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Abstract

A trifferent code of length n is a subset of {0, 1, 2}™ such that for any three distinct elements in it, there is
a coordinate in which they all differ pairwise. The quantity T'(n) denotes the largest size of such a code
of length n. A motivation to study this problem comes from an application in information theory, where
T'(n) is related to the zero-error capacity of the (3/2)-channel, defined by Elias in 1988 [EIi88]. This
problem has seen renewed interest due to recently established connections between linear trifferent
codes, strong blocking sets in projective geometry and minimal codes in coding theory.

In this thesis, we examine the most recent breakthrough in the upper bound of T'(n) by Bhandari and
Khetan [BK25], coming from r-bounded trifferent codes, which are trifferent codes with each codeword
having exactly » many 2s. The quantity T;(n,r) denotes the largest size of r-bounded trifferent codes
of length n.

We generalize previous results by Bhandari and Khetan to give the upper bound T,(n,r) < ¢ x
n"=2/5 for all » > 3. We also build upon ideas given by Bishnoi and Kovacs and prove the lower
bound Ty(n,r) > nl"/21=°() for all » > 3 using special existing hypergraph constructions. In order
to improve the lower bound for the quantity 7,(n,2), we use a SAT solver to compute small-sized 2-
bounded trifferent codes. With the help of these computations, we come up with two new constructions
for 2-bounded trifferent codes which improve the prevailing (trivially obtained) lower bound of T, (n, 2) >
2n—2to Ty(n,2) > 2n (from Construction 1, in joint work with Jozefien D’haeseleer) and an even better
bound of T, (n,2) > (20/9)n — O(1) (from Construction 2).



Acknowledgement

This thesis would not have been possible without the constant guidance and support of many individu-
als. It is because of them that my time as a Master’s student at TU Delft has been both personally and
academically so enriching.

| am very thankful to my supervisor, Professor Anurag Bishnoi, for his unwavering support and
willingness to offer help, even arranging meetings at short notices to accommodate my questions. |
appreciate him taking out time from his holidays to meet with me online and allay many of my concerns
regarding the thesis. | am thankful to both him as well as Professor Dion Gijswijt for providing me with
invaluable constructive feedback on my writing to ensure my thesis is both rigorous and accessible. |
would also like to thank Professor Rik Versendaal for agreeing to be part of my thesis committee.

As this thesis marks the conclusion of my time as a student at TU Delft, | consider myself extremely
fortunate to fondly look back at the friendships and memories | made during this period. | am very
grateful to my friends for making this journey so fulfilling and also to my family, for their continued
support and words of encouragement.

Naivedya Amarnani
Delft, June 2026



Symbol/Notation

Notation

Description

b))
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T(n)

Tr(n)
Ty(n,r)
PG(k —1,q)

by(k, s)
b (k, 1)

1],

q/(¢ — 1) channel

cap(q)

Ks,t
ex(n, H)

z(u,v; 8,t)
fr(na v, 6)

P.E I
r3(N)

r3(F)
[n, kl4/[n, k, d], code

AUB

Finite alphabet {0,1,...,q — 1}

Finite field of ¢ elements for a prime power ¢

Largest size of a trifferent code of block length n

Largest size of a linear trifferent code of block length n

Largest size of an r-bounded trifferent code of block length n

TEe projective space of dimension k£ —1 derived from the finite vector space
F

wae smallest size of an (affine) s-blocking set in IF’;

The smallest size of a strong ¢-blocking set in PG(k — 1, q)

_ (@)@t -1)- (¢ o)

o (=1 (¢*~'=1)+(¢—1)

An information channel with the same input and output alphabet X, which
is guaranteed to output a symbol other than the input symbol

g-capacity: cap(q) = limsup,,_, ., < log, % where T'(¢,n) denotes the
maximum size of a (¢ — 1)-list-decoding code of block length n for the
q/(q — 1) channel.

Big-O notation: f(xz) = O(g9(z)) = |f(z)| < c¢-l|g(x)| forallz > N, and
somec, N >0

Little-o notation: f(x) = o(g(z)) = My % -0

Zero element of relevant group, field or vector space

Direct sum: For two linear subspaces S, T of a vector space V, S ® T :=
{s+teV|seSteT}

Linear span: For a subset S of a vector space V over field F, (S)
Yo egausiforall (a1,...,a5) € RS

Independence number: The largest size of an independent set in graph G
The complete graph on n vertices

The complete bipartite graph with parts of size s and ¢

Extremal number: The maximum number of edges in a graph on n vertices
which does not contain the graph H as a subgraph

Zarankiewicz number: The maximum number of edges in a bipartite graph
with parts of size u, v which does not contain a copy of K ;

The maximum number of edges in an r-uniform hypergraph which does
not contain any set of e hyperedges spanned by v vertices

Probability, Expectation, Indicator/Characteristic function

The maximum size of a subset of {1,2,..., N} which does not contain
three distinct elements in an arithmetic progression

The maximum size of a subset of a field F which does not contain three
distinct elements in an arithmetic progression

A linear code over alphabet I, with length n and dimension & (and if known,
minimum Hamming distance d).

Disjoint union: The union of two sets A and B when AN B = ().

Gaussian/q-binomial coefficient: [’z] ‘



Contents

i

Acknowledgement i
i
|1 Introductiod 1
Link to Information Theor 3

1 Pruning Argument . . . . L L e 4

5

8

11

2.1 3-AP-free sets 13

15

15

16

16

3. ini 16

4.3.2  Minim 17

E.4 Blockina Set§ .......................................... 18
4.4.1 Preliminariea ...................................... 18

i 21

26

28

30

30

31

31

32

32

New Lower Bounds 34

.1 _Discussion of Computational Results . . . . . . . ... ... ... ... .. . .. .. ... 34

2 Construction 1| . . . . . . e, 34

3 Construction 2 . . . L L L e, 41

|7 Conclusion and Further ResearcH 44




Introduction

Consider a simple question - When are two binary strings said to be different? The answer is precisely
when they differ in at least one coordinate. For example, the strings (also called codewords) 1001 and
0000 are different because they differ in the first and fourth coordinates. Since these are binary strings,
it is equivalent to say that two strings differ if there exists at least one coordinate in which one of them
is 0 and the other is 1.

Analogously, three ternary strings (i.e. strings consisting of 0s, 1s and 2s) are said to be ‘trifferent’
if there exists at least one coordinate in which one of them is 0, one is 1 and the other one is 2. As an
example, the three strings 01012, 20222 and 10200 are ‘trifferent’ because they contain all three symbols
- 0,1,2 - in the first (and also fourth) coordinate. A collection of strings such that any three of them are
trifferent, is called a ‘trifferent code’.

The main question that arises next, which is also the one this thesis aims to shed more light on, is
how large can a trifferent code of a fixed lengthf be.

While this puzzle is interesting by itself, there is also mathematical motivation to study this problem.
The notion of ‘trifferent codes’ is linked to a more general notion of g-perfect hash codes (for ¢ = 3, they
are basically trifferent codes). Such codes appear in the study of families of perfect hash functions,
a fundamental problem in computer science, as well as in information theory, to study the zero-error
capacity of some discrete channels with list decoding. This information theoretic connection (further
elaborated in Chapter 2) also gives some bounds on the sizes of such codes. Interestingly, there has
been significant improvement on these bounds for the case ¢ > 4, while the case ¢ = 3 has seen
relatively less progress. This further makes it interesting to look at trifferent codes and attempt to
improve the existing bounds.

Definition 1.1. Let X = {0,1,...,¢ — 1} be a finite alphabet and n, ¢ > 2 be positive integers. A code
C C X" is a g-perfect hash code of block length n if for any ¢ distinct codewords z1, z», ..., z4 € C, there
exists a coordinate ¢ € [n| for which the set of symbols {z;(i) | 1 < j < ¢} = %, where z(¢) denotes the
it" coordinatef of the codeword 2. When ¢ = 3, a ¢-perfect hash code is known as a trifferent code.

Example 1.1. The following famous code, known as the tetra-code in coding theory, is a trifferent code
of block length 4 and size 9. As a check, consider the codewords 2220, 0121, 1022 - they are trifferent
in the second coordinate as highlighted below.

N=-ON—-=0MN—=0O
- OoOPMNON—-2ND—=O
ON—=-—=-0MNN—=O
MNON—2L 22000

"Here, length refers to the number of symbols in each string within the code.
2In the thesis, we always use the notation z(i) to denote the i* coordinate of a vector or codeword z.
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Let T'(n) denote the maximum size of a trifferent code with block length n. The following recursive
relation is quite immediate.

Proposition 1.1. Forn > 2, we have
T(n) < B’T(nl)J (1.1)

Proof. Suppose C is a trifferent code of block length n and size T'(n). Leta € {0, 1,2} be a symbol which
occurs the least in the first coordinate of the codewords in C. Then consider the subcode C’ C C which
has all the codewords of C with the first coordinate any symbol other than a. By a simple application of
the pigeonhole principle, we must have C' > (2/3)|C|. Let C” be the code of length n — 1 obtained from
C’ by removing the first coordinate of each codeword in C’. Clearly |C"| = |C'| > (2/3) - |C|. Note that
any three codewords in C”" were trifferent in the original code C in a coordinate other than the first since
none of them had the symbol a appearing there and so, they continue to be trifferent in C”’. Hence C" is
a trifferent code of length n — 1, which must mean that C”’ < T'(n — 1). Combining the two inequalities
gives T'(n) < (3/2) - T'(n — 1). Since T'(n) is an integer, the inequality can be made tighter by the floor
function. O

Let us see what the value of T'(n) is for some small n. We first have T'(2) > 4, achieved by the
trifferent code {00, 11,20,12}. By noting that T'(1) = 3 trivially, () also gives T'(2) < 4 and hence
T(2) =4.

Similarly, the trifferent codes {012,021, 102, 120, 201, 210} and_the tetra-code in Example prove
that T'(3) > 6 and T'(4) > 9 respectively. Again, repeated use of () gives the upper bounds 7'(3) < 6
and T'(4) < 9 and hence these are also the exact values of T'(n) for n = 3,4. The values T'(5) = 10
and T'(6) = 13 were only established in 2022 [DFGP22] while the values T'(7) = 16, T(8) = 20 and
T(9) = 27 were established by Kurz in 2024 [Kur24]. These are the only known exact values for T'(n)
so far.

Determining and estimating the asymptotic growth of T'(n) is known as the trifference problem. In a
seminal work, Elias showed that T'(n) < 2 x (3/2)" via purely information-theoretic arguments [EIi88].
A recursive use of the ‘pruning argument’ of Proposition E\ralso gives the same bound, elaborated
later in chapter 2. In the same year, Kérner and Marton [KM88] gave the lower bound T'(n) > (9/5)™/%.
Subsequent improvements made to the upper bound in [DFGP22] and [Kur24] were able to improve
the constant 2 upto 0.6937 for n > 10 by using the newly established values of T'(n) for n < 9 and
equation ([1.1)) recursively. It was only in 2025 that Bhandari and Khetan [BK25] gave the first polynomial
improvement to this bound, showing that T'(n) < ¢ x n=2/> x (3/2)".

In this thesis, we examine recent bounds on the size of largest trifferent codes in an attempt to im-
prove upon them. We also look at r-bounded trifferent codes and provide both, some new constructions
leading to improved lower bounds, and some better upper bounds on their largest sizes.

The thesis is structured as followed. In chapter 2, we provide a small background on relevant
information theory concepts and explain how it relates to the theory of trifferent codes. From this relation,
we also explain how Elias’ theorem [EIi88] in information theory provides the first significant bound on
the largest size of a trifferent code.

In chapter 3, we discuss recent improvements in the upper bounds of T'(n) given by Bhandari and
Khetan [BK25]. We also generalize their theorem bounding the largest size of 2 and 3-bounded trifferent
codes to r-bounded trifferent codes and thus show that the new bound they obtained for T'(n) is the
best that can be obtained by a direct generalization of their proof for larger . We also formally prove
some lower bounds for the quantity T, (n,r) based on ideas given by Bishnoi and Kovacs.

In chapter 4, we introduce the notion of linear trifferent codes and prove their equivalence with strong
blocking sets in projective geometry and also with minimal codes. We also provide some background
for both these combinatorial objects to provide a more complete picture of this equivalence.

In chapter 5, we discuss the computational approach which we took to attempt improving the lower
bound of the largest size of 2-bounded trifferent codes. In lieu of these new computational results that
we obtain and also in joint work with Jozefien D’haeseleer, we are able to provide two new constructions
of 2-bounded trifferent codes in chapter 6, both of which improve the current lower bound for T, (n, 2).
These computations and new constructions constitute our main contribution in the thesis. We wrap up
the report by stating the main conclusions of the thesis and outlining the scope of further research in
chapter 7.



Link to Information Theory

We first give a brief introduction of the relevant concepts in information theory.

The ¢/(q—1) channel is a communication channel where the input and output alphabet is the same
list of ¢ characters, X = {0,1,...,¢ — 1}; and when an input symbol i is passed through the channel,
the output symbol can be anything except i itself.

For the ¢/(q¢ — 1) channel, it is not possible to determine the input message without error if the code
has at least two codewords. In fact, no matter how large the block length of the message is, for every
set of up to (¢— 1) input codewords, one can (adversarially) construct an output word that is compatible
with all of them (since at each coordinate, the (¢ — 1) input codewords may only cover at most (¢ — 1)
symbols out of the ¢-sized alphabet).

Example 2.1. Consider the 4/3 channel. If the symbol 2 was sent via this channel, the possible list of
outcome symbols is {0, 1,3}. Now if the input message has 4 — 1 = 3 codewords, each of length 4, say
0122, 2130 and 3113, then the output word 1201 is compatible with all the three input messages.

However, it is possible to design codes where on receiving an output word from the ¢/(¢—1) channel,
one can narrow down the input message to a set of size at most (¢ — 1) - in this case, we say that we
can list-decode with lists of size ¢— 1. Such codes are called (¢ — 1)-list-decoding codes for the ¢/(¢—1)
channel. It is well-known that a ¢g-perfect hash code C of block length n is equivalent to a (¢ — 1)-list-
decoding code for the ¢/(¢ — 1) channel with length n (refer the introduction of [BR21[]). We prove this
equivalence for ¢ = 3 later in the chapter.

Definition 2.1. A code C C {0,1,...,q — 1}" is an ‘¢-list-decoding code’ for the ¢/(¢ — 1) channel, if
for every output word 7 € X", |{o € C : the input word ¢ is compatible with 7}| < ¢. The zero-error
list-of-¢-rate of C, is given by X log,(|C|/¢) and the list-of-¢-capacity of the ¢/(q — 1) channel, denoted
by cap(q, ¢) is the least upper bound on the attainable zero-error list-of-¢-rate across all ¢-list-decoding
codes.

Since we are specifically interested in the list-of-(¢ — 1)-capacity of the ¢/(q — 1) channel, we use
the standard notation cap(q) (also called g-capacity) to denote cap(q, ¢ — 1), which can then be defined

as
cap(q) = limsup 1 log, Tla.n) (2.1)
n—oo N q - ]-
where T'(¢, n) denotes the maximum size of a (¢—1)-list-decoding code of block length n for the ¢/(g—1)
channel.

There has been significant research and improvements made in studying the quantity cap(q) in
the case ¢ > 3. We provide a small summary of the results here and refer the reader to the paper
of Bhandari and Radhakrishnan [BR21] for a more thorough overview of this topic. In a seminal work,
Fredman and Komlds [FK84] established cap(q) < exp(—0O(q)). Guruswami and Riazanov [GR22] then
demonstrated that the Fredman-Komlds upper bound is not tight for ¢ > 4 and were able to provide
explicit improvements for ¢ = 5,6. For ¢ = 4, Dalaj et.al. [DGR19] improved the upper bound to
cap(4) < 6/19 ~ 0.3158, while Kérner and Marton [KM88] established a lower bound of cap(4) >
(1/3)1l0g(32/29) ~ 0.0473. Further, Xing and Yuan [XY23] were able to extend Kérner and Marton’s
concatenation technique, and as a result, proved improved lower bounds of cap(q) for ¢ = 4, 8, all odd
integers greater than 3 and less than 25, and also sufficiently large ¢ not congruent to 2 (mod 4).

