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Matched Topological Subspace Detector

Chengen Liu
Antonio G. Marques

Abstract—Topological spaces capture richer relationships than
graphs by modeling interactions not only between nodes but also
among higher-order entities, such as edges or triangles. This
motivates the representation of information defined in irregular
domains as topological signals. We focus on simplicial complexes,
which are collections of simplices (nodes, edges, triangles and so
on) adhering to the inclusion property: a higher-order element
cannot exist unless its lower-order components are also part of
the complex (e.g., a triangle requires its edges). Accordingly,
simplicial signals are functions defined over this set of simplices.
By leveraging the spectral dualities of Hodge and Dirac theory,
practical simplicial signals often concentrate in specific spectral
subspaces (e.g., gradient or curl). For instance, in a foreign
currency exchange network, the exchange flow signals typically
satisfy the arbitrage-free condition and hence are curl-free.
However, the presence of anomalies can disrupt these conditions,
causing the signals to deviate from such subspaces. In this work,
we formulate a hypothesis testing framework to detect whether
simplicial complex signals lie in specific subspaces in a principled
and tractable manner. Concretely, we propose Neyman-Pearson
matched topological subspace detectors for signals defined at
a single simplicial level (such as edges) or jointly across all
levels of a simplicial complex. The (energy-based projection)
proposed detectors handle missing values, provide closed-form
performance analysis, and effectively capture the unique topo-
logical properties of the data. We demonstrate the effectiveness
of the proposed topological detectors on various real-world data,
including foreign currency exchange networks.

Index Terms—Simplicial signal processing, detection theory,
topological signal processing, matched subspace detection.
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1. INTRODUCTION

OPOLOGICAL signals, such as those arising in simpli-

cial complexes [2], [3], encode a more nuanced structure
compared to graph signals by supporting multiway relationships
among higher-order elements. A simplicial complex is a mathe-
matical structure composed of nodes, edges, triangles, and their
higher-order counterparts. Each higher-order simplex includes
all its lower-order faces. Simplicial signals are functions defined
on these simplices, assigning values to nodes (0-simplices),
edges (l-simplices), triangles (2-simplices), or higher-order
simplices, enabling the representation of complex interactions
in irregular domains. Graph signals primarily focus on pairwise
interactions between nodes, whereas topological signals can
represent interactions among multiple entities simultaneously.
In financial markets, for example, transactions may involve
more than two companies at a time, and in protein molecules,
the functional relationships may extend beyond simple binary
interactions. Recent advances in signal processing and machine
learning have introduced a variety of tools to handle topological
signals [4], [5], [6], including specialized convolutional and
trend filtering techniques [7], [8], neural networks [9], [10],
Fourier analysis [5], autoregressive models [11], signal recov-
ery methods [12], and simplicial random walks [13].

The Hodge Laplacian provides an algebraic representation
of topological structures and enables a spectral decomposition
of simplicial signals [5], [6], [14]. Specifically, any simplicial
signal of a given order can written as the sum of three orthog-
onal components, each lying on a subspace given by the de-
composition of the Hodge Laplacian of that order. Focusing on
edge signals, for instance, one can decompose them into three
mutually orthogonal components: gradient, curl, and harmonic.
Each component lives in a corresponding Hodge subspace and
offers distinct insights into the nature of the signal [7], [15]. To
Jjointly incorporate signals defined at multiple orders (e.g., node,
edge, and triangle signals), the Dirac operator [16], [17] extends
this idea, decomposing the entire space of simplicial signals into
Dirac gradient, Dirac curl, and Dirac harmonic subspaces.

These subspaces provide a better characterization of practical
topological signals, as they often exhibit special properties such
as being divergence-free or curl-free [18]. A divergence-free
signal implies that the inflow equals the outflow at each node,
meaning there is no gradient component. For example, in traffic
networks, where nodes represent intersections and edges corre-
spond to roads, the traffic flow edge signal is nearly divergence-
free, as vehicles entering a node will eventually exit it, assuming
no congestion [7], [19]. Similarly, a curl-free signal implies that
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circulation within each triangle is zero. A notable example is
found in the foreign exchange market, where nodes represent
currencies and edges denote exchange possibilities. Under the
arbitrage-free condition, the exchange rate edge flow is curl-
free, ensuring that no profit can be obtained through a closed
loop of transactions involving three currencies [20]. However,
when abnormalities occrr, such as noisy or incomplete mea-
surements [19], [20] or adversarial attacks, these conditions no
longer hold. In the case of traffic networks, congestion disrupts
the divergence-free condition, introducing gradient components
into the edge signal. Similarly, inaccuracies in exchange rate
values violate the arbitrage-free condition, causing the edge
signal to deviate from being curl-free.

To detect topological anomalies in a principled and mathe-
matically tractable manner, we develop a topological matched
subspace detection (MSD) framework inspired by the standard
MSD approach [21]. MSD has a long and successful history
across various applications, including communications [22],
radar [23], and anomaly detection [24]. MSD formulates the
detection of a signal residing in a specific subspace as a hy-
pothesis testing problem, leveraging the energy of the projected
signal in the orthogonal complement of the target subspace.
More recently, MSD has been applied to subgraph detection on
graphs [25]. However, existing graph-based MSD methods can-
not effectively handle topological signals, which exhibit more
intricate and intrinsic relationships among them. Additionally,
prior works typically assume full availability of all signals,
whereas in real-world applications, this assumption often does
not hold. To address this limitation, we further extend the MSD
framework to accommodate incomplete topological signals.

More specifically, we make the following contributions:

1) We develop a topological MSD framework based on
Hodge theory, generalizing MSD on graphs (node sig-
nals) without imposing any assumptions on the order of
the underlying simplicial signal. More precisely, we for-
mulate a hypothesis testing problem to determine whether
a simplicial signal resides in a specific Hodge subspace.
The test statistic for this detection task is derived using
the generalized likelihood ratio test (GLRT), and its per-
formance is characterized in closed form.

2) We extend topological MSD to jointly detect simplicial
complex signals across all orders via Dirac theory. Addi-
tionally, we establish connections between the Hodge and
Dirac MSD tasks, analyze their asymptotic performance,
and demonstrate how joint signals can enhance Hodge-
based detection tasks.

3) We address topological MSD in the presence of missing
values. Specifically, we derive the optimal detector based
on GLRT by projecting onto the subspace of interest.
Furthermore, we analyze how the relationship between
the dimension of the target subspace and the number of
missing values leads to overdetermined and underdeter-
mined cases.

The effectiveness of these detectors is validated through ex-
periments on real-world datasets, including currency exchange
markets, user-item interactions, water networks, and football
games.

1001

(c) s};.

(a) edge signal s'. (b) sé.

Fig. 1. Hodge decomposition of a 1—signal (edge signal) on a simplicial
complex of order two. This edge signal can be decomposed into three different
components: the gradient 3(13, the curl slc and the harmonic component sll{.

The remainder of the paper is organized as follows. Sec. II
introduces preliminary concepts, while Sec. III motivates and
formulates the problem of interest. Sec. IV presents the MSD
framework for both simplicial and simplicial complex signals
based on Hodge and Dirac theory. Sec. V discusses the optimal
detector for scenarios with missing values. Sec. VI reports
numerical experiments, and Sec. VII concludes the paper.

II. PRELIMINARIES
A. Simplicial Complexes

Let V be a set containing Ny vertices. Our goal is to define
PK, which is a simplicial complex of order K < N, defined
over V. To that end, we first introduce the k-simplex WF,
which is a set containing k 4+ 1 < Ny vertices of V. Then, a
simplicial complex PX of order K is a collection of k-simplices
(all defined over V with k=0,1,..., K) that satisfy the so-
called “inclusion property”. To be specific, let Vi denote the
number of k-simplices in PX. Then, the simplicial complex
PK is formed by (WO, {WIIN L {WELNE | with
N = ZkK=o N}, being the total number of simplices in PX.
Additionally, to satisfy the inclusion property, it must hold that
for any W¥ € PK | all the subsets of W are also part of the
simplicial complex PX. To gain intuition, when embedding
the simplicial complex in the Euclidean space, a 0-simplex
corresponds to a node, a 1-simplex to an edge, and a 2-simplex
to a triangle; see Fig. 1. The inclusion property implies that for a
triangle to exist, all its edges and nodes must also be part of the
simplicial complex. Additionally, it follows that a graph can be
regarded as a simplicial complex of order K = 1, as it contains
only nodes and edges.

We consider the reference orientation of a simplex as the
lexicographical ordering of the vertices, and represent the con-
nections between different simplices by the incidence matri-
ces By, € RVk-1XNr describing the relationship between (k-1)-
simplices and k-simplices [5]. Based on these incidence matri-
ces, the structure of a simplicial complex can be represented by
the Hodge Laplacian matrices defined as

L, =B,B/,
L,=B/B,+By 1B, k=1,....,K — 1,
NN s )
Lk,é Lk,u
Lx =B Bg.
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Any intermediate Laplacian matrix of order k=1,..., K — 1
contains two terms, which are the lower Laplacian Ly, =
B;Bk and the upper Laplacian Ly, ,, = BkHBZ_H. They en-
code respectively the lower adjacencies (e.g., two edges are
adjacent via a common node) and upper adjacencies (e.g., two
edges are adjacent by being the faces of the same triangle). For
example, in Fig. 1, the edges (1, 2) and (2, 3) are lower adjacent,
while the edges (3,4) and (4,5) are upper adjacent.

