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Abstract

By implementing cone-beam computed tomography (CBCT) into proton therapy radiation
units, a predetermined treatment plan could be updated prior to each treatment fraction ac-
cording to the changing anatomy of the patient for better dose distribution. However, CBCT
does not produce high enough image quality compared to fan-beam CT (FBCT), which nowa-
days is used to build a treatment plan based on the stopping power ratio (SPR) of the objective
tissue in the body. Spectral CBCT is a promising method to potentially increase the image
quality of conventional CBCT. A provided joint reconstruction spectral CBCT algorithm in
MATLAB is used to determine whether the low image quality of CBCT can be improved, as joint
reconstruction algorithms have been proven to improve image quality for FBCT in practical
experiments. The provided code is converted to Python, after which equivalent results are
ensured using comparative analysis. A phantom with multiple biological materials is then
implemented in this acquired Python code to investigate the quality of the reconstruction im-
ages. Moreover, SPR maps and a VMI are constructed from these images and their quality
determined.

The results show that for 10 to 12 iterations, the used reconstruction provides the reconstructed
images with the lowest mean squared error (MSE). For higher iterations, the image becomes
oversmoothed and loses quality. In future research, the used joint reconstruction algorithm
should be compared to non-joint reconstruction algorithms to investigate the impact of this
technique on the image quality, after which it could be applied to more realistic data.
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Introduction

External beam radiotherapy is used to combat cancer cells within the body by directing a
beam of particles toward malignant cells with the aim of destroying them. Proton therapy is
a form of external beam radiotherapy with substantially better dose distribution than more
conventional photon therapy [1]. It is essential to acquire detailed knowledge of the anatomy
of the patient to determine a treatment plan, especially for proton therapy, since protons have
a finite range and therefore release their radiation dose extremely localised [2]. The treatment
plan is based on the stopping power ratio (SPR), which is the proton stopping power of a
material relative to that of water. The proton stopping power is a material property that
dictates the path length of the protons passing through the material [3].

Nowadays, a fan-beam computed tomography (FBCT) scanner is used to calculate SPR values
to accurately determine the targeted region and surrounding organs at risk within the body,
after which a treatment plan is established before starting treatment [4]. For this, it is also
relevant that CT scanners have the ability to reconstruct a high distinction between soft
tissue materials, both in the SPR maps and in the final reconstruction images, since tumours
and most soft tissue have very similar material properties [5]. The treatment then consists
of many treatment fractions over many different days. However, since the treatment plan
must be determined in advance, loss of positional precision during a treatment fraction is
probable due to changes in the anatomy of a patient [6]. Since FBCT scanners need a spiral
around a specific part of the body to create a reconstructed image, these types of scanners are
much larger compared to cone-beam CT (CBCT) scanner units. Therefore, it is not possible
to integrate FBCT with radiotherapy units to update the treatment plan according to the
changing anatomy of the patient directly before a treatment fraction. However, it is possible
to integrate CBCT scanners into radiation therapy due to their spatial efficiency compared to
FBCT scanners. Currently, CBCT scanners integrated in radiotherapy units are used to check
if the patient is positioned correctly and thus aligned with the predetermined treatment plan.
However, CBCT does not produce a high enough image quality to be able to correct the initial
treatment plan directly according to the current patient anatomy [7]. Integration of CBCT
imaging with better quality in radiotherapy units allows for pretreatment adaptation of the
necessary radiation therapy, resulting in greater dose accuracy during treatment.

One way to possibly obtain higher image quality from CBCT imaging is to use spectral CBCT,
which allows for integration of the energy dependence of the interaction between X-rays and
matter into the reconstruction process. Spectral CT can be performed in a number of different
ways. In this thesis, photon counting CT (PCCT) is considered. This type of CT uses detectors,
typically made from semiconductors, that are able to determine the energy of individual X-



ray photons [8]. This is in contrast to the conventional energy-integrating detector (EID),
which essentially determines the total energy of the photons that arrive on the detector. The
individual photons detected by a PCD are sorted into discrete energy intervals. Usually, an
image is reconstructed for each of these energy bins, after which the images are combined to
form a final reconstruction image or to extract information on material properties. However,
this technique does not use all available detector information in an optimal way, as it [9].
Therefore, this thesis focuses on joint reconstruction, which is the method of combining all
information from the different energy bins into a reconstruction image in a single step. Joint
reconstruction has been applied in practical experiments to FBCT and has shown promise in
improving image quality in the reconstructed image [7]. This thesis will investigate whether
joint reconstruction allows for a higher image quality in CBCT.

Mechlem et al. [10] provided a joint reconstruction material decomposition and reconstruction
algorithm for PCCT. This algorithm was later implemented into a MATLAB code by Mory et
al. [11] to work for spectral FBCT, after which it was adapted to CBCT by van Leenen
[12]. The goal of this thesis is to implement this MATLAB code equivalently into Python, so
that in the future, the code can be made more efficient by allowing integration with open
software packages available in Python. After validating the new code, a phantom with multiple
biological materials is built to investigate the image quality of the reconstruction images. In
addition, SPR maps are built from the reconstruction images to investigate whether these are
reconstructed accurately.

The structure of this thesis is as follows. In Chapter 2, a theoretical background on a number of
different topics is provided in Chapter 2 to better understand the general concept of this thesis.
This contains a mathematical background on inverse problems, along with the functioning of
regularisation in stabilising inverse problems. Then, an explanation of the basics of CT is
provided, including different detectors, spectral CT, and the interaction between X-rays and
matter on which CT is based. Lastly, some basic information about CT reconstruction is
provided, along with the optimisation algorithm used in this thesis for image reconstruction.
In Chapter 3, the implementation of the optimisation algorithm used is explained. Chapter 4
provides the results from the code implementation from the previous chapter, after which they
are discussed.



Theory

This chapter provides the theoretical background required to understand the techniques and
methodology used in this thesis. It introduces the mathematical framework for inverse prob-
lems, the principles of computed tomography, common reconstruction techniques, and the
optimisation algorithm used for image reconstruction. Together, these topics lay the founda-
tion for the development and evaluation of the methodology of this thesis, presented in a later
chapter.

2.1. Inverse Problems

An inverse problem is a problem in which certain causal factors are calculated when the physical
effects of them are known [13]. This could, for example, be the problem of finding the shape of
an object when the shadow it casts is known. This is opposed to a direct problem, which aims
to calculate the exact opposite; the effect is calculated from a known cause. In practice, it can
be quite difficult to accurately produce an estimate of a physical cause when only measurements
are known. In this chapter, a basic understanding of the mathematics behind inverse problems
will be explained in detail.

Consider the forward operator matrix A € R¥*? which represents a model of the underlying
physical process and the measured physical effect m € R*. Here, the variable k is the number
of individual, discrete data points from the measurement and d is the number of unknowns
that are calculated in order to reconstruct the desired physical cause. We define a certain
perturbed measurement model as follows:

m=Au+n. (2.1)

Here, n € RF is the noise present in the measurements, which is an unknown quantity. The
goal of the problem is to obtain an estimate of the object of interest u € R?, which is the
desired physical cause. The measurement m is known to be a discrete quantity due to the
nature of measurement devices. Moreover, even though the quantity u describes a continuous
physical process, it is also considered discrete for practical computation, since computers cannot
directly handle continuous functions. The matrix formula presented in Equation (2.1) can also
be written as follows:
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Unfortunately, the noise in the problem is not known. This quantity is therefore often modelled
as a random variable. We take the expected norm value of the noise to be small for the following
paragraph. Assuming that the noise can be modelled in this way, we can try to solve the inverse
problem by reconstructing an estimate of the quantity u. However, when the forward matrix
A is ill-conditioned, it is not possible to take the inverse of the matrix A and calculate the
desired physical quantity as follows: u = A~!(m —n). Moreover, the exact values of the noise
in the system cannot be estimated, and therefore it is not possible to use the quantity n in
this way.

The measurement model in Equation (2.1) is ill-conditioned if it breaks at least one of the
following conditions for well-posed problems [14]:

1. Existence: There is at least one solution to the problem.
2. Uniqueness: There is at most one solution to the problem.

3. Stability: The solution changes continuously with the initial conditions.

The existence of a solution in this particular case is whether it is possible to reconstruct an
estimation of u. If there are multiple solutions, there are multiple possible estimations for u,
and the actual physical effect can only be recovered when certain a priori knowledge is applied
to the problem.

We examine three different cases for A € R¥*¢ that could cause the perturbed measurement
model from Equation 2.1 to become ill-conditioned [13]. In the case where d # k, A is
either underdetermined or overdetermined. This means that there are more unknowns than
equations in the problem or more equations than unknowns, respectively. In both of these cases,
one of the conditions of well-posed problems is broken. In the former, where the problem is
underdetermined, the presence of more unknown variables than equations results in a problem
where there are multiple possible solutions for the estimation of u. On the other hand, if the
system is overdetermined, a solution for u could exist if the obtained overdetermined system of
equations is consistent. However, in a perturbed system the chance becomes near zero that the
resulting system is consistent, as the noise is modelled by a random variable. Therefore, the
system has a very high chance to break the existence condition for well-posed problems. This
makes the inverse problem ill-conditioned for d # k. Moreover, the matrix A is not invertible
in both cases, as it is not a square matrix and therefore the naive inversion will not be possible
for this case.

Now, if we assume d = k, we know that there exists an inversion A~! : R¥ — RF, in the
case where A has full rank. The reason why A could result in an ill-conditioned problem for
d = k is found in the behaviour of the condition number. The condition number, defined as
k(A) = ||A]| - ||]A7Y]|, is a measure of numerical sensitivity; how much the output changes in
response to tiny changes in the input. The norm || - || for determining the condition number
of the forward matrix A is assumed to be the Euclidean matrix norm. By definition, an ill-
conditioned problem has a large condition number, which means that the inverse problem has
high numerical sensitivity and is therefore unstable.

It is possible to show why exactly a high condition number results in high numerical sensitivity.
If we consider the true value u, we can say that it = A~'m = u+ A~'n, where  is the result
from the naive inversion. This can also be written as Ai = m = Au + n, as the measurement



2.1. Inverse Problems 5

m must remain equal for both the perturbed and unperturbed calculations. Therefore, we can
write A(lt—u) = AAu = n. Then, we can relate the condition number with the relative error

in the output to the relative error in the input. We consider %. This is the ratio of the

amount of noise in the system to the result of a measurement without noise. This will then be

a measure for the amount of noise in the system, normalised by an unperturbed measurement,
HHAlll\H
u
is the scaled ratio of the difference between the true value and the perturbed value, Au, and
the true value u. This can be seen as the relative error in the output of the unperturbed case.
If we calculate the ratio between the relative input and output errors, the following result can

be obtained [15]:

and can be seen as the relative input error in the system. Furthermore, we know that

T [|Au|]-[]Aul|
Inll — :
e | - [[ul]
_[|A7n]| - [|Aul|
|| - [|u]]
[AY] - ||| - [|A]] - ][ul] _
< = ||[A7Y] - ]|A]| = K(A), (2.3)
|| - [Jul]

using ||Au|| < ||A]] - ||u]|, Vu, etc. So we get the following result, in which we can clearly see
the effect of the condition number on the changes in output:

[|Aull
||l

]
|Au]

< r(A)

(2.4)

By this formula, we can see that with a very large x(A), even for small fluctuations in the
noise, the relative output error can be very large. This means that there is a lot of uncer-
tainty in the possible final reconstruction of u, which is not desirable. Therefore, the naive
inversion t = A~'m = u + A~'n will not offer an appropriate solution for the case d = k.
Because of this, the stability condition for well-posed problems is broken. This means that for
the case d = k the perturbed measurement model from Equation (2.1) becomes ill-conditioned.

As we have seen, it is generally not feasible to invert the matrix A to obtain an accurate
estimation of u. This is especially the case when the matrix A is such that the inverse
problem is ill-conditioned. Moreover, direct inversion also fails when the matrix A is singular,
or if it is over- or underdetermined. The maximum likelihood estimation method is one of
many approaches to estimate a quantity u from measurements m. The problem encountered
in this thesis is described well by a Poisson distribution, since the measurements are counts of
discrete events. This will be explained in more detail in Section 2.5.1. In the case of a discrete
probability distribution, the maximum likelihood estimate can be described as the value of the
parameter that assigns the highest probability to the measurement m [16]. To be able to use
the maximum likelihood method, a likelihood function must be determined. The likelihood
function is obtained by multiplying the probability mass function of the Poisson distribution
for each independent measurement m; [17]:

i (Au)memi(Au)

P(m | Au) :H

i

(2.5)
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Here, m;(Au) is the prediction corresponding to measurement m; and based on the current
estimate u. Optimisation is more convenient in the logarithmic domain as it simplifies the nec-
essary calculations. Since the logarithm is a monotone function, the estimated value maximises
the likelihood function if and only if it maximises the log-likelihood function [16]. Therefore,
the likelihood function is usually converted into a negative log-likelihood function:

L(u) = —log P(m | Au) =) _ (1i(Au) — m;logri(Au)) . (2.6)

%

In this equation, £(u) is the negative log-likelihood, which is the cost function to be minimised
to obtain an estimate. The final maximum likelihood estimate is therefore acquired with the
following:

u = argmin L£(u) . (2.7)

ucRd

The maximum likelihood estimation method will not provide an accurate estimate of u on its
own. Using this method would result in unstable and non-unique solutions, especially when
direct inversion of the matrix A is not possible. To stabilise the problem, a priori knowledge
is needed to be able to acquire an estimate of u. This a priori knowledge will be incorporated
into the problem as a convex term that is added to the negative log-likelihood function, which
is called the regularisation term. Different types of regularisation and their purposes are given
in the following section.

2.2. Reqgularisation

In order to stabilise the given inverse problem, m = Au + n, a regularisation term is needed.
There are multiple ways to apply regularisation to an inverse problem, depending on the type
of a priori knowledge we have for a specific case. A certain type of regularisation can include
conditions for the resulting solution, such as an amount of smoothness or sparseness [18]. Three
types of regularisation terms will be explained in more detail in the following subsections;
Tikhonov regularisation, LASSO regularisation, and total variation regularisation.

2.2.1. Tikhonov Regularisation

Consider the perturbed measurement model of Section 2.1, m = Au + n. Tikhonov regulari-
sation provides the negative log-likelihood function with a priori knowledge in the form of an
¢% penalty term. The negative log-likelihood function from Formula (2.6) then becomes the
following convex and differentiable optimisation problem [19]:

arg min{ Z (mi(Au) —m; log mi(Au)) + a||u|]%} , (2.8)

ucRd

where the quadratic term [|ul|3 = 3%, 2 is called the regularisation term and o > 0 is called

the tuning parameter. This regularisation term is introduced to prioritise vectors w € R¢
that have a lower value for ||u||3. For high values of the quadratic term, the cost function
L(u) + a|[u||3 would increase, leading to a decrease in prioritisation, because the optimisation
seeks to minimise the cost function. Because of this, Tikhonov regularisation tends to suppress
solutions with large values. Vectors u in which large values are present, for example due to a
large amount of noise, are also suppressed by this ¢? penalty term. In this way, the Tikhonov
regularisation is used to incorporate a certain amount of smoothness into the resulting physical
quantity u [19], depending on the size of the parameter a. Moreover, the size of a should be
considered carefully. A too small value may result in too little influence in reducing the noise,
while an excessively large value would result in over-smoothing of u, and thus a loss of detail.
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Adding the convex and differentiable penalty term not only results in the problem being sta-
bilised by the suppression of large fluctuations, but due to its convex and coercive properties,
it will also have a unique solution [20]. The unique solution obtained with Tikhonov regu-
larisation can be shown, under suitable conditions, to converge to a stable approximation of
the original inverse problem. While this may not coincide with the exact true solution in
the presence of noise or oscillatory behaviour, in practice it provides a much more stable and
interpretable result than the maximum likelihood estimation method. Another advantage is
that this problem can be solved analytically because of its differentiability.

