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ARTICLE INFO ABSTRACT
Keywords: Max-pressure (MP) control has emerged as a prominent real-time network traffic signal control
Max-pressure control strategy due to its simplicity, decentralized structure, and theoretical guarantees of network queue

Connected vehicle

Network stability

Travel time

Low penetration rate
Heterogeneously distributed

stability. Meanwhile, advances in connected vehicle (CV) technology have sparked extensive re-
search into CV-based traffic signal control. Despite these developments, few studies have inves-
tigated MP control in heterogeneously distributed and partially CV environments while ensuring
network queue stability. To address these research gaps, we propose a CV-based MP control (CV-
MP) method that leverages real-time CV travel time information to compute the pressure, thereby
incorporating both the spatial distribution and temporal delays of vehicles, unlike existing ap-
proaches that utilized only spatial distribution or temporal delays. In particular, we establish
sufficient conditions for road network queue stability that are compatible with most existing MP
control methods. Moreover, we pioneered the proof of network queue stability even if the vehicles
are only partially connected and heterogeneously distributed, and gave a necessary condition of
CV observation for maintaining the stability. Evaluation results on an Amsterdam corridor show
that CV-MP significantly reduces vehicle delays compared to both actuated control and conven-
tional MP control across various CV penetration rates. Moreover, in scenarios with dynamic traffic
demand, CV-MP achieves lower spillover peaks even with low and heterogeneous CV penetration
rates, further highlighting its effectiveness and robustness.

1. Introduction

Traffic congestion remains a critical issue in urban areas, undermining mobility, economic activity, and environmental sustain-
ability. To alleviate congestion and enhance traffic flow, effective network traffic signal control (TSC) strategies are indispensable.
Architecturally, existing network traffic signal control strategies can be classified as centralized, hierarchical, and distributed con-
trol architectures. However, centralized methods, such as band-based, performance-based, and centralized MPC-based approaches
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\begin {align}&q_{(i,o)}^{out}(s_{(i,o)}^{out} (t)) = \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\},\label {eq:dynamics-5}\\ &q_{(i,o)}^{in}(s_{(i,o)}^{in} (t)) = \sum _{(\forall h,i)\in \mathcal {M}_{n''}} r_{(i,o)}(t) \min \{ c_{(h,i)} s_{(h,i)}(t), \mu _{(h,i)}(t) \}, \quad \text { if } \quad (i,o) \in \mathcal {M}_{\mathcal {N}},\label {eq:dynamics-6}\end {align}
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\begin {align}\bm {s}^*(t) &= \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \left ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \left ( \sum _{j \in \mathcal {J}_{(i,o)}} y_j(t) - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \sum _{j \in \mathcal {J}_{(o,k)}} y_j(t) \right ) \right ), \label {eq: general_MP}\end {align}
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\begin {align}\textit {Practical} & \textit { use form:} \nonumber \\ \bm {s}^*(t) &= \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \left ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \left ( \sum _{j \in \mathcal {J}_{(i,o)}^{cv}} \tau _j(t) - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \sum _{j \in \mathcal {J}_{(o,k)}^{cv}} \tau _j(t) \right ) \right ), \label {eq: CV_MP}\end {align}
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\begin {align}\textit {All vehicle} & \textit { form:} \nonumber \\ \bm {s}^*(t) &= \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \left ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \left ( \sum _{j \in \mathcal {J}_{(i,o)}} \beta _j \tau _j(t) - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \sum _{j \in \mathcal {J}_{(o,k)}} \beta _j \tau _j(t) \right ) \right ), \label {eq: CV_MP 1}\end {align}
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\begin {align}\textit {Traffic} & \textit { density form:} \nonumber \\ \bm {s}^*(t) & = \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \Big ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \big ( \int _0^{L_i} \tau _{(i,o)}(x,t) \rho _{(i,o)}^{cv}(x,t) \mathrm {d}x - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \int _0^{L_o} \tau _{(o,k)}(x,t) \rho _{(o,k)}^{cv}(x,t) \mathrm {d}x \big ) \Big ), \label {eq: CV_MP 2}\end {align}
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\begin {align}\textit {Matrix} & \textit { form:} \nonumber \\ \bm {s}^*(t) & = \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \Big ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \big ( w_{(i,o)}^{cv} (t) - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) w_{(o,k)}^{cv} (t) \big ) \Big ), \nonumber \\ & = \arg \max _{\bm {s} \in \bm {S}} (\bm w^{cv})^\top (\bm {I}-\bm {r})\bm {c}\bm {s}, \label {eq: CV_MP 3}\end {align}
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$\dot {q}_{x,(i,o)}^{\max }$


$0 \leq \left |{\partial q_{(i,o)}(x',t)/\partial x'} \right | \leq \dot {q}_{x,(i,o)}^{\max } < \infty $


$y_{(i,o)} \geq 0$


$\rho _{(i,o)}(x,t) \geq 0$


\begin {align}\int _{0_{+}}^{L_{i-}} -\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \mathrm {d} x' & \leq \left | \int _{0_{+}}^{L_{i-}} \frac {\partial q_{(i,o)}(x',t)} {\partial x'} \mathrm {d} x' \right | = \left | q_{(i,o)}(L_{i-},t) - q_{(i,o)}(0_{+},t) \right | \nonumber \\ & \leq \max \{q_{(i,o)}(L_{i-},t), q_{(i,o)}(0_{+},t)\} \leq q_{(i,o)}^{max},\end {align}


\begin {align}\int _{0_{+}}^{L_{i-}} - y_{(i,o)}(x',t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \mathrm {d} x' & \leq \left | \int _{0_{+}}^{L_{i-}} y_{(i,o)}(x',t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \mathrm {d} x' \right | \leq y_{(i,o)}^{max} \int _{0_{+}}^{L_{i-}} \left | \frac {\partial q_{(i,o)}(x',t)} {\partial x'}\right | \mathrm {d} x' \nonumber \\ & \leq y_{(i,o)}^{max} L_i \dot {q}_{x,(i,o)}^{max}.\end {align}


$\dot {q}_{x,(i,o)}^{\max }$


$\left |{\partial q_{(i,o)}(x',t)/\partial x'} \right | \leq \dot {q}_{x,(i,o)}^{\max } < \infty $


\begin {align}\frac {\partial q_{(i,o)}(x',t)} {\partial x'} = \frac {\mathrm {d} q_{(i,o)}(x',t)}{\mathrm {d} \rho _{(i,o)}(x',t)} \frac {\partial \rho _{(i,o)}(x',t)} {\partial x'},\end {align}


$\frac {\mathrm {d} q_{(i,o)}(x',t)}{\mathrm {d} \rho _{(i,o)}(x',t)}$


$\rho _{(i,o)}(x',t) = 0$


$\rho _{(i,o)}(x',t) = \rho _{(i,o)}^{\max }$


$\frac {\partial \rho _{(i,o)}(x',t)} {\partial x'}$


$w_{(i,o)}$


$\bm {\Lambda }$


$\bm {\lambda } \in \bm {\Lambda ^{int}}$


$y_{(i,o)}(x,t)$


$(i,o) \in \mathcal {M_{N}}$


$y_{(i,o)}(x,t)$


$0 \leq y_{(i,o)}(x,t) \leq y_{(i,o)}^{\max } < \infty $


$y_{(i,o)}(0,t) = 0$


$|\partial y_{(i,o)}(x,t) / \partial t|$


$\dot {y}_{(i,o)}^{\max }$


$|\partial y_{(i,o)}(x,t) / \partial t| \leq \dot {y}_{(i,o)}^{\max } < \infty $


$t \geq 0$


$\mathbb {E}^{\bm {\rho }(t)} \left (\frac {\mathrm {d} V(\bm {\rho }(t))}{\mathrm {d} t} \right )$


\begin {align}\mathbb {E}^{\bm {\rho }(t)} & \left (\frac {\mathrm {d} V(\bm {\rho }(t))}{\mathrm {d} t}\right ) \nonumber \\ =\, & \mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \rho _{(i,o)}(t)\frac {\mathrm {d} \rho _{(i,o)}(t)}{\mathrm {d} t} \right ) + \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \int _0^{L_i}\int _0^{L_i} \frac {\partial y_{(i,o)}(x,t)}{\partial t} \rho _{(i,o)}(x,t) \rho _{(i,o)}(x',t) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ & + \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \int _0^{L_i}\int _0^{L_i} \left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right ) \left (\rho _{(i,o)}(x,t)\frac {\partial \rho _{(i,o)}(x',t)} {\partial t} \right ) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ =\, & -\mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \rho _{(i,o)}(t)\frac {\mathrm {d} q_{(i,o)}(t)}{\mathrm {d} x} \right ) + \underbrace {\mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \int _0^{L_i}\int _0^{L_i} \frac {\partial y_{(i,o)}(x,t)}{\partial t} \rho _{(i,o)}(x,t) \rho _{(i,o)}(x',t) \mathrm {d} x' \mathrm {d}x \right )}_{\delta _0} \nonumber \\ & - \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \int _0^{L_i}\int _0^{L_i} \left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right ) \left (\rho _{(i,o)}(x,t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \right ) \mathrm {d} x' \mathrm {d}x \right ), \label {eq: sufficient conditions proof 0}\end {align}


${\partial \rho _{(i,o)}(t)}/{\partial t}$


${\partial \rho _{(i,o)}(x',t)}/{\partial t}$


$-{\partial q_{(i,o)}(t)}/{\partial x}$


$-{\partial q_{(i,o)}(x',t)}/{\partial x'}$


$x'=0$


$x'=L_i$


\begin {align}-\, &\mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \int _0^{L_i}\int _0^{L_i} \left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right ) \left (\rho _{(i,o)}(x,t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \right ) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ =\, & - \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \frac {\partial q_{(i,o)}(0,t)} {\partial x'} \int _0^{L_i} \left (y_{(i,o)}(x,t)+y_{(i,o)}(0,t)\right ) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \nonumber \\ & - \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \frac {\partial q_{(i,o)}(L_i,t)} {\partial x'} \int _0^{L_i} \left (y_{(i,o)}(x,t)+y_{(i,o)}(L_i,t)\right ) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \nonumber \\ & - \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \int _0^{L_i}\int _{0_{+}}^{L_{i-}} \left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right ) \left (\rho _{(i,o)}(x,t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \right ) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ =\,& \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{in}(s_{(i,o)}^{in}(t)) \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) }_{\delta _1} - \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}(0,t) \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) }_{\delta _4} \nonumber \\ & + \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \left (q_{(i,o)}^{in}(s_{(i,o)}^{in}(t))-q_{(i,o)}(0,t)\right ) \int _0^{L_i} y_{(i,o)}(0,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) }_{=0} \nonumber \\ & - \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) }_{\delta _2} \nonumber \\ & - \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \int _0^{L_i}y_{(i,o)}(L_i,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) }_{\delta _3} \nonumber \\ & + \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}(L_i,t) \int _0^{L_i} \left (y_{(i,o)}(x,t) + y_{(i,o)}(L_i,t)\right ) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) }_{\delta _5} \nonumber \\ & - \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \int _0^{L_i} \int _{0_{+}}^{L_{i-}} \left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right ) \left (\rho _{(i,o)}(x,t) \frac {\partial q_{(i,o)}(x',t)} {\partial x'} \right ) \mathrm {d} x' \mathrm {d}x \right ) }_{\delta _6}, \label {eq: sufficient conditions proof 0.1}\end {align}


$y_{(i,o)}(0,t)$


$y_{(i,o)}(0,t) = 0$


\begin {align}-\mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \rho _{(i,o)}(t)\frac {\mathrm {d} q_{(i,o)}(t)}{\mathrm {d} x} \right ) = \underbrace {\sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \left ( \lambda _{(i,o)}(t)-q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \right )\rho _{(i,o)}(t) \right )}_{\eta }. \label {eq: sufficient conditions proof 0.2}\end {align}


\begin {align}\mathbb {E}^{\bm {\rho }(t)} & \left (\frac {\mathrm {d} V(\bm {\rho }(t))}{\mathrm {d} t}\right ) =\eta + \delta _0 + \delta _1 - \delta _2 - \delta _3 - \delta _4 + \delta _5 - \delta _6. \label {eq: sufficient conditions proof 1}\end {align}


\begin {align}\delta _0 & = \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left (\int _0^{L_i}\int _0^{L_i} \frac {\partial y_{(i,o)}(x,t)}{\partial t} \rho _{(i,o)}(x,t) \rho _{(i,o)}(x',t) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left (\int _0^{L_i}\int _0^{L_i} \left |\frac {\partial y_{(i,o)}(x,t)}{\partial t}\right | \rho _{(i,o)}(x,t) \rho _{(i,o)}(x',t) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left (\int _0^{L_i}\int _0^{L_i} \dot {y}_{(i,o)}^{max} \rho _{(i,o)}(x,t) \rho _{(i,o)}(x',t) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \dot {y}_{(i,o)}^{max} (L_i \rho _{(i,o)}^{max})^2 = K_0. \label {eq: ub of delta_0}\end {align}


\begin {align}- \delta _3 = -\sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \int _0^{L_i} y_{(i,o)}(L_i,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \leq 0, \label {eq: ub of delta_3}\end {align}


$q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \geq 0$


$y_{(i,o)}(L_i,t) \geq 0$


$\rho _{(i,o)}(x,t) \geq 0$


$q_{(i,o)}(0,t) \geq 0$


\begin {align}- \delta _4 = - \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}(0,t) \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \leq 0. \label {eq: ub of delta_4}\end {align}


\begin {align}\delta _5 & = \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}(L_i,t) \int _0^{L_i} \left (y_{(i,o)}(x,t) + y_{(i,o)}(L_i,t)\right ) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} 2 q_{(i,o)}^{max} y_{(i,o)}^{max} L_i \rho _{(i,o)}^{max} = K_1, \label {eq: ub of delta_5}\end {align}


\begin {align}-\delta _6 & = - \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \int _0^{L_i} \int _{0_{+}}^{L_{i-}} \left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right ) \left (\rho _{(i,o)}(x,t) \frac {\partial q_{(i,o)}(x',t)} {\partial x'} \right ) \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ & = \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \int _0^{L_i} \int _{0_{+}}^{L_{i-}} -y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \frac {\partial q_{(i,o)}(x',t)}{\partial x'} -\rho _{(i,o)}(x,t) y_{(i,o)}(x',t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \mathrm {d} x' \mathrm {d}x \right ) \nonumber \\ & = \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \left ( \int _{0_{+}}^{L_{i-}} -\frac {\partial q_{(i,o)}(x',t)}{\partial x'} \mathrm {d} x'\right ) \mathrm {d}x \right ) \nonumber \\ & \qquad + \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left (\int _0^{L_i} \rho _{(i,o)}(x,t) \left (\int _{0_{+}}^{L_{i-}} - y_{(i,o)}(x',t)\frac {\partial q_{(i,o)}(x',t)} {\partial x'} \mathrm {d} x'\right ) \mathrm {d}x \right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{max} \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) + \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left (y_{(i,o)}^{max} L_i \dot {q}_{x,(i,o)}^{max} \int _0^{L_i} \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} q_{(i,o)}^{max} y_{(i,o)}^{max} L_i \rho _{(i,o)}^{max} + y_{(i,o)}^{max} L_i^2 \dot {q}_{x,(i,o)}^{max} \rho _{(i,o)}^{max} = K'_1, \label {eq: ub of delta_6}\end {align}


$\left (y_{(i,o)}(x,t)+y_{(i,o)}(x',t)\right )$


$x'$


$x$


$\eta $


$\delta _1$


$\delta _2$


$q_{(i,o)}^{in}(s_{(i,o)}^{in}(t))$


$q_{(i,o)}^{out}(s_{(i,o)}^{out}(t))$


\begin {align}\eta + \delta _1 - \delta _2 =\, & \sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \mathbb {E}^{\bm {\rho }(t)} \left ( \left ( \lambda _{(i,o)}(t)-q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \right )\rho _{(i,o)}(t) \right ) \nonumber \\ & + \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{in}(s_{(i,o)}^{in}(t)) \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \nonumber \\ & - \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \mathbb {E}^{\bm {\rho }(t)} \left ( q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \right ) \nonumber \\ =\, & \mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \left ( \left (\lambda _{(i,o)}(t) -q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \right )w_{(i,o)}(t) \right ) \right ) \nonumber \\ &+ \mathbb {E}^{\bm {\rho }(t)} \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \left ( q_{(i,o)}^{in}(s_{(i,o)}^{in}(t)) - q_{(i,o)}^{out}(s_{(i,o)}^{out}(t)) \right ) w_{(i,o)}(t) \right ). \label {eq: eta_delta12 1}\end {align}


$\rho _{(i,o)}(t)$


$\int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x$


$w_{(i,o)}(t)$


$q_{(i,o)}^{in}(s_{(i,o)}^{in}(t))$


$q_{(i,o)}^{out}(s_{(i,o)}^{out}(t))$


$\eta + \delta _1 - \delta _2$


\begin {align}\eta + \delta _1 - \delta _2 & = \mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M}_{\mathcal {F}}} \left ( \left (\lambda _{(i,o)}(t) -\min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\} ) \right )w_{(i,o)}(t) \right ) \right ) \nonumber \\ + \mathbb {E}^{\bm {\rho }(t)} & \left ( \sum _{(i,o) \in \mathcal {M}_{\mathcal {N}}} \left ( \sum _{(\forall h,i)\in \mathcal {M}_{n''}} r_{(i,o)}(t) \min \{ c_{(h,i)} s_{(h,i)}(t), \mu _{(h,i)}(t) \}- \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\} \right ) w_{(i,o)}(t) \right )\nonumber \\ & = \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \left ( \bm {\lambda } - (\bm {I} - \bm {r}) \min \{\bm {\mu }, \bm {c}\bm {s}^*\} \right ) \right ) \nonumber \\ & = \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \left ( \bm {\lambda } - (\bm {I} - \bm {r})\bm {c}\bm {s}^* + (\bm {I} - \bm {r})\bm {c}\bm {s}^* - (\bm {I} - \bm {r}) \min \{\bm {\mu }, \bm {c}\bm {s}^*\} \right ) \right ) \nonumber \\ & = \underbrace {\mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \left ( \bm {\lambda } - (\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \right )}_{\eta _1} + \underbrace {\mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } (\bm {I} - \bm {r})(\bm {c}\bm {s}^* - \min \{\bm {\mu }, \bm {c}\bm {s}^*\}) \right )}_{\eta _2} \nonumber \\ & = \eta _1 + \eta _2 \label {eq: eta1_2}\end {align}


