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Abstract
This paper extends polyhedral Airy stress functions to incorporate body forces.
Stresses of an equilibrium state of a 2D structure can be represented by the sec-
ond derivatives of a smooth Airy stress function and the integrals of body forces.
In the absence of body forces, a smooth Airy stress function can be discretised into
a polyhedron as the corresponding structure is discretised into a truss. The differ-
ence in slope across a creases represents the axial force on the bar, while the zero
curvatures of the planar faces represent zero stresses voids of the structure. When
body forces are present, the zero-stress condition requires the discretised Airy stress
function to curve with the integrals of these body forces. Meanwhile, the isotropic
angles on the creases still indicate concentrated axial forces. This paper discretises
the integrals of body forces into step-wise functions, and discretises the Airy stress
function into quadric faces connected by curved creases. The proposed method
could provide structural designers (e.g. architects, structural engineers) with a more
intuitive way to perceive stress fields.

Keywords: Architectural geometry, Reciprocal force polygons, Isotropic geometry,

Static equilibrium
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1 Introduction

Statics is tightly bound with geometry by the works of Airy and Maxwell. Equilibrium

states of two-dimensional structures can be represented by a scalar function, known

as the Airy stress function (Sokolnikoff 1956). Airy (1863) suggested that the

second derivatives of the function (or curvatures of the graph in isotropic geometry

(see Pottmann and Opitz 1994; Chen et al. 2014)) can be regarded as stresses that

automatically reach equilibrium states. A year after Airy’s publication, Maxwell

(1864) published a work seemingly independent to Airy’s. It is also on statics,

but concerns forces in trusses instead of stresses in continuous materials. Maxwell

suggested the equilibrium of nodes in a truss be represented by force polygons, so

that the collection of force polygons forms another truss-like figure. The original

figure and the derived figure share a mutual relationship; they are reciprocal.

Maxwell (1868, 1870) later suggested that when Airy’s stress function is discretised

into a polyhedron, that polyhedron has a reciprocal polyhedron of its own. The

projections of the two polyhedrons are the reciprocal figures that he had introduced

in Maxwell (1864). The axial forces in the bars of trusses are represented by the

slope differences of the faces in the corresponding polyhedral Airy stress functions.

The works of Airy and Maxwell have influenced further developments from hand-

drawn graphic statics (Cremona 1890) to the latest computational statics (Fraternali

et al. 2002; Block and Ochsendorf 2007).

Previous applications of discretised Airy stress functions only focus on external

loads and ignore body forces. For a beam supporting a floor, the body forces

from self-weight may indeed be negligible. However, for certain structures, such

as rammed earth walls and flying buttresses, the self-weight may be the dominant

load source.

This paper proposes using the curvature of the faces to represent body forces in

discretised Airy stress functions. Curvature of the faces represents in-active stresses

that become active body forces on the border between faces.

The remainder of this paper is organised as follows:

• Section 2 discusses body forces in Airy stress functions and provides expla-

nations through analytical methods and through the use of graphic statics.

• Section 3 proposes the use of principal meshes (i.e. i-circular and i-conical

meshes) with curved faces to discretise Airy stress functions and introduces

them in Maxwell’s reciprocal diagram.

• Section 4 discusses the equilibrium at the boundaries (to complement the

equilibrium inside the domain as discussed in the previous sections) .
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• Section 5 exhibits examples of simply supported beams.

• Section 6 summarises the findings and suggests a direction for future research.

2 Mathematical and graphical explanation

This section explains why the faces in a discretised Airy stress function are curved

when body forces are present. Two separate explanations are provided: sec. 2.1

and 2.2 give the first explanation, showing how body forces are considered with

smooth Airy stress functions, then discussing how to discretise them. Section 2.3

applies graphic statics to reproduce the same phenomenon.

2.1 Smooth Airy stress functions and body forces

Stress functions are a means to derive stress tensors from scalar function(s) that

automatically meet equilibrium conditions (Sokolnikoff 1956). The stress tensor σ

for two-dimensional structures is often denoted as

σ =

[

σxx σxy

σxy σyy

]

, (1)

in which σxx and σyy indicate normal stresses and σxy indicates shear stress. Then

the equilibrium conditions in x- and y-directions can be respectively expressed as

∂

∂x
σxx +

∂

∂y
σxy +px = 0,

∂

∂x
σxy +

∂

∂y
σyy +py = 0,

(2)

where px and py are the body forces per unit area in x- and y-directions. The

conditions eq. (2) are automatically satisfied once we introduce a smooth function

F (x, y) and define the stresses with the second derivatives of F (x, y) along with

the integrals of body forces (Heyman 1977) as

[

σxx σxy

σxy σyy

]

=

[

F,yy −
∫

pxdx −F,xy

−F,xy F,xx −
∫

pydy

]

. (3)

In the equation above, the subscripts starting with a comma pose an alternative

notation for derivatives so that F,xx = ∂2

∂x2 F , F,xy = ∂2

∂xy
F , and F,yy = ∂2

∂y2 F .