2.2.2. LASSO Regularisation

To introduce more sparseness in the solution, we look at the Least Absolute Selection and
Shrinkage Operator (LASSO) regularisation. Opposed to Tikhonov regularisation, an ¢! based
penalty term is introduced in the form of ||ul|;. Then, the formula for the LASSO regularisation
is expressed as follows:

argmin{ Z (ﬁli(Au) —m;log mi(Au)) + aHqu} , (2.9)

ucRd

where ||ul|; = Z;l:l |u;| and the parameter > 0 is again the tuning parameter. This equation
can be equivalently formulated using a constraint in the following manner [21]:

arg minz (Thi(Au) —m;log mi(Au)) , subject to [|ull; <s. (2.10)
ucRkd i

Here, a new tuning parameter s is introduced, which is related to the tuning parameter «
[19]. Moreover, for every a > 0, there exists an s such that Equations (2.9) and (2.10) have
the same solution [13]. This form of regression will shrink the solution of the inverse problem
towards zero, which means that a certain amount of sparseness is introduced depending on the
size of the tuning parameter «. Primarily irrelevant variable coefficients, which are already
close to zero, would be reduced to zero, and more influential coefficients would consequently
be highlighted.

To explain this effect more clearly, let us look at a geometric illustration of the effect of ¢!
and ¢? based regularisation in the simple case d = 2. Notice that the Tikhonov regularisation
of Equation (2.8) can also be written as the minimisation of the negative log-likelihood cost
function with an ¢? norm constraint, |[u||3 < s, just as in Equation (2.10). Again, s is a
new tuning parameter which is related to the tuning parameter «, equivalent to the LASSO
constraint formulation.

The geometric illustration of ¢! and ¢? based regularisation is shown in Figure 2.1. Here, the
solution of the log-likelihood function minimisation is located in the darkest blue spot, and
surrounded by ellipsoids that represent the residual errors of the minimisation, £(u) = C. The
red and light blue regions on the axes are the constraints imposed by regularisation, which
in this case is |[u||3 = u? + u3 < s for Tikhonov and |[u||; = |u1| + |uz| < s for LASSO
regularisation, respectively. As described in Equation (2.10) and the constrained version of the
Tikhonov regularisation, the regularised estimate is given by the first point where a residual
contour intersects with the constraint region. From the figure it becomes clear exactly why
LASSO regularisation encourages sparseness in the solution. As the constraint region for ¢!
regularisation has corners aligned with the u; and ug axes, resulting from the absolute value,
the residual errors prefer to intersect the constraint region at these corners. This is in contrast
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Figure 2.1: Geometrical interpretation of the effect of £' regularisation (left) and ¢? regularisation (right) on
the solution of the log-likelihood function minimisation [22].

to the circular constraint region, where there is no specific preference to land in any part of
the region.

2.2.3. Total Variation Regularisation

In image reconstruction, the main focus of this thesis, regularisation will mainly be used for
differences between pixels in an image to restrict certain conditions on the final image. For
example, it is desirable that a large difference between two pixels is preserved, as this could
indicate a transition to a new part of the image. On the other hand, for small differences
between pixels, it is desirable that these differences are smoothed out and pushed towards zero
to encourage sparseness and, as a result, reduce the noise. Total variation (TV) regularisation
is a form of ¢! regularisation, which is used to introduce this type of a priori knowledge. We
define the following equation as the general notation for ¢! regularisation [13]:

ucRd

arg min{ Z (mi(Au) — m;log mi(Au)> + aHLqu} , (2.11)

where L is introduced as a discretised differential operator. As can be seen in Equation
(2.9), for L = I, the identity matrix, this equation is defined as LASSO regularisation. TV
regularisation in one dimension is defined as the general formula for ¢! regularisation with the
following differential operator:

L=— . (2.12)
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This discretised differential operator is the approximation of a differential using the forward
difference, which can also be written as u'(z;) ~ (u(z;+1) —u(z;))/Az. So, essentially, instead
of regularising individual values, the difference between two values is punished. In the general
case, TV regularisation can be defined as follows:

argmin{ Z (mi(Au) — m; log mi(Au)) + aHVqu} , (2.13)

ucRd

with ||[Vul|; = Z?Zl |Vuj|. In this case, the V operator is a notation for a discrete version
of differentiation, since we are working with discrete quantities. The discretised differential
operator from Equation (2.12) is an example of a possible discretised differentiation method and
would give Z?Zl |Vu,| = Z;l:l |uj+1 —uj|/Az. Like LASSO regularisation, TV regularisation
promotes sparseness due to the /! norm. However, by introducing the gradient in the equation,
now differences between values will be pushed towards zero. This means that when two values
are very close to one another, the regularisation pushes them towards each other, creating a
difference of zero, while large differences between values will be less punished.

2.3. Basics of Computed Tomography

Computed tomography (CT) scanners are used to create images of the internal structure of
a patient, with the aim of diagnosing an injury or a disease or planning medical treatments
such as surgery or radiation therapy [23]. There are many different types of CT scanners, with
differences depending on the manufacturer, purpose, and innovation. In the following sections,
a detailed theoretical background is given on CT scanners and their functioning. This includes
different types of X-ray detectors, the difference between fan-beam CT and cone-beam CT,
and the innovative spectral CT. Furthermore, an explanation of the attenuation coefficient is
given, which is the material characteristic that governs X-ray transport, determines CT data
acquisition, and therefore forms the reconstructed image of the scanned sample. Lastly, a
background on the functioning of proton therapy will be provided, along with information on
proton stopping power and SPR maps.

A CT scanner consists of a torus-shaped machine, called a gantry, as can be seen in Figure 2.2.
In the cavity of the gantry, a patient table is located on which the patient or object to scan can
be placed [24]. An X-ray emitter and an X-ray detector are located inside the gantry, both of
which revolve directly opposite each other around the sample on the patient table. The X-ray
emitter usually consists of an X-ray tube, which converts electrons to polychromatic X-rays,
which are composed of a broad range of different photon energies. Moreover, there are typically
two collimators, one at the source and one at the detector, which absorb low-energy X-rays
[24]. The source collimator forces the X-rays produced in the X-ray tube to a certain desired
shape, typically in a fan or cone shape. The detector collimator, also known as an anti-scatter
grid, ensures that the amount of X-rays scattering from the sample or other equipment that
reaches the detector is reduced, resulting in better contrast in the image. However, this type
of collimator is not always implemented in a CT scanner.
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Figure 2.2: Front view schematic of the different parts of a CT scanner [25].

2.3.1. Attenuation Coefficient

The linear attenuation coefficient, denoted by p and with SI unit cm™", is a material property
that describes how X-rays are attenuated in a material. Consequently, CT scanners use this
property to measure the internal structure of a sample. When an X-ray travels through a
material, the intensity of that X-ray decreases depending on the composition of the material.
X-rays travel much more easily through mediums such as water than through materials with
higher density.

1

The attenuation coefficient is related to the probability per unit path length that an X-ray
undergoes an interaction with the medium through which it travels [26]. The effect of X-ray
absorption in a material was described by Johann Heinrich Lambert in 1760 in the following
formula [27]:

I=1I-eH, (2.14)

Here, Iy is the initial intensity of the X-ray beam in units Jm~2s~!. The initial intensity

decreases to I exponentially when travelling through an object with absorption coefficient p
and thickness d. The product ud is then the expected number of interactions along thickness
d. However, this equation only holds when the X-rays that pass through the material are
monochromatic, as higher-energy photons do not get attenuated at the same rate as lower-
energy photons [28]. The equation that describes the decrease in X-ray intensity for polychro-
matic X-rays is given as follows [29]:

I(E) = Io(E)e~ / #Ex)de (2.15)

Here, the linear attenuation coefficient as a function of place and energy is given as u(FE,x).
The integral in the exponent is a line integral that calculates the attenuation coefficient over
the path of a specific X-ray. The value of this attenuation coefficient is therefore also dependent
on the energy since we are now looking at the attenuation of polychromatic X-rays.

The mass attenuation coefficient is defined as the linear attenuation coefficient of a certain
material divided by the density, denoted as p/p and given in units cm?g=!. Whereas the
linear attenuation coefficient is density dependent, the mass attenuation coefficient is not. For
example, the linear attenuation coefficient of ice is different from that of water, while the mass
attenuation coefficient is equivalent for both states.

In the energy range of 20 - 150 keV, which is the broad range in which most CT scanners
operate [30], two primary interaction effects govern the attenuation; Compton scattering and
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the photoelectric effect [31]. From these interactions, higher-energy photons mostly undergo
Compton scattering, while lower-energy photons have a higher probability of undergoing the
photoelectric effect [32]. Since the linear attenuation coefficient is related to the probability
of these interactions with the medium, it is possible to write it as a linear combination of the
effect of Compton and photoelectric interactions [33]. This can be expressed in the following
formula:

w(E) = apfp(E) + acfe(E), (2.16)

where a, > 0 and f,(E) are the contribution and energy dependence function of the photo-
electric effect, respectively, and a. > 0 and f.(E) those of Compton scattering. Because these
interactions are energy dependent, the attenuation coefficient of a material also varies with
photon energy. As mentioned earlier, lower-energy photons have a much higher probability of
interaction with the photoelectric effect compared to Compton scattering. Therefore, when an
X-ray passes through a material with a high attenuation coefficient, this not only results in
an X-ray beam with less intensity, but also with a higher average energy because lower-energy
photons have a higher chance of being absorbed by the tissue [32]. This effect is also known
as beam hardening and will be explained in more detail in Section 2.5.4.

The linear combination from Equation (2.16) makes it possible to approximate the linear
attenuation coefficient of any material as a linear combination of a set of basis materials in the
following way [33]:

,LL(E) = alfl(E) + azfz(E) —+ o+ anfn(E) . (217)

Here, a; are constants that give the contribution of material ¢ to the composition of the ma-
terial, and f;(FE) are the linear attenuation coefficients of material ¢ as a function of energy.
With this approximation, it is possible to assume that the attenuation coefficient of all tissues
in the human body can be described as a linear combination of the attenuation coefficients of
water and bone [34]. This linear combination will be applied in Section 2.5.1 in the joint recon-
struction optimisation algorithm to reconstruct different biological materials within the body.
Therefore, the attenuation coefficient of an arbitrary biological material can be approximated
as follows:

M(E) ~cre ,ubone(E) +c2- ,uwater(E) . (2.18)

Here, the variables ¢; and ¢ are dimensionless relative volume fractions. These variables rep-
resent the weights of the attenuation coefficients of bone and water to describe the attenuation
coefficient of any arbitrary biological material within the energy range of 20 - 150 keV.
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Figure 2.3: X-rays travelling through the body are detected and a material map of attenuation coefficients is
made [35].
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X-rays that travel through the body during a CT scan arrive at the detector with a decreased
intensity compared to their initial intensity. After scanning the sample from many angles, the
signals from the detector are transformed into a material map that consists of the attenuation
coefficients of a single slice originating from the sample. To finally be able to form an entire
reconstructed image, information from line integral data from each different angle is combined.
This can be seen in Figure 2.3, where an X-ray beam passes through the body and is detected
by the detector. After combining the line integral data from many different angles, an image
is produced showing the attenuation coefficients along the line of travel. More details on the
reconstruction of this material map are explained in Section 2.5.

2.3.2. X-ray Detectors

There are multiple ways to detect the X-rays that have passed through the patient. The most
widely used X-ray detector is the energy integrating detector (EID) [36]. Depending on the
type, a detector consists of hundreds of individual crystalline scintillators. Each scintillator is
separated by a thin septum and connected to a photodiode below the scintillator [34]. One of
these scintillator cells can be seen in Figure 2.4a. When X-ray photons enter the scintillator,
they are absorbed by atoms, which then eject an electron [37]. When an electron is ejected
in this manner, it is called a photoelectron. This photoelectron travels within the scintillator
and unloads its energy onto the surrounding electrons in the material, after which they get
excited. After some time, these electrons emit their energy in the form of visible or ultraviolet
light, indicated as a yellow spark in Figure 2.4a. This scintillation light can travel relatively far
within the scintillator and would spread into neighbouring detector cells if left unconfined. This
optical crosstalk is prevented by the septa between the scintillator cells, effectively blocking
the scintillation light and keeping it confined to the pixel where it was generated. The confined
light is then detected by the photodiode, which transforms it into an electric signal proportional
to the total energy of the absorbed X-ray photon. However, the signals sent by the photodiode
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(a) Schematic of an EID. (b) Schematic of a PCD.

Figure 2.4: Schematics of the composition of an EID and a PCD [34].
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do not correspond to individual X-rays. That is because the light of a specific electron from
which an electric signal is created overlaps with all light in the direct vicinity of that electron,
due to the very high photon flux onto the detector. Therefore, an EID essentially measures the
total photon energy [8]. This means that high-energy photons contribute more to the electric
signal than low-energy photons, resulting in a poor use of the information carried by low-energy
photons [38]. That is one of the reasons it is desirable to know the individual photon energy
of each incident X-ray.

A very new method of detecting X-rays is the use of a photon-counting detector (PCD). Instead
of a crystalline scintillator, a PCD works with a semiconductor as a detector, typically cadmium
telluride (CdTe). This semiconductor, shown in Figure 2.4b, converts the photons directly into
an electric signal proportional to the magnitude of the X-ray energy, after which each signal
can be recorded individually [8]. This happens by introducing a strong electric field in the
semiconductor using a cathode and an anode. When an incident X-ray enters the PCD, a
small electrical particle cloud is created, consisting of positive and negative particles, holes
and electrons, respectively. The electrons are directly attracted to the cathode, creating an
electrical signal [8]. When the individual photon energies are known, it is possible to sort every
photon into discrete energy intervals, called energy bins. The way these energy bins are then
reconstructed into an image is explained in detail in Section 2.5.1.

PCCT scanners have many advantages compared to CT scanners equipped with an EID. As
follows from Figure 2.4 and the previous explanation of the functioning of both detectors, an
EID creates an electric signal in two steps, while a PCD creates a signal in a single step. The
conversion of X-rays into light in the scintillator of an EID gives the system more room to
create signal noise. This is mainly due to the afterglow of the light emitted from the electrons
in the scintillator. After an electron releases its energy as light, which is picked up by the
photodiode to create a signal, an afterglow remains for a few milliseconds [8]. This afterglow
causes a larger signal than is factually proportional to the energy of the X-ray, and thus
heightens the thermal noise in the system. As the PCD directly converts the incident X-ray to
a signal, this thermal noise is not present. In addition, PCCT scanners implement an energy
threshold in their detection. Because the X-rays are measured independently, it is possible to
filter out photon energies below a certain value, typically 20 keV [8]. This threshold is placed to
reduce the electric noise significantly, as this tends to correspond to photon energies below the
threshold level. However, such a threshold cannot be implemented for EIDs, as they indirectly
measure the total photon energy. Therefore, it is not possible to filter out specific low-energy
photons, which results in increased electric noise. Lastly, the septa between each scintillator
element in an EID occupy a space in which no X-rays can be detected. This causes the dose
efficiency to be lower, as there are photons whose energy will not be detected. The absence of
these septa in a PCD results in an improved spatial resolution [8].

For the reconstruction algorithm, it is necessary to be able to calculate the amount of photons
landing on the detector. Let Y denote the measured photon count, which can then be calculated
by applying the polyenergetic version of Lambert-Beer’s law to PCCT by introducing the
effective spectrum:

Y = / Oq(E) e JHED g (2.19)
0

The exponential in the formula describes the amount of attenuation of an X-ray according to
Equation (2.14). The variable ®.¢(F) is the energy dependent, effective X-ray spectrum, which
is the photon count of the incident spectrum before it undergoes attenuation. This variable
consists of three other variables, namely ®.g(E) = ®(F) - S*(E) - D(E) [39]. Here, ®(F) is
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the X-ray spectrum that reaches the detector before the photons are classified into energy bins.
The variable S*(F) is the response spectrum for energy bin s of the detector, included to adapt
this formula to PCCT scanners. This spectrum defines how photons of energy E contribute to
bin s. Furthermore, D(E) is the detector efficiency, which reflects the chance that a photon
of energy F is successfully registered as a count. The energy dependency originates from the
fact that photons with different energies react differently with the detector. The SI unit of
.5 is J71, that is, photon count per unit energy. After multiplying by the unit J from dF, it
becomes clear that Y is unitless. This matches the expectation, as it is an integer number.

Although scintillators are long believed to be too slow to detect individual photons and their en-
ergies, as a PCD does, the use of scintillators for PCCT is currently being investigated. Taguchi
et al. [40] proved that the scintillator cerium-doped lanthanum bromide (LaBrs:Ce) provided
a comparable or better counting capability and superior material decomposition quality than
the semiconductor CdTe in Monte Carlo simulations. The production of these scintillators
is much cheaper than that of semiconductors such as CdTe. Therefore, these advancements
in research are exciting developments towards a future where PCCT scanners are much more
widely available.

