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Abstract

An end-to-end framework is developed to discover physical laws directly from videos, which
can help facilitate the study on robust prediction, system stability analysis and gain the
physical insight of a dynamic process. In this work, a video information extraction module is
proposed to detect and collect the pixel position of moving objects, which would be further
transformed into physical states we care about. A physical law discovery module is developed
to learn closed-form expressions based on the extracted physical information. The video in-
formation extraction module takes advantage of contour detection and Hough transformation
to extract position information. The physical law discovery module includes a deep neural
network-like hierarchical structure Mathematical Operation Network (MathONet) which is
consisted of basic mathematical operations. We develop a sparse Bayesian learning algorithm
to learn both the topology and parameters of dynamic systems. Several simulated videos
were generated to illustrate Newton’s law of motion, the state space of a Du [ngloscillator,
and the pendulum motion equation. By demonstrating on these examples, our method can
discover the corresponding governing function without requiring much prior information.

Keywords: Physical law discovery, Video detection, Sparse Bayesian learning
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Chapter 1

Introduction

Understanding the physical law is of great importance for that it can facilitate the study

on robust prediction, system stability analysis and gain the physical insight of a dynamic
process [47]. With the development of machine learning techniques and the diversity of
sensors, data richness and accuracy have been improved. This gives rise to a new paradigm of
discovering the underlying physical laws from data which is also called data-driven governing
equation discovery [46, 12]. Considering that cameras have been widely utilized to record
scienti ¢ videos and collect data, discovering physical laws or governing functions from a raw
video has led to great interest in recent years [14].

The aim of this thesis is to create an end-to-end framework that can distill the laws of
physics including the topology and parameters from a video by using a novel neural network-
like structure Mathematical Operation Network (MathONet). The whole pipeline includes

a video information extraction module and a physical law discovery module. In the video
information extraction module, the pixel position of a moving object in the frame would
be extracted. Then, the video information will be transformed into physical states we care
about (e.g.,distance, velocity, and angle). In the physical law discovery module, a novel deep
neural network like hierarchical structure is designed, termed as MathONet. MathONet is
initialized redundantly and composed of various possible basic mathematical operations that
can contribute to the mathematical expression. The idea of Bayesian deep learning is included
in the network optimization process for discovering the sparse optimal structure from an
over-parameterized initialized model to represent the explicit mathematical expression. The
end-to-end framework is demonstrated on the video of a free falling ball, a Du ng oscillator
and a swinging pendulum. A few assumptions are made to handle the underdetermined
nature of distilling physical laws from videos. First, the dynamic system has only one moving
object of interest. That is, we will not consider a dynamic system containing a group of
objects. Second, the the object to be explored in the video is known, especially when the
background environment is complex and contains other inferring objects. Third, it is assumed
that the variables of the physical law to be explored are known. In other words, the proposed
framework can discover the mathematical expression among variable of interest.

The following section of this chapter will introduce the background information about this
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2 Introduction

topic. Then, the motivation and contribution of this work will be given, followed by the
pipeline of the whole video to physical law framework.

1-1 Background

Data-driven physical law discovery represents building explicit mathematical expressions for
dynamic systems given measured physical states. The early work begins with identifying
linear models from data, followed by the interest for modelling non-linear systems[49]. One
important breakthrough in this area is from [50], which implemented symbolic regression
[19] to distill the underlying governing functions for even chaotic dynamic systems. Till
now, symbolic regression has spawned a family of work. According to the de nition for
[52], symbolic regression refers to all methods which aim to learn a symbolic expression that
matches data from an unknown function, which includes several interesting techniques such
as sparse regression[9], genetic programming[2] and network-based symbolic regression[37].
However, these methods have their own disadvantages. For instance, genetic programming is
computationally expensive and sparse regression requires prior information to choose a set of
basis functions.

Instead of recovering the governing functions from given physical states, understanding a video
to learn parameters for well-characterized physical equations has been a topic in recent years.
[4] and [40]'s work estimates the parameters for a given mathematical structure. Fragkiadaki
et al. further incorporated the known external physical engines with the agent to simulate a
billiard game[18]. However, although these approaches can even predict the system precisely,
they still require the prior of a well-characterized governing equation.

Recently, there has been attempts to uncover the closed-form governing equations from a raw
video. [34] successfully distills rst-order and second-order ordinary di erential equations
from videos through learning the spatial-physical transformation and implementing sparse
regression toolbox. On the other hand, Chari et al. uncovers dynamic equations regard-
ing gravitational and centripetal acceleration by adopting the variational auto encoder to
determine the latent variables such as speed and acceleration[13]. They utilized existing
genetic programming approach to discover the physical law from latent variables. In these
works, the physical law is explored by using existing symbolic regression approaches (e.g.,
spare regression, genetic programming), which may limit their application due to the inher-
ent shortcomings of these methods. More detailed discussion on these symbolic regression
approaches is in Section 1-2.

1-2 Motivation and Contribution

As introduced in the beginning of this chapter, existing approaches to explore physical laws
from videos are mainly based on genetic programming or sparse regression. Since these
symbolic regression methods have their own drawbacks, which may limit the performance of
these methods in their application on physical law discovery from video. Especially, symbolic
regression can be divided into four categories:

Zixuan Wan Master of Science Thesis



1-2 Motivation and Contribution 3

Brute force This is the most intuitive way to discover the relationship among variables.
Given the variables of interest and possible operations, the brute force method will try
all possible mathematical expressions in the form of symbolic strings[52] or symbolic
tree[28]. It can be easily understood that the brute force method is computational
expensive which prevents it from being implemented for large systems. To reduce the
computational burden, the work from [52] leverages the properties such as symmetries,
separability and compositionality of the physical dataset to narrow the search space and
simplify the discovering process.

Genetic programming  This is a commonly used method in the eld of physical law
discovery. Genetic programming is inspired by biology and includes operations such as
mutation, selection, and crossover when doing a targeted search for symbolic expression.
The search will evolve in the direction of satisfying the tness criteria. Nevertheless,
genetic programming still has limitations such as high computational complexity, over-
parameterized output expression[9] and sensitivity to initial conditions[30].

Sparse regression As another widely used approach to search mathematical expres-
sions, sparse regression uses a di erent searching strategy from brute force or genetic
programming. With an over-redundant basis function library, this method would dis-
tinguish the essential components with a linear sparse regression. A benchmark work is
proposed by [9], which presents the sparse identi cation of nonlinear dynamics (SINDy)
algorithm. Although SINDy has been successfully implemented on many dynamic sys-
tems, it su ers from the nontrivial task of choosing appropriate basis functions, which
requires an amount of prior information.

Network-based symbolic regression Due to the powerful data tting capability,
neural networks architectures are also used for discovering governing functions. Works
from [37] and [44] proposed network-based structures which can act as an equation
learner and be integrated with deep learning frameworks to be trained with backpro-
pogation. These methods include elementary operators as the activation functions.
However, these network-based approaches cannot t the constant term in the equation.
Besides, they use L1 regularization for training and compressing redundant connections.

Motivated by these symbolic regression methods, we designed a novel DNN-like hierarchical
structure to serve for the physical law discovery module in the end-to-end framework. Our
main contributions are as follows:

A~

End-to-end framework design We designed an end-to-end framework which can
distill physical laws from raw videos directly, without requiring much prior knowledge
and the true labelled data.

Mathematical operation network design A deep neural network like hierarchical

structure, termed MathONet, is designed to represent the mathematical expression of
the governing functions of dynamics systems. The MathONet is built by stacking unary

(log, sin) and binary (+, , ) operations.

Bayesian learning discovery algorithm A Bayesian learning algorithm is included
in the training process of MathONet, which can provide a sparse solution by reducing
the redundancy of an initialized over-parameterized network and relieve the burden in
hyperparameter tuning.
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4 Introduction

1-3 Pipeline

The pipeline of our end-to-end framework is as shown in Figure 1-1. The input is only the raw
video. Then, the video information extraction module will extract the positional information

of the moving object from the consecutive frames. After that, the extracted pixel coordinates
would be transformed into physical states, which act as the input and output variables to
train the physical law discovery network, namely, MathONet. A Bayesian learning algorithm

is implemented to compress the over-redundant model and discover the sparse solution to
represent the explicit mathematical expression of the physical law, which is the nal output
of the whole framework.

Figure 1-1: Schematic architecture of the end-to-end framework
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Chapter 2

Preliminary

This chapter will give a brief introduction to the background knowledge in this thesis. First,
the principle and properties of deep neural networks will be reviewed, which is the foundation
of MathONet. Second, how Bayesian learning works and the comparison between several
typical Bayesian learning approaches will be introduced.

2-1 Deep Neural Network

As an important subset of machine learning algorithms, deep neural network(DNN) aims at
discovering multiple levels of distributed representations[21]. Especially, DNN has become
an indispensable tool for modelling complex nonlinear systems and has been applied for
several domains such as computer vision, language processing and control theory[29, 15,
27]. Examples of a fully-connected layer and a convolutional layer are as shown in gure
2-1. Though deep neural networks are of great importance in the eld of system modelling,
over tting and e ciency are two frequently encountered problems.

(a) Fully-connected layer (b) Convolutional layer

Figure 2-1: Two kinds of layers in deep neural networks[21]
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6 Preliminary

2-1-1 Over tting and Regularization

Since the eld of deep learning has been focusing on achieving high accuracy, deeper models
and more complex models appear one after another, which would bring the problem of over t-
ting. Figure. 2-2 can help understand the relationship among dataset, model complexity and
prediction accuracy. When tting the dataset with three di erent models, a linear model is

the simplest one but it cannot capture the curvature of the data, which leads to under tting.

A quadratic function ts the dataset well, while a more complex polynomial of degree 9 su ers
from over tting because it cannot be generalized to unseen points. It can be concluded that
there is a balance between model complexity and prediction accuracy. In the deep neural
network domain, regularization can help beat over tting and reduce the generalization error
for the test dataset.

Figure 2-2: Under tting and over tting[20]

Regularization is de ned as "any modi cation we make to a learning algorithm that is in-
tended to reduce its generalization error but not its training error" [20]. Though there are
several methods that can help reduce over tting like data augmentation, dropout and early
stopping, normally regularization refers to strategies adding restrictions or penalties in the
objective function. With W, x and y represent the weight matrix, input data and output
data, L(W;x;y) indicates the loss function whileC is the loss function with regularization,
as shown in (2-1).

C(W;x;y) = L(W;x;y)+ (W) (2-1)

is a hyperparameter that determines the contribution of the norm penalty term . A larger

corresponds to more regularization. When training with the regularized objective function,
both the original loss and parameter norm item would be decreased. Dierent choices of
will result in corresponding optimal solution W . Typically, there are two norm terms: L1
and L2.

