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Factors like growing data availability and increasing system complexity have sparked interest in data-
driven predictive control (DDPC) methods like Data-enabled Predictive Control (DeePC). However,
closed-loop identification bias arises in the presence of noise, which reduces the effectiveness of
obtained control policies. In this paper we propose Closed-loop Data-enabled Predictive Control (CL-
DeePC), a framework that unifies different approaches to address this challenge. To this end, CL-DeePC
incorporates instrumental variables (IVs) to synthesize and sequentially apply consistent single or
multi-step-ahead predictors. Furthermore, a computationally efficient CL-DeePC implementation is
developed that reveals an equivalence with Closed-loop Subspace Predictive Control (CL-SPC). Time
marching simulations of DeePC and CL-DeePC are conducted using Hankel matrices of past data that are
updated at every time step to induce potentially troublesome closed-loop correlations between inputs
and noise. Compared to DeePC, CL-DeePC simulations demonstrate superior reference tracking, with
a sensitivity study finding a 48% lower susceptibility to noise-induced reference tracking performance
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degradation.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Trends of increasing data availability and system complex-
ity provide opportunities for data driven-driven control (Hou &
Wang, 2013). In sharp contrast to the use of data in indirect data-
driven approaches to synthesize a model by means of system
identification, direct data-driven control approaches are promis-
ing because of their ability to derive a control law directly from
data without having to realize an explicit system model as an
often expensive intermediate step (Hjalmarsson, 2005).

A direct Data-driven Predictive Control (DDPC) method called
Data-enabled Predictive Control (DeePC) is developed in Coul-
son et al. (2019a) and has recently seen considerable develop-
ment and successful implementation (see, e.g., Markovsky et al.
(2023), Huang et al. (2019), and Breschi et al. (2023)). DeePC relies
on Willems’ Fundamental Lemma in a receding horizon optimal
control framework. This lemma reveals that for a deterministic,
controllable linear time-invariant (LTI) system, any sufficiently
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persistently exciting input-output trajectory parameterizes all
possible future input-output trajectories (Willems et al., 2005).

For non-deterministic systems, care has to be taken with such
a parameterization in terms of only past input-output trajectories
because this does not consider the effects of noise. If the block-
Hankel data matrix in which the noisy input-output trajectories
are stored is full rank then unattainable future trajectories may be
predicted (Markovsky et al., 2023). On the other hand, if the data
matrix is rank-deficient, then the DeePC problem may be infeasi-
ble. To deal with noise, slack variables and regularization initially
served as heuristic measures to introduce robustness (Coulson
et al,, 2019a), and subsequently have been motivated formally
to, e.g., account for insights from subspace identification (Dor-
fler et al., 2023), provide robust closed-loop stability guaran-
tees (Berberich et al., 2021), distributional robustness (Coulson
et al., 2019b), and robustness to structured uncertainty (Huang
et al.,, 2023). Furthermore, Chiuso et al. (2025) recently demon-
strates a separation principle for DDPC by which regularization
accounts for uncertainty in output predictions. Other approaches
to handle noise include averaging techniques (Sassella et al.,
2022a), singular value based thresholding (Sassella et al., 2022b),
and the use of maximum likelihood estimation (Yin et al., 2023).
See also Sassella et al. (2023) for a discussion of such methods,
or Verheijen et al. (2023) for a practical review of several DDPC
methods.

To fundamentally address the consequences of noise in a
data-driven setting, an instrumental variable (IV) approach is

0005-1098/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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presented in van Wingerden et al. (2022). Using IVs to mitigate
noise, the aforementioned approach of van Wingerden et al.
demonstrates the equivalence between DeePC and a subspace
identification-inspired direct DDPC method called Subspace Pre-
dictive Control (SPC) from Favoreel et al. (1999)". The established
equivalence provides opportunities for in-depth analysis and fur-
ther development of the direct DDPC techniques by the strong
fundamental basis of subspace identification methods.

The correlation between inputs and noise that arises from
feedback results in closed-loop identification bias (Ljung & McK-
elvey, 1996). Such closed-loop correlations are practically un-
avoidable for systems that require feedback to be stabilized or
for which open-loop experimentation is too costly. Moreover,
these closed-loop correlations naturally arise with, e.g., adaptive
DDPC applications like the one developed by Baros et al. (2022),
whereby the data matrices that are used to characterize the
system behavior are adapted over time to reflect time-varying
or nonlinear dynamics. This paper employs fully adaptive DDPC
implementations (for which the data matrices are updated at
each time step) to study the effect of closed-loop correlation
between inputs and noise. The resulting closed-loop identification
bias has been shown to potentially degrade the performance
of SPC and (given the aforementioned equivalence) DeePC in a
batch-wise adaptive? setting (Dinkla et al., 2023).

To tackle the closed-loop identification issue, Dinkla et al.
(2023) suggest using IVs and sequential step-ahead predictions,
the use of which is further confirmed by work of Wang et al.
(2023) and Shi et al. (2024). Drawing on subspace identification
methods, the idea of sequential step-ahead predictions is also
used by Closed-loop Subspace Predictive Control (CL-SPC) (Dong
et al., 2008).

Although data-driven control algorithms have seen consider-
able development, to date, optimal noise mitigation under feed-
back is not completely addressed. The aim of this paper is to de-
velop a direct DDPC technique named Closed-loop Data-enabled
Predictive Control (CL-DeePC)* that addresses closed-loop iden-
tification bias, and provides a unifying framework of different
solution strategies. Using particular design choices within the
unified CL-DeePC framework uncovers a specific case in which
there is an equivalence with CL-SPC. Although the relative mer-
its of CL-SPC and (different design choices within) the unified
CL-DeePC framework would make an interesting subject of study,
this investigation focuses on demonstrating the mechanisms and
use of CL-DeePC to address closed-loop identification bias. To this
end, the resilience of CL-DeePC to this identification bias w.r.t.
DeePC is illustrated in simulations with noisy closed-loop data.

The main contributions of this paper are:

1. to formally establish Closed-loop Data-enabled Predictive
Control (CL-DeePC) as a new DDPC framework,

2. to incorporate IVs in CL-DeePC as a systematic noise-
mitigation technique to provide consistent and causal single-
step-ahead predictors or consistent multiple-step-ahead
predictors,

3. to present a unified CL-DeePC framework that solves the
closed-loop identification problem that arises in the pres-
ence of feedback and noise by sequential application of
such consistent predictors,

1 The equivalence between SPC and DeePC is also shown by Fiedler and Lucia
(2021) and Breschi et al. (2023) in a noiseless setting and using regularizations
respectively.

2 With batch-wise adaptive operation subsequent controllers employ closed-
loop data from only the preceding controller as a result of less frequent updating
of the data matrices than is the case with fully adaptive operation.

3 The notion of closed-loop DDPC employed in this paper refers to DDPC that
uses closed-loop data. This is different from the notion of closed-loop in model
predictive control literature, where it refers to the use of feedback to handle
disturbances.
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4. to present a computationally efficient CL-DeePC technique
that reveals an equivalence between CL-DeePC and CL-SPC,

5. to show the superior performance of CL-DeePC compared
to DeePC in simulation.

This paper is structured as follows. The rest of this section
introduces the used system model, notation, and fundamental
relations called data equations. Section 2 subsequently clarifies
the problem that is addressed in this paper and its specific for-
mulation. In Section 3 CL-DeePC is developed using IVs to obtain
a unified DDPC framework that encompasses both consistent
sequential single and multi-step-ahead predictions. Section 4 in-
troduces a computationally efficient CL-DeePC implementation
for which Section 5 subsequently reveals an equivalence with
CL-SPC. Section 6 presents simulation results that facilitate a
comparison between the performance of DeePC and CL-DeePC.
Finally, conclusions are presented in Section 7.

Preliminaries

This section presents the employed system model, notation,
and fundamental relations called data equations.