2.3.3. Fan-beam CT vs. Cone-beam CT
In addition to the multiple possible X-ray detectors, there are also different methods by which
the sample can be scanned. The most widely available CT scanning technique is fan-beam
CT (FBCT) [41], which means that the polychromatic X-rays emitted from the X-ray tube
are shaped in a thin fan [42]. After this X-ray fan passes through the sample, it is detected
by a flat-line detector directly opposite the emitter, as can be seen in the left image of Figure
2.5. In the image, the red lines represent the paths of the emitted X-rays. To obtain a full
image of the sample, the detector and emitter revolve around the sample inside the gantry. In
this way, the sample is scanned from many different angles, typically at least one thousand
[43], after which an image of a thin slice of the sample may be created. Finally, to scan the
whole patient, the flat X-ray beam and detector spiral around the patient to obtain a three-
dimensional reconstruction.

It is also possible to perform a CT scan in which the X-rays are emitted in a cone shape.
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Figure 2.5: Fan-beam CT (left) vs. cone-beam CT (right) [44]. The X-ray, shown as red lines, pass through
the sample to be received by their respective detectors.

This is called cone beam CT (CBCT) [42]. In the right image in Figure 2.5 it is clear that
the X-rays, again displayed as red lines, are emitted in a cone shape, after which they land on
a two-dimensional detector. A very important advantage of CBCT is that it is much easier
to integrate in other types of setup. Since the FBCT spirals around the patient to obtain
a reconstruction image, it takes up much more space than a CBCT that captures the entire
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patient rotating around a smaller area. However, because of its cone-shaped beam, CBCT
is also much more susceptible to scattering in the sample. Sample scatter that would not be
detected by the flat beam of FBCT could be detected by CBCT because of its volumetric shape.
This leads to lower contrast and a more influential presence of imaging artefacts, compared to
FBCT [7].

2.3.4. Spectral CT

Conventional CT uses single-energy CT (SECT), which emits a single-energy spectrum by the
X-ray tube. With SECT, the energy dependency of the attenuation coefficient is not taken
into account since the technique only pinpoints a single attenuation coefficient value. There-
fore, it omits the behaviour of the attenuation coefficient for different values of photon energy,
resulting in reduced material distinction and increased noise [45]. Moreover, SECT can only
reconstruct the average value of the linear attenuation coefficient at a certain energy. There-
fore, using this SECT, it can be very difficult to distinguish similarly composed materials.

To gather more spectral information for the reconstruction, spectral CT is introduced. In
conventional CT, spectral CT entails the use of more than one spectrum from the X-ray tube
to adjust for the fact that the attenuation coefficient depends on photon energy. The most
common implementation of spectral CT is called dual-energy CT (DECT), which uses energy
spectra at two different energies to acquire data. Because of this, the energy dependency of
the linear attenuation coefficient can be taken into account. These energy spectra are of lower
energy and another of higher energy [32]. This makes the material distinction much clearer
than using SECT. DECT can be carried out in a few different ways [8]. The first is performed
by integrating two X-ray tubes into the gantry of a CT scanner that emit different spectra
of low- and high-energy photons, which is called dual-source CT. Secondly, it is possible to
have a single X-ray tube in the gantry, which oscillates rapidly between spectra of low- and
high-energy photons. This method is called rapid kVp switching CT.

As explained in Section 2.3.2, PCDs can measure the individual energies of photons and sort
them into energy bins. With these energy bins, PCCT scanners can also take spectral infor-
mation into account with their detectors, even when using a single energy spectrum [8].

Introducing spectral CT, it is possible to determine two unknown quantities in the reconstruc-
tion [46]. This is, for example, very important in material decomposition algorithms, as the
contribution of two different basis materials needs to be determined to create a material map,
as explained in Section 2.3.1. Therefore, spectral CT can improve the material distinction
between different materials, specifically soft tissues with very similar attenuation coefficients,
providing better quality anatomical images and improving diagnostic capabilities [47]. There
are more advantages and applications of spectral CT compared to conventional CT, such as
low-dose CT, contrast imaging, or K-edge imaging [29]. However, in this thesis, the improve-
ment of soft tissue contrast is the most important advantage.

2.4. Proton Therapy

External beam radiotherapy is used to combat cancer cells within the body by directing a
beam of particles toward malignant cells with the aim of destroying them. Around 60%-70%
of cancer patients receive some form of radiotherapy in the course of their treatment, the
most used being photon therapy [48]. However, photon therapy has the disadvantage that it
irradiates not only cancer cells, but also surrounding healthy tissue. This is because the X-
rays used for photon therapy are able to penetrate completely through the body, losing energy
according to the attenuation coefficient in the irradiated area. This is the same principle
used for CT; however, the energy of the X-rays used in photon therapy is much higher than
those used in CT. The photon energy used in photon therapy can be up to 18 MeV for deep
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tissue cancer [3], compared to the range of 20 - 150 keV used during a CT scan. Since X-rays
penetrate the entire body, the radiation dose is not localised in the object region, resulting in
either a higher risk of adverse side effects or in a decrease in dose to spare healthy tissue.

A newer method within external beam radiotherapy is proton therapy. Instead of X-rays, a
beam of protons is used to irradiate cancer cells. Protons travel only a finite range within the
body, resulting in a very localised dose peak, as particles rapidly lose all their energy in the
last millimetres before stopping [2]. This effect is known as the Bragg peak and can be seen in
Figure 2.6. Due to this effect, the dose provided by the proton beam is much more localised
than that of the photon beam, resulting in less damaged healthy tissue, which is of course
beneficial to the patient.
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Figure 2.6: Visualisation of the radiation dose per penetration depth for protons and conventional radiation
types, such as photons. The Bragg peak produces a very localised dose peak at the target tissue [49].

The proton stopping power, measured in units Jm™!, is defined as the energy loss of a proton
travelling through a material and is therefore mathematically written as the negative derivative
of the energy. The complete expression for calculating the proton stopping power S for a proton
with a certain energy E, is given by Bethe’s equation [50]:

dE ki [1 k2% Tmax
S(Ep) == —Twp - peﬁi; |:2 In (1_2;(51_62)) — B2:| . (220)

Here, k1 and ko are products of physical constants, 8 = v,/c is the speed of the proton relative
to the speed of light, and Ti.x is the maximum energy transferred from the proton to an
electron inside the material. Moreover, the variable p, is the electron density of the medium

and I,,, is the mean excitation energy. The mean excitation energy is calculated using a version
of Bragg’s additivity rule [4]:

1
Inl, = (Z “AZ lnIi> (Z ‘*’AZ> . (2.21)

- 1
3 (2

However, before this equation can be used, the material composition of material m is deter-
mined. This consists of a certain number of elements ¢. With this material composition, the
intensity of a specific material I,,, can be calculated. The variable w; is the weight fraction
of element 4 in material m. Since the material composition is assumed to be known, the cor-
responding weight fractions can be directly determined from that composition. Furthermore,
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the variable Z; is the atomic number of element i, A; is the atomic weight of element 7, and I;
is the excitation energy of element 1.

The stopping power ratio (SPR) is defined as the stopping power of a material relative to the
stopping power of water and is therefore a unitless quantity. Using Bethe’s equation from
Formula (2.20), we obtain the following expression for the SPR:

2mec? B2 _ A2

Pe, water Ipn (1_2:167(5125252)) . ﬁQ .

(2.22)

This equation is used to determine the required proton dose distribution for proton therapy
[3]. This is done by determining the water equivalent path length [51], which is used to
determine the entire treatment plan needed to irradiate specific tissues within the body. This
plan includes the angles in which the tissue should be irradiated, or the intensity of the proton
beam, to name a few.

As mentioned in the Introduction, the integration of a CBCT scanner with a proton therapy
machine is a very interesting topic in CT applications. As proton therapy is a very directed
and specific type of radiation therapy, it is very important to know exactly where the beam has
to irradiate the tissue. In practice, SPR maps are determined before treatment to construct a
specific treatment plan for the patient. However, since FBCT machines are typically large due
to the spiralling required to capture specific areas of the body, it is not possible to integrate
these types of scanners with radiotherapy units to provide immediate updates to the treatment
plan according to the changing anatomy of the body. Therefore, it would be desirable to
integrate the more spatially efficient CBCT scanners into radiation therapy units to be able to
update the treatment plan directly.

2.5. Basics of Image Reconstruction

In the context of X-ray computed tomography reconstruction, an inverse problem considers
the reconstruction of the inner structure of a patient from X-ray projection images [13]. This
is opposed to the related direct problem, which considers the exact opposite problem of recon-
structing the measured data, in the form of a projection, out of a known internal structure.
From the data gathered during a CT scan, a reconstruction is required to draw any important
conclusions about the patient’s health. It is obvious that the inner structure of a patient is
not a discrete map of attenuation coefficients; however, it is treated in this way in the inverse
problem to acquire an estimate of the mapping of the attenuation coefficient within the body,
which would be u as given in the perturbed measurement model (2.1). In conventional CT,
this inverse problem is often resolved using a filtered back projection (FBP) algorithm [52].
This algorithm applies a high-pass convolution filter to the measured data before projecting
them to form a reconstruction image. As this algorithm is not applicable to joint reconstruc-
tion algorithms, it will not be explained in detail. The most prominent way to approach this
problem from the raw data acquired in a PCCT scanner is to sort every photon energy into
discrete energy intervals, called energy bins.

2.5.1. The Joint Reconstruction Algorithm

As mentioned in Section 2.3.2, a PCD categorises photons into discrete energy bins to prepare
for reconstruction. The information collected by the PCCT in the form of energy bins is then
used to create a reconstruction of each bin individually. The result is a number of reconstruc-
tions equal to the number of bins, with each reconstruction pertaining to a certain photon
energy range. To obtain a final reconstruction, these separate images are combined into one.
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However, when reconstructing each energy bin separately, the photon count per reconstruc-
tion image will be smaller, resulting in images with inferior image quality [9]. Therefore, this
method introduces a lot of noise into the system, partly due to the inferior photon count per re-
construction, but also because the separate reconstruction ignores relations between the energy
bins. Joint reconstruction combines the information from all energy bins into a single inverse
problem with the goal of directly obtaining a final reconstruction image. Joint reconstruction
has only been applied to FBCT in theory, but not yet in practice. It has been proven that this
technique results in higher image qualities [7], therefore, it is interesting to consider whether
this will be the same for CBCT.

In the upcoming section, the optimisation algorithm used in this thesis is explained in detail.
This algorithm is a joint reconstruction decomposition and reconstruction algorithm for PCCT,
provided by Mechlem et al. [10]. The initial algorithm was built for spectral FBCT. It was
implemented by Mory et al. [11] in MATLAB, after which it was adapted to CBCT by van Leenen
[12].

When the approximation from Equation (2.17) is made with the set of basis materials, here
taken as bone and water, it is possible to write the attenuation coeflicient as follows:

2
/ pi(B,x)de = AV (E) . (2.23)

b=1

This equation follows the same principles of Equation (2.17); however, instead of calculating
the attenuation coefficient in a single voxel, the path-integrated attenuation is taken along
a certain path between the source and a detector pixel i = {1,2,..., P}. Since the variable
i describes a certain path between the source and a detector pixel, this variable consists of
a combination between a certain projection angle and a certain detector pixel. Due to the
line integral over the attenuation coefficient, the expression on the left-hand side is unitless.
Furthermore, A? is the line integral of the density of basis material b along a certain X-ray
path ¢, and therefore describes the amount of basis material b present along that path. The
unit of the line integral A% is gcm 2. Lastly, the variable f°(E) gives the values of the mass
attenuation coefficient p/p of each basis material b at certain energies F, given in units of
cm? g~!. Therefore, this is the value of the attenuation coefficient for a specific material, in
this case bone and water, over the range of energies 20 - 150 keV. In cases where a contrast
agent is introduced in the patient’s body to highlight specific parts in the final reconstructed
image, the optimisation algorithm can be extended to include a third material. However, this
extension is not considered in this thesis.

As we are looking to reconstruct a certain measured projection on a discrete voxel grid, we
must discretise the line integral over the density A? in Equation (2.23) to obtain the following
expression for the attenuation coefficient:

2

N
/ pi(E,x)de =Y fU(E) ajab. (2.24)
j=1

b=1

The variable A® is discretised by summing the product of the variables ai; and ag’- over all
voxels j = {1,2,..., N} in the reconstruction. The variable a;; represents the elements of the
forward projection matrix A € RP*N at a certain detector pixel and projection angle i. In
this context, the variable gives the distance an X-ray travels through voxel j to along a certain
path ¢. It is given in unit cm. This variable also acts as the forward projection matrix in
the perturbed measurement model from Equation (2.1). The variable oz? is the contribution of
basis material b to the density in voxel j along the X-ray path, in units of gcm™3. This variable
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essentially contains the information needed to acquire an estimate of the reconstruction image.
The contribution of each of the basis materials to the biological material that exists in voxel
j can be used to determine the attenuation coefficient in that voxel. Dividing this variable
by the density of the respective basis material gives us the relative volume fractions given in
Equation (2.18). Looking back at Equation (2.1), we can say that this is the variable u in this

problem and therefore 042 is the variable optimised in this algorithm.

To be able to determine the expected photon counts Y; that land on a specific detector pixel
i, Equations (2.19) and (2.24) are combined to generate the following expression:

Y; :/ Doy (E) eXvmt /"B Zila @izl g (2.25)
0

The variable ®cg;(F) is the energy dependent, effective X-ray spectrum for a specific ray i
that originates from the source and lands on a detector pixel, and more details on this variable
were explained in Section 2.3.2. A simulated spectrum and detector response are used in our
implementation of the algorithm, and therefore the variable ®eq;(E) is known.

As discussed in Section 2.3.2, PCCT scanners minimise the influence of thermal and other
electronic noise by implementing energy thresholds. Because the influence of external noise
is minimised, reconstruction is assumed to be limited solely by the noise exhibited by X-ray
detectors [53]. As incident X-rays are detected by the PCD in a discrete manner, the Poisson
distribution can be introduced to simulate the noise [50]. This is because Poisson statistics
model the probabilities of discrete, independent events occurring in a fixed interval. This is also
the case for detecting photons in photon-counting CT scanners. Therefore, we can conclude
that Y; ~ Poisson(Yi), where Y, is the measured photon count and Y; the expected photon
count on a certain detector pixel ¢ from a certain angle. Following the equations explained in
Section 2.1, we can obtain the following likelihood function:

Y;

P o o
P (Y\?(&)) - E YZ(W) e Vi@ (2.26)

The measurements m from Equation (2.1) are the photon counts measured by each path ¢
from the source to a detector pixel. Moreover, the expected photon counts depend on the op-

timisation variable @ = (ai, ... ,a]lv, al, ... ,oz?v)T. From the likelihood function, the negative
log-likelihood function is calculated such that the optimisation parameter & can be minimised:

—L(d) = Z Y, - Y- log(V) = > ha(Yi(@)), (2.27)

Here, we used the abbreviation h;(Y;(&)), so that further calculations can be presented more
clearly. Moreover, due to the discrete nature of the voxel grid, the expected photon counts
Y;(@) are described by the discretised version of the polychromatic Lambert-Beer’s law:

B
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To discretise this equation, the integral over energy is written as a sum over all energy bins
s =1,...,5. Furthermore, the variable /N7 is introduced to represent the amount of photons
detected by detector pixel and projection angle 4 in energy bin s if there is no object present
in the scanner.