B. Simplicial Signals

Simplicial signals are mappings from simplices to the set of
real numbers. A k—simplicial signal, for short k—signal, s* =
[s’f, N sﬂ“vk]T € RMr is a vector supported on k-simplices
where each entry s* corresponds to the n-th k-simplex [5]. If
the element s” is positive, the orientation of the signal is the
same as the reference, and opposite otherwise. For example, in
Fig. 1, the reference orientations of the 1—simplices (edges) are
denoted by the arrows. A simplicial complex signal is defined
as the concatenation of all k—signals

) @)

where we recall that N = S 1 Ny

C. Hodge Decomposition

Hodge Laplacians admit a Hodge decomposition stating that
the space of k—signals can be decomposed into three orthogo-
nal subspaces [14]

RN* = span (BZ) @ kernel (L) @ span (Bg+1)  (3)

where & denotes the direct sum, and span and kernel denotes
the column space and kernel (nullspace) of a matrix. It implies
that any simplicial signal s* of order k can be expressed as a
sum of three signals of order k£ — 1, k and k£ + 1 fulfilling that,
when multiplied by the respective incidence matrices as'

sP =B/ s" 1 + sk 4+ B 38 4)

are orthogonal to each other. Here, the harmonic component
s € kernel (L) is a solution of Lysk = 0.

Without loss of generality, consider the edge space (1-
signal) to illustrate the Hodge decomposition. The span (BI),
span (Bg) and kernel (L;) are the gradient, the curl, and the
harmonic subspace with dimension N; g, Nic and N; g,
respectively. These subspaces have a direct connection with
the eigenvectors of the corresponding Hodge Laplacian. More
specifically, let us denote eigendecomposition of the Hodge
Laplacian as

L =UA U] ®)
RN1XN form an or-
AN, ) € RNXML g

where the column vectors of U; €
thonormal basis, and A; = diag(\q, ..

I'Note that, as indicated by the use of a different notation, the induced
signals 80 and 32 in (4) and (6) are not the simplicial signals s* that form
the simplicial complex signal (2).
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diagonal matrix containing the eigenvalues \;. The columns of
the matrix U; can be rearranged as [Uq ¢ Uy ¢ Uy u] where
Ui,c, Ui c and Uy g collect the eigenvectors that span the
gradient, curl and harmonic orthogonal subspaces [6]. Then, the
Hodge decomposition implies that

s' = st + sy + s&, with s, = B s and s, = By3” (6)

where s(;, s, and sy are defined as the gradient, curl and

harmonic component, respectively. The explanation of the sub-
space eigenvectors and the corresponding component (see also
Fig. 1) are as follows:

e Gradient eigenvectors and gradient component: the
columns of Uy ¢ € RV1XN1.¢ are the eigenvectors of L
corresponding to the eigenvalues Ag ; > 0. The gradient
component s¢, = B{ s° € span(B/ ) is a 1—signal (edge
signal) induced by a O—signal (node signal) and lives
in the gradient space. It is computed by taking the dif-
ference between the node signal in the nodes connected
by an edge. The projection of s' onto the gradient sub-
space éé = UIGSI = UIGS%; € RM.¢ s the gradient
embedding [7].

e Curl eigenvectors and curl component: the columns of
U, c € RM*Nic gre the eigenvectors of Lj,, corre-
sponding to the eigenvalues Ac; > 0. The curl compo-
nent s}, = Bys? € span(By) is an 1—signal induced by a
2—signal (triangle signal) and lives in the curl space. It is a
local flow circulating along each triangle. The projection
of s onto the curl subspace 3¢ = U] 8! = U] st €
RN1.¢ is the curl embedding [7].

e Harmonic eigenvectors and harmonic component: the
columns of Uy € RN *Nir gre the eigenvectors of
L, corresponding to the zero eigenvalues Ap; = 0. The
harmonic component si; € kernel(L;) is an 1—signal
in the harmonic space kernel (L;) satisfying L si; = 0.
The projection of s' onto the harmonic subspace
sy =U/ys' =Ulysh eRM# is the harmonic
embedding [7].

The projection of a specific component onto other Hodge
subspaces is zero due to the orthogonality between different
subspaces. This implicit and apparently simple property will
play a major role in developing an MSD theory for topological
signals. Two significant properties, which are common for real-
world signals, stem from these three components:

e Curl-free: curl(s') = Bg s! € RV2 is the curl operator

which measures the curl of a 1—signal (edge signal) s'.
The ith element of this vector represents the sum of the
total flow circulating along the ith triangle. An edge signal
is curl-free if curl(s!) = 0. By definition, the gradient and
harmonic components are curl-free. For instance, the cur-
rency exchange flow satisfying the arbitrage free condition
is curl-free [20].

e Divergence-free: div(s') = Bys' € R0 is the divergence
operator which measures the divergence of an edge signal
s!. The ith element of this vector represents the differ-
ence between the inflow and outflow at the ith node. An
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edge signal is divergence-free if div(s') = 0. By defini-
tion, the curl and harmonic components are divergence-
free. For example, the Lastfm player transition flow is
approximately divergence-free since the player is always
switching between different artists [18].

D. Dirac Decomposition

The Hodge decomposition limits the spectral processing to
individual level simplicial signals. That is, it focuses on process-
ing the k—signal using the spectrum of Laplacian Ly, without
taking into account the interrelationship between signals of
varying orders. For a comprehensive approach to processing
signals across all simplicial levels and utilizing their inter-
simplicial connections, we can turn to the Dirac operator [17],
[26]. Specifically, given a simplicial complex PX of order K,

the Dirac operator D € RV*¥ is defined as

ro B, 0 -- 0 0 0 7

B/ 0 B, . 0 0 0
o B o . 0 0 0

D — . . . . (7)

0 0 o . 0 Bx1 O
0 0 0 B, 0 Bg

Lo 0o o0 - 0 B 0 |

The square of Dirac operator is a block diagonal matrix of the
form D? = £ = blkdiag({Ly }2_,), where blkdiag represents
the block diagonal matrix whose diagonal is formed by the
matrices {Lj H< .

To facilitate explanation, we focus next on simplicial com-
plexes with an order of K = 2. The Dirac operator D can be
broken down into D = D; + D,,, where

0 B, 0 0 0 0O
D;=|B/ 0 0|,D,=[(0 0 B, 8)
0O 0 O 0 B 0

This implies that the space of the simplicial complex signals
s = [s°||s'||s?] € RY can be decomposed into three orthogo-
nal subspaces, mirroring the scenario with k—signals and the
Hodge Laplacian

RN = span (D;) ® span (D,,) @ kernel (D) 9)

where span (D) is the Dirac (or joint) gradient subspace con-
sidering the node potentials and the gradient flows jointly with
dimension N¢; span (D,,) is the Dirac (or joint) curl subspace
considering the curl flows and the triangle potentials jointly
with dimension N¢; and kernel (D) is the Dirac (or joint)
harmonic subspace with dimension N . Thus, any simplicial
complex signal s of order 2 can be expressed as a sum of three
orthogonal signals

(10)

where s € span (D), sc¢ € span (D,,) and sy € kernel(D).
Therefore, the matrix of eigenvectors of D can be
rearranged as

S=8g + 8c + su

Up = [Upg, Upc, Upy] (11)

1003

where Upg € RV*Ne¢ and Upc € RV*Ne contain the non-
zero eigenvectors of D; and D,,, respectively, and the columns
of Upy € RV*N# gpan kernel(D). These matrices of eigen-
vectors can be computed from the singular vectors of the inci-
dence matrices By and B [26].

III. PROBLEM FORMULATION

In practical scenarios, topological signals are often confined
to specific topological subspaces, as indicated in equations (3)
or (9). This is particularly true for signals that are curl-free or
divergence-free. However, anomalies do not follow this pattern;
their signals typically span multiple subspaces. Consequently,
identifying the subspaces to which a signal belongs is crucial for
detecting anomalies or patterns in simplicial complex signals.
In this work, we assume that the underlying simplicial topology
(i.e., the incidence matrices) is known and fixed. Our primary
objective is to determine whether a simplicial complex signal s
resides in certain topological subspaces, even when only noisy
(and possibly incomplete) measurements are available.