1.1. System model

Consider a non-deterministic discrete LTI system S whose
dynamics is described in the so-called innovation form by

Xir1 = Axyg + Buy + Key, (1a)

(1b)

in which the subscript k € Z denotes the discrete time index,

Xk €R", up € R, yi € R, e, € R respectively represent states,
inputs, outputs, and zero-mean white innovation noise with vari-
ance X(ex) > 0, and {A, B, C, D, K} are system matrices of com-
patible dimensions. It is assumed that the input and output
sequences of S are (jointly) quasi-stationary second-order ergodic
stochastic processes. This ensures that limits of time averages
involving these sequences exist and that sample correlations
approach a finite true correlation with probability one as the
number of samples goes to infinity (Ljung, 1999). Without loss of
generality it is assumed that the data is generated by a minimal
system realization. Moreover, K represents a Kalman filter gain
matrix that renders A = A — KC asymptotically stable such that
p = max |eig(A)] < 1 (see, e.g., Verhaegen and Verdult (2007,
Sec. 5.7)). Rearranging and substituting (1b) into (1a) obtains the
equivalent predictor form

Xir1 = Axi + Buy + Ky,
Sp
Yk = Cx + Duy + ey,

A
Yk = Cx + Duy + ey,

in which B = B — KD.
1.2. Notation and definitions

This section introduces useful notation and definitions. Several
block-Toeplitz matrices are defined by

D 0 o --- 0
CB D o --- 0
-0

CAB CB D

A Bc,p)=| A _ , 3)
CATIB cAT3B cB D

in which the matrices {A, B, C, D} are of compatible dimen-

sions. Let s € Z.o denote a generic strictly-positive integer.

As a subscript, s here indicates the number of block-rows. Let
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I € R°*® represent an identity matrix. Equation (3) then defines
the block-Toeplitz matrices
7Y = Ti(A,B,C,D), Hs=T:(AK,C, 1),
7' = T(A,B,C,D), H;=Ti(A K, —C,1).

In addition, for a generic s and specific past data window
length p € Z.o, the extended observability matrices I's and I

as well as extended reversed controllability matrices KU, XY are
defined by

I =[CT (CA)T (CAsfl)T]T GRSIX”,
I =[cT (cA)T (CA1T] e rsbn,
kv =[A-'B Ar2B AB B] eRr™r,
Ky =[A-k AP AK K] eR™P

Data vectors are denoted as
[T T T T sr
Ek,s - [uk uk+l uk+s—1] €R ’

which represents a vector of ordered input data starting at time
index k, and containing a number of samples s.
A block-Hankel data matrix is defined by*

Uy Ug41 Uk4N-1
U 1 Ug41 Up42 Uk+N p—
ks,N = . S s
VN :
Ugts—1  Uk4s U4 N+s—2

in which N € Z_, represents the number of columns with s data
samples each, starting from time index k. A particular type of data
matrix that concatenates input and output block-Hankel matrices
is defined by

-
Viesn = [UIIP+S,N YkT,p,N] € R(PHSIr+phxN (@)

in which k indicates the starting index, and s and N parameterize
the dimensions of the concatenated matrix together with p. To
improve readability the second subscript of matrices like U s n
and ¥ y is omitted if s = 1. We indicate vectors and matrices
that are composed entirely or partly of predictions by respectively
(-)or (-).

Block-Hankel data matrices are employed to define the notion
of persistency of excitation below.

Definition 1 (Verhaegen & Verdult, 2007, Def. 10.1). A signal
consisting of samples w;eR", j € [k, k + s + N — 2] is persis-
tently exciting of order s if the associated block-Hankel matrix
Wiesn € RN s full row rank.

Furthermore, the expectation of a variable with a stochastic
component is denoted by E[-]. For sequences of scalar random
variables ay and by, ay = o(by) indicates that limy_,», ay/by = 0.
Likewise ay = op(by) stipulates that V§ > 0, limy_ P
[lan/by| > 81 = 0.

In addition, the well-posedness of a closed-loop system is
defined as follows.

Definition 2 (Van Overschee & De Moor, 1997). A closed-loop
system composed of an LTI plant and controller with respectively
direct feedthrough matrices D and D, is well-posed if I; + DD, is
invertible.

The outputs of a well-posed closed-loop system are uniquely
defined by the reference and the states of the plant and controller.
Note that a practical sufficient condition for well-posedness is
that either D = 0 or D, = 0.

4 This relates to the Hankel matrix operator () from, e.g., Coulson et al.
(20192) as Usn = g H4(Ug nps—1)-
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1.3. The data equations

This section applies the introduced notation to the system
models (1) and (2), thereby deriving several fundamental rela-
tions called data equations. These relations are essential for later
consistency proofs and derivations.

To this end, iterative application of respectively (1) and (2)
leads to

Ykp,s,N = Fstp,N + 7;uUI<p,s,N + HSEkp,S.Nv (5)
Ykp,s,N = stkp.N + ’?ZuUkp,s,N + Ekp,s,N + (Isl - ﬁs)ykp,s,Nv (6)

in which we employ a recurring shorthand for time indices ex-
emplified by k, = k + p. Furthermore, the initial states can
be rewritten in terms of preceding states and input-output data
using (2) as

Xipn = APXin + K Ui pnv + K Yiep .- (7)
Substitute (7) into (5) and (6) to find the data equations

Yipsn = LW + HsEiysn + A Xin, (8)
Yigsv = LsWiesn + Eiys.v + (g — )iy v + TsAPXi 9)

in which L, L, € RS*(®+7r+P) are defined as

L=[NKY 74 LK), L=[NR" 7 LR

2. Problem formulation

This section clarifies the problem addressed in this paper.
For a future horizon length f over k € [iy, i, 4 f), consider
a user-defined cost function j(g;p,f, b f). Approaches typically

seek to minimize such a cost function , potentially subject to
input and output constraints, for which purpose an accurate
predictor is desirable. One may attempt to obtain a predictor from
a noise-affected dataset D = {(ux, yx). k=1i,...,i+ N — 1} of N
past input and output samples that were collected in closed-loop.
However, the synthesis of an accurate data-driven predictor from
D is complicated by the fact that its data was both obtained in
closed-loop and was affected by noise, as is explained next.

2.1. Closed-loop identification bias

This section illustrates the issue of closed-loop identification
bias for DDPC along the lines of SPC as treated in Dinkla et al.
(2023).

SPC employs an output predictor of the form

‘Xip,f =waf,f.1' (10)

The least-squares estimate /L\f is obtained from N sufficiently
persistently exciting such past input-output trajectories from k €
[i,ip) as

Ly = argmin |Y;, p.nv = Lisnlf = Yiprn & -

where F denotes the Frobenius norm and t indicates the Moore-
Penrose pseudoinverse. Applying (8) assuming a negligible initial
state contribution.” this becomes

Ly =Ly + Hp By vy (P i) (11)
~————
The underbraced term contains the sample correlation matrix

formed by Ej, s n Ui;f.N. In closed-loop, inputs become correlated
with noise such that this correlation matrix does not go to zero

5 Formally motivated later by Assumption 1
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asymptotically as the total number of samples N increases with
N — oo. Hence, (11) illustrates that the estimate L; is inconsis-
tent, leading to an inconsistent predictor® (10) with potentially
deteriorated performance.

2.2. Closed-loop direct DDPC problem formulation
Given the issue posed by closed-loop identification bias this

paper considers the following kind of optimal control problem
that is solved at each time step:

min 7, . 3, ) (122)
s.t. W s € U, Q?P’f SN (12b)
V. ; =vil, D), (12¢)
dm w5, -y, ] =0 (120

where y(-) represents the form of the output predictor, and ¢
and Y respectively represent sets of allowable future input and
output trajectories.

The principal focus of this paper is on how a consistent data-
driven predictor can be obtained for direct DDPC in the presence
of noise using past closed-loop data. With respect to (12) this
paper thus specifically seeks to develop a non-parametric pre-
dictor in (12c) that inherently satisfies (12d) with noise-affected
closed-loop data.