3



2. Link to Information Theory 4

However, the progress for the case ¢ = 3 has been somewhat slower in comparison. In 1988, Elias
[Eli88] proved thatl

log(g/(q — 1)%@~V) < cap(q) < log(q/(q —1)).
This implies
0.08 ~ log, (3/2\/5) < cap(3) < 10g,(3/2) ~ 0.58

Kérner and Marton [KM88] managed to improved the lower bound by code concatenation to

0.212 =~ (1/4)log,(9/5) < cap(3).
Both these results gave the first bounds on the quantity 7'(n) because of the following observation.
Proposition 2.1. A code C is trifferent if and only if it is a 2-list decoding code for the 3/2 channel.

Proof. Suppose C is trifferent. Let 7 € {0,1,2}" be an output word of the 3/2 channel. Let S, = {0 €
C : the input word ¢ is compatible with 7} C C. Note that compatibility for this channel means that each
o € S; must differ from 7 in all coordinates. Suppose |S.| > 2. Let z,y,z € S;. Then, by definition
of compatibility, {x;,v:,2:} € {0,1,2} \ {r;} for each coordinate i, which contradicts the trifference
condition for the codewords z, y, z. This implies that |S.| < 2 and hence, C is a 2-list decoding code for
the 3/2 channel.

Now suppose C is a 2-list decoding code for the 3/2 channel and there exist z, y, z € C such that for
alli € [n], {xs,yi, 2.} € {0,1,2}. Then, the output word 7 € {0,1,2}"™ with 7, € {0,1,2} \ {4, v:, 2},
is compatible with all three input words x,y and z, which contradicts C being a 2-list decoding code.
Hence, C must be trifferent. O

For the 3/2 channel (i.e. when ¢ = 3), Elias’ result states that cap(3) < log,(3/2). In other words, if
C is a 2-list decoding code for the 3/2 channel, we have

1
—10g,(IC[/2) < log,(3/2)
= |C| <2x(3/2)".
Then Proposition implies that for any trifferent code C, we have |C| < 2 x (3/2)™. In other words,

T(n) <2 x (3/2)".

2.1. Pruning Argument

We now provide a simpler proof of Elias’ upper bound using the pigeonhole principle. This proof tech-
nique has also been referred to as the pruning argument in literature and is identical to the argument
used in proving ().

Proposition 2.2. The largest size of a trifferent code of block length n, T'(n), is bounded above by:
T(n) <2x(3/2)".

Proof. LetC C {0,1,2}" be a trifferent code of block length » and size m. Suppose z € {0, 1,2} is one
of the symbols which occurs the least in the first coordinate of all codewords in C. Let C() C C be the
subset of codewords not having z in the first coordinate. By the pigeonhole principle (PHP), |[C(V)| > Zm.
Further, since none of the codewords in C(!) C C have z in their first coordinate, they continue to be
trifferent with each other, making C(!) C C a trifferent code as well. This process can done iteratively by
removing codewords with least occurring element in the i*” coordinate in C(*~1) to obtain the trifferent
code C¥, till we reach C(™, which must also be a trifferent code. However, C(™) contains codewords
which have one element absent in each of the coordinates and hence no three codewords in it can
exhibit the trifference condition. This implies |C(")| < 2. Moreover, the iterative bounds on the sizes of
¢ result in |C™] > (2)" m. Combining the two bounds results in m < 2 x ()", which proves the
proposition.

"We are stating Elias’ result in the specific case when the channel is the ¢/(¢ — 1) channel. The original result works for any
finite discrete memory-less channel.



Recent Bounds on Trifferent Codes

In this chapter, we look at the recent improvements_in the bounds for both trifferent and ‘r-bounded’
trifferent codes, as shown by Bhandari and Khetan [BK25].

Before doing so, we first state and prove a well-known result from graph theory, which will be used
later in proving other results.

Lemma 3.1. Any graph can be made bipartite with parts of almost equal size by removing at most half
of its edges.

Proof. Let G = (V, E) be a graph with |[V| = n and |E| = m. Suppose S C V with |S| = n/2 (or
|n/2] in case n is odd) chosen uniformly at random. Then the probability that an edge xy € E has both
endpoints in either S or V' \ S can be calculated as -

P(z,ye Sorz,y e V\S)=P(z,y € S) +P(z,y € V\ S5)

(j2) (o)

(n—2)! + (n—2)!
_ G222 T /2 /22!
(n72)
(n—2)!
_ 2% G)in/2 2]
n!
((n/2)1)?
(n/2)!_
(n=2)"
/22—
n(n—1)

71 n—2
C2\n—1

<

N =

A similar but much more careful counting argument also results in the same inequality in case n is odd
and |S| = |[n/2]. Thus, the probability that an edge is across S, i.e. has one endpoint in .S and the
otherin V'\ S, P(zy is across S) > 1/2.

With this, the expected number of edges across S can be calculated as:

E.cr[l[e is across S]] = Z P(e is across S)
ecE

1
>3

(6,
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This implies that there must exist S C V such that at least m /2 edges go across S. In other words,
removing all the other (at most m /2) edges makes G bipartite with partition consisting of S and V' \ S,
where S and V' \ S have almost equal sizes, since |S| = [n/2]. O

To establish the upper bounds, Bhandari and Khetan [BK25] made use of the following theorem,
which we refer to as the local-global density lemma.

Lemma 3.2 (Local-global density lemma). Let H be a vertex-transitivel hypergraph on vertex set V and
S be any subset of V. Then, the independence ratio of H is at most the independence ratio of H[S],
the hypergraph induced by S, i.e.,
a(H) _ o(H[S))
V| S|

Proof. Let I C Y be an independent set in H of size a(H), G be the automorphism group of H and S
any subset of V. For any automorphism g € G, ¢g(I) N S is also an independent set in S (by definition
of an automorphism) and hence, |g(I) N S| < a(H[S]).

Consider the set x = {(g,z) | g € G,z € g(I) N S}. Clearly, x| = >_ s [9(1) N S| < |G| - a(H[S]).
Counting by z, we also get x| = >_ cs {9 € G |z € g(I)} =D, yer {9 € G [z =g(y)}].
Claim: Forany y,z eV, {g € G| z =gy} = |G|/|V].
Proof of claim: Consider the action of the group G = Aut(H) on V. For any z € V, the orbit-stabilizer

theorem states that |Orb(z)| = Wt'ai% where Orb(z) := {g(x) | g € G} and Stab(z) := {g € G |
g(x) = z}. Since H is vertex-transitive, Orb(z) = V for any vertex x € V and so, |Stab(z)| = |G|/|V|.
Let h € G such that h(y) = z. Note that such an & exists because of vertex-transitivity of H.

Consider the map ¢ : Stab(y) — {g € G : g(y) = z} given by g — hg. Clearly, for any g € Stab(y),
¥(g)(y) = hg(y) = h(g(y)) = h(y) = zand so ¥(g) € {g € G : g(y) = z}. Itis also easy to see that ¢ is
a bijection with the inverse map being h=1. This implies that |{g € G : g(y) = z}| = |Stab(y)| = |G|/|V|.

From the claim, we get that
=YY HoeGlz=gw}
zeS yel
- ZZ@
V]

zeS yel

(3.1)

<

el
Vi

151Gl
Vi

= |51
= a(H) -

Comparing the two counts of |x| gives

a(H) - SH/CI'Y' < |G| a(H[S])
a(H) < a(H[S]).

Vi 5]

O

Now consider the 3-uniform hypergraph H with vertex set F% and three vectors forming a hyperedge
if they violate the trifference condition, i.e. (x,y,z) € E(H) if for each coordinate i € [n], the set
{z(7),y(i),z(i)} < Fs. Itis easy to see that an independent set of size m in H corresponds to a
trifferent code of size m and block length n. For any two vertices x, y € F% of this hypergraph, consider
the function ¢,, : V(H) — V(H) which maps z — z + (y — z). By the properties of the field Fs,
¢y 1S Clearly a bijection. Since any three codewords a,b,c € {0,1,2}" are trifferent if and only if the
codewords a + z,b + z,c + z are trifferent for a fixed z € {0,1,2}, ¢,, maps hyperedges and non-
hyperedges to hyperedges and non-hyperedges respectively. This implies that ¢, is an automorphism
and clearly, ¢,,(z) = y. Hence, this hypergraph is vertex-transitive. So we can apply Lemma to
this hypergraph, obtaining the following corollary.

1A (hyper)graph is said to be vertex-transitive if for every pair of vertices in it, there exists an automorphism of the (hyper)graph
mapping one vertex to the other.
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Corollary 1. Let T(S) denote the size of the largest trifferent code contained in S C F%. Then, we have

T(n) < T(S)

< ——= x 3"
5]

It makes sense to now look at different possible subsets S C F% for which we can either find the
value of T'(.S) or prove an upper bound for it, which can consequently improve the upper bound for T'(n)
in lieu of Corollary [i].

Bhandari and Khetan [BK25] studied the following class of subsets and were able to derive better
bounds for T'(n) from them.

Sy = {z € F§ | « contains exactly r 2's}.

Definition 3.1. An r-bounded trifferent code C C F% is a trifferent code in which each codeword has
exactly »r many 2s, i.e. C C S,.

T(S,) is often denoted in literature as Ty(n, r) - the maximum size of an r-bounded trifferent code
of block length n. The following recursive relation is immediate.

Proposition 3.3. Forn > 2, we have
Tb(n, T) Z Tb(n — ]., 7’). (32)

Proof. LetC C F%~! be an r-bounded trifferent code of size T} (n—1,). We can obtain a new r-bounded
trifferent code C’ C F% from it by appending a 1 to each codeword of C. Clearly, each codeword in C’
also contains exactly r many 2s. Further, since C is trifferent, any three codewords in C’ are trifferent in
one of the first n — 1 coordinates, and thus C’ is also trifferent. So, we get

Ty(n,r) > |C'| > |C| = Ty(n — 1,7).
O

Let us now see what the values of T,(n,0) and T,(n, 1) are, and what bounds they can provide for
T'(n) from Corollary EI

First, consider the case r = 0. Recall that Sy = {z € F} | = does not contain any 2’s}. We clearly
have Sy = 7. So, |Sg| = 2™ and T(n,0) = 2 since no three elements of F} can exhibit the trifference
property. Applying the corollary for S, gives us

2
T(n) § ﬁ x 3"

= T(n) <2x <;) .
So, we again obtain Elias’ classical bound.
Now, let us consider 1-bounded trifferent codes.
Proposition 3.4. We have T;(n, 1) = 2n.

Proof. Consider the following set of n codewords -

2 1 1
0 2 1
0 0 2

This code can also be described mathematically as

U (i € S1 () = 0for j < i, 2;(i) = 2,2(j) = 1 for j > i}.
i€[n]



3. Recent Bounds on Trifferent Codes 8

2 1 1
0 2 1
0 0 2
2 0 0
1 2 0
11 ... 2

Table 3.1: 2n codewords showing Ty(n, 1) > 2n

Any three of these codewords z;,z;,z; With i < j < k exhibit trifference in the j'* coordinate by
construction and hence T,(n,1) > n (we use this fact and this construction in later proofs). To see
Ty(n,1) > 2n, consider n additional codewords formed by inverting Os and 1s in these n codewords.
The set of codewords can then be written as shown in Table .

From the same reasoning as before, any three codewords in this new set of n codewords are also
trifferent. The only other case to check is when two codewords belong to one of these sets and the
third in the other set.

Suppose z1,x2, x5 are three of these codewords and i1,i9,i3 are the coordinates where 2s are
present respectively in them. Assume wlog that z; and x5 are of the first type with i; < iy and x5 is of
the second type. The following cases need to be checked.

i. Ifis = d1(or i2), then x1(ia2) # x3(i2) since they are of different types and both are not equal to
x2(i2) = 2. Hence, they achieve trifference at the i, (or i;) coordinate.

ii. Ifiz # 4 andig # io, then it is easy to check that the three codewords achieve trifference at one
of the coordinates ¢, or 5.

Since we have constructed a 1-bounded trifferent code of size 2n, we must have T;(n,1) > 2n.
Further, for any set of 2n + 1 codewords in Sy, there must exist three codewords which have 2

present at the same coordinate, by PHP. These codewords violate the trifference condition and hence

Ty(n,1) < 2n. The two inequalities together show that Tj,(n, 1) = 2n. O

Interestingly, applying Corollary E] to this value of Ty,(n, 1) = 2n gives the bound T'(n) < 4 x (3/2)",
which is worse than the classical bound, which was also obtained from the case r = 0.

3.1. Polynomial Improvement to the upper bound of 7'(n)

The polynomial improvements made to the upper bound of the quantity 7'(n) by Bhandari and Khetan
[BK25] were obtained by proving upper bounds for the quantities T}, (n, 2) and T, (n, 3) and then applying
Corollary E]

We will first look at their proof for the case of 2-bounded trifferent codes and then generalize their
proof for all r > 2.

Let us first state the following famous result of Kévari-Sdés-Turan [KST54], called the KST theorem,
on the extremal numberd of complete bipartite graphs, which is used in the proof.

Theorem 3.5 (KST Theorem [KST54]). For integerst > s > 1,

1
ex(n, Ky ) < =(t —1)Y*n27Ys 4 5(5 —1)n

N |

In other words, ex(n, K, ;) = O(n?>~1/#).

Theorem 3.6. There exists a constant ¢ such that T,(n,2) < ¢ x nb/3,

2The extremal number of a graph H, denoted ex(n, H) is the largest number of edges in a graph on n vertices which does
not contain H as a subgraph (not necessarily induced).
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Proof. Suppose C C {0,1,2}" is a 2-bounded trifferent code. Let G = (V, E) be a graph with vertex
set V =1{1,2,...,n}. Let {i,j} be an edge in G if there exists = € C such that z(i) = z(j) = 2. Note
that due to trifference, at most 2 codewords can have the 2s at the same set of coordinates and thus,
|E| > 3[C].

N0\2N we will show that G is K3 ¢5-free. Suppose not. Assume i1, iz, i3 along with j1, ja, . . ., je5 form
K365 as a subgraph in G. Since each edge corresponds to at most 2 codewords, let one of these
codewords be denoted as z;, ;, .

For fixed k, consider the set of codewords Ci, = {z;, j,, Zi,j., Tiyj, ;- After rearranging coordinates,
these codewords can be written as follows.

Codeword/Coordinate iy iy i3 -+ Jg
Tiy i 2 a b - 2
Tig i c 2 d --- 2
Tisjn e f 2 ... 2

where each of a, b, ¢, d, e, f are binary symbols. So, (a,b,c,d,e, f) € {0,1}5. Now such a 6-tuple exists
for each k € {1,2,...,65}. This means there are 65 such binary 6-tuples, each corresponding to a
given k € {1,2,...,65}. Since there only 26 = 64 binary 6-tuples in total, by the pigeonhole principle
(PHP), there must exist two values of k € {1,2...,65} for which the corresponding 6-tuples are exactly
the same. Let these values of k£ be k£’ and k" and let the common binary 6-tuple be («, 3,7, d, €, i).

Then the following six codewords, ;. j,,, T, j, . » Tisj,s > Tisjor s Tisjys s Tisj,» ATtEr rearranging coordi-
nates, can be written as -

Codeword/Coordinate i1 iy i3 -+ Jjg Jir
Tiyj 2 o p 2 %
Tiyjonm 2 a f x 2
Tinj, v 2 9 2 x
Tinjp v 2 9 x 2
Tigjp e p 2 *
Tigjon € u 2 2

where each of the x € {0,1}. Out of these, consider the three codewords with a x in the jj» coordinate.
Again, by PHP, two of these codewords must have the same element in this coordinate. WLOG, sup-
pose z;,;,, and x;,; , have v € {0,1} in their j,» coordinate. Then the three codewords z;,;,,, =i, j,,
and xz;,;,, have the following structure:

Codeword iy i9 %3 - - Ji Jrv
Tiyj 2 o B - 2 v
Liy g 2 af ox 2
xizjk/ "}/ 2 6 e 2 1%

In every coordinate where 2 occurs in any of these three codewords, there is a repetition of some
symbol. This implies that these three codewords cannot exhibit the trifference condition, which con-
tradicts C being a trifferent code. Hence G must be K3 g5-free. From the Kévari-Sés-Turan theorem,
|E| < ¢ x n®/3 for some constant ¢’. Since |E| > £|C|, we have |C| < ¢ x n®/3 for some constant c. [

Using Corollary E] and observing that | S;| = () x 2”72, we obtain the following result as a corollary,
which is already an improvement to the prevailing upper bound.