L1 regularization term is dened as ( W) = kWk; = P i jwij, namely, the sum of the ab-
solute values of all the weights. L2 parameter norm penalty is commonly known as weight
decay. This regularization strategy adds a penalty term ( W) = %kW k3 to the optimization
function, driving the weights closer to the origin.
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2-1 Deep Neural Network 7

Figure 2-3: Comparison between L1 regularization and L2 regularization

Figure. 2-3 gives an intuitive explanation about howL1 and L 2 in uence the nal solution of
parameters. In this simple case, the weight space has 2 dimensions whi, is the hypothesis
and the solution is the points whereHgy meets the constraints. Due to the nature ofkW k4,
the possible solutions will be limited in corners, thus lead to sparsity in the nal weight set.
As for L2 regularization, the hypothesis is tangential to kW k», the intersection has non-zero
values both in x1 and x2 axis, but the values tend to approach the origin.

2-1-2 E ciency and Model Compression

Complex models not only lead to over tting, but also require extended and expensive train-
ing which prevent such models from being used by mobile devices. The model compression
technique can not only improve the e ciency of memory and energy consumption, but also
leads to less network bandwidth, faster processing, and better privacy [53]. Since model com-
pression has raised a surge in the deep learning community, there are a number of successful
compression algorithms. Typically, they can be categorized into three class: standard weight
pruning, xed point precision and Bayesian compression. Speci cally, these three classes are
not mutually exclusive. For example, Bayesian compression needs to prune redundant weights
and it can reduce the bit size of weights at the same time.

1. Standard weight pruning It has been proven that there is a great redundancy in the
parameters of a DNN [17, 54]. In this case, weight pruning, which was rst proposed to
improve generalization ability, can also be used for model compression and speed-up[31].
As the name gives away, weight pruning represents removal of redundant weights. Thus,
improving the compression rate as much as possible without sacri cing accuracy is a
topic worth exploring. Some experiments showed that neural networks can prune up to
99% parameters without signi cant loss of accuracy [24, 22].

Redundant weights can be pruned according to the ranking of how much each weight
contribute to the nal accuracy. Usually there are two common methods: pruning
synapses and pruning neurons (Figure 2-4). As an alternative of pruning at once,
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8 Preliminary

iterative pruning can repeat the process of training and pruning to avoid removing
connections prematurely [24]. The result showed that it can boost compression rate 13x
on VGG-16 without any loss of accuracy.

Figure 2-4. Conversion from a dense network to a sparse network

2. Fixed point precision  Another approach to model compression is to reduce the bit
size per weight. For example, reducing 32 bit oats to 1 bit leads to a 3® storage
improvement [53]. It has been demonstrated that neural networks are robust against
certain amount of low precision, and there are several experiments proving that reducing
the weight encoding precision has little in uence on the prediction accuracy [38, 23, 16].

3. Bayesian approaches Bayesian theory states that the posterior probability is related
to likelihood and prior. If replacing likelihood estimation with posterior probability
estimation, the result will contain prior information about the dataset. Intuitively, this
kind of approaches are more mathematically convincing, and they have been proven to
have outstanding compression performance [56, 39].

2-2 Bayesian Learning

As introduced in the previous section, although DNNs can surpass humans in various do-
mains, they are generally prone to over tting on datasets with a small number of training
examples and a complex model. In addition, the nature of the neural network determines
that it is a black box model. To put it another way, the entire model lacks interpretability
due to its complexity. In this case, a black box model that can give accurate predictions
is meaningless. As illustrated before, we will design a novel model to explore closed-form
mathematical expressions from data in this thesis. This model also has a neural network like
structure which may su er from over tting. The Bayesian method can serve as a natural and
elegant solution to address this issue because it yields posterior distribution instead of point
estimation for each weight, making it convincing to distinguish the necessary connections and
playing a role of information screening [6, 36, 1, 41]. Figure 2-5 illustrates the di erence
between traditional neural networks and neural networks with Bayesian learning. All weights
in the traditional neural networks are speci ¢ values which will be updated through gradi-
ent descent of the loss function. However, Bayesian learning provides a statistical modelling
method for learning from data because weights are calculated as posterior distributions. In
other works, uncertainty is introduced in the weight of the neural network.
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2-2 Bayesian Learning 9

Figure 2-5: Comparison between a traditional neural network and a Bayesian neural network|[7]

Speci cally, for the latent variables W (including all the weights and biases to be optimized)
that are of interest in a model, a prior distribution p(W) could be speci ed depending on the
basic estimation before observing the dataD. The likelihood can be represented ap(DjW).

According to the Bayesian theory, the posterior distribution can be calculated as:

P(DjW)p(W)
p(D) (2-2)
I p(DjW)p(W)

p(WjD) =

where the distribution of data D is independent of parameterW so the term P (D) can be
removed. Although the main concept is easy to understand, the posterior distribution for ma-
chine learning models is always intractable. In order to perform Bayesian inference practically,
several approaches have been proposed over the past decades[36, 26], including Markov Chain
Monte Carlo (MCMC)[41], variational inference (VI)[33] and Laplace approximation[51].

In the following part, these typical approximation approaches for Bayesian learning will be
introduced with their pros and cons.

2-2-1 Markov Chain Monte Carlo

As a sampling-based method, Markov Chain Monte Carlo (MCMC) can converge to the
true posterior distribution after enough iterative sampling process. The operating process of
MCMC starts from drawing the random parameters Wg from the initial distribution p(Wp)
or p(Wp j D). Then a stochastic transition operator would be applied to the randomly chosen
parameters so as to optimizeW, iteratively:

Wy q(Wy j W 1;D) (2-3)
With a suitable transition function and su cient operating times, the nal result Wy will
converge to the exact posteriorp(W j D). However, the drawback of MCMC is also obvious
that it is hard to estimate how many times is su cient for convergence and the training

process will take a long time in practice.

Master of Science Thesis Zixuan Wan
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2-2-2 Variational Inference

Variational inference uses the mathematical idea of variation, estimating the true posterior
distribution p(WjD) with a xed form of distribution g (W). KL divergence between the
true posterior and the estimated posterior will be reduced by minimising the loss function.
The KL divergence can be represented as:

z

D (@ (W)kp(W jD)= g (W)log (V)

p(W j D)
q (W)
p(W j D)

dw
(2-4)
= Eq (W) |Og

After applying Bayes's rule to p(W j D) with p(W) denoting the prior, Eq. 2-4 can be
rewritten as:

N q (W)
DkL (0 (W)kp(W jD)) = Eq (w)log WP(D)

DkL (9 (W)kp(W))  Eq (w)logp(Dj W) +log p(D)
L ()+log p(D)

where L is known as the evidence lower bound (ELBO). Considering thatlogp(D) is non-
negative and our aim is to minimize the KL divergence,L is the lower bound of logp(D).
Therefore, the optimization objective is to maximize ELBO:

L( )= Eq (w)logp(DjW) Dk (a (W)kp(W)) (2-6)

The advantage of variational inference is that it has a speci c optimization objective and can
be faster in most cases [48]. However, since it is an approximation method, the optimization
result of VI will always have errors.

(2-5)

2-2-3 Laplace Approximation

Similar to variational inference, Laplace approximation takes use of a Gaussian approxima-
tion to a probability density de ned over a set of continuous variables [5]. To facilitate the
explanation of the basic idea behind Laplace approximation method, a simple distribution
p(z) will be used as an example. How to learn from this idea for estimating the distribution
of parameters in a model will be thoroughly clari ed in chapter ??. Supposingp(z) is de ned
by: .

p2) = 51 (2) (2-7)

where Z is the unknown normalization coe cient. Laplace method will use a mode zy of the
distribution as the mean value of the approximated Gaussian distribution g(z), which means
that:
d (2)
dZ Z=17p

=0 (2-8)

Since the logarithm of a Gaussian distribution is a quadratic function of variables, a second-
order Taylor expansion ofIn f (z) centered on modezy can be written as:

Inf(z)' Inf (z0) %A(z 20)? (2-9)
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where
2

d
A= 5@ ] (2-10)
Z=12p

Due to the reason that zj is the local maximum value of p(z), the rst-order term in the
Taylor expansion does not appear. With the exponential, it can be obtained that:

(@ ten 5@ 2 (2-11)
Then the estimated Gaussian distribution g(z) can be acquired with the help of the normal-

ization of a Gaussian: 1=

W= 2 e 5@ 2 (2-12)

2-2-4 Conclusion

To make a conclusion about these methods, each has both advantages and disadvantages. As
shown in gure 2-1, MCMC is asymptotically exact to the true distribution, but it is also
computationally expensive and not compatible with deep learning frameworks such as Py-
Torch and TensorFlow. As two approximation methods, both VI and Laplace approximation
are fast and can be implemented on mainstream deep learning frameworks. At the same
time, both can only give the approximate solution. The di erence between them is that the
Laplace approximation method can be employed for deep neural network models. But the
VI method can only works for shallow neural networks. Besides, Laplace approximation in-
cludes the Hessian matrix which will help optimize and compress a network[8]. However, the
extra drawback of Laplace is that it is sensitive to the initialization because the calculation

of mean and variance depends on the decision of mode, making it necessary to do repeated
experiments to avoid the local optimal solution.

Table 2-1: Comparison between di erent Bayesian learning methods

| Bayesian Learning Method | Advantages | Disadvantages |
1. Computationally expensive
Markov Chain Monto Carlo Asymptotically exact 2. Not compatible with deep
learning frameworks
1. Fast to implement 1. Approximate result
Variational Inference 2. Compatible with deep | 2. Not suitable for deep
learning frameworks networks

1. Fast to implement

2. Compatible with deep
Laplace Approximation learning frameworks

3. Hessian matrix helping
optimization

1. Approximate result
2. Sensitive to initialization

For the work of this thesis, we adopt Laplace approximation method for that it is easy to
deploy and we can use the concept of cycle to accelerate training (more details about how to
implement Laplace approximation for our model are in Chapter 6).
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Chapter 3

Video Information Extraction

Given the video of a moving object, it is necessary to extract the physical information from
the frames for identifying the system dynamics. This chapter will discuss about how to
extract the positional information of the moving objects in the video. It should be noted that
the extracted pixel position has no physical meaning. Therefore, a transformation between
the pixel coordinates and the physical states of interest needs to be applied. However, the
transformation process di ers a lot for di erent dynamic systems and may require some prior
information. The speci ¢ physical state transformation process for each testing example will
be introduced in the experiment result section.

Since the aim of our end-to-end framework is to discover the physical law, the underlying
assumption is that the system governing equation can be re ected in the dynamics of an object
across di erent time steps. Therefore, an e cient and robust object detection algorithm is
required to determine the localization of the moving object. There are several methods to
realise the physical information extraction function. For example, a pretrained Mask R-
CNN[25] was deployed to extract the bounding box of the moving object and the center of
the bounding box can be considered as the object location[13]. L. Luan's work took use of a
semantic segmentation model (i.e., U-Net[45]), whose result would be encoded into the pixel
coordinate of the object[34]. These two schemes take the advantage of deep neural networks
and have a strong generalization ability for di erent inputs. However, training and deploying

a large neural network for pose detection or semantic segmentation always requires a large
amount of computation resources. Besides, labelling the dataset for network training also
demands signi cant time cost. Under this circumstance, some traditional methods for image
processing and feature extraction are of great necessity, especially considering the assumption
that only a small part of each frame is the region of interest.