Among engineers the arbitrary scalar function F (x,y) is generally known as the

Airy stress function.
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Figure 1: Hydrostatic pressure. (a) The Airy stress function. (b-d) The process of deriving the
normal stress in x-direction. The second-derivative of the Airy stress function with respect to
y (b), minus the integrals of the body forces in x (c) equals the stress in x-direction (d). (f-h)
The process of deriving the normal stress in x-direction, equivalent to (b-d) but in perpendicular
direction. (e) The stress distribution along the boundaries.

In the absence of body forces, the normal stress in x-direction σxx is defined by

the second derivative of the stress function with respect to the y-direction F,yy.

In the presence of body forces, only a portion of the second derivative should be

regarded as the normal stress as the other part is covered (or rather subtracted) by
∫

px dx. The effects of
∫

px dx and
∫

py dy may initially not easily be recognised. A

concrete example might help understand its application.

Representing hydrostatic pressure.

Here we use the Airy stress function to represent a simple stress field. The pressure

(or the stress) in a pool of static liquid is caused by the gravity, which is governed

by py = −ρg, in which g is the gravitational load and ρ is the fluid density. Since

the fluid has no shear force capacity in any direction, we can say that σxy = 0 and
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σxx = σyy. If we set y = 0 at the surface of the liquid, the stress should be:

σhydro =

[

ρgy 0

0 ρgy

]

. (4)

We can set
∫

px dx = 0 and
∫

py dy = −ρgy. Then, from eq. (3), we can derive

that F hydro
,yy = ρgy, F hydro

,xx = 0. A sufficient solution to satisfy these conditions is

F hydro(x,y) =
1

6
ρgy3. (5)

Figure 1 shows the spatial distribution of the stress function, its second-derivatives,

integrals of body forces and the resulting stresses. Although this case is rather

simple, we will see its "inner structure" once it is discretised.

2.2 Discretising Airy stress functions and the integrals of body
forces

Different from stresses distributed across a continuous domain, discretised structures

only have stresses concentrated in nodes and bars, and thus zero stresses in the

voids (i.e. all of the space other than the nodes and bars). As the width of a

bar approaches zero so that the stresses become highly concentrated, we tend

to use axial force to refer to overall stress. The result is a substitute truss that

approximates the original continuous structure. Body forces cannot be applied in

the voids, as there are no structural members to transfer the load. Hence, we must

apply the substitute loads (equivalent to the body forces) either on the nodes or

the bars. In this example we choose bars to bear the body forces, which means we

must discretise the integrals of body forces into step-wise functions. In every void,

the
∫

px dx and
∫

py dy are constant. Loads in x-direction are resembled by the

“stair risers” in
∫

px dx between two adjacent voids. Loads in y-direction correspond

to “stair risers” in
∫

py dy.

At the same time, the Airy stress function is also discretised into vertices, edges,

and faces which correspond to the nodes, bars, and voids of the corresponding

truss. Each face in the Airy stress function resembles a void bearing zero stress in

the substitute structure. Hence, in the voids, the Airy stress function F void(x, y)

should satisfy σvoid = 0. Following from eq. (3), we should have

F void
,yy =

∫

px dx and

F void
,xx =

∫

py dy.
(6)

66



Discretised Airy Stress Functions and Body Forces

x
y

yy

xx

F
,yy

F
,xx x

dx

y
dy

F x
y

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2: Discretised hydrostatic pressure. (a) The discretised Airy stress function, with curved
faces and creases. (b-d) The derivation of the normal stress in x-direction. The second-derivative
of the discretised Airy stress function with respect to y (b) minus the integrals of the body forces
in x (c) equals the stress in x (d). (f-h) The derivation of the normal stress in y-direction, with
the same process in (b-d). In panels (b, d, f, and h), the protruding surfaces ended by the black
thick lines are a schematic representation of the Dirac delta function. The distance from the thick
curve to the xy-plane is proportional to the crease angle of the stress function. (e) The structure
approximating the hydrostatic pressure. The body forces turn into distributed loads on the arches,
and the arches channel the loads into the columns. The arches at the lower level have larger
horizontal forces thus have lower rises.

