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Two Appendices are included for reference. Appendix A deals with introductory
functional analysis and in Appendix B spectral decomposition is treated as well as some
conventions used in this report.



Summary

The solution of ill-posed problems is non-trivial in the sense that frequently applied meth-
ods like least-squares fail. The ill-posedness of the problem is reflected by very small
changes in the input data which may result in very large changes in the output data.
Hence, some sort of stabilization or regularization is required. Some examples of (geode-
tic) ill-posed problems are given.

Several regularization methods exist to compute stable solutions, along with several
ways of determining the so-called regularization parameter(s). The idea of the regu-
larization methods is discussed as well as the determination of optimal regularization
parameters. Moreover, the different methods are compared, emphasizing the quality or
accuracy of the methods.

Finally, the differences between methods and parameter choice rules are illuminated
by an example from airborne gravimetry.
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Notation

Roman upper-case

A 1) compact operator mapping an element f from Hilbert space I to an
element g of Hilbert space G

2) matrix € R™* ", m > n

approximation of A in TSVD and TGSVD
transformed design matrix, 4,, = WA

signal weight matrix

[a,b] class of continuous functions on [a, b]
diagonal matrix with elements d;

matrix with ones on the anti diagonal
Hilbert space

1) Hilbert space

2) I — A*A

(semi-)orthogonal matrix in QR factorization
Sobolev space

indentity operator

o

3

Q0 e -

k-]

Snnm QEmy

e indentity matrix of dimension n
Jo(x)  function to be minimized with respect to x for fixed o
K (semi-)orthogonal matrix in QR factorization
K Krylov subspace
K(z,y) integration kernel
L 1) differential operator, regularization matrix
2) strict lower triangular matrix
I? Hilbert space of square integrable functions
M 1) diagonal matrix with elements p; in GSVD

2) square invertible matrix
3) average operator
N 1) size of perturbation € IR
2) normal matrix, N = A*4
N natural numbers
P weight matrix of errors £
Py matrix with vectors py
Q (semi-)orthogonal matrix in QR factorization
Qq error covariance matrix
R 1) upper triangular matrix in QR factorization
2) R > 1 in discrepancy principle



xii Contents

R real numbers

R{ positive real numbers, zero included

IR™*"  gpace to which matrix A belongs

S 1) symmetric positive definite matrix
2) Choleski decomposition of C = 55T

T 1) compact, symmetric and semi-positive definite operator
2) upper triangular matrix in QR factorization

U (semi-)orthogonal matrix with singular vectors u;

V orthogonal matrix with singular vectors v;

w Choleski decomposition of P = WTW

X nonsingular n-by-n matrix

Z(a)  function to become zero for o

Roman lower-case

In general lower-case letters with a roman index (¢, j, k, m or n) are real numbers, for
example d; € IR. Printed in bold face, however, lower-case letters with such an index are
vectors or functions, for example u,.

a

—

2

minimum of interval, K(z,y) : [a,b] — [a,b]

Fourier coefficients

maximum of interval, K (z,y) : [a,b] — [a,}]

b= ATy, b= A'g

constant € IR§

positive function

i-th diagonal entry of matrix D

stability error after £ iterations

approximation error after k iterations

oo-vector with exact solution, f = f(z), a <2 <b

any solution of Af =g

oo-vector with approximate solution from g*, sometimes ¢ is not written
co-vector with regularized solution from g*, sometimes € is not written
oo-vector with exact observations, g = g(z),a <z <b

oo-vector of observations with error g, sometimes ¢ is not written
I)h=h(z),a<z<b

2) element of Krylov space

index for finite dimension, x = (21,22, ..., %4, ..., %n)"

index for finite dimension, ¥ = (Y1, %2, .+, ¥js -+ Um) "’