In this chapter, | would like to introduce the methods for video preprocessing to highlight
the main area of the moving object. Then an edge detection algorithm would be applied to
discover the target contour which could be followed by a feature extraction part to describe
the position of the target object.
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14 Video Information Extraction

3-1 Video Preprocessing

It is always easy for the human eye to recognize the moving object from a video. However,
each frame of a video is processed as a digit matrix by a computer. How to help computers
understand the picture and detect the area of importance would be an interesting topic.
Figure 3-1 gives the examples of a simulated and a real pendulum system. In gure 3-1(a),
the simulated red pendulum should be distinguished from the white background, while in
gure 3-1(b), the green real pendulum needs to be identi ed from the complex background
environment.

(a) Simulated pendulum (b) Real pendulum

Figure 3-1: Examples of a frame from the simulated or real pendulum video

There are two methods to solve the problem of object recognition. The rst one is to utilize
the feature that the color of the pendulum is di erent from the background color so that a
mask can be built according to a color Iter. The second method is to subtract the background
image from the frame of the dataset video. To make the explanation clear, an arti cial image
was rendered to represent a ball with a complex background environment.

(a) original image (b) color lIter (c) background subtraction

Figure 3-2: The di erence between the two methods for object recognition

As shown in gure 3-2(a), a yellow ball is generated with a background of an abstract painting.
Method one would detect the ball through traversing the entire image to detect the pixels
with similar HSV color of the target object. The result is as illustrated in gure 3-2(b)

which is a binary mask with the white area indicating the target object. At the same time,
gure 3-2(c) gives the result of subtracting the background image from the original dataset.
Because that background part is not changed, it is set to black while the color di erent in
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3-1 Video Preprocessing 15

the yellow area is re ected. Both methods have their own advantages and are suitable for
di erent cases. For instance, Method one requires the target object has a relatively uniform
color distribution that can also be distinguished from the environment. For method two, a
background photo that is strictly same as the video background environment is necessary.
Simulated dataset with an arti cial moving object is suitable for method one. However, a
real video with limited picture quality and interference factors in the background would have
a more accurate detection result with method two.

Algorithm 1 Canny Edge Detection
1. Transfer the three-channel RGB image into a one-channel gray-scale image.

Value=0:299 R+0:587 G+0:114 B

2: Applying a Gaussian blur to get rid of the noise on the image. The Gaussian Iter matrix
would be generated with the following distribution function:

X2+ y2

e 2 ?

a(xy) = > 2

where x and y indicate the position in the Gaussian matrix, and is variance.

3: Calculate the gradient of pixels' intensity to detect the edge intensity and direction. The
derivatives Iy and I, w.r.t x andy can be calculated through convolving the imagd with
Sobel kernelsKy and Ky. Then the magnitude G and the slope of the gradient can be

calculated. 0 1 0 1
101 1 2 1
Ke=® 2 0 2X;Ky,=® 0 0 0K
101 1 2 1
q
iGj = IX2+I§

I
(x;y) = arctan T
X

4: Non-maximum suppression would be performed to thin out weak edges. This step goes
through all points on the gradient intensity matrix and nd the local maximum value in
the corresponding edge direction detected in the previous step.

5. A double threshold detection would identify whether each pixel contributes to the nal
edge according to the magnitudeG and the two thresholds. Strong pixels whose intensity
higher than the high threshold and weak pixels whose intensity smaller than the low
threshold would be determined as edge points and non-relevant points. Those medium
pixels whose values are between the two thresholds would be augmented into strong pixels
if they are connected to strong pixels or if they can be connected to a strong pixel by
passing through a medium pixel.

Till now, the region of interest has been distinguished from the background environment. The
next step is to determine the shape of the target object to nd the centroid (assuming the
object mass is evenly distributed) or to extract the speci ¢ features such as the slope (if the
angle of the target object is a parameter that should be considered). Canny edge detection is
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16 Video Information Extraction

one of the most widely used edge detection algorithms and has been proved to have the best
performance in most cases[11, 43]. The speci ¢ calculation process is shown in Algorithm 1

Figure 3-3 shows the processing result of Canny edge detection algorithm. The left image
is the original one while the right image shows the detection result. All edges including
the small ones can be represented on the result image. However, most of the edges in the
example image are not important and do not contribute to the necessary information such as
centroid position and slope. The solution is to extract the main features from the detected
edge pattern.

(a) original image (b) Result image

Figure 3-3: The result of Canny edge detection algorithm

3-2 Feature Extraction

Two methods can be used for feature extraction from the detected edges, which are contour
detection and Hough transform. Both methods have their own advantages and are suitable
for di erent application scenarios. This section will introduce the principles of two methods
and their characteristics.

3-2-1 Contour Detection

(a) original image (b) Result image

Figure 3-4: The result of Canny edge detection algorithm

Contours can be explained as a curve joining all continuous points with same intensity. This
theory can help detect closed curves on the edges. Usually the outermost contour is the true
shape of the object. Figure 3-4(a) uses the blue line to indicate the shape of the irregularly
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3-2 Feature Extraction 17

shaped pattern, which can be further processed into a minimum enclosing circle or rectangle
(as shown in gure 3-4(b)). This method is especially suitable for an irregular target object
whose center position is di cult to determine because that the enclosing regular pattern can
act as the ideal situation to simplify the problem.

3-2-2 Hough Transform

Hough transform is another wildly used method for pattern recognition, especially for line
and circle recognition[3]. Through transforming image space into parameter space, Hough
transform takes parameters as variables to t the given data to the speci ed shape. Taking
straight line detection as an example, the formulay = kx + b can be interpreted as a point
(k;b) in the parameter space. Then all points from the original straight line have their
corresponding straight lines in the parameter space which will intersect at a point representing
the correct parameter. To avoid situations where the slope is in nite, Hesse norm form
r = xcos +ysin is used so that Hough line detection can be generalized for all straight lines
in a plane. The principle of using Hough transform for circle detection is similar. The formula
r’=(x xo)?+(y Yo)? contains three parameters, which means that all the corresponding
curve in the 3D parameter space would intersect at the correct point. It is worth mentioning
that for practical scenarios, all edge points will participate in the transform from pixel space
to parameter space and vote for the nal intersection point. This process makes the method
robust because it ignores small noises and repairs disappeared or misplaced pixels on the
edges. To put it another way, Hough transform is especially suitable for detecting obvious
regular patterns from noisy environment.

3-2-3 Comparison between Contour Detection and Hough Transform

In order to compare the e ects of these two detection methods, two simulated videos were
generated, which are a free falling ball with initial velocities and a swinging pendulum.

Since the free fall equation is related to the position of the ball in both x and y directions, the
precision of the position information detected in these two directions will a ect the accuracy
of the equation exploration. Figure 3-5(a) and 3-5(b) shows the detected distance of the two
methods compared with the desired values. In general, the detection results of these two
methods are both precise and close to the real value except that for some frames the detected
positions have obvious noise (the enlarged area in the gures), where contour detection has a
better performance. This may be because Hough circle detection is more sensitive to noise.
This level of error for both methods is acceptable, because the overall error is maintained at
a low level, as shown in table 3-1.

Furthermore, a video of a swinging pendulum is used to test the di erence between Hough
line detection and contour detection. Since Hough transform can t the given data into a
speci ¢ shape, the slope can be extracted directly as the swing angle for a pendulum. On the
other hand, contour detection can only give the minimum enclosing rectangle, which could
be further processed to determine the rotation angle. Figure 3-5(c) compares the detected
swing angle of the simulated pendulum of the two methods with the real values. It can
be concluded that both methods perform well except that when the angular velocity of the
pendulum changes drastically there will be some small detection errors. The last row of
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18 Video Information Extraction

table 3-1 also proves that the mean square errors of both methods are in the same order of
magnitude.

To sum up, both methods perform well on the simulated videos. Nevertheless, for real videos,
contour detection and Hough transform have their pros and cons, so they have more suitable
conditions. It is also worth noting that in the process of generating videos from accurate

data, noise has been encoded due to the image resolution limitation.

(a) Detected x distance of a free falling ball (b) Detected y distance of a free falling ball

(c) Detected swing angle of a pendulum

Figure 3-5: Detected position results of a simulated free falling ball video and a swinging pen-
dulum compared with ideal values

Table 3-1: Mean square error of the detected results of two detection methods on two simulated
videos generated from the motion of a free falling ball and a swinging pendulum.

Variable to be detected Contour detection Hough transform

Free falling ball - x distance 9.30e-07 1.96e-06

Free falling ball - y distance 9.82e-07 1.13e-06
Swinging pendulum - swing angle 5.15e-05 4.43e-05
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3-3 Conclusion 19

3-3 Conclusion

Figure 3-6 gives a schematic diagram of the whole process of extracting the positional infor-
mation from the original video. Firstly, the region of interest will be determined to eliminate
the in uence of useless background and remain the area of target object. Then a Canny algo-
rithm will be applied to detect all the edges which would be used for contour detection. There
are two methods to extract the physical feature from the edge pattern. If the shape of the
target object is irregular, contour detection would be suitable because a minimum enclosing
circle or rectangle would serve as an ideal alternative pattern. Under the case of noisy or
discontinuous edges, Hough transform will be a solution to determine the target shape.

Figure 3-6: Schematic diagram of physical information extraction process
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Chapter 4

Physical Law Discovery

This chapter will give an introduction to the physical law discovery module which can learn
the underlying governing equations from the extracted physical information. More speci cally,
we design the Mathematical Operation Network (MathONet), which has a neural network-
like hierarchical structure as shown in Figure 4-2. Similar to multilayer perceptrons (MLP),
MathONet is consist of of hidden layers and hidden neurons. The di erence is that MathONet
uses two substructures, Polynomial-Network (PolyNet) and Operational-Network (OperNet),
to replace the weight scalar and activation function of MLP. The PolyNet and OperNet
includes binary operations (e.g., , +) and unary operations (e.qg.,sin, log), respectively. An
initialized MathONet is always composed of redundant operations and needs to be pruned to
nd the optimal subgraph to denote the governing equation.

In this section, traditional feedforward neural networks will be reviewed as the motivation.
Then, the speci c structure of MathONet will be explained. Finally, a simple example will be
given to show how to correlate the mathematical expression and the sub-graph of MathONet
after pruning.

4-1 Multilayer Perceptrons

As the prototype of MathONet, multilayer perceptrons (MLPs), or deep feedforward neural
networks will be introduced in this part, as well as the training process of networks. On top of
that, the origin of the loss function will also be discussed. They are the optimization theory
foundation of DNN, which can be viewed as a kind of gradient-based learning.