Since both
∫

px dx and
∫

py dy are constant in a void, F void should simply be a

quadratic polynomial. Subsequently, the creases between these quadratic faces

should be quadratic curves. It must be noted that the second derivatives at the

creases are extremely intense, or more precisely, approach infinity. However, the

integrals of such second derivatives are still a finite number, which can be interpreted

as the slope differences across the creases. The differences between slopes represent

the axial forces of the corresponding bars. As the second derivatives and the stresses

approach infinity, we can use the Dirac delta function (Arfken et al. 2013, p. 75)

to represent them.
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Discretising hydrostatic pressure.

We use grid points xij to construct the Airy stress function in the voids F void
ij .

Grid points are given by

xij = (δ · i, δ · j),

where δ is the spacing and i, j are the indices such that i ∈ Z, j ∈ {0, −1, −2, · · ·}.

F void
ij is defined as polynomials that satisfy eq. (6) and is tangent to the smooth

Airy stress function given in eq. (5), at xij . Such F void
ij can be expressed as

F void
ij = ρg

(

1

6
δ3j3 +

1

2
δ2j2(y − δj)−

1

2
δj(x− δi)2

)

.

Each F void
ij intersects with its adjacent faces. The intersection of two faces defines

a curved bar; an intersection of bars define a node. Figure 2 shows the result of

the discretised stress function. Figure 2e shows the inter-structure of hydrostatic

pressure. The thrust of the arch increases with the depth and thus the raise

decreases, while the column increases in thickness.

The proposed discretisation method does not in-
vent the structure but rather discovers the nature
of it. Similar structures had been discovered by
architects centuries ago. Figure 3 displays how
Christopher Wren managed to use the inverted
arch and horizontal thrust to collect vertical sup-
port from an area of earth to the columns.

Figure 3: The inverted arches as the foundations of
Wren’s Library for Trinity College, Cambridge (McKit-
terick 1995). [Used with permission from Cambridge
University Press.]

2.3 Graphics statics and “in-active” forces

Graphic statics is primarily used to analyse the forces in a truss-like structure, first

developed by Varignon (1725), and later developed by Maxwell (1864), Culmann

(1866), and Cremona (1875)). A classical demonstration of graphic statics is given

by the analysis of a cable’s shape by hanging several weights as fig. 4a shows. The

form diagram shows the cable deformed due to three weights, and the closed force

polygons indicate that each node is in equilibrium.

68



Discretised Airy Stress Functions and Body Forces

x

y

x

F

y

F
or

m
D

ia
gr

am
F
or

ce
P
ol

yg
on

s
A

ir
y 

S
tr

es
s

F
u
n
ct

io
n

(a) (b) (c) (d)

a
3a

3

a
3

a
3

3

b
3

b
3

3

A
0

A
0

a
1

a
1

a
1

a
1

1

b
1

b
1

1

A
1

A
3

A
3

A
2

A
0

A
0

A
1

A
3

A
3

A
2

B
0

B
0

B
0

B
0

B
1

B
1

B
3

B
3

B
3

B
3

B
2

B
2 a

2a
2

a
2

a
2

2

b
2

b
2 2

Figure 4: Hanging-chain models with corresponding force polygons and Airy stress functions. (a)
A chain supporting three weights and anchored at levelled supports. (b) Another chain anchored
at differing heights. (c) Two hanging chains in the same vertical plane. (d) Two chains with
evenly distributed loads.

If another cable (fig. 4b) hangs right below the previous one, we can create

aggregate force polygons (fig. 4c). The force polygons corresponding to the lower

chain in fig. 4c show that it is not the absolute magnitude of the applied load b′

i

determining the shape of the lower chain, but that the shape is determined by the

difference between the axial forces in ai and b′

i. Part of b′

i is passing the lower

chain and only the part of b′

i − ai is interacting with the lower chain. Figure 4d

shows the force polygon when the loads are no longer applied at only three points,

but all along the chain, as if they were distributed.

Regarding the airy stress functions in figure 4, the function in (c) has vertical

edges to represent the loads of ai and b′

i. The stress function in (d) has smooth

cylindrical surfaces with countless straight lines to represent distributed loads. One

might notice that the stress function in (c) is actually the summation of the stress

functions in (a) and (b).

3 Reciprocal diagrams and principal meshes in isotropic
geometry

3.1 Maxwell’s reciprocal diagrams

Maxwell (1868) proposed a mapping between two functions, F (x, y) and φ(ξ, η):
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ξ =
∂F

∂x
, η =

∂F

∂y
, φ = x

∂F

∂x
+y

∂F

∂y
−F,

x =
∂φ

∂ξ
, y =

∂φ

∂η
, F = ξ

∂φ

∂ξ
+η

∂φ

∂η
−φ.

(7)

When F (x, y) and φ(ξ, η) are smoothly differentiable, a point on F (x, y) maps to

another point on φ(ξ, η), and vice versa, thus Maxwell classified them as reciprocal

diagrams.