The negative log-likelihood does not give an accurate minimisation of & on its own, as this
optimisation problem is ill-conditioned. As explained in Section 2.2, to achieve stability in
the problem and obtain a solution to this optimisation, we introduce the regularisation term
R(&). By including this function in the cost function, additional noise is suppressed by incor-
porating prior knowledge about the attenuation coefficients of the materials in the object. The
regularisation function used in this paper is taken from Mechlem et al. [10]:

2 N
R(@) =) Z > Ml — af ), (2.29)

b=1 j=1 keN;
A? if |A] <
¢Huber(A7,yb) _ , ’ | Vb (2.30)
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In the regularisation term, N; represents a geometric neighbourhood of voxel j, which in
this reconstruction consists of the 26 immediate neighbours of voxel k. Furthermore, the
variable A is the tuning parameter for basis material b, which determines the influence of
regularisation on the reconstruction of basis material b. Furthermore, the regularisation term
contains the twice differentiable Huber loss function, which is shown in Equation (2.30), and
is a combination of a Tikhonov and a TV regularisation term, as explained in Section 2.2. In
this formula, A is the difference between the value of «; and its neighbouring voxels k € N;
and 7y, is a tuning parameter for basis material b. The ¢? based part of the penalty function
is represented by a quadratic function, which applies to |A| < ;. This is done to ensure
smoothness in areas of reconstruction in which there are small voxel differences and to balance
out small changes. However, when the difference between two voxel values is greater than
a predetermined parameter -, an ¢! penalty is introduced. This is to ensure that larger
differences between neighbouring voxels, which are more indicative of image structures and
boundaries, are penalised using a linear function to preserve sharp edges without excessive
smoothing. The function given in Equation (2.29) was specifically chosen in this optimisation
algorithm to provide a priori knowledge adjusted to reflect the characteristics of the attenuation
coefficient within the human body. Inside the body, the attenuation coefficient is often subject
to change. However, very small changes have a high probability of being noise, as the data
is most likely gathered from the same tissue. For larger voxel differences, a change in tissue
or an abnormality within the body is likely, and is therefore important to preserve in the
reconstructed image.

Combining the negative log-likelihood and the regularisation term, the final optimised value
of & is as follows:

&©PY) = arg min (&) = arg min (—L£(&) + R(d))

P 2 N
—ongmin | SR + 3050 Y Ml o) | (21
¢ \i=1 b=1 j=1 keN;
where the cost function, that is, 8(&) = —L(&) + R(d), is defined as the function to be

minimised.
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Instead of directly minimising the cost function in the optimisation algorithm, quadratic surro-
gate functions Q(&; @™) of the cost function 0(&) are used. These accelerate the convergence
of the optimisation algorithm and reduce the reconstruction time of the image [10]. Surrogate
functions are derived separately for the negative log-likelihood and regularisation term in each
iteration step n. The functions are manipulated to be quadratic in the variable @™ and sep-
arable for each voxel. Then, the objective function can be optimised analytically much more
easily and can be optimised in parallel for different voxels. We denote the surrogate function
of the log-likelihood estimator by Q,(@; &™) and of the regularisation term by Qg (&;a™).
Similarly, the log-likelihood segment of the cost function is denoted as 6,(&) and that of the
regularisation Oz (&). If the surrogate functions satisfy the following restrictions, minimising
the surrogate function is equivalent to minimising the cost function 0(&):

Q(@™;amy = g(a™) (2.32a)
=, =(n) —
Mﬁ‘) - ae(‘j) (2.32b)
9o} seam 9% |s_am
Q(a;a™) > 0(a) . (2.32¢)

These conditions ensure that the cost function and the calculated surrogate function have the
same position and tangent at the desired optimisation point &™) for iteration step n, meaning
that at that point both functions are approximately equal.

In the following part, the surrogate function Q. (&; 62(”)) is determined for the log-likelihood
—L(d). The following abbreviations are used to simplify the mathematical notation:

P
—L(d) = thl), hi(Y;) =Y; — Yilog(Y;)
=1
N 2
BAE) = aialfP(E0), (@) =) 1M(ah) (2.33)
j=1 b=1
v (1)
s(@) = i@ gem _ Yild@™)
trL (Oé) =€ bl ﬁz tls(o—z(n))

First, we rewrite the forward model in Equation (2.28) with the abbreviations from Equation
(2.33), to obtain the following equation:

S

" — Nz‘s S/ =\ nS,(n

V=S N@ =% pI0 t3(@)8e ™ | (2.34)
s=1 s=1 Mj

The term 5; (") was added so that the following simplification can be performed:

S

3 N ] ZNS*e*lf(&(n)):A;~Yi(&(")):1, (2.35)
pot 557(71) Yi(@m) ! Yi(am)

s=1

where we used the abbreviation of Bf ™ found in Equation (2.33) and the expression in Equa-
tion (2.28) to obtain the result. Then, by the result from Equation (2.35), Jensen’s inequality
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can be applied to the function hi(ffi), with Y; equal to the expression in Equation (2.34).
The conditions for Jensen’s inequality can be found in Appendix A.1. The condition that
> iy pi =1 is satisfied by Equation (2.35). Moreover, we conclude that

5 N? -
}/Z(&(n)) > Nz:seilf(a(n)) — Ail * e,lf(a(n)) <1
- Y (@m) =
S

=

5( €[0,1] for s=1,...,5 . (2.36)

Here, f/i(d'(")) > Nge li (@) is used because of the absence of the summation over the variable
s in Equation (2.28). Only one condition is left to prove to be able to use Jensen’s inequality,
namely that h;(Y;) is a convex function. This is verified as follows:

O hi(Y;) Y
(V)2 (Yi)?

0, (2.37)

as Yj, (Y/) > 0. Now that we know that the function h; (Al) is convex, Jensen’s inequality
can be used. The equation that follows from the application of Jensen’s inequality to h;(Y;) is
defined as the first surrogate function:

P . P S NS
_ﬁ(&) = Z hz(Yz) = Z h; <Z ﬁs,(zn) tf(@')ﬁ:’(n)>

i=1 i=1 s=1 Mj
P S
Ny 57 =\ S (n ~ (n
<> Bs,fn) hi(t3(@)87 ") = Qu(a;a™) . (2.38)
i=1 s=1 Mg

In Appendix A.2 a proof is given that conditions (2.32a) - (2.32¢) hold for surrogate function
Q1 (a, 62(")). The first surrogate function is not yet quadratic with respect to the line integral
13°(@»™), and therefore not in the variable @™. This means that it does not meet the
prerequisites given earlier to accelerate the optimisation process. Since we have moved the
summation over s out of the function h;(¥;), it is possible to make it a quadratic function.
Therefore, another surrogate function is derived from Q (@, &™) using a second-order Taylor

expansion of g( )(lfb) = h;(t; (a ),Bi’( )) around the line integral I$?(a%(™):

)

2 () (751 7s2
n) /78 s n)/1s s n)1sl,(n) ;52,(n agz (ll ,ll ) s sb,(n
( )(l217l12) ( )(l217l12) gz( )(lz ( )7l7, ( ))+Z o5 lzb_lz ( ))
b=1 3 lbeIfb’(n)
LN o) k() (n)
- S (qsk _gstn)) (gsme_ pemein
30T (zl I3 ) (zl I3 ) , (2.39)
k=1m=1
where lsb’(n) is an abbreviation of 15°(@(™). Furthermore, the variable Tis’(n) is a variable intro-

duced to approximate the second derivative of the variable g(”) (le) After combining Equations

(2.38) and (2.39), the following expression is defined for the second surrogate function:

S

5N
o @My =>"%" S,Zn st 152y | (2.40)

i=1 s=1 ﬁz
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with qf )(lfl,lf2) as given in formula (2.39). Similarly to Qq(@,a™), conditions (2.32a) -
(2.32¢) can be shown to hold for Qo(@, ™) and are presented in Appendix A.2. We have
now obtained a surrogate function that is quadratic with respect to lfb(o'z'b’(")). However, this
surrogate function still does not suffice for our analytical calculations. The desired surrogate
function is separable with respect to the image voxels j, which Q2(&, &™) is not. To derive

this desired function, we rewrite the line integral as follows:

7 bEs n S n
(&) Z%abfb (B*) = y (ajf( )(a by 4 ))

N
7j=1 z:: Wi J ]
al b
= wy¢ (el —af ™), (2.41)
j=1
with:
Wij = % € [07 1]7 Zwij =1. (242)

Zj:l Qij

After substituting this expression for the line integral [5°(a®) into the second quadratic function,
Jensen’s inequality can be used. The use of Jensen’s inequality is justified by conditions (2.42)
and the fact that qgn) (I£1,152) is a positive quadratic function and therefore convex. The third
and final surrogate function is defined as follows:

P S N
Qa(a@, a™) = ; ; /86"’ (in) l(") (15, 152)
P s
:ZZ n) 4 (ZWUC aj —al(n) ZMUC ]2(”))>
7,1:1 5;1 ]\Z[ N
- ;;;% go) " (65} (o5 ). G2 (a2 — a2 )
I (2.43)

This surrogate function now consists of a sum over all voxels N, and therefore satisfies the
given prerequisite of separability.

The surrogate function for the regularisation term 0z (&), as given in Equation (2.29), is already
separable in the voxels j, which satisfies one of the conditions for a surrogate. Now, the

function only needs to be quadratic in &™. Although qu“ber(az’- — az, ) is quadratic in the

region |A| < 7, this does not mean that it is quadratic for @™ . To obtain this, we rewrite

qﬁHuber(a? —ab, ) as follows [54]:

1
(bHuber(a? - az»’Yb) — ¢Huber |:§ (ZOéb _ al{,(n) _ aZa(n))

1 n
¥ j +7(—2az+a()+ab())}

2

1 n n 1 uber n n
< §¢Huber(2a? _ a?,( ) _ a%( )) + §¢H b (2042 _ ag,( ) _ aZ’( )) . (2.44)



2.5. Basics of Image Reconstruction 24

The inequality arises from the use of Jensen’s inequality, as ¢""P" is a convex function and

because the sum of the weights of the rewritten Huber function is % + % = 1. The function is
now quadratic in @™ because, assuming that the difference a ]’( n) aZ’(n) is small, inserting &™)
in the function provides a value very close to zero. In this region, the function is quadratic by
definition. After substituting this formulation of the Huber function, we obtain the surrogate

function for the regularisation term, which satisfies the conditions:

2 N
R@) =D > Mg™r(ah — af )

b=1 j=1 kEN,

I
Mz

r b, b, 1 r b, b,
)\b[ Hube Oé? aj (n) —ay (”)’ ’Yb) + §¢Hube (20[2 _ aj (n) — (n)’ 'Yb)

—_
x

In Appendix A.3 it is shown that this function abides by conditions (2.32a) - (2.32c) for
surrogate functions.

The final quadratic surrogate function Q(&; oz(”)) that is used to analytically calculate the
optimisation algorithm then consists of the derived surrogate functions of Q. (&; &™) and
Qr(a;a@™) as follows:

Q(a; @) = Qe(a; @™) + Qr(a; a™). (2.46)

As both surrogate functions satisfy conditions (2.32a) - (2.32c) separately, so does Q(a;@™)
due to linearity.

After having calculated the surrogate functions with which the cost function can be solved
analytically, the final algorithm is used to calculate the variable a:

gt =g — (HG) 7 vQ(a; am) : (2.47)
a=a(m)
with
(ng))—l _ _(H(n) + H(n))*l , (2.48)
VQ(a;a™) = V(Qc(d; ™) + Qr(a; a™)) = Vo), (2.49)

where Hgl), Hg? and ng are the Hessian matrices of Q(&; @™), Qz(a; &™) and Qg (a; &™),

respectively.

With this final iterative algorithm, the values of @ = (ai, ... ,a}v,a%, ceey a?V)T can be calcu-

lated within the reconstruction image. This results in a material map per basis material in
which the relative volume fraction is given in fractions from zero to one.
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2.5.2. Ordered Subsets Algorithm and Nesterov Acceleration

The ordered subsets algorithm and Nesterov acceleration are used to accelerate the convergence
of the optimisation algorithm. According to the ordered subsets algorithm, the projection an-
gles are divided into M subsets Si,..., Sy [10]. Then, an approximation of the gradient of
the cost function is calculated using only subset Sy, which will be denoted as Vg, 6(&). This
is done to reduce the computational cost and in that way increase the convergence speed
[55]. This algorithm will be combined with Nesterov acceleration, which also accelerates con-
vergence of the optimisation algorithm by using the calculated gradient of the cost function
Vs,,0(d) as a momentum term [10]. Mechlem et al. were able to show that using ordered
subsets and Nesterov acceleration in the optimisation algorithm given in Section 2.5.1, signif-
icantly increases the convergence speed [10]. The full ordered subsets algorithm, combined
with Nesterov acceleration, is denoted mathematically as follows:

Initialize 2 =70 =g ¢, =1
For n=0,1,...
For m=0,1,...,.M —1
k=nM+m

1
by = 5 (1 +4/1+ 475%) (2.50)

@) = 09— (Hy) - Vs, 0(2Y)

nM+m
) = H0 = N 4(Hy) - Vs, 0(2)
=0
t
A1) _ gle+1) | :Ll . (g(lﬁ-l) _ &<k+1>> _
=0

The algorithm works to minimise the variable & and uses variables Z and ¢ as auxiliary variables
for different iteration steps.

2.5.3. Virtual Monochromatic Image

In clinical practice, a virtual monochromatic image (VMI) is used extensively in PCCT. They
are images that consist of an attenuation coefficient map of the reconstructions at a specific
energy level. This is carried out directly using an adapted version of the material decomposition
formula of Equation (2.17) with the reconstructed images of the basis materials as weights:

HVMI(E) = Twater ° Mwater(E) + Thone Mbone(E)' (2'51)

Here, the attenuation coefficient mapped in the VMI for a specific energy F, pymi(F), is equal
to the linear combination between the bone and water attenuation coefficients at the same
energy, with the bone and water reconstructed images as weights, Tpone and Tyater, respectively.
The bone and water images are thus multiplied by their respective mass attenuation coefficients
at a certain energy and then added to produce the VMI. VMIs are used to detect abnormalities
in the image and to determine the diagnoses of patients [56]. Therefore, improving soft tissue
contrast is very important for this application.
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2.5.4. Image Artefacts

The term artefact refers to any systematic deviation between the reconstruction of a CT scan
and the true attenuation coefficients. There are two important artefacts that can be encoun-
tered in modern-day CT scanning. The first artefact, known as beam hardening, arises from
the physical properties of X-rays. As mentioned earlier, X-ray beams contain photons of vari-
ous energy levels. When passing through an object, lower-energy photons are absorbed more
effectively by the object than higher-energy photons [32]. As lower-energy photons are ab-
sorbed, the average photon energy of the beam increases while passing through the object,
that is, the beam ’"hardens’ [57]. Consequently, the attenuation coefficient will depend on the
path length of the X-ray beam, resulting in an apparent decrease in attenuation in a uniform
object. This is called the cupping effect.

Another artefact that is common in CT is the partial volume effect. This effect usually occurs
when a certain voxel encompasses more than one different substance [58]. The voxel is then
assigned the weighted average of the attenuation coefficients of these materials, depending
on the relative volume fractions of each material in the voxel. This causes the reconstructed
attenuation coefficient value to be skewed from the true value in that voxel. In this thesis, an
object is scanned in the reconstruction that has assigned materials per different voxel, meaning
that there is no overlap between different materials. However, due to the limited spatial res-
olution in CT reconstruction, bordering voxels with different materials are often blurred [58].
For example, two bordering voxels with high contrast in attenuation are smoothed out in the
reconstruction, even though each pixel has a single assigned material.



Method

In the following chapter, the methods used in this thesis are explained in detail. First, the
process of converting the provided MATLAB code to Python is laid out along with the encountered
difficulties. Then, a more complex phantom is built with multiple biological materials that can
be implemented in the Python code. Lastly, this phantom is used to build reconstruction
images with different variables, after which they are used to reconstruct other types of images,
such as SPR maps and VMIs. The image quality is determined using a number of different
methods for each implementation of the reconstructed images.

The variable mapped in the reconstructed image is the relative volume fraction. This variable
is introduced in Equation (2.18) to represent the weights to describe any biological material
in the energy range of 20 - 150 keV as a linear combination between bone and water. These
values are calculated by dividing the optimised variable ag’- by the density of the respective
basis material b. Dividing a;’- by the density results in a unitless quantity that represents the
relative volume fraction of basis material b in voxel j. In other words, this quantity reflects the
fraction of the voxel that is occupied by basis material b, and therefore the values range from
zero to one. The equations to calculate the SPR maps and VMI from these relative volume
fractions are given in their corresponding sections.