Multilayer perceptrons are the quintessential deep learning models[20]. The purpose of a
MLP is to approximate the optimal function f () that can t the given dataset. Taking the
classi er as an example,y = f (x) de nes a mapping relationship that categorizes the input
X into a classy. Generally, the MLP would try to learn a mapping y = f (x;w) through
updating parameter matrix w so as to achieve the best function approximation. The reason
why these models are called feedforward is that all the information ows through intermediate
functions from the input x to the output y without any feedback.
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22 Physical Law Discovery

Usually, a MLP is consist of several linear layers and each layer is followed by an activation
function to improve the model's tting ability to nonlinear dataset. Figure 4-1 gives an
example of an MLP with one hidden layer. With X1, X»...x,, being the input of the model,
the output of the ki, neuron hy from the linear layer is the weighted sum of all inputs. As
shown in this gure, the ki, output of the rst hidden layer can be represented as:

he= WX+ b (4-1)
i=1

where bt is the bias which is not shown in the gure for simplicity. Since the weighted sum
operation can only result in outputs that are the linear combination of inputs, nonlinear
activation functions like ReLU, tanh and sigmoid are necessary to improve the expressive
ability of the network. The model in the gure uses RelLU as the activation function, which
has the following expression:

ReLU(x) = max(0 ; x) (4-2)

After applying the activation function, the output at} can be represented as:

a; =RelLU hi (4-3)

In conclusion, as a linear model with one hidden layer, the optimization objective is to train
f (x;w;b) = ReLU( x> w + b) to match the best estimation f (x).

Figure 4-1. An example of a multilayer perceptron

The training process of a MLP can be summarized as three main steps. After initializing the
weights of a model, the rst step is to present a training sample for the model including the
input and the corresponding label. Then the calculated result would be compared with the
true label. Finally all the weights will be updated iterative by minimizing the loss function
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until converging. To facilitate the foIIowigng introduction, we can assume the loss function as
the mean squared errorL(X;y;w) = % L (fF (i) yi)z. Since the aim is to minimise the
loss function, this can be realised by moving the inherent parametersv in f (x;w) in the
opposite sign of the gradientr L (X;y;w). Thus the updated parameter can be represented
by wl= w r wbk(x;y;w), where is the learning rate. How%ver, in the case of huge
dataset, it is impractical to compute the gradient for all samples: =, L x@;y(;w . As
a solution, stochastic gradient descent(SGD) uses the gradient from a small number of samples
mYas an approximation. Now, parameters can be updated taking use of the gradient of the
mini-batch: w=w 2, ,”;i rwbl x@;yM:w .

Itis also worth mentioning how to choose the loss function from the perspective of probabilistic
model[20]. Intuitively, a quali ed loss function should provide suitable gradients that can
help converge quickly when far away from the global optimal solution. In this case, maximum
likelinood estimation cag serve as the optimization objective. Given the dataset om samples
X= x®;x@:::::x(M the true but unknown distribution can be represented aspgata (X)
under the assumption of independent and identical distribution. Our model can be viewed as
a family of probability distributions pmogel (X; W) parameterized byw.

WuL = arg max Pmodel (X; W)
v (i)
=arg m\ﬁ-x Pmodel X'/ ;W
-

(4-4)

xn )

—argmax  l0gpmoder X1;w
Vo

=argmax Ex py,, [10gPmodel (X;W)]

As shown in equation4-4, the maximum likelihood estimationw,_ represents the value of
w that maximizes the probability distribution in terms of all data samples. Due to that the
product of small values between0 and 1 would be very close to0, log likelihood can transfer
the multiplications into sums. Dividing by m does not change the maximum estimation result,
sowpyL can be rewritten as expectation with respect to the empirical distribution Pyata -

Maximum likelihood can be interpreted from the perspective of cross-entropy. LeH represent
entropy and D be KL divergence which can measure the distance between two distributions.
Because that the entropy ofpgata is independent of the cross-entropy betweepqyata and Pmodel,
the cross entropy is proportional to the KL divergence:

H (Pdata s Pmodel ) = H (Pdata ) + D (Pdata I Pmodel )

(4-5)
I D (Pdata KPmodel )

The KL divergence term can be rewritten in terms of the expectation of data samples. Similar
to the entropy term, logpgata (X) does not depend on the model, so it can be omitted:

0 .
. X (i) Pdata x®
D (Pdata JiPmodel ) = Bdata X log @70)
i=1 Pmodel X

= Ex poaa [109Pdata (X) 109 Pmodel (X)]
/ Ex Pdata [ Iogpmodel (X)]

(4-6)
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It can be observed that minimizing the cross-entropy is same with maximizing the likelihood:

w =argmax Ex pg,, [10gPmodel (X;W)]

. (4-7)
=argmin  Ex py. [10gPmodel (X;W)]

Most of the modern neural networks are trained with maximum likelihood, while the speci c
forms of loss functions are determined by the selection gfimegel - Actually, this is the advan-
tage of maximum likelihood that it removes the burden of designing cost function for each
model[20].After calculating the loss through the feedforward network, the gradient would be
propagated backwards for each layer to update parameters until convergence.

4-2 Model Design

The structure of MathONet is inspired by MLPs and it is a neural network-like hierarchical
structure. As shown in gure 4-2, the original weight connection within the MLPs is replaced
by a special linear layer called polynomial-network (PolyNet). And the original activation
function within the MLPs is replaced by the operation network (OperNet) which is composed
by several basic mathematical operations. PolyNets are shown as the blue blockers in the
gure, which are independent trainable sub-networks. For instance,w}, is the weight to
connect input X, and output hi in the MLP. In MathONet, the output pt, of the PolyNet
PNJ is equivalent to the traditional weight w?, while its value p}, is related to all input
variables. It needs to be mentioned that besides the original input variables of the systemx(,
X2,...,Xn), the input of the PolyNet PN} contains an extra constant to represent the variable-
invariant term in the governing equation. As an alternative of activation functions, OperNets
are represented as the yellow blockers. Though the objective is also to induce nonlinearity,
OperNets can improve the interpretability of the model for its intuitive expression form.

Figure 4-2: Mathematical operation network (MathONet)

4-2-1 Polynomial-Network

The structure of PolyNet is a simple Fully-Connected layer without any hidden layer or
activation function. The input of each PolyNet is exactly the same as the whole model,
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including the original system input variables and the constant term. Figure 4-3(a) illustrates
PN, whose output p}, is multiplication result between the input x, and the output hi of
the k¢, neuron.

(a) Polynomial-network (PolyNet) (b) Operation-network (OperNet)

Figure 4-3: The structure of the Polynomial-network (PolyNet) and [Operation-network (Oper-
Net)

Sinceh is the weighted sum of all inputs:

h& = p%(Xi + bi + p(1n+1)k (4'8)
i=1

and each weightp} is also the weighted sum of all inputs:

X
Pk = Wi Xj + B+ Wne i (4-9)

j=1
the nal output of the model can be expressed as the polynomial of input variables, which em-
bodies the addition and multiplication between any two input variables including the constant
term. To put it another way, PolyNet can represent the binary operations in the governing
equation of a dynamic system. On top of that, the introduced constant term can be used
to represent the linear equation of one variable, as well as a constant term irrelevant to the
variables. Obviously, one hidden layer can produce at most quadratic terms. If the physical
equation to be identi ed has a higher order, the hierarchical structure is necessary to stack
several hidden layers and more PolyNets.

4-2-2 Operation-Network

PolyNet can only provide the ability to t the dataset whose governing equations are polyno-
mials. Under this case, the subset of Operation-Network (OperNet) can serve as the activation
function to nd the polynomial boundary through distorting the feature space.

An example structure of OperNet is as shown in gure 4-3(b), it is a linear combination of
several unary mathematical operations instead of one xed activation function. Taking ONk1
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which connects the hidden output h} and the output of this sub-network a} as an instance,
a} can be represented as:

S
at = ON} hi = wlfo hi (4-10)
o=1
, Where f, denotes the unary functions, e.g.,sin, cos exp. An identity function is also
necessary to remain the input in case that no nonlinear operation is required.

For a hierarchical structure, several PolyNets and OperNets are concatenated to approximate
high-dimensional ang)complex functions. The output of theky, neuron from the ly, activation

function layer a, is &, w.,fo hl where h} is the output of the Iy, hidden linear layer

P
he=" " pha '+ 1 +p|(n+1)k'

4-2-3 Model Compression

From the introduction above, it can be concluded that MathONet includes all potential binary
and unary operations that may make up of the accurate physical law. Under this case, the
initialized MathONet is possible to be a redundant structure and the model compression
method is necessary to prune useless connections.

Figure 4-4 illustrates how MathONet can be interpreted as a closed-form mathematical ex-
pression after model compression. Compared with gure 4-2, gure 4-4(a) uses dashed lines
to represent unnecessary connections that will be pruned in the compression process. Specif-
ically, in this example most of the hidden neurons are pruned and onlyky, one is reserved
together with its corresponding OperNet. Not only the main structure will be compressed, the
two sub-networks, PolyNets and OperNets, will also be tailored to t the linear and nonlinear
properties of the governing function. Figure 4-4(b) gives a parse example of the PolyNet to
calculate pt, : pL, = wi  x1+ wl Xn. When it comes to the OperNet, gure 4-4(c) shows an
example. Since other hidden neurons have been pruned, the nal output of the whole model
equals to the output at of PolyNet ON}, which can be represented as}, sinh} + wi hi.
To put it another way, the compressed structure uses a sine function to re ect the nonlinear
periodic characteristics and remains the identity channel to retain the linear expression.

(a) A pruned main structure
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(b) A pruned PolyNet (c) A pruned OperNet

Figure 4-4: An example of MathONet after model compression

4-3 Dependency between connections

For neural network design and neural architecture search, it is often necessary to prune the
redundant connections to address the over tting problem[56, 32, 10]. Suppose a connection
has two statesf ON; OFFg, representing the reserved state and the redundant state, respec-
tively. The common criterium of determining connection state is only based on its attributes,
e.g. the magnitude of weight. However, this criterium ignores the dependencies between a
connection and its predecessors and successors. It may result in a disconnected graph where
some redundant structure cannot be identi ed.

As shown in Figure 4-5(a), we use a Directed Acyclic Graph (DAG) to represent a neural
network. The number in the circle indicates the index of each neuron. The connection between
neuroni and neuronk is denoted asey. The colored edges é5; e47) represent two types of
disconnected connections. Foress, no information is passed in it since the predecessore(?)
has been deleted. Fores7, no information is passed out from it since the successorefg) has
been deleted. Both edges should be pruned because neither of them performs the function of
transmitting information within the network. However, their states may still be justi ed as

ON if we mistreat the dependencies between connections. To address this problem, we rst
have the proposition 1:

Proposition 1. The state f ON; OFFg of a connection e}k as shown in Figure 4-5(b) is
determined by whether it can transmit information within the neural network. Speci cally,
el can be retained if and only ifel, is ON, at least one predecessor connection of nodeis
ON and at least one successor connection of node is also ON.

(a) Two types of disconnected graph caused (b) A multi-in-multi-output motif to show
by mistreated of the dependencies. the dependencies between connections

Figure 4-5: An illustration for the dependencies between connections.
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Figure 4-5(b) shows a multi-in-multi-output motif for the connection e{k which is used to
encode the dependency. Assumdk represents the state ofel € » Proposition 1 can be encoded
as following logic:
I 1 | [ I+1 rt t 1+1
Sai o\ S\ Skp or o sk [ Skp (4-11)
a b a b

wherea is the neuron index for the predecessors witla 2 (1;:::;n' 1). bis the neuron index
for successors withb 2 (1;:::;n'*1). The logic (4-11) can be expressed with two intuitive
methods.

