ WKH SUHYLRXV VHFWLRQV� WKH IORZ RI SURFHVV DVVRFLDWHG ZLWK
WKH DGDSWLYH JULG PHWKRG LQ WKH VROYHU LV H[SODLQHG LQ WKLV VHFWLRQ�

�� 7KH SURFHVV VWDUWV ZLWK D XQLIRUP JULG ZLWK D JLYHQ LQLWLDO UHILQHPHQW OHYHO� 7KH VROXWLRQ YHFWRU LV
WKHQ FUHDWHG ZLWK WKH SUHVFULEHG LQLWLDO FRQGLWLRQ�

�� $Q LQLWLDO DGDSWLRQ SURFHGXUH LV FDUULHG RXW LQ RUGHU WR SURYLGH DQ DGHTXDWH UHVROXWLRQ WR WKH
DUHDV RI WKH JULGV WKDW UHTXLUHV LW� )RU LQVWDQFH� LQ WKH FDVH RI D GDP EUHDN SUREOHP� LW LV HV�
VHQWLDO WR KDYH KLJKO\ UHILQHG FHOOV LQ WKH UHJLRQ ZKLFK FRQWDLQV WKH K\GUDXOLF MXPS� 7KH LQLWLDO
DGDSWLRQ FDQ EH FDUULHG RXW XVLQJ DGDSWWRWROHUDQFH��� +RZHYHU LQ WKLV VWHS� WKH URXWLQH
'0)RUHVW7UDQVIHU9HF�� �VHH ILJXUH ���� LV QRW HPSOR\HG WR DYRLG LQWHUSRODWLRQ HUURUV� ,Q�
VWHDG� WKH H[DFW LQLWLDO VROXWLRQ LV SURMHFWHG RQWR WKH XSGDWHG VROXWLRQ YHFWRU� 7KH LQLWLDO DGDSWLRQ
SURFHGXUH LV XVXDOO\ OLPLWHG E\ D VSHFLILHG QXPEHU RI LWHUDWLRQV LQ OLJKW RI WKH FRPSXWDWLRQDO UH�
VRXUFHV DQG PHPRU\ XVHG�

�� $IWHU WKH LQLWLDO DGDSWLRQ LV FRPSOHWHG� WKH VROXWLRQ LV PDUFKHG IRUZDUG E\ D WLPH�VWHS XVLQJ
766ROYH��� 6XEVHTXHQWO\� WKH WLPH�VWHSSLQJ SURFHGXUH LV FDUULHG RXW E\ WKH DOJRULWKP SURYLGHG
LQ VHFWLRQ ������ 7KH XVHU FDQ DOVR VHW WKH QXPEHU RI DGDSWLRQ LWHUDWLRQV IRU HDFK WLPH�VWHS� 7KH
UHFRPPHQGHG YDOXH LV � DGDSWLRQ LWHUDWLRQ SHU WLPH�VWHS DIWHU WKH LQLWLDO DGDSWLRQ VWHS�

�� 2QFH WKH PD[LPXP WLPH LV UHDFKHG� WKH VROXWLRQ YHFWRU ; LV WKXV SRVW�SURFHVVHG DQG RXWSXWWHG
LQ D VSHFLILHG IRUPDW�

https://www.mcs.anl.gov/petsc/petsc-current/docs/manualpages/DMFOREST/DMForestSetMaximumRefinement.html
https://www.mcs.anl.gov/petsc/petsc-dev/docs/manualpages/DMFOREST/DMForestSetMinimumRefinement.html
https://www.mcs.anl.gov/petsc/petsc-dev/docs/manualpages/DMFOREST/DMForestSetInitialRefinement.html%23DMForestSetInitialRefinement
https://www.mcs.anl.gov/petsc/petsc-current/docs/manualpages/TS/TSSolve.html


�
1XPHULFDO 5HVXOWV

���� 6FDODU $GYHFWLRQ (TXDWLRQ
7KH SXUSRVH RI WKLV WHVW WR HYDOXDWH WKH SHUIRUPDQFH RI DQ DGYHFWLRQ VROYHU EXLOW XVLQJ '0'$ �)LQLWH
'LIIHUHQFH 0HWKRG� DQG '03/(; �)LQLWH 9ROXPH 0HWKRG� DQG WR YHULI\ WKH QXPHULFDO RUGHU RI DFFXUDF\�
7KH GHVFULSWLRQ RI WKH WHVW FDVHV DQG WKH UHVSHFWLYH UHVXOWV DUH JLYHQ LQ WKH XSFRPLQJ VHFWLRQV� )RU DOO
RI WKH WHVW FDVHV� WKH DEVROXWH HUURU ဍ LV FKRVHQ DV WKH EDURPHWHU� 6XSSRVH ൧ ࢵ >�� ൬@� WKHQ WKH /� HUURU
QRUP LV FRPSXWHG XVLQJ

ݽ ˁဍݽኻ  
፧

ᔤ
።ኻ

ဍ። െ። �����

ZKHUH െ። LV WKH DUHD RI WKH FHOO DQG ˁဍ።  ൳፧፮፦ ࢿ ൳፞፱ፚ፭ LV WKH UHODWLYH HUURU� +HUH ൳፧፮፦ DQG ൳፞፱ፚ፭ DUH
WKH QXPHULFDO DQG H[DFW VROXWLRQV UHVSHFWLYHO\�

,Q RUGHU WR PHDVXUH WKH HIILFDF\ DQG DFFXUDF\ RI WKH PRGHO� D VLPSOH LQLWLDO FRQGLWLRQ ZDV SUHVFULEHG�
7KH H[DFW VROXWLRQ WR WKH SUREOHP LV NQRZQ� DQG WKH HUURU LV WKXV FRPSXWHG XVLQJ QXPHULFDO DQG H[DFW
VROXWLRQV� )RU WKH LQLWLDO FRQGLWLRQ� D VPRRWK EXPS LV SURMHFWHG RQ WKH GRPDLQ ൳ ࢵ ͕ ࣣ ͕ य >�� �@�>�� �@�

൳ኺ�൶� ൷�  ᒼ
� � ዅኽኺ፫� LI ൰ � �����
�� RWKHUZLVH

ZKHUH ൰  �൶ ࢿ ����ኼ � �൷ ࢿ ����ኼ� )RU WKH DERYH LQLWLDO FRQGLWLRQ� WKH H[DFW VROXWLRQ LV JLYHQ DV�

൳�൶� ൷� ൲�  ᒼ
� � ዅኽኺ፫�፭�� LI ൰�൲� � �����
�� RWKHUZLVH

൰�൲�  �൶ ࢿ ���� � ൠ൲��ኼ � �൷ ࢿ ���� � ൡ൲��ኼ

+HUH D DQG E DUH FRQVLGHUHG DV NQRZQ FRQVWDQWV� 3DUDPHWULF VWXGLHV ZHUH FRQGXFWHG VHSDUDWHO\
XVLQJ WKH '0'$ DQG '03OH[ VROYHUV�

)RU WKLV VFHQDULR� D WUDQVPLVVLYH ERXQGDU\ FRQGLWLRQ ZDV LPSRVHG RQ DOO WKH � ERXQGDULHV� &RQ�
VLGHU D RQH GLPHQVLRQDO JULG RI VL]H Q� ZKHUH FHOOV ൳ኺ DQG ൳፧ዄኻ DUH FRQVLGHUHG DV JKRVW SRLQWV� WKH
WUDQVPLVVLYH ERXQGDU\ FRQGLWLRQ FDQ EH GHILQHG DV�

൳ኺ  ൳ኻ
߶፧ዄኻ  ߶፧�

,Q WKLV FRQGLWLRQ� WKH IORZ LV PHDQW WR IUHHO\ H[LW WKH GRPDLQ ZLWKRXW DQ\ GLVUXSWLRQ� +HQFH WKH\ FDQ
DOVR EH FDOOHG RSHQ ERXQGDULHV�

��



�� �� 1XPHULFDO 5HVXOWV

)LJXUH ���� 9DU\LQJ WKH PHVKZLGWK E\ NHHSLQJ D FRQVWDQW WLPHVWHS

������ (UURU &RPSDULVRQ
$V PHQWLRQHG SUHYLRXVO\� WKH VLPSOH DGYHFWLRQ PRGHO ZDV EXLOW XVLQJ ERWK WKH )'0 DQG )90 DS�
SURDFKHV� $V H[SODLQHG LQ VHFWLRQ ������ '0'$ FRQWDLQV URXWLQHV WR KDQGOH VWUXFWXUHG &DUWHVLDQ JULGV�
2Q WKH RWKHU KDQG� '03OH[ FDQ KDQGOH XQVWUXFWXUHG DQG�RU QRU�FRQIRUPDO JULGV� 7R PDNH D GLUHFW
FRPSDULVRQ� RQO\ VWUXFWXUHG� XQLIRUP JULGV DUH WDNHQ LQWR FRQVLGHUDWLRQ� $V PHQWLRQHG LQ VHFWLRQ ����
WKH )RUZDUG (XOHU PHWKRG LV XVHG WR PDUFK LQ WLPH DQG D ILUVW�RUGHU XSZLQG PHWKRG LV XVHG IRU WKH
VSDWLDO GLVFUHWLVDWLRQ� 7KHUHIRUH� ERWK RI WKH PHWKRGRORJLHV DUH ILUVW RUGHU LQ VSDFH DQG WLPH DQG DUH
HTXLYDOHQW LQ PDWKHPDWLFDO WHUPV�

0HVK�ZLGWK �P� /� 1RUP 2UGHU
���� �������� ����
���� �������� ����
���� �������� ����
����� �������� ����
����� �������� ����

7DEOH ���� (UURU QRUPV RI WKH '03/(; VROYHU

0HVK�ZLGWK �P� /� 1RUP 2UGHU
���� �������� ����
���� �������� ����
���� �������� ����
����� �������� ����
����� �������� ����

7DEOH ���� (UURU QRUPV RI WKH '0'$ VROYHU



���� 6FDODU $GYHFWLRQ (TXDWLRQ ��

$VVXPLQJ WKH WHPSRUDO GLVFUHWLVDWLRQ HUURU LV QHJOLJLEOH� D WLPHVWHS RI ����� ൱ൢ LV WDNHQ� 7KH PHVK�
ZLGWKV DUH KRZHYHU YDULHG IURP ����൫ WR �����൫� 7KH /� QRUPV DUH FRPSXWHG XVLQJ ����� IRU HDFK
RI WKH FDVHV� )LJXUH ��� VKRZV WKH WUHQGV LQ HUURUV IRU ERWK RI WKH VROYHUV� 7KH GLIIHUHQFH LQ WKH HUURUV
VKRZQ EHWZHHQ WKH VROYHUV FDQ EH DWWULEXWHG WR WKH YDULDWLRQ LQ WKH URXWLQHV XVHG E\ WKH 76 DQG�RU WKH
'0 PRGXOHV� 1HYHUWKHOHVV� WKH QXPHULFDO RUGHU RI DFFXUDF\ LQ VSDFH LV FORVH WR WKH WKHRUHWLFDO RUGHU
RI DFFXUDF\ DV VKRZQ LQ WDEOHV ��� DQG ����

������ 6FDOLQJ 7HVWV
,Q RUGHU WR HYDOXDWH WKH SDUDOOHO HIILFLHQF\ RI WKH XVHU�GHILQHG DQG SUH�EXLOW DOJRULWKPV� D VWURQJ VFDO�
LQJ WHVW LV SHUIRUPHG� $ VWURQJ VFDOLQJ WHVW LV FRQGXFWHG E\ FRQVWUDLQLQJ WKH JULG WR EH RI WKH VDPH
PHVK�ZLGWK ZKLOH YDU\LQJ WKH QXPEHU RI ZRUNHUV� $OO RI WKH WHVWV ZHUH FRQGXFWHG RQ DQ ,QWHO &RUH�
L������+4 &38 �� � ����ൌ߶൸� ZLWK ����ൌേ RI RQ�ERDUG 5$0� 7KH SUREOHP GHVFULSWLRQ UHPDLQV WKH
VDPH DV WKH RQHV PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ� $ PHVK�ZLGWK LV FKRVHQ VXFK WKDW D SHUIHFW ORDG
EDODQFLQJ FDQ EH DFKLHYHG DFURVV WKH SURFHVVRU UDQJH� 7KHUHIRUH� D ������� XQLIRUP &DUWHVLDQ JULG
LV XVHG ZKHUH WKH ILQDO WLPH LV ൙  �� ൱ൢ DQG WKH WLPH�VWHS LV ൣ൲  ����� ൱ൢ�

)XUWKHUPRUH� WKH SDUDOOHO HIILFLHQFLHV DUH FRPSXWHG XVLQJ

6SHHGXS 5DWLR  
൙ኻ
൙፡

�����

3DUDOOHO (IILFLHQF\  
൙፡
߶ � ൙ኻ

�����

ZKHUH ൙፡ LV WKH WLPH WDNHQ E\ XVLQJ ߶ SURFHVVRUV DQG ൙ኻ LV WKH WLPH WDNHQ E\ D VLQJOH SURFHVVRU�

)LJXUH ���� 6FDODELOLW\ RI WKH '0'$ VROYHU

8VLQJ WKH LQEXLOW SURILOLQJ URXWLQHV� WKH QXPEHU RI )/23�V� �)ORDWLQJ SRLQW RSHUDWLRQV� IRU WKH WZR
VROYHUV ZHUH HYDOXDWHG� 7DEOH ��� DQG ��� SURYLGHV WKH )/23 FRXQW� PHPRU\ FRQVXPSWLRQ DQG WLPH
FRQVXPSWLRQ SHUFHQWDJHV RI VRPH RI WKH PDMRU URXWLQHV ZKHQ XVLQJ � SURFHVVRUV� 3OHDVH QRWH WKDW WKH
SHUFHQWDJHV DUH PHDQW WR UHSUHVHQW WKH ZHLJKWV RI HDFK URXWLQH� $GGLWLRQDOO\� DV VRPH RI WKH URXWLQHV
DUH VXEVHWV RI RWKHU URXWLQHV� FRQVLGHUDEOH RYHUODS FDQ EH IRXQG LQ WKH PHPRU\ DQG )/23 SHUFHQWDJH
YDOXHV�

$V PHQWLRQHG LQ ������ WKH '0'$ LV KLJKO\ RSWLPLVHG IRU FHOO�FHQWHU EDVHG ILQLWH GLIIHUHQFH PHWKRGV�
7KLV FDQ EH QRWLFHG LQ WKH HIILFLHQFLHV VKRZQ LQ ILJXUH ���� 1HYHUWKHOHVV� WR LPSOHPHQW WKH 5LHPDQQ
VROYHU DQG XVH QRQ�XQLIRUP PHVKHV� LW ZDV LPSHUDWLYH WR PDNH D VKLIW WR '03OH[� +RZHYHU� IRU WKH
FXUUHQW QXPHULFDO PHWKRGRORJ\ HPSOR\HG� WKH XVDJH RI '03OH[ FDQ EH FRQVLGHUHG LQHIILFLHQW� 7KLV
LV GHPRQVWUDWHG LQ ILJXUH ���� $ ODUJH SRUWLRQ RI WKH FRPSXWDWLRQ WLPH LV FRQVXPHG E\ URXWLQHV WKDW
FRPSXWH UHVLGXDOV RYHU HDFK FHOO �WDEOH ����� %\ ORRSLQJ RYHU WKH IDFHV LQ WKH GRPDLQ� WKHUH LV D
VLJQLILFDQW LQFUHDVH LQ WKH FRPPXQLFDWLRQ RYHUKHDG ZKHQ FRPSDUHG WR WKH '0'$ VROYHU� )XUWKHUPRUH�
WKH PDMRULW\ RI WKH )/23�V� LV FRQVXPHG E\ WLPH�VWHSSLQJ URXWLQH
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)LJXUH ���� 6FDODELOLW\ RI WKH '03OH[ VROYHU

5RXWLQH � 7LPH � )/23 � 0HPRU\
1RUP &RPSXWDWLRQ �� �� �
9HFWRU 2SHUDWLRQV �� �� �
9HFWRU 3DUWLWLRQLQJ � � ���
7LPH 6WHSSLQJ �� �� ��
5+6 (YDOXDWLRQ �� �� ��

7DEOH ���� 3URILOLQJ RI WKH '0'$ 6ROYHU

5RXWLQH � 7LPH � )/23 � 0HPRU\
5HVLGXDO (YDOXDWLRQ �� � ��
*ULG 2SHUDWLRQV �� �� ���
1RUP &RPSXWDWLRQ � �� �
9HFWRU 2SHUDWLRQV � �� �
7LPH 6WHSSLQJ �� �� ���
5+6 (YDOXDWLRQ �� �� ���

7DEOH ���� 3URILOLQJ RI WKH '03OH[ 6ROYHU

���� 6KDOORZ :DWHU (TXDWLRQV
$ QXPEHU RI EHQFKPDUN FDVHV DUH DYDLODEOH WR YDOLGDWH DQG EHQFKPDUN WKH VKDOORZ ZDWHU PRGHO� 7KH
WHVWV ZHUH FRQGXFWHG WR HYDOXDWH WKH VROYHU IRU WKH YDOLGLW\ RI LWV VROXWLRQV DFURVV WKH GRPDLQ� 7\SLFDOO\
WKLV LQIRUPDWLRQ VHUYHV D NH\ UROH LQ WKH ULVN DQDO\VLV UHSRUW IRU WKH FLYLO GHSDUWPHQWV WR SURGXFH IORRG
LQXQGDWLRQ PDSV�

2QH RI WKH SULPDU\ WHVWV LQFOXGHV WKH GDP EUHDN SUREOHP� $ GDP EUHDN VFHQDULR FDQ EH UHJDUGHG
DV DQ LGHDOL]HG FRQGLWLRQ WKDW LV H[WUHPHO\ UDUH WR RFFXU LQ D UHDO�OLIH VHWWLQJ� +RZHYHU� VXUSDVVLQJ DOO
WKH RGGV� D WRWDO IDLOXUH RFFXUUHG LQ ����� ZKHQ WKH 0DOSDVVHW GDP UXSWXUHG� VXEVHTXHQWO\ UDYDJLQJ
KXPDQ DQG DQLPDO OLIH� 7KLV HYHQW� EHLQJ UDUH \HW GLVDVWURXV� SRVHV D KDUG FKDOOHQJH IRU QXPHULFDO
PRGHOV� 5HFRJQL]LQJ WKH VLJQLILFDQFH RI WKLV VFHQDULR� D &$'$0 (XURSHDQ ZRUNVKRS ZDV FUHDWHG WR
H[SHULPHQWDOO\ VLPXODWH WKH IORZ IHDWXUHV RI WKH GDP EUHDN SUREOHP� 7KXV� XVLQJ WKLV GDWD� WKH UHVXOWV
IURP WKH PRGHO DUH YDOLGDWHG LQ WKH IROORZLQJ VHFWLRQ�

������ &LUFXODU 'DP %UHDN
7KLV LV DQ LGHDOL]HG VFHQDULR >��@ ZLWK D FRPSOHWHO\ IODW WRSRJUDSK\� ,W LV DQ LOOXVWUDWLYH FDVH WR VWXG\
WKH ZDYH SURSDJDWLRQ GXULQJ WKH FROODSVH RI D FLUFXODU ZDOO RI ZDWHU� $ VTXDUH GRPDLQ RI GLPHQVLRQV
��൫ � ��൫ LV FRPSOHWHO\ ZHW ZLWK D VSHFLILHG ZDWHU KHLJKW� ,Q WKLV VFHQDULR� D FLUFXODU SDWFK DW WKH



���� 6KDOORZ :DWHU (TXDWLRQV ��

FHQWHU RI WKH GRPDLQ �൶ࣄ  ��൫ � ൷ࣄ  ��൫� FRQWDLQV ZDWHU DW DQ HOHYDWHG KHLJKW� 'XH WR QR VRXUFH
WHUPV� WKH IULFWLRQ DQG EHG VORSH WHUPV DUH QHJOHFWHG� )XUWKHUPRUH� WKH HQWLUH GRPDLQ LV FRQVLGHUHG WR
EH DW UHVW DW ൲  �� 7KH LQLWLDO FRQGLWLRQ LV JLYHQ E\�

߶�൶� ൷� ൲  ��  ᒼ
߶፝ፚ፦  ���� LI �൶ ࢿ ൶ࣄ�ኼ � �൷ ࢿ ൷ࣄ�ኼ ऑ ൰ኼ

߶  ���� LI �൶ ࢿ ൶ࣄ�ኼ � �൷ ࢿ ൷ࣄ�ኼ ऒ ൰ኼ

+HUH� ൰  ���൫ LV WKH UDGLXV RI WKH F\OLQGULFDO VHFWLRQ RI ZDWHU� $VVXPLQJ DQ LQILQLWHVLPDO ILOP
FRYHULQJ WKH F\OLQGULFDO VHFWLRQ RI ZDWHU DW ILUVW� 7KH GDP EUHDN LV WKXV LQLWLDWHG RQFH WKLV ILOP LV UHPRYHG
LQVWDQWDQHRXVO\ VXFK WKDW WKH HQWLUH VHFWLRQ RI ZDWHU VWDUWV JDLQLQJ PRPHQWXP GXH WR JUDYLW\�

�D� :DWHU HOHYDWLRQ DW W  ��� VHF �E� 9HORFLW\ X DW W  ��� VHF

�F� :DWHU HOHYDWLRQ DW W  ��� VHF �G� 9HORFLW\ X DW W  ��� VHF

)LJXUH ���� &LUFXODU 'DP EUHDN WHVW RQ D XQLIRUP JULG

7ZR WHVWV ZHUH FRQGXFWHG DQG WKH KHLJKWV DQG YHORFLWLHV RI WKH ZDWHU FROXPQ DW WKH FHQWHU FURVV�
VHFWLRQ RI WKH GRPDLQ ZHUH FDSWXUHG DW D JLYHQ VHW RI WLPHV� )XUWKHUPRUH� WKH WHVWV ZHUH FRQGXFWHG
E\ XVLQJ WKH 5XVDQRY DQG +// DSSUR[LPDWH 5LHPDQQ VROYHUV H[SODLQHG LQ VHFWLRQV ����� DQG �����
UHVSHFWLYHO\� )RU ERWK WKH WHVWV� WKH �QG RUGHU DFFXUDWH 5XQJH�.XWWD PHWKRG ZDV FKRVHQ DV WKH WLPH
LQWHJUDWRU DQG WKH &)/ YDOXH ZDV VHW WR �� 6SHFLILF SDUDPHWHUV RI WKH WZR WHVWV DUH GHVFULEHG PRUH LQ
GHWDLO EHORZ�

�� 7HVW RQ D XQLIRUP JULG� )RU WKLV WHVW� D ILQH XQLIRUP JULG RI PHVK�ZLGWK ́൶  �����൫ DQG ́൷  
�����൫� 7KH PLQPRG OLPLWHU ZDV HPSOR\HG IRU WKLV WHVW� 7KH UHVXOWV RI WKLV WHVW DUH VKRZQ LQ
ILJXUH ����

�� 7HVW RQ D WLPH DGDSWLYH JULG� ,Q WKLV WHVW� WKH $05 VROYHU ZDV HPSOR\HG� 7KH PHVK ZLGWK RI WKH
JULG EHIRUH DGDSWLRQ LV VHW WR ́൶  ����൫ DQG ́൷  ����൫� $W WKH LQLWLDO WLPH ൲  �� WKH XQLIRUP
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�D� :DWHU HOHYDWLRQ DW W  ��� VHF �E� 9HORFLW\ X DW W  ��� VHF

�F� :DWHU HOHYDWLRQ DW W  ��� VHF �G� 9HORFLW\ X DW W  ��� VHF

)LJXUH ���� &LUFXODU 'DP EUHDN WHVW RQ WLPH DGDSWLYH JULG

JULG LV IXUWKHU DGDSWHG LQ �� LWHUDWLRQV EDVHG RQ WKH JUDGLHQWV RI WKH LQLWLDO FRQGLWLRQ� )XUWKHUPRUH�
WKH PD[LPXP UHILQHPHQW OHYHO WKDW D FHOO FDQ DWWDLQ GXULQJ WKH VLPXODWLRQ ZDV VHW WR OHYHO �� 7KH
JULG DGDSWLYLW\ LV VHW XS VXFK WKDW WKH FHOO LV UHILQHG ZKHQ WKH UHODWLYH WKUHVKROG ͅ፫፞፥ ! ���� 2Q
WKH RWKHU KDQG� WKH FHOO LV FRDUVHQHG ZKHQ ͅ፫፞፥ � ��� RU NHSW DW WKH VDPH UHILQHPHQW OHYHO ZKHQ
LW IDOOV LQ WKLV LQWHUYDO� 7KH UHVXOWV RI WKLV WHVW DUH VKRZQ LQ ILJXUH ����

)XUWKHUPRUH� LQ WKLV VFHQDULR� � ERXQGDU\ FRQGLWLRQV DUH LPSOHPHQWHG� &RQVLGHU D RQH�GLPHQVLRQDO
JULG RI VL]H Q ZKHUH FHOOV ZLWK LQGLFHV � DQG ൬�� DUH FRQVLGHUHG DV JKRVW SRLQWV� WKH ERXQGDU\ FRQGLWLRQV
FDQ WKHQ EH GHILQHG DV�

�� 7UDQVPLVVLYH %RXQGDU\� ,Q WKLV FRQGLWLRQ� WKH IORZ LV PHDQW WR IUHHO\ H[LW WKH GRPDLQ ZLWKRXW DQ\
GLVUXSWLRQ� +HQFH WKH\ FDQ DOVR EH FDOOHG RSHQ ERXQGDULHV� 7KH VWDWH YHFWRU FDQ EH FRPSXWHG
XVLQJ�

߶ኺ  ߶ኻ� ൳ኺ  ൳ኻ� ൴ኺ  ൴ኻ
߶፧ዄኻ  ߶፧� ൳፧ዄኻ  ൳፧� ൴፧ዄኻ  ൴፧

�� 5HIOHFWLYH %RXQGDU\� ,Q WKLV FRQGLWLRQ� WKH IORZ PRPHQWXP LV UHYHUVHG IRUFLQJ LW WR UHIOHFW EDFN
IURP WKH ZDOO� 7KH VWDWH YHFWRU FDQ EH FRPSXWHG XVLQJ�

߶ኺ  ߶ኻ� ൳ኺ �൳ኻࢿ  ൴ኺ  ൴ኻ
߶፧ዄኻ  ߶፧� ൳፧ዄኻ �൳፧ࢿ  ൴፧ዄኻ  ൴፧

$W WKH YHU\ VWDUW RI WKH F\OLQGULFDO GDP EUHDN� DQ LQLWLDO VKRFN LV VHHQ WR WUDYHO RXWZDUG IURP WKH
FHQWHU RI WKH F\OLQGHU� 0RUHRYHU� DW ൲  ��� ൱ൢ� D UDUHIDFWLRQ ZDYH LV DOVR VHHQ WR WUDYHO LQ WKH RSSRVLWH



���� 6KDOORZ :DWHU (TXDWLRQV ��

GLUHFWLRQ WRZDUGV WKH FHQWHU� $W ൲  ��� ൱ൢ� WKH UDUHIDFWLRQ ZDYH UHIOHFWV RII RI WKH FHQWHU DQG EHJLQV WR
WUDYHO RXWZDUGV� 7KLV WUHQG FRQWLQXHV DQG OHDGV WR WKHZDWHU OHYHO GURSSLQJ WR WKH ERWWRP DW ൲  ����� ൱ൢ�
$W WKH VDPH WLPH� D VHFRQGDU\ VKRFN PRYLQJ LQZDUGV LV IRUPHG� $W ൲  ����� ൱ൢ� WKH SULPDU\ VKRFN
DSSHDUV WR UHDFK WKH ERXQGDULHV RI WKH GRPDLQ DQG WKH VHFRQGDU\ VKRFN UHDFKHV WKH FHQWHU RI WKH
GRPDLQ�

)LJXUH ���� &HOO FRXQW IRU WKH +// DQG 5XVDQRY DSSUR[LPDWH 5LHPDQQ VROYHUV

)URP ILJXUHV ��� DQG ���� LW LV FOHDU WKDW WKH $05 VROYHU DFKLHYHV FRPSDUDEOH DFFXUDF\ ZKLOH DW
WKH VDPH WLPH KDYLQJ DYHUDJH JULG VL]HV PXFK VPDOOHU WKDQ LWV FRXQWHUSDUW� )LJXUH ��� VKRZV WKH
HYROXWLRQ RI WKH FHOOV RYHU WLPH IRU ERWK RI WKH 5LHPDQQ VROYHUV� 2Q DYHUDJH� WKH +// VROYHU FRQWDLQHG
����� FHOOV� DQG WKH 5XVDQRY VROYHU VROYHG IRU ����� FHOOV RYHU WKH FRXUVH RI WKH WHVW� 7KXV� LW FDQ
EH VDLG� VLPLODU DFFXUDF\ FDQ EH DFKLHYHG ZLWK WKH DGDSWLYH JULG VROYHU EXW ZLWK IDU KLJKHU HIILFLHQFLHV�
)XUWKHUPRUH� LW FDQ QRWHG WKDW DOWKRXJK WKHUH LV QRW D PDUNHG GLIIHUHQFH EHWZHHQ WKH +// DQG WKH
5XVDQRY 5LHPDQQ VROYHUV LQ WHUPV RI DFFXUDF\� WKH SUREOHP RI HQFRXQWHULQJ QHJDWLYH KHLJKWV PLJKW
EH PRUH SURQRXQFHG LQ WKH 5XVDQRY 5LHPDQQ VROYHU� :KHUHDV WKH KHLJKWV FRPSXWHG E\ WKH +//
5LHPDQQ VROYHU HQIRUFH SRVLWLYH KHLJKWV ZLWK WKH KHOS RI D FRUUHFWLQJ IDFWRU�

������ 6FDOLQJ 7HVWV
8VLQJ WKH VDPH KDUGZDUH DV PHQWLRQHG LQ VHFWLRQ ������ D VWURQJ VFDOLQJ WHVW LV SHUIRUPHG IRU WKH
VKDOORZ ZDWHU HTXDWLRQ PRGHO IRU WKH FLUFXODU GDP EUHDN VFHQDULR� ,W LV� KRZHYHU SHUIRUPHG IRU WKH
IL[HG DQG DGDSWLYH JULG VFHQDULRV� )RU WKH SXUSRVH RI REWDLQLQJ DQ LQIRUPDWLYH FRPSDULVRQ� WKH JULG
VL]HV RI WKH XQLIRUP DQG DGDSWLYH JULG VROYHUV DUH NHSW DURXQG WKH VDPH YDOXH� +RZHYHU� GXH WR WKH
VHQVLWLYLW\ RI WKH DGDSWLYH JULG VROYHU� WKHUH LV D GLIIHUHQFH EHWZHHQ WKH PHVK�ZLGWK RI WKH XQLIRUP JULG
VROYHU DQG WKH DYHUDJH PHVK�ZLGWK RI WKH DGDSWLYH JULG VROYHU� ,Q WKH FDVH RI WKH XQLIRUP JULG VROYHU� WKH
PHVK LV FRPSRVHG RI �� � �� FHOOV� 2Q WKH RWKHU KDQG� LQ WKH FDVH RI WKH DGDSWLYH JULG UHILQHPHQW� DQ
DYHUDJH FHOO FRXQW RI ���� FHOOV ZDV IRXQG DFURVV WKH WLPH RI WKH VLPXODWLRQ� 7KH SDUDOOHO HIILFLHQFLHV
DUH DJDLQ FRPSXWHG XVLQJ WKH VDPH PHWULFV DV JLYHQ LQ HTXDWLRQV ����� DQG ������ 7KH\ DUH JLYHQ E\�

6SHHGXS 5DWLR  
൙ኻ
൙፡

3DUDOOHO (IILFLHQF\  
൙፡
߶ � ൙ኻ

)RU ERWK WKH VFHQDULRV� WKH ILQDO WLPH RI ൙  � ൱ൢ ZDV XVHG DQG WKH �QG RUGHU 5XQJH .XWWD PHWKRG
ZDV FKRVHQ DV WKH WLPH LQWHJUDWLRQ PHWKRG� $ IL[HG JULG RI VL]H ������� ZDV FKRVHQ IRU WKLV WHVW� )RU
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)LJXUH ���� :HDN VFDOLQJ WHVW RI WKH IL[HG JULG VROYHU