Before explaining how a polygon maps to a vertex in conventional polyhedral Airy

stress functions, we must first investigate the connection between the mapping and

the second derivatives.

First, we conduct eigendecomposition on the Hessian matrix HF , and use eigenval-

ues to determine whether a point is on a vertex, an edge, or a planar face. The

decomposition goes as follows:

HF =

[

F,xx F,xy

F,xy F,yy

]

= Q

[

λF
1 0

0 λF
2

]

Q−1, (8)

in which Q is a 2×2 orthogonal matrix formed by the eigenvectors, and λF
1 and λF

2

are the eigenvalues. We can say a region is planar when the local λF
1 = λF

2 = 0, a

point is on an edge when one of the eigenvalues equals 0 and the other has infinite

magnitude, and a point is on a vertex if |λF
1 | = |λF

2 | = ∞.

How a group of surrounding points on F (x,y) maps to φ(ξ,η), can be described

by a Jacobian matrix as

J(x,y)→(ξ,η) =

[

ξ,x ξ,y

η,x η,y

]

.

From eq. (7), we can derive

J(x,y)→(ξ,η) =

[

F,xx F,xy

F,xy F,yy

]

. (9)

One might notice that the right hand side of eq. (9) is also the Hessian matrix of

F (x, y). The inverse mapping can also be described by another Jacobian matrix,

which would be the inverse matrix of the Jacobian in the forward mapping (Arfken

et al. 2013, p. 230):

J(ξ,η)→(x,y) =
[

J(x,y)→(ξ,η)

]

−1
. (10)
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The inverse Jacobian matrix should also be the Hessian matrix on φ(ξ, η). Com-

bining eq. (10) with eq. (8) and (9), we can say that

J(ξ,η)→(x,y) =
[

HF
]

−1
= Q





1
λF

1

0

0 1
λF

2



Q−1 = Q

[

λφ
1 0

0 λφ
2

]

Q−1 = Hφ, (11)

where Hφ is the Hessian matrix corresponding to HF , and λφ
1 and λφ

2 are the

eigenvalues corresponding to λF
1 and λF

2 . Equation (11) suggests an interesting

relation between F (x, y) and φ(ξ, η):

• a point on F (x,y) has the same set of eigenvectors Q as the corresponding

point on φ(ξ,η), and

• the eigenvalues λF
1 and λF

2 on F (x,y) are the reciprocal numbers (or multi-

plicative inverses) of the corresponding eigenvalues λF
1 and λF

2 on φ(ξ, η).

Table 1 classifies the types of geometric entities by the magnitudes of their

eigenvalues and shows for each entity its corresponding reciprocal entity. Figure 5

shows how this translates into geometric relations between F (x, y) and φ(ξ, η).

Entity in F (x,y) |λF
1 | |λF

2 | Entity in φ(ξ,η) |λφ
1 | |λφ

2 |

Vertex ∞ ∞ Planar surf. 0 0
Curved edge 0 · · ·∞ ∞ Developable surf. 0 · · ·∞ 0
Straight edge 0 ∞ Straight edge ∞ 0

Doubly curved surf. 0 · · ·∞ 0 · · ·∞ Doubly curved surf. 0 · · ·∞ 0 · · ·∞
Developable surf. 0 0 · · ·∞ Curved edge ∞ 0 · · ·∞

Planar surf. 0 0 Vertex ∞ ∞

Table 1: Reciprocal relations between geometric entities.

3.2 Isotropic geometry

Isotropic geometry refers to an n-variable scalar function in an (n + 1)-dimensional

space (Pottmann and Opitz 1994; Pottmann and Liu 2007; Chen et al. 2014). This

way, a 2D scalar function f : D ⊂ R2 → R defined on a domain D becomes a 3D

surface
{

(x, y, f(x, y)) ∈ R3 : (x, y) ∈ D
}

.

Subsequently, we can discuss functions from a geometric point of view such that

gradients of a function relate to slopes in a surface, and the second derivatives

relate to normal curvatures. Since the third dimension is different from the other

two, isotropic geometry treats this last dimension distinctively.
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Figure 5: A pair of reciprocal diagrams. (a) the left diagram consists of four surfaces (A:
developable, B: doubly curved, C-D: planar), four edges (E-G: curved, H: straight), and one vertex
(I). (b) The corresponding entities are labelled in lowercase letters. Surfaces b, e, f, g, and i have
continuous slope; The borders between surfaces A, B, C, and D have crease angles.