$(t)$


$(\bm {I} - \bm {r})\bm {c}\bm {s}^*$


$\bm {w}^{\top }$


$\bm {s}^*$


$\eta _2$


$\bm {0} \preceq \bm {c}\bm {s}^* - \min \{\bm {c}\bm {s}^*,\bm {\mu }\} \preceq \bm {c}\bm {s}^*$


$0 \preceq \bm {s}^* \preceq 1$


\begin {equation*}\eta _2 \leq \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } (\bm {c}\bm {s}^* - \min \{\bm {\mu }, \bm {c}\bm {s}^*\}) \right ).\end {equation*}


$\mathcal {M_{N}}$


$\mathcal {M_{F}}$


$(i,o) \in \mathcal {M_{F}}$


$\rho _{(i,o)}$


$\rho _{(i,o)}^\mu $


$\mu _{(i,o)}$


$\mu _{(i,o)} = c_{(i,o)}$


\begin {align}&w_{(i,o)}(t)(c_{(i,o)} s_{(i,o)}(t) - \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\}) = \rho _{(i,o)}(t)(c_{(i,o)} s_{(i,o)}(t) - \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\}) \nonumber \\ &\begin {cases} \leq \rho _{(i,o)}^\mu (c_{(i,o)} s_{(i,o)}(t) - \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\}) \leq \rho _{(i,o)}^\mu c_{(i,o)} \quad \text {if } \mu _{(i,o)}(t) \leq c_{(i,o)} \\ = \rho _{(i,o)}(t) (c_{(i,o)} s_{(i,o)}(t) - c_{(i,o)} s_{(i,o)}(t)) = 0 \quad \text {if } \mu _{(i,o)}(t) > c_{(i,o)} \end {cases} \quad \text {for } (i,o) \in \mathcal {M_F}\end {align}


$(i,o) \in \mathcal {M_{N}}$


$w_{(i,o)}(t) = \int _0^{L_i} y_{(i,o)}(x,t) \rho _{(i,o)}(x,t) \mathrm {d}x \leq y_{(i,o)}^{\max } L_i \rho _{(i,o)}^{\max }$


\begin {align}w_{(i,o)}(t)(c_{(i,o)} s_{(i,o)}(t) - \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\}) \leq w_{(i,o)}(t)c_{(i,o)} \leq y_{(i,o)}^{max} L_i \rho _{(i,o)}^{max} c_{(i,o)} \quad \text {for } (i,o) \in \mathcal {M_N}.\end {align}


$\eta _2$


\begin {align}\eta _2 &\leq \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } (\bm {c}\bm {s}^* - \min \{\bm {\mu }, \bm {c}\bm {s}^*\}) \right ) = \sum _{(i,o) \in \mathcal {M_F}}\mathbb {E}^{\bm {\rho }(t)} \left ( w_{(i,o)}(t)(c_{(i,o)} s_{(i,o)}(t) - \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\})\right ) \nonumber \\ & \quad + \sum _{(i,o) \in \mathcal {M_N}} \mathbb {E}^{\bm {\rho }(t)} \left (w_{(i,o)}(t)(c_{(i,o)} s_{(i,o)}(t) - \min \{c_{(i,o)} s_{(i,o)}(t), \mu _{(i,o)}(t)\})\right ) \nonumber \\ & \leq \sum _{(i,o) \in \mathcal {M_F}} \rho _{(i,o)}^\mu c_{(i,o)} + \sum _{(i,o) \in \mathcal {M_N}} y_{(i,o)}^{max} L_i \rho _{(i,o)}^{max} c_{(i,o)} = K_2 \label {eq: ub of eta2}\end {align}


$\eta _1$


$(i,o) \in \mathcal {M_{F \cup N}}$


\begin {align}\bm {w}^\top (\bm {I}-\bm {r})\bm {c}\bm {s}^* = \max _{\bm {s} \in \bm {S}} \bm {w}^\top (\bm {I}-\bm {r})\bm {c}\bm {s} = \max _{\bar {\bm {s}} \in \bm {S}^{co}} \bm {w}^\top (\bm {I}-\bm {r})\bm {c}\bar {\bm {s}} \geq \bm {w}^\top (\bm {I}-\bm {r})\bm {c}\bar {\bm {s}}. \label {eq: mp controller for eta1}\end {align}


$\bar {\bm {s}}$


$\bm {s}$


$\bm {S}^{co}$


$\bm {S}$


$\bm {s}$


\begin {align}\eta _1 = \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \left ( \bm {\lambda } - (\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \right ) \leq \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \left ( \bm {\lambda } - (\bm {I} - \bm {r})\bm {c}\bar {\bm {s}} \right ) \right ) \leq - \epsilon \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \bm {1} \right )\end {align}


\begin {align}w_{(i,o)}(t) = \begin {cases} \int _0^{L_i} y_{(i,o)}(x,t)\rho _{(i,o)}(x,t) \mathrm {d}x \geq y_{(i,o)}^{min} z_{(i,o)}(t) > 0 \quad \text {if} \quad (i,o)\in \mathcal {M_{N}}, w_{(i,o)(t)}>0, \\ \int _0^{L_i} y_{(i,o)}(x,t)\rho _{(i,o)}(x,t) \mathrm {d}x = z_{(i,o)}(t) = 0 \quad \text {if} \quad (i,o)\in \mathcal {M_{N}}, w_{(i,o)(t)}=0, \\ \rho _{(i,o)}(t) = z_{(i,o)}(t) \quad \text {if} \quad (i,o)\in \mathcal {M_{F}}, \label {eq: w and rho} \end {cases}\end {align}


$y_{(i,o)}^{\min } = \min \{y_{(i,o)}(x,t)|y_{(i,o)}(x,t) > 0, x \in [0,L_i]\} > 0$


$y^{\min } \leq \min \{1, \{y_{(i,o)}^{\min }\}_{(i,o) \in \mathcal {M_{N}}, w_{(i,o)}>0}\}$


\begin {align}\bm {w} \succeq y^{min} \bm {z} \label {eq: w and z},\end {align}


$\bm {z}$


$z_{(i,o)}(t)$


$(i,o) \in \mathcal {M_{F \cup N}}$


\begin {align}\eta _1 \leq - \epsilon \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \bm {1} \right ) \leq - \epsilon y^{min} \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {z}^{\top } \bm {1} \right ) = - \epsilon ' \mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M_{F\cup N}}} z_{(i,o)}(t) \right ) \label {eq: ub of eta1}\end {align}


$\epsilon ' = \epsilon y^{\min }$


\begin {align}\mathbb {E}^{\bm {\rho }(t)} \left (\frac {\mathrm {d} V(\bm {\rho }(t))}{\mathrm {d} t}\right ) & = \delta _0 - \delta _3 - \delta _4 + \delta _5 - \delta _6 + (\eta + \delta _1 - \delta _2) = \delta _0 - \delta _3 - \delta _4 + \delta _5 - \delta _6 + (\eta _1 + \eta _2) \nonumber \\ & \leq K - \epsilon ' \mathbb {E}^{\bm {\rho }(t)} \left (\sum _{(i,o) \in \mathcal {M_{F\cup N}}} z_{(i,o)}(t) \right ) \label {eq: ub of Lyapunov drift}\end {align}


$K = K_0 + K_1 + K'_1 + K_2$


$y_j(t) = 1$


$x_j>0$


$y_{(i,o)}(x,t) = 1$


$x \in [0_{+}, L_{i-}]$


$y_{(i,o)}(0,t) = 0$


$|\partial y_{(i,o)}(x,t) / \partial t| = 0$


$y_{(i,o)}(x,t) = 1/\sqrt {L_i}$


$y_j(t) = x_j/L_i$


$y_{(i,o)}(x,t) = x/L_i \leq 1$


$x \in [0, L_i]$


$y_{(i,o)}(0,t) = 0$


$|\partial y_{(i,o)}(x,t) / \partial t| = 0$


$y_j(t) = \alpha _{(i,o)} x_j/L_i$


$\alpha _{(i,o)}$


$y_j(t) = d_j^{T_0}$


$x_j>0$


$y_{(i,o)}(x,t) \leq T_0$


$x \in [0_{+}, L_{i-}]$


$y_{(i,o)}(0,t) = 0$


$|\partial y_{(i,o)}(x,t) / \partial t| \leq T_0$


$y_{(i,o)}(x,t)$


$\bm \lambda \notin \bm \Lambda $


$\bm \Lambda $


$\bm \lambda \notin \bm \Lambda $


$(i',o')$


\begin {align}\big \{\bm \lambda -(\bm I-\bm r)\bm c \bar {\bm s}\big \}_{(i',o')}\;=\;\delta \;>\;0,\end {align}


$\bm z(t)$


$z_{(i,o)}(t)= \begin {cases} \rho _{(i,o)}(t), & (i,o)\in \mathcal M_F,\\ \displaystyle \int _0^{L_i}\rho _{(i,o)}(x,t)\,dx, & (i,o)\in \mathcal M_N \end {cases}$


$\frac {\partial \rho _{(i,o)}(x,t)}{\partial t} = - \frac {\partial q_{(i,o)}(x,t)}{\partial x}$


$x\in (0,L_i)$


\begin {align}\label {eq:agg} \dot {\bm z}(t)=\bm \lambda (t)-(\bm I-\bm r)\,\bm q^{out}(t),\end {align}


$\bm q^{out}(t)$


$q^{out}_{(i,o)}(s_{(i,o)}^{out}(t))$


$q^{out}_{(i,o)}(s_{(i,o)}^{out}(t))=\min \{\,c_{(i,o)}\,s_{(i,o)}(t),\ \mu _{(i,o)}(t)\,\}$


$(\bm I-\bm r)$


$(\bm I-\bm r)^{-1}\ge 0$


\begin {align}(\bm I-\bm r)^{-1}\dot {\bm z}(t) = (\bm I-\bm r)^{-1}\bm \lambda (t)-\bm q^{out}(t).\end {align}


$\min \{c_{(i,o)}s_{(i,o)}(t),\mu _{(i,o)}(t)\}\le c_{(i,o)}s_{(i,o)}(t)$


$\bm q^{out}(t)\le \bm c \bm s(t)$


\begin {align}\label {eq:drift-preavg} (\bm I-\bm r)^{-1}\dot {\bm z}(t) \ \ge \
(\bm I-\bm r)^{-1}\bm \lambda (t)-\bm c \bm s(t).\end {align}


$[0,T]$


$T$


$T\to \infty $


\begin {align}\liminf _{T\to \infty }\frac {1}{T}\,(\bm I-\bm r)^{-1}\bm z(T) \ \ge \
(\bm I-\bm r)^{-1}\!\Big [\bm \lambda -(\bm I-\bm r)\bm c \bar {\bm s}\Big ].\end {align}


$m\equiv (i',o')$


$\delta =\{\bm \lambda -(\bm I-\bm r)\bm c \bar {\bm s}\}_m>0$


$\bm \alpha \triangleq (\bm I-\bm r)^{-T}\bm e_m\ge 0$


$m$


\begin {align}\liminf _{T\to \infty }\frac {\bm \alpha ^\top \bm z(T)}{T} \ \ge \
\bm e_m^\top (\bm I-\bm r)^{-1}\!\Big [\bm \lambda -(\bm I-\bm r)\bm c \bar {\bm s}\Big ] \ \ge \ ((\bm I-\bm r)^{-1})_{mm}\,\delta \;>\;0.\end {align}


$\bm \alpha ^\top \bm z(T)$


$\bm \alpha ^\top \bm z(T)\to \infty $


$\bm \alpha \ge 0$


$\bm z(t)\ge 0$


$\bm z(t)$


$\bm \alpha ^\top \bm z(t)$


$\bm z(t)$


$(i',o')\in \mathcal M_N$


$z_{(i',o')}(t)$


$\liminf _{T\to \infty } z_{(i',o')}(T)/T\ge \delta >0$


$(\tilde i,\tilde o)\in \mathcal M_F$


$\rho _{(\tilde i,\tilde o)}(t)\to \infty $


$\bm {\lambda }$


$\bm {\lambda }\in \bm {\Lambda }^{\mathrm {int}}$


$\bm {\Lambda }$


$(i,o)\in \mathcal {M_N}$


$\tau _{(i,o)}^{\max }$


$x\in [0,L_i]$


$t\ge 0$


\begin {align}0 \leq \tau _{(i,o)}(x,t) \leq \tau _{(i,o)}^{max} < \infty \label {eq: lemma travel time}\end {align}


$j\in \mathcal {J}_{(i,o)}$


\begin {align}0 \leq \tau _j(t) \leq \tau ^{max} < \infty \label {eq: lemma travel time 1}\end {align}


$\tau ^{\max }$


$j$


$t$


$j$


\begin {align}\tau _j(t) = \frac {x_j(t)}{v_j} + d_j(t),\end {align}


$x_j(t)/v_j$


$L_i/v_j$


$d_j(t)$


$d^{\max }$


\begin {align}d_j(t) \leq d^{max} \quad \text {for all } j\in \mathcal {J}_{(i,o)} \text { and } t\geq 0. \label {eq: lemma travel time 2}\end {align}


$j>1$


$d_j(t) \le d_1(t)$


$d_1(t)$


\begin {align}d_1(t) \le d^{\max } \quad \forall \, t\ge 0, \label {eq: lemma travel time 4}\end {align}


$d^{\max }$


\begin {align}\lim _{t\to \infty } d_1(t) = +\infty . \label {eq: lemma travel time 5}\end {align}


$d_1(t)\to \infty $


$\bm {\lambda }\in \bm {\Lambda }^{\mathrm {int}}$


\begin {align}s_{(i,o)}(t)=0 \quad \forall \, t. \label {eq: lemma travel time 6}\end {align}


$(i',o')\in \mathcal {M}_N$


\begin {align}\sum _{j\in \mathcal {J}_{(i',o')}} \tau _j(t) - \sum _{(o',k')\in \mathcal {M}_{n'}} r_{(o',k')}(t) \sum _{j\in \mathcal {J}_{(o',k')}} \tau _j(t) > \sum _{j\in \mathcal {J}_{(i,o)}} \tau _j(t) - \sum _{(o,k)\in \mathcal {M}_{n'}} r_{(o,k)}(t) \sum _{j\in \mathcal {J}_{(o,k)}} \tau _j(t) \label {eq: lemma travel time 7}\end {align}


$t$


$d_1(t)$


\begin {align}\lim _{t \rightarrow \infty }{\sum _{j \in \mathcal {J}_{(i',o')}} \tau _j(t) } \rightarrow \infty \Leftrightarrow \lim _{t \rightarrow \infty }{d_1(t)} \rightarrow \infty \text { for } j=1\in \mathcal {J}_{(i',o')} \Leftrightarrow s_{(i',o')}(t) = 0 \quad \forall t. \label {eq: lemma travel time 8}\end {align}


$(i',o')$


$d^{\max }$


$\bm {\Lambda }$


$\bm {\lambda } \in \bm {\Lambda ^{int}}$


$\mathcal {J}_{(i,o)}^{cv} = \mathcal {J}_{(i,o)}$


$\tau _{(i,o)}(t)$


$(i,o) \in \mathcal {M_{N}}$


$\rho _{(i,o)}^{cv} = \rho _{(i,o)}$


$0 \leq \tau _{(i,o)}(x,t) \leq \tau _{(i,o)}^{\max } < \infty $


$x \in [0, L_i]$


$t \geq 0$


$(i,o) \in \mathcal {M_{N}}$


$\tau _{(i,o)}(0,t) = 0$


$\tau _j$


$x_j > 0$


$|\partial \tau _{(i,o)}(x,t) / \partial t|$


$|\partial \tau _j(t) / \partial t|$


\begin {align}\left |\frac {\partial \tau _j(t)}{\partial t}\right | &= \left |\frac {\tau _j(t+\Delta t) - \tau _j(t)}{\Delta t}\right |\
\begin {cases} = t + \Delta t - t_j^0 \leq \Delta t \quad \text {if} \quad t_j^0 \in [t, t + \Delta t] \\ = \Delta t \quad \text {if} \quad t_j^0 < t \text { and } \tau _j(t+\Delta t) >0 \\ \leq \tau _j(t) + \Delta t \quad \text {if} \quad t_j^0 < t \text { and } \tau _j(t+\Delta t) =0 \\ \end {cases} \nonumber \\ & \leq \tau ^{max} + \Delta t \triangleq \dot {\tau }_{(i,o)}^{max} < \infty , \label {eq: proof of condition 3}\end {align}


$\dot {\tau }_{(i,o)}^{\max }$


$[t, t + \Delta t]$


$[t, t + \Delta t]$


$[t, t + \Delta t]$


$\tau _j(t+\Delta t) =0$


$|\partial \tau _{(i,o)}(x,t) / \partial t|$


$\tau _{(i,o)}(t)$


$j$


$(i,o) \in \mathcal {M_{F \cup N}}$


$\beta _j = 1$


$\Pr (\beta _j = 1) = \xi _{(i,o)}>0$


$\xi _{\min }$


$\xi _{\max }$


\begin {align}\label {eq: expectation of CV TT} \xi ^{min} \mathbb {E}(\bm w(t)) \preceq \mathbb {E}(\bm w^{cv}(t)) \preceq \xi ^{max} \mathbb {E}(\bm w(t))\end {align}