More formally, let x = ©(s + n) € RY> be the subset of
noisy measurements, where © € {0,1}¥o*¥ is a sampling
matrix with one 1 per row, selecting the N, available entries.
Here, s denotes the noise-free and complete simplicial com-
plex signal, and n is a zero-mean Gaussian noise vector 1 ~
N(0,0°1y) with variance o2 that we assume known (if un-
known, o2 can be estimated using a maximum likelihood esti-
mator (MLE), leading to a generalized likelihood ratio test with
nuisance parameters, or via a plug-in estimator using signal-free
training data). Our problem of interest can be formulated as the
following hypothesis test:

Ho : s resides within a specific topological subspace Sp
‘H1 : s does not belong to Sp.
(12)

We address the hypothesis testing problem (12) using noisy and
potentially incomplete data & € RNe. When © =1, we deal
with complete data, as discussed in Section I'V. Otherwise, we
handle missing data, addressed in Section V.

IV. DETECTION WITH COMPLETE SIGNAL

In this section, we consider the simplicial detection task with
complete data, i.e., ® = I. We begin by describing the Hodge
subspace detection problem in Section IV-A. We then extend
our approach to the Dirac subspace detector in Section IV-B
and, in Section IV-C, explore the relationships between the two.

A. Hodge Subspace Detector

Consider that the k-simplicial signal s* resides in a specific
Hodge subspace, which can be written as a linear combination
of the following eigenvectors:

Ua € {Uq,Uc, Uy, [Ug, Ucl, [Ug, Unl, [Uc, Unl}.
(13)

The columns of Ua € RV=*Na gpan the subspace of interest,
which can be a combination of two of the Hodge subspaces
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eigenvectors such as [Ug, Ug]. If s¥ € span(U,), it is possi-
ble to write s* = UAéz, with ékA € RN~ containing the coef-
ficients associated with each of the N vectors in the columns
of U A-

Likewise, we consider the complement (orthogonal) eigen-
vectors to U which are the corresponding element of

UK € {[UC; UH}) [UGa UH]; [UGvUC]; UH7 UCv UG}
(14)

whose N columns span a complement Hodge subspace for
s*. For instance, the foreign currency exchange rate flow tends
to be curl-free and should align with the column space of
Ua =[Ug, Uy], while the complement subspace would be
Ux = Uc. Under this setting, the hypothesis testing problem is

Ho: ¥ = UA.§Z +nk
Hy: ¥ =Us" +nk, (15)
where U = [Ug, Ug, Upy] is the full matrix of eigenvectors of
the corresponding Hodge Laplacian —e.g. for the edge space,
U = U, defined in (5)- and 3" € RV* (8% € RV2) contains
the coefficients associated with each of the eigenvectors of
U (Ua). In essence, we assess whether the simplicial signal
of interest 2* can be expressed as a linear combination of
the columns of U or if it contains a component beyond the
subspace defined by those columns.

Multiplying both sides of (15) by U% yields the projection
of ¥ onto the complement subspace :&% = U%sk + U% k—
ékz + ﬁ%, with é% and ﬁ% representing the projections of the
clean signal and noise onto the complement subspace, respec-
tively. The projected noise satisfies 7ei ~ A (0n, o?In).

Under hypothesis H, the signal s* lives in the Hodge
subspace spanned by the columns of Ua and the projection
ULs* is 0 due to the orthogonality between the eigenvectors
U%UA = 0. Thus, the projection of =¥ onto the complement
subspace under H, is only noise 'fzkz. Differently, under hy-
pothesis H;, the projection is not only noise. Therefore, the
hypothesis test takes the form

Ho: &k =k

Hy o dh = ULs® +nk. (16)
This is a classical matched subspace detection problem when
a signal is corrupted by noise [21], in which we have to de-
cide whether the projection onto the orthogonal subspace has a
signal component or it is just noise. The problem of detecting
deterministic signals with unknown parameters can be solved
by the standard GLRT

~k | Akx
p (:I:K? 8Z17H1) Hy

T(@h)=—————% 21 (17)
p (&%7 é%k(yHO) Ho

where p (i%; .§kfj, H j) is the probability density function (pdf)

of ﬁ;%, ékfj is the MLE of é% under hypothesis #;, j € {0,1}
and +y is the decision threshold. When the test statistic T(:i%)
exceeds (is below) the threshold ~, the detector determines that

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 74, 2026

hypothesis H; (#Ho) is true. Therefore, v controls the false-
alarm and detection probabilities (the lower this threshold, the
fewer times we will decide H( and viceversa).

Under a zero-mean Gaussian noise, the probability density
function is

p(akisk ) =N (ehisk) o'Lyg) . ()

Clearly, the MLE ékfj is é%k = ﬁ:% under hypothesis #H; and
is é% = 0 under hypothesis Hy. Thus the Hodge subspace
detector becomes
Hi
T(&%) = |#513/0” = v, (19)
0

which compares the SNR of the signal projected onto the col-
umn space of Uz with the threshold .

Given the Gaussian distribution of ﬁc%, the test statistic
T(fc%) in (19) has a well-known a Chi-square distribution

2 nder H
T(&%) ~ {XNA " 0

20
XA (0) under H; 0

where N are the degrees of freedom and § is a noncentral-
ity parameter satisfying 6 = Hé%H; /o?. The higher the non-
centrality parameter, the further apart from each other the distri-
butions, and the easier the detection task. In the next section, we
introduce the Dirac detector. We will show that when a system
exhibits signals across multiple orders (e.g., nodes and triangles
coupled with edges), the Dirac detector allows us to harvest
the energy distributed across these levels. This increases the
non-centrality parameter and enhances detection performance
compared to analyzing the edge signal in isolation.

Before that, we are in a position to characterize the perfor-
mance of the Hodge detector. Given the distribution of the test
statistic, the probability of false alarm is

Poa £ Pr{T (2%) > 1Mo} = Qg _(3),
and the probability of detection as
Po 2 Pr{T (25) >} =Qu (), @

where Qx?\, (+) is the right-tail probability function of the Chi-
YA

21

square distribution. We note that all calculations are performed
under the assumption of Gaussian noise. If the noise is non-
Gaussian, the /o-norm detector in (19) is no longer the GLRT
(optimal), and the test statistic does not follow a Chi-square dis-
tribution. Consequently, the theoretical thresholds for a desired
Pra will be inaccurate, and the detector may be sensitive to
heavy-tailed noise (outliers).

B. Dirac Subspace Detector

Now, our objective is to determine whether the simplicial
complex signal s lies in certain Dirac subspaces spanned by
any of the following eigenvectors:

Upa € {Upqg, Upc, Upy, [Upa, Upc],

[Upa, Upnl, [Upc, Upn]}. (23)
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or any subcombination thereof?. Analogous to the Hodge set-
ting, let U % be the complement eigenvectors.

As in (16), the hypothesis test for the Dirac setting can be
restated as:

Ho : Tx = Nx

Hy: &y =Uzs + ng. (24)

With similar derivations, the Dirac subspace detector becomes:
Ha
T(25) = lesl3/o” 2 @5)
Ho
Once again, we measure the SNR energy in the orthogonal
subspace span(U,x).

As in (19), the test statistic follows a Chi-square distribution,
so the false alarm and detection probabilities match those in
(21) and (22), respectively. In this case, under #;, the dis-
tribution’s non-centrality parameter is § = ||3x||3/0%, where
55 = U;;Zs € RV#=5, and N  is the dimension of the Dirac
complement subspace. Because a simplicial complex signal has
a higher dimensionality than a k-simplicial signal (N > Ny), in
the Dirac setting the energy of 5% is typically larger, leading
to a higher non-centrality parameter and improved detection
performance.

The detectors in (19) and (25) are energy detectors: they
evaluate the signal energy in the orthogonal subspace, namely
span(Ux) versus span(U,x ). Given the probabilities of false
alarm [cf. (21)] and detection [cf. (22)], we can characterize the
asymptotic behavior of (25) following [27], as stated next.

Proposition 1 (Asymptotic performance): For a large dimen-
sion of complement subspace N,x, the detection probability
of the energy detector in (25) is approximated by

Pp~Q (Q_l (Pra) — \/d»g)

where Q(-) is the right-tail probability function of the standard
normal distribution and d? is the deflection coefficient defined
as ¢ = (452 /02)2/2Np 5.
Proof: See Appendix A. |
Equation (26) shows that the detection probability rises with
the deflection coefficient d?, given that the ) function is
monotonically decreasing. In turn, d> depends on: (i) the SNR
of the projection of the signal onto the orthogonal subspace
|3%113/0?; and (ii) the dimensionality of the orthogonal sub-
space N,x. Consequently, the higher the projection energy un-
der hypothesis H, the greater the detection probability. Finally,
note that the asymptotic performance in the Hodge scenario [c.f.
(19)] follows (26) by using é% instead of 55 in the deflection
coefficient.

(26)

C. Connections Between Hodge and Dirac Detectors

Understanding how these two detectors relate enables us
to exploit their connections and enhance the detection task.
Specifically, we compare them to quantify the performance

2For example, if the simplicial signal has a sparse representation in the
joint gradient subspace and in the joint curl subspace, then Upa could be
built using only those eigenvectors.
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gain achieved by jointly processing the full simplicial signal
versus processing a single level (Hodge) and discarding the
information from other orders. We summarize the connection
in the following propositions.