)LJXUH ���� 6WURQJ VFDOLQJ WHVW RI WKH DGDSWLYH JULG VROYHU

WKH DGDSWLYH JULG VROYHU� D �� � �� ZDV FKRVHQ DV WKH LQLWLDO JULG ZKLFK ZDV WKHQ SDVVHG WKURXJK ��
DGDSWLRQ LWHUDWLRQV� 7KH YDOXHV RI WKH UHODWLYH WKUHVKROGV UHPDLQHG WKH VDPH DV LQ VHFWLRQ ������ )LJXUHV
��� DQG ��� LOOXVWUDWH WKH VFDODELOLW\ RI WKH IL[HG DQG DGDSWLYH JULG VROYHUV UHVSHFWLYHO\� )XUWKHUPRUH�
WKH SURILOLQJ UHVXOWV IRU WKH IL[HG DQG DGDSWLYH JULG FDVHV DUH SURYLGHG LQ WDEOHV ��� DQG ��� UHVSHFWLYHO\
ZKHQ XVLQJ � SURFHVVRUV�

5RXWLQH � 7LPH � )/23 � 0HPRU\
5HVLGXDO (YDOXDWLRQ �� � ��
*ULG 3DUWLWLRQLQJ � � �
0HVK *HQHUDWLRQ � � ��
9HFWRU 2SHUDWLRQV � �� �
7LPH 6WHSSLQJ �� �� ��
5+6 (YDOXDWLRQ �� � ��

7DEOH ���� 3URILOLQJ RI WKH XQLIRUP JULG VROYHU

7KH SULPDU\ GLIIHUHQFH EHWZHHQ WKH IL[HG JULG DQG DGDSWLYH JULG VROYHUV OLHV LQ WKH PHPRU\ XVHG�
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5RXWLQH � 7LPH � )/23 � 0HPRU\
5HVLGXDO (YDOXDWLRQ �� � �
,QWLDO 0HVK *HQHUDWLRQ � � ��
*ULG $GDSWLRQ � � ��
9HFWRU 2SHUDWLRQV � �� �
7LPH 6WHSSLQJ �� �� ��
5+6 (YDOXDWLRQ �� � ��

7DEOH ���� 3URILOLQJ RI WKH DGDSWLYH JULG VROYHU

'XH WR WKH WUHH VWUXFWXUH RI JULGV SURGXFHG E\ '0)RUHVW� D ODUJH SURSRUWLRQ RI WKH PHPRU\ LV XVHG E\
WKH DGDSWLRQ SURFHGXUHV� 7KLV LV VKRZQ LQ WDEOH ��� ZKHUH WKH JULG JHQHUDWLRQ DQG DGDSWLRQ WDNH RYHU
��� RI WKH WRWDO PHPRU\ XVHG� )XUWKHUPRUH� GXH WR WKH GHFUHDVH LQ WKH RYHUDOO VL]H RI WKH JULG� WKHUH
LV D VLJQLILFDQW GHFUHDVH LQ WKH WLPH VSHQW LQ HYDOXDWLQJ WKH UHVLGXDOV RI HDFK FHOO� )RU WKH IL[HG JULG
VROYHU� WKLV URXWLQH DFFRXQWV IRU ��� RI WKH WRWDO FRPSXWDWLRQ WLPH DV RSSRVHG WR ��� IRU WKH DGDSWLYH
JULG VROYHU� 'XH WR WKH VKLIW LQ WKH FRPSXWDWLRQDO RYHUKHDG IURP WLPH VWHSSLQJ DQG UHVLGXDO HYDOXDWLRQ
URXWLQHV WR JULG DGDSWLRQ DQG SDUWLWLRQLQJ URXWLQHV� D VLJQLILFDQW LQFUHDVH LQ WKH VSHHGXS UDWLR LV QRWLFHG
�ILJXUH �����

������ )ORZ 2YHU %XPS
7KLV WHVW KHOSV LQ WKH YDOLGDWLRQ RI WKH WUHDWPHQW RI WKH VRXUFH WHUPV� ,W ZDV ILUVW SURSRVHG E\ *RXWDO
HW� DO >��@ WR YDOLGDWH D VKDOORZ ZDWHU VROYHU ZLWK YDU\LQJ WRSRJUDSK\� )XUWKHUPRUH� QXPHURXV RWKHU
VWXGLHV >��� ��� ��� ��@ FRUURERUDWHG WKH RULJLQDO UHVXOW ZLWK WKH RQHV SURYLGHG E\ WKHLU VWXGLHV�

7KH VFHQDULR LQYROYHV D RQH�GLPHQVLRQDO FKDQQHO IORZ RYHU D JLYHQ SDUDEROLF KXPS LQ WKH GRPDLQ�
7KH OHQJWK RI WKH GRPDLQ LV �� P DQG IULFWLRQ LV QHJOHFWHG IRU WKHVH FDVHV� 7KH KXPS LV GHILQHG E\

൸�൶�  ᒼ
��� ࢿ �����൶ ࢿ ���ኼ� LI � � ൶ ऑ ��
�� LI RWKHUZLVH

'HSHQGLQJ RQ WKH ERXQGDU\ FRQGLWLRQV DQG WKH LQLWLDO FRQGLWLRQV� WKH VWHDG\�VWDWH VROXWLRQ FRXOG
HLWKHU EH VXEFULWLFDO RU WUDQVFULWLFDO� $ RQH�GLPHQVLRQDO JULG ZLWK PHVK�ZLGWK ������൫ ZDV FKRVHQ
IRU WKH WHVW� $ XQLIRUP JULG ZDV FKRVHQ IRU WKH WHVWV DV '0)RUHVW GRHV QRW DFFRPPRGDWH DQ RQH
GLPHQVLRQDO JULG� )XUWKHUPRUH� WKH UHVXOWV SURYLGHG E\ WKH XQLIRUP JULG ZHUH GHHPHG VDWLVIDFWRU\� 7KH
&)/ QXPEHU ZDV VHW WR � DQG D PLQPRG OLPLWHU ZDV XVHG�

)LUVW� IRU WKH VXEFULWLFDO VROXWLRQ� WKH LQLWLDO ZDWHU VXUIDFH KHLJKW �߶�൸� LV VHW WR �P� DQG WKH GLVFKDUJH
LV VHW WR ൳߶  ����൫ኼ�൱ൢ� 7KH ERXQGDU\ FRQGLWLRQV DUH JLYHQ E\

8SVWUHDP �൶  �� ࣣ ൳߶  ����൫ኼ�൱ൢ
'RZQVWUHDP �൶  ��� ࣣ ߶  �൫

7KH VWHDG\ VWDWH VROXWLRQ ZDV REWDLQHG DURXQG WLPH ൙  �� ൱ൢ� )LJ� ���D DQG ���E VKRZ D JRRG
DJUHHPHQW EHWZHHQ WKH H[DFW VROXWLRQ DQG WKH QXPHULFDO VROXWLRQ FRPSXWHG E\ WKH PRGHO�

1H[W� IRU WKH WUDQVFULWLFDO VWHDG\�VWDWH VROXWLRQ� WKH LQLWLDO ZDWHU VXUIDFH KHLJKW �߶ � ൸� LV VHW WR ����
P DQG WKH GLVFKDUJH LV VHW WR ൳߶  ����൫ኼ�൱ൢ� 7KH WHVW LV DJDLQ FDUULHG RXW LQ WKH VDPH GRPDLQ DQG
RQ D JULG ZLWK WKH VDPH PHVK�ZLGWK DV PHQWLRQHG SUHYLRXVO\� 7KH ERXQGDU\ FRQGLWLRQV IRU WKLV FDVH
DUH JLYHQ E\

8SVWUHDP �൶  �� ࣣ ൳߶  ����൫ኼ�൱ൢ
'RZQVWUHDP �൶  ��� ࣣ ߶  ����൫

7KH VWHDG\�VWDWH VROXWLRQV ZHUH REWDLQHG DW WLPH ൙  �� ൱ൢ� $V IRU WKH SUHYLRXV FDVH� D &)/ YDOXH
RI � ZDV VHW� )RU WKLV VFHQDULR� ILJXUH ����D VKRZV WKDW WKH SUHGLFWHG QXPHULFDO ZDWHU KHLJKWV DUH LQ
FORVH DJUHHPHQW ZLWK WKH H[DFW VROXWLRQ� 1HYHUWKHOHVV� LQ ILJXUH ����E D VOLJKW GHYLDWLRQ LV VHHQ LQ
WKH FDVH RI WKH SUHGLFWHG GLVFKDUJH UDWHV� 6LPLODU GHYLDWLRQV ZHUH UHSRUWHG E\ VHYHUDO RWKHU VWXGLHV
>��� ��� ��@�
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�D� 6WHDG\ VWDWH VROXWLRQ RI ZDWHU KHLJKW �E� 6WHDG\ VWDWH VROXWLRQ RI GLVFKDUJH

�D� 6WHDG\ VWDWH VROXWLRQ RI K LQ D WUDQVFULWLFDO IORZ �E� 6WHDG\ VWDWH VROXWLRQ RI GLVFKDUJH LQ D WUDQVFULWLFDO IORZ

������ 3HUWXUEDWLRQ 2YHU (OOLSWLFDO +XPS
7KH SUHYLRXV FDVH FDQ EH H[WHQGHG LQ WKH WZR�GLPHQVLRQDO VSDFH E\ LQWURGXFLQJ D EDWK\PHWU\ ZKLFK
LV D IXQFWLRQ RI [ DQG \� ,QWURGXFHG E\ /HYHTXH HW� DO >��@� LW FRQVLVWV RI D >�� �@ � >�� �@ GRPDLQ ZKLFK
LV IULFWLRQOHVV DQG FRPSOHWHO\ ZHW� 7KH WRSRJUDSK\ LV GHILQHG E\