One method is to calculate the joint probability distribution of each connection which is
a ected by dependencies. To ease notation\W, is used to represent the weight parameter
within the motif. We assume a Normal distribution over Wi with p(W,k) = N (W j0; |k)

| is the variance which also stands for the uncertainty ofW, . A larger ) means more
con dence in the importance ofW . With the assumption that the initialized distribution of
each connection is independent, the joint distribution overW,k,W| L w;gl can be expressed

as.
pe(Wi; Wi L wieh))

r)k 1 +1
. N(W0; §)  N(wj to Lt N (Wtio; !
0 a=1 b=1 1 (4-12)
) G VYIRS G LS RV
=N @Vvllk |"arlll 1 a|I 1 r’kr?lﬂ k|b+1JO; ilkA
a=1 a=1 ai b=l b=l kb
where
|
L
1 1 1
[
ik o P n 11 t P N+l +1 + T (4_13)
a=1 ai b=1 kb ik

if  is the threshold for uncertainty, the connection with ; smaller than  will be deter-

mined as redundant.

The other method is to calculate the magnitude of weight in consideration of dependencies.
The larger the magnitude of an edge, the more critical the edge is. Let's de ne , as the weight
threshold. As shown in the logic (4-11), the connectlone!k will be regarded as redundant if
at least one of the following three conditions is satis ed: a) the magnitude ofW, is smaller
than ; b) the magnitude of all its predecessorsw‘,ili Lis smaller than ; c) the magnitude
of all its successorsW' ! is smaller than . The redundancy ofe'k could be justi ed by the
sign function sgn(W,k)

1 +1
sgn(Wi) = sgn(jWij)  sgn(iWy 1) sgn(iW,p'j) (4-14)
a=1 b=1
where sgn(jxj) = 2 j§j> " . By combining the uncertainty and magnitude of Wy, , sl
could be determined by:
(
- OFF | < orsgn(Wj)=0 _
Sik ON; others (4-15)
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4-4 Speci c Example

In this section, a specic example of a governing function will be given to explain how to
identify the physical law. Considering the following equation:

z = kasin kix + kox? + kscos ksy® + kg (4-16)

This is a closed-form formula whose right-hand side has the highest order of three and contains
linear and nonlinear operations (e.g.,+; and sin;cog. Since the aim is to represent the
formula in a hierarchical expression that can be interpreted with MathONet, this formula
should be decomposed into basic mathematical operations, as shown in gure 4-6(a). Figure
4-6(b) illustrates the consistent hierarchical representation of this decomposition procedure,
which is equivalent to a compressed MathONet with two hidden layers. It can be noticed that
this is not the only way to decompose and represent this speci ¢ formula. In the practical
training process, all possible combinations of these operations have the probability to appear
as the pruned model structure. However, this degree of freedom will not in uence the simplest
expression of nal compressed model.

(a) Decomposition procedure into mathematical operations

(b) Hierarchical representation of a formula

Figure 4-6: An example of a speci ¢ formula
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4-5 Conclusion

By replacing the linear weights and activation functions with PolyNet and OperNet, the
MathONet can construct the governing function of a dynamic system. This model has the
following advantages:

Compared with conventional neural networks which are black-box models, MathONet
takes advantage of the sparse Bayesian algorithm to break the bottleneck of inter-
pretability. In other words, this model reserves the necessary mathematical operations
which make up of the governing function so that each weight is explainable.

The MathONet has a considerable expression space even with a simple structure. For a
MathONet with two input variables and only one hidden layer with one hidden neuron
and two nonlinear operations, around 28 di erent mathematical expressions can be
represented by model compression.

Both linear and nonlinear dynamic system can be identi ed with MathONet. As shown
in gure 4-7(a) and gure 4-7(b), a linear system z = x + y and a nonlinear system
z=sin zy + 1 can be represented in the form of a hierarchical structure.

(a) Linear dynamic system (b) Nonlinear dynamic system

Figure 4-7: The identi cation examples of linear and nonlinear system

Since the MathONet is inspired by conventional neural networks, the optimization
method such as SGD can be utilized to train the model. At the same time, those
commonly used deep learning frameworks (e.g., PyTorch, TensorFlow) to realise auto-
matic di erentiation and training acceleration can be implemented directly.

It should also be noted that the complexity of an initialized MathONet is determined by three
hyperparamaters that need to be de ned before training the network:

The number of hidden layers, which is similar to the number of layers in a traditional
neural network. This value denotes the initialized model order and limits the depth of
the MathONet.

The number of hidden neurons in a layer, which also a ects the complexity of network
expression

The number of unary functions in OperNet, which provides the ability to t equations
involving complex calculations.
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It is intuitive that a more complex model has a stronger tting ability and have a greater
chance of containing the unknown path of correct answers. However, a complex model also
requires a powerful discovery algorithm to avoid falling into a local optimal solution. This fol-
lowing chapter would introduce our optimization and compression algorithm based on Laplace
approximation.
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Chapter 5

Sparse Bayesian Learning Algorithm

Since an initialized MathONet is overparameterized and has randomly speci ed weights, how
to train the network and prune unnecessary weights to make sure that the remaining con-
nections can represent the physical law will be a question of interest. A Bayesian learning
framework was adopted for MathONet so that all weights in this network would be updated
as posterior distributions instead of a simple point estimation. Given datasetD, W 2 R™ !
is used to represent the weight matrix in PolyNet or OperNet. To facilitate the following
introduction, dependency between connections will not be considered in this chapter and it
has been discussed in section 3-3. This chapter will explain how to estimate the posterior
distribution p(W j D) together with the principles of Bayesian compression.

5-1 Laplace Approximation

Given the datasetD = ( X;Y ) = f(X; Yk)gﬁzl, assuming the targetsY are sampled from a
model with additive zero-mean Gaussian noise 2, then the training objective of our network
is to t the following equation:

Yi = Net(X ;W) + ¢ (5-1)

Thus, the likelihood can be de ned in the form of a Gaussian distribution:

¥
pDjW; 9= N(Y«jNet(Xi;W); ?)
k=1

K X 5-2
=@ 9%exp( =5 (i Net(Xy;W)?) (-2

2 k=1
=2 ?) Texp( EW,; ?)

Here E(W; 2) is denoted as the energy function, or the mean square error of the network
given datasetD. For further computation of the intractable integral of evidence, the energy
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function can be expanded according to a second-order Taylor series expansion around a local
optimal solution W :

E(W; %) E(W; )+(W W) gW; ?

-3
FOW W THW W W) &9

whereg() = r E(W; 2?)jw isthe gradient of the energy functionandH ()= rr E(W; 2)jw
is the Hessian matrix. Then (5-2) would be rewritten as the following form:
( )
; 2 2\ % 1 X 2
pODjW; 9)=@2 <)z exp 55 (Y Net(Xi;W))

2
2 k=1

@ A% exp (EW; 9+(W W)W I+ ZW W) HW ; W W)

=a(W ; %) exp (W7Q(W ; ?)+ %W>H(W; )W)

(5-4)
with

oW ; %, gW; 3 HW; )W
aW ;9. 2 A%exp (EW; D W7 gW; 2+ W7 HW ; JW )
A Gaussian prior distribution p(W) is imposed on the weights for regularization:
- W -
p(W)= N(Wj0;)= N (Wijo0; i) (5-5)
i=1

where =diag] Jand , [1; 2;:::; m]2 R™ 1 which can be calculated through max-
imizing the evidence (evidence maximization is illustrated in section 4-2). According to the
Bayesian theory, the posterior distribution is proportional to the multiplication of likelihood
and prior:

pW iD; ® p(DjW; ?pW) (5-6)

Considering the Gaussian prior ((5-5)) and approximated likelihood ((5-4)), the posterior also
belongs to a Gaussian distribution by the e ect of the conjugacy rule:

pW jD; H=NWj w; w) (5-7)
where h i h i

w= w gW; H+HW ; W ; w= HW ; H+ 1

5-2 Evidence Maximization

Considering that the given prior p(W) is de ned by hyperparameters, namely, the variances
of zero-mean Gaussian distributions, it can be rewritten asp(W j ) . The hyperparameter
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=diag[ ]as well as the weight matrixW can be obtained through maximizing the marginal

likelihood or evidence: 7

;A =argmax  p(DjW; %)p(Wj )dw
ow (5-8)
= argmax p(D)
oW

This problem is known as type Il maximum likelihood or evidence maximization. By substi-
tuting the likelihood estimated by Laplace approximation ((5-4)) and the Gaussian distributed
prior ((5-5)), the model evidence can be interpreted as the Gaussian posterior volume accord-
ing to Davig MacKay's Bayesian framew%rk [35]:

p(D) = p(Y jW; ?pWj) dw = p(YjW; >)N(Wj0;) dw
z 1 1
exp EW>H(W; AW + W2 (W ; )+ §W> w dw

(5-9)
The optimization objective is to maximize (5-9) through training hyperparameters and
weight matrix W. Although the direct integral operation is intractable and hard to derive,
the standard result for a normalized Gaussian distribution can be utilized to simplify the
integral calculation [5]:

a(W ; 2) 1. 2 > 2 1.5 1 i 3
— - + - + —
(2 )m=2j j1=2 exp 2W HW ; HW + W7 g(W ; ) 2W W j wi?
(5-10)
It should be noted that W in (5-10) denotes all possible values which we want to obtain

by optimization. Then W could be acquired through maximizing the objective function as
follows:

_aw ;3
C (2 )™=y j1=2

p(D) /

a(W ; ?) 1> 2 > o, Los oy L
AT, W H(W ; OW + W (W ; 9)+ =W W
arg(r)r;wvex @ )7 i exp 5 (W 9 awW ; ) > ] w)?
(5-11)

Applying a  2log() transformation to Eq. 5-11:

.2
AW D) exp IwrHW ; w e wrgw ; 2+ W wib)

argé;nv\lln 2 |09(W 2

/ argmin  2a(W ; ?)+logj j+log | Wj+%W>H(W; AW + W2 (W ; 2+ %w> w
ow

/ argmin W>H(W ; YW +2W gW ; 2+ W~ W +logj j+log H(W ; ?)+ 1
oW

(5-12)
Therefore, evidence maximization is equivalent to minimizing the following objective function:

L(W; )= W HW +2W> (g HW )+ W~ W+logj j+log H+ 1  (5-13)
5-3 Regularization Update Rules
As an optimization objective, (5-13) has two parametersW ans to be trained. This section
will explain why the training objective is equivalent to including a regularizer on the model

complexity and how the regularized loss function helps update parameters.
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(5-13) is composed of two partsu(W; )= W>HW+2W> (g HW )+ W> W whichis
convex jointly in W ans andv()=1log j j+log H+ ! whichis concave in . Then,
the optimization problem can be solved as convex-concave procedure (CCCP). The proof is
as follows.