$\xi _{\min }$


$\xi _{\max }$


$\xi _{(i,o)}$


$(i,o) \in \mathcal {M_{N \cup F}}$


$t$


$\mathbb {E}(\beta _j) = \xi _{(i,o)}\times 1 + (1-\xi _{(i,o)}) \times 0 = \xi _{(i,o)}$


$(i,o)$


\begin {align}\mathbb {E}(w_{(i,o)}^{cv}) & = \mathbb {E}\left (\sum _{j \in \mathcal {J}_{(i,o)}} \beta _j \tau _j\right ) = \sum _{j \in \mathcal {J}_{(i,o)}} \mathbb {E}\left (\beta _j \tau _j\right ) = \sum _{j \in \mathcal {J}_{(i,o)}} \Big (\mathbb {E}(\beta _j)\mathbb {E}( \tau _j) + \mathrm {Cov}(\beta _j, \tau _j) \Big )\nonumber \\ & = \xi _{(i,o)} \sum _{j \in \mathcal {J}_{(i,o)}} \mathbb {E}( \tau _j) + \sum _{j \in \mathcal {J}_{(i,o)}} \mathbb {E} (\mathrm {Cov}(\beta _j, \tau _j)) = \xi _{(i,o)} \mathbb {E}(w_{(i,o)}) + \sum _{j \in \mathcal {J}_{(i,o)}} \mathbb {E}(\mathrm {Cov}(\beta _j, \tau _j)) \nonumber \end {align}


$\mathrm {Cov}(\beta _j, \tau _j)$


$\beta _j$


$\tau _j(t)$


$\tau _j$


$\mathrm {Cov}(\beta _j, \tau _j) = 0$


$\mathrm {Cov}(\beta _j, \tau _j) \neq 0$


$j \in \mathcal {J}_{(i,o)}$


$\bar {\tau }^{cv}_j:= \mathbb {E}(\tau _j \mid \beta _j = 1)$


$\bar {\tau }^{nv}_j:= \mathbb {E}(\tau _j \mid \beta _j = 0)$


$\bar {\tau }_j:= \mathbb {E}(\tau _j) = \xi _{(i,o)} \bar {\tau }^{cv}_j + (1-\xi _{(i,o)})\bar {\tau }^{nv}_j$


\begin {align}\mathbb {E} (\mathrm {Cov}(\beta _j, \tau _j)) & = \mathbb {E} (\beta _j \tau _j) -\mathbb {E}(\beta _j) \mathbb {E}(\tau _j) = \Pr (\beta _j = 1)\mathbb {E}(\tau _j \mid \beta _j = 1) - \mathbb {E}(\beta _j) \mathbb {E}(\tau _j) \nonumber \\ & = \xi _{(i,o)} \bar {\tau }^{cv}_j - \xi _{(i,o)} (\xi _{(i,o)} \bar {\tau }^{cv}_j + (1-\xi _{(i,o)})\bar {\tau }^{cv}_j) = \xi _{(i,o)} (1- \xi _{(i,o)})(\bar {\tau }^{cv}_j - \bar {\tau }^{nv}_j).\nonumber \end {align}


$w_{(i,o)}^{cv}, w_{(i,o)}$


$w_{(i,o)}^{cv}, w_{(i,o)} >0$


$\bar {\tau }^{cv}_j, \bar {\tau }^{nv}_j$


\begin {align}\xi '_{(i,o)} &:= \frac {\mathbb {E}(w_{(i,o)}^{cv})}{\mathbb {E}(w_{(i,o)})} = \xi _{(i,o)} - \frac {\sum _{j \in \mathcal {J}_{(i,o)}} \mathbb {E}(\mathrm {Cov}(\beta _j, \tau _j))}{\sum _{j \in \mathcal {J}_{(i,o)}} \mathbb {E}( \tau _j)} = \xi _{(i,o)} - \frac {\sum _{j \in \mathcal {J}_{(i,o)}} (\xi _{(i,o)} (1- \xi _{(i,o)})(\bar {\tau }^{cv}_j - \bar {\tau }^{nv}_j))}{\sum _{j \in \mathcal {J}_{(i,o)}} (\xi _{(i,o)} \bar {\tau }^{cv}_j + (1-\xi _{(i,o)})\bar {\tau }^{nv}_j)} \nonumber \\ & = \frac {\sum _{j \in \mathcal {J}_{(i,o)}} \xi _{(i,o)} \bar {\tau }^{cv}_j }{\sum _{j \in \mathcal {J}_{(i,o)}} (\xi _{(i,o)} \bar {\tau }^{cv}_j + (1-\xi _{(i,o)})\bar {\tau }^{nv}_j)} \nonumber \end {align}


$0 < \xi '_{(i,o)} \leq 1$


$w_{(i,o)} = w_{(i,o)}^{cv} =0$


$\xi '_{(i,o)}$


$\mathbb {E}(w_{(i,o)}^{cv}) = \xi '_{(i,o)} \mathbb {E}(w_{(i,o)})$


$\tau _j$


$\beta $


$\xi '_{(i,o)} = \xi _{(i,o)}$


$\bar {\tau }^{cv}_j = \bar {\tau }^{nv}_j$


$\xi ^{\min } = \min _{(i,o) \in \mathcal {M_{F \cup N}}} \xi '_{(i,o)} >0$


$\xi ^{\max } = \max _{(i,o) \in \mathcal {M_{F \cup N}}} \xi '_{(i,o)} \leq 1$


\begin {align}\mathbb {E}(r_{(i,o)}^{cv}) = \mathbb {E}(r_{(i,o)})\end {align}


$r_{(i,o)}^{cv}$


$r_{(i,o)}$


$\{z_{(i,o)}\}_{\forall o}$


$\sum _{\forall o} z_{(i,o)}$


$r_{(i,o)}$


\begin {align}\mathbb {E}[z_{(i,o)}^{cv} \mid z_{(i,o)}, \sum _{\forall o} z_{(i,o)}^{cv} = z^{cv}] = z^{cv} \frac {z_{(i,o)}}{\sum _{\forall o} z_{(i,o)}} = z^{cv} r_{(i,o)}. \nonumber \end {align}


\begin {align}\mathbb {E}[r_{(i,o)}^{cv} \mid z_{(i,o)}, \sum _{\forall o} z_{(i,o)}^{cv} = z^{cv}] = \mathbb {E}[\frac {z_{(i,o)}^{cv}}{z^{cv}} \mid z_{(i,o)}, \sum _{\forall o} z_{(i,o)}^{cv} = z^{cv}] = \frac {1}{z^{cv}} z^{cv} r_{(i,o)}(t) = r_{(i,o)}. \nonumber \end {align}


$\sum _{\forall o} z_{(i,o)}^{cv}$


\begin {align}\mathbb {E}[r_{(i,o)}^{cv} \mid z_{(i,o)}] = r_{(i,o)}. \nonumber \end {align}


\begin {align}\mathbb {E}[r_{(i,o)}^{cv}] = \mathbb {E}[\ \mathbb {E}[r_{(i,o)}^{cv} \mid z_{(i,o)}]\ ] = \mathbb {E}[r_{(i,o)}] \nonumber \end {align}


$\bm {\Lambda }' =\{\bm {\lambda } \mid \bm {\lambda } \preceq \frac {\xi ^{\min }}{\xi ^{\max }}(\bm {I} - \bm {r})\bm {c}\bar {\bm {s}}, \quad \exists \bar {\bm {s}} \in \bm {S}^{co}\}$


$\bm {\Lambda }' \subseteq \bm {\Lambda }$


$\bm {\lambda } \in \bm \Lambda ^{'int}$


$\bm {\Lambda }'$


$\xi _{(i,o)}>0$


$(i,o) \in \mathcal {M_{F \cup N}}$


$f^{sgn}(\bm {w}(t)) = f^{sgn}(\bm {w^{cv}}(t))$


$t$


$\eta _1$


$\delta _0$


$\delta _3$


$\delta _4$


$\delta _5$


$\delta _6$


$\eta _2$


$\eta _1$


\begin {align}\eta _1 = \mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } \left ( \bm {\lambda } - (\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \right ),\end {align}


$\bm {s}^*$


\begin {align}\mathbb {E}^{\bm {\rho }(t)} \left ( \bm {w}^{\top } (\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \geq \mathbb {E}^{\bm {\rho }(t)} \left (\frac {1}{\xi ^{max} } {\bm {w}^{cv}}^{\top } (\bm {I} - \bm {r})\bm {c}\bm {s}^* \right )\end {align}


$\bm {w^{cv}}$


$\bm {w}$


$w_{(i,o)}^{cv}(t)$


$w_{(i,o)}(t)$


\begin {align}\eta _1 &= \frac {1}{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( \xi ^{min} \bm {w}^{\top } \bm {\lambda } - \xi ^{min} \bm {w}^{\top }(\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \leq \frac {1}{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( {\bm w^{cv}}^{\top } \bm {\lambda } - \xi ^{min} \bm {w}^{\top }(\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \nonumber \\ & \leq \frac {1}{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( {\bm w^{cv}}^{\top } \bm {\lambda } - \frac {\xi ^{min}}{\xi ^{max}} {\bm w^{cv}}^{\top }(\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \label {eq: bounded eta1}\end {align}


\begin {align}(\bm {w^{cv}})^\top (\bm {I}-\bm {r})\bm {c}\bm {s}^* = \max _{\bm {s} \in \bm {S}} (\bm {w^{cv}})^\top (\bm {I}-\bm {r})\bm {c}\bm {s} = \max _{\bar {\bm {s}} \in \bm {S}^{co}} (\bm {w^{cv}})^\top (\bm {I}-\bm {r})\bm {c}\bar {\bm {s}} \geq (\bm {w^{cv}})^\top (\bm {I}-\bm {r})\bm {c}\bar {\bm {s}}. \label {eq: CV-MP controller for eta1}\end {align}


\begin {align}\eta _1 &\leq \frac {1}{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( {\bm w^{cv}}^{\top } \bm {\lambda } - \frac {\xi ^{min}}{\xi ^{max}} {\bm w^{cv}}^{\top }(\bm {I} - \bm {r})\bm {c}\bm {s}^* \right ) \leq \frac {1}{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( {\bm w^{cv}}^{\top } \bm {\lambda } - \frac {\xi ^{min}}{\xi ^{max}} {\bm w^{cv}}^{\top }(\bm {I} - \bm {r})\bm {c}\bar {\bm {s}} \right ) \nonumber \\ & = \frac {1}{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( {\bm w^{cv}}^{\top } \left (\bm {\lambda } - \frac {\xi ^{min}}{\xi ^{max}}(\bm {I} - \bm {r})\bm {c}\bar {\bm {s}} \right )\right )\end {align}


$\bm {\lambda } \in \bm \Lambda ^{'int}$


$\bm {\lambda } - \frac {\xi ^{\min }}{\xi ^{\max }}(\bm {I} - \bm {r})\bm {c}\bar {\bm {s}} \preceq -\epsilon \bm {1}$


\begin {align}\eta _1 \leq - \frac {\epsilon }{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( {\bm w^{cv}}^{\top } \bm 1\right ) \leq - \frac {\epsilon }{\xi ^{min}}\mathbb {E}^{\bm {\rho }(t)} \left ( \xi ^{min} \bm w^{\top } \bm 1\right ) = -\epsilon \mathbb {E}^{\bm {\rho }(t)} \left ( \bm w^{\top } \bm 1\right ), \label {eq: CV-MP controller for eta1 1}\end {align}


$\delta _0$


$\delta _3$


$\delta _4$


$\delta _5$


$\delta _6$


$\eta _2$


$\eta _1$


$\frac {\xi ^{\min }}{\xi ^{\max }} \leq 1$


$\frac {\xi ^{\min }}{\xi ^{\max }} = 1$


$\bm {\Lambda }'$


$\bm {\lambda } \in \bm {\Lambda ^{'int}}$


$\xi _{(i,o)}>0$


$(i,o) \in \mathcal {M_{F \cup N}}$


$f^{sgn}(\bm {w}(t)) = f^{sgn}(\bm {w^{cv}}(t))$


$t$


$f^{sgn}(\bm {w}(t)) = f^{sgn}(\bm {w^{cv}}(t))$


$t$


$\mathcal {M}_n^{p}$


$p$


$n \in \mathcal {N}$


$t^*$


\begin {align}z_{(i,o)}^{cv}(t^*) = 0 \quad \text {and} \quad \rho _{(i,o)}(x,t^*) = \rho _{(i,o)}^{max} \quad \forall x \in [0,L_i] \quad \forall (i,o) \in \mathcal {M}_n^{p} \label {eq: necessary for CV-MP}\end {align}


$t^*$


$p$


$n$


$(i,o) \in \mathcal {M}_n^p$


$t^*$


$w_{(i,o)}^{cv}=0$


$(i,o)$


\begin {align}s_{i,o}(t) = 0 \quad \forall t \geq t^*.\end {align}


$(i,o)$


\begin {align}\bm {s}^*(t) &= \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \left ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \left ( \frac {\sum _{j \in \mathcal {J}_{(i,o)}^{cv}} 1}{\sqrt {L_i}} - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \frac {\sum _{j \in \mathcal {J}_{(o,k)}^{cv}} 1}{\sqrt {L_o}} \right ) \right ), \label {eq: Q_MP}\end {align}


\begin {align}\bm {s}^*(t) &= \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \left ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \left | \sum _{j \in \mathcal {J}_{(i,o)}^{cv}}\frac { x_j}{L_i} - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \sum _{j \in \mathcal {J}_{(o,k)}^{cv}}\frac { L_o - x_j}{L_o} \right | \right ). \label {eq: PW_MP}\end {align}


$T_0$


$T_j^{T_0}$


$T_0$


$\sum _{j \in \mathcal {J}_{(i,o)}^{cv}} T_j^{T_0}$


$T_0$


$\sum _{t'=t-T_0+1}^{t} \sum _{j \in \mathcal {J}_{(i,o)}^{cv}(t')} 1$


\begin {align}\bm {s}^*(t) &= \arg \max _{\bm {s} \in \bm {S}} \sum _{n \in \mathcal {N}} \left ( \sum _{\forall (i,o) \in \mathcal {M}_n} s_{(i,o)}(t) c_{(i,o)} \left ( \frac {\sum _{j \in \mathcal {J}_{(i,o)}^{cv}} T_j^{T_0}}{\sqrt {L_i}} - \sum _{(o,\forall k) \in \mathcal {M}_{n'}} r_{(o,k)}(t) \frac {\sum _{j \in \mathcal {J}_{(o,k)}^{cv}} T_j^{T_0}}{\sqrt {L_o}} \right ) \right ). \label {eq: D_MP}\end {align}


$T_0$


$T_y$


$(T_0-T_y)/T_0$


$8 \times 7$
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(Yan et al., 2019; Wang et al., 2020; Lin et al., 2012) can be difficult to scale and adapt in the context of large, complex traffic road
networks. Hierarchical methods combine high-level network optimization with localized intersection control, offering a structured
framework for managing large-scale TSC (Sims and Dobinson, 1980; Gartner et al., 2001; Ye et al., 2016). Nonetheless, such multi-
layered systems often struggle with partitioning, cross-level coordination (Rinaldi et al., 2016), and efficient information exchange.
Distributed methods, by contrast, divide the network into smaller sub-components, i.e., intersections, allowing for localized, real-
time decision-making (Luo et al., 2025a). This localized perspective enhances scalability and reduces the communication overhead
typically required by centralized or hierarchical solutions (Al Islam and Hajbabaie, 2017; Wu et al., 2020).

Among distributed methods, Max-Pressure (MP) control, also referred to as Back-Pressure (BP) control, has attracted considerable
attention. MP control operates effectively with local information, making it scalable and cost-effective. Its decentralized approach
allows each intersection to make independent decisions, significantly reducing computational complexity and enhancing resilience to
failures. Furthermore, the guarantees of queue stability and throughput optimality for MP control ensure that it can maintain efficient
traffic flow within admissible demand regions (Varaiya, 2013a,b). The basic idea of an MP control is to shift the green phase to those
movements exerting the highest “pressure” on the road network, where the “pressure” is calculated as the difference in traffic state
parameters between incoming and outgoing lanes weighted by saturated flow rates. The vast majority of MP controls to date have
been investigating the use of different traffic state parameters for better network performance.

Early Max-Pressure (MP) control methods typically relied on aggregated traffic metrics derived from limited detection technolo-
gies. For instance, the pioneering Q-MP approach introduced by Varaiya (2013a) calculates the pressure of each signal phase based
on vehicle counts (or queue lengths using a point-queue model). Where links have unique features (e.g., dedicated bus lanes or short
links), a fixed weight can be applied to the queue length to capture these differences. However, Q-MP assumes infinite queue stor-
age capacity, which does not hold in real-world settings. To address this issue, Gregoire et al. (2014) proposed Capacity-Aware MP
(CA-MP), incorporating link capacity constraints. Yet, these early methods still primarily depended on vehicle count data due to the
technological constraints of that era.

Recent advances in information and communication technology, particularly vehicle-to-everything (V2X) connectivity, now allow
connected vehicles (CVs) to share real-time location and speed data (Siegel et al., 2017). Unlike fixed-location detectors, which only
yield aggregated traffic measurements at specific points, CVs provide two-dimensional spatiotemporal observations at the individual
vehicle level, greatly enhancing traffic flow analysis and management (Zheng and Liu, 2017; Zhao et al., 2019; Tan et al., 2021b;
Cao et al., 2021; Tan et al., 2021a; Wang et al., 2024; Tan et al., 2025b). Leveraging these rich CV data sources, researchers have
proposed refined MP-based approaches. For example, Li and Jabari (2019) developed Position-Weighted MP (PW-MP), which assigns
higher weights to queues near road inlets to mitigate spillback, and Wang et al. (2022) proposed a learning-curve-based MP (LC-MP)
that uses reinforcement learning to assign different weights to stopped and moving vehicles.