We can plot the Airy stress function as a surface in the 3D space and apply principal

meshes to visualise and discretise the Airy stress “surface”. Principal meshes are

quad-dominant meshes which can effectively reveal principal curvatures of surfaces

(Liu et al. 2006; Zadravec et al. 2010). Since the normal curvatures on the Airy

stress surfaces are the second-derivatives that indicate stresses, principal meshes

ultimately display the principal stresses. As the third dimension of the Airy stress

surfaces is not a physical dimension, we opt to apply their counterparts in isotropic

geometry, isotropic-circular and isotropic-conical meshes (from here on referred to

as i-circular and i-conical meshes respectively).

In isotropic geometry, the notions of distance, circle, and sphere differ from their

Euclidean counterparts. For detailed definitions, see Pottmann and Opitz (1994);

Pottmann and Liu (2007). Here we briefly mention the notions that are crucial in

i-circular and i-conical meshes.

Isotropic-distance.

The major distinction of 3D isotropic geometry from the ordinary 3D Euclidean

geometry is that the first two dimensions are more important than the last. The

i-distance between two points x1 = (x1, y1, z1) and x2 = (x2, y2, z2) is barely

affected by the third dimension, such that

‖x1 −x2‖i := lim
ǫ→0

√

(x1 −x2)2 +(y1 −y2)2 + ǫ2(z1 −z2)2,
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in which the third dimension is almost negligible as ǫ → 0.

Isotropic-sphere.

Following from the definition of i-distance, the i-sphere is the set of all points

x = (x, y, z) with a constant distance r from a centre xc such that ‖x −xc‖i = r

or

(x−xc)
2 +(y −yc)

2 + ǫ2(z −zc)
2 = r2.

When 0 < ǫ2 < 1, the “sphere” looks like an ellipsoid obtained by rotating an ellipse

about the z-axis, which has two foci. Let (xc,yc,z
focus
1 ) denote the higher focus

and (xc,yc,z
focus
2 ) the lower. When ǫ → 0, the ellipsoid degenerates into a circular

cylinder (as zfocus
1 → ∞ and zfocus

2 → −∞), or a paraboloid of revolution (as one

of |zfocus
1 | and |zfocus

2 | approaches infinity while the other stays finite). The former

degenerated ellipsoid is the i-sphere of cylindrical type and the latter is the i-sphere

of parabolic type. Thus the i-sphere of cylindrical type can be expressed as

(x−xc)
2 +(y −yc)

2 = r2.

The i-sphere of parabolic type can be expressed as

(x−xc)
2 +(y −yc)

2 + c1z = c2,

where c1 and c2 are constants that relate to zc and r2. Thus the unit i-sphere of

parabolic type Σ0 is defined as

Σ0 :=

{

(x,y,
1

2
(x2 +y2)) : (x,y) ∈ R2

}

.

3.3 Reciprocity between planar i-circular and i-conical Meshes

Pottmann and Wallner (2008) describe that “Circular meshes are quadrilateral

meshes all of whose faces possess a circumcircle, whereas conical meshes are planar

quadrilateral meshes where the faces which meet in a vertex are tangent to a right

circular cone [or a sphere].”

In isotropic geometry, the definition of spheres is changed. As a result, the definitions

of i-circular meshes and i-conical meshes change too (Pottmann and Liu 2007).

I-circular meshes refer to meshes where the vertices forming a face are on the

intersection between a plane and an i-sphere; i-conical meshes refer to planar meshes

where the faces meeting in a vertex are tangent to an i-sphere.
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An i-circular mesh inscribed in the unit i-sphere Σ0 is reciprocal to an i-conical

mesh circumscribed about the unit i-sphere Σ0 (Pottmann and Liu 2007). We

will extend this notion and show that an i-circular mesh inscribed in a surface

(x, y, F (x, y)) is reciprocal to an i-conical mesh circumscribed about the reciprocal

surface (ξ, η, φ(ξ, η)) defined in eq. (7). The notion consists of two steps:

1. Planes tangent to (ξ, η, φ(ξ, η)) at points (ξi,ηi,φi) meet at one vertex if

and only if the corresponding points (xi, yi, Fi) are on a plane.

2. Planes tangent to (ξ, η, φ(ξ, η)) at points (ξi,ηi,φi) are tangent to an i-sphere

if and only if the corresponding points (xi, yi, Fi) are on an i-sphere.

In the first step, let (ξi, ηi, φi) denote 3 distinctive points, in which i ∈ {1,2,3},

and (xi,yi,Fi) denote the corresponding points. A plane tangent to (ξ, η, φ(ξ, η))

at (ξi, ηi, φi) can be expressed as

ζ = φi +φ,ξ(ξi, ηi) · (ξ − ξi)+φ,η(ξi, ηi) · (η −ηi).