3.1. Code Process and Explanation

As part of my thesis, I was assigned to convert a MATLAB code implementation to Python.
The MATLAB implementation is designed to perform CBCT image reconstruction using the
algorithm explained in Section 2.5.1. The original code was developed by Mory et al. [11],
which was initially intended to be used for FBCT. As part of his Master’s thesis, Jacco van
Leenen adapted this code to work for CBCT in MATLAB [12]. This implementation consists
of twelve different files, containing the calculations based on the algorithm by Mechlem et al.
[10]. The reason for converting this code to Python is to make it more efficient by allowing
integration with open software packages available in Python.

3.1.1. The MATLAB Phantom

To be able to run the reconstruction, a phantom is built to represent a sample for which the
reconstruction algorithm creates a material map. A phantom is a volumetric object that is used
in the code as a digital object sample, representing an object that can be used in a CT scanner.
This virtual sample consists of a number of voxels decided by the length of each edge of the
volume. In this thesis, each basis material is represented by a separate phantom component,

27
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MATLAB Bone Ground Truth MATLAB Water Ground Truth

—_
-

0 0

(a) Plotted slice of the bone part of the original (b) Plotted matrix of the water part of the original
32x32x32 voxel phantom. 32x32x32 voxel phantom.

Figure 3.1: Slices of the original 32x32x32 voxel phantoms from the MATLAB code.

which is constructed from the relative volume fraction that indicates the location of a specific
material within the phantom. Arbitrary slices of the phantom components used in the original
MATLAB algorithm can be seen in Figure 3.1. In this case, the phantom is a simplified version of
reality containing only bone and water. Therefore, each phantom component slice has a value
of one in the voxels where the material of their respective component is located. For example,
the bone component of the phantom has a value of one for each voxel in which bone is located
and zero if there is water present. On the other hand, the water component has a value of
one if there is water in that voxel and zero if there is bone. The region of the components
that has a value of zero in all basis materials is strictly vacuum and therefore omitted in the
reconstruction.

This phantom is of course a very simplified version of real data from a CT scanner; however,
it is a starting point to observe how an object is reconstructed using this algorithm. In a later
section, a more complex phantom is implemented in the same reconstruction algorithm. Here,
more biological materials, such as blood and muscle, are added to the phantom.

3.1.2. MATLAB to Python Code Conversion

Most of the conversion was done using ChatGPT. The smaller files and functions were relatively
easy to convert with AI; however, ChatGPT made many mistakes in the larger and more
complicated files. Therefore, these errors needed to be fixed to create a working implementation
of the MATLAB code in Python. To validate that the errors were corrected, equivalent phantoms
and variable values are implemented in both codes. In addition, the random variables that
are introduced in the codes to reflect a more realistic scenario are turned off. The Python
and MATLAB codes were then required to provide exactly equivalent outputs at all points in the
codes.

The errors were mainly based on the fact that Python is a zero-based programming language,
while MATLAB is one-based. This means that, for example, the first element in an array in
Python is called using the following command: array[0]. This is opposed to MATLAB, where
the first element in an array is called using array(1). There were many small tweaks that were
necessary for the code to work in Python, such as shifting the range function in the for-loops
and array indexing elements by one.

The file in which most of the problems occurred was conebeamtomo3.py. This was also the
longest function in the MATLAB implementation, and therefore ChatGPT had many difficulties
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converting this code. The purpose of this file is to create the forward projection matrix A by
calculating the coordinates of each projection angle through the object and then calculating
the number of voxels in the object that are hit by the X-rays. This variable corresponds to
the line integral A? as shown in Equation 2.23, for each detector pixel and projection angle
i and basis material b. There were many problems that arose from the fact that Python is
zero-based. As most of the elements of A are zero, the results of the final forward projection
matrix are stored in a sparse matrix to reduce memory.

After the forward projection matrix is correctly made and has equivalent values in both Python
and MATLAB, the optimisation algorithm explained in Section 2.5.1 is used to determine each
voxel value of the reconstructed image. As MATLAB and Python have different ways of formu-
lating the dimensions of matrices, certain changes had to be made to be able to multiply them
to acquire an accurate result. As the matrices contain a very large number of values, these
are not easy to compare with their counterparts in MATLAB. The best way to accurately ensure
that the calculations were equivalent is to download the MATLAB files of a certain matrix, load
it into Python, and then compare it with the equivalent matrix using the following example
prompt: print(np.max(np.abs(array_Python - array_MATLAB))). This is essentially cal-
culating the maximum absolute difference of two arrays. If this results in a value of zero or a
value so close to zero that it is negligible, we can conclude that these arrays are equal. Going
through every calculation in Python, and ensuring that every outcome of these calculations
results in equal matrices in both MATLAB and Python, was the only way to ensure that both
implementations are exactly equivalent.

To verify that the MATLAB and Python codes produced equivalent results, the mean absolute dif-
ference is taken between the final reconstructed images. The reconstruction variables are equal
in both codes: objectSize = 32, nIter = 10, and nProj = 100. The remaining variables
have values as given in Table 3.1.

3.1.3. The More Complex Phantom

After obtaining equivalent results in both MATLAB and Python, a more complex phantom is
implemented in the Python algorithm. To provide an easy visual representation, the density
map of this phantom is shown in Figure 3.2. In the image, a slice of the phantom is shown
where the location of each material is indicated with their densities. For bone, the same density
value is used as in the original 32x32x32 MATLAB phantom, which is 1.92 gcm™3. The bone is
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Figure 3.2: Density map of the more realistic phantom used in the Python code. The radius of the phantom
is taken to be 22.4 mm.
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then located in the small white circles, and the surrounding grey area is water with density 1.0
gcm™3. In the reconstruction programme, the pixel pitch was set to one, which means that
the size of a pixel in the phantom is equal to 1 mm. This more complex phantom was given a
size of 64x64x64 voxels, which means that the phantom represents a cubed object with sides
of 6.4 cm. The radius of the phantom was chosen to be 22.4 mm.

In order to be able to add other materials to the phantom, the contribution of the basis ma-
terials to other biological materials has to be determined in the form of a linear combination.
As explained in Section 2.3.1, it has been proven that the attenuation coefficient of any bio-
logical material can be written as a linear combination of the attenuation coefficients of a set
of basis materials. This linear combination is given in Equation (2.18). However, before this
equation can be used, the attenuation coefficients of bone and water must be calculated for
each energy in the energy range, denoted as piwater(F) and ppone(E), respectively. The mass
attenuation coefficient as a function of energy is found using the Python library xraydb, which
contains functions that store these values. The function that returns the variable u/p in SI
units cm? g 7! is called xraydb.mu_elam. As mentioned in Section 2.5.1, the typical range in
which CT scanners operate is 20 - 150 keV. The variable u/p is calculated for each energy in
this range and then multiplied by their density in gcm™ to obtain their respective attenua-
tion coefficients. However, the function xraydb.mu_elam only provides the mass attenuation
coefficient p1/p for elements of the periodic table. This is solved by using the composition of
bone and water from their elements, calculating the attenuation coefficient, and adding these
together as such:

a :Zwi@)iv (3.1)

P p

where wj; is the fraction of the weight of a certain element i and (u/p); the mass attenuation
coefficient that corresponds to that element. The compositions of all biological materials
used were obtained from a NIST database [59]. After entering the compositions of the basis
materials into the code, u/p was calculated using the function xraydb.mu_elam to obtain the
mass attenuation coefficient in SI units cm?g~!. The approximated attenuation coefficients
of water, blood, and muscle match the factual values very precisely, all of which have a mean
relative error of 0.01% for eight known data points provided by NIST [60]. The mean relative
error for the approximation of the attenuation coefficient for bone with the same calculations

is 2.05%.

Now that the attenuation coefficients of bone and water are known, we can begin to approxi-
mate the attenuation coefficient of other biological materials in the body, in this case chosen
as muscle and blood. These are both soft tissue materials and therefore very related to water
in terms of density and attenuation coefficient. To calculate the linear combination weights
¢1 and ¢y from Equation (2.18), the compositions of muscle and blood are obtained from the
same NIST database used for bone and water. Using the same formula as given in Equation
(3.1), the attenuation coefficient of blood and muscle is calculated. After this, they are fitted
to the function in Equation (2.18) using a least-squares fit in Python. The results of this
fit are the linear combination weights of Equation (2.18) which best describe the attenuation
coefficients of muscle and blood. To implement these values in the phantom, Equation (3.1)
is used. After determining the exact location of each material, the following equation can be
used to determine the phantom as a density map:

Phantom = Z <Z Wip - Fractionz-> “pp - (3.2)

b i
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Figure 3.3: Detailed 64x64 phantom including blood and muscle. The upper half of the smaller circles
contain blood and the lower half contain muscle. The colorbar represents the densities of the materials present
in the phantom.

Here, the outer sum runs over the basis materials b. Each fraction of material i, Fraction,, is
assigned to basis material b by multiplying by a weight w; ;, which specifies how much material
1 contributes to basis material b. Again, a density map of the phantom with more materials is
shown in Figure 3.3.

Reconstructed images with iterations 5, 10, 12 and 25 are obtained from the algorithm, after
which their image quality is calculated with the methods above. The reconstruction variables
are equal in both codes: objectSize = 32, nIter = 10, and nProj = 100. The remaining
variables have values as given in Table 3.1.

3.1.4. Problems with the Complex Phantom

In a previous implementation of the complex phantom, the radius was taken to be 25.6 mm
instead of 22.4 mm. However, the reconstruction produced images that exhibited a substantial
amount of noise, especially in the background of the images. After investigating, we noticed
that the phantom was not within view of the detector. The detector has a size of 6.4 cm
in its length, and 4.4 cm in its width and therefore the projection of the phantom onto the
image should be within these limits. In the Appendix B.1, figures are given that show the
reconstructed images for the larger phantom. Moreover, projections of the larger phantom are
given, along with an explanation on how this problem was solved. Therefore, the phantom was
adapted to the one shown in Figure 3.3.
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3.2. Code Implementation

Now that the phantom is built to fully be within the field of view of the detector, different
variables are investigated, and their optimised values are determined to achieve the highest
image quality. The code contains a number of variables that can be changed to adjust the
reconstructed image. These variables can also determine the quality of the image. The variables
used in the code of the optimisation algorithm are displayed in Table 3.1. Here, each variable
is given with their initial value originating from the MATLAB code, except for the objectSize
variable, which has been increased to 64 to obtain the more complex phantom as explained in
Section 3.1.3.

Table 3.1: Variables used in the reconstruction algorithm with their initial MATLAB value and a brief

description.
Variable Value / Dimensions | Description
objectSize 64 pixels Size of the phantom, phantom is built

as an objectSize x objectSize x
objectSize matrix.

dSource 2300 mm Distance of the phantom to the source of
the X-rays.
| dpetector | 900 mm | Distance of the phantom to the detector. |
| nProj | 300 | Amount of projections performed by the |

scanner, which is equal to the number of
different angles.

pixelPitch 1 mm Distance between two detector pixels.

| nPixelsY | 64 | Amount of pixels in the y-direction of the |
detector.

| nPixelsZ | 44 | Amount of pixels in the z-direction of the |
detector.

| nSubset | 4 | Amount of subsets used in the Ordered |
Subsets algorithm in the reconstruction.

| nlter | o Amount of iterations through the algo- |
rithm.

| lambda_ | [100,50] | Tuning parameter of the regularisation |

term, which determines the quantity of
the effect of the regularisation of bone and
,,,,,,,,,,,,,,,,,,,,,,,,,, water, respectively. |

delta_huber [0.01, 0.05] Huber regularisation parameter of bone
and water, respectively.

The variables of greatest interest are nIter, lambda_, and delta_huber because they have
the greatest influence on the final reconstructed image. The descriptions of these quantities
are shown in Table 3.1. Both delta_huber and lambda_ directly affect the influence of regu-
larisation in the image. Note that the delta_huber variable in the code is denoted as ~; in
Subsection 2.5.1 and is henceforth referenced as such. This also applies to the variable lambda_,
which is denoted as \y. The values incorporated in the code are the values that were given in
the original publication of the algorithm.
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3.2.1. Reconstructed Image Quality and Contrast
An easy way to get an indication on the quality of a reconstructed image is to calculate the
mean squared error (MSE) in the image. The MSE can be defined as follows:

n

1
MSE = ﬁ Z(ximage — ZLground truth)2 . (33)
=1

Here, Zimage represents the reconstructed image or a specific region within the image, and
Tground truth the ground truth image. The MSE is calculated only for a certain region of
interest (ROI) to exclude unnecessary information and noise. The used ROI depends on the
regions in which the MSE is calculated. This ROI is isolated in the reconstructed image using
a mask in Python to isolate certain regions in the images. To use Equation (3.3), the ROI
must be the same in the ground truth and reconstructed image.

Another way to determine the quality of the reconstructed image is to calculate the contrast
of an image. Specific ROIs are isolated with the use of masks. These include the regions with
water, bone, blood, and muscle, from which the mean value of the relative volume fraction
of each material is calculated independently. With these mean values, the contrast can be
calculated between specific regions using the formula for the Michelson contrast:

Hregion, 1 — Hregion, 2

Contrast = . (3.4)

Mregion, 1 + Hregion, 2

In the equation, firegion, i Tepresents the average value of the volume fraction within a certain
ROI i. These regions could represent, for example, the object and the background, or two
distinct materials within the object, such as bone and water. The results of this formula range
from zero to one. In this range, zero indicates that the regions are indistinguishable from each
other. On the other hand, a contrast value of one indicates maximum contrast, where one of
the attenuation coefficients in the numerator equals zero in the limit. Ideally, the contrast of
a reconstructed image is equal to the contrast in the ground truth image for the same regions.

The implementation of the more complex phantom shown into the now correct Python code is
performed using the following number of iterations: 5, 8, 10, 12, 15, 18, 20, 25. For all images,
a total of 300 projections are used and all other variables in Table 3.1 remain the same. To
obtain an idea of the quality of the reconstructed images, the MSE is then calculated with
Equation (3.3) for the bone and water regions using the masks as described above. Moreover,
the mean values of the relative volume fraction of the water, bone, blood, and muscle regions
are calculated. With these mean values, the contrast between water and bone, between water
and blood, and between water and muscle is calculated with Equation (3.4).

3.2.2. Regularisation

It is also interesting to consider the role of the regularisation function and the regularisation
parameters used in the reconstruction. As explained in Section 2.2, the regularisation term is
needed to stabilise the cost function to obtain an accurate estimation of the parameter &. It
is possible to vary the variables 7, and )\, from Equation (2.29) to determine the role of this
regularisation in the reconstruction.

In Table 3.1, the original values for the tuning parameter Ay and the Huber tuning parameter
~p are given for the basis materials water and bone. To draw conclusions on the influence of
these tuning parameters on the reconstruction, these values are altered and their reconstructed
images observed. First, these values are all decreased to zero to observe how the reconstruction
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behaves without the presence of a regularisation term. This is done by implementing the tuning
parameters A\, = [0,0] and 7, = [0,0]. However, as explained in Section 2.2, the cost function
becomes unstable when regularisation is absent. Consequently, the code will produce singular
matrices if the tuning parameters are given as A\, = [0,0] and 7, = [0,0]. Therefore, instead
of inputting zero, negligible values are implemented for the tuning parameters. These are
arbitrarily chosen as A, = [0.001,0.001] and 7, = [0.00001,0.00001]. With these values, the
regularisation provides a stable solution to the problem, without having a large influence on the
reconstructed images. To confirm that the regularisation term influences the final reconstructed
image only with negligible values, the contribution of the regularisation function to the total
cost function is plotted. Moreover, to study the effect of regularisation on the reconstruction,
the originally provided tuning parameters are first halved, after which they are also doubled.
Therefore, the reconstruction is performed first with the tuning parameters \, = [50,25] and
7 = [0.005,0.025] and then with A\, = [200, 100] and -y, = [0.02,0.1]. These values were chosen
to study the effect on the reconstruction when regularisation plays a smaller and larger role.