The focus on the development of a DeePC-inspired direct, non-
parametric (as opposed to an indirect, parametric) DDPC method
is motivated by several benefits. As a non-parametric method,
DeePC offers a more versatile formulation than its parametric

6 We shall refer to predictors as ‘consistent’ if their bias (i.e. expected error)
asymptotically goes to zero as N — oo, and ‘inconsistent’ otherwise.

N
B

. : fr
N IRL
—_—_— ==
Uip,N U%,p,l
UipvaN — %p,f,l (13)
Yip,N Y%,p,l
}/;thﬁN _ng,f,l

Fig. 1. Visualization of known (black) and unknown (red) variables in DeePC
without IVs. Dots represent an input u; € R', output y;, € R, or element of
the vector g. An f-step-ahead predictor is formed directly by taking a linear
combination of past input and output data.
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equivalent SPC. DeePC’s more versatile formulation is thereby
more conducive to various extensions like y-DDPC (Breschi et al.,
2023) and regularization (Coulson et al., 2019a; Dorfler et al,,
2023; Huang et al., 2019; Markovsky et al., 2023), each of which
that has shown promising results w.r.t. indirect or parametric
DDPC methods. Furthermore, non-parametric methods avoid an
intermediate - often costly - step to obtain a particular para-
metric system realization (Hjalmarsson, 2005). Moreover, the
combination of system identification and model-based control
in indirect DDPC is often complicated by the use of different
parametric or uncertainty descriptions and the need to choose a
particular model structure (Markovsky et al., 2023).

3. Closed-loop Data-enabled Predictive Control

In this section, CL-DeePC is established, thereby providing
Contribution 1. The concept of single-step-ahead predictors as
a means to prevent closed-loop identification bias is explained
first. Thereafter, sequential application of such predictors is ex-
plained before a rigorous exposition introduces IVs to assure their
consistency. Results are subsequently generalized to the sequen-
tial application of multi-step-ahead predictors, thereby providing
Contributions 2 and 3.

3.1. Preventing closed-loop identification bias: f = 1

As explained in Section 2.1 the closed-loop identification bias
that we seek to address arises from correlation between inputs
and noise contained in the underbraced term of (11). For con-
trollers without direct feedthrough, inputs are correlated only
with preceding noise (i.e. E [ekujT] =0Vk>jand E [ekujT] £0
Vk < j). Studying (11), note that such nonzero correlations
between inputs and preceding noise only appear if f > 1. If
instead f = 1, only correlations between inputs and concur-
rent noise feature, which are zero. This motivates the use of
single-step-ahead predictors for which f = 1.

3.2. The DeePC-based predictor

The predictor used in DeePC is briefly introduced here.

An example of such a predictor is given by Fig. 1, where (13)
describes an input-output trajectory (on the right-hand side)
as a linear combination g of sufficiently persistently exciting
past input-output data (black dots on the left-hand side). The

L N 1 L L f 1
) |
N ol b
:0: S
1 - e _ !
Ui,p,N U%,p,f
U; U
ip, N [91 go - gf} = | Yins (14)
Y;7P7N VG Y%,p,f
)/ipr B %p,f

Fig. 2. Visualization of known (black) and unknown (red) variables in CL-DeePC
without IVs. The composition of block-Hankel matrices on the right hand side
(note the dashed anti-diagonals) results from sequential application of DeePC
with f = 1.
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N=N-p—s+1
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Usp.s ?i’p’f ‘

Uipt» Yipr
Uipn, Yip N ‘ 7
UinN’ Y;va ‘
f 1 f f f f f time
? ip=1+D i tp—1 tp=i+p ip+f—1 iy+f sample (k)

Fig. 3. Visualization of data use by CL-DeePC as in (14) with past data [i, ?p) in grey and future data [fp, fp +f) in red. Block-Hankel data matrices occupy black-outlined
rectangles that indicate the range of the contained data. The basic building block of CL-DeePC is a single-step-ahead (s = 1) output predictor (see the dotted patterns
left and right). Based on N past corresponding input-output trajectories (bottom left two grey rectangles) the single single-step-ahead predictor is sequentially
applied f times for a total prediction horizon of f samples (see top right two rectangles). For the fully adaptive implementation used here, fp =i+ N, where N is
the number of past input or output samples that is contained by the lower left two rectangles. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)

input-output trajectory on the right-hand side of (13) contains
past input-output data (black dots) that encodes information on
an initial state, future inputs, and output predictions. For more
information on DeePC see Coulson et al. (2019a).

3.3. CL-DeePC as sequential DeePC with f = 1

This section shows how sequential single-step-ahead predic-
tions with DeePC lead to a novel CL-DeePC formulation that
addresses closed-loop identification bias.

CL-DeePC, as visualized by Fig. 2, sequentially applies DeePC
with f = 1. Successive vectors g, in G of (14) take linear
combinations of the same past data matrix on the left hand side
to obtain input-output trajectories on the right hand side that are
shifted by a single time step further into the future for successive
columns. Fig. 3 clarifies the resulting data use. The sequential
application of a single-step-ahead predictor is apparent in Fig.
2 from the introduction of a single new unknown (red) input
and output prediction by subsequent columns on the right hand
side. This results in the composition of block-Hankel matrices
on the right hand side of (14), as visualized by the dashed anti-
diagonals. For a derivation of Egs. (13) and (14) based on the data
equation (8) see Section 3.5.1.

Although a single-step-ahead predictor (i.e. f = 1in (13)) pre-
vents closed-loop identification bias as described in Section 3.1,
for receding horizon optimal control settings a longer prediction
horizon (f > 1) is often desirable to, e.g., achieve closed-loop
stability. To obtain such a longer prediction horizon a one-step-
ahead DeePC-predictor can be applied sequentially.

Although (13) and (14) are equivalent if f = 1, for f > 1
there are important differences. For example, consider that the
dimension of G in (14) is then notably larger than that of g
in (13). Since this entails a considerable increase in the number of
unknown optimization variables, this motivates the development
of an efficient CL-DeePC in Section 4. Furthermore, important
advantages of CL-DeePC over DeePC are the former’s suitability
for closed-loop noise-affected data (see also the next section),
and its ability to, by the sequential use of single-step-ahead
predictors, enforce causality (see also Remark 6 and reference
therein) and use data efficiently. With regards to the efficient use
of data note the size of the data matrix on the left hand sides of
Fig. 1 and Fig. 2, which is considerably smaller for the latter.

3.4. Noise mitigation using instrumental variables

The CL-DeePC formulation that was introduced in the previ-
ous subsection mitigates the closed-loop identification issue that
arises from correlation between inputs and noise. However, sam-
pling of noise in the past data matrix by the columns of G in (14)

may, similarly to DeePC, still lead to predictions of unattainable
of input-output trajectories (Markovsky et al., 2023). This ne-
cessitates further noise mitigation strategies. The strategy that
is presented here incorporates IVs in a similar fashion as in van
Wingerden et al. (2022).

3.4.1. Desirable properties of IVs

As typically employed in estimation problems, IVs are typ-
ically chosen to have two desirable properties that guarantee
the consistency of the estimated quantity. Assuming sufficiently
persistently exciting data such that ¥; y is full row rank, these
conditions on the IV matrix Z € R%*N are (Verhaegen & Verdult,
2007)

rank(Nlim fiw) =(p+ 1)r+pl (15)
—>00
lim %, =0, (16)
N—oo
in which £y, = % y2" and 5, = E;, yZ" represent sample cor-

relations that approach their respective true counterparts X,
and X, in the limit N — oo. The former condition preserves the
informativity of the employed data and the latter equation stip-
ulates that the IV is uncorrelated with noise. This work considers
a generic Z for the sake of generality. For examples of suitable
choices for Z see Wang et al. (2023) and Lemma 2.

3.4.2. Assumptions
Before moving on to the main results of this work, three
assumptions are presented.

Assumption 1. The past window length p and the number of
columns used to construct the block-Hankel data matrices N go
to infinity such that, with scalars d, @ € R, and p = max |eig(A)|,

dlogN
_—i 1<d< oo,

2log|pl
p=o((logN)*) a < oo.

