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ARTICLE

General formulation for uniform and non-uniform
high-strength steel slender I-section beams

The Ayrton—Perry approach is the basis of Eurocode 3 rules
for buckling resistance, with distinct curves and imperfec-
tion factors depending on section type, steel grade, and
other parameters. For generic members — built-up or not, uni-
form or not, with complex supports or not — the code allows
either the general method (clause 8.3.4 of Eurocode 3) or
advanced numerical simulations. Yet, the general method
shows wide scatter and often underestimates resistance,
while numerical analyses are time-consuming and strongly
user-dependent. To overcome these limitations, the gen-
eral formulation was introduced by Tankova et al. (2018) for
members with variable geometry, loads, and supports and
recently extended to mono-symmetric |-beams. However, it
has only been validated for Class 1 and 2 sections, not for
Class 4. This paper extends the general formulation to uni-
form and non-uniform slender I-section heams subjected

to arbitrary loads, boundary conditions, and partial lateral
restraints. An advanced numerical model, calibrated against
experimental data, was employed to conduct a comprehen-
sive parametric study considering different cross-sections, a
range of normalized slenderness values, S460 and S690 steel
grades, and different load applications. The proposal was
compared with the numerical results, demonstrating a safe-
sided and well-calibrated solution for the buckling resistance
of high-strength steel slender I-section beams.

Keywords lateral-torsional buckling; high-strength steel; slender sections;
Eurocode 3

1 Introduction

The second generation of Eurocode 3 (EC3) [1] intro-
duces the lateral-torsional buckling (LTB) method devel-
oped by Taras and Greiner [2], as an alternative to the
general case for doubly symmetric I-section beams with
fork supports. The method provides accurate predictions
and has been extended to monosymmetric I-sections [3],
but it is not applicable to members with arbitrary bound-
ary conditions or variable cross-sections along the length.
For these cases, EC3 recommends the general method,

Thisis an open access article under the terms of the Creative Commons Attribu-
tion License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.

which has been reported in the literature [4, 5] as incon-
sistent and computationally demanding due to its reliance
on nonlinear analyses.

In response, Tankova etal. [6] introduced a general for-
mulation (GF) for the assessment of generic members,
including non-uniform cases. The approach is design-
oriented, relies solely on linear buckling analysis (LBA),
and has been extended to mono-symmetric I-sections
[7]. However, its validation is restricted to compact and
semicompact sections, with slender sections yet to be
investigated.

Slender steel I-section beams fabricated from welded steel
plates are commonly employed in bridge and industrial
applications. The progressive availability of high-strength
steel (HSS), with yield strengths two to three times higher
than conventional steels while maintaining adequate duc-
tility, weldability, and quality control, further enhances the
efficiency and competitive-ness of such solutions.

The present study extends the general formulation to uni-
form and non-uniform slender I-section beams under uni-
form bending. The buckling resistance of S460 and S690
HSS members with varying cross-sections and slender-
ness submitted to different load distributions is assessed
through a calibrated numerical model. The resulting pre-
dictions are compared with analytical solutions from the
general case (GC) and general method (GM) in EC3
[1], as well as from the extended general formulation, to
evaluate the accuracy and applicability of each approach.

2 Extension of the general formulation for slender
sections

The general formulation (GF) implements the Ayrton—
Perry design philosophy through a linear interaction
equation incorporating first- and second-order normal
stresses, without applying the global reduction factor, x.
No additional calibration of parameters, such as critical
location or load factors, is required. The critical buckling
mode from a prior linear buckling analysis (LBA) defines
the initial imperfection shape, and the corresponding
eigenvalues — critical load multiplier, o, transverse dis-
placements along the z-axis, w,;, and y-axis, v, and twist
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Tab.1 Cross-sectional properties specified by the class of the section

Class Area A; Moment of inertia I, ; Moment of inertia I, ; Section modulus W, ; Section modulus W_;
1 A 1 y I, Wpl, y Wpl.z
2 A Iy IZ Wpl,y Wpl,z
3 A Iy Iz Wel,y Wel.z
4 Acit I et I e Wetty Weit 2

rotation, 6. — are used to compute second-order effects.
The resulting interaction equation should be applied to
all potential failure modes, and verification must be per-
formed at a sufficient number of cross-sections along the
member, including the ends.