3.2.3. SPR Maps

SPR maps of the reconstructed images are built using a provided Python code. This code
calculates the SPR values of the imported reconstructed images and also builds an SPR map
of these values. This is done by calculating the necessary parameters that are used in Bethe’s
equation in Formula (2.20). These parameters include the electron density, the mean excitation
energy, and the relative velocity of the proton. All parameters are calculated at an arbitrary
energy of 200 MeV, as SPR is assumed to be constant at different energies in clinical practice
[50]. The electron density is calculated using a dictionary with the mass fractions for each
element of a basis material and their mass densities. Then, the mean excitation energy is
calculated using the Bragg additivity rule as given in Equation (2.21). Lastly, the relative
velocity of the proton is calculated using its kinetic energy, previously mentioned to be 200
MeV. The reconstructed image is imported into the code that was built with nIter = 10
and nProj = 300, after which an SPR map is made. Following the attenuation coefficient
model explained in Section 2.3.1, the SPR is calculated for each basis material separately and
combined using a version of Bragg’s additivity rule to obtain the complete SPR map [51]:

SPRiissue = » _ wp - SPRy . (3.5)
b

Here, the SPR of a certain tissue is equal to the sum of the SPR values of all basis materials
multiplied by their weight fraction b. This equation is useful for determining SPR maps from a
CT reconstructed image, where the weight fractions are the reconstructed images of bone and
water, and therefore the relative volume fraction of basis material b. This equation is also used
for the ground truth of the phantom to obtain a ground truth SPR map, which is compared
with the reconstructed SPR map to obtain an idea of the image quality. The ground truth
SPR map is calculated again using Equation (3.5). For both the reconstructed image and the
ground truth SPR maps, the colour scale is forced to be equal for a better visual comparison.

To determine the quality of the SPR map, the MSE is calculated. This is because, as explained
in Section 2.4, SPR maps are desired to have values very close to reality to be used in proton
therapy treatment plans. Therefore, it is interesting to investigate the error between the
reconstructed image and the ground truth SPR maps to obtain an idea of the quality. However,
the calculation of the error is done differently than in Section 3.2.1. Once again, the MSE
is calculated because of its more accurate quality estimation. The MSE for each biological
material in the phantom is calculated separately using a mask. These masks are eroded for the
MSE calculations of the SPR maps, which means that each border pixel from a certain region
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is deleted. This is done to reduce the influence of border artefacts, such as the partial volume
effect, in the calculations.

To obtain a different measure of the quality of the reconstructed SPR map compared to ground
truth, a profile is plotted in Python. A profile is made by choosing a line in an image, after
which all values on this line are plotted in a line diagram. This is an effective way to compare
the reconstruction with the ground truth, because the fluctuations in values due to imaging
artefacts can be seen clearly. The profile is taken from a horizontal line through the middle of
the SPR map. Therefore, it also passes through two small circles with bone to capture how
the SPR values resulting from the reconstruction change compared to the ground truth SPR
map. The profiles are made for both the ground truth SPR map and the reconstructed SPR
maps with 10 and 25 iterations.

3.2.4. Virtual Monochromatic Image

The specific energy for the VMI is chosen arbitrarily as 80 keV and constructed from a recon-
struction of ten iterations and 300 angles using the formula provided in Equation (2.51). The
attenuation coefficients are calculated for the energy of 80 keV in the same way as in Section
3.1.3 with the xraydb library.

As VMIs are used to detect abnormalities in the body to diagnose certain diseases, it is impor-
tant to have a high contrast between areas with different materials. Therefore, to determine
the quality of the VMI, the contrast is calculated. However, this is done differently than in
Section 3.2.1. The ratio is calculated between the contrast of the reconstructed VMI and the
‘true’ contrast of the ground truth VMI. This measure is called the contrast recovery coeffi-
cient (CRC). Both of these contrasts are obtained using Equation (3.4), after which the ratio

is calculated as follows:

Contrast
CRC= ————. 3.6
True Contrast (3.6)

Here, the variable Contrast is the contrast between two specific regions inside the reconstructed
VMI and the variable True Contrast the contrast between the same regions in the ground truth
SPR map. A CRC of one is desirable, as in that case the contrast of the reconstructed image
would be equal to the contrast of the ground truth. When the CRC surpasses one, it would
mean that the reconstruction caused an overestimation of the VMI values, while a ratio smaller
than one signifies an underestimation.

The CRC is calculated separately between the water and bone regions, the water and muscle
regions, and the water and blood regions. The contrast is then calculated from both the
reconstructed image VMI and the ground truth VMI using eroded masks that isolate a specific
area before using Equation (3.4). Just as with the MSE calculations, this is done for the
following number of iterations: 5, 8, 10, 12, 15, 18, 20, 22, 25.



Results

In the following chapter, the results of the conversion of MATLAB to Python are given, after
which the results of different applications of the converted code are shown and explained.

4.1. MATLAB to Python conversion results

As explained in Section 3.1.2, the optimisation algorithm was transferred from a provided
MATLAB code to Python. Here we validate if we obtain equivalent results in both MATLAB and
Python. The results of the provided MATLAB algorithm are shown in Figures 4.1a and 4.1b,
which are the bone and water reconstructed images, respectively. The results of the Python
reconstructed images of the same phantom are given in Figures 4.1c and 4.1d. However, where
the Python code needs 38.5 seconds to provide a reconstructed image, MATLAB takes 16.9
seconds, which is a 127% increase in time for the same phantom and variables. The reason
behind this is that the current code is not yet an optimised implementation for Python.

The mean absolute error between the relative volume fraction values is calculated when there
is no Poisson noise present. We find an mean absolute error value of 0.0003 in the bone
reconstructed image and 0.0007 in the water reconstructed image. Since the range of values
is [0,1], we can conclude that both codes provide very similar results. Moreover, during the
conversion process, the mean absolute error between more different matrices was calculated.
The mean absolute error values always resulted in negligibly small values, which means that
the matrices in both codes are equal.

4.2. Python Reconstruction Results

The results of the reconstruction at different iterations are shown in Figure 4.2.

It is clear that for more iterations the reconstructed images seem to have a greater resemblance
to the ground truth value of the phantom. The bone and water reconstructed images for 5
iterations do not seem to resemble the ground truth well, which can be seen in Figures 4.2(a)
and 4.2(b). There is a high presence of the cupping effect in the middle of the water region,
and the values of the bone region have not yet converged to the right value.

It is obvious that the reconstructed images of water improve significantly for a higher number
of iterations. In Figure 4.2(f), it is clear that the artefacts present in the images (b) and
(d) have decreased substantially, although they are still present in the form of partial volume
artefacts around the bone regions. Furthermore, the presence of artefacts in the background is
also greatly reduced in image (h) compared to the images with 5 and 10 iterations. However,
the contrast between the bone and water regions is reduced compared to the water image

36
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(a) MATLAB bone reconstructed image of the original
32x32 phantom.
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(c) Python bone reconstructed image of the original
32x32 phantom.
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(b) MATLAB water reconstructed image of the original
32x32 phantom.
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(d) Python water reconstructed image of the original
32x32 phantom.

Figure 4.1: Reconstruction of the original 32x32 pixel phantom from MATLAB and from Python.

with 10 iterations. This can be seen in Table 4.1, where the mean values of the relative volume
fractions of the water and bone regions are given for each image, as well as the contrast between
the water and bone regions. From the table, it is clear that the mean fraction value for water
approaches one for a higher number of iterations, which is the desired result. However, the
mean fraction value for the bone, which should go down to zero, increases for 25 iterations.
This is because the bone contribution becomes overestimated for higher iterations. This is also
clear from the contrast between the water and bone regions in the table. The highest contrast
is given for 12 iterations, after which this value decreases when the bone contribution becomes
overestimated.

Water Reconstruction | Mean Water Region | Mean Bone Region | Contrast Water—Bone
5 iterations 0.672 1.274 0.309
10 iterations 0.875 0.123 0.752
12 iterations 0.907 0.072 0.853
25 iterations 0.924 0.334 0.469

Table 4.1: Mean of the relative volume fraction values for water and bone, and their contrast, calculated
from the water reconstructed images in Figure 4.2.

The bone reconstructed image with 5 iterations in Figure 4.2(a) does not seem to represent
the ground truth image well. The contrast between the reconstructed bone regions and the
background appears to be low, meaning that the values of those pixels have not yet converged
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Figure 4.2: Reconstructed images of bone and water phantoms for different iteration counts. The first
column shows the bone reconstructions for iterations 5, 10, 12 and 25, while the second column shows the
water reconstructions for the same iterations.

to their true values due to the low iteration count. Table 4.2 gives the mean values for the
water and bone regions, as well as the contrast between these regions for each bone image in
Figure 4.2. The mean bone value is again closest to its desired value for 12 iterations, as now
the bone contribution becomes underestimated for higher iterations. The mean water values
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Bone Reconstruction | Mean Water Region | Mean Bone Region | Contrast Water-Bone
5 iterations 0.060 0.523 0.795
10 iterations -0.002 0.938 1.004
12 iterations -0.010 0.960 1.021
25 iterations -0.002 0.886 1.004

Table 4.2: Mean of the relative volume fraction values for water and bone, and their contrast, calculated
from the bone reconstructed images in Figure 4.2.

are negative, which is not physically feasible. These are likely caused by artefacts around the
phantom.

MSE Bone Reconstruction With Mask MSE Water Reconstruction With Mask
0.25 1
0.025 4
0.20 1
0.020 1
m % 0.15+
%) ]
S 0.015 s
0.10 1
0.010 1
0.05 1
0.005 1
50 75 100 125 150 175 200 225 250 50 75 100 125 150 175 200 225 250
Number Of Iterations Number Of Iterations
(a) MSE over different iterations for the masked bone (b) MSE over different iterations for the masked bone
reconstructed image. reconstructed image.

Figure 4.3: MSE over different iterations for the masked bone and water reconstructed images.

Using the procedure and equations provided in Section 3.2.1, the mean squared error will
be calculated for different iterations. The results are given in Figure 4.3a for the MSE of
the masked bone reconstructed image and in Figure 4.3b for the MSE of the masked water
reconstructed image. As expected, the MSE of the images with a lower number of iterations
is much higher than that of a higher number of iterations. This is, of course, because the
reconstructed image values with fewer iterations have not yet converged to their actual value.
Moreover, it is clear that the MSE for both images converges to a certain value and either
stabilises or increases after that convergence point. This convergence point is 12 iterations for
the reconstructed image of bone and 15 for the reconstructed image of water.

4.3. Regularisation Results

The bone and water images in which the tuning parameters are taken as A\, = [0.001,0.001]
and v, = [0.00001,0.00001] are shown in Figures 4.4 (a) and 4.4 (b), respectively. All other
algorithm variables have values as given in Table 3.1. Moreover, a graph that provides the
regularisation cost for every iteration in the reconstruction is given in Figure B.3a in the
Appendix, along with the regularisation cost of a reconstruction with the original tuning pa-
rameters. From here, we can conclude that the regularisation only provides negligible values
to the final reconstructed images. Before looking at the figures, it is notable that the time it
takes to reconstruct the images without regularisation is around 246.8 seconds, opposed to the
193.9 seconds it takes to reconstruct the images with regularisation for 10 iterations. This is
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Figure 4.4: Bone and water reconstructed images with 10 iterations with different tuning parameters.

almost a 30% increase in the duration of the reconstruction. It is clear that the water image
appears to have a lower quality compared to its counterpart with regularisation, shown in Fig-
ure 4.2(d). This can be seen in the large amount of noise in the background, as well as large
fluctuations around the borders of the phantom and between the water and bone regions. This
is, of course, as expected. The bone reconstructed image without regularisation again shows a
higher presence of the partial volume effect compared to Figure 4.2(c), with larger fluctuations
around the borders of the bone regions. The effect of regularisation can directly be analysed
from this image. In both images, the values are much less smooth in comparison to the images
with regularisation. As explained in Section 2.2, the absence of a regularisation term means
that large fluctuations are not suppressed and therefore are present in the final reconstructed
images. Moreover, the large presence of noise in the background, especially in Figure 4.4 (b),
can be attributed to the fact that the absence of regularisation results in a decrease in sparse-
ness. This means that the small values in the background are not pushed down to zero. To
give a more quantifiable result that the image quality has decreased, the mean squared error is
given for both the bone and the water images. This is calculated in the same way as in Section
4.2. The MSE for the bone image is equal to 0.007087, which is a 153% increase compared to
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the MSE of the bone image with regularisation, which is 0.002797. Moreover, the MSE of the
water image experiences an increase of 284%, from 0.029449 with regularisation to 0.112964
without. Therefore, for both reconstructed images, the MSE increases significantly; however,
the lack of regularisation has a much larger effect on the water image than on the bone image.

Now, the reconstruction algorithm is implemented with half the value of the original tuning
parameters: A\, = [50,25] and v, = [0.005,0.025]. The results are shown in Figures 4.4 (c) and
4.4 (d). It is clear that the artefacts that appeared in Figures 4.4 (a) and 4.4 (b) are less present.
This is, of course, the direct effect of regularisation as explained in Section 2.2; it ensures that
for certain voxel differences there is a quadratic punishment, smoothing out these differences.
To quantify, the MSE for the bone image is 0.004837, which is a 73%, while the MSE for
the water image is 0.073079, a 148% increase compared to the images with regularisation.
It is clear that using half the values of the regularisation tuning parameters still results in
images that have a significantly lower quality. This can, of course, also be seen visually, when
comparing the bone and water images in Figures 4.4 (c¢) and 4.4 (d) with images 4.2(c) and
4.2(d). However, the small blood and muscle circles in the outer ring of the phantom are more
visible than in the image with the original amount of regularisation. This must be taken into
account, as one of the objectives in improving this reconstruction algorithm is to increase the
soft tissue contrast.

To analyse the quality of the images for a higher amount of regularisation than is used in the
original code, the tuning parameters are doubled: A, = [200, 100] and 73, = [0.02,0.1]. As in the
previous cases, the MSE is calculated as in Section 4.2 and all other variables are as displayed
in Table 3.1. The results of the bone and water reconstructed images are presented in Figures
4.4 (e) and 4.4 (f), respectively. At first glance, it is clear that this image is smoothed out in
both the background and the actual phantom. This results in a well-reconstructed background.
However, this is not as important as the information inside the phantom. It is clear that the
smaller bone circles in the water reconstructed image are oversmoothed. Moreover, the blood
and muscle circles that were visible in Figure 4.4 (d), are also smoothed and therefore not
visible. The MSE of the bone image is now 0.004245, a 51% increase compared to the bone
reconstructed image with the original regularisation tuning parameters. In addition, the water
image experiences a 35% increase, up to 0.039710. This means that the image quality of the
water image is much higher compared to Figure 4.4 (d), while the quality of the bone image is
similar.

We can conclude that the original tuning parameters were well chosen. However, the image
quality was only tested for large deviations from the original tuning parameters, and therefore
more tests are needed to conclude that the tuning parameters used in this algorithm are
optimal.

4.4. SPR Maps Results
The SPR maps for the ground truth and the reconstructed image provided by the Python

code can be seen in Figures 4.5a and 4.5b, respectively. These figures are obtained using
Equation (3.5). In addition, the difference between the ground truth and the SPR map built
from the reconstructed images is shown in Figure 4.5¢, which shows the regions that have the
largest errors in the reconstructed image compared to the ground truth. The first thing we
notice is that the background of the reconstructed image SPR map exhibits a large amount
of noise. Moreover, around the border of the phantom, the values become negative, which
is not physically possible for the SPR. This could be a consequence of noise amplification in
the reconstruction, but should be investigated further. To provide a qualitative measure of
the SPR reconstructed image, the mean SPR value in the bone regions is 1.766, calculated
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Figure 4.5: SPR maps of the ground truth and reconstructed images.

with an eroded mask over the bone region. This is only a 0.17% decrease compared to the
real SPR value of bone, which is approximately 1.769. However, the SPR value of the water
region experiences a 9.5% decrease compared to the real SPR value, from 1.0 to 0.905. This
decrease is, of course, much larger than the decrease from the SPR value for bone and could
be attributed to the large border that the water region has with all other materials in the
phantom. The eroded mask deletes each first border pixel in the phantom; however, the large
fluctuations in values around the border still have a large effect on the mean SPR value of water
in the reconstruction. The SPR value of blood in the reconstruction undergoes approximately
a 6.5% decrease from 1.023 to 0.957 and the SPR value of muscle an 8.5% decrease from 1.015
to 0.929, again calculated with eroded masks.