1) perturbation frequency € IN

2) truncation level for truncated singular value decomposition, number of
iterations

distance from x to solution x,

number of measurements < 0o, ¥ = (Y1, Y2, .-+, Ym)"
1) number of unknowns < 0o, X = (1, T, ..., Ty)7
2) index for infinite dimensions, f = (f1, f2,. .., fa,- - Jr

e
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P 1) number of generalized singular values
2) index of Sobolev space H?
Pk general direction
q m— (n—p)
Ty residual after k iterations
s vector with side constraints
u, singular vector, eigenvector of AA* (column vector)
Vi singular vector, eigenvector of A*A (column vector)
Wi eigenvector of 7' (column vector)
T variable of function, g(z), f(z)
% n-vector with exact solution
Xg generalized biased estimate
X; column vector of X
X any approximate solution of x
x* n-vector with approximate solution from y*, sometimes £ is not written
x;, n-vector with regularized solution from y*, sometimes £ is not written
x least-squares estimate
Yy variable of function, f(y), y is the integration variable
y m-vector with exact observations
Yo transformed observation, y,, = Wy
v m-vector of observations with error £, sometimes £ is not written
z vector with elements € IR

Greek upper-case

A diagonal matrix with elements «;

Az bias

b diagonal matrix with singular values o;
Q general Tikhonov penalty term

Greek lower-case

o regularization parameter, « € Rj ora™ ' =k € IN
g relaxation parameter

¥ generalized singular value

d max |f — ff], max [x — x|

0; filter factor i

0ij Kronecker delta

dx ox =x5 —x

£ m-vector or co-vector with measurement errors or perturbation
€ llell

G element of z

n@)  logllxsle

Ai eigenvalue

1 i-th diagonal element of M in GSVD



xiv Contents

5(20) log || Ax{, — y°|l2

o variance of unit weight

o; singular value

T approximately one, T > 1

v lAx—ylix

Operations

AT transpose of A € IR™*"

A* conjugate or adjoint of operator A

At inverse of A

At generalized inverse of A

At regularized generalized inverse of A
D(A) domain of A

E{y} expectation of y

N(A) null space of A

N(A)*+ space orthogonal to the null space of A
R(A) range of A

R(A) closure of the range of A

|a| absolute value of a € R

(a,b) innner product of a and b, (a,b) = b”a
d(fs, f) distance from f to f*, d is the metric defined on F
F first derivative of f with respect to its argument
[|£]|# Hilbert space norm of f

Siuv! matrix
{Vn,un;0,} singular system
a(T) spectrum of T

The end of examples, definitions and theorems is marked with a @.



List of abbreviations

BE

CG
DGSVD
DSVD
GBE
GCV
GPS

gsv
GSVD
L.s.

MSE
MSEM
PCG
SNR
SST
SVD
TGSVD
TR
TSVD

Biased Estimation

Conjugate Gradients

Damped Generalized Singular Value Decomposition
Damped Singular Value Decomposition
Generalized Biased Estimation

Generalized Cross Validation

Global Positioning System

generalized singular values

Generalized Singular Value Decomposition
least-squares

Mean Square Error

Mean Square Error Matrix

Preconditioned Conjugate Gradients
Signal-to-Noise Ratio

Satellite-to-Satellite Tracking

Singular Value Decomposition

Truncated Generalized Singular Value Decomposition
Tikhonov Regularization

Truncated Singular Value Decomposition




1]
INTRODUCTION

1.1 Background and problem description

An accurate and high resolution knowledge of the earth’s gravity field is needed in several
earth oriented sciences. In geodesy, for example, the gravity field is needed for levelling
with GPS, in oceanography it is important for studying ocean circulation and last but not
least in geophysics a better knowledge of the earth’s gravity field yields better boundary
conditions in the study of the earth’s interior.

A model of the earth’s gravity field may be determined by means of satellite observa-
tions. Examples of satellite measurement techniques for global gravity field determination
are satellite tracking from stations at the earth’s surface (ranges, range-rates, directions),
satellite gradiometry and satellite-to-satellite tracking (SST).