Proposition 2: Let s* be a 1-signal (edge signal). Also, let D
denote the Dirac operator defined in (7), whose decomposition
as in (8) is D; and D,,. Finally, let B;, B5 be the node-to-
edge and edge-to-triangle incidence matrices, respectively, and
let Ly be the Laplacian matrix. Then, let s = [0||s'[|0] be the
corresponding simplicial complex signal. It holds that

s € span (D;) < s' € span (B ) (27a)
s € span (D,,) < s' € span (By) (27b)
s € kernel (D) < s' € kernel (L) (27¢)

where < denotes necessary and sufficient conditions.
Proof: See Appendix B. |

While the proof for Proposition 2 follows directly from the
definitions of the Dirac operator and the incidence and Hodge
Laplacian matrices. This result indicates that detecting whether
an edge signal s’ belongs to a particular Hodge subspace (or
some subset thereof) is equivalent to detecting whether the
simplicial complex signal whose node and triangle signals are
zero-padded, s = [0]|s'[|0], lies in the corresponding Dirac
subspace.

Proposition 3: Let s, sl and s2 represent a 0-signal (node
signal), 1-signal (edge signal), and 2-signal (triangle signal),
respectively, and let s = [s%||s||s?] be the corresponding sim-
plicial complex signal. Also, let D denote the Dirac operator
defined in (7), whose decomposition as in (8) is D; and D,,.
Finally, let By, By be the node-to-edge and edge-to-triangle
incidence matrices, respectively, and let L; be the Laplacian
matrix. Then, it holds that

s €span (D;) = s' € span (BlT) (28a)
s €span (D,) = s* € span (By) (28b)
s €kernel (D) = s' € kernel (L;) (28¢)

where = denotes sufficient conditions.
Proof: See Appendix C. 0
Proposition 3 indicates that simplicial signals of different or-
ders can help detect the edge signal more effectively. To provide
deeper insight, we consider the following simplified scenario.
First, examine the Hodge setting under . The expected value
of the test statistic in (19) (assuming o is absorbed into ) is

E[l2" (3] = EllAz]3] = Nxo®. (29)

In the Dirac setting, the expected value of the test statistic in
(25) is szo'Q. Conversely, under 1, we have

E[|l&" (3] = E[Ugs" + azl[3] = E[|Uxs"||3] + Nxo®,
(30)

If we assume the signal energy is proportional to its dimension-
ality, i.e., E[|[Uxs"||3] = Nz, where 7 is a constant, then

E[ll&" 3] = Nx(n + o).

Assuming that ) remains the same in the Dirac setting, it follows
that E[||&[|3] = Npx (1 + o?).

€19}
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When comparing the test statistic to a threshold, a useful
measure of performance is the expected difference between the
test statistic under H; and Hy. A larger difference implies an
easier detection. In the Hodge case, this difference is

Nx(n+ 02) - NKU2 = Nxm,
—_————— ~——

Hi Ho

(32)

whereas in the Dirac case, the difference is Nyzn. Since
Npx 2> Ng, assuming identical noise power and signal energy
under H;, the expected difference in the Dirac setting is larger,
thereby facilitating detection.

D. Computational Complexity

The computational complexity of the proposed framework
is dominated by the eigenvalue decomposition (EVD) of the
Hodge Laplacian or Dirac operator, which scales as O(N?),
where N is the number of simplices in the simplicial complex.
For large-scale problems, this can become computationally pro-
hibitive, particularly when extracting eigenvectors associated
with gradient, curl, or harmonic subspaces. To mitigate this,
sparse matrix techniques can be leveraged for simplicial com-
plexes with sparse connectivity, reducing the cost of matrix-
vector multiplications during iterative decomposition. Further-
more, randomized EVD approaches provide an efficient al-
ternative by approximating the dominant eigenvectors with a
complexity of approximately O(Nk? + k), where k is the
number of dominant eigenvectors required. These approaches
significantly decrease computational and memory demands, fa-
cilitating the use of our approach in real-world datasets with
large simplicial complexes.

V. DETECTION WITH MISSING DATA

In the presence of missing values, the previous detectors
do not hold because it is unclear whether the observed signal
resides in the subspace of interest. In this section, we discuss the
topological matched subspace detector for incomplete signals.
For simplicity, we will focus on the Dirac subspace detection
problem, as extending it to the Hodge setting is straightforward.

More formally, we have access only to a subset of entries
selected by the sampling matrix ® # I. The observed signal is
defined as ¢ = ©(s + n) € RYe. The hypothesis testing prob-
lem can be reformulated as

Ho: £ =Upareso + ne

Hi: x=Upes + ng (33)
where Uppre =0OUpp € RNoxNpa, Upeo =0OUp €
RNoxN (i.e., the rows of the eigenvector matrices

corresponding to the elements chosen by ®), sy and §;
are the coefficients corresponding to the eigenvectors in Upa
and Up, respectively, that construct the signal of interest. As
before, we consider Gaussian noise ne = On ~ N (0,021, ).

Note that projecting onto the orthogonal subspace
span(Upx) is  not feasible, as U;Z@UPAQ =
U;ZGTGUPA # 0y, where Opn is the N x N all-zero
matrix. We therefore formulate the GLRT by considering the
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distribution of & under each hypothesis, and by using the
MLE of 5;, j €{0,1}. The distribution of « under #; is
T NN(Up@J-é;, 0?Iy,), where Upg g = Upae under Ho
and Upg,1 = Upe under H;. Hence, the detector becomes

_ =~ Upaespl3 — = — Upesill3 *g

T(x) 5

(34)

g Ho

This detector measures the difference between the residual
energies of the signals in the respective subspaces for each
hypothesis. Specifically, the numerator in (34) is the difference
between two distinct terms, each capturing the energy of the
discrepancy between the observed signal and its reconstruction
via the eigenvectors of each hypothesis. Consequently, the dif-
ference between the missing-data detector (34) and the Dirac
subspace detector (25) is that (34) does not explicitly include
the complement subspace but instead considers the subspace of
interest for each hypothesis.

Finally, the observed signal also affects the MLE of 3;
for j € {0,1}. This MLE depends on the relationship be-
tween the number of observed samples N, and the dimen-
sion of the subspace Npa. If N, > Npa, we are in the
overdetermined case; if N, < Npa, we are in the underdeter-
mined case. These two scenarios are detailed in the following
sections.

A. Overdetermined Case

For the overdetermined case, we have N, > Npa, and thus
we find the MLE of 5; by solving

8= argmin ||z — Upe,;8jl3-
85

(35)

Next, we substitute this value into the test statistic in (34), but
before doing so, it is necessary to analyze the solution of this
problem under both H, and #;.

For the null hypothesis H,, the number of observations
satisfies N, > Npa, s0 Uppag = OUpa € RVoXNa g 3 tall
matrix. The MLE of §g is thus given by the left pseudoin-
verse: 35 = (Upao) ze. Since Uppo(Upnro) # 1y, we
have ||z — Upaosyl3 # 0.

Under the alternative hypothesis H;, Upg =0OUp €
RNoxN js a full row-rank, fat matrix, as it is formed by
choosing N, < N rows from the full-rank N x N matrix
Up. One of the infinitely many solutions is obtained via the
right pseudoinverse of Upg, yielding 87 = (Upg)'z. Note
that, because in this case Upg(Upg)’ =1, it follows that
& — Upe(Upe) |5 = 0.

Substituting the estimates 8;, and 8] back into (34) results in
the simplified detector

-

x — Uppre(Upae)iz| #
ag Ho

(36)

Here, the matrix Paro = Upao(Upae)' is a projection op-
erator onto the column space span(Upae ). Consequently, the
proposed test statistic 7'(x) measures the difference between x
and its projection onto span(Upag).

The transformed variable & — Paox = (I — Ppo)x =
Pz is the projection of x onto the orthogonal subspace
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of span(Upae)’. This variable still follows a Gaussian
distribution with covariance matrix 02Px,Pxg =0*Pxg
(since the projection matrix is symmetric and idempotent).
Its norm follows a Chi-square distribution with
tr(Pxo) = N —rank(Upae) degrees of freedom [28],
where tr is the trace operator and rank returns the rank of
the matrix. Using the fact that a projection matrix has exactly
one eigenvalue per dimension of the subspace it projects onto
(and zeros for the rest), if Upag is full column rank (i.e.,
rank(Upae) = Npa), the degrees of freedom of the Chi-
square distribution become N — Npa = Nx. The associated
false alarm and detection probabilities are given by (21) and
(22), respectively, with the non-centrality parameter under 4
being § = || PxoUpesi3/0*.

