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In this paper, stability and mechanistic simulations for a four-beam-mass-based MEMS gravimeter were
conducted, and guidelines for the gravimeter design were proposed. Based on a prototyped MEMS device,
the nonlinear finite element model was validated first against the experimental results. Then, we demon-
strated three different scenarios in design that have three distinct modes of deformation: the mode with
buckling (case 1), the mode without buckling but with a single zero-stiffness point (case 2), and the mode
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without both buckling and zero-stiffness point (case 3). Both case 1 and case 2 presented an unstable and
sensitive region, in which a tiny perturbation could result in a rapid increase of the resonance frequency.
Case 3, on the other hand, could provide a stable and low resonance frequency with a linear relationship
between the displacement and gravitational acceleration. An optimized design of a beam/spring-mass-
based relative gravimeter could be achieved using the above guidelines.
� 2022 The Authors. Published by Elsevier Ltd. This is anopenaccess article under the CCBY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Monitoring of Earth’s gravitational field is of great significance
in many applications, such as the detection of hidden hydrocarbon
reserves, groundwater monitoring, magma build-up before vol-
canic eruptions, geophysical mapping of sub-surface voids and
sinkholes, earthquake predictions, etc. [1–4]. There are two broad
categories of gravimeters: absolute and relative gravimeters. An
absolute gravimeter is designed based on measuring the time of
a mass falling over a given distance. A relative gravimeter operates
by measuring the ‘‘change” in the displacement of a spring/beam
system. The absolute gravimeter can reach high resolution and
accuracy but is usually bulky, heavy, and expensive. The
microelectromechanical-systems (MEMS) based relative gravime-
ter provides a potential solution for achieving ultra-high accuracy
and sensitivity in addition to the advantages of mass production
and miniaturization [5–7]. Relative gravimeters can also measure
static gravity acceleration for specific positions as well as the
detection of dynamic gravity changes with time at a given location
[8,9].

A MEMS-based gravimeter usually consists of a spring/beam-
mass system for enhanced sensitivity to external mechanical dis-
turbance (gravitational force) [10,11]. Near-zero and even negative
stiffness can be achieved for such a system that deforms with
buckling. Therefore, the buckled spring/beam-mass system was
adopted to reach an ultra-high-resolution [12]. Cella et al. [13]
studied the low-frequency behaviour of a geometric antispring
(GAS). They identified the bistability (buckling) behaviour, which
is a natural result of the compression of the spring related to its
arc length. With a couple of folding singularities, a near-zero reso-
nance frequency was obtained. Middlemiss et al. [14,15] further
fabricated a MEMS gravimeter using a novel three-flexure anti-
spring system, and the resonance frequency can be reduced to
2.3 Hz with an acceleration sensitivity of 40 ng/Hz1/2. This MEMS
gravimeter was further developed by Prasad et al. [16] to reach
an acceleration sensitivity of about 8 ng/Hz1/2, which was inte-
grated on a small platform with automated temperature control
and manually adjustable tilt option.

Buckling is an instability phenomenon, in which the system
jumps from one stable state to another stable state. For this reason,
some other MEMS-based gravimeters were designed to prevent
buckling. Droogendijk [17] designed a bulk-micromachined gravi-
tational accelerometer avoiding buckling. Li et al. [18] presented a
MEMS device based on a novel capacitive readout scheme, which
achieved an acceleration sensitivity of 30 ng/Hz1/2. A linear spring
system with a resonance frequency of 13.2 Hz was used without
buckling over the entire deflection range. Recently, Tang et al.
[6,19] designed a MEMS gravimeter with an acceleration sensitiv-
ity of 8 ng/Hz1/2 at bandwidth of 1 Hz. The device included a curved
beam and two folded beams. The combination of these three
beams led to a quasi-zero positive stiffness behaviour with an
ultra-low resonant frequency of 3.0 Hz. Wu et al. [20] proposed a
spring-mass structure that could achieve the lowest resonance fre-
quency of 0.7 Hz by improving the spring’s compliance with a
2

negative-stiffness compensation mechanism induced by axial
force.