Nonetheless, most of these approaches only consider the instantaneous spatial distribution of vehicles, risking excessive delays
on side roads under imbalanced flow conditions (Wu et al., 2018). To overcome this shortcoming, some studies have explored
incorporating the temporal information of vehicles for MP control. For instance, Wu et al. (2018) introduced Head-of-Line Delay-
based MP (HD-MP) to reduce delays for shorter queues, thus improving equity, and Mercader et al. (2020) implemented MP with
average travel time (termed TT-MP), demonstrating favorable field results. However, neither approach explicitly demonstrated the
network queue stability. Further extensions include delay-based MP (D-MP), which considers the cumulative queue length over the
previous decision horizon (Liu and Gayah, 2022), and total delay-based MP (TD-MP), which uses total vehicle delay for pressure
calculation (Liu and Gayah, 2023); nonetheless, the network stability of TD-MP remains unproven while D-MP does not consider the
spatial distribution of vehicles.

In essence, existing MP controllers that adopt different traffic state parameters effectively assign various weights to vehicle counts.
For instance, Q-MP can be regarded as applying a uniform weight of 1 to all vehicles, whereas PW-MP uses location-based weights.
Notably, MP controllers that have established stability proofs typically employ time-invariant weights, relying solely on the spatial
distribution of vehicles. By contrast, when time-dependent weights are introduced, as in HD-MP and TD-MP through the use of
temporal information of vehicles, no formal proof of stability has been presented, despite promising experimental results. In summary,
existing MP controllers have not fully leveraged the spatiotemporal data provided by CVs, nor have they demonstrated that spatiotemporally
dependent weights can achieve network queue stability.

In addition, it is worth noting that most MP controllers leveraging vehicle-level data have only confirmed network queue stability
under scenarios with 100% CV penetration (Li and Jabari, 2019; Wang et al., 2022; Liu and Gayah, 2022) or have not examined
stability explicitly (Wu et al., 2018; Mercader et al., 2020; Liu and Gayah, 2023). Consequently, the network stability properties of MP
controllers in partially CV environments are as of yet unknown.

Moreover, in real urban networks, CVs are often heterogeneously distributed due to variations in traffic flow patterns, infras-
tructure availability, and socioeconomic factors (Goodall et al., 2013; Wadud et al., 2016). For instance, Dimitrijevic et al. (2022)
investigated CV data on New Jersey roadways and found that the CV penetration rate differs by functional class (interstate, free-
way/expressway, principal arterial, minor arterial). Although numerous studies on CV-based traffic signal optimization exist (Feng
etal., 2015; Yao et al., 2019; Tan et al., 2025a, 2024), few have investigated how heterogeneously distributed CV fleets affect overall
control performance. Even fewer studies have addressed how heterogeneously distributed CV penetration rates influence the stability of road
network queues under CV-based MP control schemes.

Note that while this study focuses on studying variants of MP controllers, another stream of MP control research is focused on
extending MP control to a wider range of signal control applications, including signal coordination (Xu et al., 2024), transit priority
(Xu et al., 2022; Ahmed et al., 2024), perimeter control (Liu and Gayah, 2024), pedestrian signals (Liu et al., 2024), etc., which is
outside the scope of this study and will not be discussed further.
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In summary, to address the existing research gaps on variants of MP controllers, this study proposes a novel CV-based MP control
(CV-MP) method that leverages CV travel time data to compute the pressure, thereby integrating both the spatial distribution and
temporal delays of vehicles. The main contributions are summarized as follows:

¢ We introduce an MP controller that leverages connected vehicle (CV) travel time data to compute pressure, fully exploiting the
spatiotemporal information from CVs by incorporating both the spatial distribution and temporal delays of vehicles.

e Werigorously demonstrate that MP control methods with spatiotemporal-dependent weights can effectively stabilize road network
queues. Additionally, we provide sufficient conditions under which MP controllers ensure queue stability, encompassing a broad
range of existing MP-based approaches.

* We demonstrate, for the first time, that CV-MP can also stabilize traffic network queues under partial CV environments and remains
effective even when CVs are heterogeneously distributed across different links. Moreover, we derive the necessary conditions of
CV observations for CV-based MP controllers to ensure stability in partially CV environments.

e Through extensive validation, we show that CV-MP significantly outperforms both actuated control and conventional MP control
methods, leading to lower vehicle delays, reduced spillovers, and improved fairness.

2. Preliminaries

Before moving into the methodology, this section presents the basic network definition and traffic flow dynamics, which are
mainly reproduced from Li and Jabari (2019). The parameters used in this paper are summarized in Appendix A.

2.1. Network definition

Without loss of generality, given a signalized network modeled as in Fig. 1, the notations are defined accordingly. Let N denote
the set of nodes, i.e., signalized intersections, indexed by n. The set of movements for a node » is denoted by M,,, and for a neighboring
node n’ by M,,, where each movement is indexed by a pair of incoming and outgoing links (i, o) or (o, k). Reproduced from Li and Jabari
(2019), traffic demands are loaded from fictitious source links connecting to exogenous links by fictitious source nodes, denoted by
F. We use M - and M to denote the sets of movements for all real nodes and fictitious nodes in the network, respectively. Note that
real links have finite link lengths and finite jam densities. Fictitious source links have no physical length and are therefore modeled
as point queues concentrated at the source node. They are assumed to have infinite jam densities, meaning that the queue length can
accumulate without bound, while the inflow and outflow rates remain finite due to the minimum vehicle time headway constraint.
Vehicles exiting the point queue and entering the network are assumed to strictly follow the first-in-first-out (FIFO) principle, which
is consistent with common traffic flow modeling assumptions. As indicated by Li and Jabari (2019), fictitious source links serve
two purposes: 1) they are used to model exogenous traffic demand, and 2) due to the finite jam densities of real links, fictitious
source links, with the property of infinite jam densities, are employed to capture network instability states, specifically, when queues
propagates into the fictitious source links, causing queues there to grow indefinitely.

We use s to represent the overall signal vector composed of individual signal vectors s, for each node n, with a binary variable
50 being the signal state for movement (i, 0). Specifically, s, ,, = 1 represents a green phase activation state of movement (i, 0) and
5(:.0) = 0 otherwise. The signal state for the only movement of each fictitious node is always green. The set S denotes the feasible
space of all signal states regarding signal phase constraints. On the incoming link of movement (i, 0), we use J¢". to denote the set

(i,0)

and Jj; ) = Ji4 U I, to denote the

of CVs with size z(”ibo) and J(f”; , to denote the set of non-connected vehicles (NVs) with size z:',.”o)
set of all vehicles with size z ,, = Zzivv) + zz.”a), both of which are indexed by vehicle j.
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Fig. 1. Network definition.
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2.2. Traffic flow dynamics

Since our MP control takes spatiotemporal information at the vehicle level as input, the continuity equations are used to model
the traffic flow dynamics, which is reproduced from Li and Jabari (2019). For movement (i, 0) € My, the traffic density at position x
along the incoming link i that is destined to the outgoing link o is defined as p; ,(x, ), which is a variable depending on the distance x
along the link and time factor 7. While for movement (i, 0) € My, the traffic density of the incoming flow is defined as p; ,(¢), which
is independent of x since the fictitious source link has no physical length. Then, based on the continuity equation, we have

dpi @)

—— = g () = g5 (0. for (.0) € My, &
0p(; o) (X, 1) 04 5)(x, 1)

<”‘gt = “gx for xe(.L), (i,0)€ M, 2

where ¢, ,)(x, 1) denotes the flow rate at position x and moment ¢ along the incoming link i that is destined to the outgoing link o of
movement (i, 0), 4,,(?) denotes the exogenous demand rate at moment #, q(”,";)(sZ“;)(t)) denote the outgoing flow function of the link i
at moment ¢, s"“’ (t) denote the downstream control state of the link / at moment ¢, and L; denotes the link length. In particular, for

(i,0) € My, 1ts downstream control state is always 1. At the boundary of the incoming link of movement (i, 0) € M, we have

0p(1,6(0, 1) _ 94 (0, I)

= - qr (s () = 44,0)0,1) when x=0, 3)
09 o) (Lis 1) 0q(i 0 (L;> 1)
a ";)I Py _ T D;x T = oL D) — g0 (50 () when x =L, 4

where qé, 0)(5 (1)) and si” (t) denote the incoming flow function and the upstream control state of the link i at moment ¢, respectively.

(i,0)
Considering connectlons between links, qé,"o)(s(l D)(t)) and q(”l“;)(sf“(’] )(t)) can be written as:

‘75"2) f:‘z)(t)) - mm{cu )5, 0)(’) Hi, o)(t)} (5)
q(i 0, 0)(1)) Z Ti.o)@Omin{eg S @), bnp®}, i G 0) € My, (6)

(Vh,)EM, 1

where ¢; , is the saturated flow rate of movement (i, 0) at the stopline (i.e., x = L;) and p; , (?) is the effective serviceable demand rate
of movement (i, o), which depends on both the egress density of the upstream link i and the ingress density of the downstream link o.
Specifically, p; ,(t) reflects the smaller of the upstream demand and the available downstream receiving capacity at time ¢; that is, it
incorporates both effects but is determined by the more restrictive of the two at any given moment. In this way, 4 ,(t) ensures that the
modeled discharge flow respects both upstream vehicle availability and downstream storage constraints. r; ,,(f) denotes the turning
rate of movement (i, 0) at moment 7. We use n” to represent the upstream neighboring node connecting to link i, with movements
indexed by (h,i). Egs. (5) and (6) actually model traffic flow dynamics at the nodes, which is determined by the signal control state
5(1,0)(t) of movement (i, 0) € Mz, at the moment ¢. Note that when practically applying MP control, we do not need the exact value
of u; ,(t) because it is not utilized in our control policy. y ,(?) is only used in stability analysis.

For real links with finite length, physical link capacities are inherently respected through both link-based and node-based con-
straints. Specifically, in Eq. (2), the traffic density p; , (x,) is naturally bounded by the jam density of the link; the flow rate g; ,(x, )
is bounded by the fundamental diagram relationship, and at the stopline, by the saturation flow rate ¢ ,. Regarding the capacity
constraints at the node level, outgoing flows are constrained by Eq. (5), which guarantees that the maximum discharge flow from
any link cannot exceed either the upstream demand of vehicles, the downstream storage availability, or the physical saturation rate.
Similarly, the inflow dynamics in Eq. (6) couple upstream and downstream links through turning rates and enforce that inflows are
feasible given both capacity and control states.

3. Methodology

In this section, we first formulate a general form of MP controllers that uses vehicle-level information, and then the CV-MP
controller that uses real-time vehicle travel time information is proposed.

3.1. Generalized MP controller

During the modeling stage, existing MP controllers assume traffic state information is accurate without accounting for errors. When
we represent traffic state using vehicle-level information, this is equivalent to assuming all vehicles are connected. In the generalized
MP controller, we follow this assumption, i.e., assuming vehicle-level traffic state information is accurate (or equivalently assuming
all vehicles are connected). Recall that J;; ,, denotes the set of all vehicles of movement (i, 0) € My, index by j. We use y;(t) to
denote the state parameter of vehicle j used for pressure calculation. Then, the generalized MP controller can be expressed as:

s =argmax 31N syOeao| X 0= D ren® Y yoff @

neN | V(i,0eM, €T i) (0.Yk)EM,1 €Tk
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Fig. 2. Different cases with the same number of vehicles.

where s* denotes the signal decision by the MP controller. In essence, 3’ ;o Tow Vi (¢) calculates the traffic state of the incoming link
i of movement (i, 0). The pressure for a movement is computed as the product of its saturated flow rate ¢, ,, and the difference in
weighted traffic states between the associated incoming and outgoing links (as indicated within the inner parentheses). Eq. (7) shifts
the green phase to those movements exerting the highest pressure on the road network.

In the following, we will illustrate how Eq. (7) encompasses existing MP controllers and elaborate on their limitations from a
data utilization point of view. Q-MP (Varaiya, 2013a) used the number of vehicles z; , on the link for pressure calculation, i.e.,
letting y;(f) = 1 or y;(t) = 1/ \/f,., where the latter is used if the link length L, is considered to prioritize short links that have a high
probability of spillover. CA-MP (Gregoire et al., 2014) adopted a similar idea, which further normalizes the queue length of the link
by its capacity. Note that none of the above MP controllers that ignore the spatial distribution of vehicles can distinguish between
the two scenarios Case A and Case B in Fig. 2. Obviously, Case B has a more urgent need for the green phase than Case A because of
its larger queue.

Therefore, PW-MP (Li and Jabari, 2019) emphasizes queues near link inlets to mitigate spillback risks, i.e., letting y; (t) = x;(¥)/ L, if
J €Ty or 1 —x;(t)/L,if j € J, ), and x; is the distance traveled by the vehicle after entering the link. A similar strategy was used in
LC-MP (Wang et al., 2022), which employs reinforcement learning to assign distinct position-related weights to stopped and moving
vehicles for optimized performance. PW-MP and LC-MP can, to some extent, differentiate between Case A and B and reduce long
queues on the road network by considering the spatial distribution of vehicles. However, even if the two movements have the same
distribution of vehicles, it does not truly reflect their urgency to the green phase due to the potential differences in the cumulative
delay incurred by these movements. As shown in 2, Case D and E have identical vehicle distributions, including vehicle counts and
queues, but present different delays due to the different vehicle arrival times. Obviously, Case E has a more urgent need for a green
phase than Case D. PW-MP and LC-MP do not distinguish between these two scenarios because they do not take into account the
temporal information of the vehicles.

Considering temporal information of vehicles, HD-MP (Wu et al., 2018) used the delay d;(#) of the head-of-line vehicle for pressure
calculation, i.e., letting y (1) =d;(1) if j = 1 and 0 otherwise, which improved delay equity of vehicles. D-MP (Liu and Gayah, 2022)
used a delay-related indicator as the vehicle state, i.e., letting y (1) = djTU(t) for all vehicles where djT0 denotes the vehicle delay during

dl () is equivalent to ZT" 25°P(¢"), where zzl";’)’ denotes the number of

period T, between two decision steps. Essentially, ¥, Jow 4 7ot i)

stopped vehicles. Thus, D-MP is essentially in the same category as Q-MP and CA-MP in that it only utilizes information about the
number of vehicles. TD-MP (Liu and Gayah, 2023) modified D-MP with actual vehicle delay for pressure calculation, i.e., letting
yi()=d;@ if j € J; .- HD-MP and TD-MP consider the temporal information of the vehicles to some extent; however, they ignore
the spatial distribution of vehicles. That is to say, they cannot distinguish between Case C and D in Fig. 2 as the moving vehicles are
not included for pressure calculation. Obviously, Case D has a more urgent need for a green phase than Case C, though they have
the same delay. In addition, considering the time information of vehicles leads to time-varying weights on link traffic density, which
can cause additional difficulties in network stability proofs. Therefore, these two studies did not prove that they can stabilize road
network queues.

3.2. CV-MP

As summarized in Section 3.1, existing studies have not fully exploited the spatiotemporal information provided by CVs, resulting
in their defined pressures not adequately distinguishing between the urgent need for green phases in each movement. This study
proposes to employ the link travel time information of CVs as the vehicle state parameters y;(#) to calculate the pressure in Eq. (7).
Then, the CV-MP controller is written as
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where 7;(?) is the normalized link travel time of CV j at the decision moment ¢. According to Remark 1, we assume that the turning
intentions of CVs are known, so that we can easily classify the movements of CVs, i.e., obtaining J(jf] ) Regarding the turning ratios
Fok)(®), it is calculated based on CVs as r, (1) = zE: k) v zZ: e For movements with negative pressure, we correct them to O to
ensure non-negativity.

As illustrated in Fig. 3, for vehicle j € (5 ’;), 7; is calculated as

-1 (t
= —2 = (x’—()+dj<r>>, ©

Tio) T \ Yj

where ¢V is the moment the CV j enters the link. % 0 is the constant free-flow travel time of movement (i, 0) on link i, which can be
calibrated as the link length divided by speed limits. Recall that x; is the distance traveled by the CV after entering the link, and d; is
the cumulative delay of the CV since the CV joined the queue. Different from D-MP, which resets the delay at every decision step, the
delay here keeps accumulating even if the vehicle stops for several decision steps. The average free-flow speed of the CV is denoted
by v;.

The first equal sign suggests how link travel times are obtained in practice, with CV vehicles recording their time of entry into the
link t;.’ and sharing real-time travel time 7 — 10 to participate in the calculation of pressure.

The second equal sign divides the link travel time into free-flow travel time x; /v; and vehicle delay d;, which reveals the fact that
the link travel time implies both the position information, x; employed by PW-MP and LC-MP, and the vehicle delay information,
d; employed by HD-MP and TD-MP. That is to say, the proposed CV-MP in Eq. (8) exploits the spatiotemporal information of CVs.
Besides, since CV-MP uses CV information only for calculating the pressure (i.e., r;, and 7;), even when CVs are partially distributed
across the network, CV-MP is a purely CV data-driven MP control method.

The underlying perspective of using CV data only for MP control is that we believe the pressure calculated by CVs only can reflect
the relative magnitudes of pressure calculated by all vehicles. In a non-cyclic MP control where the green phase is activated based
on a maximum-value operation, i.e., selecting the phase with the maximum pressure, using CV data only is highly likely to maintain
decision consistency if the underlying perspective holds.