For the convex part:
uW; )= W HW +2W~> (g HW )+ w”> 1w (5-14)

u(W; ) is aconvex function as it is the sum of a monotonic function and two convex functions
with the form of f (X;Y )= XY !X. As for the concave part, it can be rewritten as a log-
determinant of an a ne function of semide nite matrix

v()=log j j+log H+ 1
=log k +H W;?
|

B H W : 2 ' (5-15)
=log

=log + H* W ;2?2 +logH W ; ?

Till now, the optimization procedure of (5-13) can be solved with a CCCP. To be speci c,
and W can be updated through computing the gradient ofv() andu(W; ) respectively [55]:

= arg minou(W; Y+ r v() Jj= (5-16)

W =arg mvivn u(w;) (5-17)

According to the chain rule, the last term in the right-hand side of (5-16) can be analysed as:

,r v() 7j= =r log +H W; 2?2 +log]j j>j=
n o] 1 n o] n o]
= diag ( )! diag ( )i+H w;? diag ( ) ! +diag ( ) !
nh io
= diag 1 m
(5-18)

where and H are symmetric matrices and represents the element-wise product. Thus
can be updated as:

= arg min 0u(W; )+
= arg minOW>HW +2W” (g HW )+ WwW> 1w+ (5-19)

= arg minOW> w +

o P—

2
Sincew—ii + i W, , for eachi, the optimal ; can be represented as:

= P (5-20)
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It can be found that each ; can be determined oncéW; is given. Th%n W, can be obtained
according to the following objective function, with the de niton , = :

B 1 S X
W—argmvlvnéw HW+ W~ (g HW)+§i=1kI Wik,
. 1
/arngnEw;2+(w W)>gW;2+§(W W)YHW; 2 W W)
1Xn
+ ki Wk
2z

"1

: 11X

argminE(W; 2+ = k; Wik
w 2z

1

(5-21)
Till now, W can be calculated according to (5-21), and the hyperparameter can be updated
correspondingly according to (5-20). It is worth mentioning that W obtained at time t is just

the W at time t+1 for the reason that the updatedW and can be viewed as a temporary
local optimum.

Considering the loss function (5-21), it includes a mean square erroE (W; 2) and an extra
regularization term which is similar to a L1 regularization. However, the regularizer contains
a coecient ; that can be trained for each elementW;. In the training process, =

optimal structure because each ; denotes the uncertainty for the weight W;. Since the prior
for weight is de ned as a zero-centered Gaussian distribution, a small variance; means a
high con dence that the corresponding weight W; has a high probability of being zero and
does not contribute to the nal result. Then, a binary mask matrix C can be generated with
the same dimension ofW and it will be optimized in the training stage. The value of C can
be determined as: (

co O i< o W<y (5.22)

1, others

where  stands for the threshold and each weighWV; with a variance smaller than the thresh-
old would be pruned and no longer involved in the training process. At the same time, each
weight W; with absolute value smaller than the threshold , would also be compressed. After
the whole training and pruning process, a sparse structure would be remained to represent
the explored physical law.

5-3-1 Conclusion

The pseudo code for illustrating the process of sparse Bayesian learning is as shown in algo-
rithm 2. Two consistent terminologies (epoch and cycle) need to be de ned as they are used
in the training strategy. Same as conventional neural networks, one epoch means that each
sample in the entire dataset has an opportunity to update the parameters in MathONet. The
number of epochs will be represented adlepoch. Regarding cycle, it includesNepoch €pochs,
and the network pruning is performed at the last epoch of each cycle. Since the computa-
tion of Hessian matrix requires huge computation resource, the de nition of cycle can help
reduce the amount of calculations and speed up the training process. Obviously, the degree
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of network training depends on N¢ycie. A Neycle that is too large will consume more time
and lead to over tting, while a N¢yce that is too small will result in under tting. In our
training process, an early stopping is implemented to limit over tting. In addition, a tuning
hyper-parameter is also introduced to control the degree of compression.

Algorithm 2 Bayesian learning discovery algorithm
Initialize:  hyper-parameters ; = |; threshold for pruning ; 2 R™; regularization
tuning parameter 2 R™; N¢yce 2 Z* denotes the maximum cycles;Nepoch 2 Z* denotes
the number of epochs in each cycle.
for i =1 to Neycle for j =1 to Nepoch

1. Update the weight W by applying the gradient decent with loss function as

xXn
argminE(W; ?)+ ki Wik
w i=1

1
end for

2. Update as Eqg. 5-16.
3. Update maskC as Eqg. 5-22.

end for
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Chapter 6

Experiment Result

To evaluate the performance of the proposed method, we implemented the whole video to
physical law framework on videos of three dynamic systems, including a free-falling ball, a
Du ng oscillator and a swinging pendulum. Synthetic videos were generated for three cases
and real videos of a free-falling ball were recorded to test the feasibility of the framework for
practical scenarios.

Figure 6-1: Description of the synthetic visual physical dataset

Figure 6-1 gives a table which overviews the trajectory and the basic properties of each syn-
thetic visual dataset. For all simulated and real videos, the discovered results are closed-form
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mathematical expressions with speci c coe cients for each term in the expression, making it
intuitive to compare the proposed approach with the ground truth. This chapter will intro-
duce the experiments on three dynamic systems, including the analysis and the discovered
results with the proposed method.

6-1 Free Falling Ball

As a canonical dynamic model, the free fall motion can be viewed as a common phenomenon
in life, but it represents the core of classical physics theory. When the object is in the air,
it is only a ected by the gravity of the earth in the downward direction. De ning that to

the right is the positive direction of the x-axis, and downward is the positive direction of the
y-axis. Let g represents the acceleration of gravity,vxg and vyg stand for the initial velocity,

x and y be the relative position from the initial point, the free fall equation can be described

as:
X = ont
1.2 (6-1)

This experiment was inspired by Newton. According to rumors, his idea of writing Mathe-

matical Principles of Nature Philosophy [42] was inspired by seeing an apple drop. Similarly,
our proposed framework should distill the physical law of motion (6-1) from a video of a
free-falling ball. For this task, both synthetic dataset and real dataset are tested to discover
the topology and parameters of a physical equation. The following section will introduce the
generation process of the two datasets, together with how to extract the physical information
form the videos. Then, the extracted data would be used to train and evaluate MathONet.

6-1-1 Synthetic Dataset

In this section, we generate a synthetic video with the dataset calculated from the standard
mathematical formula ((6-1)) to simulated the process of a free-falling ball. Then, this syn-
thetic video would be used to evaluate our end-to-end framework, including a comparison
between our optimization algorithm with a widely used L1 regularization and no regulariza-
tion technique.

Video Generation

The size of each frame in the video is 720x720 pixels. The time step to calculate the vertical
and horizontal positions of the ball is Z—}ms, and the frame rate of the video is also 240 frames
per second. 150 frames are included in a video. With a randomly initialized velocitiesyg
and yyo, and a random start position in the upper left area, the ball reaches the lower right
corner of the video within 150 frames. Some screenshots from the video are shown in gure
6-2.

In order to show our experiments and comparison results more clearly, all the following
experiments on this dataset are based on the initial velocity: vyg = 2m=s?, Vyo = 3m=s?,
with the right being the positive x axis and downward being the positive y axis. Earth's
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gravitational acceleration g is determined as9:8m=s?. The scale between real world and a
synthetic video is 300 pixels per meter. It should be be noted that the movement of objects
in the real world is a continuous process, while a video is discrete. Thus, some inevitable
derivations will be included in the video.

Figure 6-2: Visualization of the generated synthetic video frame of free falling fall

Physical Information Extraction

As illustrated in chapter 2, both contour detection and Hough transform perform well on the
synthetic video. In this case, contour detection was chosen to detect the pixel coordinates of
the ball.

(a) Detected x distance of a free falling ball (b) Detected y distance of a free falling ball

Figure 6-3: Comparison between the extracted physical position and the true position

The only information that can be directly obtained from the video is the pixel coordinates
and their corresponding timestamps, but this information has no physical meaning. What
we want to discover is the relationship between the distance and time the ball moves in
the horizontal and vertical directions. Therefore, a conversion between a pixel coordinate
system and a physical coordinate system is necessary. The conversion relationship between the
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physical coordinates and the picture coordinate system usually includes translation, scaling,
and rotation. Because both the generated video and the real world are based on sea level,
the rotation factor can be ignored. The distance that the ball moves is measured between the
current position and the starting point, while the extracted pixel position from the video takes
the upper left corner as the origin point. Then, the translation can be operated according
to the position of the ball in the rst frame. In regard to the scaling information, it can
obtained through the calibration of videos and real world. Since this is a synthetic video ,
the scale is known as 300 pixels per meter. So far, all physical information we care about has
been extracted. Figure 6-3 shows the detected vertical and horizontal distance of the ball,
compared with the true values generated from the mathematical formula.

Physical Law Discovery Experiment Setup

After the physical information of interest is extracted, the governing functions should be
distilled from the MathONet. Because the governing equations describe the relationship
between time and positions, the input variable for MathONet is the timestamp t corresponding
to each frame in the video and the constant term. Two models will be trained separately to
explore the two functions for vertical and horizontal distances. For the initialized MathONet,
we tried several model hyperparameters (as illustrated in section 4-5) to test if the discovery
algorithm can nd the correct physical equations. The model structures we implemented are
as shown in table A-2. To be specic, all experiments have 1 hidden layer and the number of
neurons in the hidden layer varies from 1 to 3. In the OperNet, the alternative mathematical
operations are also added from the simplesident to other complex operation selections such
asexp and sin.

Table 6-1: Di erent experiment setups for free fall dataset

Number of Number of

Experiment setup hidden layers hidden neurons

Unary functions

Structure 1 1 1 ident
Structure 2 1 3 ident
Structure 3 1 3 ident, exp, log
Structure 4 1 3 ident; exp; log; sin; cos

Normally, an initialized model with higher complexity will have a stronger ability to t a
more complex dataset. However, the over-redundancy may also lead to over tting, which can
be addressed by the network compression technique. In our experiment, we tuned the hyper-
parameter to control the degree of compression. It is chosen as the following four values:
le 6,1e 4,1e 2, 1e0, 1e2. Each value of is repeated for 10 times to prevent falling into
a local optimal solution. In addition, we also implemented the conventional L1 regularization
method using the same values and a traditional optimization with no regularization. For
each model structure, the rst 20 results with the smallest validation loss will be considered
as the most probable solutions. In the case of similar losses, the simplest, that is, the most
sparse network structure is viewed as the optimal solution.
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Result Analysis

Since the video is generated with initial velocity: vxo = 2m=s? and vyo = 3m=s?, the speci ¢
equation needs to be identi ed is:

X =2t
y

(6-2)

3t +4:9t2

Because the second equation is more complex and contains the topology of the rst formula,
the following discussion is based on the discovery process pf= 3t + 4:9t2. As illustrated
before, we adopted di erent experiment settings (Table A-2). Impressively, both the topol-
ogy and parameters of the correct modely can be identi ed correctly for all experiments
except structure 4. Speci cally, the successfully identi ed result for the most complex model
(structure 3) is as followed:

(a) Identi ed MathONet

(b) Identi ed PolyNet (c) Identi ed OperNet

Figure 6-4: Identi ed governing equation for free fall dataset

The initialized MathONet has a hidden layer with three neurons, and there are 3 di erent
mathematical operations (identity , exp and log) in the OperNet. At the same time, the input
variables are timestampt and the linear item. After the training stage nished, there is only
one hidden neuron left and all connections related to the linear item are also pruned. As for
the OperNet, only the identity operation is remained while other redundant mathematical
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operations are compressed. The speci c distilled equation from our model is :

y= 1:90489 t( 2:59463 t+1:58197)

6-3
3:01347 t+4:9425 t2 (6-3)

which has the same topology as the correct solution while the parameters are approximated
to the true values. It is also acceptable to not get very accurate model parameters, because
this video-to-equation task is essentially unsupervised learning. To put it another way, the
information provided to discover the physical formula is only a video, making the discovered
result encoded with the physical information extraction error.