Corollary 2. There exists a positive constant ¢ such that

3 n
T(n) <cxn 3 x (2> :
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The next theorem is a generalization of Bhandari and Khetan’s [BK25] theorem for » = 3:

Theorem 3.7. Let T,(n,r) be defined as before with r > 2. There exists a constant c such that

Ty(n,r) <cXx n"2/5,

To prove this theorem, we first state a version of the KST Theorem given by Hyltén-Cavallius [HC58].

Theorem 3.8 (KST theorem due to Hyltén-Cavallius [HC58]). The Zarankiewicz function z(u,v;s,t)
denotes the maximum possible number of edges in a bipartite graph G = (U UV, E) for which |U| = u
and |V| = v, but which does not contain a subgraph of the form K, where s vertices come from U
andt fromV (here K . denotes the complete bipartite graph with s and t vertices in the two sets of the
bipartition). Then,

2(u,vi8,t) < (t—1)%(u—s+ 1o "% + (s — Do. (3.3)

Proofof@. Suppose C C {0,1,2}" is an r-bounded trifferent code and a« < r a positive integer.
Let G = (V,E) be a graph with vertex set V = (") u (I")). Let (S,T) be an edge in G with § =
{x1,22,...,2r—q} @nd T = {y1,y2,...,y.} if there exists ¢ € C such that = has 2’s in the each of the
coordinates x1,x2,...,2.—q @nd y1,y2,. .., Yo Where z; < 2o < -+ < Ty < y1 < Y2 < -+ < Yq-
Denote such a codeword as cgr.

Further, if a = r/2, make G bipartite with equal-sized parts. This can be done by removing at most
half of its edges, as per Lemma B.1. In all other cases, G is bipartite by construction.

Note that due to trifference, at most 2 codewords can have 2s occurring in the same set of coordi-
nates and thus, |E| > 1|C| (where the second 1/2 factor is in case G needs to be made bipartite).

Now, we will show G is K ;-free for s = 2* + 1 and some large ¢, where the ‘s’ vertices come from
the set ("), and the ‘#’ vertices from (I")).

Suppose not. Assume the vertices S1, S,...,Ss and Ty, 15, ..., T; form K, , as a subgraph in G.
This implies the existence of codewords cg, 7, € C for each i € [s],k € [t]. Note that while cg,,, may
not denote a unique codeword for a fixed i, k, we pick one arbitrarily.

For a fixed k € [t], consider the set of codewords Ji, = {cs,T,,¢s>T, - - -, Cs.T }- FOr i € [s], denote
by F; the set of coordinates (U;ciq\fi15;) \ Si. It is easy to see that [F;| < (s — 1)(r — a) where the
maximum size is attained when all the sets Sy, Ss, ..., S are pairwise disjoint. Further, for each i, the
codeword cg, 7, has only Os and 1s present in the set of coordinates F;.

Now consider the tuple of elements present in the set of coordinates F; of cg, 1, , the set of coordi-
nates F, of cs,,, and so on till the set of coordinates Fs of ¢s,7,. These are at most s(s — 1)(r — a)
binary symbols (since each |F;| < (s — 1)(r — a)) corresponding to a fixed k € [¢t].

So, if t > 25¢s=1(r—a) by PHP, there must exist at least two vertices, say T}-and T}, where k/, k" €
[t], in which symbols at all these coordinates are exactly the same.

Then the set of codewords J can be written as in Table @ (for simplicity, we assume the sets
S1,...8, are pairwise disjoint so that F; =U (g (i} 5;)-

Codeword/Coordinates S1 S Ss Ty Ty \ Thr
CS1 Ty, 22...2 A r 22...2  kkeeex
CS, Ty P 22...2 - Q cee 22,0020 wkee %
€S, T,/ A v cee 02200020 --e 2200020 kkeeex

Table 3.2: Set of codewords .J;

Here, each of the capital Greek letters signifies a tuple of binary symbols, i.e., lies in the set {0, 1}" .
Note that |7}~ \ Ti/| < a and in the set of codewords J;,, elements present in the set of coordinates
Ty \ Ty must be either 0 or 1. Since [T+ \ Ti| < a and s = 2% + 1, by PHP, there must be at least
two codewords in J,» which have the same elements present in this set of coordinates. For simplicity
and without loss of generality, say codewords cs, 7, and cs,7,, have the same tuple of elements, ©, in
Ty \ Ty Then the three codewords cs, 1,,, ¢s,7,,, and cs,r,, can be written as in Table @
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Codeword/Coordinates S1 So S, T T \ Ty
s, T, 22...2 A r 22...2 )
CS T, 22...2 A T *%k--0% 22...2
85T, > 22...2 Q 22...2 )

Table 3.3: The three codewords cs, 1,,, ¢s,7,, and cs,7,,

As before, we note that in every coordinate where 2 occurs in any of these three codewords, there
is a repetition of some symbol. This implies that these three codewords cannot exhibit the trifference
condit(ion,)\(/vhic)h contradicts C being a trifferent code. Hence G’ must be K, ;-free for s = 2 + 1 and
t = 25 s—1)(r—a + 1

From (@), we have that |E| < ¢/ x (n““)(n“)lfﬁ = ¢ x n" =1, Here, we use the well-known
bound () < n® for bounding the sizes of the two parts in the biparition of G. Since, we had |C| < 4|E]|,
we get that |C| < ¢ x n"~ =1 for some constant c.

Finally, by noting that the quantity ;%5 is largest when a = 2 for integral a and choosing a = 2
makes sense for all » > 2, we obtain the required result. O

Using this bound and Corollary 1, we get the next corollary:

Corollary 3. Using this method, the best upper bound obtained for T'(n) is

T(n) <exn™2/%x (2)

for some constant c.

This bound has already been shown by Bhandari and Khetan [BK25] by using a similar argument
as in the proof of Theorem for r = 3. Hence, we also conclude that a direct generalization of their
proof for larger r does not yield an improvement in the bound for T'(n).

3.2. Lower bounds of r-bounded trifferent codes

We have already seen how new upper bounds for Ty (n,r) can provide better upper bounds for T'(n)
from Corollary

From the same corollary, lower bounds for T;(n, r) indicate how tight an upper bound for T'(n) we
can obtain using this method. As a result, we are also interested in knowing some lower bounds for the
largest size of r-bounded trifferent codes, especially for » = 2, 3.

The following lower bound is obtained trivially.

Proposition 3.9. We have T;(n,2) > 2n — 2.

Proof. Consider the optimal 1-bounded trifferent code of block length »—1 having length 2n—2. Append
a 2 as the n** coordinate for each of the codewords in it to obtain a 2-bounded trifferent code of size
2n—2 and length n. The code continues to remain trifferent since any three codewords attain trifference
in one of the first n — 1 coordinates by construction. O

Interestingly, there has been no improvement to this trivial lower bound for T}, (n, 2). We will address
this further in Chapter 5.

We now look at constructing lower bounds for T,(n, 3) and for also for T,(n,r) for general r > 3.
Both these constructions are built upon ideas given by Anurag Bishnoi and Benedek Kovacs.

Definition 3.2. An r-uniform hypergraph is said to be (v, e)-free if it contains no e hyperedges spanned
by v vertices, i.e. any set of e edges comprise of at least v + 1 vertices. Let f.(n,v,e) denote the
maximum number of edges in a (v, e)-free r-uniform hypergraph on n vertices.

Clearly, if a hypergraph is (v, e)-free, it is also (v — a, e)-free for every 0 < a < v. Hence f,.(n,v,e)
is a decreasing function in v.

Recall that an r-uniform hypergraph is said to be linear if every two hyperedges share at most one
vertex. Then two hyperedges in such a graph must be spanned by at least 2 — 1 vertices and such
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Figure 3.1: A (6,3)-free 3-uniform hypergraph

graphs are thus (2r — 2,2)-free. By similar reasoning, any three hyperedges are spanned by at least
3r — 3 vertices and thus they are also (3r — 4, 3)-free.

For the simple case r = 3,v = 6, the problem of determining fs(n, 6, 3) is called the (6,3)-problem
or the Rusza-Szemerédi problem.

Example 3.1. Consider the simple 3-uniform hypergraph in Figure having 8 vertices and 4 hy-
peredges. It is easy to see that the union of any 3 hyperedges in this hypergraph contains exactly 7
vertices. Hence, this is a (6,3)-free 3-uniform hypergraph.

Proposition 3.10. For n large enough, we have
Ty(3n,3) > f3(n,6,3).

Proof. Let H = (V, E) be a (6,3)-free 3-uniform hypergraph on n vertices. Let the vertex set V' be
{1,2,...,n}. Associate with each vertex i the vector z; € S; C {0,1,2}" given by z;(j) = 0 for j < i,
x;(i) = 2 and z;(j) = 1 for j > i. We will construct a 3-bounded code C C S3 C {0,1,2}3" from the
hyperedges of H as follows. For each hyperedge connecting vertices 4, j, k with i < j < k, let z;;;, be
a codeword in C formed by concatenating the vectors z;z;x. Clearly z;;, € S; for each ijk € E, and
c| = |E].
Claim: C is trifferent.
This further implies that 7,(3n,3) > |E| for any (6,3)-free 3-uniform hypergraph on n vertices and in
particular, T,(3n, 3) > f3(n, 6,3), which proves the proposition.
Proof of claim: By construction of C, if the first vertex of the hyperedge corresponding to any three
codewords is different in all three of them, then by similar reasoning as used in the proof of Proposition
, the codewords must be trifferent. A similar logic follows for the second and third corresponding
vertices of any three codewords. This means that for three codewords to violate the trifference condition,
they must correspond to at most two distinct vertices in each of the n-length blocks, which further implies
that the three corresponding hyperedges are spanned by at most 6 vertices. This is not possible since
H is (6,3)-free and so, C must be trifferent. O

Bhandari and Khetan [BK25], and Sés et.al. [BETS73] both used properties of the finite projective
plane PG(2, q) to show f3(n, 6,3) > c¢xn?/? for some constant ¢, and hence we have Tj(n, 3) > ¢ xn3/?
for some constant ¢’ from Proposition m (the factor 1/3 can be absorbed in the constant term).

Ruzsa and Szemerédi [RS78] resolved the (6,3)-problem by proving that

n?=°W < fa(n,6,3) = o(n?).

They proved the lower bound using Behrend’s [Beh46] construction of large 3-AP-free sets. The upper

bound can be proved using Szemerédi regularity lemma. Since it is convulated and not directly relevant

to trifferent codes, we omit it in this thesis. We present the proof of the lower bound later in this chapter.
First, we provide a small background on 3-AP free sets.
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3.2.1. 3-AP-free sets

In an abelian group G, a 3-term arithmetic progression, or a 3-AP, is a set of three distinct elements of
the form {z,z + d,z + 2d},d # 0 where z,d € G. A subset A C G is said to be 3-AP-free if it does not
contain any 3-AP.

Example 3.2. In the additive group of positive integers, the set A = {1,2,4,5,10} is 3-AP-free while
the set A’ = {1,2,4, 5,9} is not, since it contains the 3-AP {1,5,9}.

In 1936, Erdds and Turan [ET36] conjectured that every set of positive integers with positive upper
density® contains a non-trivial 3-AP. This was proved by Roth in 1953 [Rot53] and is now known as
Roth’s theorem. Let r3(N) denote the maximum size of a subset of {1, ..., N} with no non-trivial three-
term arithmetic progressions. Then Roth’s theorem states the following:

Theorem 3.11 (Roth). We have that r5(N) = o(N).

Since then the problem of finding large 3-AP-free sets and determining better bounds for r3(NV) has
become one of the most significant problems in additive combinatorics. It is also worth noting that
in the field FZ, a 3-AP-free set is equivalent to a cap-set, which is a subset of the field containing no
three points in a line. As a result, the cap-set problem, another important problem in combinatorics to
determine the largest size of cap-sets, is inherently connected to 3-AP-free sets.

Roth’s proof of his theorem resulted in the upper bound r3(N) < N/loglog N. In 2020, Bloom
and Sisask [BS20] were able to surpass the logarithmic barrier by proving an upper bound of r3(N) <
N/(log N)*<forsome constant c > 0. In a further major breakthrough in 2023, Kelley and Meka [KM23]
broke the quasi-polynomial barrier in this upper bound and proved that 75 (V) < N/ exp(£2((log N)))
for a constant ¢ = 1/12, which was improved by Bloom and Sisask [BS23] to ¢ = 1/9.

Vis-a-vis the lower bounds, Salem and Spencer [SS42] proved r3(N) > N/N(092+€)/loglog N for
every € > 0. In 1946, Behrend [Beh46] proposed a significant improvement.

Lemma 3.12 (Behrend’s construction). There exists a constant C > 0 such that for every positive

C

_ __c
integer N, there exists a 3-AP-free set A C N with |A| > N =V~ | In other words, r3(N) 2 N Ve

Ever since Behrend’s construction in 1946, the lower bound has retained the form of N/ exp(O((log N)'/2)),
with improvements coming only in lower-order terms. For a more detailed survey on this problem, refer
to [Pel23].

We now move on to prove the lower bound in the theorem of Ruzsa and Szemerédi.

Theorem 3.13 (Ruzsa-Szemerédi). For any large enough n, there exists constant c such that
f3(n,6,3) > ¢ x n?°W), (3.4)

Proof. Suppose n is a large enough positive integer. We use r3(n) to denote the size of the largest 3-
AP-free subsetof {1,...,n}. Let A = {a4,...,a,,} be the largest 3-AP-free setsuchthat } < a; < +%
foreach 1 <1i < m. Since z,y, z arein an AP if and only if z +a, y + a, z + a are in an AP for some fixed
a, A can be identified with a 3-AP-free subset of {1,...,7/8} and hence m = 5 (%). We now construct
a 3-uniform hypergraph H = (V, E) on the vertex set V = {1,...,n}. For each integer ¢ € (0,n/8] and
each a; € A, let (¢,t + a1,t + 2a1) be a hyperedge of H. Clearly, |[E| =m x n/8.

Now suppose H is not (6,3)-free. From the bounds on ¢ and a;, the first vertex of any hyperedge,
t € (0,n/8], the second vertex, ¢t + a; € (n/4,n/2) and the third vertex, t + 2a; € (n/2,7n/8), which
implies H is a 3-partite 3-uniform hypergraph. Since any two vertices of a hyperedge in H uniquely
determine the third by construction, no two hyperedges can share two vertices. This, along with H
being 3-partite, implies that the only way 3 hyperedges in H can be spanned by 6 vertices is if the
hyperedges are of the form («/,y, 2), (z,9',2) and (z,y,z’). This means the three hyperedges must
be of the form (u,u + a;, v + 2a;), (t,t + a;,t + 2a;) and (¢,t + ag, ¢t + 2ax) With v + a; = ¢ + a; and
u+ 2a; =t + 2a;. Subtracting these two equations gives a; = 2a; — ay, or equivalently, 2a; = a; + ax.

|AN{1,2,...,N}|

3The upper density of a subset A C Z of positive integers is defined as limsup,, _, . N



3. Recent Bounds on Trifferent Codes 14

This is not possible since A is 3-AP-free and hence, H must be (6,3)-free. This means that

-5xn3)
8 °\8

1-—<
> g X (%) vian/e (From Behrend’s construction)
Sexn Veans (3e>0:(n/8)%7° > ¢ x n?7?9)
= ¢ x n?7°W (- 1/log(n/8) — 0 as n — oo)

This proves the required lower bound. O
Using Proposition , this gives the following result.
Theorem 3.14. For some constant c, we have
Ty(n,3) > ¢ x n?°W,
For e = 3 and some specific values of v, we have the following result by Alon and Shapira [AS06] -

Theorem 3.15. For any fixed 2 < k < r we have,
k=M < f.(n,3(r — k) + k+1,3) = o(n*). (3.5)
Corollary 4. For fixed r > 3 and n large enough, we have
fr(n,2r,3) > nl517o®),

Proof. If r > 3 is even, using k = /2 > 2 in Theorem , we get f,.(n,2r +1,3) > nz—°(), which
implies f,(n,2r,3) > nz—°W, since f.(n,v,e) is a decreasing function in v. If r is odd, use k =
(r+1)/2 > 2in Theorem M to get f.(n,2r,3) > n"s —°(1), Combining the two inequalities, we get

fr(n,2r,3) > nl31=e), O

Note that the result by Ruzsa and Szemerédi can also be seen as a corollary of Theorem by
taking £k =2 and r = 3.