The course of the MSE in different material regions plotted against different iterations is shown
in Figure 4.6. As expected, the MSE for the SPR value of bone decreases rapidly up to its
lowest point, at 10 iterations, after which it increases slightly and stabilises there. This is
different compared to the MSE for water, blood, and muscle, where the MSE decreases with
the number of iterations. For blood and muscle, this value oscillates more, which is likely

SPR
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caused by the fact that there are considerably fewer pixels in these regions than in the water
region, which results in less reliable data. It appears that the bone SPR values from the
reconstruction deviates more from the actual value for higher iterations, while this does not
happen for the SPR values of water, blood, and muscle. A possible explanation is that bone
is more sensitive to model mismatch and noise amplification in higher iterations, since bone
has the highest SPR value in the phantom. For higher iterations, these effects can accumulate
more strongly in bone regions than in soft tissues, which results in overestimation of bone
values.
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Figure 4.6: CRC between different regions plotted against number of iterations.

The profile plots of the SPR. ground truth and SPR reconstructed image for 10 and 25 iterations
are shown in Figure 4.7. The SPR is plotted against the column pixel index of the 64x64 slice
of the SPR reconstruction and the ground truth shown in Figure 4.5. In Figure 4.7a, the
profile of the ground truth SPR map, the SPR is clearly plotted for the background, the
water region and the bone regions. In Figures 4.7b and 4.7c¢, the image artefacts present in
the reconstructed image in Figure 4.5b are clearly visible. For example, in Figure 4.7b the
cupping effect in the bone regions is clearly visible by the decrease in SPR in the centre of the
region. Moreover, in both the 10 and 25 iterations profiles, the SPR. values in the background
have a non-zero positive value, after which they decrease to a negative number at the border
of the phantom. Here, the profile of the reconstruction with 25 iterations exhibits a smaller
fluctuation in values compared to the 10 iterations reconstruction. In the phantom, the values
also fluctuate for both iterations. This happens mainly in each border, for example, when a
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Figure 4.7: Profiles of the ground truth and reconstruction SPR maps.

transition occurs from the water region into the bone region. It is clear that the profile from
the 25 iterations reconstruction exhibits fewer fluctuations in the SPR values compared to the
10 iterations. This is, of course, due to the increased number of iterations. The SPR value
of water is also reconstructed more accurately in the 25 iterations than in the 10 iterations.
However, note that the SPR value of bone in Figure 4.7c is higher than the ground truth SPR
value of bone. This is a result from an overestimation due to the higher number of iterations.
It is interesting to note that this effect is also clearly visible in Figures 4.6a and 4.6b. The
bone SPR is overestimated for higher iterations, resulting in an increase in the MSE for the
SPR for higher iterations, which can be seen in Figure 4.6a. However, the SPR value for water
appears to contain less fluctuations, resulting in a lower MSE for higher iterations in Figure
4.6b.

4.5. Virtual Monochromatic Image Results
The VMI reconstructed at an energy of 80 keV can be seen in Figure 4.8. It is clear that the
VMI exhibits noise in the background, as is usual in all reconstructed images. However, at first
sight, they do not appear to be as present as, for example, in the SPR map reconstruction in
Figure 4.5b.

To give an impression of the quality of the image, the attenuation coefficient of bone in
this image is equal to 0.426 m~!, calculated with an eroded mask over the bone region. This
is approximately a 0.5% decrease compared to the real linear attenuation coefficient value of
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Figure 4.8: Virtual monochromatic image determined at 80 keV.
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Figure 4.9: CRC between different regions plotted against number of iterations.

bone at 80 keV of 0.428 m~!. This means that the VMI of the reconstructed image reflects
the attenuation coefficient of bone well. However, the values of the attenuation coefficient for
water, blood, and muscle exhibit larger errors. In the VMI, the linear attenuation coefficient
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of water decreases with 10.3%, from 0.184 m~! to 0.165 m~!. Similarly, the blood attenuation
coefficient decreases with 9.8% and the muscle attenuation coefficient with 11.0%. These larger
errors could arise from the fact that the attenuation coefficient values of the three materials
are similar. As a result, the reconstruction has difficulty distinguishing them, making their
estimated values more sensitive to noise and artefacts. Specifically for the water region, there
is a large amount of partial volume artefacts, and even after each first border pixel is deleted
with the eroded mask, the effect is still present.

Again, just as in the SPR map, the VMI exhibits negative values directly around the phantom
border. This is, of course, not physically feasible and should be investigated further.

The course of the CRC of the VMI for different iterations between different regions is shown
in Figure 4.9. The CRC for each combination of materials is as expected. For low iterations,
the CRC is high, indicating an image with poor contrast. It then descends rapidly onto a
point of lowest CRC, after which it stabilises on a higher number. Just as with the MSE in
the reconstructed images, the CRC is closest to one for 12 iterations. The lowest CRC is close
to one between the regions of water and bone and between the regions of water and muscle,
approximately 1.08 for both. This indicates that the contrast in the image is close to the
contrast in the ground truth VMI, which is the desired result. However, the CRC between the
water and blood regions at its lowest is approximately 1.77. This is a much larger value than
the CRC between the other regions. It is remarkable that this large value arises for blood and
not for muscle, as the properties of blood and muscle are similar. However, the cause of this
increase in CRC for blood is currently unknown.



Discussion

It is important to continue research with the code provided in this thesis to make it applicable to
more realistic data. As mentioned in Section 4.1, the Python code experiences a 127% increase
in time compared to the equivalent MATLAB code for the same task. In further research, it
is recommended to adapt the current code to a method that is more effective in Python, for
example, with libraries that use faster languages such as C++. This could result in a much faster
reconstruction programme, after which it could become easier to increase the inputted data by
creating a larger phantom. Moreover, it was observed that both the MATLAB and Python codes
have the opportunity to experience the presence of a singular matrix during the reconstruction
process, which is then interrupted. This happens because in the weidingerforwardmodel.py
file, the exponent of Equation (2.19) becomes positive and grows exponentially until it reaches
infinite values. The variable z; as defined in the Nesterov acceleration is used as the phantom
in this file, and upon updating the variable for each iteration in the Mechlem2017.py file, it
can become negative. This makes the exponent positive. However, this only happens with
the 32x32x32 voxel phantom and not with the 64x64x64 voxel phantom. The reason behind
this is unclear and should be investigated further to increase the stability of the reconstruction
software.

To calculate the MSE in the SPR maps and the contrast ratio in the VMIs, eroded masks
were used to perform the calculations to exclude pixels with higher probability of artefacts.
However, this results in a high loss of information, as the bone, blood, and muscle regions lose
almost 60% of their data points. This has a negative effect on the reliability of the calculations.
In the future, border pixels also need to be reconstructed more accurately. Therefore, in future
research, the border pixels should be taken into account to reflect the larger errors they exhibit.

The Python implementation of the provided MATLAB joint reconstruction optimisation algorithm
still has room for improvement in producing exactly equivalent results. The MSE between the
codes is equal to 0.0003 for the bone reconstructed image and 0.0007 for the water reconstructed
image. These errors may still be attributed to systematic noise or rounding errors in the
programming languages; however, this should be investigated.

To simplify the algorithm, the scatter that occurs in the detector is not taken into account
in the calculations. However, in a future in which this algorithm is used for more realistic
data, this additional noise should be incorporated into the algorithm. Another suggestion for
future research entails comparing the results from the used joint reconstruction optimisation
algorithm to results obtained from a non-joint reconstruction algorithm. This could indicate
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the influence of the joint reconstruction technique much more clearly, which could lead to
conclusions whether this method produces images with a higher quality than non-joint recon-
struction algorithms. Moreover, the influence of the use of a PCCT can be investigated by
applying this algorithm to a system with an EID.



Conclusion

Using the CBCT scanner integrated in proton radiation therapy units to update treatment
plans directly before a treatment fraction would allow higher dose accuracy during treatment.
However, this is currently limited by the low image quality of CBCT scanners. In this thesis,
a spectral CBCT joint reconstruction algorithm is implemented to determine the quality of
reconstructed images and their SPR maps. This algorithm was provided in a MATLAB code and
converted to Python. The results of the algorithm show that the reconstructed images had
the lowest MSE for 10-12 iterations. Larger iterations caused over-smoothing in the images,
resulting in a lower quality. In addition, the CRC for the VMI is closest to one for 12 iterations.
Lastly, the MSE for the SPR maps decreased for higher iterations in the water, blood, and
muscle regions, while it increased for the bone region after its lowest point at 10 iterations.
The converted Python algorithm can be improved by implementing libraries that use faster
coding languages, such as C++. In this way, the algorithm may be able to withhold larger
amounts of data. Momentarily, the Python implementation of the same algorithm provided
similar images, but the reconstruction time increased significantly, which could be improved to
allow for more realistic data. Moreover, to obtain a better understanding on the image quality
of the produced reconstructed images, SPR maps, and VMI, the results should be compared
to non-joint reconstruction algorithms. Additionally, this algorithm could be applied to work
for EIDs, to compare whether the photon counting technique influences the image quality.
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Mathematical derivations

A.l. Jensen's inequality

A very effective way to remove a summation term outside of a function is to use Jensen’s
inequality. If a function f is convex in the interval [m, M], Jensen’s inequality gives the
following [61]:

f<§;l?zﬂfz) < ZZj;;l?i]“(flfi) ; (A1)

for all z; € [m, M] when all p; € [0,1] for i =1,...,nand > " ; p; = 1.

A.2. Proof of Surrogate Conditions for the Surrogate Functions of
the Log-likelihood Estimator

In this section, a proof is given that the surrogate functions of the log-likelihood estimator
calculated in Section 2.5.1 abide by the following prerequisites:

Q(a™; &y = g(a™) (A.2a)
2. =(n) _
0Q(@ ) _ 90(@) (A2b)
aaj a=an) aaj a=an)
Q(a;a™) > 0(a) . (A.2¢)

As we calculate the surrogate functions of the log-likelihood function, the log-likelihood part
of the cost function is defined as follows:

P P
Oc(@)=> Y= Y;-log(Y;) = > hi(Yi(d)) . (A.3)
=1

=1
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First, to be able to calculate the derivative of the cost function, the derivative of the function
Yi(@) is calculated as follows:

V@) _ 0 [N vs - S8 PE SN anal] _ S s b Casat
o :M[ZN S B S ZNz e SXEL B S, el

s=1 1

s
> 1(E) Y ol

_ZNS L )Zg 1auo¢ |:

b=1 j'=1
— ZNSfb ~NL BT el — Y& f(B)ay -
In the last equality, we used that all variables in the summations over ¥ = 1,2and ' =1,..., N

are constants, except for b = b’ and j = 5/, due to the partial derivative with respect to a?-.
Then, it is possible to calculate the derivative of the cost function §(&) as follows:

" =g )] - gl vt

_ .P (1 — YYi ) : a?(if) = —Z <}>i(0_2) — Yi) f(E)aij (A.4)

where we used the result from the derivative of Y;(&) from Equation (A.4). After substituting
the variable &™) into this expression, we obtain the following:

5 P
(905(ba) =-> (ﬁ(&(n)) - Yz) FP(B)aij . (A.5)
Gaj a=am) i=1

The first surrogate function for the log-likelihood estimator is given as follows:

Z Z ’ (n (@)8:™) . (A.6)

1=1 s=1 B
Conditions (A.2a) - (A.2c) will be checked for the first surrogate function.

1. The first condition is satisfied by the following:

). gy _ N~y )35 N N i(@™)
QAT =2 2 S AT =22 Bf’(” M@ G @)
P s P
Nis =( —(n
=3 (3 YT = YT = o)
i=1 s= /31 i=1
In this derivation, we see that 235:1 6&1) =1, as derived in the text. It was possible to

take this summation separately and equal it to one, as h; (YZ (0_2(”))) lost its s dependency.

2. The second condition is confirmed as follows:

ggl_ai [ZZ

=1 s= lﬁ(n

- z; aaag [Yi(a) _y, log(f/i(d'))} - Z <Yi(&) - Y> FP(E)ai;
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(@™ .. . .. . . .
Note that Bf () _ % is independent of the differentiation variable ag’-, since @™
is the iteration variable. Moreover, we used the same trick as in the derivation of the
first surrogate condition that the sum over s can be taken separately, which can then be

equalled to one. To finalise the proof, we need to fill in the variable @ = @™, to obtain

P 06(a
— —; (Yi(a( )) — Yz) fU(E)ai; = aib)

J

2Q(a)
80[?

G=a(n) a=am

3. The third condition is satisfied by Jensen’s inequality, as is explained in Section 2.5.1 by
the following equation:

~ P S NS
0(a) = Z hi(Y;) = Z h; (Z s,(ln) tf(&)ﬁf’(”)>

5 s
= Z Z ]\,ZZ hi(tf(&)ﬁf’(n)) = Qi (a;a™).

The inequality could be used by the properties of ( y as given in the main text.

Z

This concludes the proof that the calculated surrogate function satisfies the prerequisites given
in Equations (A.2a) through (A.2c). This makes the function Q1(@; &™) a satisfactory surro-
gate function for the log-likelihood estimator.

Let us continue to the inspection of whether the second surrogate function for the log-likelihood
part of the cost function satisfies conditions (A.2a) - (A.2¢). As derived in the main text, the
second surrogate function is given as:

CM

P S
N3
S At (A7)
— ﬂs,(n
=1 s=1 Mj

with

7

n n) y51,(n) ;52,(n 0 ™) lSl 152
()(lsl ls?) 92( )(ll )l2( +Z og; "\ 547) 1’1)

R 8l5b (lfb - l§b7(n)>

le:ﬁb’(n)

+ % > 22: T (15— ) (g - ) (A.8)

where g( )(ls1 152) = hi(e™ Zg:llfbﬁis’(n)). Conditions (A.2a) - (A.2c) will be checked for the

(2 [
second surrogate function.
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1. The first condition will be proved by substituting the variable @™ into the second sur-
rogate function as given in Equation (A.7):

QQ(@'(R)’ 62(”)) = Z Jsv(zi) q§”)(lfl’("), lf2’(n))
i1 s=1
P s s 2 (n) /751,(n) 752,(n)
_ NP | o st sy 09 (7 ) psb. () ysbi(n)
;; 52‘57(n) & (Z o ) bZ; alfb lfb lsb<n) ‘ ' )
2
L1 ) (k) _gskin)) (pemn) _ psmo) ]
PIPILI ) ( )
P S P S
_ NP () gs1(n) s2,(n)y _ Ny s ( () g% (1)
- @y = ol (8(@™)B;
22 5 22 et (HEA)
P S s X
=203t (T(a) = 0c(@) (A.9)

where it is used that tf(a(™)s; () = Y;(@™). This proofs the first condition.
2. As taking the derivative of the entire function qz(n)(lfl’(n), lf2’(")) is very complicated, let

us break it down into smaller problems. We begin by taking the derivative of the function

06 = Y0 aijal O (E):

sb —‘b
8l8( <Zaw bt )Z%,fb(E), (A.10)

Here, the sum is taken out because we are differentiating over a? for a specific j. Then,

we can see that there are a few terms in the function q( )(l51( n) ls2 (n)) that disappear
when the variable & is filled in for @ after having taken the derlvatlve The third term
of the function in Equation (A.8) can be completely omitted by the product rule. After
taking the derivative of this term, at least one of the functions (¥ — lfk’(n))
Therefore, when @™ is substituted, all terms of the derivative will become zero. The
same happens for one of the terms after taking the product rule of the second term in
Equation (A.8). Additionally, the first term is independent of the variable a?, which then

also becomes zero after taking the derivative. We are left with the following;:

)

will remain.

aql(n) (l;ﬂ? 152) 0 (n) 751,(n) 152,( 891 lfl, lf2) b sb,(n)
B — = — g @& +Z — [
sk _ Sk( ) sm sm,(n)
FESSS A (i - ) (i )]
2 n)ris s s
| ol i1) o] o
B alsh dab 7 :
b=1 ¢ 1so=15 () P ] | g=am)

where it was used that the variable lfb’(n) is independent of the variable 04? and therefore
vanishes. Before continuing with the entire expression, we calculate the following part
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separately:

= 090 (151, 1%) -
> T =2

12% ps,(n)
l 7 [ ( Zb 1 51 )]
lfb—lfb’(n) b=1

2
= Z 8[517 |:6 25:1 lbeB:,(n) _ E log (67 23:1 lfb/657(n)):|

ll-_sb:lfbi(n)

lfb:lfb’(n)

2
_ ;b [e—zz_l 20 (=3 4 log Bf’("))]
7 b=1

lbeZfb’(n)

(76_25:115173 s,(n )+y :Yi—ffi(&(”)), (A.12)

l‘;bZZ:b’(n)

where, again, the sum over the variable b disappears as we are differentiating oz? for a

specific b. Substituting this expression into the derivative of qZ( )(lfl, 1£%), we obtain the
following expression:
ol
b
l“b:lfb’(n) 8aj a=a

= (Y Y( ))auf( )

8qin)(lsl ls2) [ 2 (Zfl,lfQ)
= Z lsb
L b=

1 77

= (Y; = Yi(@™))ay; f2(E) .