It is well known that only the long wavelengths (about 600 km at the equator, corre-
sponding to spherical harmonic degree 70) of the gravity field are revealed by currently
available satellite tracking data, Nerem et al. (1994); Schwintzer et al. (1997). Gravity
field models from satellite tracking data are called satellite-only models. The combination
of satellite tracking data with gravimetry and satellite altimetry allows for solving shorter
wavelengths down to about 100 km at the equator, corresponding to spherical harmonic
degree 360, cf. Rapp et al. (1991); Gruber et al. (1995).

The computation and the combination process of the satellite-only models is hampered
by the lack of a proper quality description of the solutions. On the one hand model
errors are responsible for this, e.g. insufficient modelling of drag for satellites and datum
connection problems for gravity data, Nerem et al. (1994); Heck (1990). On the other
hand there is concern that the quality of the satellite-only solutions is not described
properly: although it is generally recognized that the solutions are biased, this bias is not
accounted for, Marsh et al. (1989); Xu (1992b).

In the near future several dedicated gravity field missions might be launched, such as
Grace using low-low SST, Tapley (1996), and Goce using a combination of high-low SST
and gradiometry, ESA (1996). The purpose of these missions is to determine very ac-
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curately high resolution gravity field models (Goce), and time-varying gravity signatures
(Grace). However, as noted above, it is unclear how the accuracy has to be described.
When the bias is taken into account the accuracy description might be different from
the conventional (least-squares collocation) accuracy description. Furthermore, colloca-
tion probably is no longer the optimal estimation procedure as it is based on unbiased
assumptions. Hence, it is of interest to look at other estimation methods that take the
bias into account.

1.2 Purpose and limitations

The purpose of this study is to describe different regularization methods and their conse-
quences for the quality of the solution. By quality we mean the deviation of the estimated
from the true function.

In geodesy one type of regularization, Tikhonov-regularization, has been interpreted as a
kind of collocation, Rummel et al. (1979); Moritz (1980); Marsh et al. (1989). Xu (1992a)
introduced biased estimation in geodesy as an alternative. It is shown here that basically
Tikhonov-regularization and biased estimation are equivalent with the same description
of quality, whereas collocation has a different quality description. Other regularization
methods are studied, most of them have been used in geodesy.

Although a reasonable amount of geodetic literature on regularization exists, an over-
view of the different methods together with their implications for the quality description
has to our knowledge not been given yet. This overview is given here and the mean square
error is considered to be a suitable measure of the quality. For a comparison of methods
see, e.g. Schwarz (1979); Rummel et al. (1979); Sansd (1989); Rauhut (1992), concerning
the quality description cf. Moritz (1980); Xu (1992b); Schwarz (1973); Gerstl and Rummel
(1981); Neyman (1985); Xu (1992a); Xu and Rummel (1994a). For a comparison of
methods in non-geodetic literature see Louis (1989); Groetsch (1993); Engl et al. (1996);
Hansen (1997); Phillips (1962); Tikhonov (1963b, 1963a); Tikhonov and Arsenin (1977);
Nashed (1976); Groetsch (1984); Wahba (1990).

The errors considered in this report are restricted to data errors, that is, model errors are
not part of the discussion. One reason is that it would unnecessarily complicate matters.
Moreover, physical models, relating the measurements to the unknowns, are usually well
known, Wing (1991). Especially when the model error is small compared to the data
error it causes no real additional problems, Morozov (1984). A geodetic example is the
computation of the geoid height in a certain point from global gravity data using Stokes’
formula. This relation is valid in spherical, constant radius approximation, which produces
a model error of less than 1% with respect to a reference ellipsoid. It is assumed that
model errors can be overcome by iteration if it converges, and these errors are assumed
to have equal influence on the quality when comparing different regularization methods.