Note that the study by Mercader et al. (2020) also uses travel time for pressure calculation, while they used the average travel
time of observed vehicles collected during the last cycle, performing cyclic MP without stability proof, and this study uses real-time
travel time of CVs on the link, performing non-cyclic MP with stability proof. In this study, all MP control refers to non-cyclic MP
control if not stated.

Remark 1 (Turning intentions of CVs). To calculate movement pressure, in addition to travel time, CVs must provide their turning
intention, indicating whether they will turn left, go straight, or turn right, to classify their movement. Since many current CVs utilize
map guidance services with predetermined routes, it is assumed that their turning intentions at intersections are already known for
this study.

Eg. (8) calculates movement pressures in the form of using CV information. By introducing binary variables f; to indicate whether
the vehicle is connected, movement pressures can be calculated in the form of using information on all vehicles as

All vehicle form:

s*(t):argmaxz Z 5.0 DC(i.0) 2 B (1) — z F(o,dey (@) Z BiT;0]) 10)

seS . .
neN \ Y(i,0eM, J€Ji.0) (o.Vk)EM, €0k
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where the probability of a vehicle j € J;; ,) being a CV follows Bernoulli distribution, i.e., Pr(f; = 1) =&, ,)-

Remark 2 (Heterogeneously distributed and partially CV environments). The proposed CV-MP does not require the CV penetration
rate to be the same across the road network, as we assume a penetration rate ; ,, for each movement (i, 0). That is to say, we assumed
heterogeneously distributed and partially CV environments for CV-MP.

We can also rewrite it in the form of traffic density and the more compact matrix form. We use pft_”o) to denote the traffic flow
density of CVs of movement (i, 0), then the traffic density form of CV-MP is written as:

Traffic density form:
L; L,
S*(t):argrsneagc Z ( Z s(,-yo)(t)c(,-yo)(/0 T(i.0)(Xs t)pzfo)(x, fdx — Z r(o'k)(t)/o T(oyk)(x,t)p(czk)(x,t)dx)), (11)
neN V(i,0)eM, (0.Yk)EM, 1

where 7, (x,?) is the weight on traffic flow density of movement (i, 0) that is associated with vehicle travel time information 7;(t)
and

L;
[ ot o= ¥ pr0= 3 02,0 a2
0

J€Ji.0) J€Ti

where £ means “defined as” and w(” (¢) is the CV-based traffic state of movement (i, 0).

Obviously, 7, (x,1) is spatlotemporally varying. Spatially varying means that for vehicles at different locations on the link we
assign different weights to calculate the pressure. For example, in PW-MP (Li and Jabari, 2019), x/L; or 1 — x/L; is used as the weight
on traffic flow density at position x, which is spatially varying but time independent, as for the same position x, its weight does not
change over time. Temporally varying means that the weight at position x will change over time. The use of time-dependent vehicle
state parameters, such as travel time and delay all result in weights that are temporally varying. For example, the travel time or delay
of a stopped vehicle at position x will keep increasing until the vehicle starts moving forward. Recall that both HD-MP (Wu et al.,
2018) and TD-MP (Liu and Gayah, 2023) use temporally varying weights, but they ignore the spatial distribution of vehicles. And, it
remains unknown whether MP controllers considering temporally varying weights can stabilize road network queues.

For simplicity, referring to Wang et al. (2022), we have the matrix form of the CV-MP controller:

Matrix form:
s*(t) = arg max 2 ( 2 8(i.0) (D€ 0y (W (oD — 2 r(D.k)(t)wf::k)(t))),
neN  V(i,0€M, (0.VK)EM,
= argmax(w*’) (I — r)cs, (13)
SES

where we’ € RMw~ X! denotes the column vector of w(!, (1) for all movements, r € RMyIXIMy| denotes a matrix containing all turning

ratios r( (), I € R XIMul s an identical matrix, and ¢ € RMwv XMyl js a diagonal matrix of saturated flow rate ¢, . Recall that
s € RMwIX! denotes the column vector of signal state s, ().

Note that the various forms of CV-MP controllers shown above do not consider fictitious nodes, which have only one movement
and whose green signal can be considered to be active at all times. Therefore, when we consider fictitious nodes in the CV-MP
controller, we only need to replace the node set ' with V' |J F and the signal decision of those real nodes in A" does not change. In
such cases, we have wU 0)(1) = p(l 0)(t) for (i,0) € Mp.
4. Road network stability

In this section, we first introduce some definitions of road network stability. Then, we will provide sufficient conditions for MP
controllers to stabilize the network queues, based on which, we will prove the network stability of the CV-MP controller in 100%
CV scenarios, i.e., the perfect environments, and prove the network stability of the CV-MP controller in heterogeneously distributed
and partially connected vehicle scenarios, i.e., the imperfect environments. The following assumptions are justified for the theoretical
stability analysis:

Al Real links have finite physical length, thus finite queue storage capacity, while fictitious source links have no physical length,
thus have infinite queue storage capacity. This assumption is borrowed from Li and Jabari (2019).

A2 The traffic signal control will not alter the route choices of vehicles that have already been made. Specifically, route choices
are fixed and determined a priori before the simulation begins in our evaluation part. This assumption aligns with the objective
of focusing exclusively on the supply-side control, namely, the effects of traffic signal control, while holding the demand-side
behavior (route choice decisions) constant.

A3 In the imperfect environments, CVs are heterogeneously and partially distributed across the network, and the expected penetration
rates for all controller movements are greater than 0. We make this assumption because if the penetration rate of a controlled
movement is 0, it indicates that no CV observations exist for that movement at any time. In the absence of valid traffic observations,
most non-cyclic MP methods become ineffective (without considering phase combinations). This also defines the theoretical
applicability conditions for CV-based MP in this study.
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A4 Whether a vehicle is a CV is independent of the turning ratios of the link. This assumption can be understood as CVs and NVs on
a link exhibiting turning behavior that follows the same probability distribution. This assumption is based on the premise that
we only have real-time CV data as input and lack prior traffic volume information for calibrating the turn ratios for the network.

It is worth noting that both assumptions are made for theoretical network stability analysis, which may deviate from reality, especially
for A2-A4, considering the randomness of changing traffic flow and the partial CV distribution. Compared to the controller operating
in the perfect environments, these deviations fundamentally introduce parameter estimation errors (e.g., turning ratios and movement
pressure) that degrade the control performance of the method. Our subsequent evaluation will also demonstrate this point.

4.1. Definitions
This section introduces some definitions and lemmas for the following stability proof of MP controllers.

4.1.1. Network stability
The strong stability of the network queue length is defined as (Neely, 2010; Li and Jabari, 2019):

Definition 1 (Traffic network stability). The traffic network queues are said to be strongly stable if the following condition holds:

T io)@®), if (i,0) e M
lim sup l/ E 2 ZioM]df < o0 and  z;, (1) = p(']f)( ), it (i, 0) o (14)
T-o T Jo ; ’ /0 " Py (X, D)dx, if (i,0) € My

(1,00 EMp\

Recall that p; ,, denotes the traffic flow density of all vehicles of the movement (i, 0) and z; ,, denotes the number of vehicles of the
movement (i, 0).

Definition 1 says that a traffic road network is strongly stable if the applied signal controller ensures that the queues on the road
network do not grow infinitely over a long period of operation. As pointed out by Li and Jabari (2019), there is a physical upper bound
to the number of vehicles z; ,, for movements (i, 0) € My since we consider the physical link length through the continuity equation
of traffic flow dynamics. Regarding those movements (i,0) € My, their z , can be infinitely increasing, recalling that fictitious source
links have no physical length. In other words, when the road network is unstable, congestion will be incurred on the real links with
a physical upper bound of traffic density, and that congestion will keep spreading to fictitious source links, causing their queues to
grow infinitely.

Definition 2 (Lyapunov function). Given a network with the traffic flow density state denoted as p(¢), a Lyapunov function can be
defined as

L L

1 i ‘ 1

Vip@®) = 3 Z / / (Y(,',o)(X, )+ y(,;g)(xl, ’))P(,’,a)(x’ I)P(,-,g)(x,, fydx'dx + 3 Z P(;,o)(T)Z, (15)
(.oeMy /0 0 (i,0EMp

where p; ,(x,7) denotes the traffic flow density of all vehicles and y; ,)(x, ) is a spatiotemporally varying non-negative weight function,
i.e., yip(x, 020, ¥ (i,0) € My, x €[0,L;], ,t > 0. This ensures that V' (p(#)) > 0 and V(p(?)) = 0 if and only if p(z) = 0.

In fact, V(p(?)) is essentially the sum of the double integral of traffic flow density that is weighted by y; , (x,?), i.e., the sum of the
square of the weighted z; , (). Reproduced from Neely (2010), Li and Jabari (2019), a sufficient condition for traffic network stability
based on the Lyapunov function can be derived.

Lemma 1 (Sufficient condition for traffic network stability). Given the Lyapunov function Eq. (15), if there exist constants 0 < K < oo
and 0 < €' < oo such that the Lyapunov drift

EPU><w> <K-EO Y 2,0 (16)

((,OEMp N
holds for all t > 0 and all possible p(t), then the traffic network stability condition Eq. (14) is satisfied.

Proof of Lemma 1. The proof of Lemma 1 is similar to that of Varaiya (2013a) and Li and Jabari (2019). By taking expectations and
integrating the both sides of Eq. (16) over the interval [0, T], we have

T T
d t
/ [E"“(@)dl < KT - e’/ EP® 2 Zi,0)() |dt, 17
0 d 0 (1.00EMpypr

where the superscript p(¢) of the expectation EA”) is dropped by taking expectations. The left side of the inequality is derived as:

’ dv(p(n) T 4y (p(1))
o) ( =7\ _p® ) R
/0 EP < ar )dl =FEP (/0 —d[ dt> = EP (V(p(T))) EP (V(P(O))) as)

Thus we have

T
EO(V(p(T) ) - E7O(V(p(0) ) < KT - ¢! / Bl Yz, 0|, 19

0 (1L.00EMpy

8
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Rearranging these terms and dividing them by ¢'T, we have

(Vo)) B (Vo)
A k F ( B
7 /0 EP Y zen0far< S+ 7 =7 (20)

((,O)EMp N

EPO) ( V(p(T)))

Since V(p(T)) > 0 and [EP(’)(V(p(O))) < oo, by dropping the non-positive term — and taking the limit on both sides as

e'T
T — oo, we have
LT E(V(p(0))
H (1)
ll;n_)sip T [) EP Z Z(j,0)(@) |dr < - + B < o0, 21)

(1,0 EMp\r

which proves Lemma 1. O

4.1.2. Admissible demand region
Recall that s denotes the column vector of the network signal states and .S denotes the feasible polyhedron space of the network
signal state. Inspired by Wang et al. (2022), S defines the admissible demand region A as below:

Definition 3 (Admissible demand region). Given the turning ratio r and the feasible polyhedral space S of network signal states s
under certain signal constraints, the admissible demand region A of the traffic network is defined as:

A={A|A=T -r)c§, 3I5€S5°}, (22)

where 1 € RIMrux ! denotes the column vector of the average exogenous demands of the network, 5§ denotes the long term average
of signal state s, i.e., § = lim;_, o, % ZLI s, and S is the convex hull of S.

Note that in Definition 3, both I, r, ¢, and 5 include movements at fictitious nodes, making their corresponding dimension sizes become
[ Mzynrl- This admissible demand region characterizes the feasible average exogenous demand A that the network can accommodate.
Accordingly, a control policy is deemed throughput-optimal if it can stabilize the network queues whenever the demand lies within
the interior of this region. Besides, we can prove that no controller can stabilize the network queues if the demand is located outside
this admissible demand region (See Theorem 2). Based on Eq. (22), we can always find a ¢ > 0 for 1 € A™ that makes

A—(I —r)cs < —el, (23)

where A denotes the interior of A (Wang et al., 2022).

4.2. Sufficient conditions for MP controllers stabilizing traffic network

Recall that we have used y; ,(x,?) to denote the more generalized spatiotemporally varying weight on traffic flow density in
Definition 2. Then, we can rewrite the generalized MP controller presented in Eq. (7) in density form as below:

L; L,
s*(t) = argmea;( Z ( 2 s(i,a)(l)c(i",)(/ Vii,0) (X P 0y (x, )dx — Z r(o,k)(t)/ y(o,k)(x,t)p(oik)(x,t)dx)). 24)
S hEN V(0eM, 0 (OVKEM,/ 0

Note that existing MP controllers, when all written in the density form, can be considered as variants of Eq. (24). For example, for
Q-MP, we have a fixed y; , (x,7) = 1 and for PW-MP, we have a spatially varying but time-independent y , (x,?) = x/L; or | —x/L;
depending on whether the lane is on the incoming link or not.

Remark 3 (Matrix form of generalized MP controller). Include movements of fictitious nodes M and rewrite the generalized MP
controller in Eq. (24) into the matrix form, we have

s*(t) = arg max Z ( Z s(['o)(t)c(,-yo)(w(i’o)(t) - Z r(o,k)(’)w(o,k)(’)))’

neFUN  V(i,00eEM, (0,Yk)EM,»

=argmaxw' (I —r)cs, (25)
seS

where

L; .
" Vi Dp (X, Ddxif (i,0) € M
W o)1) = {/0 (t0) (o) ol

o (26)
Pioy® if (i,0) € Mp
and w is used to denote the column vector of wy; ,(?).

Before we get to the formal proof, the following lemma is needed. Since the physical lengths of real links are considered, for a
movement (i, 0) € My, its traffic density p, ,)(x,?) and flow rate g, , (x,?) are naturally bounded considering the physical property of
traffic flows. This is because vehicles have finite speeds and non-zero lengths, which imply finite time and space headway, leading

9
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to finite capacities and jam densities, respectively (Li and Jabari, 2019). Without needing to know the specific values, we know that
there are upper bounds, p?;“:; and q;‘i‘j‘];(, of traffic density and flow rate, respectively, which makes
0 < pgyx1) < p:'l’f)‘ 00, 27)
0< q(i,o)('x’ t) < q(i,o) < oo, (28)

for any x € [0, L;], any 7 > 0, and any (i,0) € M.

Lemma 2 (Upper bounds related to traffic density and flow rate). For any x € [0, L;], any ¢ > 0, and any (i, 0) € M ., since the traffic

density p; , (x, 1) and flow rate q;; ,(x, 1) satisfy Eq. (27) and (28), the following inequalities hold if 0 < y; ,)(x,1) < y(‘?i’;

/ / Py (52 DP (s DY < (L1502, 29)
,/O Vi) (X5 P i o) (%, DA < YZ%;LI'PZ?Z);’ (30)
[ e s oy
[ i M e < s, (32)

n

where q;“axo) is a positive constant and 0 < |0q(, o)(x 1)/ox' ‘ < q;"axo) 00.

Proof of Lemma 2. In Lemma 2, Eq. (29) and (30) are obvious since Vi) 20 and Pioy(x,1) 2 0. Regarding Eq. (31), we have

. ’ . /
/L'— _5Q(i,o)(x .1 & < /L'— 04 o) (x", 1) &’
0 ox' 0 ox’

+ +

< max{qq 4 (Li— 1), 4,004, D)} < 475 (33)

= |a60(Lizs ) = 4041

and similarly

Li- 0q; (X', 1) Li- 0q; »(x' t) - 10q (X', 1)
(i,0) (i,0)\" > (i,0)\* »
/0 oo )5 dx' < /0 Yoo D53 < y%‘/ o |
+ + 0y
<L, 30

The last inequality holds as there exists a finite positive q"‘é"‘o) such that |0q(, o', 1) /0x' ‘ < q;“?l"o) < o0. Specifically, we have

04 0 (X', 1) _ dqi o) (X', 1) 9p(; (X', 1)
ox'  dpin (.t ox/

, (35)

d(l(i.u)(x’yt)
01
2014) and P ")( is naturally bounded at traffic shock waves (Lighthill and Whitham, 1955) due to physical and road limitations
(e.g., driver reactlon times and vehicle constraints).
Thus, Lemma 2 is proved. O

where is bounded at p(; ,(x’,1) = 0 or p(; ,(x',1) = pE““’)‘ according to the fundamental diagram (Daganzo, 1994; Nishinari,

q) .

Regarding MP controllers in the form of Eq. (24), we can give sufficient conditions in Theorem 1 for their ability to stabilize the
road network queues. Note that Wang et al. (2022) gave sufficient conditions of movement traffic state (i.e., W in this study) for
their LC-MP controller stability, while they assumed a time-independent weight on traffic flow density. In contrast, the proposed
sufficient conditions in Theorem 1 are more generalized.

Theorem 1 (Sufficient conditions for MP controllers stabilizing traffic network). Given the admissible demand region A in Definition 3,
if the exogenous demand i € A™, MP controllers in the form of Eq. (24) can strongly stabilize the traffic network queues if y; ,(x, 1) where
(i,0) € My satisfied the following sufficient conditions:

1. The weight y(, (%, 1) on traffic density is non-negative and upper bounded, i.e., 0 < y , (x,1) < y?‘a’)‘ < .
2 Vi) (0,1) =

3. 0¥ gy (%, t)/atl is upper bounded by y{“ao’)‘, ie., [0y q(x,1)/0t] < y?:?z); < o0.

