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Study of surface modes on a vibrating electrowetting liquid lens
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The increased usage of liquid lenses motivates us to investigate surface waves on the liquid’s
surface. During fast focal switching, the surface waves decrease the imaging quality. We propose a
model that describes the surface modes appearing on a liquid lens and predicts the resonance
frequencies. The effects of those surface modes on a laser beam are simulated using Fresnel
propagation, and the model is verified experimentally. © 2017 Author(s). All article content, except
where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.4999562

Liquid lenses (LLs) are tools to create small tunable
optics without any moving parts. Since the first electrowet-
ting lenses were developed,'™ many other techniques have
been tested to create a focus-tunable lens, i.e., using mem-
branes and acoustic waves.*® While some techniques never
left the lab environment, electrowetting and membrane
lenses are available commercially.”'” The most popular type
of liquid lens uses the electrowetting effect to manipulate a
liquid-liquid interface with an external voltage. These lenses
use two liquids with similar density to avoid any gravity
influences. A major drawback next to the energy consump-
tion is that the lens’ speed of operation is limited by the
liquid’s inertia. When switching between two focal positions
too fast, surface waves are created, and as a consequence,
the image suffers from aberrations.

While liquid lenses can avoid astigmatism by using sev-
eral electrodes, in particular, spherical aberration is challeng-
ing for example in dual beam auto focussing systems,'" even
without switching the focal length. In membrane based LLs,
the thickness of the membrane can be varied to minimize
aberrations.'*'® There are promising developments for elec-
trowetting liquid lenses with multiple liquid interfaces,'” and
it has been shown that spherical aberration can be corrected
in micro-lenses by controlling the hydrostatic pressure,'®'?
but there has been no technique for a single electrowetting-
only macroscopic LL to tackle the spherical aberration yet.
The hope to make use of surface waves caused by fast
switching to control, introduce, and correct for aberrations
motivates us to study their nature in detail.

The vibrating LL surface will be modelled theoretically,
and the limitations of the model described. The optical influ-
ence of surface vibrations is simulated and compared to the
measurements.

Oscillations on liquid droplets have been studied inten-
sively,?” including a complete solution for the eigenfrequen-
cies of a viscous droplet in another viscous ﬂuid,ZI’22
nonlinear oscillations,” and constrained liquid droplets.**
For simplicity, the liquid is assumed to be incompressible
and inviscid.*>~° The waves on the LL surface are modelled
as transverse vibrations of a circular membrane, where the
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surface tension dominates the stiffness. The shape of an
undamped vibration u(r, ¢, f) on a circular membrane satisfies
the wave equation, which is given in polar coordinates by*’

1 &%u
+r—28—(l)2>7 (D

where r is the radial coordinate, ¢ is the angular coordinate,
t is the time, and c is the speed of waves on the membrane.
¢ is an unknown constant that resembles the speed of waves
on a classical membrane but is not identical to the speed of
waves in a more thorough model of a liquid. It has to be
determined later on to give meaning to the model.
Assuming circular symmetry and the shape displacement to
be maximal at # =0, the general bound time-harmonic solu-
tion 18
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where J, is the Bessel function of first kind and Oth order, f
is the frequency, and A is the amplitude. The step from an
undamped vibrating membrane to an undamped liquid sur-
face is a change in boundary conditions. While in the case of
a drum, the membrane is fixed at the outer boundary r =R,
the electrowetting equation® fixes its first derivative

Ou(r, 1)

o = —tan 0, 3)

r=R =0

where 0 describes the surface deflection angle compared to

the resting surface at the radius of the membrane R. By

applying the boundary condition, we get for the amplitude
ctan0

A=—F 4)
27‘EfJ1 (TnfR)

The amplitude allows us to make a prediction of the reso-
nance frequencies of the undamped oscillator. By setting the
denominator equal to zero, we get the mode frequencies

c .
fn =5 /1n (5)

27R
© Author(s) 2017.
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where j, , represents the nth root of the Bessel function of
first kind and 1st order. Knowing that the Bessel function of
first kind forms orthogonal basis functions, when the argu-
ment is scaled, any radially symmetric surface shape can
be described as a linear combination of these modes.
Controlling these surface vibrations may give us the possibil-
ity to temporarily design different surface shapes by super-
position, as it is done for example in laser pulse shaping.>’
Measuring the mode frequencies experimentally can be used
to determine the nature of the surface vibrations and the
shape of the surface.*® It indicates whether the surface modes
appear as predicted by the theory. As it is shown in the fol-
lowing paragraph, the lower mode frequencies are at the
order of 100 Hz for the used LL.