One important inverse problem that we have in mind is the determination of the global
gravity field from satellite gradiometric measurements. Typically, these measurements are
not sampled on a global basis, since the satellite moves in a non-polar orbit, Blaser et al.
(1996); ESA (1996). At a first glance one might think that the determination of the global
gravity field from these ‘local’ measurements has an inherent model error. However, the
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computation of the second derivatives of the potential at height h above the earth’s surface
in a region 0 < A < 27, pg < 0 < 7 — pg is perfectly legitimate, there is no model error
(A stands for longitude, @ stands for co-latitude and pg is half the size of the polar gap,
the region without observations). The inverse computation suffers from, among others, a
lack of uniqueness.

Note that aliasing caused by the finite sampling interval has to be dealt with when
performing practical computations. Aliasing is neglected here, however.

The observation model used is linear. The regularization of non-linear models can not
be treated with such generality as that of linear models, Engl et al. (1996). Moreover,
non-linear models are usually linearized, iteration should account for the approximation,
see for example Van Gelderen (1992). Snieder (1998) discusses problems related to non-
linear inverse problems.

1.3 Outline

In Chapter 2 ill-posed problems are introduced via integral equations and the spectral
decomposition of the operator equation should further clarify the ill-posedness. Moreover,
some examples of ill-posed problems are given. Several regularization methods as well as
their quality are discussed in Chapter 3. With a few exceptions, all these methods have
had applications in geodesy and they will be compared with each other. In Chapter 4
the determination of the regularization parameter(s) and other computational aspects are
discussed. A better idea of similarities of and differences between methods is obtained by
considering airborne gravimetry, Chapter 5, as an example. Finally, the conclusions and
recommendations can be found in Chapter 6.
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DEFINITION AND EXAMPLES OF
ILL-POSED PROBLEMS

2.1 Introduction
In this Chapter it is shown why the linear integral equation

[ K@ i@y =g@), a<z<b (2.1)

or symbolical
Af =g (2.2)
is ill-posed. This becomes especially clear using the spectral decomposition of the compact
operator A. Ill-posedness is illustrated with some (geodetic) examples.
Mainly Kress (1989); Groetsch (1993) and Tikhonov and Arsenin (1977) are used, but
see also Hansen (1997) and Rummel et al. (1979). Two introductory books on inverse
problems are Wing (1991) and Groetsch (1993).

Before we proceed some important concepts are treated, cf. Kress (1989), see also Ap-
pendix A. Equation (2.1) is a Fredholm integral equation of the first kind, where the
function f is unknown and the Kernel K and the right hand side g are given functions.
The operator A : F — G in equation (2.2) is a single valued mapping with domain F' and
whose range is contained in G, that is, for every f € F the mapping A assigns a unique
element Af € G. The range R(A) is the set R(A) = {Af : f € F} of all image elements.

Injective, surjective and bijective. If for each g € R(A) there is only one element
f € F with Af = g then A is said to be injective and its inverse mapping A" : R(A) = F
is defined by A*g = f. The inverse mapping has domain R(A) and range F'. It satisfies
AtA =1on F and AA* = I on R(A) where [ is the identity operator. If R(A) = G
then the mapping is said to be surjective. If it is injective and surjective the mapping is
called bijective, that is, the inverse mapping A" : G — F exists.
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Bounded operators. An operator A : ' — G mapping a linear space F into a linear
space G is called linear if

A(clﬂ + Cgfg] = Cl,‘iﬂ + CgAfQ
for all f;,f, € F and all ¢,¢, € IR.

Definition (bounded). A linear operator A : F' — G from a normed space F into
a normed space G is called bounded if there exists a positive number ¢ such that

|Aflle < clifllr

for all f € F. Each number ¢ for which this inequality holds is called a bound for the
operator A. @

Definition (continuous). Consider the mapping A : F' — G where F and G are
metric spaces with d and d the metrics defined. The problem of determining the solution
f € F from g € G is said to be stable or continuous on the spaces (F,G) if for every £ > 0
there is a ¢ > 0 such that

d(Afy, Afy) = d(g),8:) <& V£ satisfying d(f;,f,) <o (2.3)

where f;,f, € F and g;,g, € G. )
A linear operator is continuous if and only if it is bounded. Hence, for a linear operator
boundedness and continuity mean the same.