Proof of Theorem 1. According to Lemma 1, the network stability under an MP controller is proved by showing that Eq. (16) holds
for all t > 0. First, we can decompose and simplify E’“%% > Based on the Leibniz integral rule and the product rule of partial

10
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differentiation, we have

EPD dV(p@))
dt

d/’( )()
=[EP<’>< Y pug—— ) +EFO

Li 0y ;.0)(X: 1)
(i-0)
/ / e P (5, D (¥ 1Y
(i,0)EMp (i,00EM s

o)1)
+EPO / / (Vi 6 + Y (- r>)<p<,0)(x )&)u'dx

(i,00EM s
q( )() Li 0y 0)(x. 1)
= [Eﬂ<f>< E Pli.y(D—2— | + EPD Lp(, 0%, D, Ddx"dx
(i,0)eMp (i, o)EMN
)
9q; )(x 1)
— PO / / Y(, 061D+ Y, 0)(x f))(ﬂ(: (X D———— - dx'dx |, (36)
(i,00EM s

where the second equal sign is obtained by replacing dp; ,,()/9t and dp; ,,(x', 1)/t with —dq; ,,(1)/0x and —dq; ,(x",1)/0x" according
to Eq. (1) and (2). Referring to Li and Jabari (2019), the third term in Eq. (36) can be further decomposed by substituting x’ = 0 and
x" = L, to consider boundary dynamics:

ll( )( 1)
[Ep(t) / / y(l 0)(.X t) + y(l ())(x t)) <p(l 0)('X t) = dX/dx
(1,00EM s

09,00, 1) [Li
= -0 — 2 [ (50 D)+ 90 (0.1) p (. dlx
o i.0) (i.0)
(i,00EM 5 0
09 o)(Lis 1) L
- EP0 ”; — / (Y00 1) + V1.0 (Lis ) P (X, )X
(,00EM 5 * 0
i- 9q; )(X 1)
—EPO / / (Y0 1) + Y0y (X 1))(/’(1 (%, f)L x'dx
(1,00 EM s
L;
= ) FEV (‘l(: NEEHO) / Yii.0X: DP(1,0) (X ’)dx> > [Ep<r><q<i,o>(0, ) / 1,0y DP(1,0) (X t)dX>
(.0)EM s (i.0)EM 0
5 54
L;
+ Z Ep(r)((‘]éi 084, 0)(’)) 4(1,0)(0, t))/ Yi.0)(0: )P o) (X, t)dx)
(L0OEM 0
=0
_ Z EPO ( qzu;) c(zlu(r))(,)) / Vii.0) (% DP( ) (X, t)dx)
(1,0)EM \p
)
_ Z EP® <qéziu2) ?tu:))(t))/ Y, 0)(L,,t)p(, 0)(x I)dx)
(1,0)EM 5
53
L
+ Z EP® (CI(,;,O)(L,W 1)/0 (J’(i,o)(x’ H+ y(i,o)(Li’ I))p(i,o)(x’ I)dx)
(1,0)EM \r
s
L pLi- 0q(; (X', 1)
(i,0\* >
- Z [Ep(')</ / (Y106 D) + y.0)(x'. 1) (P(i,o)(X, t)_ax’ dx'dx |, (37)
(1,0)EM \r 0 04

3

11
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where the second equal sign is obtained by substituting Eq. (3) and (4) to introduce the signal control policy for traffic network
stability. The third term in Eq. (37) with y; , (0,7) can be dropped as y; ,,(0,7) = 0 based on Condition 2 in Theorem 1. Similarly, the
first term in Eq. (36) is also decomposed by substituting Eq. (1):

—[E"(’)< Y pin® q““)()) Y B (A ® - a2 53 @) ®) - (38)

(i,0)eMp (i,0)eMp

Combining Eq. (36)-(38), we have
EP<’><W>=n+50+51—52—53—54+55—56. (39)

Specifically, we have

Li rLi 9y o(x,1)
8y = z EP® / / Lpu (6 Dp (' Ddx dx
(1,00EM 5 0 Jo ot ’ '
L rL;
< Z EPO / /
(L, OEM 0 Jo

Li rLi
< z EP®) </0 /0 Vo Piio) (s t)p(,-vo)(x',t)dx’dx>
(i,00EM o

S o)
(1,0 EM yp

0Y(i.0)(x, 1)
e Piio) (X, t)p<,~’a)(x’, 1)dx’dx

The second less-than-and-equal sign is based on Condition 3 of Theorem 1, and the third less-than-and-equal sign is based on Lemma 2.

—8y=— 2 [E”(’)<qfi”"]) LN 0) / Yoy (Lis D o) (%, t)dx> <0, (41)
(i,00EM s

since qZ“; )(s"“' (1) 2 0 based on Eq. (5), y;,(L;, ) > 0 based on Condition 1 of Theorem 1, and py; ,(x,?) > 0 based on Eq. (27). Similarly,

(i,0)

as q; ,)(0,1) > 0 based on Eq. (28), we have

L
—by== ) [Epm(q(i,a)(o, ) / V1.0 Py (X t)dx) <0. (42)
(1L.0)EM 5 0
Further,
Ll
65 = Z [Ep(')<61(,-,a)(Li”)/ (y(,-’o)(x, I)+y(,-,g)(L,-,t))p(,-,o)(x,t)dx>
(L.0)EM 0
< X eyl = K. 43)
(i,0)EM s

where the less-than-and-equal sign is based on Eq. (28) and Lemma 2.

40 (xD N |,
o= ¥ [Epm(/ / ($o) (%5 D)+ V10X, t))<p(,o)(x )L>dx dx)

(i,0)EM s

9q, )(x 1) 9q;, )(x,at)
= > [Epm</ / ~Y60)(X DP(i0) (X ’)L p(,-,o)(xﬁ’Wu,o)(x,”)lgde,dx
(i,00EM s

i L= 0q(; (X', 1)
= Z [Epm( / y(i,g)(x,t)p(i’o)(x,l)< / —’;—/dx’ dx
(L0)EM 0 0y X
L Li- dq; (X', 1)
+ g / ex: / Yoy s 2y )
. Z A P(,,o)(x ) 0, Y(,,g)(x ) ox! X X

(i,0)EM )
L;
< Y w0 (q{:";f / Yooy (5 D1y (X t)dx) + Y B0 <y;7“0§L T / Pli0) (X ’)dx>
(1.0)EM (1,0)EM 0
max . ,max max max 72 -max _max __ !’
s Z q(' 0) y(l O)L'p(i,o) + y(l 0) L; qx l())p(l 0) K (44)
(1L0)EM

where the second equal sign is obtained by separating the term (y; ,(x.?) + y;,(x'. 1)), the third equal sign is obtained by separating
integrals over x” and over x, and the inequalities are obtained based on Eq. (30)-(32) in Lemma 2.

12
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The remaining terms #, §;, and 6, are all associated with the signal control policy, i.e., qé[ 0)(5(/ 0)(1)) and qz’i“g )(s?‘.”('))(t)). Then, we
have ' Y

n+o —6= Y [E"(”((/l(,-_o)(t) — g (s ;’,“j,>(t)))p<, D)(t))

(i,0)eEMp
+ Z Ep(”(t](m) st ) / Vi) 6 D) (X, t)dx>
(i,00EM s
- z [E”(’)(q(”,.”,’,) S (1) / Yty D0 (X, t)dx)
(1,00EM s
=[Ep(t)( Z ((1(1_,0)(,) qu¢;)(s€;f;)(z)))w(i’o)(t))>
(i,0)EMp
FEPOL N (gl sty () = g2 (57 0 ) 0| 5)
(i,00EM s

where the second equal sign is obtained by replacing p; ,(r) and /0 Yii.o) (X D 5 (X, Ddx with wy, (7). Substituting q( a>(s(l 0)(t)) and

qé”“; )(sz’[_"{'))(t)) based on Eq. (5) and (6), rearranging terms, and rewriting # + §; — 6, in matrix form, we have

n+6 =6, =E" “)< Y (Ao ® = minfeg 5600 ﬂ(i,m(’)}))w(no)(’)))
(i,0)EMp

+E0L Y D o Omin{eqn s Ds oD} = Min{eg,086.00: oD} 1060 O
(.M | (hDEM
=EY(w' (21— I - r)min{p, cs*}))
=EPY(w" (A— —res* + (I —res* — (I —r)min{p, cs*}))
=EPO(w'(A- - res*)) + EPO(w' (I - r)(cs* - min{y, cs*}))

m m
=n+m (46)

where the time step indicator (¢) is dropped for simplicity. The third equal sign is obtained by introducing terms (I — r)cs* and the
fourth equal sign is obtained by distributing w" to each term in the bracket. s* here denotes the signal control state determined by
the generalized MP controller in Eq. (24).

Here we first handle #,. Since 0 < ¢s* — min{cs*, u} < ¢s* and 0 < s* < 1, we have

m, < EPO(w'(es* — min{p, cs*})).

Here we process movements in M and My, respectively. For movement (i, 0) € My, the traffic density p; , is unbounded as the
fictitious links have no physical length. Nevertheless, we can always find a threshold density pz‘i " when y; , increases to the saturated
flow rate, i.e., 4, = ¢, Then, we have
W0y (D(C(i,0)S(i.0) (1) — MIN{C(; ) S(i.0) (D5 Hi o) D)D) = P, 0) (3.0 S(1,0y ) — MiIN{C(; )51 .0) (s Bi 00 () })
<Pl (Cliny S0y ® — MIn{c 8.0 D oD} < ol cioy i g0 < ¢
{ p(z,o) (i,0)°(i,0) { (i,0)(i,0) #(I,OT } p([,g) (i,0) Hio) (i,0) for (i,0) € Mg 47)
= 060D 0)S1.0) D) = Ci.0)Si.0) ) =0 i 1 o) (D) > ¢

. L;
For movement (i,0) € M s, based on Lemma 2, we have w ,,(t) = /0 Vii,0) (X DP i 6 (x, Ddx < yZ“(‘)"L pz“;’; Then, we have

W0y (D01 S(1,0) (1) — MIN{ € ) S(1.0) (15 Hi o)D) < Wi 6)(De(i ) < y(l o) *L; p(l o c<, 0) for (i,0) € M. (48)
Back to 7,, we have

m <EPO(w'(es” —minfu es™)) = D B (g0 (€0 8(1.0)(1) = Min{€(i)8.0) (D Hio)DD)
(i,0)eEMp

+ D PO (w0050 @ = Min{e(08.0) D Hio®H))
(i,0)EM

Z p(l 0) C(, 0) + Z y?:ao))cL p(l o))cC(l 0) — K2 (49)
(l 0)EME (i,0)EM

Next, we analyze #; with all movements (i,0) € Mz, are included. Based on the generalized MP controller in Eq. (25), we have

w'(I—nes* =maxw (I —r)es = max w' (I —r)es > w' (I - r)cs. (50)
seS sesco
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Recall that § denotes the long term average of signal state s and S is the convex hull of the feasible polyhedral space S of network
signal states s under certain signal constraints, as defined in Definition 3. Then, we have

m =EFOw" (A-U -res*)) <EPO(w' (A - I - r)es)) < —eEP0(w'1) (51)

where the first less-than-and-equal sign is obtained by substituting Eq. (50) and the second less-than-and-equal sign is obtained by
substituting Eq. (23). In particular, we have

L i e
/0 " Vi.0) (X P gy (x, )dX > yz.’,‘:)z(,-ga)(l) >0 if (i,00) € My, w0 >0,

W01 = foL' Vii.0) (% D10y (6 DX = 2 =0 if (1,00 € My, Wi )y =0, 52)
p(i,o)(t) = Z(i,o)(t) if (i,O) € MP»

where y?,“o“) = min{y; ,) (X, Dy (. 1) > 0,x € [0, L;]} > 0. Therefore, we can always find a positive y™" < min(1, { yz‘,‘l{]“) HioreMy >0
that makes

w > y""z, (53)

where z is the column vector of the number of vehicles z; , () for movements (i,0) € My, - Thereby, we have

m < —e[Ep(’)(le) < _€ymin[EP(I)(le) — _/EPO Z Z(i.0)(0) (54)
(1,0)EMp

where ¢’ = ey™". In summary, by substituting Eq. (40)-(44), Eq. (49), and Eq. (54) into Eq. (39), we have the Lyapunov drift

dv(p®)
[E”(’)<T =8y — 83— 64+ 35— 86+ (N + 38 —6y) =8 — 83 — 6, + 85 — 6 + () + 1)

SK=€eBOl N 2,0 (55)

(1,0 EMp N

where the constant K = K + K; + K| + K. Thus, Lemma 1 is satisfied with the generalized MP controller in Eq. (24). According to
Definition 1, Theorem 1 is proved. O

Remark 4 (Theorem 1 encompassing existing non-cyclic MP controllers). It is not difficult to find that most existing non-cyclic MP
controllers that are able to stabilize the network queues meet the sufficient conditions in Theorem 1. For instance,

* Q-MP lets y;(t) = 1 if x; > 0, which makes y , (x,?) = 1 for x € [0, L;_] and y; ,,(0,7) = 0 and |9y ,)(x,?)/0t| = 0. In particular, if
the link length is considered, Q-MP lets y; ,(x,7) = 1/ \/L_, while maintaining the conclusion.

e PW-MP lets y;)=x;/L;, which makes y; ,(x,1) = x/L; < 1for x € [0, L;] and y; ,,(0,7) = 0 and |9y ,,(x,?)/dt| = 0. In particular, if
the priorities of different movements are considered, PW-MP lets y;(t) = a; ,x;/L; where «; ,) is the constant priority coefficient,
which maintains the conclusion.

o D-MP lets y;(t) = djTO if x; > 0, which makes y ,(x,?) < Tj, for x € [0, L;_] and y; ,,(0,7) = 0 and |9y ,(x,1)/0t| < Ty.

Note that LC-MP is similar to PW-MP, and the difference is that LC-MP uses reinforcement learning to obtain a non-linear and
time-independent y; ,(x,?), which still satisfies sufficient conditions. All of these MP controllers can be encompassed by Theorem 1.

Theorem 2 (Instability outside the capacity region). There is no stabilizing control when A & A, where A is defined by Definition 3.
Proof of Theorem 2. Assume that A ¢ A, equivalently there exists a movement (i’, o) such that

{A—(I—r)ci}(i,,o,) =6>0, (56)

Py (D, (i,0) € Mp,
L;
/ p(,-yo)(x, t)dx, (i,0) € My
0

Py (D)

Recall that the network queue is defined by a vector z(r) with z;, () = . Integrating 2 py

—W over x € (0, L;) and using the boundary relations yields, for all movements,
20 =A0) - - r) g™ @), (57)

where g%(z) is the vector of qg’i“; )(s‘(’l.“(’))(t)) and recall that qg’i“(’) )(sf;‘;)(l)) =min{ ¢(; ) 5¢,0)(1)s H(i (@) }. Since (I - r) is not componentwise

nonnegative, we pre-multiply (57) by (I —r)~! > 0:
(I =720 =T - 170 - ¢ 0. (58)
Since min{c; 4)5.6) @), Hi )} < €(i.0)8(1,0) (), we have the vector inequality q° (1) < es(r). Then, we get

T=r7'20) > T =1)7"A0) —es@). (59)
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Integrate Eq. (59) over [0,T], divide by T, and let T — oo:
PRI [ T P
llTnngf T I-ry'z(T) > I-r) [/l o r)cs]. (60)

By hypothesis, there exists an index m = (i’, 0’) with § = {4 — (I —r)c5},, > 0. Let @ 2 (I —r)"Te,, > 0. Taking the m-th component on
both sides yields

T
lim inf %(T) > el (I- r)‘l[l —I- r)cs] > (=), > 0. 61)
Hence ' z(T) grows at least linearly, i.e., @' z(T) — .

Because a > 0 and z(7) > 0, if every component of z(r) were bounded, then a z(t) would be bounded, leading to a contradiction.
Thus at least one component of z(r) diverges. If (i’,0') € My, then 2z (1) is uniformly bounded due to finite storage (densities
are bounded by the jam density). This contradicts liminf;_ o, zy »\(T)/T 2 6 > 0 unless the positive drift is transferred upstream via
spillback, thereby reducing the feasible inflow to the saturated link. Tracing along the (finite) upstream routing graph, this spillback
must eventually reach some fictitious source movement (7, 3) € Mg, for which the same positive average drift holds; hence PGt =
linearly. Therefore, at least one movement queue diverges, and the network is unstable. [

4.3. Stability of CV-MP in perfect environments

In Section 4.2, we have proved Theorem 1 that an MP controller can stabilize the network queue if certain sufficient conditions
are satisfied by its spatiotemporally varying weight on traffic flow density. In this section, we will show that the proposed CV-MP
controller, which uses the real-time vehicle link travel time information as weights on traffic density, can satisfy these sufficient
conditions in perfect environments.

Lemma 3 (Upper bounded vehicle link travel time). Assume that the exogenous demand 1 satisfies A € A™, where A is the admissible
demand region defined in Definition 3. Then, for any movement (i, 0) € My, of a traffic network controlled by the CV-MP, there exists a finite
constant r(‘?;;‘ such that for every x € [0, L;] and all t > 0,

0 < 750(x,0 < T('TZ;‘ < (62)
Equivalently, for every vehicle j € J; ,,

0<7;(0< " < 00 (63)
where ™ is q finite constant independent of j and t.

Proof of Lemma 3. We express the travel time for a vehicle j as
x; (1)
() = —— +d; (). (64)
Yj

where x;(r)/v; is the free-flow travel time and is upper bounded by L;/v;, and d,() is the control delay. Hence, it suffices to show
that there exists a finite constant d™** such that

d;®) < d"* forall j e T o) and r > 0. (65)

Because vehicles are processed in a first-in-first-out (FIFO) manner, for any j > 1, we have d,(t) < d,(r) where d, (?) is the delay of the
first vehicle at the stopline. Therefore, proving

di() <d™ Vi>0, (66)
is sufficient.
We proceed by contradiction. Suppose that no finite constant d™** exists, i.e.,
lim d,(t) = +co. (67)
=00
This divergence implies one of two scenarios:

1. Gridlock scenario: The network becomes gridlocked, so that even during a green phase, the first queued vehicle cannot exit,
leading to d, (f) — co. However, since 1 € A", the network demand is strictly within the admissible limits and gridlock is precluded
(Varaiya, 2013a; Li and Jabari, 2019).