For the system S from Section 1.1 with p < 1 this assumption
is required for consistency of estimators that are based on closed-
loop data because it ensures that errors due to mis-specification
of the initial condition are Op(l/\/ﬁ) (and may therefore be ne-
glected), and that sample correlations approach true correlations
that are well-defined (Bauer & Ljung, 2002; Chiuso, 2006). This
assumption will prove to be instrumental to demonstrate the
closed-loop consistency of predictors.

Remark 1. The number of past samples in a matrix like ¥y
from (4)is N = N+p—+s— 1. By Assumption 1, the limit N — oo
in (12d) shall require both p, N — oo.
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Assumption 2. The known past data matrix of the form ¥, y,
as defined by (4), is full row rank.

This assumption entails that used past input-output data is
sufficiently persistently exciting, which is an important require-
ment for many data-driven applications (see for example van
Wingerden et al. (2022)).

Remark 2. While the rank condition in Assumption 2 is easy to
verify, its satisfaction cannot be guaranteed for unknown noise
(consider degenerate noise cases like e, = 0 Vk). Potentially prob-
lematic cases for Assumption 2 are when closed-loop data derives
from low-order (e.g., proportional) controllers (Soderstrém & Sto-
ica, 1989, Ch. 10), and when inputs are (nearly) constant (e.g., due
to input constraints or tracking of a constant reference). An ad-
ditional random input disturbance can enhance persistency of
excitation, but may compromise control performance. This moti-
vates research on optimal closed-loop experiment design (Gevers,
2005; Hallouzi & Verhaegen, 2008; Jansson & Hjalmarsson, 2005).
This work does not consider such extensions because such ap-
proaches obscure the effects of closed-loop correlations that are
studied here.

Assumption 3. The IV matrix 2 € R™*N is chosen such that
(15) and (16) hold.

Under this assumption the chosen IV matrix exhibits the de-
sirable properties described in Section 3.4.1.

3.4.3. Using IVs and sequential step-ahead predictions
This section presents results that pertain to the use of IVs by
CL-DeePC to obtain a consistent predictor.

Lemma 1. Consider input-output data generated (either in open
or a well-posed closed-loop) by the minimal discrete LTI system S
from Section 1.1. By Assumption 2 the known data matrix ¥; y has
full row rank. Furthermore, conszder a partially known data matrix
lI/A and output predictor Y V as on the right hand side of Fig. 2,

and an IV matrix 2 € ]R”ZXN such that £,, = Win2T is full row
rank, then 3GV € R"* such that

. [Z
|:Y'1,Ni| ZTgV = ?l(}f ] (17)
ip,N ?p.f

Proof. To start, note that any solution to the top row of (17) is

consistent with the bottom row since Y?‘V is unknown a priori.
A pq

In addition, since by assumption X, = lI/,;NZT is full row rank,

based on the top row of (17), solutions for GV are feasible and

given by
GV = Eﬂjﬁu + ITy,w, (18)

where [T}, = I, — £ %, is a matrix that forms an orthogonal

projection onto the column space of 2‘7,,,2, and W € R is a
matrix of optimization variables. O

Remark 3. Choosing Z such that f]wz = Y yZ is square and

invertible ensures that, with reference to (18), GV is uniquely

determined by ¥; - Moreover, by (17), ??Vf is then also uniquely
; .

determined by ¥; ;.

Lemma 1 effectively indicates that the system of equations
provided by (17) is consistent provided that X, is full row rank.
The following theorem concerns the consistency of the resulting
output predictor when using data that has been collected in
closed-loop.
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Theorem 1. Consider the minimal discrete LTI system S from
Section 1.1 with p < 1 to generate input-output data in a well-
posed closed-loop configuration by means of a causal controller,
known past data matrix W; n of full row rank by Assumption 2, and
partially-known data matrix Vi Furthermore, let p, N — oo as
specified by Assumption 1 and let Z € RN satisfy Assumption 3.
Then the predictor YIV specified by (17) is consistent, i.e.:

IV _

Proof. Starting with finite p and N, by application of Lemma
1, (17) forms a con51stent system of equations that specifies
an output predictor Y yv L Expanding the bottom row of (17) by

substitution of Yi, N as obtamed from (9) results in

vV = =L winz GV +E, vz GV + IiAPXinz GV, (20)
D> hl,_/ \q/_,
:'p?,f Ziez

wherein %, is recognized from its definition and l1/ is recog-
nized from the top part of (17). By comparison, from (9 ( ), the true
output is

Y, ;= =L T E FlApXA (21)
Under Assumption 1, as p, N — oo the sample correlations
go to well-defined true correlations and the contribution of the
initial condition may be neglected (Bauer & Ljung, 2002; Chiuso,
2006). In addition, by Assumption 3, Z satisfies (16) such that it is
uncorrelated with noise. Hence, computing the bias of the output
predictor from (20) and (21) in the aforementioned limits yields
1\ _
lim IE[Y f—Ypf]

p,N—oo Ip

lim L,E [w " ] 22

p,N—oo ! Lf uf ( )
The remaining consistency proof for (19) is sequential. First, note
the structure of ¥; i and ¥ s visualized by Fig. 2. The leftmost
columns of !IIA and Ly are equal because they contain no
estimates. Therefore the leftmost column of the predictor yv

is
consistent. Moreover, (22) shows that for subsequent columng in
the output predictor the asymptotic bias is a linear combination
of the asymptotic bias of preceding columns. Hence, since the
leftmost column of the output predictor is consistent, so are the
other columns of the output predictor, resulting in (19). O
This section has presented (17): a novel, non-parametric for-
mulation of a predictor that Theorem 1 demonstrates provides
consistent predictions with noisy closed-loop data. To this end,
Theorem 1 is inspired by the use of sequential single step-ahead
predictors (Ljung & McKelvey, 1996) and IVs (see, e.g., Gilson and
van den Hof (2005)) to address closed-loop identification bias.
Moreover, the employed Assumption 1 presents insights from
closed-loop subspace identification (Chiuso, 2006) that are used
here to assure consistency of predictors with closed-loop data.
The subsequent section presents a specific suitable choice for the
IV matrix Z in Theorem 1.

3.4.4. Exemplary IV that leads to a consistent predictor

The following lemma suggests a specific suitable IV matrix for
Theorem 1 that satisfies Assumption 3, thus enabling consistent
output predictions with (17).

Lemma 2. For Theorem 1, if the data-generating controller employs
no direct feedthrough, a suitable choice of IV matrix that satisfies
Assumption 3 is Z = ¥; .
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Proof. This proof requires it to be shown that the choice Z = ¥; 5
satisfies conditions (15) and (16) from Assumption 3 when the
controller lacks direct feedthrough. Upon inspection, the rank
condition specified by (15) is indeed satisfied by this choice
because ¥; y is (by Assumption 2 in Theorem 1) full row rank.
With regards to (16), substituting the choice of IV and applying
Assumption 1 from Theorem 1 obtains

ip+N—1

. T T
— ek I:E _ y ]
pN—oo N Z k=p.p+1 Zk—pp

lim f]ez = lim
k=ip (23)

p,.N—oo
T T
=Yy = ]E|:ek I:ﬂk—p,erl yl<—p,p]] =0.

The last equality in (23) holds due to the (assumed) lack of direct
feedthrough of the used causal controller, due to which inputs
are correlated with preceding noise (]E[ekujT] #0, Vj > k), but
inputs are uncorrelated with concurrent and subsequent noise
(IE[ekuT] =0, Vj < k). Moreover, the innovation noise is also un-
correlated with preceding outputs (E[eky] 1=0,Vj<k). O

Remark 4. For G in (14) consider the use of IVs such that
G = 2"GV as in (17). Based on (18), with full row rank ¥; y, the
choice Z = ¥; y induces a minimum norm least squares solution
for G.