The utilization ratio of a generic member is computed
by dividing the total longitudinal stress, ¢ — resulting
from first- and second-order effects, including axial force,
N(x); out-of-plane bending moments, M,(x) and M} (x);
in-plane bending moments, M,(x) and M}'(x); and bi-
moment, M(x) — by the yield stress, f;. Verification
of a member with arbitrary geometry, boundary condi-
tions, and loading is performed by ensuring that Eq. (1)
is satisfied.

N(x) M, (x) M, (x) M (x)
Ai(x) fy  Wyx) fy  Wei(x) fy  Whx) fy
M) | M)
Woi(x) fy ~ Wa(x) fy = 10 M

where A;(x) is the relevant cross-section area, W, ;(x) and
W,i(x) are the relevant section moduli relative to the y-
and z-axes, respectively, which are defined according to
Tab. 1 extracted from clause 8.2.2.6 of EC3 [1], and Wy, (x)
is the warping modulus at location x along the member
obtained according Eq. (2).

)

where I(x) is the warping constant and wpy,x(x) is the
maximum sectorial area.

Unlike Tankova etal. [6] and Gomes Jr. etal. [7], which
considered only compact and semi-compact sections, this
study includes Class 4 cross-sections. Therefore, the effec-
tive section properties (Fig. 1) are computed to account for
local buckling effects.

Differently from Eurocode 3, where the designers are
obligated to pre-select the relevant buckling mode a pri-
ori to the verification, the general formulation dismisses
the need of identifying the buckling mode beforehand,
since the all three potential critical displacements — we,(x),
ver(x), and 6. (x) — cannot simultaneously occur. Conse-
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quently, the resistance verification aligns with a specific
buckling case.

Regarding the lateral-torsional buckling, the components
of the critical buckling mode shape are v (x) and 6. (x),
and the general interaction shown in Eq. (1) is simplified

by (3):

My(x) M?(x) M&}(x) -
Wy,i(x) fy W,.i(x) fy W (x) fy <1.0 (3)

where the second-order contributions from M? (x), which
depends on the lateral displacement, v(x) and the bi-
moment, MU (x), which depends on the twist rotation,
0(x), are calculated using Eqgs. (4) and (5).

M (x) = —EL ; (x)V(x) (4)

M, (x) = —Ely (x)8"(x) ©)

For tapered beams, an additional warping component
from the inclination of the flanges appears leading the
Eq. (5) to:

M (x) = —EI, (x)[@”(x) + %9/@) h/} (6)

For simply supported beams, the amplitude can be deter-
mined through the coupling of lateral displacement and
twist rotation [2, 8]. However, in a more complex con-
figuration involving variations in geometry along the
member, diverse boundary and loading conditions, etc.,
this relationship may not remain valid. Consequently,

0=V (Moo - 2B

\6(x)

Zalx)

Fig.1  Typical slender I-section and general displacement of the critical mode
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it was decided to adopt both components of the mode
shape as initial imperfections, assuming that they are
scaled by the same amplitude. Then, the initial trans-
verse displacement along y-axis, vo(x), and the initial
twist rotation, 6y(x), are calculated using Egs. (7) and (8),
respectively:

Vo (X) = Ver (x) SO,LTB (7)

60 (x) = Ocr (x) 80,118 (8)

The resulting amplification relationship for the displace-
ment along y-axis, v(x), and twist rotation, 0(x), is:

vo(x) 9)

V(X) - o —1

0(x) = fo(x) (10)

o — 1
Assuming that the real beam has the same buckling
resistance as an equivalent simply supported beam, with
the same geometry at the critical cross-section, xp, and
the same elastic critical bending moment, equalling the
second-order utilization factors for both, it is possible to
obtain the required generalized imperfection. It is further
assumed that the location x,, is the location where |[V"| is
maximum along the beam.