Remark 1: When no data is missing, the sampling matrix ®

is the identity. In this case, detector (36) simplifies to T'(x) =
(|23 — [ULaz||2) /02, which is equivalent to detector (25).
Indeed, ||z||3 — |[Uj |3 is the energy of the projection of the
signal onto the complement subspace, ||U7TDZ:BH§, as dictated
by Parseval’s theorem.
Connections to projection detectors. The GLRT topological
detector in (36) is equivalent to the projection detector proposed
in [29, Section 5] when Upag is a full column rank matrix, as
stated in Proposition 4. Under these conditions, we can adapt the
results of [29] to probabilistically characterize the performance
of (36) in comparison to the scenario with no missing values.
Let span (Upa ) denote the subspace spanned by the columns
of Upa (of dimension Npa), and let span (U,x) denote
the orthogonal subspace spanned by the columns of U,x (of
dimension Ny%x).

Proposition 4: Let Uppo = OUpa be the rows of the
eigenvectors matrix Upa selected by the sampling matrix ©.
Also, let « be the elements of the sampled simplicial complex
signal. Finally, let Paro = Upao (U;A@UPA@)TU;A@ be
the projection operator onto the subspace span(Upag). As-
suming that Upag is full column rank, the detector given in
(36) is equivalent to the detector

9 Ha
T(x) =[x - Paoxl; 2 7, (37
Ho
proposed in [29, Section 5].
Proof: By using the definition of the left pseudoinverse for
a full column rank matrix AT = (ATA)"'AT, we have that

Upae(Upre)' =Upare(UpreUprare) 'Upre
=Upnro(UpreUprae) Upre = Pae,

where in the second equality we used the fact that, as
U; roUpae is a full rank square matrix (owing to Upae
being full column rank), its pseudo-inverse and inverse coin-
cide. Moreover, the noise power o2 in the denominator of (36)
is absorbed into the threshold «y on the right-hand side, making
the two detectors equivalent. |

3In a slight abuse of notation, we let Pxo=1—Ppe denote the
projection operator onto the orthogonal subspace of span(Upag), even
though it is not strictly a projection onto span(UPKe). Its role depends on
the entries chosen by @. The two subspaces (orthogonal to span(Upag)
and span(UPZ@)) coincide only when no data is missing, i.e., @ = 1.
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We are ready to probabilistically characterize the perfor-
mance of the detector, but first we define the coherence of a
subspace:

Definition 1 (Subspace coherence [30]): The coherence of
an R-dimensional subspace S is defined as

p(8) = max | Pses?, (38)
J
where Pgs is the projection operator onto S, e; is the jth
standard basis element, and N is the signal dimension.

For a vector v, u(v) denotes the coherence of the subspace
spanned by v. We now claim the following about detector (36).

Corollary 1: Define the decomposition of the signal
as rT=xA +Tx € RY, where xa € span (Upa) and Tx €
span (Upx). Let €>0 be a constant and assume N, >
8 Npau(span (Upa))log (2222). Then, with probability at
least 1 — 4e,

N,
oz~ Paz|; < &~ Paez|; < (1+8) 57 & — Pazl;
(39)

where

5= \/8N7>AN(§I])\?:(U7>A)) log (2N€7:‘A)

, v=
1 No(lfﬁ)prA/A(span(UPA))(1;—_7,;)2
V2u(@x)log (¢),  a= N —
and f = \/M(ﬁilog (%)
Proof: Theoprobabilistic bounds in (39) follow by applying
the proof of [29, Theorem 1]. O
The result provided in Proposition 4 indicates that, under
the assumption that Upae is full column rank, the GLRT-
based detector for simplicial complex signals is equivalent to
the detector proposed for missing data in [29]. This requirement
is the same as the one in [31, Th. 1] for perfect recovery
under sampling, essentially stipulating that the N, observed
rows of Upa span RNa | Otherwise, the problem falls into the
underdetermined setting, discussed in the next section.
When £3, 7, and § are close to zero, the lower bound in || —
Paox||3 is approximately

N, — Npap(span (Upa))
N

This arises when, for instance, N, is large or the subspace di-
mension Npa is small. Because the coherence of span (Upa)
is bounded by 1 < p(span (Upa)) < %, if N, < Npa, the
lower bound might always be zero or negative even if || —
Pax||3 > 0. Hence, the performance of the detector in (36)
will be poor with high probability. This underscores that, for
the proposed detector to function effectively, we need at least
Npa observations—that is, the dimension of the subspace we
aim to detect.

|z — Paz|s.  (40)

B. Underdetermined Case

Now we deal with the case of having fewer observations than
the subspace dimension, i.e., N, < Npa. The fact that, for H1,
Upo (U’p@)T = IN(7 and thus H.’IJ - U'p@(Ufp@)T:BH% = 0 still
holds if we estimate the MLE 8] by solving (35). However,
under Ho, Upg,0 = Upae is a fat matrix. If this matrix is full
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TABLE I
PROPERTIES OF THE DATASETS

Datasets Nodes  Edges  Triangles Edge Signal Property  Na Nx Npa Npx
Forex [20] 25 300 2300 Curl-free 24 276 48 2577
Lastfm [20] 657 1997 1276 Divergence-free 1341 656 2618 1312
Cherry hills [11] 36 40 2 Curl-free 38 2 74 4
Football 11 55 165 Divergence-free 45 10 211 20
row rank and we obtain the MLE of s, via (35), the solution f°~ I R
. . . sk T . 40 /35 f34 % . low orientation
is non-unique, and setting $; = (Upao)' @ makes detection LA [
. . . . . . 33/
impossible. This arises because, if Upag is full row rank, for 4 ;Df”" Ss ;
its columns span R™e, implying that z € span(Upae) = RY° S A N P “ £l
. . 22 5 Js A=
in every scenario. Consequently, for our proposed detector, Ja 25 f%ﬁ‘ o ’ °
Uparo (U'pA@)T =1y, which always yields T'(x) = ||z — S P Tn 5
o A ol s g Fie 7 e
Upae (Upae)' |3 =0in (36). Fol fie §

For this more challenging case, we can employ a regularized oo £ R Is P
version of the detector and obtain the MLEs of both 5y and 5 ° T\ g . o fip S
by solving sy AL

°
A% . ~ 2 ~
8; = argmin [ — Upe;8;|5 + A;€2(8;) @41 ' .
3 Fig. 2. Cherry hills water network which has 36 nodes represent tanks, 40

where €)(5,) leverages prior information about §;, such as it be-
ing low-pass or sparse. For instance, if the simplicial embedding
5; is low-pass, then we can set the regularizer A;€2(5;) in (41)
to \;|R;3,|3, where R; is a diagonal matrix with decreasing
diagonal entries. A closed-form solution may exist depending
on the regularization €2; otherwise, a numerical estimate can be
obtained.

VI. NUMERICAL RESULTS

We corroborate the proposed detectors with numerical ex-
periments on four different real-world datasets. In Sec. VI-A,
we introduce the datasets, whereas in Sec. VI-B, we evaluate
the performance of the Hodge subspace detectors (HSD). In
Sec. VI-C, we evaluate the Dirac subspace detectors (DSD).
Finally, in Sec. VI-D, we assess the impact of having incomplete
data.

A. Datasets

We use four datasets, summarized in Table I:

1) Forex [20]: This dataset represents foreign currency ex-
changes, where each currency is a node, pairwise exchanges
between two currencies are treated as edges, and any three
currencies form a triangle. The edge signal is the logarithm of
the exchange rate. To ensure the exchange rates are arbitrage-
free —_meaning no profit can be obtained by trading currencies
in a loop— the rates must balance in any cyclical exchange.
For example, starting with currency A, converting to B, then
to C, and finally back to A, should yield no net gain. Denoting
the exchange rate between A and B as rA/ B the arbitrage-
free condition can be written as /B rB/C = A/C_Taking the
logarithm of the exchange rate, defined as FA/B — log (rA/ B),
we obtain 7#4/B 4 7#B/C = #A/C lindicating that the edge signal
is curl-free.

2) Lastfm [20]: This dataset records instances when a user
switches from one artist to another on a music player. Each artist

edges represent the pipes and 2 triangles represents the areas enclosed by
three pipes. Different water demands generates different water flow rate over
the edges and water pressure over the nodes.

is represented as a node, and an edge is created between two
artists whenever a user switches from one artist to the other.
Any triangle formed by three edges is treated as filled. The edge
signal is built as follows: each time a user switches from artist
A to B, a unit is added to the edge signal from A to B. Since
users consistently switch to another artist after listening to one,
except for the initial and terminal nodes, the divergence at other
nodes is zero. Consequently, the edge signal is approximately
divergence-free.

3) Cherry hills [11]: This dataset represents a water distri-
bution network, where each node corresponds to a tank, each
edge to a pipe transporting water, and each triangle to an area
enclosed by three pipes (see Fig. 2). The node signal is the
water pressure at each tank (in pounds per square inch, scaled
by 10~%), the edge signal captures water flow rate through each
pipe (in cubic feet per second), and the triangle signal is the
sum of the water demand across the three nodes forming the
triangle (in cubic feet per second). Although water demand is
physically a nodal quantity, summing the demands of the con-
stituent nodes provides a proxy for the “regional consumption
intensity” within the triangular area. This definition captures the
interplay between localized demand clusters and the circulating
flows (curl) surrounding them, thereby exploiting the higher-
order connections in the signals. The edge flow signals are
generated with the EPANET software under a demand-driven
model [11], where varying demands lead to different flow rates.
The dataset comprises 55 hours of recorded edge signal and
node pressure data, sampled hourly, with hourly averages used
as experimental data.