Lemma 2 suggests a choice of IV matrix Z that ensures a
consistent output predictor by Theorem 1. With the sequential
application of one-step-ahead predictors as per (17), the choice
Z = Y,y is useful because it relies only on past input-output
data, keeps the number of optimization variables in (17) to a
minimum (see Remark 3), and enforces causality of the predictor
at finite N. This last point will become clear in Section 4.

3.5. Unified CL-DeePC framework: incorporating IVs and sequential
multi-step-ahead predictors

This section generalizes Theorem 1 to incorporate the se-
quential use of multi-step-ahead predictors. To this end, a non-
parametric predictor that generalizes different design choices of
s and Z is first derived. Thereafter, the derived formulation is
shown to obtain a consistent predictor with closed-loop data.

3.5.1. Deriving the unified CL-DeePC predictor
Based on ( ), data equations for past outputs Y, s v, and ideal
predictions YA based on past data and idyllic system knowl-

edge are
Yipsnw = LiWisn + BAPXin + HsEipsn (24)
Vi oo = LWan + TAX, (25)

where b € Z.., and the bar and superscript * in lI/, s.p Teflects the
fact that it is itself comprised in part of unknown, ideal output
predictions.

Defining q € Z-o, we let b = (g — 1)s + 1 and select every s
column of (25) starting from the first one (i.e. columns 1, s + 1,
2s + 1, etc.). We denote this column selection by the superscript
m to write

Y:km —Ls
ip.5,q

ot LAPXT, (26)

where the last subscripts are updated to reflect the g remaining

columns.  Accordingly we deflrr%e usmg MATLAB notation
TkM _ Ux * _

Yiﬁis,q_y? Sb( 1:s:b), lI/LS_’q_llf”b( 1:s:b), and
X" =X ,(:, 1:s:D).

i,q
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Rearranging (24) and (26) whilst post-multiplying the former
by a transposed IV matrix Z € R"*N obtains

[-Ls Is] Pish | 5T = R zT + HeEyonz, (27)
Yip,s,N ’ P>

=M

lI/*m
—L I s = LAPX™ 28
[ s ls] Y* m I3 g’ ( )
?psq ’

=M,

where M; and M, are defined as shown for brevity.

Taking the limits p, N — o0 in accordance with Assumption
1 ensures that the right hand sides of (27) and (28) go to zero
asymptotically. Intuitively, this can be understood because for the
initial state contributions AP — 0 as p — oo since all eigenvalues
of A lie strictly within the unit circle (p < 1). With respect to the
noise term in (27), the fundamental property of an IV that it is
not to be correlated with noise ensures that E,'IJ,S,NZT — 0 as
N — oo.

In the aforementioned limits p, N — oo the right hand
sides of (27) and (28) become zero and My and M, lie in the
nullspace of [—L; I;s]. The fundamental idea behind DeePC is that
if additionally lI/,;S,NZT is full row rank’ then this nullspace is
completely spanned by the columnspace of M. Consequently,
there then exist linear combinations of M, parameterized by the
columns of a generic matrix GV € R"™*9, such that

lim MGV = llm M,

p.N—o0 p,N—o0

lim ;p“’” 26V = lim *'fnq ) (29)
p,N—o0 ip,s,N p,N—o0 Y; 5

Practical applications of (29) rely on a finite p and N, which
obtains the below unified CL-DeePC formulation:

|:Y‘1’i,s,N:| ZTaV — |:l1/ls q:| (30)
ip.s,N Y; 5.q

b
The existence of a GV that satisfies (30) trivially follows from the
full row rank of Wi yZ .

In the unified CL-DeePC predictor (30), s is the multi-step-
ahead predictor length, and q is the number of sequential appli-
cations thereof, thus obtaining a total prediction length f = sq.
The superscript m indicates that subsequent columns are shifted
not by a single sample, as in Fig. 2, but by s samples.

The formulation provided by (30) unifies different potential
choices of s, g and Z in a single framework. Note that if s = 1 the
superscript m can be omitted and with ¢ = f one then obtains
the CL-DeePC formulation using sequential single step-ahead pre-
dictions of (17). The superscript m can likewise be ignored if
g = 1 such that with s = f one obtains a generic IV-based
DeePC formulation of the type introduced in van Wingerden et al.
(2022). Formulations that do not employ IVs (i.e. Z = Iy) like (13)
(s =f,q = 1)and (14) (s = 1, q = f) lack this structural
means of noise mitigation, potentially leading to detrimental
noise sampling by the columns of G = 2T GV,

Remark 5. Note that DeePC with IVs as in van Wingerden et al.
(2022) and Wang et al. (2023) is recovered from (30) by the single
application (g = 1) of a multi-step-ahead predictor of length
s = f. See the latter work for three examples of closed-loop
suitable IV matrices Z.

7 Full row rank ¥;sn should suffice because an appropriate choice of =
retains rank of ¥, y2"T (see Section 3.4.1).
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Remark 6. Note that the unified framework obtains causal
predictors only when it employs single-step-ahead predictors
(i.e. s = 1), which are inherently causal. For multi-step-ahead
predictors (s > 1) the presented unified framework does not
ensure causality. However, causality can be enforced by altering
the result of an intermediate LQ-decomposition of the data as
in Sader et al. (2025). Therein the authors furthermore show that
this is conceptually equivalent to imposing a causality-informed
constraint on the least-squares identification problem of an SPC-
type predictor.

3.5.2. Consistency of the unified CL-DeePC predictor

For the unified formulation of a CL-DeePC predictor given
by (30), we present the following theorem pertaining to its con-
sistency when using closed-loop data.

Theorem 2. Consider the well-posed closed-loop system from
Theorem 1 to generate input-output data, with ¥; sy full row rank
by Assumption 2 and partially-known data matrix ll/, s.q Further-
more, choose Z € R"*N such that, with p, N — oo as specified by
Assumption 1, WisnZT is full row rank and E;, sn2" — 0. Then

the predictor ?:VS“; specified by (30) is consistent, i.e.:

lim E [y“““ ym ] =0.
p.N—o0 ip,s,q ip,s,q
Proof. Proof of this result follows the proof of Theorem 1, only

using a generic S € Z.q instead of s = 1 and replacing the
notation f by g. O

Theorem 2 presents the consistency of predictors obtained by
the unified CL-DeePC formulation (30). Suitable choices of the
IV matrix Z retain data informativity and are uncorrelated with
noise as stipulated by Theorem 2.

Remark 7. Note that with the choice Z = ¥; j, y, the condition
Ei, s, nZT — 0 is violated for m > 1, resulting in an inconsistent
output predictor. Moreover, since ¥ yZ' € R(PTIHpDxmz mygt
also be full row rank such that n, > (p + s)r + pl, this implies that
for s > 1 the IV matrix Z must consist of more instruments than
the past inputs and outputs contained by ¥; y.

Remark 8. Without IVs (i.e. Z = Iy), the use of a square and
invertible data matrix ¥ s y € R(PHI+PIXN may seem appealing
based on Remark 3. However, the dimensions of a square data
matrix ¥,y violate Assumption 1. Since this assumption is a
necessary assumption (see discussion in Chiuso (2007)), this im-
plies inconsistency of the predictor based on Theorem 2. This
highlights the use of IVs to obtain consistent output predictors.

The special case with ¢ = f sequential applications of a one-
step-ahead predictor (s = 1) reduces (30) to (17), for which
a computationally efficient implementation is presented in the
subsequent section.

4. Computationally efficient CL-DeePC

This section presents an implementation of (17) that reduces
the number of optimization variables to improve the computa-
tional efficiency of CL-DeePC, thus providing part of Contribu-
tion 4.