(a) Sparsity and predictive ability of MathONetin  (b) The number of nonzero weights in the model
each cycle

(c) Comparison between predicted output and the
extracted information

Figure 6-5: The sparsity and predictive ability of MathONet for synthetics free fall dataset

Figure 6-5 visualizes the sparsity and predictive ability of MathONet generated in each cycle.
The red line in Figure 6-5(a) demonstrates the changes of network predictive ability in the
form of minus log error, while the green line indicates the sparsity of the compressed model.
It can be concluded that after uctuations, the network gradually ts the given data set
and performs better on the validation set until convergence. At the same time, the network
becomes more and more sparse at the end of each cycle, reaching a sparsity of abbQ#at
the end of the training process, where sparsity is de ned as the remaining number of nonzero
weight parameters over the number of all parameters in the initialized model. Figure 6-
5(c) also proves the change of sparsity by visualising how the weight matrix changes in the
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model along with the training process. The x axis denotes the number of nonzero weights
in the model, while the y axis is the index of training cycles. The wight area in the picture
represents weights with values of 0. It is obvious that with the increasing of training cycles,
the number of nonzero weights in the model is decreasing gradually, which means that the
correct expression path is gradually explored. Figure 6-5(b) shows the comparison between
the predicted output and the measured data extracted from the video, representing that the
predicted trajectory basically coincides with the real trajectory.

In addition to our discovery algorithm, we also test MathONet of the same structure with
other optimization methods to evaluate the rationality of Bayesian deep learning. A con-
ventional L1 regularization is applied to the loss function to check whether the redundant
connections can be compressed. The pruning threshold ie 3, which will be compared
with the absolute value of weights. Besides, the conventional training without regularization
is also applied to compare the results. Figure 6-6(a) and 6-6(b) illustrate the sparsity and
predictive ability of MathONet at each cycle with L1 regularization and no regularization.
Neither method compresses redundant connections in the network, so MathONet with both
methods still keeps the sparsity 0f100% In another work, unnecessary mathematical op-
erations such aslog and sin are still kept in the network, making the discovered governing
function lengthy and useless (the detailed result can be found in Appendix A-1). It can be
concluded that the Bayesian learning algorithm has a better performance for relieving over-
tting and makes more contribution to the physical law discovery network when the model is
redundant.

(a) Training result with L1 regularization (b) Training result with no regularization

Figure 6-6: Sparsity and predictive ability of MathONet with di erent optimization methods

Optimization Method Validation Loss

Bayesian Deep Learning 9.121822e-7
L1 Regularization 1.206884e-6
No Regularization 2.637105e-6

Table 6-2: Mean square error of the detected results of two detection methods

Table A-2 shows the validation loss of each method after the whole training stage nishes.
MathONet optimized with Bayesian deep learning method has the smallest validation loss,
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while both training methods with L1 regularization and no regularization have larger vali-
dation loss. Considering the fact that only the Bayesian algorithm successfully explored the
correct governing equation and achieved the smallest validation loss, another conclusion could
be drawn, that is, the smaller the validation loss, the higher the probability that the physical
laws are accurately recognized.

6-1-2 Real Dataset

After evaluating our framework in idealization conditions with synthetic data, we also test

the validity in practice. A real video of a free falling ball is recorded on a smart phone with

a frame rate of 240 frames per second. Figure 6-7 shows some screenshots from the video,
which indicates that the ball is thrown at without an initial velocity in the vertical direction.

Figure 6-7: Visualization of the real dataset of free fall

Considering the fact that the thrown object is not a standard circle but has a color di erent
from the background, contour detection is the best solution for physical information extraction
in this task. Figure 6-8(a) shows the detected results with the yellow circle representing the
minimum enclosing circle for the green object and the red dot being viewed as the centroid.
The picture 6-8(b) gives the plot of the detected position for each frame, which is a unsmooth
parabola encoded with detection noise..

(a) Contour detection result (b) Detected x and y position

Figure 6-8: Detection result for the real free fall dataset
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For a real video shot recorded by an ordinary mobile phone, there is no way to get the real
initial velocity of the ball. For the same reason, we don't have an accurate equipment to
calibrate the camera's external parameters which can provide the scale between an image and
the real world. Therefore, the explored governing equation should have the same topology as
the standard dynamic formula, but all parameters will be multiplied by an unknown zoom
scale. Under this condition, all data used to train and evaluate our framework is the raw
video. For specic experiment settings, the hyperparameters in Table A-2 are adopted. The
result shows that the most complex model structure 3 (3 hidden neurons and 3 mathematical
operations) can identify the equation successfully. The distilled equations are as followed:

X = 3095503 t

6-4
y =5:029509 t2 0:0026104 (6-4)

(a) Sparsity and predictive ability of Math- (b) The number of nonzero weights in the
ONet in each cycle model

(c) Comparison between predicted output
and the extracted information

Figure 6-9: The sparsity and predictive ability of MathONet for real free fall dataset

Since the ball is thrown at and has no initial speed in the y axis, the identi ed equation for
vertical distance should be proportional to %gtz. However, the second equation in Eq. 6-4
has a very small constant term. It may be caused by the noise from the physical extraction
module. Another reason is that human throwing behavior does not occur strictly in a two-
dimensional plane, which may lead to unpredictable input on the y axis. Even so, this result
can prove the robustness of our model for being not disturbed by the noise. Figure 6-9(c) also
provides support for this conclusion. The red line in the picture represents the trajectory of
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the extracted data form the raw video, which is unsmooth and has small uctuations. Instead
of tting the irregular noise encoded in the data, MathONet found a concise solution close to
the real equation with the help of Bayesian compression.

6-2 Du ng Oscillator

Du ng oscillator is a non-linear second-order di erential equation used to model certain
damped and driven oscillators. The equation can be described as:

X+ X+ x + x3= cos(t) (6-5)

with  controlling the amount of damping, determining the linear stiness, controlling
the amount of nonlinearity in the restoring force and being the amplitude of the periodic
driving force. If = 0, the dynamic system has no external force and will evolve itself. If

> 0, Du ng oscillator will exhibits limit cycle vibration. If < 0, the system will be chaotic
and the phase diagram will have unpredictable attractors. For our work, the characteristics of
Du ng oscillator are not worthy of attention. What should be discovered is that whether the
governing function for the dynamic system can be discovered from a related video. Assuming
the dynamic system has no driving force, =0:1, =1 and =3, (6-5) can be rewritten as
the form of state space expression:

X=Yy
— . 3 (6-6)
y= 0Oly x 2x
Then, this system equation can be viewed as a rst-order ordinary di erential function with
the candidate function polynomial order being 3. This is also the factor that distinguishes
this system from the free fall system. Apart form the position, the rst order information
speed also needs to be extracted from the video. In addition, one hidden layer in MathONet
can t at most a second-order polynomial, which means that at least two hidden layers are
enough for a third-order polynomial.

6-2-1 Synthetic Video Generation

Letting x and y denote the distance in the horizontal and vertical position in the Cartesian
coordinate, x and y can represent the velocity in the x and y axes. With the given initial
position, the Du ng oscillator can evolve itself without any external force. Then, a synthetic
video can be generated to represent the evolution process accordingly. The initial position
Xo and yg is generated randomly from the range[ 0:8;0:8]. The following experiments are
all based on the initial condition: xo = 0:2 and yp = 0:4. It should be noted that the values
of x and y are not in meters, for that it should depend on the environment of the oscillator.
When creating the synthetic video, the frame size is chosen ag20 720 pixels, and the scale
is 720 pixels per unit.
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(a) Trajectory of a Du ng oscillator (b) Schematic diagram of the generated
synthetic video

Figure 6-10: Trajectory and the simpli ed video diagram of a Du ng oscillator

There is no doubt that the smaller the time step, the more accurate the data generated.
However, as shown in Figure 6-10(a), the trajectory of the state space of a Du ng oscillator

will gradually converge to the original point. It may lead to that the the position detected in

two adjacent frames will not change, because the pixel information must be integers. In this
case, a time step of 0.01s is applied, while the frame rate is chosen as 20 frames per second.
The generated synthetic video lasts from 30 seconds and includes 600 frames. Figure 6-10(b)
illustrates how the synthetic video looks like. The black ball represents the current sate of
the oscillator and it moves following the trajectory to the left.

6-2-2 Physical Information Extraction

Given the raw video, how to extract the physical states and derive the rst-order di erential
information is the topic for this section. Contour detection is utilized for determining the
centroid of the ball. The next step is to take advantage of translation and scaling to transform
the pixel coordinates to physical states. Same as the free fall dataset, the scale is known as 720
pixels per unit. However, the problem is that the coordinate origin is the upper left corner of
the picture while the physical state origin cannot be distinguished directly from the trajectory.
In this case, the initial state of the Du ng oscillator is given as a prior information. The
distance of translation in the horizontal and vertical axis can be calculated through comparing
the detected initial position of the object from the rst frame and the given initial state of
the dynamic system. Regarding the extraction of di erential information x and vy, they are
solved by the rst-order forward Euler method.

Figure 6-11 shows the error of the directly extractedy and the derivedy respectively. It can
be observed thaty is basically consistent with the real value, but the derivedy has some
noise when approaching the local extremes. This phenomena also applies forand x. Table
6-3 shows the mean square error for the four variables. Obviously and y have larger error
comparing with x and y.
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(a) Detected y and desiredy vs time (b) Derived y and desiredy vs time

Figure 6-11: Error of extractedy andy_

Table 6-3: Mean square error of the detected results for the four variables

Mean Square Error

X 3.747374e-6
y 4.466127e-6
X 9.759904e-5
y

9.711813e-5

6-2-3 Physical Law Discovery Experiment Setup

Since the equation to be discovered is a three-order polynomial, two hidden layers are nec-
essary to t the dataset. As shown in table 6-4, we tested two structures. Both have two
neurons in the rst and second hidden layer, while structure 1 has only one unary function
(ident) and structure 2 has two (ident and log). According to the assumption that we know

Table 6-4: Dierent experiment setups for Du ng oscillator dataset

Number of Number of

Experiment setup hidden layers  hidden neurons

Unary functions

Structure 1 2 2,2 ident
Structure 2 2 2,2 ident; log

the variables that will contribute to the governing equation, the input for MathONet would
be x, y and the linear item. For the two outputs, x ansy are trained separately. The number
of frames is 900 with90% of the data for training and 10% for validation.