This result can also be used to generate lower bounds for maximum size of r-bounded trifferent
codes by the following generalization of Proposition 3.10;

Proposition 3.16. For n large enough,
Tb(TTL, 7”) Z fr (na 27'a 3)

This proposition can be proved by trivially extending the proof of using r blocks of 1-bounded
trifferent codes rather than 3 blocks and an identical argument to show trifference.
The following result is then immediate using Proposition ‘ and Corollary 4.

Theorem 3.17. For any r > 3, we have

Ty(n,r) > nlz17oW),



Linear Trifferent Codes

In this chapter, we focus on linear trifferent codes and establish their connections with minimal codes
and strong blocking sets.

4.1. Error-correcting codes

In this section, we introduce some basic concepts in coding theory (see [GRS25] for a standard refer-
ence).

Definition 4.1. For a vector v € Iy, its support, o(v), is the set

o(v) == {i € [n] | v(i) # 0}.

The Hamming weight of v is the size of its support, i.e.

w(v) := [o(v)]

The metric induced by the Hamming weight on the space Fy, is called the Hamming distance, i.e.
for any two vectors u,v € Fy, the Hamming distance between them, dg(u,v) = w(u — v). It can
alternatively be seen as the number of coordinates in which the two vectors differ.

Definition 4.2. An [n, k]|, code C is a k-dimensional subspace of Fy. Its minimum distance d(C) is
defined as
d(C) :== min{dg (u,v) | u,v € C} = min{w(v) | v € C}

where the second equality is true because of the linearity of C.
If the minimum distance of an [n, k], code is known to be d, it is referred to as an [n, k, d], code.
The elements of C are called codewords. A generator matrix of C is a matrix G € ]F’; such that its
rows span C, or in other words, C = {u" G | u € F}}.

The following simple bound, called the singleton bound, is one of many bounds which restricts the
choices of the various parameters of a linear code.

Proposition 4.1. (Singleton bound). Let C be an [n, k,d], code. Thenk <n —d+ 1.

Proof. The result follows trivially if £ = 0. Suppose & > 0. Let I = {1,2,...,n —d + 1}. We claim
that the projection of C onto the set of coordinates I is injective. Suppose not. Then there exist distinct
codewords ¢, ¢’ € C with 77(¢) = 77(c¢'), where 77 is a standard notation to denote the projection map
onto the set of coordinates indexed by I. But this means thato(z —y) C {n —d+2,n—d+3,...,n},
which implies w(x —y) < d — 1, a contradiction to the minimum distance being d. Hence, 7 ¢ is injective
onC.

This means that the code obtained by only considering the first n — d + 1 coordinates of codewords
in C has the same size as C, i.e. has dimension k. Since the dimension is at most the length for any
code, we have k < n —d+ 1, and we are done. O

Definition 4.3. An [n, k,d], code C is said to be nondegenerate if there is no coordinate i € [n] such
that ¢(z) = 0 for all codewords ¢ € C. It is said to be projective if no two columns in its generator matrix
are proportional (or linearly dependent).

Remark. A projective code is necessarily nondegenerate.

15
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4.2. Linear trifferent codes
We now define linear trifferent codes using the definitions and notation used in the previous section.

Definition 4.4. A trifferent code C of block length n is said to be a linear trifferent code if it is a linear
subspace of Fy,ie.itis also a linear code.

Analogous to the general case, T, (n) denotes the largest size of a linear trifferent code of block
length n.

Example 4.1. The trifferent code in Example is actually a linear trifferent code with generating
1 1.1 0

matrix, G = .
01 2 1

Linear codes have been widely studied in coding theory. The added structure of linearity in linear
trifferent codes gives rise to interesting results and reconciles equivalent notions in different fields of
mathematics.

More specifically, as we will soon show, linear trifferent codes are equivalent, in some sense, to
‘minimal codes’ in coding theory which have been studied for their applications in cryptology, and via
this equivalence, also to ‘strong blocking sets’ in finite geometry.

These equivalences help us in using established bounds on these seemingly different combinatorial
objects to derive bounds on sizes of linear trifferent codes.

4.3. Minimal Codes

In this section, we define minimal codes, provide a small background on them and their significance
and lastly prove the equivalence of linear trifferent codes and certain minimal codes.

4.3.1. Background on Minimal Codes

Suppose C is an [n, k], code. A codeword ¢ € C is called minimal if its support o(c) does not contain
the support of another independent codeword. The study of the minimal codewords of a linear code
finds application in the analysis of the Voronoi region for decoding purposes [Agr02], in secret sharing
schemes [Mas93] and in secure two-party communication [ABCH95]. However, finding the minimal
codewords of a general linear code is a challenging task in general, even for the binary case. In fact,
the knowledge of the minimal codewords is related with the complete decoding problem which is known
to be NP-hard [BMVT78]. To tackle this, a special class of codes called ‘minimal’ codes were introduced,
which are essentially linear codes where each codeword is minimal.

Definition 4.5. Let C be an [n,k,d], code. A nonzero codeword ¢ € C is called minimal if every
codeword ¢ € C with o(¢) C o(c) is a multiple of ¢. We say that the code C is minimal if all its
codewords are minimal.

2 1 2
Example 4.2. Consider the [4, 2|3 codes C;,C, with generator matrices G = (1 0 g 2) and

(2 00
S \1 0 2 2
codeword 2001 with o(2001) C ¢(1022). This implies that C is not a minimal code.
On the other hand, it is easy to check that all the codewords of
C1 = {0000, 2102, 1201, 1022, 2011,0121,0212,2220, 1110} are minimal and so C; is a minimal code.

Gs respectively. In case of C,, the codeword 1022 is not minimal since there exists

Remark. Note that while any codeword ¢ in a minimal code is minimal, it is also maximal, that is, every
other codeword ¢’ € C with o(¢’) D o(c), is a multiple of c.

The following simple result bounds the weight of a minimal codeword in a linear code.
Proposition 4.2. Let C be an [n, k], code. Every minimal codeword c € C has w(c) <n —k + 1.

Proof. Consider the code C’ obtained by puncturing C on the support of ¢, i.e. C’' = 7\ () (C). Then
C’ has length » — w(c) and dimension k — 1, since any non-multiple of ¢ continues to be a codeword of
C’ (due to the minimality of ¢) while any multiple of ¢ vanishes in C’. Since the dimension of any code is
bounded above by its length, we get k— 1 < n—w(c), which gives the required result on rearranging. O
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Ashikhmin and Barg [AB02] provided the first sufficient condition for a linear code to be minimal.

Lemma 4.3. LetC be an [n, k], code, wmin, wmax be the minimum and the maximum Hamming weights
of any codeword in C, respectively. Then C is minimal if
Wein g1 (4.1)

Wmax q

In 2018, Heng et.al. [HDZ18] were able to provide a necessary and sufficient condition for an [n, k],
code to be minimal -

Lemma 4.4. An [n, k|, code C is minimal if and only if for every pair of linearly indpendent codewords
u,v € C, the following holds:

> wlu+ M) # (g — Dw(u) —w(v)

)\EF;

In the same paper, the authors constructed an infinite family of minimal linear codes not satisfying
condition ().

The following theorem, proved in [ABNR22], provides a lower bound on the length of a minimal
code. The proof requires various techniques from coding theory and is beyond the scope of this thesis.

Theorem 4.5. Let C be an [n, k], minimal code. We have n > (q + 1)(k — 1).

While the Hamming distance d does not appear in the definition of minimal codes, the following two
theorems provide lower bounds on d for an [n, k, d], minimal code. The first is from [ABN22], and the
second from [ABNR22]. We only prove the first bound here.

Theorem 4.6. Let C be an [n, k, d], minimal code with k > 2. Thend > k + ¢ — 2.

Proof. Let ¢ € C be such that w(c) = d. Consider the code C’ obtained by projecting C onto the set of
coordinates o(c). We claim that C’ is a [d, k, d'], code with d’ > ¢ — 1. Moreover, since C is minimal and
the k > 2, it must be that d’ < d.

To see why the dimension of C’ is k, suppose it is not and is strictly less than k. Then there exists a
codeword « such that its support is disjoint from the support of ¢. But this means that o(c) C o(c + )
where c + x € C due to linearity. This contradicts the minimality of C.

To see why d’ > ¢ — 1, let ¢ € C’ denote the projection of ¢ onto its support and so w(¢') = d.
Suppose u € C is such that 7, (u) = v’ € C' has weight d’ in C’. Consider the set of codewords
{+ M| XeF;} CC'Ifd < q—1,then at least one of the codewords in this set must have weight d
due to unigueness of additive inverses in a field and the pigeonhole principle. Then its corresponding
codeword in C must have support containing o(c). Moreover, it cannot be a multiple of ¢ since v’ is not
a multiple of ¢’ (d’ < d). This again contradicts the minimality of C.

Now applying the Singleton bound on C’ gives d > k+d — 1 and since d > ¢ — 1, we get d >
k+q—2. O

Theorem 4.7. LetC be an [n, k, d], code and ¢ € C a maximal codeword. Then w(c) > (¢—1)(k—1)+1.
In particular, if C is minimal, thend > (¢ — 1)(k — 1) + 1.

Remark. The bound in Theorem @ is a better bound than the one in Theorem @ in almost all cases.

4.3.2. Minimal Codes and Linear Trifferent Codes
We conclude this section by establishing an equivalence between linear trifferent codes and minimal
codes.

Proposition 4.8. A linear code C < F¥%, is trifferent if and only if it is minimal.

Proof. Suppose C is not a minimal code. Then there exist two linearly independent codewords z,y € C
suchthato(y) C o(x). Since Cis linear, the codeword —y lies in C as well. From the linear independence
of x and y, x # —y. Consider an arbitrary index i € [n] and the set {x;,y;, —v;}. If x; =0, o(y) C o(x)
implies that both y; and —y; are 0 too. If x; # 0, either both y; and —y; are zero or neither is. In all
cases, |{z;,v;, —v:}| <2, and hence, C cannot be trifferent.
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Now suppose C is not trifferent. Then there exist three distinct codewords z,y, z € C such that for
each i € [n], {x;,yi,2:} C F3. Since the trifference condition is invariant under translation and C is
linear, we may assume = = 0. This implies both y,z # 0. Since z(= 0) ,y, z violate the trifference
condition, at no index i € [n], {y;, 2z:} = {1,2}. Therefore, at any coordinate i, where either y; or z; is
non-zero, their sum is non-zero too, which implies o(y + z) = o(y) U o(z) and also that o(y) # o(z)
since y, z are distinct. However, this means that either o(y) or o(z) (or both) is strictly contained in
o(y + z). Since y + z € C due to its linearity, C cannot be minimal. O

4.4. Blocking Sets

In this section, we first lay down some fundamental notation and concepts of finite geometry and more
specifically, finite affine projective spaces. We then introduce the notions of blocking strong blocking
sets and later prove the equivalence of strong blocking sets with minimal codes and also trifferent codes.

4.4.1. Preliminaries

Let V be a vector space of dimension k£ > 1 over a field F. The projective space P(V') induced by V
is the set (VV'\ 0)/ ~ of equivalence classes of non-zero vectors in V' under the equivalence relation ~
defined for all u,v € V'\ 0 as,

u~v iff w= v, forsome X eF\O0.

The dimension of P(V) is k — 1. The process of obtaining the projective space from the underlying
vector space is called projectivization.

More intuitively, points of P(V') are identified with the 1-dimensional linear subspaces of V, lines
with 2-dimensional subspaces and so on. Note that while the dimension of a projective subspace is
one less than the dimension of its corresponding vector subspace, the codimensions remain the same.

For a non-zero vector v € V, the one-dimensional subspace containing v, or the equivalence class
of v under ~, is a point in P(V'), denoted by [v].

We focus more on the case when the vector space V = F* over the field F. In this context, the
notation FP*~! is used to denote the projective space P(F*).

As an example, consider the projective space RP? obtained from the projectivization of R? as il-
lustrated in Figure @ Interestingly, the motivation to study projective geometry also arises from a
different way to arrive at the real projective plane RP?. The projective plane RP? is in fact isomorphic
to the Extended Euclidean plane, a plane obtained by adding a ‘line at infinity’ to the Euclidean plane
and stipulating that each set of parallel lines in the plane intersects the line at infinity at a unique ‘point
at infinity’. It is easy to see that both the definitions of this projective plane lead to a geometry in which
any two points lie on a unique line and any two lines intersect at a unique point.

In finite geometry, special emphasis is placed on the projective spaces induced by the vector spaces
]F’(j where F, denotes the finite field with ¢ elements and ¢ is a prime power. The notation PG(k —1, q)
is more commonly used to denote the projective space F,P*~1.

Example 4.3. The projective space PG(2,2) is commonly referred to as the Fano plane and is illustrated
in Figure 4 ! Note that in representations of finite affine ]F"? )an rolect|ve (PG(k—1,q)) spaces, lines
are often represented by arcs or circles, as seen in F|gures . @ and

The following result is called the dimension formula and is often an axiom for defining general pro-
jective spaces.

Lemma 4.9. For any two subspaces S, 5> C PG(k — 1, q), we have
dim(S; @ S2) = dim(Sy1) + dim(S3) — dim(S; N Ss).
If the dimension formula is applied to any two distinct lines ¢;, ¢5 in a projective plane, we get
dim(¢; @ £3) = 2 — dim(¢y N £a).

Since {1, ¢5 are distinct, the subspace ¢; @ ¢ must strictly contain ¢; and so dim(¢; @ ¢,) > 1. But the
dimension of the projective plane is 2, and so we must have dim(¢; @ ¢5) = 2. This implies dim(¢; N

To avoid trivial cases, whenever we talk of the projective space PG(k — 1, ¢), we assume k > 3.
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[001]

[011] [101]

[100] [1?0] 010]

Figure 4.1: PG(2,2) or the Fano plane

y/\

projectivization

(4

Yz

[0,1,0]

yz

R3 RP?

Figure 4.2: Projectivization of R? - a line in R3 passing through the origin represents a point in RP?
while a plane through the origin represents a line. Thus, the coordinate planes in R? represent a
triangle in RP? upon projectivization.
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¢3) = 1, which leads us to an important observation: Two distinct lines in a projective plane always
intersect.

For a set of points S C PG(k — 1, q), the subspace formed by taking the linear span of the points in S
is often denoted as (S). Abusing notation, for two subsets of points S,T C PG(k — 1, q), (S,T) is used
to denote the subspace (S UT). Note that if S < PG(k — 1, q) is already a subspace, then (S) = S.

These two notations can be reconciled by observing that for two subsets S, T C PG(k — 1,¢), we
have (S) @ (T") = (S, T). The dimension formula can then be stated as

dim((S,T)) = dim({S)) + dim((T")) — dim((S) N (T)).
The book [Cas06] serves as a standard reference in projective geometry.
Definition 4.6. For integers 0 < s < k, the ¢g—binomial coefficient is defined as:
m _ (@ =D(-(e —)
sl, (-1 t-1)--(¢—1)

where the empty product is defined to be 1 and for other values of s and k&, the coefficient is defined to
be 0.

The quantity [’;]q is also known as the Gaussian coefficient. It is easy to see that [’;]q = [kfs]q

The following lemma illustrates the need for using this coefficient in the context of projective and
affine spaces.

Lemma 4.10.

i. The number of codimension-s subspaces of PG(k — 1,q) is ["] .

ii. The number of s-dimensional affine subspaces of F¥ is equal to ¢*~*["] .