The use of such an efficient method can be understood by
comparing the number of unknown, unequal optimization vari-
ables (in red) in Fig. 2, as summarized in Table 1 for the case
with IVs. Table 1 shows that for CL-DeePC based on (17) the
influence of the number of unknowns in G is quite large due to
the relatively large minimum number of instruments n;“i“. To this
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Table 1

Number of unequal unknowns in (17) and their origin: GV, inputs, and outputs.
Full row rank of EW implies n, > nm‘“ which has a large influence on the total
number of unknowns.

outputs total npnin
f(r+1+n;) pr+0+r

Al inputs

n.f fr fl

end, this section will eliminate G from the formulation provided
by (17), considerably reducing the number of unknowns.

In line with Remark 3, we choose z € R"*N with n, = nn
from Table 1 such that %, is square and invertible, and conse-
quently, GV = sw-@if by (18). Substituting this result for G
in (17) yields

V=550, G1)
in which ﬁ‘yz = ip,NZT.

The sequential nature of CL-DeePC can be exploited by the
subsequent columns of Y, in (31). For columns indexed by

ke ﬁp, fp + f) this obtains
Y= [B] Bp+1] Weppt1 T [él

in which ; € R™", and 6; € R'*! are determined from £, %,,"
n (31). Sequential application of the one-step-ahead predictor
(32) leads to

6y ] Veipp (32)

Lip.f
in which
'/é] = Bp BEH ~o 0 0
0 B = B B 0O o 0
[Lu ’g"u] _ . . . . .. . .
0 0 Bl '~' Bp IBEH 0
L 0 0 ﬁl e .Bp ﬁpﬂ
I - Op 9 0 0 0
0 6 6, O 0 0
[ &@=|: . . T
0o --- 0 & e ép 9 0
l0 .- 0 0 6 --- 6, O

with £t € RIxpr Gu ¢ R 7Y ¢ XL apd GY e R,

Remark 9. The form of (33) is comparable to, e.g., the iter-
ated step-ahead predictor in Chiuso et al. (2025), which consid-
ers cases without direct feedthrough (8,41 = 0) and is also not
restricted to open-loop data.

Notice that the predicted outputs _]z? P feature on both sides of

(33). Solving for these outputs yields '

5 u y] | =i.p

v =1 2] [ylp] +6"u . (34)
in which £", G%, and £Y are uniquely defined by

[ ¢v o]=(p—-¢")"[g" ¢ 2. (35)

The block-lower-triangular structure of G¥ guarantees the invert-
ibility of Iy — &Y such that (35) can be solved directly to construct
the predictor (34).

An efficient sequential procedure is also possible to solve (35)
that exploits the structure of Iy — GY. For this sequential solution
procedure, define the f block-rows of [£* G* £V] and [£" ¢" £V]
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by respectively &;, o; € R>PUFDHT with j here representing the
index of the block row: j = 0,1,...,f — 1. Based on (35) it
is shown in Appendix A that with a = max(1,j — p + 1) the
formulation

& ifj=0

oj = (36)

&G+ Opjimomy ifj=1°
m=a

allows efficient sequential construction of [L“ G" ﬁy] starting

from j = 0.

With reference to (33) we note that G is block-lower-triangular,

just like Iy — &Y. Hence, by (35), " will also be block-lower-
triangular. This block-lower-triangular structure enforces causal-
ity of the predictor (34). This is unlike DeePC, as shown by the
fact that equivalent SPC methods do not enforce causality of the
predictor.

In addition, from the subsequent section it will become clear
that G" is not just block-lower-triangular, but also a block-Toeplitz
matrix. This means that G" is fully parameterized by its leftmost
block-column, allowing one to solve only for this part of G" in
(35) using (36). The complete matrix G" can then be constructed
from its leftmost block-column thereafter.

The subsequent section provides the remainder of Contribu-
tion 4 by demonstrating a specific equivalence between CL-DeePC
and CL-SPC.

5. Specific equivalence to Closed-loop SPC

This section demonstrates an equivalence between CL-SPC as
developed in Dong et al. (2008) and CL-DeePC based on (30) with
specific design choices: s = 1 (recovering (17)) and 2 = ¥; y. This
equivalence is revealed based on the efficient CL-DeePC imple-
mentation discussed in the previous section, thus providing the
remainder of Contribution 4. The CL-SPC algorithm is briefly ex-
plained first, based upon which the equivalence is demonstrated
thereafter.

5.1. Closed-loop SPC

To understand this equivalence, consider the data Egs. (8)
and (9). As is possible with CL-DeePC, CL-SPC uses s = 1 to
avoid closed-loop correlation between inputs and noise. CL-SPC
estimates the dynamic matrix L; by least squares regression on
past data®:

T, = [C/IE\U b c’\fc’V] =Yy Ny (37)
Assuming that p is sufficiently large such that AP = 0, estimates

of the predictor Markov parameters contained in L1 allow the
construction of estimates of I}IC“, I}ICP and T, which make up

Lf, as well as #;. In line with (9) this allows the construction of
a predictor as

¥ [FIC T”] Yip +
~ip.f f y?p,f

~= ~ Yip
iKY (In=#Hp)| | 9, Al
Y.

Note that the predicted output is contained on both sides of this
equation. To solve (38) for the predicted outputs first make note
of the fact that (Houtzager et al., 2012)

(ke 7GR =AU HR 7 TR,

(38)

(39)

8 To incorporate direct-feedthrough one may apply B = B+ KD to the recur-
sive component of the CL-SPC algorithm of Dong et al. (2008), which does not
consider direct-feedthrough.
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as is also visible from the combination of (8) and (9) for s = f.
Using estimates in (39) to solve (38) for the output predictions
(which can be done efficiently in a sequential manner as with
CL-DeePC) yields

u;
y, r [Ffic“ FfICV] [y ]+T“

which is in line with (8) and can be used in a receding horizon
optimal control framework.

(40)

5.2. Equivalence between CL-DeePC and CL-SPC

This section formalizes an equivalence between CL-SPC and a
form of CL-DeePC by means of the below lemma.

Lemma 3. Given full row rank ¥; y, the predictors (17) and (40)
of respectively CL-DeePC with Z = ¥; y and CL-SPC are equivalent.

Proof. For (17) there exists the equivalent, but computation-
ally more efficient implementation from Section 4, which ob-
tains the predictor (34). By (31) and (32) with full row rank
Z = Yy, such an efficient CL-DeePC implementation uses
[,31 cor Bpy1 61 -0 Qp] = Yip,NlIIITN. Comparing this to (37) shows
that the building blocks Bj and éj in this CL-DeePC implementa-
tion are equal to the estimated predictor Markov parameters that
CL-SPC uses:

B — CAP-iB 1<j=<p, 41a
& {D ji=p+1, “12)
6; = CAPIK 1<j<p. (41b)

Since CL-SPC effectively assumes AP = 0, (41) then entails an
equivalence between the constructed matrices in CL-SPC and the
efficient sequential CL-DeePC method that is succinctly described
by

@ & 2 w-¢=[FF 7 7o 4] @
It follows from (35), (39), and (42) that, likewise,
[ ¢ o)=[n 7 5o (43)

This concludes the proof since (43) entails that (34), and there-
fore (17), is equivalent to (40). O

The foregoing lemma indicates that for CL-SPC and CL-DeePC
along the lines of (17) with Z = ¥, y, the predictors are equiv-
alent. Hence, the analytical solutions of these control methods
are also equivalent. In practice we note that numerical differ-
ences may arise from implementations with optimizers due to
the relatively large number of optimization variables introduced
by GV in (17), as discussed in Section 4. Notwithstanding the
specific equivalence presented here we emphasize the potential
advantages, discussed in Section 2.2, of a direct closed-loop DDPC
method like CL-DeePC over an indirect method like CL-SPC. More-
over, we note that CL-DeePC predictors are more generic than the
CL-SPC predictor (40) because the former type considers different
options as IV matrix Z (see Remark 5), and facilitates the use of
multi-step-ahead predictors as per (30).