൸�൶� ൷�  ����ዅ�፱ዅኺ�ዃ�Ꮄዅኺ�፲ዅኺ��Ꮄ�

7KHUHIRUH� WKH EDWK\PHWU\ LV D HOOLSWLFDO KXPS DV VKRZQ LQ ILJXUH ����� 7KH LQLWLDO FRQGLWLRQV DUH
JLYHQ E\

߶  ᒼ
����� LI ���� � ൶ � ����
���� LI RWKHUZLVH

൳߶  �

൴߶  �

6XSSRVH VXEVFULSWV E DQG L GHQRWH WKH ERXQGDU\ DQG LQQHU FHOO YDOXHV� WKHQ WKH ERXQGDU\ FRQGLWLRQV
DUH JLYHQ E\

�� 7UDQVPLVVLYH FRQGLWLRQ� /DWHUDO :DOOV �൷  �� ൷  �� DQG 8SVWUHDP �൶  ��

^߶`  ^߶`።
^൳߶`  ^൳߶`።
^൴߶`  ^൴߶`።



���� 6KDOORZ :DWHU (TXDWLRQV ��

�� 0LUURU FRQGLWLRQ� 'RZQVWUHDP �൶  ��

^߶`  ^߶`።
^൳߶` ൳߶`።^ࢿ 
^൴߶`  ^൴߶`።

)LJXUH ����� (OOLSWLFDO SURILOH RI WKH EHG

)URP WKH LQLWLDO FRQGLWLRQV� WKLV VFHQDULR SURYLGHV DQ LGHDO FKDOOHQJH WR WHVW WKH ZHOO�EDODQFHG QDWXUH
RI WKH PRGHO� )XUWKHUPRUH� WKH PRGHO FDQ EH WHVWHG IRU LWV FDSDELOLW\ WR SUHGLFW WKH PXOWLWXGH RI FRPSOH[
IHDWXUHV DULVLQJ IURP WKH LQWHUDFWLRQV EHWZHHQ WKH ZDYHV DQG WKH YDULHG WRSRJUDSK\ RI WKH EHG� 7KH
WHVW ZDV FRQGXFWHG RQ D ��� � ��� IL[HG JULG�

)LJXUHV ���� WR ���� VKRZ WKH FRQWRXUV RI WKH ZDWHU KHLJKWV DW GLIIHUHQW WLPHV� $W WKH VWDUW RI WKH
VFHQDULR� WKH VXUIDFH SHUWXUEDWLRQ LQVWDQWO\ OHDGV WR WKH IRUPDWLRQ RI � ZDYHV WUDYHOOLQJ LQ RSSRVLWH
GLUHFWLRQV� $W W  ���� VHF� WKH ZDYH WUDYHOOLQJ ZHVW KDG DOUHDG\ SDVVHG RXW RI WKH GRPDLQ� 2Q WKH
RWKHU KDQG� WKH ZDYH WUDYHOOLQJ HDVW JUDGXDOO\ WHQGV WR GLVWRUW GXH WR VSDWLDOO\ YDU\LQJ VORSHV RI WKH
WRSRJUDSK\� $W W  ���� VHF� D FUHVW LV IRUPHG DV WKH SHUWXUEDWLRQ SDVVHV RYHU WKH KXPS� 7KH HQHUJ\ RI
WKH JUDYLW\ ZDYHV DW WKH SHDN XOWLPDWHO\ OHDGV WR LW EHLQJ GLVVLSDWHG WKURXJK VFDWWHULQJ DV VHHQ LQ ILJXUH
����� $W W  ���� VHF� RQH FDQ VHH D PXOWLWXGH RI LQWHUDFWLRQV EHWZHHQ WKH UHIOHFWHG DQG RQFRPLQJ
ZDYHV� 7KH UHVXOWV REWDLQHG XVLQJ WKH PRGHO DUH LQ JHQHUDO DJUHHPHQW ZLWK >��@ DQG >��@�



�� �� 1XPHULFDO 5HVXOWV

)LJXUH ����� :DWHU KHLJKWV DW ፭  ኺ�ኻኼ ፬፞� &RQWRXU YDOXHV UDQJH IURP ፡  ኺ�ዃዃዃዃ፦ WR ፡  ኻ�ኺኺኼዃ፦

)LJXUH ����� :DWHU KHLJKWV DW ፭  ኺ�ኼኾ ፬፞� &RQWRXU YDOXHV UDQJH IURP ፡  ኺ�ዃዃዃዃ፦ WR ፡  ኻ�ኺኺኼዃ፦



���� 6KDOORZ :DWHU (TXDWLRQV ��

)LJXUH ����� :DWHU KHLJKWV DW ፭  ኺ�ኽዀ ፬፞� &RQWRXU YDOXHV UDQJH IURP ፡  ኺ�ዃዃዃኽዃ፦ WR ፡  ኻ�ኺኺኼዃ፦

)LJXUH ����� :DWHU KHLJKWV DW ፭  ኺ�ኾዂ ፬፞� &RQWRXU YDOXHV UDQJH IURP ፡  ኺ�ዃዃዃኺኽ፦ WR ፡  ኻ�ኺኺኻዀ፦





�
&RQFOXVLRQ

7KH HIIHFW RI WKH KXPDQ IRRWSULQW RQ WKH HFRORJLFDO EDODQFH LV LQFUHDVLQJ DV WLPH SDVVHV� 2QH RI WKH
GLVUXSWLRQV FDXVHG LV WKH ULVH LQ OLNHOLKRRG RI GHYDVWDWLQJ IORRGV LQ XUEDQ HQYLURQPHQWV� $V D UHVXOW�
XUEDQ SODQQHUV DUH SHUVXDGHG WR GHVLJQ DQG GHYHORS PRUH UREXVW FULWLFDO LQIUDVWUXFWXUH WR EHVW PLWLJDWH
WKH GDPDJH FDXVHG E\ IODVK IORRGV DQG VWRUP VXUJHV� 1XPHULFDO IORRG PRGHOOLQJ SURYLGHV D WRRO WR DLG
LQ EXLOGLQJ VPDUWHU GHVLJQV DQG WKXV KHOS LQ UHLQIRUFLQJ WKH FULWLFDO LQIUDVWUXFWXUH IRU ORQJHYLW\�

'XH WR WKH ODUJH VFDOH QDWXUH RI WKH GRPDLQV� QXPHULFDO VROYHUV JHDUHG WRZDUGV VROYLQJ WKH IORRGLQJ
SKHQRPHQD LQ XUEDQ ODQGVFDSHV PXVW EH KLJKO\ HIILFLHQW DQG DFFXUDWH� 7KLV LV DFKLHYHG WKURXJK WKH
XVDJH RI WLPH�DGDSWLYH JULGV ZKLFK HQDEOHV KLJK�UHVROXWLRQ VROXWLRQV LQ YDULRXV DUHDV RI LQWHUHVW DQG
DFFXUDWHO\ SUHGLFWLQJ WKH ZDYH SURSDJDWLRQ RI WKH ZDWHU� 7KXV WKH DLP RI WKH WKHVLV LV WR EXLOG D VFDODEOH�
DQG DFFXUDWH K\GURORJLFDO VROYHU FDSDEOH RI VROYLQJ IRU WLPH�DGDSWLYH JULGV� 7KH K\GURORJLFDO VROYHU
PXVW EH DEOH WR KDQGOH KLJKO\ QRQ�XQLIRUP EDWK\PHWU\ DQG LQLWLDO FRQGLWLRQV DV ZLWQHVVHG LQ PDQ\ UHDO�
OLIH VFHQDULRV� )XUWKHUPRUH� LW ZDV HPSKDVL]HG WR EDVH WKH VROYHU RQ DQ RSHQ�VRXUFH VFLHQWLILF OLEUDU\
WR SURPRWH LWV DGRSWLRQ DQG IXWXUH GHYHORSPHQW�

7KH JRDO LV DFKLHYHG E\ FUHDWLQJ WKH K�UHILQHPHQW EDVHG K\GURORJLFDO PRGHO WKDW XWLOL]HV WKH KLJKO\
HIILFLHQW DQG VFDODEOH QXPHULFDO VROYHUV RIIHUHG E\ 3(76F� 7KH PRGHO LV WKXV� DEOH WR VROYH RQ D TXDG�
WUHH PHVK JHQHUDWHG DQG PDQLSXODWHG E\ WKH '03OH[ DQG '0)RUHVW� )XUWKHUPRUH� D QRYHO DGDSWLRQ
VWUDWHJ\ �VHFWLRQ ���� LV LPSOHPHQWHG WR LQFUHDVH WKH DGDSWLYLW\ RI WKH PRGHO WR YDULRXV VFHQDULRV�
8VLQJ WKH SURSRVHG DOJRULWKPV� YDULRXV FDVHV KDYH EHHQ FDUULHG RXW DV D VWHS WR YDOLGDWH WKH PRGHO
DQG HYDOXDWH WKH SHUIRUPDQFH RI WKH PRGHO� 8VLQJ WKH GDP EUHDN VFHQDULRV �VHFWLRQ ������ DQG WKH
FKDQQHO IORZ VFHQDULRV �VHFWLRQ ������� LW FDQ EH FRQFOXGHG WKH UHTXLUHG DFFXUDF\ DQG YHUVDWLOLW\ RI WKH
PRGHO LV GHPRQVWUDWHG� )XUWKHUPRUH� WKH ZHOO�EDODQFHG QDWXUH RI WKH IL[HG JULG VROYHU LV YHULILHG LQ WKH
SHUWXUEDWLRQ RYHU DQ HOOLSWLFDO KXPS �VHFWLRQ �������

������ )XWXUH :RUN
$ QXPEHU RI LPSURYHPHQWV FDQ EHPDGH WR WKHPRGHO WKDW ZRXOG IXUWKHU HOHYDWH LWV VFRSH RI DSSOLFDWLRQV
LQ WKH LQGXVWU\ DQG DFDGHPLD� 7KHVH DUH VWDWHG EHORZ�

� 3HUIRUPDQFH� $V VKRZQ LQ ILJXUHV ��� DQG ��� REWDLQHG IURP WKH SURILOLQJ VWXGLHV� WKH SDUDOOHO
HIILFLHQFLHV RI WKH IL[HG JULG VROYHUV FDQ EH FRQVLGHUHG WR EH ODFNLQJ� )XUWKHU RSWLPL]DWLRQV FDQ EH
PDGH WR WKH LQWHUIDFH DVVRFLDWHG ZLWK WKH UHVLGXDO HYDOXDWLRQ VXEURXWLQHV RI WKH 3(76F PRGXOH�
7KH VDPH FDQ EH GRQH IRU XVHU�GHILQHG URXWLQHV IRXQG ZLWKLQ WKH ZULWWHQ SURJUDP VXFK DV LQ
WKH 5LHPDQQ VROYHUV� 7KLV ZRXOG DOVR QDWXUDOO\ OHDG WR D ERRVW LQ SHUIRUPDQFH IRU WKH $05
VROYHU� 1H[W� WKH SURSRVHG DGDSWLRQ FULWHULD VXEURXWLQH �DGDSWWRWROHUDQFH��� FDQ EH IXUWKHU
VLPSOLILHG DQG RSWLPLVHG�

� ¶:HOO�%DODQFHGQHVV¶ RI WKH $05 6ROYHU� $OWKRXJK� WKH IL[HG JULG VROYHU ZDV IRXQG WR EH ZHOO�
EDODQFHG DV GHPRQVWUDWHG LQ VHFWLRQ ������ WKH VDPH FDQQRW EH DSSOLHG WR WKH $05 VROYHU� 'XH
WR WKH GLIIHUHQFH LQ WKH '0 W\SHV �3OH[ LQ WKH FDVH RI D IL[HG JULG DQG 3�HVW LQ WKH FDVH RI DQ
DGDSWLYH JULG�� PLQRU QRLVH ZDV IRXQG WR EH VFDWWHUHG DFURVV WKH GRPDLQ� 8SRQ IXUWKHU LQVSHFWLRQ�
LW ZDV IRXQG WKDW WKH SUREOHP PRVW OLNHO\� OLHV LQ WKH 3(76F�3�HVW LQWHUIDFH DV RSSRVHG WR H[LVWLQJ