4) Football: This dataset considers the passing data from
the German national team, collected during their match against
England in the 2020 European Championship. Each player is
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B B
A@ S— A'
D D

Fig. 3. TIllustration of the football dataset with four players A, B, C, and
D. Suppose the ball is passed along the path A—B—C—D—B. There is a
single passing loop with no passing error. This scenario can be modeled by a
simplicial complex with four nodes, six edges, and four triangles. The edge
signal is 1 on the edges { A, B}, {B,C}, {C, D}, and {D, B}, and 0 on the
remaining edges. Notice that, except for the start node A and the end node B,
all other nodes have zero divergence. Since no passing error occurs, all node
signals are zero. Consequently, there is one passing loop B -+ C — D — B,
and only the triangle { B, C, D} carries a value of 1, while the other triangles
have zero signal.

TABLE II
EXPERIMENTAL SETUP FOR THE HODGE SUBSPACE DETECTION CASE

Dataset | Ho | Hq | SNR

Forex [20] st =By5%, 82 ~N(0,1) | -10 dB
Lastfm [20] s!=B]3% 8 ~AN(0,1) | -10 dB
Cherry [11] Flow with curl component | 20 dB
Football Non-div-free flow 0 dB

Curl-free flow
Div-free flow
Curl-free flow
Div-free flow

represented as a node. An edge exists between any two players,
and a triangle represents the passing loop among three play-
ers. The method for acquiring simplicial complex signals is
as follows: the node signal corresponds to the total number
of passing errors each player made throughout the game; the
edge signal reflects the number of passes between two players;
and the triangle signal indicates the number of passing loops
among three players. When players A, B, and C form a passing
loop, we add a unit to the triangle signal formed by those
three players. This construction ensures that the edge signals
are approximately divergence-free if no passing error occurs.
Since a player receiving the ball passes it on without holding
it, only the first and last players have non-zero divergence, as
illustrated in Fig. 3.

B. Hodge Subspace Detector

Experimental setup. The experimental setup for the HSD is
summarized in Table II, while the signal energy projection onto
the Hodge subspaces is shown in Fig. 4. Here, we focus on
detecting edge signals without considering node and triangle
signals.

Forex: under hypothesis H, the edge signal represents a for-
eign exchange rate flow that is curl-free. Under hypothesis #1,
we generate the flow as s' = B,3?, where 5% ~ N (0,1y,),
placing it in the curl subspace. This setup reflects a scenario
in which the arbitrage-free condition is violated. We then add
zero-mean Gaussian noise at an SNR of -10 dB. The goal is to
detect whether the foreign exchange rate satisfies the arbitrage-
free condition so that the edge signal is curl-free.
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Fig. 4. Energy of projection onto the Hodge subspace for different datasets.
In (a), (b), (c), and (d), the upper and lower subgraphs are the energy of the
edge signals projection under hypothesis Ho and /1 in the Hodge subspaces,
respectively. The regions divided by the red lines represent, from left to right,
the Hodge gradient, curl and harmonic subspaces.

Lastfm: under hypothesis H, the edge signal captures a user
transition flow, which is divergence-free. Under H;, we synthet-
ically generate flows as s' =B/ 8, where 5 ~ N (0,1y,),
placing it in the gradient subspace. We then add zero-mean
Gaussian noise at an SNR of -10 dB. The objective is to de-
termine whether the edge signal is divergence-free.

Cherry hills: edge signals under hypotheses Hy and H;
correspond to two distinct demand conditions, referred to as
demand-0 and demand-1. By controlling demand-0, we ensure
that the edge signals under H, are curl-free. We set the water
demands to remain constant. Under hypothesis H, the edge
signal denotes the flow rate in the pipes under a specified water
demand-0. Under hypothesis #;, the edge signal corresponds
to the flow rate under a different specified water demand-1. As
shown in Fig. 4(c), the flow rate generated by demand-0 resides
in the gradient and harmonic subspaces, exhibiting nearly zero
projection energy onto the curl subspace. In contrast, the flow
rate produced by demand-1 has a non-zero curl component. We
then add zero-mean Gaussian noise at an SNR of 20 dB. The
task is to identify the demand pattern of the water flow rate by
detecting whether the flow is curl-free.

Football: under hypothesis H(, we construct the edge signal
without incorporating passing errors. For example, if a pass
from player A is intercepted and ultimately returned to player
B, we treat it as a direct pass from A to B, making the pass-
ing flow approximately divergence-free and thus modeling a
scenario where passing is uninterrupted. Under hypothesis H;,
we consider the true passing process, where the existence of
passing errors results in an edge signal that is not divergence-
free. We then add zero-mean Gaussian noise at an SNR of 0
dB to simulate real-world uncertainties and imperfections in
the observation or measurement of the passing process. The
objective is to determine whether passing interruptions occur
by checking whether the edge signal is divergence-free.
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TABLE III
AREA UNDER THE CURVES (AUC) FOR THE COMPLETE DATA. -TH. AND
-EXP. REPRESENT THE THEORETICAL AND EMPIRICAL RESULTS

Method |  Forex Lastfm Cherry Football
HSD-Th. 0.80 1.00 0.82 0.73
HSD-Exp. 0.80 +0.01 1.00£0.00 0.824+0.01 0.73+£0.01
DSD-Th. 0.99 1.00 1.00 0.95
DSD-Exp. 0.99 +0.00 1.00+0.00 1.00£+0.00 0.95 + 0.01
B-SMSD [32] | 0.57 £ 0.02 0.67 +£0.02 0.76 £0.18 0.53 +0.01

For a fair comparison, we set the same energy level for the
edge signals under both hypotheses. Our results are averaged
over 1 x 10% independent noisy realizations of a single sample.
We select the area under the curves (AUCs) of the receiver
operating characteristics (Pp vs Pga) as our evaluation metric.
For each dataset, we adjust the SNR to emphasize performance
differences.

We compare our method with the blind simple matched sub-

space detector (B-SMSD) [32], originally designed for graph
signals. To adapt it for edge signals, we first map edges to nodes
by constructing the line-graph [19]. This detector assumes the
observed signal is bandlimited with respect to the graph Fourier
transform of the line-graph, and then compares the out-of-band
SNR with a threshold ~. For the (bandwith of the) B-SMSD,
we select 95% of the line-graph eigenvectors corresponding to
the smallest eigenvalues.
Results. The outcomes of the HSD are presented in Table III,
where theoretical and experimental results align closely, cor-
roborating the proposed theory. Although the Cherry dataset
has the highest SNR (see Table II), its detection performance
for the HSD is not optimal due to the small dimension Ny
of the complement subspace, making the energy detector in
(19) more noise-sensitive. In contrast, despite having the same
SNR as the Forex dataset, Lastfm achieves better detection
performance because its larger complement subspace dimen-
sion provides greater noise robustness. The baseline B-SMSD
method is not effective at distinguishing between hypotheses
because its design principle does not match the higher-order
detection task. Despite relatively acceptable performance on the
Cherry dataset—Ilikely because its underlying topology closely
resembles a path graph (see Fig. 2), which approximates its line-
graph—the high standard deviation across multiple runs reveals
instability. Moreover, on other datasets, the B-SMSD clearly
falls short, indicating that a line-graph approach is unsuitable
for this task.

C. Dirac Subspace Detector

Experimental setup. The experimental setup is summarized
in Table V, and the signal projection energy onto the Dirac
subspaces is shown in Fig. 5. We focus on the detection task
that involves node and triangle signals. The edge signals s!
to be detected are the same as those used in the Hodge-based
experiments, with the key distinction being the inclusion of
node and triangle signals to evaluate their impact on detection
performance. Specifically, for the Forex and Lastfm datasets,
we generate synthetic node and triangle signals to investigate
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Fig. 5. Energy of the projection onto the Dirac subspace for different

datasets. In (a), (b), (c) and (d), the upper and lower subgraphs are the energy
of the edge signals projection under hypothesis Ho and H; in the Dirac
subspaces, respectively. The regions divided by the red lines represent, in
order: the Dirac gradient, curl and harmonic subspace.
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Fig. 6. AUC for different detectors. The yellow line is the HSD. The blue
line is the DSD without considering the information in the node and triangle
signals (zero-padded). the red line is the DSD considering the node and
triangle signals. The SNRs of the edge signal are -10 and -15 dBs, for the
Forex and Lastfm datasets, respectively.

their influence on the detector’s performance; for the Cherry
and Football datasets, we employ real signals. The DSD (zero-
padded) in Fig. 6 represents a special case in which the node
and triangle signals are padded with zeros.