It can be noted from the above analysis that, some devices uti-
lized the buckling behaviour to achieve ultra-low resonance fre-
quency, while others attempted to prevent the buckling. It is still
unclear what kind of the deformation mode of a spring/beam-
mass system would provide the best solution for the MEMS
gravimeter design to achieve a stable and ultra-low resonance fre-
quency. In our recent work [21], we presented a high-resolution
MEMS gravimeter based on a four-beam-mass system. The lowest
resonance frequency of 8.7 Hz was measured at the tilt angle of
34�. Moreover, the MEMS gravimeter used an integrated capacitive
transducer and an impedance readout chip. The achievable acceler-
ation sensitivity was 17.02 ng/Hz1/2. However, there is no analysis
of why the device deforms excessively after a tilting angle of 34�.

In this paper, detailed modeling of buckling/non-buckling
mechanistic behaviour was performed based on our fabricated
four-beam-mass MEMS system. The models were validated first
against the measurements in terms of the system’s resonance fre-
quency. Subsequent detailed parametric studies of small variations
in geometrical design revealed three distinct deformation modes,
with or without the presence of buckling. In what follows, the fab-
rication and measurements of this four-beam-mass based
gravimeter are briefly described in Section 2. The nonlinear finite
element model and the comparison with the experimental results
are discussed in Section 3. In Section 4, the detailed analysis of the
three different modes of deformation is presented, and the general
principles for the improvement of the structural design of a rela-
tive gravimeter are further explained. The conclusions of this work
are given in Section 5.
2. Device fabrication and measurements

2.1. Device fabrication

A four-beam-mass system was proposed and prototyped [21].
The process flow is schematically shown in Fig. 1. The fabrication
was based on silicon bulk micromachining of four-inch p-type
(boron doped) substrate. As the capacitive read-out transducer
was also fabricated from the same substrate, a so-called trench iso-
lation technique was employed. The trenches of 100 lm were
etched by deep reactive ion etching (DRIE), where the patterned
silicon oxide was used as a masking layer (see Fig. 1(a)). The etched
trenches were illustrated in Fig. 1(b). These trenches were then
filled with silicon nitride by low pressure chemical vapor deposi-
tion (LPCVD), as shown in Fig. 1(c). The electrical isolation of differ-
ent parts of the substrate was completed in the process by a
backside etch by a DRIE process, while landing on the filled
trenches. After patterning the contact openings in the silicon
nitride layer, an aluminum layer of 1 lm was deposited and pat-
terned using lithography and standard dry-etching techniques to
form the metal interconnects, as illustrated in Fig. 1(d). Subse-
quently, the masking layers were patterned by lithography and
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Fig. 1. Process flow of the MEMS device: (a) hard mask, (b) trench patterning, (c) trench filling with Si3N4, (d) metal interconnects, (e) mass/beam patterns, (f) released device,
(g) packaged device [21].
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plasma etching. The transducer structure was finally defined by a
through-wafer etch from front to backside. Fig. 1(e) shows the
resulting structure. Vapor hydrofluoric (HF) acid was then
employed to release the devices, while halo-structures of excess
substrate material were removed from the devices (Fig. 1(f)). In
order to minimize parasitic impedance, the packaged dies were
directly wire-bonded on the PCB that houses the high-resolution
capacitive read-out circuitry. The packaged device was shown in
Fig. 1(g). For the above-mentioned manufacturing process, beams
and mass were made from the silicon wafer of 300 lm thickness.
2.2. Resonance frequency measurement

Fig. 2(a) gives the optical microscope image of our fabricated
beam-mass device. A center mass was supported by four identical
slender ‘‘C-shape” beams. The configuration with four curved
beams can increase the rotational stiffness, and also can make
the design more compact, which ensured that the beams had a cer-
tain length to deform with low stiffness. A ‘‘stopper” was designed
to prevent excessive displacement which might lead to catas-
trophic damage. To measure the system’s resonance frequency,
the device was placed in a mechanical shaker under varying tilt
angles, from 0� to 90�, as shown in Fig. 2(b). The initial measuring
position was in a horizontal position with a 0� tile angle. The
mechanical excitation in y0 direction (perpendicular to the ground
pale (x0-z0) was then applied with a spectrum of frequencies at each
3

tilt angle, and the spectral location of resonance was then detected
by a dramatic increase in capacitive response.