S

Proof. i. The number of codimension-s subspaces of PG(k — 1, ¢) is the same as the number of
codimension-s linear subspaces of IF’; (since we have remarked before that the codimensions
of subspaces remain the same on projectivization). Since a codimension-s subspace in IF’,; has
dimension k — s, we calculate the number of (k — s)-dimensional subspaces of ]F’; by its basis.
For choosing the first vector v in the basis, we have ¢* — 1 choices (IF’; \ 0). To choose the
second linearly independent vector, we need to avoid all multiples of v and thus are left with
(¢* — q) choices. By a similar argument of choosing linearly independent vectors repeatedly, we
get that there are (¢* — 1)(¢* — ¢)(¢* — ¢®) ... (¢* — ¢*=*~1) ways of choosing a (ordered) basis.
However, out of these, many represent the same linear subspace. To calculate the number of
(ordered) basis which give the same (k — s)-dimensional space, we use the same method as
before and get (¢*~* —1)(¢"** —¢)(¢** — ¢?) . .. (¢" % — ¢"~*~1). This implies that the number of

codimension-s subspaces of PG(k—1,¢q) = (qk,(Z:)l()é,‘ff:le')'.‘.('q(:;q::;:l,1) , which can be reduced

("=D("'=D..(¢" T =) _ [k i K
to (q?H713([1,6,5,171‘1)_'((171) = [k_s}q which is equal to [S}q, as noted before.

ii. From i., the number of s-dimensional subspaces of F is equal to [k,fs]q = [’;]q An s-dimensional

affine space is obtained by translating an s-dimensional linear subspace S < IF’; by a vector
v € ]F’qc Since the two affine spaces S + v and S + v’ are the same if and only if there exist
s,s' € S such that s +v = s’ + v/, we get that the same affine subspace is generated by |S| = ¢°
many vectors. Since there are ¢* choices for choosing a vector v € IF’; we get that the number of
affine subspaces generated from a fixed s-dimensional linear subspace is ¢*/q¢* = ¢"*~*. Hence,
the total number of s-dimensional affine subspaces of F is equal to ¢*~* [’“]q.

S

O

The following estimates on Gaussian coefficients will be used later. The proof of this lemma can be
found in [BDGP24].

Lemma 4.11. Let ¢ be a prime power and 1 < s < k be integers. Then the following holds,

1 S q—s(k—s) |:k:| <
q

q
e (®—1)(a—1)

s|, —qg—1
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Figure 4.3: A 1-blocking set in F% denoted by blue points

4.4.2. Background on Blocking Sets

A blocking set in a projective or affine space is a set of points which intersects every subspace of a
fixed dimension. The problem of finding blocking sets was first introduced by Richardson [Ric56] who
referred to such sets in projective spaces as blocking coalitions, since he studied them from a game-
theoretic perspective. The study of blocking sets has now become a well-known topic in finite geometry.
It finds various applications in the fields of coding theory, combinatorics as well as computer science.

A strong blocking set refers to a stronger notion than that of a blocking set. It is a set of points that
not only asks for the intersection with every fixed-dimension subspace to be non-empty but rather for it
to span the entire subspace.

As an example, consider any projective plane. Since any two lines in a projective plane intersect,
the set of points on any fixed line forms a blocking set for all lines (subspaces of codimension-1) in the
projective plane. Similarly, it is easy to check that the set of points lying on three non-concurrent lines
forms a strong blocking set for all lines in the projective plane.

Strong blocking sets have been recently shown to be equivalent to minimal codes in coding theory
[ABN22]. This has also renewed the interest in studying these objects.

In this section, we provide a brief background and a small literature review of blocking and strong
blocking sets, and later formalize the connections between strong blocking sets, minimal codes and
linear trifferent codes. For a more detailed overview of results in this area, refer to [BSS12, BDGP24].

Definition 4.7. For, 0 < s < k, an (affine) s-blocking set in I} is a set of points that has a non-empty
intersection with every affine subspace of dimension k£ — s.

Example 4.4. Consider the 1-blocking set in the affine plane F3 shown in Figure @

Let by (k, s) denote the smallest possible size of an s-blocking set in FF.

If we consider the case ¢ = 3 and s = k—1, then we require the (k—1)-blocking set to intersect every
line in F%. This means that the complement of the (k—1)-blocking set cannot contain a line. However, for
g = 3, each line only contains three points which means that the complement cannot contain any three
points in a line. Recall that such a set A C F% which does not contain any three collinear points is called
a cap set. Then the complement of a (k — 1)-blocking set must be a cap set in F%. So, if r3(F%) denotes
the maximum size of a cap set in F5, we must have b3 (k, k — 1) = 3* — r3(F%). For the particular case
k = 2 (illustrated in Figure @), it is known that r3(FF2) = 4 and so, we must have b3(2,1) = 5. Some
other known values of the maximum cardinalities of cap sets include r3(F3) = 9,r3(F3) = 20 [Pel70]
and r3(F3) = 45 [Hil73]. These give rise to the values b3(3,2) = 18, b3(4,3) = 61 and b3(5,4) = 198
respectively.

Bishnoi et.al. [BDGP24] proved the following upper bounds for the general quantity b,(k,s). We
provide a proof for the case ¢ = 2. The proof of the other case ¢ > 3 is along similar probabilistic
arguments but requires use of non-trivial inequalities and much more careful counting and so we avoid
it here.
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Theorem 4.12. Let s, k be integers such that 2 < s < k and let q be a prime power. If ¢ = 2, then

s(k—s)+s+2

by(k,s) < -
q(k,s) < |quﬁ

+ 1.

Ifqg>3,
s(k—s)+s+2

bo(kys) < (¢" 1) = -
09 g1

+1

Proof. (¢ = 2). Suppose B is a set of ¢ points in F% chosen uniformly and independently at random.
We will calculate the probability that P is an s-blocking set. Let U C F% be an arbitrary affine subspace
of codimension-s. Then the probability that B does not intersect with U is

P(BmU:®)=P(ﬂ(p¢U))

peB

- [Iew¢v)

pEB

=[[a-P@ev)

peEB

|B|
(-#)
3|
k—s\t
(%)
2k

= (1-27%)".

The probability that B is not a blocking set is equal to the probability that there exists a codimension-s
subspace of IF§ which does not intersect with B and can be calculated as

P(B is not a blocking set) = }P’( U BnU= @))

U :affine
codim-s

gIP( > (BmU:Q))

U :affine
codim-s

= (1-27%)"-|{U CF} | U is an affine codim-s subspace}|
k

=2 Lﬁ " SL (1-27°)
— 93 m (1-27%)".

S

We want this probability to be strictly less than 1 so that there is a positive probability that B is a
blocking set.
From Lemma , we have

z ['ﬂ U ) 2 e (127
_ 2s(kfs)+s+le2/3 (1 7 275)75 )

So, if the quantity on the right hand side of the above equation is less than 1, there is a positive probability
that B is a blocking set.
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Figure 4.4: A strong blocking set for PG(2,2) or the Fano plane, denoted by blue points

28(](‘,—8)—‘—5-"-162/3 (1 _ 2—s)t <1

— (1 . 273)75 < 278(’(}78)7871672/3

S

< tlog, < —s(k—s)—s—1—-2/3log,e
= tlogz%zs(l@—s)+s+2 (. 2/3logye < 1)
e s hos)tst2
log, %
Therefore, there is a positive probability of choosing a set of points of size W and it being

2251
an affine s-blocking set, which proves that there exists a collection of points of the same size which is
an affine s-blocking set in F5 and we are done. O

We now define blocking and strong blocking sets for projective spaces.

Definition 4.8. For 0 < s < k — 1, an s-blocking set in PG(k — 1, ¢) is a set of points that has a non-
empty intersection with every codimension-s subspace of PG(k — 1, ¢). For s = 1, such sets are simply
called blocking sets.

Since a blocking set remains a blocking set if any point is added to it, we are more interested in
studying minimal blocking sets.

Note that in a projective plane, codimension-1 subspaces are lines and since any two lines intersect,
the set of points on a fixed line naturally form a blocking set. A blocking set of PG(2, q) is called trivial
if it contains a line.

It was observed by von Neumann_and Morgenstern [NM44] that there are no non-trivial blocking
sets in the Fano plane. Richardson [Ric56] later showed that any non-trivial blocking set in PG(2, ¢)
must have size greater than ¢ + 1, which is the number of points on a line in PG(k — 1, ¢). Hence the
set of points on a line forms the smallest blocking set for PG(2, ¢) for every prime power q.

For a more detailed overview of s-blocking sets in projective spaces, refer to [BSS12].

Definition 4.9. A set of points in PG(k — 1,q) is called a strong t-blocking set if it intersects every
codimension-t subspace in a set of points which spans the subspace.
For ¢t = 1, such sets are simply called strong blocking sets.

Example 4.5. Consider a strong blocking set of the Fano plane illustrated in Figure @

Strong blocking sets have also been studied under the name generator sets[FS14] or cutting block-
ing sets|ABNR22] in literature.
Let b} (k,t) denote the smallest possible size of a strong ¢-blocking set in PG(k — 1, q).
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Figure 4.5: AB U BC U C A forms a strong blocking set in the projective plane PG(2, q).

A line in a projective space is spanned by any two points on it. Since any line in PG(2,2) (which is
a hyperplane here) only has three points, each line can have at most one point not in a strong blocking
set. Since any two lines in a projective space lie on a line, there can be at most one point not in the
strong blocking set for PG(2,2) and thus we have b3(2, 1) = 6. Other known values, computed using an
ILP approach in [BDGP24], include b%(2,1) = 4,b5(3,1) = 9,b5(4,1) = 14 and b35(5,1) = 19.

The first general bound b} (k, 1) < (’;) (¢ — 1) + k is from the following well-known construction of
strong blocking sets in IF’;: The union of all lines joining pairs of i points in general position forms
a strong blocking set in PG(k — 1, ¢).

Example 4.6. Consider the projective plane PG(2, ¢). Then the statement claims that the union of lines
joining any three vertices of a triangle in the plane forms a strong blocking set. Since a hyperplane in
this context is a line, this just says that the set of lines forming a triangle intersects any line in the plane
at least twice. But a simple case analysis (an arbitrary line in PG(2, ¢) either passes through no vertices
of the triangle, one vertex of the triangle or coincides with an edge of the triangle) shows that this is
true, as illustrated in Figure @

Let us first state a lemma which will be useful to prove the statement, stated formally as Proposition
-:II later.

Lemma 4.13. Let p1,po,...,pr be k points in general position in PG(k — 1,q) and Sz denote the sub-
space (U;czp;) for some index set 7 C {1,2,...,k}. Then

i. Forany subspace S and a point p, dim({S, p)) < dim(S)+1. Further, the inequality is tightifp ¢ S.
ii. ForanindexsetZ C {1,2,...,k}, dim(Sz) = |Z| — 1.
iii. For two disjoint index sets Z, 7 C {1,2,...,k}, SN Sz = 0.

Proof. i. Note that S N p < p and hence dim(S Np) € {-1,0}. Further, if p ¢ S, dim(SNp) = —1.
Applying the dimension formula on (S, p) then gives the required result.

ii. If Z = [k], then by definition of points being in general position, dim(Sz) = & — 1. Now consider
p; for some j € [k] \ Z. From i., we have

dim((Sz,p;)) < dim(Sz) + 1.
Doing this iteratively over all points p; where i € [k] \ Z gives
dim((Sz, Sipz)) < dim(Sz) + [[k] \ Z].
Since Sz U Sp\z = Uik pi» the dimension of (Sz U Sy\z) is (k — 1) as observed before. So,

k—1<dim(Sz)+k — |Z|
= dim(S7) > |7] - 1.
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Using a similar iterative argument, this time over points p; for i € Z and using the fact that the
dimension of a point is 0, we also get

dim(Sz) < |Z] - 1.
Combining the two inequalities finally gives us

dim(Sz) = |7| - 1.

iii. The dimension formula applied on the subspaces Sz and S, gives
dim((Sz,S7)) = (IZ] = 1) + (|J] — 1) —dim(52 N Sz).
Since Sz U S7 = Usezugpi, fromii, we get
dim((5z,57)) = [Z| +|J[ - 1.

This implies that dim(Sz N S7) = —1, or in other words, Sz N S = 0.
O

Proposition 4.14. Suppose the points p1,ps,...,pr € PG(k — 1,q) lie in general position. Let l;; =
(ps, pj) denote the unique line passing through points p; and p; for any i,j € [k] with ¢ # j. Then
B = U, je(r).i<jlij is a strong blocking set in PG(k — 1,q) of size (§)(q — 1) + k.

Proof. Let H be an arbitrary hyperplane in PG(k — 1,q), i.e. dim(H) = k — 2. It suffices to show that
B intersects plane H in at least k¥ — 1 points in general position (since H has dimension k — 2, it is
generated by any k — 1 points in general position on it). Equivalently, it suffices to produce a set of
points in B N H whose direct sum has dimension at least & — 2.

If H contains k—1 of the simplex points, say p1, ..., px_1, thenfrom Lemma , dim((Usep—1) i) >
k — 2 and thus points p;,...,px—1 € BN H span H and we are done.

So suppose H contains exactly ¢ simplex points for 0 <t < k — 2, say pi,...,p;. S0, Sy < H. Let
¢be alinein PG(k —1,q). Thendim(H ®¢) =k —2+1—dim(H Nn¥), and since dm(H & ¢) < k—1
(the dimension of the underlying space), we get dim(H N ¢) > 0. So, each line intersects H in at least
one point. Let p;; denote a point of intersection of [;; and H. Then each p;; € BN H. Thus it suffices
to show that dim({U; ;pi;)) > k — 2.

Since t < k — 2, pyy1 exists and p;1 ¢ B. Consider ((U; ;pij), pt+1). From Lemma ,

dim({(Ui,jpij), pr+1)) < dim((U; jpiz)) + 1

= dim((U;,;pi;)) > dim({(U; jpi;), pr41)) — 1.

Claim: dim(<(Ui7jpij),pt+1>) =k-—1.

Then this would imply dim({U; ;pi;)) > k — 2, and we are done.

Proof of Claim: We will prove the claim by showing that the space S = ((U; ;jpi;), pt+1) contains each

of the points py1,po, ... px. Consider an arbitrary simplex point p,, for some m € {1,...,k}. The point

Pm(t+1) IS the intersection of /,,,;4.1) with H and by definition lies in S. Further S > py1 # pp.41) Since

pi+1 ¢ H. Since S is a linear subspace, the subspace (p,,,(:+1), pi+1) liesin S as well. Since both these

points lie on [,,,;+1) and there is a unique line passing through two points, (p,,t+1),Pt+1) = Lnt1)-

But this implies that the point p,,, € I,,,;+1) also lies on S. Since m was chosen arbitrarily, we are done.
O

The following lemma, proved in [BDGP24], relates strong blocking sets with affine blocking sets. It
is illustrated with an example in Figure 4.6.

Lemma 4.15. Let L be a set of points in PG(k — 1,q). Then L is a strong (s — 1)-blocking set if and
only if the set B = Uycl C ]F’; is an affine s-blocking set.
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Figure 4.6: Example illustration of Lemma - A set of points in PG(2,q) (represented here by
{Py, P, P53, P}) is a strong blocking set if and only if the union of the corresponding lines in IFZ forms
an affine 2-blocking set, i.e. intersects every line in .

Proof. Suppose L is a strong (s — 1)-blocking set in PG(k — 1,¢). Let U C F} be a codimension-s
subspace and v € F2\U. Then it suffices to show that (U +v)NB # (). Let W C F* be the codimension-
(s — 1) subspace spanned by U U {v}. Then W meets L in a spanning set. Since dim(WW) > dim(U)
and W is spanned by £, there exists b € B such thatb € W\ U. This means b = u + \v for some
u€eUand X # 0. Thend = A~'b € B since B is a collection of lines. Moreover, b € U + v since
bV =AY (u+ \v) = A"tu+wvand \"tu € U since U is a linear subspace. Hence v € BN (U + v) and
we are done.

Now, suppose B is an affine s-blocking set in F but £ is not a strong (s — 1)-blocking set in PG(k —
1,9). Then there exists H of codimension-(s — 1) in PG(k —1,¢) suchthat HN L C H', where H' C H
is a subspace of codimension-s in PG(k — 1,q). Letv € H \ H’. Consider the affine codimension-s
subspace H'+wv andletw € (H'+wv)N B (this is non-empty since B is a blocking set). Then [w] € H\ H’
and [w] € £. But this is a contradiction, since H N £ C H'. So, £ must be a strong (s — 1)-blocking set
in PG(k —1,q). O

In lieu of this lemma and Theorem , Bishnoi et.al. [BDGP24] also managed to improve the then
prevailing upper bound for b7 (k, 1) by proving the following theorem.