Compact operators. A linear operator A : F — G is compact if and only if for each
bounded sequence {f,} in F the sequence {Af,} contains a convergent subsequence in G.
Compact linear operators are bounded.

Theorem 2.1. Let F,G, H be normed spaces and let A: F — Gand B: G —» H
be bounded linear operators. Then the product BA : F — H is compact if one of the
two operators is compact. ®

Theorem 2.2. The indentity operator I : F — F is compact if and only if F has
finite dimension. °

Therefore, the compact operator A cannot have a bounded inverse unless its range is
finite. (A*A = I is not compact in infinite dimensions due to Theorem 2.2 and because
A is compact A* has to be unbounded in view of Theorem 2.1.) For a proof of these
theorems see (Kress, 1989, Ch. 2).

2.2 Ill-posed problems

There are inverse or indirect problems which imply that there are also direct problems:
given a cause f and a model A find the effect g, g = Af. A is assumed to be linear and
compact, therefore there is a unique effect g for each cause f (the mapping A is injective)
and small changes in f result in small changes in g. In addition to the direct problem
there are two types of inverse problems:
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2.2, Ill-posed problems

causation given A and g, determine f,
model identification given f and g, determine A.

One might hope that the first inverse problem, causation, is the most important one,
since it is more complicated to determine an unknown model. However, often only an
approximate model is known and with the causation some model parameters should be
identified as well. For example, in the case of determination of the gravity field from
satellite measurements models for drag and solar-pressure acting on a satellite are not
always accurate enough. Although this is an interesting subject it is not treated here, as
stated before, to avoid unnecessary complications. We will concentrate on causation and
will not look at model identification.

2.2.1 Existence, uniqueness and stability

In the direct problem the solution is assumed to exist and to be unique and stable. For
inverse problems some or all of these properties may not hold. When a solution for the
problem of determining f exists and this solution is unique and stable the problem is said
to be well-posed or properly posed:

Definition (well-posed, ill-posed). Let A : F — G be an operator from a normed
space F' into a normed space G. The equation

Af =g (2.4)

with f € F, g € G is called well-posed if A is bijective and the inverse operator A* : G — F
is continuous. Otherwise the problem is said to be ill-posed or improperly posed. ®

According to this definition three types of ill-posedness can be distinguished. If A is not
surjective then (2.4) is not solvable for all g € G (nonezistence). If A is not injective then
(2.4) may have more than one solution (nonuniqueness). Finally, if A™ exists but is not
continuous then the solution f of Eq. (2.4) does not depend continuously on the data g
(instability).

The well-posedness of a problem is a property of the operator A together with the
solution space F and the data space G including the norms on F' and G. Therefore
maybe, instability could be overcome by changing the spaces F' and G and their norms.
However, this approach is inadequate since the spaces F' and G including their norms are
determined by practical needs, Kress (1989).

As mentioned above, usually at least one of the conditions is not satisfied in inverse
problems, therefore inverse problems are usually ill-posed. The problem can for instance
be unstable, that is small changes in the data g result in large changes in the solution f
and that is of course undesirable. For example, if one wants to determine a function f
from measurements g°, the solutions f¢ should preferably be close to the ‘true’ function
f. When the small difference between g and g° causes a large difference between f and
f¢ one obviously has a problem. To overcome this difficulty some type of stabilization or
regularization is applied, compare the next Chapter.

The existence of the solution will not be a matter of great concern in this report.
Naturally, it is an important requirement that a solution exists for exact data, but for
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perturbed data the problem has to be changed (regularized) and the notion of a solution
can be relaxed. In practice the existence of an approzimate solution is required. As side
remark we note that even in the presence of exact data no solution may exist since every
model contains simplifications and approximations.

The amount of data that is available for the determination of the solution f is usually
finite. Because this is a continuous function there are infinitely many degrees of freedom,
and therefore the approximate solution is never unique in practice. Also when continuous,
exact data is available the null space of A may not be zero. However, we will assume
injectivity unless stated otherwise, and we will not discuss nonuniqueness due to the
finite amount of data, see for example Backus and Gilbert (1967, 1968); Parker (1994);
Trampert and Snieder (1996).