From eq. (7), we can rewrite the tangent plane as

ζ = xi · ξ +yi ·η −Fi. (12)

Let (ξv, ηv, ζv) denote the intersection of the three tangent planes defined by the

three points. The intersection (ξv, ηv, ζv) is provided by







ξv

ηv

ζv






=







x1 y1 −1

x2 y2 −1

x3 y3 −1







−1 





F1

F2

F3






(13)

Any non-vertical plane that passes through (ξv, ηv, ζv) and is tangent to (ξ, η, φ(ξ, η))

at points (ξt, ηt, φt) should meet the condition:

ζv = xt · ξv +yt ·ηv −Ft, (14)

where (xt, yt, Ft) is the point corresponding to (ξt, ηt, φt). eq. (14) describes

the valid point of tangency (xt, yt, Ft) on a plane of Ft = ξv · xt + ηv · yt − ζv in

(x, y, F (x, y)) as fig. 6 shows. It should be noted that this plane also passes

through the three points found with eq. (13).
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x

F(x,y)

y

F

( , , )
t t t
x y F

( , , )
t t t
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Figure 6: The intersection of a plane with F (x, y) defines (xt, yt, Ft), which corresponds to a
set of tangency points (ξt,ηt,φt) that define planes passing through (ξv, ηv, ζv).

In the second step, we consider the reciprocal diagrams of (x,y,F (x,y)) and

(ξ, η, φ(ξ, η)) along with i-spheres. Let S denote an i-sphere of hyperbolic type

S =

{(

x, y,
a

2

(

(x−xs)2 +(y −ys)2
)

+zs

)

: (x,y) ∈ R2
}

.

Each i-spheres S has four parameters: a, xs, xs, and zs. Let Σ denote the

corresponding i-sphere of S. By eq. (7), we can derive

Σ =

{(

ξ, η,
1

2a

(

(ξ +axs)2 +(η +ays)2
)

−zs −
a

2
(x2

s +y2
s)

)

: (ξ,η) ∈ R2
}

.

If the i-sphere Σ is inscribed by the planes from eq. (12), the slopes of the graphs

should match at the points of tangency (ξΣi
,ηΣi

, ζΣi
). For the slope in x-direction,

we have

∂

∂ξ
(xi · ξ +yi ·η −Fi)

∣

∣

∣

∣

ξ=ξΣi
, η=ηΣi

=
∂

∂ξ

(

1

2a

(

(ξ +axs)2 +(η +ays)2
)

−zs −
a

2
(x2

s +y2
s)

)
∣

∣

∣

∣

ξ=ξΣi
, η=ηΣi

,

which gives us

ξΣi
= a(xi −xs).

In the same manner, the condition in y-direction gives ηΣi
= a(yi −ys). When we

project (ξΣi
,ηΣi

) vertically to the tangent plane and Σ , the two results should be

equal, so that

axi · (xi −xs)+ayi · (yi −ys)−Fi =
a

2
(x2

i +y2
i )−zs −

a

2
(x2

s +y2
s),
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which is equivalent to

Fi =
a

2

(

(xi −xs)2 +(yi −ys)2
)

+zs. (15)

Equation (15) suggests that if the unit i-sphere Σ is inscribed in the tangent

planes defined by ξi = (ξi, ηi, φi), the corresponding i-sphere S is circumscribed

about the corresponding points xi = (xi, yi, Fi).

x

x
1

x
2

1

2

21

F(x,y)

S(x,y)

y

F

Figure 7: Points on the intersection of F (x, y) and S(x, y) correspond to lines tangent to both
φ(ξ,η) and Σ(ξ, η) at ξi and ξΣi

respectively. Two instances of the tangent lines are explicitly
drawn.

A vertex (xi, yi, Fi) on F (x, y) is reciprocal to a plane tangent to φ(ξ, η) at the

corresponding points (ξi, ηi, φi). Considering eq. (14) and (15), we can say that

when (xi,yi,Fi) is a set of i-concyclic vertices, the reciprocal planes meet at one

point and are circumscribed about an i-sphere. Thus, an i-circular mesh inscribed

in F (x,y) corresponds to an i-conical mesh that is circumscribed about φ(ξ, η).

3.4 I-circular and i-conical Airy stress functions with discretised
body forces

When body forces are introduced, the discretised Airy stress function should have

curved faces to meet the zero stress conditions stated in eq. (6). Given that

the existing definitions on i-circular and i-conical meshes are restricted to planar

faces, we must propose generalised definitions for i-circular and i-conical meshes.

Non-planar i-circular meshes are quadrilateral meshes that the vertices of each face

are on an i-sphere of cylindrical type. Non-planar i-conical meshes are quadrilateral

meshes that the surround faces of each vertex are tangent to lateral faces of a

pyramid at the apex, and the pyramid is circumscribed about an i-sphere of parabolic

type.