2. Perpetual red signal scenario: Alternatively, the divergence may arise because the movement’s signal remains red at all times,
ie.,

540 =0 V. (68)
Under the CV-MP control policy, if the aggregate travel time (or “pressure”) for a movement diverges, then there must exist
another movement (i’,0’) € M, with a higher pressure, ensuring that it is assigned a green phase. Formally, the control rule

implies
Y - Y rgm® Y o> Y - Y rep® D 50 (69)

JE€J (it o (o' k" YEM, JET o 41y J€T(i0) (0,k)eM,r JE€ET 0.0)
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for all r. Since d, () is unbounded, Eq. (69) implies

[lir?o 7;() > 0 & tllr?o di(t) > o for j=1€ Jy ) & s oy =0 V1. (70)
J€J o)
That is to say, the signal for movement (i’, o’) is also always on red. Similarly, we can conclude that the signal is always red for
all movements at the intersection, which leads to a contradiction with the CV-MP control rule that at least one movement should
be on green.

Since both scenarios lead to a contradiction, either violating the admissible demand condition or the operational principles of the
CV-MP controller, we conclude that our initial assumption is false. Therefore, there exists a finite constant 4™** satisfying Eq. (66).
This completes the proof of Lemma 3. O

Theorem 3 (Stability of CV-MP in 100% CV environments). Given the admissible demand region A in Definition 3, if the exogenous
demand A € A™, the proposed control policy Eq. (8), i.e., CV-MP, can strongly stabilize the traffic network queues in 100% CV environments
where J(f‘;) = T o)

Proof of Theorem 3. Theorem 3 can be proved by showing that the spatiotemporally varying weight z; , (t) where (i,0) € M, in
the traffic density form of CV-MP, i.e., Eq. (11) with pf]_”o) = p( 0, satisfies sufficient conditions in Theorem 1.

¢ According to Lemma 3, 0 < 7;; ,(x, 1) < r("“’)‘ < oo for any x € [0, L;], any ¢ > 0, and (i, 0) € My, which satisfies Condition 1.
* Regarding Condition 2, it is obviously that 7 ,(0,7) = 0 as the vehicle link travel time z; in Eq. (8) is counted when x; > 0.
* Regarding |07 ,(x,1)/dt|, it is equivalent to consider |9z;(n)/ot|. Then, we have

=t+At—zgsAt if I?E[I,I+At]

az;(t) T;(t+ At) — 7,(7)
J _ | J _ . 0 _
o A At if 1<t and 7;(r + Ar) > 0
<7 +Ar if t?<tand T,(t+AH=0
S max + At 4L TmaX < 0, (71)

(i,0)
where 1‘““" is a finite constant. The first case indicates those vehicles that entered the link during [t,7 + Af], the second case
1nd1cates those vehicles that keep on the link during [z, + Ar], and the third case indicates those vehicles that left the link during
[t,t + At] as 7;(t + Ar) = 0. Therefore, |07 ,(x,1)/dt| satisfies Condition 3.

In summary, the spatiotemporally varying weight 7, ,,(#) in the proposed CV-MP satisfies sufficient conditions in Theorem 1, which
proves Theorem 3. [

4.4. Stability of CV-MP in imperfect environments

In this section, we will further show that the proposed CV-MP controller can still stabilize the road network queue even in imperfect
environments where CVs are heterogeneously and partially distributed; however, the admissible demand region may be reduced due
to the heterogeneously distributed CV penetration rates.

Lemma 4 (Expectation of CV link travel time). Given that the probability of a vehicle j on movement (i, 0) € My, 5 being a CV, denoted
as f; = 1, follows a Bernoulli distribution Pr(f; = 1) = §; , > 0, then we can always find two positive constant values &, and &, that
makes

EMME(w(n) < E@ (1) < " Ew(r)) (72)
where &, and &, are determined by the penetration rates & ,) with (i, 0) € M sy across the network.

Proof of Lemma 4. We drop ¢ for simplification. With expectation, we have E(f;) = &;, X 1 + (1 = &; ;) X 0 = &; ;). Then, according
to Eq. (12), for each movement (i, 0), we have

Ewi,)=F X Aml= X E(Br)= ¥ (EGE)+Covp,.x))

JE€T i 0) J€Tii0) J€J(i0)
=&iw D, E@)+ Y ECov(p;. 1) =& nEwi )+ Y. E(Cov(p;.7)
J€Ji.0) J€T i 0) J€Ti0)

where Cov(f;,7;) is the covariance of B; and 7;(0), which is finite as 7; is finite. Obviously, Cov(f;,7;) =0 if they are independent, i.e.,
the real-time link travel time is independent of the vehicle type (CV or NV). Otherwise Cov(f;,7;) # 0.
For a generic vehicle j € J; ,, we define r“’ :=E(z; | f; = 1) and 7} :=E(z; | ; = 0). We also have 7; :=E(z;) = §(m)fj?” +(1-
)7}’ Then,
E(Cov(B;, ;) = E(p;7;) — E(B))E(z;) = Pr(f; = DE(z; | B; = 1) — E(B))E(z))
= 5(1,0)1_';0 - f(i,o)(f(i,g)fjv +(1- 5(14]0))1_';”) = 5(14]0)(1 - f(i,a))(‘?;v - ‘E]'-w)-
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Based on A3, W Wairo) have the same sign. Then, if we consider the case both Wil Wi gy > 0 (where 7;*, 7] exist and are positive),
we have
;. [E(w(cil,}o) ZJEJ(i.a) E(Cov(p;. 7)) ZJEJM) il - f(i’”))(ff? ‘- f; R
T gy T T S B0 B, Gt + 0 G
_ Zjej(,,(,) é(i.a)fju
 Tiegun ot + (0= ao)T")

. , _ _ . , o . .
Obviously, we have 0 < 5(,.‘0) < 1. For the case w; ,, = wfi’fo) =0, given any é(i,o) we have [E(wfi‘jo) = é(i,o)[E(w(im)‘ In particular, if 7; and

p are independent, we have féi’ﬂ) =0 @s {-j?” = fj’?” .

Thereby, by letting £™n = min(i,o)eMrU,\/ g > 0and &M = MaX; o) My, o7 g <1, we get Eq. (72), proving Lemma 4. [

(i,0) (i,0)
Lemma 5 (Expectation of CV-based turning ratios). Under the assumption that the vehicle type is independent of the turning ratios of the
link, we have

EGE,) = Erg) (73)

where we use ’ffl:o) and r; , to represent the turning ratios of CVs and of all vehicles, respectively.

Proof of Lemma 5. Condition on the realized vector {z,}y,, hence ¥, z;, and r;, are fixed. Given the assumption that vehicle
type is independent of the turning ratios of the link, CVs are essentially a simple random sample without replacement from all vehicles;
therefore, we have
Z .
) ) (i,0)
Bl | oy 30 7y = 201 = g =
Yo Yo Z(i,o)

Regarding the turning ratios, we have

cv

CU cvU —_ »CU71 — (i,(]) cv — »CU71 — 1 cvU —_
[E[r([vo) | 2.0y 2 2y =2 1= [E[—zw [ 2.0 Z 2y =2 1= ﬁz Ti.0)(®) = T o)
Yo Vo
Taking the expectation over ), ZEilja) yields

Elrio | 26.0] = o
By the law of total expectation,

Elrif, ) = ELEIS, | 2001 ] = Elr,)

are claimed, proving Lemma 5. O

According to Lemma 5, with the assumption A4, the expectation of CV-based turning ratios is the same as the expectation of all
vehicle-based turning ratios. Therefore, we need not distinguish between them hereafter.

Theorem 4 (Stability of CV-MP in imperfect CV environments). Given the reduced admissible demand region A’ = {1 | A < ﬂ([ -

=
res, 35 € S5} and A’ C A, if the exogenous demand A € A" (the interior of A'), the proposed control policy Eq. (8), i.e., CV-MP, can
strongly stabilize the traffic network queues in heterogeneously distributed and partially CV environments with &; ;) > 0 for (i,0) € Mg
and 58" (w(1)) = f58"(weV (1)) for all 1.

Proof of Theorem 4. From the proof of Theorem 1, we can note that in Eq. (55), only #, is determined by the signal controllers and
both &, 85, 84, 65, &, and #n, are independent on the signal controllers. Thus, we only need to show that 5, is also upper-bounded
under the control of the CV-MP in heterogeneously distributed and partially CV environments.
Recall that
m =EPO(w" (A - r)es*)), 74)
where s* is the optimal signal decision obtained by Eq. (8).
Based on Lemma 4, we have

EPY(w' (I - r)es*) > EPO <§Lw0”(1 - r)cs*> (75)

max
given the non-negativity of the pressure. w” and w are the column vectors of wfiljo)(t) and wy , (1), respectively. Then we have
1 in ) T in )T 1 0T in ) T
m = Fo EP(I)(gmtnw A= EmnwT(I - r)cs*) < F [Ep(f)(wcb A= EmingT (T — r)cs*)
é:min

< ér}zﬁﬂzp([) <wcuT,1 _ WWCUT(I _ r)cs*> (76)

Based on the proposed CV-MP controller, i.e., Eq. (8), we have

WU = res* = masx(w“")T(I —res = max @I —res > W) - r)cs. 77)
NS sesce
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Then,
min min
n < L.[E"(” weT ) - 6—w"”T(I —-rest | < L.[E”(’) wT ) - 5—w"”(1 —r)cs
é:mm §max gmm gmax
— 1 IEp(r) coT 2 §min T _ (78)
= f’"ﬁ w — é:max( —r)c§
Since 1 € A" we have A — %(1 —r)cs < —el, then we have
m < —ﬁ[EP(’)(wC”Tl) < —gm%[EP(’)(zj"”'"le) = —EPO (w'1), (79)

which becomes Eq. (54).
Combining the upper bounds of &, 63, 6, 85, s, 1, in Theorem 1 and the bounded #, in Eq. (79), Eq. (55) can be obtained, which
proves Theorem 4. O

Theorem 4 says that the proposed CV-MP can still stabilize the network queues in heterogeneously distributed and partially CV
environments. Nevertheless, the admissible demand region is reduced due to the heterogeneity of CV penetration rates, since g:% <l

When the CV penetration rates are homogeneous, we have =— =1 and the original admissible demand region is maintained. This
is because, under such ideal conditions, the pressure calculated by the CV is theoretically expected to scale proportionally with the

actual pressure, and thus the signal decision is expected to be identical.

Corollary 1 (Stability of existing MP controllers in imperfect CV environments). Given the admissible demand region A’, if the exogenous
demand A € A'iM, those MP controllers encompassed in Theorem 1 can also strongly stabilize the traffic network queues in heterogeneously
distributed and partially CV environments with &; ,, > 0 for (i,0) € My and f*8"(w(t)) = f*8" (W " (1)) for all 1.

Proof of Corollary 1. The proof of Corollary 1 is the same as Theorem 4 as these existing MP controllers can also make Eq. (76)
and (77) hold. O

Note that, while the precondition f*"(w(t)) = f*¢"(w*’(t)) in Theorem 4 ensures the stability of the network by requiring that
there are valid CV observations for all movements and all decision moment 7, it is overly strict and not necessary for stabilization.
We acknowledge that the algorithm might still work under less-than-perfect observation conditions. Therefore, in the subsequent
Theorem 5, we derive a necessary condition for the stability of CV-MP in imperfect CV environments

Theorem 5 (Necessary condition of CV-MP stability in imperfect environments). Let M/ denote the set of movements of phase p at
intersection n € N'. A necessary condition of CV-MP stability in imperfect environments is that there must not exist any time t* such that

Zfiljo)(t*) =0 and Pli.0) (X, )= pzz’; Vx €[0,L;] V(,o) € MI; (80)

for all phases at all intersections.

Proof of Theorem 5. To prove Theorem 5 is equivalent to proving that if there exists a time 7* such that Eq. (80) holds for a phase
at an intersection, the network queue will increase infinitely under the control of CV-MP.

This is obvious. Eq. (80) is saying that for phase p at intersection n, no CVs were observed until the traffic densities of all movements
(i, 0) € M were at their maximum values at ¢*. In such a case the traffic state at the incoming link that is calculated by CV-MP remains

0,i.e., wfi”w = 0, despite the presence of a large number of NVs in the movement (i, 0). In other words, we have

S =0 Vi1 (81)

Since the traffic density of movement (i, 0) has reached its maximum, it has essentially been spilled over and gridlocked. Congestion
will then continue to spread to the source links, destabilizing the road network. O

5. Evaluation

This section evaluates the proposed CV-MP controller at various CV environments based on a real-world corridor in Amsterdam.
In particular, we select original Q-MP, PW-MP, TT-MP, and fully actuated control as benchmark methods for comparison. Actuated
control represents a widely used real-time signal control method for urban road networks. The three benchmark MP methods are then
selected with the requirement that they are representative. Q-MP represents those MP controllers that use aggregated traffic metrics,
PW-MP represents those MP controllers that use spatial information of vehicles while neglecting the delay information, and TT-MP
represents those MP controllers that consider delay information of vehicles while neglecting the spatial information. The proposed
method CV-MP considers the spatiotemporal information of vehicles. In summary, the following methods are evaluated:

e CV-MP, the proposed MP controller based on CV data, which uses the link travel time of CVs for pressure calculation, i.e., Eq. (8).
e Q-MP (Varaiya, 2013a), which uses the link length weighted vehicle counts for pressure calculation, i.e.,

Yiege 1 Yiege

. (i.0) )

s*(t) = arg Isneagg E Z SG,0)DC(io)| ——=—— — 2 T () ————
nen \Vi.oem, VL (0¥k)EM, VL,
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e PW-MP (Li and Jabari, 2019), which uses position-weighted vehicle counts for pressure calculation, i.e.,

) L —x.
S*<’>=argf§1€agz Z 8.0/ ) z SR Z T(o.(®) z GLDXJ . (83)

neN \ V(.0 eMm, jeJ&) L (VKEM,, jeJev

e TT-MP (Mercader et al., 2020), which uses vehicle travel time within a decision step T} (i.e., T/ .TO) for pressure calculation.
Essentially, the total travel time of vehicles during T}, (i.e., X ;¢ v T/.T") is equal to the cumulative number of vehicles during T}
: t
(e, Zr’:t—To+1 Zjej(c’f;)(ﬂ) 1). Then we have
To To
Yieger T, Yjegen, T

s*(t) = arg max Z Z Sioy (D — 2 - Z o)) ——F—
(i,0)\"/*(i,0) (0,k)
&S v | Vioem, VL (OVK)EM, VL,

e Fully actuated control embedded in the SUMO simulation, which switches phases when a sufficient time gap between successive
vehicles is detected by loop detectors mounted 20-40 m from the stop line.

(84)

Note that, all four MP controllers in this section will use CV data only. The decision step T}, for all MP controllers is set at 10s.
The phase transition period consists of 3s yellow time (denoted by 7)) without red clearance time. The saturated flow rate discount
due to the phase transition period is considered by multiplying (T}, — 7,)/T, when switching phases.

5.1. Real-world corridor

A SUMO simulation network is built based on a real-world corridor in Amsterdam, as presented in Fig. 4. The corridor consists of
three signalized intersections, and the link lengths vary significantly from intersection to intersection. The longest link is over 700m,
and the shortest is less than 100m. Note that only personal cars were considered in the simulation.

The input demand is based on 8 x 7 OD pairs, where the two-way main road OD demand (i.e., OD pairs 1-5 and 5-1) undergoes
the process of increasing and then decreasing. In total, the expected traffic demand of the corridor ranges from 1500 veh/h to 2100
veh/h during 3 hours. Note that, due to the stochastic nature of the simulation, there may be fluctuations in the total demand of 200
veh/h at different random seeds. In this study, five different random seeds are tested for each scenario.

The following metrics are used to evaluate the performance of the method:

Average vehicle delay. The average control delay of vehicles due to signal control at intersections. Smaller delays indicate smoother
traffic flow operations.

Maximum vehicle counts. The maximum number of vehicles on the studied network during the simulation. The smaller number
of vehicles indicates that the method can accommodate more traffic demand. Note that this value is bounded by the number of
vehicles when the road network is fully gridlocked, i.e., each lane is at maximum traffic density.

Maximum queue counts. The maximum number of vehicles that are queuing on the studied network during the simulation. Fewer
queuing vehicles also indicate smoother traffic flow operations. This value is no more than the maximum number of vehicles.
Maximum spillover counts. The maximum number of vehicles planning to enter the road network but are being blocked at sourced
links due to spillover. The smaller number of spillover vehicles indicates that the method is effective in avoiding spillover at
short lanes. In particular, the continuous increase in the number of spillover vehicles for a given demand indicates that the MP
controller is not able to stabilize the network queue for that demand.

5.2. Fully connected environments

We first evaluate the proposed CV-MP in a perfect environment where all vehicles are connected. This scenario best reflects
controller capabilities since the input data is collected perfectly.

Fig. 5 presents a comparative analysis of CV-MP and four benchmark methods-Q-MP, PW-MP, TT-MP, and actuated control-in
fully connected environments, which are averaged over five different random seeds with standard deviations shown on the right. The
results indicate that CV-MP achieves the lowest average vehicle delay and effectively prevents spillover. It also performs second only
to PW-MP in terms of the maximum vehicle counts and the maximum queue counts on the road network. While PW-MP outperforms
in minimizing the maximum vehicle counts and queue counts, it suffers from significant spillover. Q-MP lags in average vehicle
delay, the number of vehicles, and queuing vehicles, but demonstrates moderate spillover control. TT-MP performs worse than CV-
MP in terms of average delay, maximum vehicle count, and maximum queue count. However, it also effectively prevents spillovers,
exhibiting a maximum spillover count comparable to CV-MP. Actuated control ranks lowest or second-to-last across most metrics,
highlighting its limitations in our dynamic traffic demand scenarios. The standard deviation of different metrics shows that actuated
control is extremely sensitive to different random seeds. For MP controllers, Q-MP and PW-MP, which do not account for vehicle
delays, are less sensitive to random seeds compared to CV-MP and TT-MP, which do account for vehicle delays. This is because Q-MP
and PW-MP all exhibit significant spillovers, meaning each random seed essentially exceeds their serving capacity. For controllers
with minimal spillovers, CV-MP performs more stably than TT-MP under different random seeds.