The second-order utilization factor for the equivalent
beam at the critical cross-section, x,, is given by:

_ M?(xm) M\INI(xm)
811\}[ (m) = W, i(xm) Iy Wi (xXm) Iy

N achy,Ed(xm) é()ecr(xm)
W, i(Xm) fy(acr -1)

Ver(Xm) We.i(Xm)
(1 * Ocr (Xm) Wiy (Xm ) * M.,

GJ(xm) W, i(xm)
Wy (Xm) )

_ Ncr,z,eqéO
We.i(Xm) fy(acr —1)

(11)

From Egs. (4), (5), and (6), the second-order utilization
factor for the real beam at the same location is expressed
by:

o MIGw) M)

811\}[ (xm) = W, i(xm) fy Wy (Xm) fy B
EL ;(xm) & " W i(xm) Ly (xXm)
W,i(Xm) fy(“cr —-1) |:V er(im) + Wy (Xm) I2.i(Xm)

(9”Cr(xm) + %G’Cr(xm)h/)} 8o (12)

For slender sections with Class 3 and 4 webs and compact
flanges, Eq. (12) becomes:

el (xm) = MY (xm) My (xm)
Wo.i(xm) fy | Wa(xm) £,
_ BL ) () £ 50" ai) 0 alin) ) By
W, (xm) fy(aer — 1)
As:
IzAz(xm)
Weilkm) Lv(m) % bulGim) _ s _h (14)
Wlxm) Li(on) 2l pooey &2

Winax()

Equaling Egs.(11) and (13) yields the amplitude of
the imperfection related to lateral-torsional buckling,
8. Lt (Eq.(15)), that contains the equivalent geomet-
rical imperfection, &y, and additional terms establishing
the consistency with Eurocode 3 [1] stability design
rules.

S _ Ncr,zéO
BT R (o) [V er (o) + 207 e (Xn) + 0 (v ) ]
= fn €o (15)
Following [6], & is given by Eq. (16):
_ = W, i (Xm
60 = () (xm) — 02) sl S22 1)

where ayr(xy) is the imperfection factor related to the
lateral-torsional buckling from EN 1993-1-1 [4], A (xp,) is
the nondimensional slenderness at a given position, the
factor f;, is given by Eq.(17), and 8 (xm) is the general
displacement of the critical mode found by a geomet-
ric relationship between the lateral displacement and the
rotation of the section (Fig.1), which is expressed by
Eq. (18).

_ Ncr,z,eq
EIz,i(xm)[VHcr(xm) + %9//cr(xm) + 9/cr(xm) h/]

£ (17)

Ser (¥m) = Ver (¥m) +(h (¥m) — ZD) Ocr (Xm) (18)

Finally, the utilization ratio ey(x) can be expressed by:

My gq(x)
Wy.i(x) fy

em (¥) =

EL (0o () + 46" cx(xm) +cr (e ) ']
Ai(x) fy(aer — 1)

nx)y<1.0  (19)
With:

n(x) = arr (x)(A(x) = 0.2) £, [der (x))| (20)
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CEFEEERETEISERT |
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»
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L

Fig.2  Cross-section, assembly of the model and application of tie constraints

Using the differential equation for flexural buckling in
Eq.(21), the equivalent elastic critical force for out-
of-plane buckling, N o, is “retrieved” in Eq.(22):

EL ;i(x) V'er(x) + Ner zeqVer (X) =0 (21)

EL ;(xm) | Ve (Xm) ‘

|Ver (Xm)|

Ncr,z.eq = (22)

This force is the one used herein for the calculation of the
normalized slenderness in Eq. (23):

B} A;
Alx) = M (23)
Ncr,z,eq
3 Numerical model

3.1 Description

The numerical model was developed in ABAQUS [9] as
an extension for beams from the mod-el proposed by Fer-
reira Filho etal. [10]. The geometry was defined using
nominal dimensions, and overlaps at the web-flange junc-
tions were eliminated through tie constraints, ensuring
proper connectivity. Fig.2 presents the reference geom-
etry and key parameters. Longitudinal welds between

Ux, Uy, URz=0

Ux, Uy, Uz, URz=0

¥
5 v

A

z X

(a) Boundary conditions

Fig.3  Simulation of fork supports
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Ux, Uy, Uz, URx, URy, URz
are coupled

Ux, Uy, Uz, URx, URz
are coupled

Ux, Uy, Uz, URx, URy, URz
are coupled

Tab.2 Experimental versus numerical results of resistance

Prototype Ult. resistance (kN) FEM
EXP FEM EXP
B5 1024.5 1018.3 0.99
B7 1384.6 1395.2 1.01
B8 1327.9 1329.2 1.00
B11 1731.8 1822.7 1.05
B12 1601.0 1620.1 1.01
B13 1307.2 1331.4 1.02
B14 1133.3 1142.8 1.01

the web and flanges were omitted without compromising
accuracy, consistent with previous findings [11].