Theorem 4.16. Let k > 2 be an integer. Then b} (k, 1) satisfies

. 2k
bi(k,1) < (g4 1) ————.

log, e
Further, Bishnoi et.al. [BDGP24] also proved the following lower bound on the quantity b5 (k, 1) (they

in fact proved a more general result for arbitrary ¢). Since the proof uses highly non-trivial results from
coding theory, we omit it here.

Theorem 4.17. Every strong blocking set in PG(k — 1,3) has size at least 4(cs — o(1))(k — 1), where
o(1) only depends on k, and c3 > 1.1375. In other words, b%(k,1) > 4.55(k — 1).

4.4.3. Blocking Sets and Minimal Codes
To see the equivalence between minimal codes and strong blocking sets, we first define certain multi-
sets of points in a projective space.
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Definition 4.10. A projective [n, k, d], system P is a finite set of n points (counted with multiplicity) of
PG(k — 1, ¢) that do not all lie on a hyperplane and such that

d=n—-—max{|[HNP|: HCPG(k—-1,q), dm(H) =k —2}.

The following lemma describes a standard correspondence between the equivalence classes of
projective [n, k, d], systems and the equivalence classes of nondegenerate [n, k, d], codes. We follow
the proof given by Alfarano et.al. [ABNR22].

Lemma 4.18. Let C be a nondegenerate [n, k,d], code and let G = (g1 | g2 | ... | gn) € F£*" be any
of its generator matrices. Then the (multi-)set of points P = {[g1],[g2],---,[gx]} in PG(k — 1,q) is a
projective [n, k, d], system.

Conversely, for d > 0, let P = {g1, 92, ..., 9.} be a projective [n, k,d], space (where elements are
listed with multiplicity). Then the linear code C with generator matrix G = (g1 | g2 | ... | gn) is @
nondegenerate [n, k, d], code.

Proof. For the first part, it suffices to show that for the set of points P in PG(k — 1, ¢), we have
max{|HNP|: HCPG(k—1,q), dm(H)=k—2} =n—d.

Let 21,29, ..., 2% be the points in PG(k — 1, q) corresponding to the standard basis of ]F’; and H’ be an
arbitrary hyperplane of ]F’; with equation uizy + usxs + ... + ugxr, = 0. Clearly, its projection H has
codimension-1in PG(k — 1,q). Then |[H NP| = |{i € [n] : uT'g; = 0}|. Since v’ G = (uT'g1 | uTga | ... |
ulg,), |[HNP| =n—wu?q). This implies

max{|H NP|: H C PG(k —1,q), dim(H) =k — 2} = n — min{w(u"G) : u € F’}
=n—min{w(z) : z € C}
=n—d.
For the converse, first note that the all-zero vector is not a point in the projective space and hence
the resulting code must be nondegenerate. Now let u € ]F’; be an arbitrary vector and let H be the

projection of the hyperplane in IF’; whose equation is given by >, u;z; = 0. As argued before, we have
w(u?'G) =n —|HNP|and so,

min{w(z) : 2 € C} = min{w(u’G) : u € IF];}
=n—max{|[HNP|:HCPG(k-1,q), dm(H) =k — 2}
=d.

O

Tang et.al. [TQLZ21] showed that this correspondence extends to provide an equivalence between
strong blocking sets and minimal codes.

Theorem 4.19. Let C be a non-degenerate [n,k,d), code and G = (g1 | ... | gn) € ]F’;X" be any of its
generator matrices. The following are equivalent:

(i) C is a minimal code.
(i) The setP ={[g1],-..,[gn]} is a strong blocking set in PG(k — 1, q).

Proof. For a non-zero vector u € IF’; let H,, denote the projection of the hyperplane of IE"; given by the
set {w € F} | u"w = 0}. So, H, is a hyperplane in PG(k — 1,q).
Conversely, suppose H C PG(k — 1, g) is a hyperplane. Then there exists vector vy € IF’; such that
its equation as a hyperplane in IF’; is >, (va)ix; =0, and thus H = H,,,.
Suppose ¢ € C is a hon-zero codeword. Then there exists v, € F’; \ {0} suchthatc = vI'G = (vIg; |
... vFgy). Thus,
o(c) = [n]\{i €n][[g:] € Hy, NP}. (4.2)
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Again conversely, for any v € F¥, there exists ¢, = vT G € C such that
o(cv) = [n]\{i € [n] | [¢:] € H, NP} (4.3)

(i) = (ii) : Suppose C is a minimal code and P is not a strong blocking set. Then there exists a
hyperplane H of PG(k — 1,¢) such that H NP C H’, for some H' < H, a proper subspace of H of
codimension-2.

Suppose P is a set of size m < n (since C need not be projective). Since G is a full-rank matrix, its
columns span IF§ and hence P ¢ H. This means that there exists p € P which does not lie in H.

Consider the hyperplane (H', p). From Lemma @ since p ¢ H', dm((H',p)) =dm(H')+ 1 =
k—2andthus H; := (H', p) is a hyperplane which is different from H since p ¢ H. Also by construction,
HiNnP 2 HNP. Then (ﬁ) implies that o(c,,,, ) € o(cy, ). This again contradicts the minimality of C.

(i) = (i) : Suppose P is a strong blocking set in PG(k — 1,¢) and C is not a minimal code. Then
there exist non-zero codewords ¢, ¢’ € C such that o(c) C o(c’) and ¢ # A’ for any A € F;. From
(@), H,, NP C H, NP. Since c,c are not proportional, v, v are also not proportional and hence
H,, # H,_,. This implies that /., N H,_, is a codimension-2 subspace in PG(k — 1, ¢) which contains
H,, NP. This means that H, , NP does not span H, _,, which is in contradiction to 7 being a strong
blocking set. O

4.4.4. Strong Blocking Sets and Linear Trifferent Codes
In this section, we finally establish a link between strong blocking sets and linear trifferent codes and
also state come results arising from this connection.

Combining Theorem #.19 and Proposition @ we get the following corollary.

Corollary 5. For all positive integers k,n, we have
Tr(n) > 3F — b3(k,1) <n.

Proof._For the forward direction, let C < F7 be a linear trifferent code of dimension k. Then by Propo-
sition @ C is an [n, k|3 minimal code. In case G has degenerate columns, remove them. Then from
Theorem , the lines corresponding to the columns of the truncated generator matrix forms a strong
blocking set of PG(k — 1, 3) of size at most n.

For the reverse direction, suppose P = {[g1],. .., [gn]} is @ strong blocking set in PG(k — 1, 3). From
Theorem , the linear code C_< F% with generator matrix G = (¢1 | ... | g») is @ minimal code of
dimension k£ and by Proposition @ also a linear trifferent code of dimension k. O

Example 4.7. Itis well-known that the value b (3, 1) = 9 (also computed in [BDGP24]). From Corollary

, we get that 7, (9) > 33. This means that there exists a linear trifferent code of length 9 and dimension
3. This equivalence is illustrated in Figure @ by showing how a specific strong blocking set in PG(2,3)
of size 9 gives rise to a linear trifference code of dimension 3 and length 9.

Finally, as a consequence of Corollary a the following bounds were established in [BDGP24].

Theorem 4.20. For n large enough, the largest size of a linear trifferent code, T1,(n), has the following
bounds -

1/9\"*
i (3) =mm<sws. (4.4)

Proof. For the lower bound: Theorem implies that

8k

bk 1) < fogm1/25)°

Letk = [nMJ. Then b3(k, 1) < n. Corollary E then implies that

1/25 n/4
Ty(n) > 35 > 3n™572 -1 > %3%'%(9/5) - % (2) .

For the upper bound: Suppose C < % is a largest linear trifferent code of length n and dimension %,
i.e. Tr,(n) = 3*. From Proposition @C is a linear minimal code of dimension k£ and thus from Theorem
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Figure 4.7: A strong blocking set of size 9 in PG(2,3) (denoted by blue points) is equivalent to a linear
trifferent code of dimension 3 in F with a generator matrix having columns as the points of PG(2,3)
belonging to the strong blocking set.

, there is a strong blocking set in PG(k — 1, 3) of size m < n, since C can be made non-degenerate
by deleting a finite set of columns from its generator matrix. Hence, we have b5(k,1) < m. For large
enough k, an application of Theorem @.17 yields n > m > 4.55(k — 1). This gives k < (n/4.55).




Computational Results

In Chapter 2, we saw that the following bounds have been established for 3-bounded linear trifferent
codes after recent significant improvements in both lower and upper bounds -

exn?oM < Ty(n,3) < x n'3/5.

As a result, the asymptotic behaviour of the quantity 7,(n, 3) is known to lie in a small exponential-
factor window.

However, the same cannot be said for 2-bounded trifferent codes, for which the best known bounds
are

2n —2 < Ty(n,2) <cx n®/3,

The lower bound has not been studied beyond this trivially obtained one and hence, there appears
to be scope for improving it.

As mentioned before, while better upper bounds on these quantities can directly improve upper
bounds on T'(n), the lower bounds can help estimate how good an upper bound this method can po-
tentially provide for T'(n).

In this chapter, we focus on different formulations to construct 2-bounded trifferent codes of different
block lengths in an attempt to improve the lower bound for the quantity 7;(n, 2).

We will mostly focus on two main formulations viz., ILP formulation as an independent set problem
and SAT formulation.

5.1. ILP Approach
Consider a 3-uniform hypergraph G with vertex set Sy := {v € F§ : |{i € [n] | v(¢) = 2}| = 2}. In other
words, S, contains all the ternary vectors of length » in which the symbol 2 appears exactly twice.

Three vectors or codewords u, v, w € S, form a hyperedge (u, v, w) € E(G) if they do not satisfy the
trifference condition, i.e. if for each coordinate i € [n], {u(i), v(¢), w(i)} C Fs.

Then an independent set in this graph contains no three codewords which violate the trifference
condition and hence corresponds to a trifferent code.

Thus, Ty(n,2) = «(G), where o(G) denotes the independence number or the size of a largest
independent set in graph G. This enables us to now use the following well-known ILP formulation to
compute the independence number of this graph for a fixed n.

Suppose 1, ..., z)yv () (Where V(G) = Ss) are binary variables representing each vertex and there-
fore each 2-bounded ternary vector. The variable x; is assigned value 1 if the corresponding codeword
in Sy lies in the trifferent code C corresponding to a largest independent set of G.

Then the ILP formulation to compute the independence number of G and thus the value T;(n, 2) is

V(G|
a(G) = max Z x;
i=1
st xyta,+w, <2 Y(u,v,w) € E(G)
z; €{0,1} Vied{l,...,|[V(G)|}

Using this computational approach, we obtain the optimal values, T, (4,2) = 6 and T,(5,2) = 10. i

"We used a basic Gurobi ILP optimization algorithm on a local computer for these computations.

30
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However, for n > 5, this approach becomes intractable. This is due to multiple reasons. Firstly, this
ILP computation is known to be NP-hard since finding the independence number of a graph is NP-hard
[Kar09], and even for n = 6, the number of edges in G are close to 500, 000. Secondly, for such a large
problem, this computation is riddled with a lot of redundancy arising from the highly symmetric nature
of the problem. This causes the program to not even compute the value 75(6, 2) optimally.

While in theory, we can introduce many more constraints to enforce the symmetry in the structure
and speed up the computations, we thought of using an entirely different approach which inherently
takes into account the specific requirements and symmetries of our problem.

This approach of using a SAT solver, is explained in the following section.

5.2. SAT Approach

Let us first see a small example to understand how the trifference condition can be modeled into a
satisfiability problem.

Example 5.1. Let u,v,w € F3 be 2-bounded ternary vectors and assume it is known in which coordi-
nates 2s are present in each of the codewords z,y, z. Suppose u(1) = u(2) = 2, v(1) = v(3) = 2 and
w(4) = w(5) = 2. Then the three codewords look like

2 2 X To I3

Ty xrs i ie) 2 2

Note that each of the x;’s can only be either 0 or 1 (since the codewords are 2-bounded) and can
thus be treated as boolean variables. Clearly, it is only possible to achieve trifference in the coordi-
nates where a single 2 is present. In this case, it can only happen in either the second, third or fourth
coordinates. For trifference to occur in one of these coordinates, one of the binary symbols must be 0
and the other must be 1. In other words, the XOR of both the boolean variables must be true. Then for
the three codewords to be frifferent, at least one of the XOR’s of the two boolean symbols present in
each of the coordinate where a single 2 occurs, must be true.

In the example, this translates to the following logical statement:

(x4 XOR 338) OR (£L‘1 XOR x9> OR (.%‘2 XOR 1‘5),

which is written more formally as
((1‘4 A _‘338) V (—\.%‘4 N 338)) V ((371 N —\l‘g) V (—\.131 A 379)) vV ((.132 A —\.135) vV (_‘J/‘Q N $5)>

This can be easily turned into a statement in conjunctive normal form (required by SAT solvers) by
applying distributivity and de Morgan’s laws.

5.2.1. Graph of a 2-bounded trifferent code
As motivated by the example above, to compute 2-bounded trifferent codes of a fixed length, we wish
to have information about the coordinates in which 2s occur in each codeword.

Since we are dealing with 2-bounded trifferent codes, this information can be captured by a graph
having the coordinates from 1 to n as the set of vertices and each edge representing a codeword with
the 2s present in the coordinates corresponding to its endpoints.

As argued before, at most 2 codewords in a trifferent code can have 2s at the same set of coordinates
and so we allow edges in this graph to have either weight 1 or weight 2, depending on whether that
edge corresponds to 1 or 2 codewords in the code.

Further, if there exists a triangle in the graph, then any three codewords corresponding to these
three edges violate the trifference condition (since 2s are repeated in each coordinate that they occur
in) and hence the code cannot be trifferent. So, we require the graph to be triangle-free, or K3-free.

We will now describe how we used this approach to compute some 2-bounded trifferent codes of
various block lengths.
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5.2.2. SAT Formulation

Let G be a Ks-free graph on n vertices, with edge weights 1 or 2. Let L(G) = (ey,...,e,) be a list
of edges of GG, where an edge of weight 2 is counted twice. Further for each e; € L, let ¢; denote
the corresponding codeword. Let z; , denote the boolean variable representing the symbol present in
coordinate p of ¢;. If e; = (u;,v;), then the variables x; ,,,, z; ,, do not exist since 2s are present in those
coordinates. Thus there are exactly n — 2 such variables for each codeword and m(n — 2) total boolean
variables.

For each combination of three codewords c¢;, c;,c; Where ¢,5,k € {1,...,m}, denote by S;jk the
(multi)set of coordinates given by the endpoints of e;, e; and e.

Then let S, C ngk be the set of coordinates in S,{jk which occur only once, or which occur with
multiplicity one. This means each element in S;;;, is a vertex of G contributed by exactly one of ¢;, ¢; or
ex. S0, for s € Sk, let o5 € {4, j, k} indicate which edge out of ¢;, e; or ¢ has vertex s as an endpoint
and 75, ws represent the other two indices presentin {i, j, k}\ o (s) (the order of 75 or w, does not matter).

Example 5.2. Suppose n = 5 and the three codewords ¢;, ¢;, ¢, correspond to edges e; = (2,4),e; =
(2,3) and e, = (1,4), then the multiset S;;, = {1,2,2,3,4,4} and the set S;;; = {1,3}. Further,
oc)=k,nn=io0rj,w ={i,5}\{n}and o(3) =j.

Then the trifference condition may only be satisfied at one of the coordinates in the set S, .
Similar to the illustration in Example , the trifference condition for codewords ¢;, ¢;, ¢, can be
stated as

OR scs,;,. (27.,s XOR 2, 5) -

The logical statement to ensure that the graph G represents a 2-bounded trifferent code may then
be written as

AND., ., e cr(a) OR ses,;, (27, s XOR ) - (5.1)

Thus, given a Ks-free graph G on n vertices with edge weights 1 or 2, and sum of edge weights
m, if a SAT solver provides a solution to (), it implies that there exists a 2-bounded trifferent code of
size m and block length n.

In the next section, we state some computational results obtained by SAT solversE for constructing
trifferent codes of different block lengths.

5.2.3. Results from SAT Formulation
In Table , we list new lower bounds of T} (n,2) obtained for different values of n and also describe
the underlying graph used for constructing the 2-bounded trifferent code of that size.