A mechanical shaker (Brüel & Kjaer 4810) was used to deliver a
sinusoidal signal in the frequency range between 1 Hz and 20 Hz.
Fig. 3(a) plotted the measured mechanical spectrum of the device
at different tilt angles. In Fig. 3(a), the maximum magnitude of
the signal for each curve corresponded to the point of resonance.
Fig. 3(b) plotted the resonance frequency as a function of tilt angle.
The resonance frequency decreased almost linearly with the tilt
angle from 23� to 34�. Thus, the resonance frequency, as well as
the mechanical sensitivity, of the device were tuneable by varying
the tilt angle. From these measurements, the lowest measured res-
onance frequency equals 8.7 Hz for a tilt angle of 34�. Based on a
sensitivity and noise analysis, the input-referred system accelera-
tion sensitivity was obtained of 17.02 ng/Hz1/2 [21].

When the tilt angle was below 23�, the resonance frequency of
the device was greater than 20 Hz, which was outside of the sha-
ker’s range. Thus, no resonance signal was recorded. When the tilt
angle reached to 35�, the center mass moved excessively and
snaped through and hit the stopper. The beam became a ‘‘S-
Shape” from the original ‘‘C-Shape”, indicating buckling occurred,
as shown in Fig. 4. In the original design, the tilt angle until 90�
to a vertical direction was desired. However, due to the variability
in manufacturing, the dimensions of the prototyped device led to
buckling at the tilt angle of 35�. In the next section, a detailed finite
element analysis was performed to investigate the sensitivity to
geometry variation.



Fig. 2. (a) Optical microscope image of the fabricated MEMS device, (b) schematic of the MEMS device with a tilt angle h.

Fig. 3. Measured results for tilt angle ranging from 23� to 34�: (a) mechanical
spectrum of the device, (b) resonance frequency [21].

Fig. 4. Image of the buckled beam at tilt angle of 35� (the beam is highlighted by a
red line). (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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3. Finite element modeling

There were four geometrical design parameters: radius (R),
height (h), inclination angle (a), and sector angle (b) to define the
geometry of the curved beam, as shown in Fig. 5(a). Table 1 gives
these geometrical parameters based on the measurements from
the final fabricated device. In Table 1, two additional sets of design
parameters, which were used in the subsequent section, were also
presented. Table 2 gives the elastic material properties of the bulk
silicon wafer [22]. The x and y axes indicated in Table 2 repre-
sented h100i direction, while the z-axis indicated [100] direction
of the silicon wafer.
4

Finite element software ANSYS (version 19.0) was used to
model the device. In our study, we used beam element (line ele-
ment) for the curved beams, and shell element (area element) for
the center mass. The center mass was simplified into a rectangular
plane and treated as a rigid body (very high modulus). In this
model, the beam and shell elements shared the same node at the
junction. Both the beam element and shell element have six
degrees of freedom at each node, therefore the beam and shell ele-
ments can be perfectly connected without any additional treat-
ment. The shell element (Shell281) had a thickness of t, and the
beam elements (Beam189) had the thickness and height as t and
h, respectively. Fig. 5(b) showed the geometry model used in
ANSYS, and Fig. 5(c) showed the visualized ‘‘3D” finite element
model.

The gravity force (F = mg) was applied on the center mass in the
negative y’ direction (perpendicular to the ground pale (x0-z0), see
Fig. 5(c)). When a tilt of the center mass surface (x0-y plane) with
respect to the ground plane was applied from 0� to 90� (from hor-
izontal to vertical), the resulting gravity component in the negative
y-direction was Fy = mgsinh. This gravity component acted on the
center mass to produce the prestress on the beams. By doing so,
the stiffness and resonance frequency changed accordingly. During
the simulation, the deformations of the beams were predicted with
arc-length method to capture a complete buckling phenomenon
[23].



Fig. 5. (a) Geometry of the four-beam-mass system, (b) geometric model used for simulation, (c) finite element model showing the cross-section of the beams and the
thickness of the shell.

Table 1
Measured and simulated parameters for the beam-mass structure.

Quantity Symbol Measured Value (Simulation Case 1) Simulation Case 2 Simulation Case 3

Mass m 45.95 mg 45.95 mg 45.95 mg
Beam height h 4.86 lm 4.86 lm 4.86 lm
Beam radius R 4000 lm 4000 lm 4000 lm
Inclination angle a 50.3o 50.3o 50.3o

Sector angle b 54.1o 54.3o 55.0o

Beam thickness t 300 lm 300 lm 300 lm

Table 2
Anisotropic elastic properties of the bulk silicon wafer [22].