To investigate the underlying causes of these results, we further analyze the detailed performance of each method during the
simulation, illustrated in Figs. 6 and 7, which present the results corresponding to the random seed with higher traffic demand. In
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Detailed performance in fully connected environments.

Fig. 7, vehicle speeds are color-coded: red (stopped), yellow (half of free-flow speed), and green (free-flow speed). Basically, roads
covered by red vehicles indicate the range of congestion spreading. As shown in Fig. 6, the simulation can be roughly categorized
into three stages: the demand increase stage (<6000 s), the maximum demand stage (6000-9000 s), and the demand decrease stage
(9000 s). Note that, considering the travel time of vehicles in the road network, the real demand of the road network reflected by
Fig. 6 will have some lag compared to the simulation input demand shown in Fig. 4.

At the demand increase stage, traffic demand remains relatively low. Actuated control performs best, maintaining the lowest
number of vehicles, queuing vehicles, and zero spillovers. CV-MP and TT-MP follow closely, with slightly higher vehicle counts but
still no spillover. PW-MP and Q-MP show similar trends in vehicle accumulation and queuing, though PW-MP begins to experience
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Fig. 7. Representative Snapshots in fully connected environments.

spillover as demand rises. Snapshots at 4000 s and 6000 s in Fig. 7 confirm these observations: actuated control results in the least
congestion, followed by CV-MP, TT-MP, Q-MP, then PW-MP, which shows early spillover, especially on branch roads.

As traffic demand reaches its peak during the maximum demand state, PW-MP maintains the lowest number of vehicles and
queuing vehicles, but at the cost of significant spillover, particularly on branch roads. CV-MP effectively balances congestion across
main and branch roads, avoiding spillover while maintaining a moderate number of vehicles. Q-MP accumulates more vehicles and
queuing than CV-MP and produces only minor spillover vehicles. TT-MP performs worse than CV-MP but better than Q-MP. Actuated
control fails at this stage, with a sharp rise in vehicle numbers, queuing, and widespread spillover (note that at random seeds with
less demand, actuated control may perform better on avoiding spillover, leading to smaller average maximum spillover counts than
PW-MP as shown in Fig. 5). The 8000 s snapshot in Fig. 7 visually confirms these findings: PW-MP preserves main road performance
at the expense of severe congestion on branch roads, CV-MP ensures stability by balancing congestion, TT-MP performs similarly but
slightly worse than CV-MP, Q-MP sees spillover mainly on short branch roads, and actuated control suffers extensive congestion on
both main and branch roads.

The demand decrease stage reflects the efficiency of each method in dissipating congestion. CV-MP clears vehicles and queues
most rapidly, restoring network stability. TT-MP and Q-MP follow, while PW-MP, though maintaining lower congestion on main
roads, struggles with branch road spillover. Actuated control is the slowest in recovering, with persistent congestion on both main
and branch roads. The 10000 s snapshot in Fig. 7 confirms these trends: CV-MP has the least congestion without spillovers, TT-MP
is more congested than CV-MP and is still without spillovers, Q-MP exhibits minor branch road spillover, PW-MP keeps main roads
clear but retains branch congestion, and actuated control remains heavily congested.

In summary, we can conclude that:

1. Actuated control is most effective at low traffic demand but deteriorates significantly as demand rises, leading to rapid congestion
buildup and network destabilization under heavy traffic loads. This is mainly because in low-demand scenarios, the actuated
control can switch the green phase well based on the time headway of the vehicles, while the MP control switching in a fixed
decision-making step will lead to a waste of green time. With the increase in traffic demand, the actuated control will find it
difficult to determine the best switching gap and gradually become ineffective, while the MP control can instead use all the green
time for queue dissipation to achieve the maximum throughput of the road network.

2. Q-MP performs poorly in average vehicle delay and vehicle accumulation but excels in avoiding spillover, making it a more
stable alternative to PW-MP during peak demand. This is because Q-MP only considers the number of vehicles and ignores their
cumulative delay as well as their spatial location, resulting in its poor performance in both average vehicle delay and maximum
queue counts. However, due to the weighted link length, for links with the same number of vehicles but different lengths, the
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Fig. 8. Overall performance in homogeneously distributed and partially connected environments.

shorter link has a higher pressure value and is more likely to get a green light, resulting in relatively fewer spillovers compared
to PW-MP.

3. PW-MP prioritizes main road performance but at the cost of branch road congestion, leading to consistent spillover and network
destabilization despite achieving low maximum vehicle and queuing numbers. This is due to the fact that for the same number of
vehicles in the queue, longer links under PW-MP control, after considering the spatial location of vehicles, have greater pressure
and receive more green lights. Our corridor scenario has significantly longer main roads than branch roads, so main roads perform
significantly better than branch roads under PW-MP control.

4. TT-MP considers the delay information of vehicles on the basis of Q-MP, thus showing better performance than Q-MP and effec-
tively preventing the spillover like CV-MP. Nevertheless, since the spatial information of vehicles is neglected, it still performs
worse than CV-MP in terms of vehicle delay and numbers of vehicles and queues.

5. CV-MP is the most effective approach in fully connected environments, ensuring the lowest average vehicle delay, maintaining
a moderate number of vehicles and queues, and preventing spillover, thereby ensuring the stability of the road network. This is
mainly due to the fact that CV-MP takes into account both the spatiotemporal information of the vehicle. Even on a short branch
link with fewer vehicles in the flow direction, the accumulated delay of vehicles will increase the pressure on the flow direction,
allowing it to get the green light in time to avoid spillover situations.

5.3. Homogeneously distributed and partially connected environments

In this section, we further evaluate the proposed CV-MP in partially CV environments with homogeneous penetration rates across
all OD pairs. Different penetration rates ranging from 0.1 to 0.9 are tested.

Fig. 8 presents the overall performance of MP controllers at different penetration rates. When the penetration rate is below 0.4,
CV-MP experiences a significant reduction in average vehicle delay and spillover vehicles with the increase in penetration rate, though
the marginal improvement decreases as the rate increases. Beyond a penetration rate of 0.4, both metrics stabilize. Q-MP, PW-MP,
and TT-MP exhibit similar trends, albeit at a higher penetration rate of 0.6. Regarding the maximum number of vehicles and queuing
vehicles, all MP controllers show minimal sensitivity to penetration rates, except for PW-MP at a very low penetration rate of 0.1,
where occasional anomalies occur. At a penetration rate of 0.1, the error bars indicate a significant increase in standard deviation
(STD) for all methods. At higher penetration rates, PW-MP and Q-MP exhibit smaller STD than TT-MP and CV-MP, consistent with
the fully connected scenario, i.e., because the demand of different random seeds essentially exceeds the serving capacity of PW-MP
and Q-MP.

Comparing the four MP controllers across penetration rates, their relative performance remains consistent with fully connected
environments. CV-MP consistently achieves lower average vehicle delay and fewer spillover vehicles, while PW-MP minimizes the
maximum number of vehicles and queuing vehicles at most penetration rates. TT-MP exhibits lower average delays than Q-MP but
remains higher than CV-MP, while its spillover performance is comparable to CV-MP.
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Fig. 9. Detailed performance in homogeneously distributed and partially connected environments.

Fig. 9 provides further insights into MP controller performance at different penetration rates. At a penetration rate of 0.5, perfor-
mance closely resembles the fully connected environment. However, at a lower penetration rate of 0.2, while the maximum number of
vehicles and queuing vehicles remain similar, real-time fluctuations increase significantly, suggesting heightened instability. Spillover
vehicles also rise sharply for all controllers, including CV-MP, which experiences minimal spillover at higher penetration rates.

Snapshots in Fig. 10 clarify these findings. At a penetration rate of 0.5, congestion patterns at 8000 s and 10000 s align with
those observed in fully connected scenarios. However, at a 0.2 penetration rate, the random distribution of CVs results in some traffic
streams lacking CV observations for extended periods. When this occurs, CV-based MP controllers fail, leading to persistent spillover
and network destabilization. Snapshots at 8000 s and 10000 s reveal that branch roads experience prolonged spillover due to extended
CV observation gaps.

In summary, we can conclude that:

1. CV-MP consistently outperforms Q-MP, PW-MP, and TT-MP across different penetration rates, achieving lower average vehicle
delay and fewer spillover vehicles.

2. At low penetration rates that are no more than 0.3, CV-MP experiences spillover on some branch roads, attributed to the failure
of CV observations to fully satisfy the necessary condition in Theorem 5, i.e., requiring valid CV observations before link spillover
occurs.

5.4. Heterogeneously distributed and partially connected environments

This section evaluates the proposed CV-MP in partially CV environments with heterogeneous penetration rates across all OD pairs.
Considering that in the real world, the penetration of corridors is usually larger than that of side roads due to route choice preferences,
we fix the penetration rate of the main roads of the corridor to 0.3 and set the penetration rate of side roads to 0.15, 0.2, 0.25, and
0.3, respectively, in order to test the performance of the CV-MP at different variances of penetration rates.
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Fig. 11. Overall performance in heterogeneously distributed and partially connected environments.

The overall performance of the three MP controllers in these heterogeneous penetration environments is shown in Fig. 11. The

key findings include:

1. CV-MP outperforms Q-MP, PW-MP, and TT-MP across all penetration rate variances, maintaining lower average vehicle delay and

fewer spillover vehicles.

2. Higher penetration rate variance leads to increased delays and spillover vehicles for all MP controllers, mirroring the effects seen

in low-penetration scenarios.
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Fig. 12. Average vehicle delay of CVs and NVs at a 0.5 penetration rate.

3. For all four MP controllers, their maximum number of vehicles and queuing vehicles are insensitive to penetration rate
variances.

The degradation in performance under greater penetration variance is attributed to the same underlying issue observed in low
penetration rate environments: the necessary conditions in Theorem 5 are not consistently met due to insufficient CV observations.
As a result, branch road signals remain in red for extended periods, exacerbating delays and spillover.

5.5. Fairness between CVs and NVs

Since CV-based traffic signal control methods leverage real-time CV data for traffic signal decisions, they may also raise fair-
ness concerns between CVs and NVs. Therefore, this section further analyzes the fairness of these MP controls when they are based
on CV data only. In order to avoid the influence of the number of vehicles on the statistic, we have performed the average de-
lays of CVs and NVs at 0.5 CV penetration rate, i.e., when CV and NV each account for half of the traffic flow, as presented in
Fig. 12.

It shows that the average CV delay is less than the NV delay for all four MP controllers. However, it can be seen that the differences
between the two types of vehicle delays for CV-MP and TT-MP are significantly smaller than those for Q-MP and PW-MP, suggesting
that CV-MP and TT-MP can improve the fairness problem to a certain extent compared to Q-MP and PW-MP. This is because Q-MP
and PW-MP rely on vehicle counts (i.e., CV counts in this scenario), and movements with more CVs will be prioritized for the green
phase regardless of the vehicle delay. Movements with fewer CVs (i.e., more NVs) will experience more delay, leading to a significant
disparity between CV delay and NV delay. Note that PW-MP is still inherently dependent on vehicle counts, despite its position
weighting of vehicle counts. While CV-MP and TT-MP, which use travel time for pressure calculation, consider vehicle delays, they
can prevent the continuous increase in delays for movements with fewer CVs, thus reducing the disparity between CV delay and NV
delay.

6. Conclusion and future work

This study proposes a novel CV-based MP control (CV-MP) method that utilizes CV travel time data to compute pressure, fully
harnessing spatiotemporal information from CVs. Unlike conventional approaches, CV-MP explicitly incorporates both the spatial
distribution and temporal delays of vehicles, leading to more effective traffic regulation. Theoretically, we rigorously prove that:
i) MP controllers with spatiotemporal-dependent weights, when satisfying certain sufficient conditions, can effectively stabilize road network
queues. ii) CV-MP remains capable of stabilizing traffic networks, even under heterogeneously distributed and partially CV environments,
provided that certain necessary conditions for CV observations are met.

Extensive simulation validations on a real-world network in Amsterdam confirm the effectiveness of CV-MP across varying CV
penetration scenarios, including fully connected, homogeneously and partially connected, and heterogeneously and partially con-
nected cases. In all scenarios, CV-MP significantly outperforms three representative MP controllers and actuated control in reducing
average vehicle delay and mitigating spillover congestion. Besides, the difference between CV delay and NV delay is smaller under
CV-MP control, indicating that it is a fairer controller compared to Q-MP and PW-MP. These results demonstrate the superior traffic
control performance of CV-MP with strong theoretical support for network stability.

However, several challenges remain that warrant further research:

First, the applicability of CV-MP under low CV penetration rates is constrained by the inability to meet the necessary conditions
for CV-based observations. Our evaluation results in Sections 5.3 and 5.4 have shown that there is a high probability that short
links in low penetration rate scenarios will fail to satisfy the necessary condition in Theorem 5 that at least one CV is observed
before spillover. It is important to emphasize that this limitation stems from data availability rather than an inherent shortcoming
of the CV-MP controller itself, as similar issues are encountered by all CV-based MP methods. A potential solution is to integrate
additional sensor data to incorporate NV information, such as fixed-location detectors (Li et al., 2013; Feng et al., 2015) or li-
cense plate recognition data (Zhan et al., 2015; Tan et al., 2020; Wu et al., 2024; Luo et al., 2025b), or to estimate traffic flow
rates based on historical CV data (Zheng and Liu, 2017; Zhao et al., 2021; Tan et al., 2025d). Incorporating such overall traf-
fic flow information into the pressure calculation process can avoid the continuous spillover of short links due to the lack of CV
observations.
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Second, though CV-MP reduces the disparity in delay between CVs and NVs compared to Q-MP and PW-MP, fairness concerns
still arise as such a disparity still exists. Since CV-based control strategies prioritize information-rich vehicles, they inherently benefit
CVs more than NVs, leading to a potential equity issue in traffic management. Future research should explore methods to mitigate
these disparities (Wu et al., 2018).

Third, data privacy concerns emerge as CVs share real-time information for traffic control. The risk of personal data exposure
necessitates robust privacy-preserving mechanisms. Prior studies, such as those by Tan and Yang (2024), Tan et al. (2025c), suggest
that techniques like differential privacy and secure multi-party computation can effectively protect sensitive data while maintaining
the utility of shared information. Implementing such methods in CV-MP could strike a balance between operational efficiency and
privacy preservation.
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Table A.1
List of important variables.

Section 2 Preliminaries

N set of all nodes of the studied network, indexed by n.
M, set of all movements for node n, indexed by a pair of incoming and outgoing links (i, 0).
M, set of all movements for the neighboring node »’ of node n, indexed by (o, k).
F set of all fictitious source nodes.
s overall signal vector composed of individual signal vector s, for node n.
SGi.0) binary variable indicating signal state for movement (i, 0).
S feasible space of all signal states regarding signal phase constraints.
jiva),lﬁ),JJ’;) sets of all vehicles, CVs, and NVs of movement (i, 0), respectively, indexed by j.
Z002 (12 Z(io) the corresponding sizes of Tior Ty Ty
Plio) traffic density for the incoming link i of movement (i, 0).
Qo) flow rate for the incoming link i of movement (i, 0).
Aio) exogenous demand rate for the incoming link i of movement (i, 0).
q("l‘f;) outgoing flow for the incoming link i of movement (i, 0).
s(",’f;) downstream control state for the incoming link i of movement (i, 0).
q(:a) incoming flow for the incoming link i of movement (i, 0).
“27.0; upstream control state for the incoming link i of movement (i, 0).
L, link length of the incoming link i of movement (i, 0).
oy saturated flow rate of movement (i, o) at the stopline.
Hio) effective serviceable demand rate of movement (i, 0).
) turning rate of movement (i, 0).
Section 3 Methodology
s* signal decision by MP controllers.
; state parameter of vehicle j.
x; distance traveled by vehicle j after entering the link.
d; control delay of vehicle j.
djT" delay of vehicle j during period Tj,.
T, time duration between two decision steps.
:":‘; the number of stopped vehicles of movement (i, 0).
7; normalized link travel time of vehicle ;.
t? the moment when vehicle j entered the link.
T0) average travel time of the incoming link i of movement (i, 0).
v; average free-flow speed of vehicle j.
b; binary variable indicating whether the vehicle j is connected.
Eio) the penetration rate of movement (i, 0).
p(‘,‘v'a) traffic flow density of CVs of movement (i, 0).
7 travel time associated weight on traffic flow density of movement (i, 0).
wfﬁﬂ) CV-based traffic state of movement (i, 0).
w,r,.c vectors or matrices of W Ti0y Cio) with proper size.
1 identical matrix with proper size.
Section 4 Road network stability
V(p(1) Lyapunov function of traffic flow density of the road network.
Vo) spatiotemporally varying weight on traffic flow density of movement (i, 0).
A, A admissible demand region and its interior.
5 long-term average of signal state s.
A convex hull of §S.
W) traffic state of movement (i, 0) based on all vehicles.
w,z vectors of wy ), z ,, With proper size.

max max ,max max ,max .max pmax i 1
T ™, P Ay Vi) duioy Yoy UPPer bounds of corresponding variables.

K.¢' e, Ky, Ky, Kl’, K, positive constants for road network stability.
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