(A.13)

a=an)

Substituting this expression back into the derivative of Qo (0_2(”), &(”)) we obtain the fol-
lowing result:

9Qa(&; @™ B ii Ng ag™ (s, 152)
b - s,(n b
da; Gegm i1 s=1D; ) daj -
P S
N n

=30 (X205 ) - Vi@ ass
=1 s=1 Bz
F . 00,(a)

=> (i = Yi(@"))ay; f2(B) = —=; (A.14)
i=1 8%’ a=an)

The final expression proves the second surrogate condition given in (A.2b) for the function

Qz(a™, &),
3. To prove the third condition, the convexity of hi(Y(@)) is used. As Y; > 0, it is known
that h;(Y(d)) is a convex function because of the following:
Ohi(Y) _ Y
oY?  (Y)?

> 0. (A.15)

With this result, we can say that the Taylor polynomial qZ( )(151 1$2) is a global under

[

estimator for the function gi(n) (I£1,1£2). Then, we can say that qZ( )(lfl, 15%) > gi(n)(ls1 152).

1 07
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Substituting this expression into the function Qy(&, @™) gives the following:

7, a™) = NE_ st gs2 ShR (n) (5152
Qa(d@,d™) =3 > e G EN = ) e 5

where we used the results from earlier that Q1 (a;a@™) > 0(&).

Lastly, conditions (A.2a) - (A.2c) will be applied to the final surrogate function of the log-
likelihood function. As derived in the text, the final surrogate function is given as follows:

N

P S
(@, =zzzwm o (¢ a) = o)), G2 — a7 ™)), (AT

i=1 s=1j

with

N
Qi
j=1

j=1 Qij
b
n 1) E n sb,(n
HCE )>=a]q];m(-)<a§’a“ ) (A.18)

1. Condition (A.2a) will be applied by substituting the variable @™ into the final surrogate
function. Using the properties given in (A.18), the following is obtained:

P S N
Qﬁ(d'( n) 62 Zzzlzwm o in) ! ( Z8j1(o¢]1.v(n) _a;,(n))’ %2(aj2,(n) —a?’(n))>
=1 s=1 j=1
- iiiwwq(n) <l81 (n) l52 ) iz (n (;1 ,(n) l§2,(n))
i=1 s=1 j—1 ]ﬁf’(n) AN el ,(n i )b
= Qz(a™,a™) = g (@m), (A.19)

where the result from the derivation in A.9 is used. Moreover, in the second equality,
Z;V: L w;j = 1 is used since there are no further dependencies on the variable j. This
concludes the proof that surrogate condition A.2a is satisfied for the final surrogate
function.

2. Taking the derivative of the function qfn)( fjl(ajl a;’(n)),gsz(ajz — ozj-’(n))) is a very
complicated task without first searching for terms that vanish due to the derivative or
the substitution of aé’- after that. The first term of the function is inherently independent

of the variable of differentiation a? due to the substitution of each variable at iteration

J
step n. The third term of the function qgn)

(1% — lfk’(")) of which at least one remains in each term of the product rule, after which
they vanish when substituting a?. Moreover, the derivative of the second term which
CSb (n)

3o = 1)

vanishes entirely. This is due to the functions

This is equivalent to

evaluating the derivative in a? = a; %) que to the definition of the function G ( a?’(n)).

is evaluated in , will now be evaluated in C



A.2. Proof of Surrogate Conditions for the Surrogate Functions of the Log-likelihood
Estimator 60

Then, using the fact that most terms in the derivative vanish, we obtain the following
expression for the function qz(n):

8qin)< Zsjl( al — ot (n)), ( 2 _ a?’(n)))

b
o} P)
n s 1,(n s 2,(n
[22: 892‘( )< z‘jl(%l‘ -y ( )) IJQ(Q‘? —Q ( ))> 0( (a — ag’( ))]
= s b,(n ij b ?
b=1 a zjb(ag - CY] ( )) a?—a?'<n) 8ij (522@(")
(A.20)

where the sum Z;V: | wi; arises from the substitution of Equation (??) in the function

(1% — lfb’(n)). The two derivatives in this expression will be calculated separately to
simplify notations. We begin by calculating the following derivative:

n 1,(n s 2,(n
2 69( )( 5 (a] O‘j( )), Z‘]2(04]2 O‘j( )))

5~ 2

sb( b b,(n)

b=1 a 7,] ( j aj ) al]?:a;’.’(n>

2 _
_ s —>2 Cf?(ab.—ab.’(n)) s,(n)
_Za b(ab — o) hi(e T B )

b=1 1] (a] aﬂ ) - a?:a?’<n)
S 9 [~ SR Gal—al ™) g n) y1og< ~ i G el — b‘"))ﬂs’(n))

8C8b(a _ ab( )) t i

b=1 “5ij J -

2 [T g (S el ) g ")
= 1 — aj —Q; + log

S b,(n 7
b=1 8C¢Jb(0‘? *aj( )) - b=1

.sb
— e il (n)ﬁ; o(n) +Y;
a?:al}’(n)

=Y, — Yy(@™). (A.21)

Then, the second term in Equation (A.20) is evaluated as follows:

(- TG gt) L y,)

aCsb(ab — o) b - fb
i (o b% ) _ 0 [az]f (E) (ak — a?,(n)) i l:b,(n)] _ M‘ (A.22)
das oo Wi Wij

Substituting these formulas in the derivative for the function qz(”) ( o (ajl-—ajl.’(n)), 2(a5—

a?’(n)) results in the following expression:
aqz i (Ck] Oéj )7 %] (Ct] ag ) _ (Y _ ?(&(n)))wa”fb(E)
8042 F=a(n) o Y wy
a=x

= (Yl - ﬁ(&(n)))aijfb(E) . (A.23)

The final step is to substitute this expression into the derivative of the final surrogate

b_
o=«
J

b,(n)

J

b_
o=«
J

b,(n)
J
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function Q. (a; a™):

0Qel@d®)| gy, N 04" (¢iHal = af ™), (02 — a3 ™))
Oaj a=an)  i=1 s=1 j=1 jﬁf’(n) dal S
P S N
N: o

=D D wy s(n)( i = Yi(@™))ai; f*(B)
=1 =1 =1 B
P /S s N

£ (52 (S st
=1 s=1 ﬂz j=1
d . 00,(a)

= > (V= Yil@™))ay fP(B) = =5 (A.24)
i=1 S

This concludes the proof that the second surrogate condition holds for the final surrogate
function.

3. The last condition will be proven for the final surrogate function Q. (&;a@™). Jensen’s
inequality will be applied to the variable w;;, since it satisfies all conditions by the
properties of w;; in Equation (A.18:

P S
Qr(d@,am) = ZZZ% (g (ol — ab ™) ¢2(a2 - aj?,(n)))
i=1 s=1j
P S N§ N
> ;Z:l Bs,(zn n)(wa a — Oé wa a e (n))>
P S s
B ; Zl Bﬁn)q(n) (lfl’ lf?) = Q2(d@,a™) > 02(a) . (A.25)

This proves that condition 2.32¢ holds for the final surrogate function.

A.3. Proof of Surrogate Conditions for the Surrogate Function of the
Regularisation Term

Similarly to the proof given in Section A.2, we will show that the surrogate conditions are
satisfied with the surrogate function of the regularisation term. The regularisation part of the
cost function is given as follows:

2 N
Or(@) =D > o™ (0l — o}, m) | (A.26)
b=1 j=1 kEN;

with qu“ber(a? —ab, ;) as defined in Equation (2.30) in Section 2.5.1. Then, the derivative of
this function with respect to the variable ozg’-, is:

N

(@) 0 [
%f):aa] ;ZZMbe — af W)

=1 keN;

2 ) b
=y A Z A 8(; , (A.27)
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where the derivative of qﬁH“ber(a? —ab, ) is given as:

dgttuber (b — ab ) {g(ag. —ab) if ol —af| < (A.28)
dat 2y, - sgn(aj —ap) if |af —a}| > , |
with
-1 if z<0
sgn(z) =40 if z=0 (4.29)
1 if £>0.

As proven in Section 2.5.1, the surrogate function for the regularisation term is as follows:

(A.30)

Conditions (A.2a) - (A.2c) will be checked for the surrogate function of the regularisation term.

1. Substituting the variable @™ into surrogate function (A.30) gives us the following:

N
1 n n n 1 uber ,\n )\ n
EZZ )\b[§¢Huber(2a?u( )_al;,( )_az,( )’,yb)_‘_§¢Hb (2042( )_a?( ) _ o b( )’%)]
2 N
1 n uber n (1
=333 N[5l — ol ) + b — )

N
=330 > M (g™ — g™ ) = b (@), (A.31)

which concludes the proof of the first surrogate condition.

2. The derivative of the surrogate function is given as:

b
J
- 1 b b 1 b b
= 3ab |:Z Z Z )\b<§¢Huber(2a? . Otj’(n) _ ak:(”)7,yb) + §¢Huber(2az . Clj’(n) _ ak7(n)7’7b)>:|
J j ;

B i i \ 1 8¢Huber(2a? _ Oé?(n) _ 0427(”)7717) . la(bHuber(Qa}l; _ Oé;]-’(n) _ Ckz(n),’)/b)
- *\ 2 dal 2 dal ‘

(A.32)
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After substituting the variable @ = @™ into the derivative, the following is obtained:

9Qr(a;a™)

b
8aj a=am)
2 N 1 8¢Huber(2a?7(”) _ a?v(n) _ az(n)?’)/b) 1 8¢Huber(2a27(") _ a?v(”) _ 0427(71),’)/(3)
- Z Z A 9 dal + 9 dab
b=1 j=1 keN; j j
- 2 N \ aquuber(a;{,(n) . OZZ’(H),%) 3973(07) a3
o Z b aab da b ( . )
b=1 j=1 kEN, J Y lg=am

Here, the derivative of the Huber function is given as in Equation (A.28). This proofs
the second surrogate condition.

3. Lastly, the third surrogate condition is again proved using Jensen’s inequality:

2 N

QR(&) = Z Z Z )\bquuber(a? . 042, ')’b)
- ZZ Z ApgHber [% (2042 - Oé?-’(n) — aZ’(”)) ;( 208 + o bi(n) | b (n))}

N

n n 1 uber n n
ZZ)") ¢Huber _ ?()_QZ,( ))+§¢Hbe (2042—042()—%())
1 j=1keN;

= Qnm amy.

~—

(A.34)

Jensen’s inequality can be used due to the convexity of the function gf)Huber(ag — az, Yb)s
and because the weights of the terms inside the Huber function add up to one (% —i—% =1).

The term (—204% + a?’(n) + oz?’(n)) changes sign after the use of the inequality due to the
fact that the Huber function is symmetric.

That concludes the proof, so we know that Qr(&; 0_2(")) is a satisfactory surrogate function of
Or ().



Extra Images and Results

B.1. Problems with the Complex Phantom

The implementation of the complex phantom from Figure 3.2 into the Python code revealed
significant imaging artefacts, indicating that an error occurred during reconstruction. This
can be seen in Figure B.1. To find out whether the phantom was in view of the detector, a
projection of the phantom was plotted onto the detector in Python. This projection can be
seen in Figure B.2a, where an arbitrary projection is displayed for an arbitrary energy bin. It
is desirable that the phantom is small enough to have some room on the edges to ensure it is in
view of the detector. However, this is clearly not the case for the 64x64x64 pixel phantom, as
the phantom is pressed against the borders of the detector. This could mean that the phantom
surpasses the field of view of the detector. There are two steps needed to solve this problem.
First, the size of the phantom was limited in the z-direction. The number of pixels in the
z-direction of the detector is 44, and therefore the depth of the phantom should not exceed
this number. A new variable objectDepth is introduced that determines the amount of pixels
with which the phantom is stacked in the z-direction. Previously, this was the same amount
as the size of the phantom. With this limitation, the phantom still has a size of objectSize x
objectSize x objectSize, however, it is stacked with objectDepth pixels in the centre of this
phantom, while the rest of the slices in the z-direction contain only zeros. Secondly, the size of
the outer circle of the phantom is adjusted to the detector, which would limit the projection
of the phantom onto the detector in the y-direction. The projection of the smaller phantom
is seen in Figure B.2b, for the same arbitrary projection and energy bin. It is clear that the
projection of the phantom now fits better inside the detector.
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Bone Reconstruction

Water Reconstruction

1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
(a) Bone reconstructed image of the 64x64x64 pixel (b) Water reconstructed image of the 64x64x64 pixel
phantom of size 25.6 mm. phantom of size 25.6 mm.

Figure B.1: The 64x64x64 pixel reconstructed images without size correction with 100 projections, 10
iterations and 4 subsets. It is clear that especially the water image exhibits a substantial amount of artefacts.

Projection 50, Energy Bin 2 Projection 50, Energy Bin 2
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20 1 20 -
- 4000
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50 2000 50 |
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0 10 20 30 40 (I) 1IO 2IO 3I0 4I0
(a) Projection of the phantom for arbitrary projection (b) Projection of the phantom for arbitrary projection
and energy bin without size correction. and energy bin with size correction.

Figure B.2: Projection of the phantom for arbitrary projection and energy bin without size correction.

B.2. Extra Results Reconstruction Quality

Water Reconstruction | Mean Muscle Region | Mean Blood Region | Contrast W-M | Contrast W—B
5 iterations 0.891 0.912 0.140 0.151
10 iterations 0.938 0.960 0.034 0.046
12 iterations 0.934 0.957 0.014 0.027
25 iterations 1.000 0.989 0.034 0.039

Table B.1: Mean values for water and bone, and their contrast, calculated from the bone reconstructions in
Figure 4.2.

Possible text for the tables above: The mean value for the muscle and blood regions, along
with the contrast between water and muscle (W — M) and between water and blood (W — B),
are given in Table B.1. The desired mean value of both blood and muscle is equal to one,
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Bone Reconstruction | Mean Muscle Region | Mean Blood Region | Contrast W-M | Contrast W-B
5 iterations -0.006 -0.004 1.222 1.135
10 iterations -0.007 -0.004 0.595 0.331
12 iterations -0.005 -0.002 0.363 0.738
25 iterations -0.011 -0.006 0.703 0.523

Table B.2: Mean values for water and bone, and their contrast, calculated from the bone reconstructions in
Figure 4.2.

and therefore it is possible to conclude that both biological materials are constructed better
for higher iterations. However, it appears that the contrast between water and both other
materials decreases with higher iterations. This is likely due to inaccurate calculations for the
water contribution in reconstructions with fewer iterations. As can be seen in Figure 4.3b, the
MSE for water is high for low iterations. The blood and muscle filled regions are reconstructed
much better for small iterations than water. According to Table 4.1, the mean contribution

value in the water region is equal to 0.672, compared to 0.891 and 0.912 for muscle and blood,
respectively.

B.3. Reqgularisation Cost Function over Iterations

Progress of Regularisation Cost over Iterations Progress of Regularisation Cost over Iterations

0.0035 1 500000
0.0030 1
- . 400000
& 0.0025 8
O O
€ 00020 £ 300000
500015 S 200000
= =
E’ 0.0010 é"
100000
0.0005 1
0.0000 1 0
2 4 6 8 10 2 4 6 8 10
Iteration Iteration
(a) Regularisation cost over iterations for a (b) Regularisation cost over iterations for a
reconstruction with tuning parameters reconstruction with tuning parameters X\, = [100, 50]
Ap = [0.001,0.001] and 7, = [0.000010.00001]. and 7, = [0.01, 0.05].

Figure B.3: Regularisation cost over iterations for reconstructions with different tuning parameters. It is
clear that the regularisation cost from the reconstruction without regularisation (left) is negligible compared
to the regularisation cost from the reconstruction with the original tuning parameters. Therefore, we can
conclude that the regularisation does not contribute to the reconstruction with the negligible tuning
parameters.
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