Elastic properties Value

Young’s modulus Ex = Ey = 169 GPa, Ez = 130 GPa
Poisson ratio lxz = lzx = 0.36, lyz = lzy = 0.28, lxy = lyx = 0.064
Shear modulus Gyz = Gzx = 79.6 GPa, Gxy = 50.9 GPa
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Mesh sensitivity was studied first using the tilt angle of 90�
when the device was placed vertically with respect to the ground.
The displacement was caused by the weight of the center mass.
Fig. 6 plotted the maximum displacement of the center mass with
the number of beam elements in each beam. It can be seen that the
displacement of the center mass was about 1300 lm. Such large
displacement indicated the occurrence of buckling, and also
Fig. 6. Displacement of the center mass versus the element number in each beam.
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implied that the complete buckling behaviour can be captured. It
also can be seen from Fig. 6 that, with using the quadratic element
Beam189, convergence results can be achieved even with less than
50 elements in each beam. Nevertheless, in this study, each beam
was divided into 200 elements to eliminate possible numerical
errors in buckling analysis.

Next, the system’s mechanical behaviour as a function of tilt
angle was studied. Fig. 7(a) gave the center mass displacement ver-
sus tilt angle, and the corresponding force–displacement curve was
shown in Fig. 7(b). From Fig. 7(a) the beams experienced a large
nonlinear deformation before they lost stability at 35�. When the
tilt angle exceeded 35�, the displacement jumped from 600 lm
to 780 lm immediately, indicating the occurrence of buckling.
The system jumped from one unstable state (Point A) to another
stable (Point B). In Fig. 7(c), it clearly showed the beams changed
from the original ‘‘C-shape” to ‘‘S-shape”. The threshold tilt angle
of 35� predicted from the simulation was remarkedly in accor-
dance with the experimental results.

Third, the modal analyses considering the gravity-caused pre-
stress were further carried out. Fig. 8 presented the first-order
mode at different tilt angles. It was found that the first-order mode
for different tilt angles was symmetric at each tilt angle. The defor-
mation mode always corresponded to translation along the main
axis of the device (y-axis in Fig. 5(c)). It also can be found that there
was little difference in amplitude at different tilt angles, but the
equilibrium position got lower at a larger tilt angle since the defor-
mation of the beams increased with the tilt angle. Fig. 9 further
plotted the simulated and measured resonance frequencies at dif-
ferent tilt angles. The simulated resonance frequencies matched
well with the measured ones, with a maximum error of 8% at
34�. The excellent agreement validated the simulation approach
and the finite element model used for this system. In the next sec-
tion, we used the finite element model to investigate the different
modes of deformation for such a beam-mass system.



Fig. 7. (a) Center mass displacement evolving with tilt angle, (b) the gravity
component Fy (Fy = mgsinh, g = 9.800 m/s2, h = 0�-90�) evolving with displacement,
(c) the deformed beam obtained at h = 35�.

Fig. 8. First-order mode a
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4. Three modes of deformation

To investigate the mechanical stability of the four-beam-mass
structure, three cases were considered, as shown in Table 1. The
geometry of case 1 was measured from the actual device. In these
three cases, only the sector angle was changed from 54.1� to 55�,
while other parameters remained the same. Three typical deforma-
tion modes were identified. When the sector angle was 54.1� (case
1, same as the fabricated device geometry), the buckling behaviour
was observed. As the sector angle increased to 54.3� (case 2), there
was a zero-stiffness point without buckling. And when the sector
angle further increased to 55.0� (case 3), there existed a region in
which the beam deformed with a stable (positive) near-zero-
stiffness. The geometric structures of these three cases had no
noticeable differences, as shown Fig. 10. However, such a small dif-
ference would result in three distinct modes of deformation.
4.1. Buckling and non-buckling

The displacement against tilt angle for cases 1, 2, and 3 were
shown in Fig. 11(a)–(c), and the corresponding force–displacement
curves were shown in Fig. 11(d)–(f). For case 1, buckling occurred
at 35�, following an ‘‘unstable equilibrium” zone as the tilt angle
exceeded 35� (see Fig. 11(d)), at which the instability took place
and the displacement jumped from 600 lm to 780 lm (Fig. 11
(a)). The system ‘‘jumped” into a post-buckling stable zone, and
the system restored the stiffness.