6-2-4 Result Analysis

The experiment result shows that only the distilled result from structure 1 is close to the
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correct answer. The discover equations are:

x =0:99324Yy

y= 19143163 +0:19928%%y + 0:07378%y? 1:00720% 0:07031¥y 67
It needs to be noted that (6-7) are simpli ed polynomials since the result obtained directly
from MathONet is lengthy and complex. In addition, we nd that some items have small
coe cients, making them not contribute to the nal expression. Therefore, the terms of
the polynomial with coe cients less than 0.05 were removed from the explored governing
functions. Comparing (6-7) with (6-6), it can be found that the discovered result for the
rst equation has both correct topology and correct parameter. However, the second distilled
equation has two redundant expression terms though it also contains the correct equation
structure and approximately correct parameters. Figure 6-12(a) to 6-12(c) illustrate the
sparsity and predictive ability of the trained MathONet for the rst equation. Since this
equation is relatively simple, the nal pruned model has a sparsity of under 50%. In addition,
since the calculated position for the moving objects must be rounded as integers to be plotted
on a frame, some adjacent frames may have the object at the same position especially when
the speed of the object is small. This will lead to jagged derived velocityx and y. As shown
in gure 6-12(c) and 6-12(f), the orange lines represent the noisy extracted data from the
video, while the blue lines indicate the tting result of MathONet which is more smooth and
closer to the true shape. Another interesting thing is that the sparsity of the model to t the
second governing equation does not drop a lot. That is because the initialized structure we
used is simple and does not contain many unnecessary connections.

(a) Sparsity and predicative abil- (b) The number of nonzero (¢) Comparison between pre-
ity of MathONet for training x  weights in the model for training dicted x and the extracted
X information

(d) Sparsity and predicative abil- (¢) The number of nonzero (f) Comparison between predicted
ity of MathONet for training y  weights in the model for training y and the extracted information

Yy

Figure 6-12: The sparsity and predictive ability of MathONet when training the video dataset
of Du ng oscillator
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As for the distilled function itself, we also designed two experiments to discuss whether it

is reasonable and why it has extra expression terms. The rst experiment is to explore the

importance of each mathematical expression term in the distilled equation, while the second

experiment is to use the noiseless true dataset to test the performance of our physical law
discovery method.

The rst experiment is implemented for exploring the importance of each term in the second

equation of (6-7). The result is shown as in Table 6-5. For each term, we calculated the
changed validation loss, which refers to the prediction loss on the validation dataset of the
distilled equation after removing the corresponding expression term. Then, the importance
is de ned as the changed validation loss over the original validation loss. Obviously, a higher
importance means that the corresponding expression term makes more contribution to match
the given dataset. This table is sorted by the importance of each term. It can be found
that all necessary terms have importance higher (all more than 15%) than the redundant
expression terms (all smaller than 0.1%). Therefore, it can be concluded that the importance
can act as the criterion for checking if the corresponding term makes contribution to the

correct solution. On the other hand, this experiment also proves that although the distilled

function is reasonable though it contains redundant terms.

Table 6-5: The importance analysis for di erent expression terms in the second distilled equation

Expression Item Changed Validation Loss Importance

1:00720% 8.827e-3 11597.455%

0:07031y 4.189e-5 55.039%

1:9143163 1.214e-5 15.953%
0:19928%2y 3.09e-8 0.041%
0:07378%y? 2.80e-8 0.037%

1 Changed validation loss indicates the prediction accuracy of the retained ex-
pression, which is obtained by removing the corresponding expression term.

2 Importance is calculated by the changed validation loss over original valida-
tion loss

In addition, a possible factor to raise redundant expression terms in the distilled equation
may be the quality of the extracted data. As introduced in the synthetic video generation
process, determining the pixel coordinate from physical states needs to round the decimals,
which may cause the loss of some information. Therefore, we designed the second experiment
to test our method on the noiseless dataset. With using the true dataset for generating the
synthetic video to train MathONet, the distilled functions are:

X =1:000y

6-8
y= 1:99&3 1:.00x 0:09% (6-8)

(6-8) is nearly same as the correct solution. Comparing the discovered result from the video
dataset and the true dataset, we can get the conclusion that the accuracy of the discovered
result depends on the quality of the training dataset.

Table 6-6 compares the validation loss and the number of cycles needed to nish the training
process for di erent optimization methods, e.g., Bayesian approach, L1 regularization and no
regularization. For the video dataset, all these three optimization methods can have similar
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performance that can identify mathematical expressions with almost the same loss . At the
same time, for the true dataset, the Bayesian approach has obvious advantages with a smaller
validation loss, but it requires more training cycles to converge. It is also worth mentioning
that although L1 and no regularization have more validation loss, both of them can identify
the governing functions with correct topology and nearly accurate parameters. Details of the
identi ed results of models trained with L1 and no regularization can be found in Appendix
A-2. In general, a Bayesian approach can always achieve training results that are not worse
than L1. In addition, all models trained with L1 and no regularization in Table 6-6 are not
sparse. In other words, no connection is removed from the model. However, this cannot be
used as evidence of the bad performance of L1 and no regularization, because the initialized
model has no redundant unary operation. Another conclusion can be achieved that under
the case of no redundant connections, Bayesian approach, L1 and no regularization can have
similar performance because the ability to t the data set is mainly provided by the model.

Table 6-6: The validation loss and the number of training cycles for distilled equations from two
dataset with di erent optimization methods

| Bayesian optimization | L1 regularization | No regularization

First distilled equation 6.631e-5 & 5 6.767e-5 & 5 6.756e-5 & 4
for video dataset

Second distilled equation 7551e-5 & 6 7.819e-5 & 5 7.673e-5 & 9
for video dataset

First distilled equation 1.603e-17 & 8 3.0226-10 & 3 8.954e-10 & 3
for true dataset

Second distilled equation 1.7826-12 & 6 4.2886-9 & 4 1.169e-7 & 4
for true dataset

6-3 Swinging Pendulum

As an instrument that can display many mechanical phenomena, the pendulum has been
studied for many years, and it can even be used as scienti ¢ tools such as the accelerom-
eter and seismometer. The most obvious property of a swinging pendulum is its periodic
oscillation. Using the governing function of a swinging pendulum as an example to test, our
experiments on a synthetic video of pendulum can help demonstrate the ability of our model
to t periodic functions. In addition, we also implemented our method on a real-recorded
video of a pendulum, details are in Appendix B.

6-3-1 Synthetic Video Generation

The synthetic video of a pendulum is generated based on the environment from OpenAl gym,
which provides a powerful physical engine to simulate object motion. The schematic diagram
of the simulated video of a pendulum is as shown in Figure 6-13. The pendulum will swing
around the black frictionless pivot, while the upward direction is recorded as the origin of the
angle . The length of the pendulum is| and the mass ism. Initialized at a random position,
the pendulum will swing because of the gravitymg.
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() Schematic diagram of the video x (b) Properties of the pendulum

Figure 6-13: Synthetics video of a swinging pendulum

Then, the governing equation of the system should describe the swinging process, which
is related to the angle , angular velocity —and angular acceleration®. According to the
equation that the angular acceleration ®* equals to the torqueM over the moment of inertia | .
Since the torque is raised by the gravity, it can be represented ap = 'img sin . As for the
moment of inertia of a rod about end, it can be expressed ak = iml2. Then, the governing
equation can be written as:

{t+1)= *(t+1) dt= ?sin( (t) dt (6-9)

With g =10, 1 =1, and the time step dt = 0:05s, the speci ¢ equation needs to be identi ed
as:
{t+1)=0:05°(t +1) =0 :75sin( (t)) (6-10)

To be consistent with the time step, the frame rate of the video is 20 frames per second. 500
frames are included in the synthetic video with90% for training and 10% for validation. The
initial swinging angle is set as 1rad and the initial angular velocity is 0 rad=s.

6-3-2 Physical Information Extraction

According to our assumption that we know the variables of the physical law to be explored,
the swinging angle and the angular acceleration® of the pendulum needs to be detected
from the video. However, the angular acceleration should be derived from the angle velocity
- making it necessary to detect —.

Both contour detection and Hough transform are implemented for extracting the physical
information to compare the accuracy. Hough transform can extract the slope of the pendulum
directly, while the angular velocity needs to be derived with a rst-order Euler method. As
for the contour detection, the pixel position of the black pivot can be detected rstly as the
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Table 6-7: Mean square error of the detected results for the three variables with two detection
methods

Extracted variables Contour Detection Hough Transform

Swinging angle 5.146e-05 4.434e-05
Angular velocity — 0.007 0.031
Angular acceleration * 7.044 36.294

Figure 6-14: Comparison of the derived angular acceleratibibvetween two methods

original point. Then, the vertical and horizontal position of the pendulum centroid for each
frame in the video can be acquired by determining a minimal enclosing rectangle. After
that, the slope of the pendulum can be calculated by the two pixel positions. Similarly, the
angular velocity can be achieved through calculating the positional change of two adjacent
frames. In other words, Hough transform can extract the angle from the video directly,
while contour detection is able to extract the positional information  together with the
rst-order information velocity —from the frames. As for the angular acceleration, both
methods cannot extract it directly from the video, so Euler-method is implemented. Table
6-7 compared the accuracy of the extracted variables with two methods. It can be found
that both methods perform similarly on the angle detection. However, contour detection
has a obvious advantage when detecting the angular velocity, and mean square error of the
angular acceleration detected with contour detection is also much smaller. As a picture to
illustrate the di erence of the extracted angular acceleration * with two methods, Figure 6-14
also proves that both methods will produce large noise but contour detection has a better
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performance in general. In the following experiments, the dataset for training is generated
from contour detection.

Figure 6-15 shows the process of detecting the centroid position of a pendulum from a given
frame. Figure 6-15(b) is the mask indicating the area of interest, which is used for edge
detection and contour detection. The detected result is as shown by the blue contour in

Figure 6-15(c), while the blue point is the center of the minimal enclosing rectangle, which

indicates the pendulum centroid.

(a) The original frame (b) The processed mask (c) The detected result

Figure 6-15: The detection process of the positional information of the pendulum with contour
detection

6-3-3 Experiment Setup

According to the governing function, the angle of the pendulum at the current state is the
input variables of our model, while the angular velocity at the next state is the output.
However, the work [57] has proven that neural networks are always hard to learn periodic
functions for that DNNs with periodic functions as activation functions are easy to be trapped
in the local optima. We also implemented some experiments with one of activation functions
set assin, the result shows that our model not always can discover the correct function.
More speci ¢ details can be viewed in Appendix A-3. As an alternative solution, encoding
the periodic characteristics of the pendulum system as the prior information in the input
variables can help us discover the governing function successfully. Then, the input variables of
MathONet are , sin( ) and the constant term. Therefore, this problem has been transferred
into discovering a linear function from discovering a periodic function. The model structures
we tested are as follows:

Table 6-8: Di erent experiment setups for swinging pendulum dataset

Experiment setu Number of Number of Unary functions
P P hidden layers hidden neurons y
Structure 1 1 2 ident
Structure 2 1 2 ident; log; exp
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