Here, C), and P, denote the cycle graph and path graph on n vertices, respectively. K, ; denotes the
complete bipartite graph with sizes of sets in the bipartition s and ¢. Finally, ©(n1,ns,...,n,,) denotes
a Theta graph, having m paths P,,, 12, Py,12, ..., P, +2 €ach having the same two vertices as their
endpoints, and all the other vertices disjoint from each other. As an example, the cycle Cs may also
be denoted as ©(2,2). The shorthand notation ©(n™) describes the Theta graph ©(n,n,...,n) with n
appearing m times.

To better understand the notation in Table , we illustrate some of the graphs in Figure .

2We used pysat on a local computer to obtain these results.



5. Computational Results

33

n | (2n-2) | Size of trifferent code Graph G Edge weights
5 8 10 (2n) Cs All 2
6 10 11 (2n-1) Cs + P, sharing common vertex Non-cyclic edge 1, rest 2
7 12 13 (2n-1) Cs + P3 sharing common vertex Joining edge of P; 1, rest 2
8 14 16 (2n) Cs Al 2
18 (2n C All 2
9 16 (en) 0
20 (2n+2) Ky5 All 1
20 (2 Al 2
10| 18 0 (2n) C1o
22 (2n+2) Random 22-edge subgraph of K5 5 All 1
24 (2 All 2
12 22 (2n) C1z
26 (2n+2) Random 26-edge subgraph of K ¢ All 1
28 (2n) Cia All 2
14 26 30 (2n+2) O(43) Al 2
31 (2n+3) C14+ edges (1,8),(5,11) (5,11) 1, rest 2
32 (2 C All 2
16 | 30 (en) 16
36 (2n+4) C16+ edges (1,9),(5,13) All 2
2 All 2
18| 34 36 (2n) Cie
40 (2n+2) O(44) All 2
44 (2 C Al 2
22 | 42 (2n) 22
50 (2n+6) O(4%) Al 2

Table 5.1: Table detailing new lower bound values of Ty, (n, 2) for different n given by SAT solver

1,

(a) Cs + Ps sharlng common
vertex with e being the ‘joining
edge of Ps’

b) Graph ©(4, 4,4) or ©(4%)

Figure 5.1: Some graphs appearing in Table

Y

c) Ci6+ edges (1,9) and (5,13)




New Lower Bounds

In the section, we first analyze the computational results stated in Table a and then use them to
construct 2-bounded trifferent codes. We provide two new constructions, both of which improve the
current bound of T,(n, 2) > 2n — 2.

6.1. Discussion of Computational Results

The first key observation that we see in the table is that for every n > 4, the lower bound of 2n — 2 is
not tight. Interestingly, the cycle graph on n vertices with each edge representing two codewords, gives
a 2-bounded trifferent code of length n and size 2n for every n > 7 that was able to be computed (up
to n = 24). This strongly suggests that the lower bound of 2n — 2 can be improved upon. In fact, we
exploit this cycle graph structure with all edge weights 2 in Construction 1.

The next observation from the table is that the best computational lower bound can be written in
the form 2n + ¢, where c increases with n. This also suggests that the constant 2 might not be the best
constant for a linear lower bound.

In fact, if we were to consider 2-bounded trifferent codes of length n = 4t + 2, then the graph ©(4%)
with all edge weights two seems to always provide a trifferent code of length 2n + 2(¢ — 2). This has
been verified computationally for t = 2,3, ..., 8. If this were to be true, the lower bound obtained from
this for T},(n, 2) when n = 4¢ + 2, would be (5/2)n — 5.

Apart from the Theta graphs, even the cycle graph on n vertices in which some diagonals are added
as n gets large, seem to provide lower bounds of the form 2n + ¢, where ¢ seems to increase as more
diagonal edges can be added for increasing n. However, this is computationally very slow to verify and
we were not able to show this beyond n = 16.

Interestingly, the graphs obtained from randomly sampling edges with weight 1 from the complete
equi-bipartite graph seem to provide the best lower bound values for n = 9,10,11 and 12. Since the
computation is much slower when the edge weights are 1, for n > 13, we cannot compute a lower
bound using this method. However, the better results obtained from these graphs does indicate that
the best constructions for lower bounds can also be obtained when each codeword has a unique pair
of coordinates corresponding to the positions of 2 in it. We exploit this in Construction 2.

6.2. Construction 1

Inspired by the fact that the cyclic graph with all edge weights 2 always seems to give a trifferent code
of size 2n computationally, Anurag Bishnoi and Jozefien D’haeseleer came up with a construction of
size 2n for n = 3m + 2, for all m > 0. Their construction was all n cyclic shifts of the 2 codewords ¢y =
(22 110 110 --- 110) with 110 appearing m times and dy = (22 011 011 ... 011), with 011 appearing m
times. We were then able to prove the same linear bound forn =1 (mod 3) and n =0 (mod 3). As a
result of this construction, we obtain the new bound Tj(n,2) > 2n.

We present this construction and the proof of trifference of these codes in the following theorem.

Theorem 6.1. Forn =5,8,10,11 and n > 13, we have T,(n,2) > 2n.
Proof. We will prove this statement in three cases:
Casel: n=2 (mod3)andn >5
Let n = 3m + 2, m > 1. Consider the set of 2n 2-bounded codewords

34
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Cn ={co,c1,...,¢pn1,do,d1,...,d,—1} C F3 obtained by the n cyclic shifts of the two codewords:

co =22 110110 --- 110
N———— —

m times
do =22 011011 --- 011
N——

m times

This set of codewords can also be defined coordinate-wiseﬁl asE:
2 ifj=i,i+1;

ci(f) =<1 ifj=i+@Bh—1),i+3hforh=1,...,m;
0 ifj=i+@Bh+1)forh=1,...,m.
2 ifj=1d,i+1;

di(j)=11 ifj=i+3hi+(Bh+1)forh=1,...,m;
0 ifj=i+@Bh—-1)forh=1,...,m.

foralli,j € {0,1,...,n—1}.

Example 6.1. For n = 5, the code Cs is the set of codewords {cg, ¢1, ¢2, ¢3, s, do, d1,d2, d3,ds} =
{22110,02211, 10221, 11022, 21102, 22011, 12201, 11220, 01122, 20112}

We will now prove, by case analysis, that C,, is a trifferent code. To make matters simpler, we
make the following observation first:

Lemma 6.2. The three codewords c;, cj, ¢, € Cy, (Or ¢;, ¢, dy) are trifferent if and only if the code-
words ¢y, ¢j—;, cx—i € Cp (OF o, ¢j—q, di—;) are trifferent.

This is true due to the cyclic nature of the construction since the codewords ¢;, ¢;, ¢, are trifferent
at coordinate ¢ if and only if the codewords ¢y, ¢;_;, cx—; are trifferent at coordinate ¢ — i.

To prove C, is trifferent, consider three arbitrary codewords x,y, z € C,,. Following cases arise:

(i) * = ¢i,y = di,z = ¢; or d;. Due to Lemma @ this is the same as checking the case
T = cg,y = dy,z = ¢ Or dj, for some k > 0:
If t =1 orn—1, then the three codewords are trifferent at coordinate 2 or n — 1 respectively,
since by construction, both the sets {¢(2),do(2)} and {co(n — 1),do(n — 1)} are equal to
{0, 1}, while 01(2) = d1(2) =2 and cn_l(n — 1) = dn_l(n — 1) = 2.
For any other k, the symbols at the coordinates k£ and & + 1 for codewords ¢y, dy are either 0
or 1 and by construction, either {co(k),do(k)} = {0,1} or {co(k +1),do(k + 1)} = {0,1}. By
definition, 2 occurs in both these coordinates for both ¢, and d;, and so we are done.

(i) z = ¢,y = ¢,z = ¢ With ¢ < i/ < i, Following exhaustive subcases arise due to the
cyclic nature of the construction:

(a) All pairs of 2s in the three codewords are disjoint:
By Lemma B.2, we may assume = = cp,y = ¢j,2 = ¢ With2 < j+1 <k <n —1. For
illustration, the three codewords look something like:

co = 22110110...
¢j = ...22110110...
cp = ...11022110...

If in either coordinate j or j + 1, we have different symbols in the codewords ¢y and ¢y,
then trifference is achieved in that coordinate and we are done. So assume c¢y(j) = cx(j)
and ¢o(j+1) = ¢, (j+1). Butfor consecutive binary symbols to be the same in these two
codewords, it is easy to see that the construction forces k = 3m’ + 2 for some m’ > 0.

TFor the sake of convenience, coordinates here are defined starting from 0 and going up to n. — 1.
2Note that henceforth, addition and subtraction pertaining to codeword indices and coordinates will always be modulo n.
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By similar logic, if in either coordinate & or k + 1, we have different symbols in the code-
words ¢ and ¢;, then trifference is achieved in that coordinate and we are done. So
again assume cq(k) = cj(k) and ¢o(k+1) = ¢;(k+1). By a similar argument as before,
this can only happen if j = 3m” for some m” > 0.

However, with these class of values of j, k, we must have ¢;(0) = ¢;(1) = 1,¢(0) =
1,¢x(1) = 0 and so trifference is achieved in coordinate 1, as shown in Example @

Example 6.2. Suppose n = 11,j = 3,k = 8. Then the three codewords look like

co = 22110110110,
c3 = 11022110110,
cg = 10110110221.

Note that 60(3) = 08(3),00(4) = 68(4)760(8) = 63(8)760(9) = 63(9) and so trifference is
achieved at coordinate 1.

Only two of the codewords share a coordinate in which 2 occurs.

By Lemma , We may assume z = ¢,y = ¢ and z = ¢, for2 < k < n — 1. For
illustration, the three codewords look something like:

co = 22110110. ..
c; = 02211011. ..
cr = ...01122110...

If ¢1:(0) # ¢1(0) = 0 or ¢ (2) # ¢o(2) = 1, then we achieve trifference at coordinate 0 or 2
respectively. So suppose ¢, (0) = 0 and ¢, (2) = 1. This can only happen if £ = 3m’ + 1
for some m’ > 0. But this implies ¢y (k) = 0 and ¢; (k) = 1 and so trifference is achieved
in coordinate k.

All the three codewords share a coordinate where 2 occurs with another codeword:
By construction and Lemma @ we may assume z = cg,y = ¢1, 2 = co. 1he codewords
then look like:

co = 22110110...
c; = 02211011. ..
ce = 10221101...

Clearly, trifference is achieved at coordinate 0.

(i) © = d;,y = dy,z = dj» with i < ¢/ < ", This is very similar to the previous case and has
identical subcases and arguments which we omit for the sake of brevity.

(iv) z = ¢;,y = ¢,z = dy With i < @/ < 4”. By the cyclic invariance of Lemma @ this is
equivalent to the cases = = ¢;,y = dy,z = ¢;» as well as x = d;,y = cir,z2 = ¢ for
i< <
Again, by Lemma @ we may assume x = cp,y = ¢;,2 = dj, With 0 < j < k. The following
subcases arise:

(@)

All pairs of 2s are disjoint, i.e. j >1landj+1<k<n—1:
The codewords look something like:

co = 22110110...
¢j = ...22110110...
drp = ...01122011...

Following similar reasoning as in previous cases, if either ¢o(j) # di(j) or co(j + 1) #
di(j + 1), then trifference is achieved in one of these two coordinates. Otherwise, we
must have both ¢y(j) = di(j) or co(j) = di(j), which is only possible if &k = 3m’ + 1 for
some m’ > 0. Similarly, if trifference is not achieved in coordinates & or k + 1, we must
have j = 3m/” for some m’ > 0.

But this implies ¢;(0) = ¢;(1) = 1 and dx(0) = 1,dx(1) = 0 and hence, trifference is
achieved in coordinate 1, as shown in Example 63.
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Example 6.3. Suppose n = 11,5 = 3,k = 7. Then the three codewords look like

co = 22110110110,
5 = 11022110110,
dr = 10110112201.

Since we have ¢, (3) = d7(3), co(4) = d7(4),co(7) = ¢3(7) and ¢y(8) = c3(8), trifference
is achieved at coordinate 1.

Only ¢;, ¢;» share a coordinate in which 2 occurs,i.e. j=1land2 <k <n — 1:
The codewords look like:

co = 22110110...
c; = 02211011. ..
d =...01122011...

If either dj,(0) = 1 or d(2) = 0, trifference is achieved at one of these coordinates. So,
suppose both di(0) = 0 and di(2) = 1. This can only happen if & = 3m’ for some
m’ > 0. Butin this case ¢o(k + 1) = 0 and ¢; (k + 1) = 1 and thus trifference is achieved
at coordinate k + 1.

Only ¢;, d;» share a coordinate in which 2 occurs,i.e. 1<j<k—landk=n—1:
The codewords look like:

o = 22110...110
¢j=...22110...
dp—y =2011...0112

If either ¢;(1) = 1 or¢;(n—1) = 1, trifference is achieved at one of these coordinates. By
construction, one of these must happen, since the minimum number of symbols between
any two Os in any codeword is 2.

Only ¢;:, d;» share a coordinate in which 2 occurs,ie. 1 <j<n—2andk=j+1:
The codewords look like:

co = 22110110. ..
¢;j= ...221101...
djj1 = ...122011...

If co(7) = 0 orco(j + 2) = 0, trifference is achieved in one of these coordinates. If not,
then ¢o(j) = ¢o(4 + 2) = 1, which is only possible if j = 3m’ for some m’ > 0. But this
implies ¢;(1) = 1 and d;41(1) = 0 and thus trifference is achieved at coordinate 1.

All codewords share a coordinate in which 2 occurs, with j =1 and k& = 2:

The codewords look like:

co = 22110110...
cp = 02211011...
de = 11220110...

Clearly, trifference is achieved at coordinate 0.

All codewords share a coordinate in which 2 occurs, with j =1 and &k =n — 1:
The codewords look like:

co = 22110110...110
c; = 02211011...011
dp—1 =2011011...0112

Clearly, trifference is achieved at coordinate n — 1.
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(g) All codewords share a coordinate in which 2 occurs, with j =n—2and k =n — 1:
The codewords look like:

co = 22110110...110
Cn—2 = 110110...11022
dn—1 =2011011...0112

Clearly, trifference is achieved at coordinate 1.

(V) ¢ = d;,y = dyr,z = ¢;» With i < ¢/ < i, By the cyclic invariance of Lemma @ this is
equivalent to the cases ¢ = ¢;,y = dyr,2 = dy» as wellas x = d;,y = ¢y, 2 = dy for
i< <.

Again, by Lemma @ we may assume z = doy,y = d;, z = ¢, With 0 < j < k. The subcases
and arguments arising are identical to the previous case and we will again choose to omit
them here.

Casell: n=1 (mod 3)and n > 10
In this case, we construct a 2-bounded trifferent code of length n and size 2n from two smaller
2-bounded codes of lengths 5 = 2 (mod 3) (denoted C5) and (n —5) = 2 (mod 3) (denoted C,,_5)
and sizes 10 and 2n — 10, respectively, as constructed from Case |.

For the code C5 from Case |, denote the set of codewords as {ci,...,cs,ds,...,ds} and for the

code C,,_5, denote the set of codewords as {¢},...,c),_5,d},...,d),_5}.
Then the new code of length n and size 2n, denoted C,,, is constructed (by concatenation) as
follows:
21 00 --- O
e 00 - 0 Cn.l
dq 11 - 1 ’
ds 11 - 1
000O00O )
000O0O ch_s
Cn 2
11111 4 ’
11111 d,_s

Clearly, C,, = C,,,1UC,, 2. For convenience, we also divide C,,.1 = C,,,14JCr, 14 aNA Cpy 2 = Cp, 2dIC, 24
based on whether the codeword contains a smaller codeword of type ¢ or d.

We now show that C, is trifferent, for which we require the following lemma.

Lemma 6.3. Suppose n’ = 3 (mod 2) and z,y € C, (from Case ) such that either x = ¢, and
y=c;orx =d;andy = d; forsome 0 < i < j < n — 1. Then there exist coordinates t,t' such

that {x(t),y(1)} = {0,2} and {a(t'),y(t")} = {1,2).

Proof. Consider the first case, i.e. © = ¢;,y = ¢; forsome 0 < i < j < n — 1. From similar
reasoning as in Lemma @ we may assume x = ¢y and y = ¢, for some k£ > 0.