The material’s true stress-strain response was defined fol-
lowing the non-linear hardening model from EC3-1-14
[12]. The four-node fully integrated shell element S4 was
employed, with a mesh consisting of 16 elements across
the flange width and 16 across the web depth, consistent
with prior studies [11].

The fork boundary conditions were modelled following
the recommendations of Snijder etal. [13]. Lateral and
vertical displacements, as well as torsional rotations, were
constrained at the centroid nodes of the end sections.
At one end, longitudinal displacements were addition-
ally restrained at the centroid node (Fig.3a). At both
ends, all flange nodes were coupled to their mid-node
for displacements and rotations, while web nodes were
similarly coupled except for rotations about the vertical
axis, enabling infinitely rigid but warpable end sections
(Fig.3b). End bending moments were applied at the
centroid nodes.

Initial geometric imperfections were introduced using the
LTB eigenmode obtained from lin-ear buckling analy-
ses (LBA), with an amplitude of L/1000 in accordance
with ECCS recom-mendations [14]. The distribution and
magnitude of membrane residual stresses followed the

(b) Constraints
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2000 “Exp 2000

1750 -FEM 1750

-Exp 1500
-FEM

1500

1250 1250

-Exp
1000 1000
-FEM

750 750

Applied Load [kN]
Applied Load [kN]

500 500

250 250

0 20 40 60 80 100 120 0
Vertical Displacement at Load Application [mm]

(a) Doubly-symmetric

Fig.4 Comparison between load versus displacement curves of the beams

S, Mises

SNEG, (fraction = -1.0)

(Avg: 75%)
+8.548e+02

——B11-Exp
- = B11-FEM
—B12-Exp
- = B12-FEM

B13 - Exp

B13-FEM
——B14-Exp

- = B14-FEM

10 20 30 40 50 60

Vertical Displacement at Load Applicaiton [mm]

(b) Mono-symmetric

Fig.5 Reproduced lateral-torsional buckling failure mode (example of the prototype B11)

model proposed by Schaper et al. [15] for welded I-section
members with thermally cut flanges.

3.2 Validation

The numerical model was validated against experimen-
tal results from class 4 welded I-section beams tested in
the STROBE project [16], where details about the mem-
ber properties are reported. Deviations are presented
in Tab.2, showing good agreement between numerical

Tab.3  S460 and S690 HSS beams covered in the parametric study

and experimental results. A consistent correlation was
also observed between vertical load-displacement curves
(Fig.4). Moreover, the numerical model reproduced the
expected experimental failure modes (Fig. 5).

3.3 Parametric study

A parametric study was conducted on uniform and non-
uniform Class 4 I-section beams of HSS grade S460
and S690 (Tab. 3) subjected to different load distribution

Type Steel grade Section 1 Section 2 hi/h,
hxbxtyxt; [mm] hxbxtyxt; (mm)
Uniform S460 and S690 700 x 200 x 8 x 16 700 x 200 x 8 x 16 1.00
Uniform S460 and S690 850 x 200 x 8 x 16 850 x 200 x 8 x 16 1.00
Uniform S460 and S690 925 x 200 x 8 x 16 925 x 200 x 8 x 16 1.00
Uniform S460 and S690 1000 x 200 x 8 x 16 1000 x 200 x 8 x 16 1.00
Non-uniform S690 850 x 200 x 8 x 16 700 x 200 x 8 x 16 1.21
Non-uniform S690 925 x 200 x 8 x 16 700 x 200 x 8 x 16 1.32
Non-uniform S690 1000 x 200 x 8 x 16 700 x 200 x 8 x 16 1.43
Non-uniform S690 925 x 200 x 8 x 16 850 x 200 x 8 x 16 1.16
Non-uniform S690 1000 x 200 x 8 x 16 850 x 200 x 8 x 16 1.25
Non-uniform S690 1000 x 200 x 8 x 16 925 x 200 x 8 x 16 1.08
Steel Construction 19 (2026), No. 2 175
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0.80

—re/rt=1.0 —re/rt=1.0

15% safe 15% safe
0.60 15% unsafe 0.60 15% unsafe
rt, EC3-Gen.Case rt, EC3-Gen.Case

rt, GF o t,GF

0.20

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6
re re
(a)  End moment distribution (b)  Distributed load

re/rt=1.0

15% safe
15% unsafe
rt, EC3-Gen Case

t, GF

0.8 0 0.2 0.4 0.6 0.8

(¢)  Point load

Fig.6  Comparison between numerical results and analytical results from GF and EC3 for uniform beams

(bending moment distribution with the ratio between the
maximum and minimum, v, equal to —1, 0, or 1; dis-
tributed load and point load). The S460 and S690 HSS
grades were covered and members ranging from stocky to
slender were analyzed, with nondimensional slenderness,
., varying between 1.0 and 7.0.