In case 2, no ‘‘snap-through” behaviour of the displacement was
observed, but a zero-stiffness point was achieved at 34.75� (Fig. 11
(b) and (e)), with which an ultra-low resonance frequency can be
obtained. The displacement showed a highly nonlinear depen-
dency on the gravity component near the zero-stiffness point. In
this highly nonlinear region, the ratio of the displacement incre-
ment to the gravity variation was not constant (because of the non-
linearity) and depended on the deflection, to be discussed in the
next sub-section (section 4.2).

For case 3, the force always increased with the displacement
with a positive slope (see Fig. 11(f)). The displacement increased
with the tilt angle nonlinearly from 0� to 32.1�, with relatively
large stiffness. There existed a zone (Zone A) in the range of
32.1–33.1�, with a relatively near-zero stiffness. From the enlarged
figure illustrated in Fig. 11(f), a linear relationship between the
force and displacement was obtained in the displacement range
of 600 �710 lm, corresponding to a tilt range of 32.4–32.8�. This
means a stable (positive) stiffness and resonance frequency can
be achieved in this region.
t different tilt angles.



Fig. 9. Comparison of the simulated resonance frequency with measured results at
different tilts.
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4.2. Stability of the resonance frequency

Fig. 12 presented the resonance frequency of the system evolv-
ing with tilt angle. From Fig. 12(a) for case 1, in a region near the
Fig. 10. Beam-mass structure for: (a) case 1 b = 54.

Fig. 11. The displacement of center mass evolving with tilt angle for: (a) case 1, (b) case 2
displacement for: (d) case 1, (e) case 2 and (f) case 3.

7

instability point (35�), the resonance frequency was very sensitive
to the tilt angle, i.e., a very small change of the tilt angle could
result in a significant variation of the resonance frequency. Because
of this sensitive zone, a tiny design/fabrication deviation could
result in a quite different resonance frequency. For example, for
the device which is designed with a working resonance frequency
of 0.5 Hz, a 1% fabrication deviation of the center mass would make
the resonance frequency increase by �1000%. Therefore, the ultra-
low resonance frequency near the instability point is very sensitive
to the variations of many parameters including gravity variation.
The device should not be designed to work in this region.

As for case 2, even though buckling did not occur, in a region
right near the zero-stiffness point, there still existed a sensitive
zone (Fig. 12(b)), where the resonance frequency changes rapidly
with the tilt angle: only a 0.5� variation of the tilt angle resulted
in a 6 Hz variation of the resonance frequency. Therefore, the
device should not be designed to work in this region despite a
near-zero resonance frequency.

Fig. 12(c) plotted the evolution of the resonance frequency for
case 3. With the design parameters provided in Table 1, the lowest
resonance frequency of 3.3 Hz can be achieved at 32.65�. However,
different from case 1 and case 2, the resonance frequency changed
smoothly and slightly near the lowest resonance frequency point,
and it was almost unchanged in the range of 32.4–32.8�, indicating
1�, (b) case 2 b = 54.3� and (c) case 3 b = 55.0�.

, (c) case 3, and the gravity component Fy (Fy =mgsinh, g = 9.800 m/s2) evolving with
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that a stable resonance frequency can be achieved in this region. It
is worth noticing that the frequency-tilt curve is upward-concave
at the lowest resonance frequency point (see the enlarged figure
illustrated in Fig. 12(c)), which means a stable state can be
achieved at the extreme point (32.65�). This is different from case
1 and case 2, where the frequency-tilt curve is always downward-
concave (see Fig. 12(a) and Fig. 12(b)), indicating an unstable
status.
Fig. 12. The resonance frequency evolving with tilt angle for: (a) case 1, (b) case 2
and (c) case 3.

Fig. 13. Displacement plotted with gravitational acceleration (with g = 9.800 m/s2

as a standard case).

Fig. 14. Schematic force–displacement curve of the optimized beam-mass
structure.