Forex: under hypothesis H;, the node signal is s" = B;5",
where 31 ~ N (0,1,), and the triangle signal is s = 0. Ac-
cordingly, the constructed signal s lies in the Dirac gradient
subspace, as illustrated in Fig. 5(a). Under hypothesis ;, the
node signal is s” =0, and the triangle signal is s> = B, s,
where 8! ~ N (0,1, ). The resulting signal s lies in the Dirac
curl subspace.

Lastfm: under hypothesis Ho, the node signal is s” =0,
and the triangle signal is s> = B 8!, where 5! ~ N (0,1y,).
Hence, the constructed signal s occupies the Dirac curl and
harmonic subspace without the Dirac gradient component, as
shown in Fig. 5(b). Under hypothesis #1, the node signal is
s% =B;3!, where 3! ~ N (0,Iy,), and the triangle signal is
s2 = 0. As a result, the constructed signal s resides in the Dirac
gradient subspace.
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Cherry: under hypotheses Ho and 1, the node signal s°
represents the water pressure at each node, while the triangle
signal s? is the sum of the water demands in each triangular area
(i.e., over the three nodes forming a triangle). Consequently,
under H, the constructed signal s remains in the Dirac gradient
and harmonic subspaces, containing no Dirac curl component.
Under H1, however, there is a curl component, as illustrated in
Fig. 5(c). Here, the priors for Ho and H; stem from observa-
tions in specific experimental results.

Football: the node and triangle signals capture the passing
errors of each player and the passing loops among three players,
respectively, as shown in Fig. 3. The resulting signal s spans the
Dirac curl and harmonic subspaces. Under 1, however, s adds
a non-zero Dirac gradient component, as depicted in Fig. 5(d).

For a fair comparison, we set the energy of the signal s

to be equal under both hypotheses. We then add zero-mean
Gaussian noise that preserves the same edge-signal SNR used
in the Hodge-based experiments.
Results. The results for the controlled setting on the Forex
and Lastfm datasets are shown in Fig. 6. They indicate that,
as the SNR of the node or the triangle signal increases, the
detection performance improves gradually. When the energy
of the node or triangle signal becomes sufficiently large, the
AUC approaches one. The yellow line representing the HSD
lies above the blue line for the DSD, which implies that if
the node or triangle signal is unknown and therefore zero-
padded, the HSD performs better than the DSD. This occurs
because the dimension N % in the Dirac-based experiments is
larger than the Hodge-based N, while the node or triangle
signal does not contribute to the detection when it is zero-
padded. Consequently, the deflection coefficient d? is smaller
for the DSD when only the edge signal is considered, resulting
in poorer detection performance (c.f. (26)). However, as the
energy of the node or triangle signals increases, the DSD’s
performance rises and eventually surpasses that of the HSD.
The performance of the DSD is heavily influenced by the prop-
erties of the node and triangle signals. Specifically, when these
signals reside in certain Dirac subspaces, the Dirac detector
can more effectively capture the structural characteristics and
outperform the HSD. In practical scenarios, however, node
and triangle signals may deviate from these assumptions; un-
der such circumstances, the DSD might no longer surpass the
HSD’s performance.

From Table III, we see that the DSD outperforms every other
alternative, including real data node and triangle signals. As
noted, adding node and triangle signals enlarges the energy
gap in the complement Dirac subspace between hypotheses
Ho and H,, whereas the HSD considers only the edge signal
information.

As for the computational complexity, the runtime of the EVD
and detection of HSD and DSD is shown in Table IV. As
the data dimensionality increases, computational complexity
and runtime rise significantly, which is consistent with ex-
pectations. Notably, the DSD requires the full EVD of the
Dirac operator, leading to higher runtimes than the HSD, yet
the detection step remains efficient once the subspace basis is
available.

1011

TABLE IV
RUNTIME COMPARISON OF HSD AND DSD FOR EVD AND
DETECTION
Category  Method \ Forex Lastfm Cherry Football
EVD HSD 0.066s 5.481s 0.002s 0.002s
DSD 8.787s  51.542s 0.006s 0.016s
Detection HSD 0.005s 0.028s 0.001s 0.001s
clectio DSD | 0.034s  0.056s  0.002s  0.004s

D. Incomplete Data

In this subsection, we address missing data by varying the
sampling rate from 0.1 to 1. We compare the performance with
that of two baselines: subspace-based and smooth Laplacian
interpolation (inpainting). In both approaches, we first recon-
struct the incomplete data based on prior information and then
perform detection on the recovered signal.

Subspace-based Interpolation. For this baseline, we adopt
the interpolation method from [19] using H as the underlying
assumption. The challenge is that the signals under hypotheses
Ho and H; have different priors. Consequently, we leverage
the subspace prior of the signal under hypothesis Hq for the
interpolation task, and also under hypothesis /1 because the
exact origin of the noisy signal is unknown. Concretely, we
solve problem

argmin |Qz||? subject to Oz = x, (42)
xr
where the matrix Q is UL or U for the Hodge- and Dirac-
based experiments, respectively. The matrix © € {0, 1}Ve* ¥
is the sampling matrix, and « is the observation. The objective
is to minimize the energy of the interpolated signals in the
complement subspaces, given that this energy should be zero
under hypothesis Hg. We solve this problem via ADMM.
Laplacian smoothing. In this method, which is an agnostic
baseline not tied to Hg, we reconstruct the incomplete data by
solving

argmin ||©z — |2 + p& ' L, (43)
&

where 1 > 0 and the Laplacian is defined as L = L; under the

Hodge setting and L = blkdiag(Lg, L1, Ly) under the Dirac

setting. The closed form solution is

=00+ uL)'e . (44)

Overdetermined case. Fig. 7 presents the results, where the
proposed GLRT-based detector proves effective for both the
HSD and DSD. The DSD consistently performs better because
the information contributed by the node or triangle signals bol-
sters the detection task, even when some of the data is missing.
Across different datasets, the performance of the HSD and DSD
varies, largely due to the node or triangle signals’ differing
power levels. When these signals hold greater energy (e.g., in
the Football dataset), the DSD’s improvement over the HSD
becomes more pronounced. It is noted that the error bars for the
Cherry Hills and Football datasets are wider than those for the
Forex and Lastfm. This is due to their complement subspace
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TABLE V
EXPERIMENTAL SETUP FOR THE DIRAC SUBSPACE DETECTOR
Dataset | Ho — node | Ho—edge | Ho—triangle | H1 — node | H1 — edge | Hi—triangle
Forex | B13', 3! ~ N (0,1) | Curl-free flow 0 0 B232,32~N(0,I) | BJ3l, 3 ~N(0,1)
Lastfm 0 Div-free flow | BJ 3%, 81 ~ N (0,1) | B13', 3! ~ A (0,I) | B[3% 3°~AN(0,1) 0
Cherry Pressure-0 Non-curl flow Area demand-0 Pressure-1 Flow with curl component Area demand-1
Football Passing errors-0 Div-free flow Passing loops-0 Passing errors-1 Non-div-free flow Passing loops-1
TABLE VI
EXPERIMENTAL SETUP FOR THE EDGE SIGNALS IN THE UNDERDETERMINED EXPERIMENT
Dataset | Ho | Hi |  [MoRolii | [MRila | SNR
Forex [20] [30)s ~ N (exp(—i/20)T,1073) [31); ~ N (exp(—i/1000)T,1073) | 0.01*exp(i/50) | exp(i/2000) | -10dB
Lastfm [20] | [30]; ~ A (exp(—/1000)T,1072) | [81]; ~ N (exp(—¢/3000)T,10~3) | 0.01*exp(i/50) | exp(i/2000) | -10dB
Cherry [11] | [30]; ~ N (exp(—i/20)T,1073) [31)i ~ N (exp(—i/30)T,1073) 0.01%exp(i/2) | exp(i/100) | 20dB
Football [80]i ~ N (exp(—i/100)T,1079) [81]s ~ N (exp(—i/200) T, 1073) 0.01*exp(i/5) exp(i/50) 0dB
Forex Lastfm 13 Forex i Lastfm
1.3 | |=@— D-interpolation ==@=H-Smooth 1.3 [ | =@ D-interpolation ==@=H-Smooth =& Overdetermined ==& Smooth |—.—0verdetermined =8 Smooth
—8—HSD ==&~ D-Smooth —8—HSD == D-Smooth 1.4 H=2— =8 Underdetermined 1.1 H=2— i
1.1 f|—8—"- —&—DSD 1.1 [ [—®—H-interpolation —&—DSD
Tog w09 w09
= = =
07 07 07
05 05 05
03 03
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
Sampling rate Sampling rate Sampling rate Sampling rate
Cherry Football 19 Cherry - Football
1.3 [ |[—®— D-interpolation =—@=—H-Smooth 1.3 [ |—@— D-interpolation —@=—H-Smooth ’ —&— Overdetermined —@=—Smooth ’ |—0—Ovsrdeterm|ned =—8—Smooth
—8—HSD ==&=D-Smooth —e—HSD &= D-Smooth 11 = i == Underdetermined 11— {
1.1 f|=@—H-i ion =@ DSD 1.1 | | =@ H-interpolation =-@=DSD
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Sampling rate Sampling rate Sampling rate Sampling rate
Fig. 7. AUC for the incomplete data experiment. The percentage of the  Fig.8. AUC for overdetermined and underdetermined cases. We assume that

missing data is ranging from 0% to 90%. D-interpolation and H-interpolation
refer to the subspace-based interpolation baselines in (42) under the Dirac
and Hodge frameworks, respectively. D-smooth and H-smooth denote the
Laplacian smoothing baselines in (43). Error bars for the Cherry Hills dataset
are omitted to enhance visibility, as the low dimensionality of its complement
subspace induces high variance and visual clutter.