6. Results

This section presents simulation results of DeePC and CL-DeePC
that facilitate the comparison of their performance, thereby pro-
viding Contribution 5. We will first describe the simulation setup
before presenting a reference tracking example. A subsequent
demonstration of closed-loop correlation between inputs and
noise is followed by a consistency analysis. Lastly, a parametric
sensitivity analysis is performed.
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6.1. Simulation setup

This section presents the simulation setup. The simulated dis-
crete plant is a marginally stable fifth-order model of the form
(1) that represents two circular plates that are spun by a motor
with non-rigid shafts with (van Wingerden et al., 2022)

440 1 0 0 O 0.00098 17
-809 0 1 0 O 0.01299 0
A=|78 0 0 1 O0|,B=]| 00189 |,Cc=|0]| ,
—4.00 0 0 0 1 0.0033 0
086 0 0 0 O —0.00002 0

K=[23 —6.64 7.515 —4.0146 0.86336] ,D=0.

Three different predictive controllers are implemented. The
optimal control problem solved by each of these controllers in-
volves (12a)-(12b) but differs in terms of the employed predictor.
For this purpose, one controller uses DeePC with IVs as proposed
in van Wingerden et al. (2022)°. Another uses CL-DeePC with IVs,
implemented as described in Section 4 to reduce computation
time. As a benchmark, an oracle model predictive controller is
used. This oracle employs the predictor
V=10, + T,
for which it has complete knowledge of the initial state x; and
the system matrices /7 and 7}“ (as defined in Section 1.2§. The
exact form of the cost function that is minimized in (12a) by all
of the controllers is given by

ref

5 VIR A 12, (44)

T, 9y ) =19,

. . 1 ref
in which Agip,f Sy T Y Ys

contains a future output ref-
erence trajectory, Q € R is a positive semi-definite weighting
matrix, and R? € RF is a positive definite weighting matrix.

All of the simulations are carried out in MATLAB'?, using
CasADi (Andersson et al., 2019) to formulate a quadratic program
that is solved with IPOPT (Wdchter & Biegler, 2006). Unless indi-
cated otherwise p = f = 20, the employed cost function weights
of (44) are Q = 100, and R* = 10, and employed constraints
are |ug — ug_q| < 3.75, |ug| < 15, |yx] < 1000. If no solution is
found, to prevent infeasibility these constraints are relaxed using
quadratically penalized slack variables (with weighting A = 10'%)
and the problem is solved again. This appears to be necessary
with DeePC, particularly for N < 200.

All simulations use a square wave reference signal that varies
between 0 and 100 with a period of 200 time steps. Simulations
start by data collection in open-loop to initialize the data-driven
controllers, which are then active together with the oracle for
1800 time steps. Closed-loop correlation between inputs and
noise is induced by operating the data-driven controllers fully
adaptively. As mentioned in Section 1 this means that the data
matrices are updated at every time step after their initialization.
With regards to Assumption 2, we seek to avoid problematic
conditions mentioned in Remark 2. Furthermore, validation of
Assumption 2 was performed for the parametric sensitivity anal-
ysis carried out in Section 6.3.3 to find that the assumption was
always satisfied. Unless otherwise stated, the input variance for
the open-loop trajectories is X(u;) = 1 and the innovation noise
has a variance of X'(ey) = 1 throughout.

9 The implementation relies on an equivalent, but computationally more
efficient SPC formulation.

0 The employed code and resulting data can respectively be found via
doi.org/10.5281/zenod0.10573259 and doi.org/10.5281/zenodo.10573874.
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N =239, %(ex) =1, p =20, f =20

400 L DeePC ]
CL-DeePC
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= 200
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Fig. 4. Reference tracking by adaptive DeePC and CL-DeePC using IVs. After
the vertical line at N all used data originates from operation in closed-loop.
CL-DeePC displays superior reference tracking performance with respect to
DeePC, in part due to a closed-loop identification issue.

6.2. Example of a reference tracking case

To compare the performance of DeePC and CL-DeePC in an
adaptive setting this section presents a reference tracking ex-
ample by Fig. 4. CL-DeePC clearly manages considerably better
reference tracking performance w.r.t. DeePC, the former perform-
ing comparably to the oracle. At first, all of the data that the
data-driven controllers rely on derives from open-loop operation.
Due to the adaptive nature of the controller implementation,
after N time steps, all of the employed data derives from closed-
loop operation. The reference tracking ability of DeePC appears to
decrease as the amount of employed closed-loop data increases.
Thereafter, DeePC only manages to track the reference well inter-
mittently. This intermittency may be understood by the following
process. First, akin to cases where the data matrices are not
updated at every time step, closed-loop identification bias results
in large reference tracking errors (see also Dinkla et al. (2023)).
In this work, wherein the data matrices are updated at each time
step, these large tracking errors can momentarily cause increased
excitation and signal-to-noise ratio of the employed data. This
thereafter temporarily improves the obtained reference tracking
performance, until the identification issue leads to worse tracking
again, and the process repeats itself.

6.2.1. Correlation between inputs and noise

This section demonstrates the existence of correlation be-
tween inputs and preceding noise during closed-loop operation in
an adaptive setting by means of simulations. Following the pre-
ceding consistency proof in Section 3 4 3, the correlation matrix
of interest is given by Ej, s v [Ui, v Ul s ], with's = f for DeePC,
and s = 1 for CL-DeePC. Fig. 5 shows tﬂe mean of this correlation
matrix based on the closed-loop data of 120 different noise real-
izations. Based on the figure, between DeePC and CL-DeePC, only
DeePC experiences the correlation that it induces between inputs
and noise. Note that the stochastic variability of subsequent con-
trol policies, which arises from the adaptive implementation in
the presence of noise, is insufficient to mitigate the input-noise
correlation experienced by DeePC.

6.2.2. Consistency analysis
This section demonstrates the consistency (or lack thereof) of
the estimators employed by DeePC and CL-DeePC as a result of
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Average input-noise correlation matrix

Biptioy Uiy [Vl pos ] 2= £ =20, N = 1039
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Fig. 5. Noise-input correlation matrix for DeePC and CL-DeePC averaged over
the closed-loop data from 120 noise realizations. In contrast to DeePC, CL-DeePC
makes use of input data that is uncorrelated with preceding noise.

108 : . , . .
DeePC (median)
. — — —=DeePC (mean)
10%¢ 1 CL-DeePC (median) | 3
— = = CL-DeePC (mean)
-
= 10*E
&
|
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10°
1072 1 1 I 1 I
200 400 600 800 1000
N

Fig. 6. Bias of the implicitly estimated matrix 7}“ based exclusively on adaptive
closed-loop operation. Shaded regions indicate the 10th, 30th, 70th and 90th
percentiles of 120 simulations with different noise realizations.

experienced closed-loop input-noise correlation. Along the lines
of the consistency analysis in Section 3.4.3 and Dinkla et al. (2023)
it is to be expected that the implicit matrix estimate of 7" is
inconsistent for DeePC (s = f) and consistent for CL-DeePC
(s = 1). For a fair comparison, the error in 7" is shown for
both controllers by Fig. 6. Section 4 is followed to construct this
estimate for CL-DeePC. B

As expected, as the number of employed past data points N in-
creases (together with the number of columnsN =N —p —s+ 1),
the bias of the CL-DeePC estimate keeps decreasing, which indi-
cates that the employed estimate is indeed consistent. In contrast,
for DeePC the bias does not keep decreasing noticeably beyond
around N = 400, indicating that the implicitly employed estimate
7\}” is inconsistent.

6.3. Parametric sensitivity analysis

This section performs a parametric sensitivity study on the
reference tracking performance of DeePC, CL-DeePC, and the
oracle. Investigated parameters are the number of past data
points N, the innovation noise variance X(ex), and the win-
dow lengths p = f. In addition, computation times of the
employed implementations of these algorithms are shown for
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Fig. 7. Effect of N on reference tracking performance. Shaded regions indicate
the 10th, 30th, 70th and 90th percentiles of 120 simulations.

varying p = f. As a measure of the reference tracking perfor-
mance a scaled root mean square of the reference tracking error is

used: Jims = \/(Zk(yfff)z)*1 > 0k — VM2, To reflect purely the
effect on performance during adaptive closed-loop operation, the
first N control actions are excluded. For the performance metric
Jims both the mean and median over 120 noise realizations will
be shown to convey skewness of the distribution of the obtained
performance. Note that it is possible for DeePC and CL-DeePC to
outperform the oracle because the oracle does also not account
for noise.