8

4.3. Relation between displacement and gravitational acceleration

As a benchmark study with g = 9.800 m/s2 as a standard case,
Fig. 13 gave the numerical results of the relation between the dis-
placement and gravitational acceleration for cases 1, 2, and 3, in
the range of 9.780 m/s2 �9.832 m/s2 (the variation range on the
earth). For case 1, the system lost its stability at 9.800 m/s2, result-
ing in a snap-through displacement. Therefore, the displacement-
gravitational acceleration curve became discontinuous. One gravi-
tational acceleration (g = 9.800 m/s2) would correspond to two dis-
tinct displacements, which was unacceptable for a relative
gravimeter. For case 2, the displacement showed a highly nonlinear
dependency on the gravity acceleration, especially in the region
near 9.800 m/s2 (zero-stiffness point). So, it was hard to experi-
mentally calibrate the accurate relation between the displacement
and gravitational acceleration in such a highly nonlinear region
near the zero-stiffness point, which was unfavorable for a relative
gravimeter. Different from mode 1 and mode 2, a perfect linear
relationship between the displacement and gravitational accelera-
tion can be achieved for case 3. The displacement increased lin-
early with the gravitational acceleration with a positive slope
(here, 1231 lm/ms�2). This meant a stable high mechanical sensi-
tivity (0.012 nm/ng) of the beam-mass system can be obtained in
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the range of 9.780–9.832 m/s2. Such a design would be sufficient to
recognize the variation of gravitational acceleration in the order of
nano-g. For a relative gravimeter, the gravity acceleration was cal-
culated according to the measured displacement increment caused
by gravity variation. Thus, a linear relationship between the dis-
placement and gravity acceleration was preferred.
4.4. Discussion

With small changes in the geometrical parameters of the beam-
mass system studied here, we have shown the existence of three
distinct deformation modes. For mode 1 and mode 2, a zero reso-
nance frequency was theoretically available. However, both of
them presented a very sensitive region where a tiny perturbation
would result in a rapid change in resonance frequency. This means
a tiny fabrication deviation would render a much higher resonance
frequency. This would be the reason why it was so difficult to make
a gravimeter with a resonance frequency lower than 1 Hz. As for
mode 3, it provided a stable resonance frequency and linear rela-
tionship between the displacement and gravitational acceleration.
So, to achieve a stable and ultra-low resonance frequency, the fol-
lowing guidelines were proposed,

Firstly, the buckling and zero-stiffness point should be pre-
vented in the working region. The deformation mode with positive
stiffness can be adopted to obtain a stable resonance frequency.

Secondly, to achieve a stable and ultra-low resonance fre-
quency, the beam-mass structure should be further optimized to
make its force–displacement curve have a wide flat region with
constant and ultra-small slope, as schematically shown in Fig. 14.
The near-zero but positive slope in a wide flat region will ensure
that the beam-mass structure could maintain a stable and sensitive
relationship between the gravitational acceleration and displace-
ment in a wide working range of gravitational acceleration.

Thirdly, in our study, we only focused on three different defor-
mation modes, but we did not study the desired tilt angle. In gen-
eral, the device would work in an entire range of tilt angle until 90�
to the vertical direction without failure. This means that a near-
zero but positive slope in a wide flat region would be preferred
near vertical direction.
5. Conclusions

In this paper, a detailed modeling study of buckling/non-
buckling mechanical behavior was performed based on a four-
beam mass MEMS device prototype. The numerical results for
the resonance frequency and buckling threshold conditions were
in good agreement with the experimental data. Subsequently,
through the validated nonlinear finite element analysis, we inves-
tigated three different cases with three distinct modes of deforma-
tions. The results revealed that both the buckling mode and the
zero-stiffness point mode present sensitive regions of system
instability. On the other hand, the mode without both buckling
and zero-stiffness point provided the beam-mass structure with
a stable linear relationship between the displacement and gravita-
tional acceleration. A near-zero and stable resonance frequency
can be achieved with an optimized beam-mass structure, in which
the force–displacement curve has a flat region with a constant and
ultra-small slope. In addition, achieving a ‘‘flat region” with con-
stant and ultra-small slope near vertical position is also part of
the optimized design. Future work will be conducted to quantify
the sensitivity of resonance frequency to each design parameter
including beam thickness and tilt positions.
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