Ux having smaller dimensions, which makes the detection
more sensitive to noise.

The performance of the interpolation detector differs signif-
icantly among datasets because it is not an optimal solution,
and its effectiveness depends heavily on the specific properties
of the underlying signals. The interpolation baseline does not
perform well here because the regularizer in (42) imposes an
inaccurate prior for the signal under H;, reducing its efficacy.
Moreover, because the matrix Q is fat, the solution to the inter-
polation problem is non-unique, and ADMM-based outcomes
lack stability. This instability is one of the primary causes of
the interpolation detector’s poor performance.

As for the Laplacian smoothing baseline, its performance
varies across datasets because it acts as a suboptimal detector.
The regularizer ufnTLﬁz imposes a generic smoothness prior on

80 and 87 are both low-pass. Smooth and Interpolation denote the Laplacian
smoothing and subspace-based interpolation baselines, respectively.

the signal. For example, in the Hodge setting, the regularizer can
be written as

e Lw = (|Bial3+ [BIalZ),  @5)

which encourages edge flows with low divergence and curl [8],
[18]. While this property holds for many physical signals, it is
not tied to the specific subspace detection task. Consequently,
this bias does not consistently aid in distinguishing between H,
and H;, leading to performance that is generally inferior to the
proposed matched subspace detectors.

Underdetermined case. Finally, we assess the underdeter-
mined scenario in (34). We set the regularizer in (41) based
on the prior knowledge of 5;. Employing synthetic data on
the topologies of these four datasets allows us to verify that
incorporating the prior information on the signal can enhance
detection performance. For simplicity, we only examine the
underdetermined cases in the Dirac setting, as described in
Table VI, where ¢ indexes the vector. We have prior knowledge
that both simplicial embeddings §y and s; are low-pass. Thus,
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in (41), we set \;Q(3;) as \;||R;38,||3, where R; is diagonal
with decreasing diagonal entries.

As shown in Fig. 8, the underdetermined detector that incor-
porates prior knowledge of the signal outperforms approaches
lacking this information. By contrast, the subspace-based inter-
polation and Laplacian smoothing detectors yield suboptimal
performance because they fail to effectively utilize accurate
prior knowledge.

VII. CONCLUSION

This paper proposed an MSD framework to determine
whether a simplicial complex signal resides in a specific sub-
space of interest via hypothesis testing. We first applied the
methodology to k-signals (node, edge, or triangle signals) to
detect membership in gradient, curl, harmonic, or combined
subspaces of the Hodge Laplacian. We then extended our ap-
proach to simplicial complex signals using the Dirac operator
and its associated subspaces, thereby establishing a theoretical
link between the Hodge and Dirac frameworks. The resulting
detector, which is optimal under a GLRT perspective, leverages
the signal’s energy in the orthogonal complement of the target
subspace. Recognizing the prevalence of missing data in real-
world signals, we also developed an optimal detector for incom-
plete observations.

We evaluated our proposed MSD on four real-world simpli-
cial complexes, two of which include real simplicial signals
residing in Dirac subspaces. The results demonstrated superior
performance by (i) considering the entire simplicial signal and
(i1) employing the GLRT-optimal detector.

Future work will focus on extending this framework to other
topological spaces—such as cell complexes or hypergraphs—
and on exploring the task of jointly detecting and localizing
anomalies in the simplicial subspaces. Another promising topic
is developing a variant of topological MSD under uncertain
topology. This is particularly relevant because the detection per-
formance relies on the accurate identification of the subspaces
spanned by the eigenvectors of the topological operators. As
shown in the graph domain [33], [34], topological perturba-
tions can lead to significant deviations in the spectral basis.
In simplicial complexes, even minor structural noise (e.g., a
missing triangle) can alter the dimensions and orientations of
the gradient or curl subspaces, necessitating the development
of robust detectors that can tolerate such spectral mismatch.

APPENDIX
A. Proof of Proposition 1

Adapting the derivations provided in [27], we have the fol-
lowing proof. To determine the asymptotic performance of an
energy detector, we need to solve for its first second-order
moments. The Chi-square distribution with the non-centraility
parameter H-§KH; /o? and Ny degrees of freedom:

E(T(25x); Ho) = Nx

E(T(&5); H1) = |35ll; /o + N
var (T'(zx); Ho) = 2Nx 46)
var (T ()i H) = 4155]2 /o + 2Ng
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Thus, the false alarm and the detection probability of the energy
detector can be expressed respectively as

_Ni
Pra=Q (%) @)
A
51?7 /o2 — N—
b (2 lEsli /et - N s

o2
VAlls5l2 /0 + 2Ng
Following a standard routine, the detection probability can be
written into a function of the false alarm probability as

5|12 /02
Q! (Ppa) — ﬁ HSAJ\U?

l1+2HSAH /o®

When the number of degrees of freedom N5 is large, the term
I §Z||§ /(02 Nx) ~ 0. Hence, by expanding the argument of the
@ function using a first-order Taylor expansion, the detection
probability is approximated as

Pp=@Q (49)

13zl /o2)?

Pp~Q Q" (Pra) — o N . (50)
A

which concludes the proof.
B. Proof of Proposition 2
We start by proving (27a). The condition [0|/s']|0] €

span ng) indicates that there exists a nonzero simplicial signal
0 | ~1 [|~2 .
[s”|[s"|[s7] that satisfies

0 0o B, 0][3 B3
st{=|Bf o of [3'|=|B]3 (5D
0 0 0 of 3 0

This means that B;3' =0 and s'=B]3’ € span(B]),
which proves that [0[|s!|0] € span (D;) = s' € span (B{ ).

Next, we show that the converse, i.e., s' € span (B{) =
[0]|s'[|0] €span(D;) is also true. The condition
s! € span (BlT) implies that there exists a (0—signal 3°
satisfying that s' = B1T§O. We can write this as a function of
D; as

0 B, o] [3° 0 0
B/ 0 0||o|=|BJ3"|=|s! (52)
0 0 o|]o 0 0

which indicates that [0||s'|0] € span (D;). The proof of
[0]|s'[|0] € span (D;) = s' € span (B ) completes, there-
fore completing the proof of (27a). The proof of (27b) is equiv-
alent to that of (27a).

The proof of (27c) is provided next: the condition
[0]|s*]|0] € kernel (D) indicates that D [0]/s'[|0] = 0.
We can multiply both sides of the equation by D to write
D? [0]s!|0] =D0=0 so that we are able to use the
definition of D? as the block diagonal matrix with the Hodge
Laplacians and write

Lo 0 o]0 0
0 Ly 0 |s'|=]|Lis'|=0 (53)
0 0 IL.||o 0
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which indicates Ly s' = 0 = s' € kernel (L) and proves that
[0]|s'[|0] € kernel (D) = s* € kernel (L;). Regarding the
converse, the condition s! € kernel (L) indicates that s! is a
solution to L;s! = 0. Considering that D and D? = £ share
the same kernel space (as they share eigenvectors and squaring
the eigenvalues do not change which of them are 0), [0||s'(|0]
lives in the kernel space of D [26], therefore proving that
s € kernel (L) = [0]|s'[|0] € kernel (D). This completes
the proof of (27c) and therefore of Proposition 2.

C. Proof of Proposition 3
We start with (28a). The condition [s°||s!||s?] € span (D;)

indicates that there exists a nonzero simplicial signal
[3°]|3"(/3°] that satisfies
s 0 B, 0] [ [Bs
st =Bl 0 of |5 =B[5"|. 4
52 0 o0 o]z 0

This means that s®=B;3', s’ = B3’ € span (B]) and
5% = 0, which proves (28a) completes.

The proof of (28b) is analogous to that of (28a).

To prove (28¢), we note that the condition [s°|s!||s?] €
kernel (D) implies that D [s%||s'||s?] = 0. Multiplying both
sides of this equality by D yields D? [s°||s![s*] = D0 =0.
Next, use the definition of D? and write

Lo 0 0 SO L()SO

0 L, 0] [s'|=|Lis'| =0.
0 0 L2 82 L282

(55)

This implies that L;s' =0 = s' € kernel (L), completing
the proof of (28c) and, as a result, the proof of Proposition 3.
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