��



�� �� &RQFOXVLRQ

LQ WKH LPSOHPHQWDWLRQ RI WKH OLEUDULHV WKHPVHOYHV� )XUWKHUPRUH� WKH LQWHUIDFH FRQQHFWLQJ WKH WZR
OLEUDULHV LV FRPSUHKHQVLYH ZKLFK SURORQJV GHEXJJLQJ� $V D UHVXOW� LW ZDV GHFLGHG WR GLJ GHHSHU
LQWR WKH LVVXH DQG PDNH WKH QHFHVVDU\ FRUUHFWLRQV ZKLOH WKH UHSRUW LV EHLQJ HYDOXDWHG� :LWK DQ
RSHQ FRQYHUVDWLRQ ZLWK WKH 3(76F GHYHORSPHQW WHDP� WKH UHDOLW\ RI WKLV HUURU FRUUHFWLRQ LV YHU\
PXFK SRVVLEOH DV ZDV VKRZQ LQ WKH HDUOLHU VWDJHV RI WKH SURMHFW� 6KRXOG WKHUH EH D VXFFHVVIXO
IL[� WKH DFFXUDF\ RI WKH VROXWLRQV REWDLQHG IURP WKH $05 VROYHU FDQ LQ�WXUQ EH LQFUHDVHG�

� /,'$5 'DWD� 7KH FDVHV SUHVHQWHG LQ WKLV SURMHFW FRQWDLQ DUWLILFLDOO\ JHQHUDWHG EDWK\PHWU\� +RZ�
HYHU� LQ RUGHU WR DFKLHYH WKH IXOO SRWHQWLDO RI WKH PRGHO� D PRGXODU LQWHUIDFH QHHGV WR EH EXLOW WR
DOORZ IRU WKH SDUVLQJ RI RSHQ�VRXUFH /,'$5 GDWD RI DQ DUHD� 7KLV FRXOG XOWLPDWHO\ DOORZ VROYLQJ IRU
UHDOLVWLF IORRGLQJ VFHQDULRV� 6XFK D FDSDELOLW\ FDQ EH UHDOLVHG E\ PDNLQJ XVH RI JHRVSDWLDO GDWD
SURFHVVLQJ OLEUDULHV VXFK DV 6KDSHO\� )LRQD� *HR3DQGDV DQG�RU *'$/ WR QDPH D IHZ� $OO RI WKH
VWDWHG OLEUDULHV DUH RSHQ�VRXUFH DQG FDQ EH LQFRUSRUDWHG LQWR WKH PRGHO XVLQJ 3\WKRQ ZUDSSHUV
SURYLGHG E\ 3(76F�

https://pypi.org/project/Shapely/
https://pypi.org/project/Fiona/
https://geopandas.org
https://gdal.org


%LEOLRJUDSK\
>�@ 6KULUDQJ $EK\DQNDU� -HG %URZQ� (PLO 0 &RQVWDQWLQHVFX� 'HERM\RWL *KRVK� %DUU\ ) 6PLWK� DQG

+RQJ =KDQJ� 3HWVF�WV� $ PRGHUQ VFDODEOH RGH�GDH VROYHU OLEUDU\� DU;LY SUHSULQW DU;LY������������
�����

>�@ 0DUWLQ $OQ V� -DQ %OHFKWD� -RKDQ +DNH� $XJXVW -RKDQVVRQ� %HQMDPLQ .HKOHW� $QGHUV /RJJ� &KULV
5LFKDUGVRQ� -RKDQQHV 5LQJ� 0DULH ( 5RJQHV� DQG *DUWK 1 :HOOV� 7KH IHQLFV SURMHFW YHUVLRQ ����
$UFKLYH RI 1XPHULFDO 6RIWZDUH� ������� �����

>�@ $OH[H\ $QGURVRY� -|UQ %HKUHQV� DQG 6HUJH\ 'DQLORY� 7VXQDPL PRGHOOLQJ ZLWK XQVWUXFWXUHG JULGV�
LQWHUDFWLRQ EHWZHHQ WLGHV DQG WVXQDPL ZDYHV� ,Q &RPSXWDWLRQDO 6FLHQFH DQG +LJK 3HUIRUPDQFH
&RPSXWLQJ ,9� SDJHV ���±���� 6SULQJHU� �����

>�@ (PPDQXHO $XGXVVH� &KULVWRSKH &KDORQV� DQG 3KLOLSSH 8QJ� $ VLPSOH ZHOO�EDODQFHG DQG SRVLWLYH
QXPHULFDO VFKHPH IRU WKH VKDOORZ�ZDWHU V\VWHP� &RPPXQLFDWLRQV LQ 0DWKHPDWLFDO 6FLHQFHV� ��
��������±����� �����

>�@ , %DEXãND DQG %4 *XR� 7KH K�S YHUVLRQ RI WKH ILQLWH HOHPHQW PHWKRG IRU GRPDLQV ZLWK FXUYHG
ERXQGDULHV� 6,$0 -RXUQDO RQ 1XPHULFDO $QDO\VLV� ���������±���� �����

>�@ ,YR %DEXVND� %DUQD $ 6]DER� DQG , 1RUPDQ .DW]� 7KH S�YHUVLRQ RI WKH ILQLWH HOHPHQW PHWKRG�
6,$0 MRXUQDO RQ QXPHULFDO DQDO\VLV� ���������±���� �����

>�@ 6DWLVK %DOD\� :LOOLDP '� *URSS� /RLV &XUIPDQ 0F,QQHV� DQG %DUU\ )� 6PLWK� (IILFLHQW PDQDJHPHQW
RI SDUDOOHOLVP LQ REMHFW RULHQWHG QXPHULFDO VRIWZDUH OLEUDULHV� ,Q (� $UJH� $� 0� %UXDVHW� DQG +� 3�
/DQJWDQJHQ� HGLWRUV� 0RGHUQ 6RIWZDUH 7RROV LQ 6FLHQWLILF &RPSXWLQJ� SDJHV ���±���� %LUNKlXVHU
3UHVV� �����

>�@ 6DWLVK %DOD\� 6KULUDQJ $EK\DQNDU� 0DUN $GDPV� -HG %URZQ� 3HWHU %UXQH� .ULV %XVFKHOPDQ� /LVDQ�
GUR 'DOFLQ� $OS 'HQHU� 9LFWRU (LMNKRXW� : *URSS� HW DO� 3HWVF XVHUV PDQXDO� �����

>�@ 6DWLVK %DOD\� 6KULUDQJ $EK\DQNDU� 0DUN )� $GDPV� -HG %URZQ� 3HWHU %UXQH� .ULV %XVFKHOPDQ�
/LVDQGUR 'DOFLQ� $OS 'HQHU� 9LFWRU (LMNKRXW� :LOOLDP '� *URSS� 'PLWU\ .DUSH\HY� 'LQHVK .DXVKLN�
0DWWKHZ *� .QHSOH\� 'DYH $� 0D\� /RLV &XUIPDQ 0F,QQHV� 5LFKDUG 7UDQ 0LOOV� 7RGG 0XQVRQ� .DUO
5XSS� 3DWULFN 6DQDQ� %DUU\ )� 6PLWK� 6WHIDQR =DPSLQL� +RQJ =KDQJ� DQG +RQJ =KDQJ� 3(76F
XVHUV PDQXDO� 7HFKQLFDO 5HSRUW $1/������ � 5HYLVLRQ ����� $UJRQQH 1DWLRQDO /DERUDWRU\� �����
85/ KWWSV���ZZZ�PFV�DQO�JRY�SHWVF�

>��@ -|UQ %HKUHQV� $WPRVSKHULF DQG RFHDQ PRGHOLQJ ZLWK DQ DGDSWLYH ILQLWH HOHPHQW VROYHU IRU WKH
VKDOORZ�ZDWHU HTXDWLRQV� $SSOLHG 1XPHULFDO 0DWKHPDWLFV� �����������±���� �����

>��@ -|UQ %HKUHQV� 1DWDOMD 5DNRZVN\� :ROIJDQJ +LOOHU� '|UWKH +DQGRUI� 0DWWKLDV /lXWHU� -�UJHQ
3lSNH� DQG .ODXV 'HWKORII� DPDWRV� 3DUDOOHO DGDSWLYHPHVK JHQHUDWRU IRU DWPRVSKHULF DQG RFHDQLF
VLPXODWLRQ� 2FHDQ PRGHOOLQJ� �����������±���� �����

>��@ &KULV - %XGG� :HL]KDQJ +XDQJ� DQG 5REHUW ' 5XVVHOO� $GDSWLYLW\ ZLWK PRYLQJ JULGV� $FWD 1X�
PHULFD� ������±���� �����

>��@ - %XUJXHWH� 3LODU *DUFtD�1DYDUUR� DQG - 0XULOOR� )ULFWLRQ WHUP GLVFUHWL]DWLRQ DQG OLPLWDWLRQ WR SUH�
VHUYH VWDELOLW\ DQG FRQVHUYDWLRQ LQ WKH �G VKDOORZ�ZDWHU PRGHO� $SSOLFDWLRQ WR XQVWHDG\ LUULJDWLRQ
DQG ULYHU IORZ� ,QWHUQDWLRQDO -RXUQDO IRU 1XPHULFDO 0HWKRGV LQ )OXLGV� ���������±���� �����

>��@ &DUVWHQ %XUVWHGGH� /XFDV & :LOFR[� DQG 2PDU *KDWWDV� S�HVW� 6FDODEOH DOJRULWKPV IRU SDUDOOHO
DGDSWLYH PHVK UHILQHPHQW RQ IRUHVWV RI RFWUHHV� 6,$0 -RXUQDO RQ 6FLHQWLILF &RPSXWLQJ� ������
����±����� �����

��

https://www.mcs.anl.gov/petsc


�� %LEOLRJUDSK\

>��@ ;XDQ &DL� +ROJHU 0DUVFKDOO� 0DUWLQ :|UQHU� DQG 2ODI 'HXWVFKPDQQ� $ SKDVH ILHOG PHWKRG ZLWK
DGDSWLYH PHVK UHILQHPHQW IRU QXPHULFDO VLPXODWLRQ RI �G ZHWWLQJ SURFHVVHV ZLWK RSHQIRDP�� ,Q
�QG ,QWHUQDWLRQDO 6\PSRVLXP RQ 0XOWLVFDOH 0XOWLSKDVH 3URFHVV (QJLQHHULQJ �003(�� +DPEXUJ�
*HUPDQ\� '(&+(0$� �����

>��@ 9LQFHQ]R &DVXOOL DQG 5R\ $ :DOWHUV� $Q XQVWUXFWXUHG JULG� WKUHH�GLPHQVLRQDO PRGHO EDVHG RQ
WKH VKDOORZ ZDWHU HTXDWLRQV� ,QWHUQDWLRQDO MRXUQDO IRU QXPHULFDO PHWKRGV LQ IOXLGV� ���������±����
�����

>��@ 6WHSKHQ 3 &RRN� $GDSWLYH 0HVK 0HWKRGV IRU 1XPHULFDO :HDWKHU 3UHGLFWLRQ� 3K' WKHVLV� 8QLYHU�
VLW\ RI %DWK� �����

>��@ 6WHSKHQ / &RUQIRUG� 'DQLHO ) 0DUWLQ� 'DQLHO 7 *UDYHV� 'RXJODV ) 5DQNHQ� $QQH 0 /H %URFT�
5XSHUW 0 *ODGVWRQH� $QWRQ\ - 3D\QH� (VPRQG * 1J� DQG :LOOLDP + /LSVFRPE� $GDSWLYH PHVK�
ILQLWH YROXPH PRGHOLQJ RI PDULQH LFH VKHHWV� -RXUQDO RI &RPSXWDWLRQDO 3K\VLFV� ����������±����
�����

>��@ 6DQGHUVRQ / *RQ]DJD GH 2OLYHLUD� 0DXULFLR .LVFKLQKHYVN� DQG -RmR 0DQXHO 56 7DYDUHV� 1RYHO
JUDSK�EDVHG DGDSWLYH WULDQJXODU PHVK UHILQHPHQW IRU ILQLWH�YROXPH GLVFUHWL]DWLRQV� �����

>��@ )ORUHQFH 'UXL� $OH[DQGUX )LNO� 3LHUUH .HVWHQHU� 6DPXHO .RNK� $GDP /DUDW� 9LQFHQW /H &KHQDGHF�
DQG 0DUF 0DVVRW� ([SHULPHQWLQJ ZLWK WKH S�HVW OLEUDU\ IRU DPU VLPXODWLRQV RI WZR�SKDVH IORZV�
(6$,0� 3URFHHGLQJV DQG 6XUYH\V� ������±���� �����

>��@ $OH[DQGUH (UQ� 6HUJH 3LSHUQR� DQG .DULP 'MDGHO� $ ZHOO�EDODQFHG UXQJH±NXWWD GLVFRQWLQXRXV
JDOHUNLQ PHWKRG IRU WKH VKDOORZ�ZDWHU HTXDWLRQV ZLWK IORRGLQJ DQG GU\LQJ� ,QWHUQDWLRQDO MRXUQDO IRU
QXPHULFDO PHWKRGV LQ IOXLGV� �������±��� �����

>��@ / )UHUHW� / ,YDQ� +DQV 'H 6WHUFN� DQG &OLQWRQ 37 *URWK� +LJK�RUGHU ILQLWH�YROXPH PHWKRG ZLWK
EORFN�EDVHG DPU IRU PDJQHWRK\GURG\QDPLFV IORZV� -RXUQDO RI 6FLHQWLILF &RPSXWLQJ� ���������±
���� �����

>��@ 0LNLWR )XUXLFKL DQG 'DYH $ 0D\� ,PSOLFLW VROXWLRQ RI WKH PDWHULDO WUDQVSRUW LQ VWRNHV IORZ VLP�
XODWLRQ� 7RZDUG WKHUPDO FRQYHFWLRQ VLPXODWLRQ VXUURXQGHG E\ IUHH VXUIDFH� &RPSXWHU 3K\VLFV
&RPPXQLFDWLRQV� �����±��� �����

>��@ &KULVWRSKH *HX]DLQH DQG -HDQ�)UDQoRLV 5HPDFOH� *PVK� $ ��G ILQLWH HOHPHQW PHVK JHQHUD�
WRU ZLWK EXLOW�LQ SUH�DQG SRVW�SURFHVVLQJ IDFLOLWLHV� ,QWHUQDWLRQDO MRXUQDO IRU QXPHULFDO PHWKRGV LQ
HQJLQHHULQJ� �����������±����� �����

>��@ %DEX *KHHWKDD� :HOO�EDODQFHG K\GURORJLFDO PRGHO EDVHG RQ �G VKDOORZ ZDWHU HTXDWLRQV� �����

>��@ 0XNNXQG 6XQMLL %DEX *KHHWKDD� 7LPH�DGDSWLYH K\GURORJLFDO VROYHU� KWWSV���JLWKXE�FRP�
PXNNXQG�����SHWVF� �����

>��@ 1 *RXWDO� 3URFHHGLQJV RI WKH �QG ZRUNVKRS RQ GDP�EUHDN ZDYH VLPXODWLRQ� 'HSDUWPHQW /DERUD�
WRLUH 1DWLRQDO G¶+\GUDXOLTXH� *URXSH +\GUDXOLTXH )OXYLDOH� �����

>��@ &KULVWRSKHU - *UHHQVKLHOGV� 2SHQIRDP XVHU JXLGH� 2SHQ)2$0 )RXQGDWLRQ /WG� YHUVLRQ� �����
H����� �����

>��@ 'DYLG $ +DP� -XOLH 3LHWU]DN� DQG *XXV 6 6WHOOLQJ� $ VFDODEOH XQVWUXFWXUHG JULG ��GLPHQVLRQDO
ILQLWH YROXPH PRGHO IRU WKH VKDOORZ ZDWHU HTXDWLRQV� 2FHDQ 0RGHOOLQJ� �����������±���� �����

>��@ :HL]KDQJ +XDQJ DQG 5REHUW ' 5XVVHOO� $GDSWLYH PRYLQJ PHVK PHWKRGV� YROXPH ���� 6SULQJHU
6FLHQFH 	 %XVLQHVV 0HGLD� �����

>��@ <X[LQ +XDQJ� 1LQJFKXDQ =KDQJ� DQG <XJXR 3HL� :HOO�EDODQFHG ILQLWH YROXPH VFKHPH IRU VKDOORZ
ZDWHU IORRGLQJ DQG GU\LQJ RYHU DUELWUDU\ WRSRJUDSK\� (QJLQHHULQJ $SSOLFDWLRQV RI &RPSXWDWLRQDO
)OXLG 0HFKDQLFV� �������±��� �����

>��@ 7RELQ ,VDDF DQG 0DWWKHZ * .QHSOH\� 6XSSRUW IRU QRQ�FRQIRUPDO PHVKHV LQ SHWVF¶V GPSOH[ LQWHU�
IDFH� DU;LY SUHSULQW DU;LY������������ �����

https://github.com/mukkund1996/petsc
https://github.com/mukkund1996/petsc


%LEOLRJUDSK\ ��

>��@ - -DQVVRQ� (]KLOPDWKL .ULVKQDVDP\� DQG 0 /HRQL� $GDSWLYH GLUHFW IHP VLPXODWLRQ ZLWK
XQLFRUQ�IHQLFV�KSF IRU FV�� �WK ,QWHUQDWLRQDO :RUNVKRS RQ +LJK 2UGHU &)' 0HWKRGV� �����

>��@ +UYRMH -DVDN DQG $' *RVPDQ� $XWRPDWLF UHVROXWLRQ FRQWURO IRU WKH ILQLWH�YROXPH PHWKRG� SDUW ��
$GDSWLYH PHVK UHILQHPHQW DQG FRDUVHQLQJ� 1XPHULFDO +HDW 7UDQVIHU� 3DUW %� )XQGDPHQWDOV� ��
�������±���� �����

>��@ *HRUJH .DU\SLV� .LUN 6FKORHJHO� DQG 9LSLQ .XPDU� 3DUPHWLV� 3DUDOOHO JUDSK SDUWLWLRQLQJ DQG VSDUVH
PDWUL[ RUGHULQJ OLEUDU\� 9HUVLRQ� �� �����

>��@ *HRUJHV .HVVHUZDQL DQG 4LXKXD /LDQJ� 5NGJ� VKDOORZ�ZDWHU VROYHU RQ QRQ�XQLIRUP JULGV ZLWK
ORFDO WLPH VWHSV� $SSOLFDWLRQ WR �G DQG �G K\GURG\QDPLFV� $SSOLHG 0DWKHPDWLFDO 0RGHOOLQJ� ��
����������±����� �����

>��@ (WKDQ - .XEDWNR� 6KLQWDUR %XQ\D� &OLQW 'DZVRQ� DQG -RDQQHV - :HVWHULQN� '\QDPLF S�DGDSWLYH
UXQJH±NXWWD GLVFRQWLQXRXV JDOHUNLQ PHWKRGV IRU WKH VKDOORZ ZDWHU HTXDWLRQV� &RPSXWHU 0HWKRGV
LQ $SSOLHG 0HFKDQLFV DQG (QJLQHHULQJ� ���������������±����� �����

>��@ $QGUHZ % /DPEH DQG $OHNVDQGHU &]HNDQVNL� 7RSRORJ\ RSWLPL]DWLRQ XVLQJ D FRQWLQXRXV GHQVLW\
ILHOG DQG DGDSWLYH PHVK UHILQHPHQW� ,QWHUQDWLRQDO -RXUQDO IRU 1XPHULFDO 0HWKRGV LQ (QJLQHHULQJ�
����������±���� �����

>��@ 0LFKDHO /DQJH� 0DWWKHZ * .QHSOH\� DQG *HUDUG - *RUPDQ� )OH[LEOH� VFDODEOH PHVK DQG GDWD
PDQDJHPHQW XVLQJ SHWVF GPSOH[� DU;LY SUHSULQW DU;LY������������ �����

>��@ 5DQGDOO - /H9HTXH� %DODQFLQJ VRXUFH WHUPV DQG IOX[ JUDGLHQWV LQ KLJK�UHVROXWLRQ JRGXQRY PHWK�
RGV� WKH TXDVL�VWHDG\ ZDYH�SURSDJDWLRQ DOJRULWKP� -RXUQDO RI FRPSXWDWLRQDO SK\VLFV� �������
���±���� �����

>��@ 5DQGDOO - /H9HTXH DQG 'DYLG / *HRUJH� +LJK�UHVROXWLRQ ILQLWH YROXPH PHWKRGV IRU WKH VKDOORZ
ZDWHU HTXDWLRQV ZLWK EDWK\PHWU\ DQG GU\ VWDWHV� ,Q $GYDQFHG QXPHULFDO PRGHOV IRU VLPXODWLQJ
WVXQDPL ZDYHV DQG UXQXS� SDJHV ��±��� :RUOG 6FLHQWLILF� �����

>��@ 4 /LDQJ� $*/ %RUWKZLFN� DQG * 6WHOOLQJ� 6LPXODWLRQ RI GDP�DQG G\NH�EUHDN K\GURG\QDPLFV RQ
G\QDPLFDOO\ DGDSWLYH TXDGWUHH JULGV� ,QWHUQDWLRQDO MRXUQDO IRU QXPHULFDO PHWKRGV LQ IOXLGV� ������
���±���� �����

>��@ 4LXKXD /LDQJ� $ VWUXFWXUHG EXW QRQ�XQLIRUP FDUWHVLDQ JULG�EDVHG PRGHO IRU WKH VKDOORZ ZDWHU
HTXDWLRQV� ,QWHUQDWLRQDO -RXUQDO IRU 1XPHULFDO 0HWKRGV LQ )OXLGV� ���������±���� �����

>��@ 4LXKXD /LDQJ DQG $OLVWDLU */ %RUWKZLFN� $GDSWLYH TXDGWUHH VLPXODWLRQ RI VKDOORZ IORZV ZLWK ZHW±
GU\ IURQWV RYHU FRPSOH[ WRSRJUDSK\� &RPSXWHUV 	 )OXLGV� ���������±���� �����

>��@ 4LXKXD /LDQJ DQG )DELHQ 0DUFKH� 1XPHULFDO UHVROXWLRQ RI ZHOO�EDODQFHG VKDOORZ ZDWHU HTXDWLRQV
ZLWK FRPSOH[ VRXUFH WHUPV� $GYDQFHV LQ ZDWHU UHVRXUFHV� ���������±���� �����

>��@ .\OH 7 0DQGOL DQG &OLQW 1 'DZVRQ� $GDSWLYH PHVK UHILQHPHQW IRU VWRUP VXUJH� 2FHDQ 0RGHOOLQJ�
�����±��� �����

>��@ 7RPLVODY 0DULF� +ROJHU 0DUVFKDOO� DQG 'LHWHU %RWKH� YRIRDP�D JHRPHWULFDO YROXPH RI IOXLG DO�
JRULWKP RQ DUELWUDU\ XQVWUXFWXUHG PHVKHV ZLWK ORFDO G\QDPLF DGDSWLYH PHVK UHILQHPHQW XVLQJ
RSHQIRDP� DU;LY SUHSULQW DU;LY����������� �����

>��@ 7RPLVODY 0DULF� +ROJHU 0DUVFKDOO� DQG 'LHWHU %RWKH� YRIRDP�D JHRPHWULFDO YROXPH RI IOXLG DO�
JRULWKP RQ DUELWUDU\ XQVWUXFWXUHG PHVKHV ZLWK ORFDO G\QDPLF DGDSWLYH PHVK UHILQHPHQW XVLQJ
RSHQIRDP� DU;LY SUHSULQW DU;LY����������� �����

>��@ $QGUHZ 77 0F5DH� &ROLQ - &RWWHU� DQG &KULV - %XGG� 2SWLPDO�WUDQVSRUW±EDVHG PHVK DGDSWLYLW\
RQ WKH SODQH DQG VSKHUH XVLQJ ILQLWH HOHPHQWV� 6,$0 -RXUQDO RQ 6FLHQWLILF &RPSXWLQJ� ������
$����±$����� �����
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>��@ 'DQLHO 5HWWHQPDLHU� 'DQLHO 'HLVLQJ� <XQ 2XHGUDRJR� (ULRQ *MRQDM� +HUEHUW 'H *HUVHP� 'LHWHU
%RWKH� &DPHURQ 7URSHD� DQG +ROJHU 0DUVFKDOO� /RDG EDODQFHG �G DQG �G DGDSWLYH PHVK UHILQH�
PHQW LQ RSHQIRDP� 6RIWZDUH;� ���������� �����

>��@ 'DQLHO 5HWWHQPDLHU� 'DQLHO 'HLVLQJ� <XQ 2XHGUDRJR� (ULRQ *MRQDM� +HUEHUW 'H *HUVHP� 'LHWHU
%RWKH� &DPHURQ 7URSHD� DQG +ROJHU 0DUVFKDOO� /RDG EDODQFHG �G DQG �G DGDSWLYH PHVK UHILQH�
PHQW LQ RSHQIRDP� 6RIWZDUH;� ���������� �����

>��@ -HUHP\ $ 5LRXVVHW� &DURO 6 3DW\� 5REHUW - /LOOLV� 0DWWKHZ 2 )LOOLQJLP� 6FRWW / (QJODQG� 3DXO *
:LWKHUV� DQG -RKQ 30+DOH� 7KUHH�GLPHQVLRQDO PXOWLIOXLG PRGHOLQJ RI DWPRVSKHULF HOHFWURG\QDP�
LFV LQ PDUV¶ G\QDPR UHJLRQ� -RXUQDO RI *HRSK\VLFDO 5HVHDUFK� 6SDFH 3K\VLFV� �����������±�����
�����

>��@ %HQHGLFW ' 5RJHUV� $OLVWDLU */ %RUWKZLFN� DQG 3DXO + 7D\ORU� 0DWKHPDWLFDO EDODQFLQJ RI IOX[ JUD�
GLHQW DQG VRXUFH WHUPV SULRU WR XVLQJ URH¶V DSSUR[LPDWH ULHPDQQ VROYHU� -RXUQDO RI &RPSXWDWLRQDO
3K\VLFV� ����������±���� �����

>��@ (OHXWHULR ) 7RUR DQG (OHXWHULR 7RUR� 6KRFN�FDSWXULQJ PHWKRGV IRU IUHH�VXUIDFH VKDOORZ IORZV�
YROXPH ���� :LOH\ 1HZ <RUN� �����

>��@ *LRYDQQL 7XPROR� /XFD %RQDYHQWXUD� DQG 0DUFR 5HVWHOOL� $ VHPL�LPSOLFLW� VHPL�ODJUDQJLDQ� S�
DGDSWLYH GLVFRQWLQXRXV JDOHUNLQ PHWKRG IRU WKH VKDOORZ ZDWHU HTXDWLRQV� -RXUQDO RI &RPSXWDWLRQDO
3K\VLFV� ���������±��� �����

>��@ 5HQDWR 9DFRQGLR� $OHVVDQGUR 'DO 3DO�� $OHVVLD )HUUDUL� 3DROR 0LJQRVD� )UDQFHVFD $XUHOL� DQG
6XVDQQD 'D]]L� $ QRQ�XQLIRUP HIILFLHQW JULG W\SH IRU JSX�SDUDOOHO VKDOORZ ZDWHU HTXDWLRQV PRGHOV�
(QYLURQPHQWDO 0RGHOOLQJ 	 6RIWZDUH� ������±���� �����

>��@ 5HQDWR 9DFRQGLR� $OHVVDQGUR 'DO 3DO�� $OHVVLD )HUUDUL� 3DROR 0LJQRVD� )UDQFHVFD $XUHOL� DQG
6XVDQQD 'D]]L� $ QRQ�XQLIRUP HIILFLHQW JULG W\SH IRU JSX�SDUDOOHO VKDOORZ ZDWHU HTXDWLRQV PRGHOV�
(QYLURQPHQWDO 0RGHOOLQJ 	 6RIWZDUH� ������±���� �����

>��@ 0DQXHO 9DOHUD� 0DU\ 3� 7KRPDV� 0DULDQJHO *DUFLD� DQG -RVH (� &DVWLOOR� 3DUDOOHO LPSOHPHQWDWLRQ
RI D 3(76F�%DVHG IUDPHZRUN IRU WKH JHQHUDO FXUYLOLQHDU FRDVWDO RFHDQ PRGHO� -RXUQDO RI 0DULQH
6FLHQFH DQG (QJLQHHULQJ� ����� ����� ,661 ���������� GRL� ��������MPVH�������� 85/
KWWSV���ZZZ�PGSL�FRP�������������������

>��@ $OHVVDQGUR 9DOLDQL DQG /RUHQ]R %HJQXGHOOL� 'LYHUJHQFH IRUP IRU EHG VORSH VRXUFH WHUP LQ VKDOORZ
ZDWHU HTXDWLRQV� -RXUQDO RI +\GUDXOLF (QJLQHHULQJ� ����������±���� �����

>��@ $OHVVDQGUR 9DOLDQL DQG /RUHQ]R %HJQXGHOOL� 'LYHUJHQFH IRUP IRU EHG VORSH VRXUFH WHUP LQ VKDOORZ
ZDWHU HTXDWLRQV� -RXUQDO RI +\GUDXOLF (QJLQHHULQJ� ����������±���� �����

>��@ (PLO\ :DOVK� 0RYLQJ PHVK PHWKRGV IRU SUREOHPV LQ PHWHRURORJ\� 3K' WKHVLV� 8QLYHUVLW\ RI %DWK�
�����

>��@ 5$ :DOWHUV DQG (- %DUUDJ\� &RPSDULVRQ RI K DQG S ILQLWH HOHPHQW DSSUR[LPDWLRQV RI WKH VKDOORZ
ZDWHU HTXDWLRQV� ,QWHUQDWLRQDO MRXUQDO IRU QXPHULFDO PHWKRGV LQ IOXLGV� ��������±��� �����

>��@ <RVKLNL <DPD]DNL� .ZRN )DL &KHXQJ� DQG =\JPXQW .RZDOLN� 'HSWK�LQWHJUDWHG� QRQ�K\GURVWDWLF
PRGHO ZLWK JULG QHVWLQJ IRU WVXQDPL JHQHUDWLRQ� SURSDJDWLRQ� DQG UXQ�XS� ,QWHUQDWLRQDO -RXUQDO IRU
1XPHULFDO 0HWKRGV LQ )OXLGV� �����������±����� �����

>��@ +RQJ =KDQJ� (PLO 0� &RQVWDQWLQHVFX� DQG %DUU\ )� 6PLWK� 3(76F 76$GMRLQW� D GLVFUHWH DGMRLQW
2'( VROYHU IRU ILUVW�RUGHU DQG VHFRQG�RUGHU VHQVLWLYLW\ DQDO\VLV� MRXUQDO  DU;LY H�SUHSULQWV� HSULQW
 ����������� DUFKLYHSUHIL[  DU;LY� \HDU �����

>��@ <LQJORQJ - =KDQJ DQG $QWRQLR 0 %DSWLVWD� $Q HIILFLHQW DQG UREXVW WVXQDPL PRGHO RQ XQVWUXFWXUHG
JULGV� SDUW L� ,QXQGDWLRQ EHQFKPDUNV� 3XUH DQG $SSOLHG*HRSK\VLFV� ���������������±����� �����

>��@ -LDQ * =KRX� 'HUHN 0 &DXVRQ� &OLYH * 0LQJKDP� DQG 'DYLG 0 ,QJUDP� 7KH VXUIDFH JUDGLHQW
PHWKRG IRU WKH WUHDWPHQW RI VRXUFH WHUPV LQ WKH VKDOORZ�ZDWHU HTXDWLRQV� -RXUQDO RI &RPSXWDWLRQDO
SK\VLFV� ��������±��� �����
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