6.3.1. Number of past data samples: N ~

The effect of a varying number of past data samples N is shown
in Fig. 7. Slight fluctuations of the displayed oracle performance
are an artifact that is attributable to the exclusion of the first N
control actions in the calculation of J;,s to exclude control actions
that are based on open-loop data. Using CL-DeePC the reference
tracking performance approaches the oracle’s performance at a
relatively low N. For DeePC the picture is different, with the
median reference tracking performance remaining 26% higher
than its oracle counterpart at N = 1039. By comparison this value
is only 4% for CL-DeePC.

Fig. 7 demonstrates that compared to DeePC, CL-DeePC is
generally able to use fewer past data samples to obtain as good or
better performance, hence referred to as better sample efficiency.
Compared to DeePC, the better sample efficiency of CL-DeePC
is attributable to the use of a shorter future prediction window
length for identification (s = 1 as opposed to s f). This
leaves more columns N = N — p — s + 1 to approximate the
relevant correlation matrices that are used implicitly by both
DeePC and CL-DeePC. In addition, the discussed closed-loop iden-
tification issue entails that even if N, and therefore N, is large such
that these correlation matrices are approximated well, CL-DeePC
outperforms DeePC.

6.3.2. Noise level: X(ey)

The effect of the noise level, as quantified by a varying inno-
vation noise variance X(ey), is shown in Fig. 8. In the absence
of noise, DeePC and Model Predictive Control (MPC) are equiva-
lent (Coulson et al., 2019a). In the noiseless case, the closed-loop
identification issue does not arise so the performance of the three
algorithms is identical. As the noise level increases, correlation
between inputs and preceding noise increases because |ey| is
typically larger, and more control effort is needed to perform



R. Dinkla, T. Oomen, S. P. Mulders et al.

N =239, p=20, f =20
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Fig. 8. Effect of X(e;) on reference tracking performance. Shaded regions
indicate the 10th, 30th, 70th and 90th percentiles over 120 simulations.
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Fig. 9. Effect of f = p on reference tracking performance. Shaded regions
indicate the 10th, 30th, 70th and 90th percentiles of 120 simulations.

noise rejection. Consequently, the closed-loop identification issue
becomes more troublesome for DeePC at higher noise levels. Note
that the performance of all methods decreases with an increasing
noise level because all methods lack the ability to immediately
compensate noise disturbances. Using the slopes of the median
performance as a measure for the susceptibility to noise-induced
performance deterioration, CL-DeePC is 48% less susceptible to
noise-induced performance deterioration compared to DeePC.

6.3.3. Data window lengths: p = f

This section investigates the effect of the window lengths with
p = f. The choice p = f is made for the sake of simplicity and
is further motivated by its frequent use in the closely related
field of subspace identification (van der Veen et al., 2013). We
discern two competing mechanisms to explain the results shown
in Fig. 9 for CL-DeePC and an additional detrimental effect on
performance for DeePC. Increasing p is beneficial in terms of
reducing the bias of the predictor. However, as with increasing
s, increasing p entails implicitly estimating more parameters of
the predictor, thereby increasing its variance. This is more pro-
nounced for DeePC since s = f when compared to CL-DeePC for
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Fig. 10. Effect of f = p on computation time of the IPOPT solver, as implemented
in CasADi with MATLAB 2021b. Shaded regions indicate the 10th and 90th
percentiles of 120 simulations.

which s = 1. The shorter future window length used for identi-
fication s is also beneficial for CL-DeePC because a higher degree
of collinearity may be expected for larger s, potentially leading to
ill-conditioning of the identification task (Chiuso & Picci, 2004).
Together with the aforementioned closed-loop identification is-
sue these effects induce up to a 49% lower reference tracking cost
at p = f = 100 for CL-DeePC compared to DeePC. Moreover,
note that the performance of DeePC deteriorates rapidly with
increasing p = f, whereas the impact on the performance of
CL-DeePC is far less pronounced.

Another relevant measure to quantify performance of the dif-
ferent controllers is to consider the computation times they re-
quire. To this end, the effect of varying windows p = f on
the time taken by the solver for different controllers is shown
in Fig. 10. Each time-marching simulation was executed on a
single core of an Intel Xeon E5-6248R 24-core 3.0 GHz CPU. As
is to be expected, the computation time of each optimal control
problem increases with increasing f = p. Moreover, one may
observe that the employed efficient CL-DeePC implementation
from Section 4 appears to typically be slightly more efficient than
the employed efficient DeePC implementation (i.e. SPC). Such
an effect can be explained by the larger degree of sparsity that
the efficient CL-DeePC implementation introduces in the optimal
control problem as a result of a causal predictor.

7. Conclusion

This article establishes CL-DeePC to address a closed-loop
identification issue that is inherent to adaptive DeePC implemen-
tations. By incorporating IVs to mitigate noise it is shown that
CL-DeePC employs a consistent output predictor when relying
on data obtained in closed-loop. Moreover, to limit the number
of optimization variables, an efficient sequential procedure is
established to construct the output predictor in practice. This
sequential procedure reveals the equivalence of the developed
CL-DeePC method and CL-SPC.

Simulations confirm that CL-DeePC relies on data that does not
exhibit correlation between inputs and preceding noise, facilitat-
ing the use of a consistent output predictor. Furthermore simu-
lations demonstrate superior reference tracking performance of
CL-DeePC compared to DeePC. A sensitivity analysis illustrates
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that CL-DeePC is more sample efficient than DeePC, less sensitive
to high noise levels, and performs better for a wide range of
window lengths p = f.

Given the practical difficulties posed to persistency of excita-
tion, outlined in Remark 2, with closed-loop data and adaptive
implementations, future work may investigate optimal adaptive
and closed-loop experiment design for DDPC applications. Fur-
thermore, while this work has considered a single specific choice
of IV (2 = ¥;y), future work may consider different IVs in
CL-DeePC to further reduce the effects of noise. Moreover, where
simulations have employed the computationally efficient imple-
mentation of (17), future work may further explore the merits
of different settings (not s = 1 and gq f) of the unified
CL-DeePC approach provided by (30). Other interesting avenues
of investigation include the reduction of the number of opti-
mization variables akin to y-DDPC (Breschi et al, 2023), and
the potential use of regularization to handle noise within the
CL-DeePC framework. Using such techniques, and those intro-
duced in this article, it furthermore remains to be shown under
what conditions CL-DeePC may outperform CL-SPC.

Appendix A. Recursive inversion procedure

This section derives the recursive inversion procedure repre-
sented by (36) to solve (35).
To this end, rewriting (35) without taking an inverse obtains

(h—G%) [c* ¢" ov]=[c" ¢ 2],

which with the definitions of &;, &, and 6; from Section 4 amounts
to

I 0 0 0 0 0 0 o o)
—0p I 0 0 0 0 - 0 o aq
B =0, 0 0 0 0| @ @
: : 0 0 0 3
—91 —éz —ép I( 0 0 ap B &p
0 —91 —92 —Bp I[ 0 Qpi1 &p+1
L 0 0 —é] —éz —ép I[_ L% —1_] _&f_1_
(A.1)

From (A.1) it is possible to distinguish three different kind of
conditions, which are described by

Qj lf] =0
j ~
B o — 9p—j+m0[m—1 if1<j=<p
oj = m=1
J
o — > fpjimomo ifjzp+1
m=j—p+1

Solving this for ¢, and defining a = max(1, j — p+ 1) to describe
the two bottom conditions with a single sum obtains

Qj ifj=0
j
o = - ~ e 36
! aj + Zepfﬁmamq ifj>1 (36)
m=a
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