Figure 8 shows a set of points xi that are on the intersection of an i-sphere of

cylindrical type S, the graph of the local zero-stress stress function F void , and the

smooth stress function F .
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voidF F
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Figure 8: Points xi on the intersection of an i-sphere of cylindrical type S, the graph of the local

zero-stress stress function z = F void(x, y), and the graph of the stress function z = F (x, y). (a)
A case in which F has positive Gaussian curvature. (b) A case in which F has negative Gaussian
curvature.

Given a smooth Airy stress function F (x, y), and integrals of body forces Px(x, y) =
∫

px dx and Py(x, y) =
∫

py dy, we can find a non-planar i-circular mesh inscribed

in the stress function F .

To start with the first face, we choose three of the points arbitrarily. The three

points determine the centre (xc, yc) and the radius of an i-sphere of cylindrical type

S. We can use the values of Px(xc, yc) and Py(xc, yc) to determine the local value

of step-wise functions P disc
x (x, y) and P disc

y (x, y) which are the discretised versions

of Px(x, y) and Py(x, y). Subsequently, we can define F void in a polynomial form:

F void(x, y) =
P disc

y (xc, yc)

2
x2 +

P disc
x (xc, yc)

2
y2 +ax+ by + c, (16)

in which a, b, and c are constants. Equation (16) is arranged in such a way to

satisfy eq. (6). The constants a, b, and c can be determined by the three points.

Thus we have fixed S and F void , the fourth point can be located at the intersection

of S, F , and F void . Here we can derive one point of a 2-by-2 mesh when three

points are given. In regions with no umbilical point (Porteous 2001), we can derive

a quadrilateral mesh with m-by-n points when m+n−1 points are given.

When
∫

px dx and
∫

py dy equal zero, all faces of F void(x, y) are planar, and a planar

i-circular mesh can be derived. Moreover, a planar i-conical mesh circumscribed

about F (x, y) can also be derived by applying this method by discretising the

reciprocal diagram φ(ξ, η) into an i-circular mesh first. Then the mesh can be

mapped by eq. (7), resulting in the i-conical mesh as discussed in sec. 3.3.
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Regarding a non-planar i-conical mesh that circumscribes about a smooth graph

of F (x, y), an example on hydrostatic pressure was shown in sec. 2.2. In that

example, each face of the discretised Airy stress function was constructed based on

a grid point, so that the faces were constructed as

F void(x, y|xb, yb) =
Py(xb, yb)

2
(x−xb)

2 +
Px(xb,yb)

2
(y −yb)

2+

F,x(xb, yb)(x−xb)+F,y(xb, yb)(y −yb)+F (xb, yb), (17)

where (xb, yb) is the base point. The curvatures of F void(x, y) are informed by

Py(x, y) and Px(x, y) at the base point (xb,yb), and the overall slope and elevation

are determined such that F void(x, y) is tangent to F (x, y) at the base point

(xb, yb).

We first discuss how four base points xi = (xi, yi, zi) can construct a set of

F void
i (x, y) that meet in one point. Three of the graphs F void

i (x, y) can easily

meet at one point, say xv = (xv, yv, zv). If the fourth face also passes the same

point with correct slopes, then we can fulfil the criteria set in the first paragraph of

this subsection. The passing through the point xv is relatively easily expressed in

an equation:

F void
4 (xv, yv|x4, y4) = zv. (18)

Regarding the slopes, one can approach xv from different base points xi. The

observed slope can be expressed as

x component: ξvi = F void
i ,x (xv, yv|xi, yi), and

y component: ηvi = F void
i ,y (xv, yv|xi, yi).

Form Maxwell’s point of view, the slopes (ξvi, ηvi) regard points in the reciprocal

diagram, and the vertex xv corresponds to the polygon formed by (ξvi, ηvi). When-

ever the polygon is cyclic, the orientation of Planes tangent to F void
i at xv will

circumscribe an i-sphere, thus meet the criteria for i-conical meshes. The polygon

is cyclic when the following equation is met:

(ξvi − ξc)
2 +(ηvi −ηc)

2 = ρ2
c , (19)

in which (ξc,ηc) is the centre and ρc is the radius of the circumscribe circle (see

fig. 9). Equations (18) and (19) together can determine the legitimate fourth

base point and make the vertex xv meet the i-conical condition.
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Figure 9: Reciprocal diagrams of the smooth stress function F (x, y) and faces of the discretised

stress function F void

i
(x, y). The faces tangent to F (x, y) at the base points xi. Correspondingly,

their reciprocal counterparts φvoid

i
(ξ, η) tangent to φ(ξ,η) at ξi. The vertex xv meets the i-conical

condition when it corresponds to a polygon having a circumscribed circle like the green circle.