If £ =1, we have ¢y(0) = 2,¢1(0) = 0,¢0(2) = 1 and ¢1(2) = 2; so t = 0,¢' = 2 and we are done.
The case k = n — 1 is equivalent to this by a simple cyclic shift.
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Case lll:

So, assume 0 < k < n — 1. This means that the pairs of 2s in ¢y and ¢;, are disjoint. Consider the
coordinates 0 and 1. Clearly, ¢o(0) = ¢o(1) = 2. So if ¢;(0) # ¢x(1), we have {t,t'} = {0,1} and
we are done. So suppose ¢ (0) = ¢, (1) # 2. Since they are successive coordinates, they cannot
both be 0, by construction. Hence, ¢;(0) = ¢, (1) = 1. This is only possible if k¥ = 3m’ for some
m’ > 0. But this implies that ¢o(k) = 1 and ¢o(k + 1) = 0, so.t = k + 1,# = k and we are done.
For better understanding, this case is illustrated in Example B.4.

For the second case, we may assume as before, © = dy,y = dj forsome k > 0. If k = 1, we
have t = 2, = 0 and identically for k = n — 1. For the remaining case 0 < k < n — 1, we can
assume d;(0) = d(1) = 1 (if not, we have {¢,t'} = {0, 1} as before). This implies k = 3m’ + 2
for some m’ > 0, which in turn implies do(k) = 0 and do(k + 1) = 1. Sot = k,t' = k + 1, and we
are done. O

Example 6.4. Let n = 11 and consider the codewords ¢, cg:

co = 22110110110
ce = 11011022110

Since 6 = 3m/’ for some m’ > 0, we have both ¢s(0) = ¢5(1) = 1. However, we still have ¢y (6) = 1
and ¢p(7) =0andsot =7t = 6.

To prove C, is trifferent, let x, y, 2 € C,, be arbitrary codewords. The following cases arise:

(i) All three codewords z,y,z € C, 1. Then, they are trifferent in one of the first 5 coordinates
since the code Cs is trifferent from Case |.

(i) Allthree codewords z,y, =z € C,, 2. Then, they are trifferent in one of the last n — 5 coordinates
since the code C,,_s is trifferent from Case I.

(i) z,y € Cy,,1 and z € C,, 2. Three subcases arise:

(a) z € Cy,1c and y € C,14. By construction, z has 2s occurring only in the last n — 5
coordinates, which are all 0 for  and all 1 for y. Hence, the three codewords achieve
trifference at any coordinate in which 2 occurs in z.

(b) z,y € Chic Or z,y € Cp14. From Lemma @ there exist coordinates ¢,¢" € [5] with
{z(t),y(t)} = {0,2} and {z(¥'),y(t')} = {1,2}. Since z has all zeros or all ones in
these set of coordinates, the three codewords achieve trifference at either one of the
coordinates ¢ or ¢'.

(iv) z,y € Cp2 and z € C, 1. Since the arguments of case (iii) hold regardless of the length
of the codes Cs and C,,_s, these codewords are also trifferent by the same subcases and
reasoning.

Remark. There is nothing special about having Os trail and lead codewords of the form ¢;/c;
and 1s doing the same for d;/d; to form the concatenated codewords of C,,. The proof remains
identical if we were to construct C,, with 1s trailing and leading ¢; /¢, and Os trailing and leading
d;/d}. We call the code obtained by swapping 1s and Os in these coordinate blocks (while keeping
the positions of 1s and Os inside ¢;/c}/d; /d., intact) the ‘dual’ of C,, and denote it as C,,. As argued,

C, is also a trifferent code of size 2n and length n, where n =1 (mod 3).

n=0 (mod 3)and n > 15

In this case, we construct a 2-bounded trifferent code of length n and size 2n from three smaller
2-bounded codes, two of lengths 5 = 2 (mod 3) (denoted C5) and one of length (n — 10) = 2
(mod 3) (denoted C,,—10) and sizes 10, 10 and 2n — 20, respectively, as constructed from Case .

For the code C; from Case |, denote the set of codewords as {ci,...,cs,ds,...,ds} and for the
code C,,_10, denote the set of codewords as {¢},...,¢),_10,d},---,dl_10}-

Then the new code of length n and size 2n, denoted C,, is constructed (by concatenation of three
‘blocks’ of coordinates of lengths 5,5 and n — 10) as follows:
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e 00000 11 --- 1
cs 00000 11 1 c
i 11111 00 0 ol
ds 11111 00 --- 0

11111 1 00 0

11111 cs 00 0

Cn2

00000 dy 11 o 1 :

00000 ds 1 1 1

00000 11111 c

00000 11111 <10 e,

11111 00000 d "

11111 00000 —

Clearly, C,, = C,,,1 UC, 2 UC,, 3. We also divide C,, = C,, .C,, 4 based on whether the codeword
contains a smaller codeword of type c or d. From the illustration above, C,, . contains the first 5
codewords of C,, 1, the first 5 codewords of C, » and the first (n — 10) codewords of C,, 3, while
Cn,d = Cn \Cn,c-

To show C, is trifferent, let z, y, z € C,, be arbitrary codewords. Consider the following cases:
(i) Allcodewords z,y,z € C,; for some i € {1,2,3}. Then trifference is achieved in the i* block
of coordinates since the codewords Cs and C,,_¢ are trifferent, from Case I.

(i) Two codewords, say z,v, lie in C,; and z lies in C, ; for some i # j € {1,2,3}. Then the
three codewords, when restricted to the blocks of coordinates 7, j are of some length n’ =
(mod 3) and lie in either a code constructed in Case Il or its dual. Hence, they are trifferent
as well. For illustration, consider Example @

Example 6.5. Letn =18, z,y € Cy51 and z € C;5 3 be the codewords:

r = 02211 00000 11111111,
y =11220 11111 00000000,
z=00000 11111 11220110

Then the three codewords restricted to blocks 1, 3 look like:

x|, =02211 11111111,
y|, 4 = 11220 00000000,

z|, 5 = 00000 11220110

Clearly, these are 2-bounded codewords of length 13 = 1 (mod 3). Further, they are of
the form (¢; 1---1),(d; 0...0)and (00000 ¢},). So these codewords lie in the code Cy3,
where Cy3 refers to a code constructed in Case II; and are thus trifferent.
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(iii) All three codewords lie in different C,, ;’'s. Suppose, wlog, = € C,, 1,y € Cp2 and z € Cy, 3.
By PHP, at least two of these codewords must lie in either the set C,, . or C,, 4. Then, in the
block where neither of these codewords have a 2, one of the codewords must have only
1s while the other must have only 0s, by construction. Hence, whenever a 2 occurs in this
block of coordinates in the third codeword (which must happen, since the three codewords
have 2s occurring in different blocks in this case), the three codewords achieve trifference,
as illustrated in Example @

Example 6.6. Suppose n = 15, x € C15,1c, ¥ € C15,24 and z € Cy5 3. such that:

z=22110 00000 11111
y =00000 12201 11111
2 =00000 11111 11022

Here, z, z € Cy5,. and thus trifference is achieved in block 2 in any coordinate in which a 2
occurs in codeword y.

O

6.3. Construction 2

This is a recursive construction suggested by Anurag Bishnoi. It uses k copies of a 2-bounded trifferent

code of length n and size ¢, to create k disjoint blocks of this code leading to a larger 2-bounded trifferent

code of length nk and size tk. As a base code, we use the trifferent code of size 20 and length 9, as

obtained computationally from the graph K, 5 (see Table ). As a result of this construction, we obtain

the new bound T;(n,2) > (20/9)n — O(1), which is better than the one obtained from Construction 1.
We first state and prove the construction of these recursive codes.

Theorem 6.4. Suppose C is a 2-bounded trifferent code of size t and length n such that no two code-
words in it have the same pair of coordinates in which 2 occurs. Then, we have T,(nk,2) > tk for each
positive integer k.

Proof. Suppose C = {c1,...,c¢;}. Denote by ¢?, the codeword obtained by replacing the 2s in the
codeword ¢; € C by 0s. Similarly, denote the codeword obtained by replacing the 2s by 1s in codeword
c; € C, by ct.

To prove Ty(nk,2) > tk, we construct a 2-bounded trifferent code of size ¢tk and length nk.

Let Ci. be a 2-bounded code constructed by concatenating % blocks of codewords as follows:

Block 1 Block 2 Block 3 s Block &
c1 c% c% ce c%
(1)
Ck
Ct C% c% s c%
o ¢ ct e c
(2)
Cy
0 1 1
(o Ct c ce (oh
0 0
e c c cq
(k)
Ck
0 1 0
C C; C Ct

Clearly, Ci, = C,El) UC,EQ) U---u C;(f).
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Example 6.7. Suppose C = {0212,1022,2102}. Then, for k£ = 3, the code C; is a code of length 9 and
size 9, and looks like

0212 0111 0111
1022 1011 1011
2102 1101 1101

0010 0212 0111
1000 1022 1011
0100 2102 1101

0010 0010 0212
1000 1000 1022
0100 0100 2102

To prove Cj, is a trifferent code, let x, y, 2 € Cy, be arbitrary codewords. The following cases need to
be checked.

(i) Allcodewords z,y, z € C,gj) forsome j € {1,...,k}. Thenthe codewords, when restricted to block
J (we use the notion |; to denote this), lie in the code C by construction, and thus must be trifferent
in this block of coordinates.

(i) Two codewords, say =,y € C(j), and z € c,@“ for distinct 5,¢ € {1,...,k}. Two subcases are
possible in this case:

(a)

x| = ¢yl = ¢p, 2|0 = ¢q fordistinct i, p, g € {1,...,t}.

Since ¢;, ¢, ¢, € C, atrifferent code, they must be trifferent. Suppose they attain trifference in
coordinate s. If ¢;(s) = 2, we clearly have {c,,c,} = {0,1}. Then in the s coordinate of block
j, where ¢; and thus z has a 2, we have y|;(s) = ¢,(s) as well as z|;(s) = c)(s) = ci(s) =
cq(s). So, the three codewords are trifferent in coordinate s of block j. The same logic holds
if ¢p(s) = 2. If c4(s) = 2, we also have {c;(s),c,(s)} = {0,1}. Since z|¢(s) = ?(s) = c}(s) =
ci(s) and yle(s) = c)(s) = ¢;(s) = ¢,(s), the three codewords attain trifference in coordinate
s of block ¢.

x|y =c¢yl; =cp,zle=c fori,pe {1,... t}

Since no two codewords in C have the same pair of coordinates in which 2 occurs, there
exists a coordinate, say s, such that ¢;(s) = 2 and ¢,(s) € {0,1}. Consider the symbols
in coordinate s of blocks j and ¢. We clearly have z|;(s) = ¢;(s) = 2, y|;(s) = ¢,(s) and
zle(s) = ci(s) = 2,yle(s) = ¢ (s) = ¢)(s) = ¢p(s). Moreover, we have {z|;(s), z|(s)} = {0,1}
since either j > ¢ or £ > j. Hence, the three codewords attain trifference in one of these

coordinates.

(iii)y = € C,(f), y € C,g) and z € C,im) for distinct j, £, m € {1, ..., k}. Three subcases arise in this case:
(@) x|; = ¢i,yle = cp, 2l;m = ¢4 for distinct i,p,q € {1,...,t}.

Since ¢;, ¢,, ¢4 € C, atrifferent code, they are also trifferent. Suppose they attain trifference
in coordinate s, in which wlog, ¢; has a 2. Clearly, {c,,c,} = {0,1}. Then in the block j,
where ¢; and thus = has a 2, we have yl;(s) = ¢)(s) = ¢;(s) = c,(s) as well as z|;(s) =

c)(s) = c;(s) = cq(s). So, the three codewords are trifferent in coordinate s of block ;.

x| = ¢, yle = ¢, 2|lm = ¢p for distinct i,p € {1,...,t}.

Since no two codewords in C have the same pair of coordinates in which 2 occurs, there
exists a coordinate, say s, such that ¢;(s) = 2 and ¢,(s) € {0,1}. Consider the symbols
in coordinate s of blocks j and ¢. We clearly have z|;(s) = ¢;(s) = 2, z|;(s) = ¢,(s) =

ch(s) = ¢p(s) and yle(s) = ci(s) = 2, z|e(s) = cj(s) = cp(s) = ¢,(s). Moreover, we have

{yl;(s),zle(s)} = {0,1} since either j > ¢ or £ > j. Hence, the three codewords attain
trifference in one of these coordinates.
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(€) z|; = ci,yle = ¢, 2lm = ¢; forsome i € {1,...,t}.
Suppose wlog, j < ¢ < m. Then, we have z|, = c},y|¢ = c;, 2|, = . Suppose ¢;(s) = 2
for some coordinate s (the codewords are 2-bounded so this must happen). Then y|¢(s) = 2
and by construction, z|, = ¢}(s) = 1 and z|, = ?(s) = 0. So the three codewords are

trifferent in coordinate s of block ¥.
O

From the computational results of the SAT solver, outlined in Table , we know that there exists a
trifferent code of length 9 and size 20. Moreover, the underlying graph of the computation is K4 5 with
all edge weights 1. This means each codeword has a unique pair of coordinates in which 2 occurs.

Using this code, denoted Cy, as the base code in Theorem , We obtain the following result.

Proposition 6.5. For all n > 9, we have
Ty(n,2) > (20/9)n — O(1).

Proof. Suppose n = 9k for some positive integer k. Using code Cy as the base code in Theorem El]
we have T, (9%, 2) > 20k, which implies Ty (n,2) > (20/9)n.

Suppose n = 9k + a for some 0 < a < 9. Then, using (@) repeatedly (i.e. by appending a 1sin
each of the coordinates of Cy;), we get T,(9% + a, 2) > 20k, which implies T, (n,2) > (20/9)n — (20/9)a.
Since a < 9, we have 20a/9 = O(1), and we are done. O



Conclusion and Further Research

In this thesis, we explored some prevailing and recent improvements to asymptotic bounds on sizes
of trifferent codes. Since the recent improvements in these bounds (by Bhandari and Khetan [BK25])
were obtained by considering r-bounded trifferent codes, we also studied these codes in more detail.

Inspired by the technique of the same paper, we proved the following upper bound on largest sizes
of r-bounded trifferent codes:

for some positive constants ¢, ¢’ and r > 2.
Using these, we were able to show that the bound obtained by Bhandari and Khetan,

T(n) <exn™?/°x <2)
is the best possible even after directly generalizing their proof technique for r > 3.
We were also able to prove new lower bounds on T, (n.r) from some existing hypergraph con-
structions by Ruzsa-Szemerédi[RS78] and Alon-Shapira [AS06], building upon ideas by Bishnoi and
Kovacs:

Ty(n,r) > nlr/21—o(1)

for all r > 3.

Finally, we were able to come up with new constructions of 2-bounded trifferent codes which im-
proved the current best lower bound of T;(n,2) > 2n — 2. In a joint work with Jozefien D’haeseleer, we
first gave an explicit construction of 2-bounded trifferent codes of length n and size 2n forn = 5,8, 10, 11
and all n > 13.

Using a SAT solver, we computed a trifferent code of length 9 and size 20 to show that 73 (9, 2) > 20.
Using this 2-bounded trifferent code (of length 9 and size 20) as a base code, we were able to provide a
recursive construction for 2-bounded trifferent codes of longer lengths. This resulted in an even better
bound of

Ty(n,2) > (20/9)n — O(1).

There is still huge scope to improve upon these bounds. Even though the technique of using forbid-
den subgraph for bounding r-bounded trifferent codes did not immediately improve bounds for T'(n),
there is still a huge gap between the current best lower and upper bounds for T}, (n, ). Any improvement
made to the upper bound will result in a better bound on T'(n).

Further, the lower bounds obtained for T;(n,2) obtained from computations, can also see further
improvement. If we are able to compute a lower bound T;(k,2) > ¢ such that ¢t/k > 20/9, then the
recursive result we proved in Chapter 6 can directly improve the constant (20/9) in our current best
lower bound.

Lastly, the recently established connections between strong blocking sets, minimal codes and linear
trifferent codes, which we have also elaborated on in Chapter 4, can also be investigated more to see
if any bounds on T7,(n) can be further improved.
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