4 Validation of the general formulation for slender
I-section beams

The results from the numerical model were compared
against the analytical results from the general formula-
tion (GF) and EC3 [1]. Scatter plots of r; versus r. are
presented for all sections, where r. denotes the ratio of
numerical to plastic resistance and 7; the ratio of analyti-
cal to plastic resistance. In Fig. 6, the plots for the uniform
beams are sectored by each type of load. The results were
statistically evaluated in terms of ratios ry between the
numerical and analytical buckling resistances: an average
rn equal to 1.26 with c.o.v. of 8.7% is found for EC3 while
an average ry equal to 1.12 with c.o.v. of 6.5% for GF.
When comparing GC from EC3 and GF, the poor perfor-
mance of GC stems directly from the lack of mechanical
consistency in the derivation of this method.

The scatter plots for the non-uniform S690 slender I-
section beams submitted to end bending moment distribu-
tion are shown in Fig. 7. The results were also statistically
assessed in terms of ratios ry: an average rn equal to 1.44
with c.o.v. of 7.6% is found for GM from EC3 while an
average ry equal to 1.18 with c.o.v. of 6.3% for GF.

5 Conclusion

This study confirmed the potential of the general formula-
tion (GF) to provide consistent and safe-sided predictions
for the stability design of uniform and non-uniform HSS
slender I-section beams. Comparisons against numerical
results highlighted the superior accuracy of GF over the
EC3 approaches, particularly in capturing the mechanical

176 Steel Construction 19 (2026), No. 2

—re/rt=1.0
15% safe
15% unsafe

o 1t,GF

x rt, EC3-Gen.Method b

It

0.40

Fig.7  Comparison between numerical results and analytical results from GF and
EC3 for non-uniform beams

behavior under different loading and boundary condi-
tions. While the present investigation demonstrated the
robustness of GF for the cases covered herein, further
studies are recommended to extend its field of applica-
tion to a wider range of cross-sections, additional steel
grades, stockier members, and broader boundary condi-
tions. Moreover, a calibration of the method is necessary
to ensure that the safety margins are consistent with the
fundamental requirements of EN 1990. Finally, it should
be noted that distortional buckling is not covered in the
present study; therefore, future research should address
members susceptible to this mode of failure.

6 Annex - Flowchart for the application of the general
formulation

The procedure for applying the general formulation to the
design of beams potentially susceptible to lateral-torsional
buckling is outlined in the flowchart presented in Fig. Al.

As a first step, the user should identify the critical buck-
ling mode and its associated load factor, «,,, and critical
displacements, v, and 6, through a linear buckling
analysis.
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Member for Lateral-torsional buckling mode Cross-section for Lateral-torsional buckling mode

Fori

Execute Linear Buckling Analysis
(LBA)

4

Calculate v, V' V"¢,

Ber O'er 8'cr and ey —

Calculate X, Ny 7,6q and f,

4

Choose member discretization

End.

=1ton:

s N

Evaluate &}, (x)

> 4

Evaluate &}f (x)

9

Evaluate &(x)

. 4

Check gy(x) < 1.0

Fig. A1 Application of the general formulation for the lateral-torsional buckling of uniform and non-uniform beams

Secondly, the critical location, x,,, is defined as the loca-
tion where |[V’(;| is maximum and the equivalent elastic
critical force, N - ¢q, is calculated by Eq. (22).

[739% 1}

The member is then discretized in “n” elements along
its length. The utilization ratio, e\(x), is verified at these
specified locations according to the first order forces from
the bending moment diagram along the member. Finally,
the global utilization ratio, ey (x), for the lateral-torsional
buckling mode is determined using Eq.(19), and the
member is verified.
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