We have located one base point when the other three base points are given. In

regions with no umbilical point, we can drive a quadrilateral mesh with m-by-n

base points when m+n−1 base points are given.

4 Boundary conditions

Earlier, we discussed the equilibrium within a domain. At the boundary, the material

may not always have sufficient bounding traction to develop normal or shear stresses.

To establish a local coordinate system following the boundary, let n = (nx,ny)

denote the normal direction and t = (tx, ty) = (−ny,nx) the tangential direction.

The transformation of the stress tensor can be given as:

[

σnn σnt

σnt σtt

]

=

[

nx

−ny

ny

nx

][

σxx σxy

σxy σyy

][

nx

ny

−ny

nx

]

.

We can classify the boundaries into four types based on their traction (Csonka

1987; Sadd 2009) (fig. 10):

• Free edges: No reactions in normal and shear directions (σnn = 0 and σnt = 0).

• Reinforced edges: Reactions in tension and compression but pliable in bending

(shear resistance to the material but no normal stress) (σnn = 0).

• Sliding supports: No reactions in tangential direction, but reactions in normal

direction (σnt = 0).

• Fixed supports. Material adequately attached to the foundation.
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Figure 10: Types of boundary conditions and their schematic figure representation.

5 Beams under self-weight

In linear elasticity, when compatibility is considered and the body forces are zero

or uniform, the Airy stress function should follow the bi-harmonic equation (Sadd

2009):
∂4F

∂x4
+2

∂4F

∂x2∂y2
+

∂4F

∂y4
= 0. (20)

A solution to eq. (20) for a simply supported beam with reinforced ends can be

expressed as Sadd (2009)

F (x,y) = −
2R

L

[(

x2 −
L2

4

)

y2

H2

(

y

H
−

3

2

)

−
y2

5

(

y

H
−

1

2

)(

y

H
−1

)2
]

, (21)

in which R denotes the reaction force at one of the supports, L the length of the

beam, and H the depth.

We can interpret the stress function as body forces being zero and all the loads

acting on top. Subsequently, we can discretise the stress function into a planar

i-circular mesh. The mesh highlights the principal curvatures of the graph (Bobenko

and Suris 2007; Pottmann and Liu 2007), or the principal stresses of the beam, as

fig. 11a shows. The stress σyy equals 2R/L at the top and gradually becomes 0

at the bottom of the beam.

We can also interpret the same stress function eq. (21) when body forces are

px = 0, and py =
2R

LH
.

In this case, the beam is loaded by its self-weight and there is no external load

at the top. Accordingly, We shall discretise the stress function into a non-planar

i-circular mesh, as fig. 11b shows. In this case, the stress σyy equals 0 at the top,

middle, and the bottom of the beam.
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These two cases follow the same governing equation and are represented by the

same smooth stress function. But after we discretise them, the planar and curved

faces develop the crease angles differently at the edges and therefore reveal different

stresses in the bars.

(a) (b)

x
y F

Figure 11: Discretised Airy stress functions of simply-supported beams. The beam in (a) is
externally loaded on top without body forces while the beam in (b) is loaded by its own weight.
The diameters of the bars are proportional to their axial forces. Blue bars are in compression and
red bars in tension.

6 Conclusion

We have developed a method to incorporate body forces in the discretised Airy

stress function of a structure. One discretised Airy stress function can contain

information from three functions: the integrals of body forces
∫

px dx,
∫

py dy, and

the smooth Airy stress function F (x,y) in one geometry. The integrals of body

forces are discretised into step-wise functions which inform the curvatures of the

discretised Airy stress function. In the discretised Airy stress functions, the curved

faces represent voids and curved creases represent stressed bars. The curvatures on

the curved faces represent in-active stresses. These stresses become active on the

borders between faces with different curvatures. The reciprocal relationship between

a discrete Airy stress function and its reciprocal diagram is reintroduced, where

vertices map to planar faces, straight edges to other straight edges, and planar faces

to vertices. To include body forces, new entities are introduced into this reciprocal

relationship, namely: curved edges, developable surfaces and doubly-curved surfaces

that respectively map to developable surfaces, curved edges, and doubly curved

surfaces. By applying non-planar i-circular and i-conical meshes, the edges of these

quad-dominant meshes can highlight the principal stresses.

Smooth Airy stress functions may not be easy to read. By discretisation, the

distributed stress tensors concentrate into edges of principal wireframes that are

easily understood. By introducing body forces into the stress function, the influence

of self-weight can be incorporated, and with that be visualised.
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The proposed method currently only focuses on statics and compatibility, and does

not yet include large deformations. Regarding validating whether this visualisation

technique actually generates more perceptible results, experiments shall be made.
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