Since the theory of an undamped vibrating surface can
only be an approximation of the experimental situation, we
have to point out a few differences to check afterwards
whether the simple undamped model can help to understand
the behaviour of the real liquid surface. The used liquid lens
is an Arctic 39NO from Varioptic. The lens consists of two
liquids with equal densities to eliminate gravity effects. The
shape of the liquid container is not cylindrical as assumed by
the model but conical in the vicinity of the liquid interface
(see Fig. 1). Hence, the size of the membrane slightly
changes during vibration. In the static case, the radius of the
interface depends on the LL interface curvature and therefore
on the applied voltage U. It can be fitted to the data given in
the Arctic 39N0 manual

R = (3.193+0.006) x 10 m — (1.25+0.01) x 107°U %
(6)

Because the mode frequencies depend on the radius [Eq. (5)],
they also depend on the applied voltage amplitudes. For small
oscillations as investigated in this paper, the introduced fre-
quency shift is~1.5%, but it can go up to more than 20% for
larger fluctuations. As a consequence, the conical shape of the
LL limits the applicability of the model to the first 64 modes
for the applied small oscillations, where the frequencies start
overlapping. In the case of a flat undisturbed surface, the sur-
face radius is R = (2.65 = 0.01) x 10 > m.

The vibration of a real liquid is damped by the viscosity
and the friction at the walls. Therefore, the oscillator has to
be driven with an external driving voltage to keep the lens
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FIG. 1. Schematic profile of the Arctic 39NO liquid lens. The dashed lines
show possible static interface curvatures for different voltages U. 0 indicates
the deflection angle.
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oscillating. The dependence of the deflection angle 0 (in
radians) on the voltage can be fitted to the data given in the
Arctic 39N0 manual

1
0 = —0.949 + 0.007 + (2.27 = 0.01) x 102U v (7)

When the control voltage amplitude is small and oscillates at
or close to a resonance, the liquid surface is a standing wave
at the resonance frequency. Since the system is damped, a
continuous driving force is required to create a steady oscil-
lation. As follows from Egs. (4) and (7), the amplitude A of
the standing wave depends non-linearly on the voltage U. To
keep up the validity of the model, it is necessary to remain
within the linear regime of the angle behavior. A simulated
comparison of the non-linear model and the linearised model
is shown in Fig. 2 for a small voltage oscillation, as used in
this publication and an extremely large one. While the ampli-
tude deviation due to linearisation is below 1% for the
applied small oscillations, it can go up to more than 25% for
larger oscillations. The deviation from the cosine behavior
introduces additional frequency components which stimulate
multiple modes at the same time during the experiments.

For experimental verification, we use the Arctic 39NO
LL model by Varioptic. The optical power is —Sm ™' to
15m™" for applied voltages ranging from 23V to 70 V. The
focal switching speed is limited to 25 Hz (i.e., 20 ms between
the two extreme foci). The refractive indices of the two used
liquids are n; =1.3846 and n, =1.4921 at 1=632.8 nm. A
flat interface was obtained for a voltage of U =43.12V. The
environment temperature is 21 °C. The diameter of the lens
aperture is d =3.95 mm.

A collimated HeNe laser beam with a Gaussian beam
profile and a FWHM of 8 mm illuminates the LL surface.
The intensity distribution of the modified beam is measured
using a camera at a distance of 50 cm behind the LL, i.e., in
the Fresnel region (see supplementary material for a drawing
of the setup). The experiment was carried out using both an
SVS-VISTEK eco655MVGE industrial camera and a
Photron SA3 high-speed camera. The high-speed camera
was used to sample the lens surface within a single oscilla-
tion, while the industrial camera is able to sample it over
several oscillation cycles. The image acquisition is synchro-
nized to the voltage supply of the liquid lens.

The simplicity of the setup facilitates simulating and pre-
dicting the intensity measurements for different parameters.
By fitting the simulated to the measured intensity patterns
once, the speed of waves can be determined.

tan(0) & aN ,~ tan(U = 38V)
\ I’ \ /

/
\\ , \\ ;

/ \ / 10 x tan(U = 1.6V)

FIG. 2. Comparison of the linear approximation of tan () and the exact
solution for a small and a large amplitude. The dashed lines show the tan-
gent exactly. The solid lines show the linearisation. To increase readability,
the solution for 1.6 V is multiplied by a factor of 10.
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The simulation was carried out using both a geometrical
optics and a physical optics model. In LightTools, the setup
was simulated by means of geometrical optics, but the simu-
lation has not been able to predict the diffraction effects
introduced by the lens aperture.

A wave optics model instead delivered promising
results. The delay of the incident plane wave is proportional
to the optical path length inside the two liquids. The wave-
front is propagated to the detector using Fresnel propagation
and converted into a relative intensity pattern. The Fresnel
approximation is valid for the given aperture diameter and
wavelength for distances longer than 1.8 cm behind the lig-
uid lens, which includes our measurement distance suffi-
ciently. For smaller apertures or distances larger than 2d°/A
= 50m, the simpler Fraunhofer model is sufficiently accu-
rate. The first row of Fig. 3(a) shows the results of the simu-
lated fundamental mode for both extreme surface deflections
at t=0 and r=T/2, where T=1/f is the oscillation period.
While the resonance frequencies are predicted by the model,
the amplitude can be chosen freely. In the displayed cases, it
was chosen to be small, i.e., in the range of 3 um to 14 um.
The introduced optical path delay is then approximately
0.5-2 wavelengths. The other rows show the higher reso-
nance modes. It can be observed that the amount of dominant
rings equals the resonance mode number.

The liquid lens is tuned to a flat surface by applying
43.12V. A small AC sine signal with an amplitude of 1.6 V
is added on top to excite surface modes. The voltage varia-
tion is chosen to be small to ensure that the lens surface can
be described linearly. The frequency is varied between 10 Hz
and 250 Hz. The exposure time of the high-speed camera is
50 wus. The fundamental mode can be identified by compar-
ing the simulated intensity patterns and the experimental
data. It occurs at f; =59 Hz. The next three higher modes
can be found in the same way: f, =108 Hz; f3=157Hz;
f4+=205Hz. The appearance of the first four modes is

f f

i 59 Hz
£ 108 Hz
Iy 157 Hz
£ 205 Hz

(b)

FIG. 3. Comparison of the Fresnel simulation and the measurements of sur-
face waves on a LL. The columns show the intensities produced in both
maximally deflected surface situations. (a) Simulation of the intensity pat-
tern for the surface resonances on the LL. The intensity is calculated relative
to the input field. (b) High speed camera measurement of the produced inten-
sity patterns. The exposure time is 50 ys.

Appl. Phys. Lett. 111, 171106 (2017)

displayed in Fig. 3(b). The left column shows the observed
intensity patterns for a maximally deflected surface at =0,
and the right column shows the opposite situation for the
maximally deflected surface at t =T/2. The rows display the
measurements of the found resonance frequencies (see
supplementary material for a video of the first LL modes).
The comparison of the measurements with the simulated
intensities shows only minor deviations in the general shape
of the light patterns. The measurement of the ground mode
at 59 Hz is slightly overexposed and therefore appears to be
sharper than the simulation. The small vertical fringe pat-
terns observed throughout the measurements appear due to
Fabry-Pérot interference in the camera.

Using the experimentally determined frequency of the
first resonance mode and Eq. (5), the speed of waves on the
LL surface can be calculated: ¢ =2nRf/j; ; = (26 = 6) cm/s.
The value is in the expected range for aqueous solutions.
This quantity can now be used to predict the behavior of the
liquid lens for different voltages and frequencies to create
different surface shapes.

The experimentally determined mode frequencies f} 234
are in agreement with Eq. (5). This additionally supports the
proposed undamped model. The mode frequencies are much
smaller compared to tunable acoustic gradient index of
refraction (TAG) lenses® (>100kHz) and allow making the
image acquisition more affordable. For higher resonance fre-
quencies though, the resonance frequencies are observed at
higher frequencies than predicted by a true Bessel-based sur-
face resonance model. This deviation is probably caused by
the larger influence of friction at the walls for higher fre-
quencies, which changes the Neumann boundary condition
to a Robin boundary condition.*'

The influence of damping can be made visible by analy-
sing the frequency response of the system. A way to show
the sharpness of the fundamental mode is measuring the
intensity on the optical axis at T=0 (see Fig. 4). The higher
modes are not visible in the graph because the intensity is
maximum in the rings surrounding the on-axis peak. The
influence of damping is not unexpected since the LL manu-
facturer artificially increases the damping to optimize the
response time and to suppress oscillations.'

59 Hz
A !

Intensity

50 100 150 200
Frequency(Hz)

FIG. 4. Intensity on the optical axis versus the modulation frequency at
T=0. The intensity shows a maximum in the fundamental mode f; =59 Hz.
Higher modes are not visible in the graph since the intensity is split up
between the central peak and the surrounding rings.
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For high resonance amplitudes, the frequencies also shift
and multiple modes are stimulated at the same time. This
occurs due to the non-linearity of the model, in both the radius
dependency of the resonance frequencies [Eq. (5)] and the
tan-dependency of the amplitude [Eq. (4)]. Ultimately, the
amplitude of the surface waves is limited by the distance
between the glass windows of the LL (comp. Fig. 1).

Surface modes on a liquid lens can be described with a
membrane model that is based on the assumption of an invis-
cid incompressible liquid droplet. The simulated intensity pat-
terns based on a vibrating surface match the experimentally
observed behavior. The experimentally dominating low fre-
quency modes can be fully described and predicted with the
developed model. High amplitudes and frequencies do not
fulfill the approximation since the behavior becomes non-
linear and the resonances are highly damped. They therefore
only play a minor role in fast focal switching and do not cause
relevant aberrations. The obtained knowledge about the sur-
face waves can be used to improve the switching speed of a
LL or shape the LL surface such that the phase front can be
designed to create a Bessel beam, avoid aberrations (also in
2D imaging), or to create a phase object for digital hologra-
phy. A publication on the creation of arbitrary aspherical sur-
face shapes based on the proposed model is in preparation.

See supplementary material for an image of the setup
and a video of the LL modes.
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