2.2.2 Inverse problems and integral equations

Equation (2.1) is a special form of the more general equation with h(z)f(z) added to the
right-hand side:

b
g@) = [ K@)y +h(@)f().

If h(z) = 0 then we have an integral equation of the first kind, if h(z) # 0 for a < z < b,
the equation is of the second kind, and if h(z) vanishes somewhere but not identically,
the equation is of the third kind, Phillips (1962). Here we consider

f— AAf = A'g
f-Tf = b

where T': F' — F'is a compact linear operator. If N(I —T) = {0}, then I — T is injective
and the solution f € F is unique and depends continuously on b, Groetsch (1984); Kress
(1989). In our case, therefore, the integral equation of the second kind is known to be
well-posed, a unique and stable solution exists, Groetsch (1993). This fact will be useful
later.

From Theorems 2.1 and 2.2 one knows that a compact operator cannot have a bounded
inverse. The following example, taken from Tikhonov and Arsenin (1977), shows the
instability of (2.1).

Example. In equation (2.1), f(y) is the unknown function in F,g(z) is a known (or
measured) function in G. The solution f(y) € C[a,b], i.e. fis an element of the class C
of functions that are continuous on the closed interval [a,b]. Note that the linear space
Cla, b] of continuous functions defined on an interval [a,b] C IR is complete with respect
to the maximum norm

I£lleo = max |£(y)|

but not with respect to the mean square norm L?. The Hilbert space LZ[a,b] is the
completion of Cla, b] with respect to the inner product

(@18 = | Bi(@g)ds,



2.2. Ill-posed problems 9

see Kreyszig (1989). Therefore, changes in the left-hand member of the equation are
measured with the L%-metric

3 b
d(g1,82) = \/[ (g1(2) — g2()]" du
while changes in f(y) are measured with the metric
d(fy, f2) = max [fi(y) — f2(y)].
vE[ab]

Consider the function f5(y) = f(y) + N sin ky which is a solution of equation (2.1) with
left-hand member

g'() = g(a) + N [ K(z,y)sin kydy

with £ € IN, N € IR. The Riemann-Lebesgue lemma, Groetsch (1993), states that if the
kernel is square-integrable,! then

b
gk 5] K(x,y)sinkydy — 0 as k — oo
a

where the convergence is in the sense of the mean square norm.
Thus for any N

Jim d(g ) = Jim [Nlgellc =0

but
£ = _— fE = V 51 = N
d(f*,f) yrg[gfgllf (y) — £ () ;gig__)g}lf sinky| = |N|

independent of k. The distance between the solutions f and f¢ is therefore arbitrarily
large. This makes the instability fundamental, and not just a consequence of some special
form of the kernel. Very small changes in g(z) can be accounted for by large changes in
f(y), Groetsch (1993). L

2.2.3 Spectral decomposition

The spectral form of Af is

oC

Af =3 on(f, va)u,

n=1

and is called the singular value decomposition (SVD) of A. The orthonormal eigenvectors
u, and v, form a complete orthonormal set for R(AA*) and R(A*A) respectively. The
numbers o, are called singular values, which decrease towards zero for increasing n if A
is a compact operator, cf. Appendix B.

"Which is the case for the larger majority of integral equations of the first kind in real applications.
Then the operator on L? is compact, Groetsch (1993).
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Generalized inverse, instability. The operator AT in Atg = f is also called the
generalized inverse of A, and A*g is the Ls. solution of min ||Af — g||%, cf. Appendix B.
The generalized inverse A* can be written in spectral form as well. For g € D(A*):

Atg= i Mvﬂ. (2.5)

n=1 n

Equation (2.5) shows that the inverse becomes unstable when errors are present. Errors
in g corresponding to high frequencies, i.e. large n, are amplified by large factors 1/o,.
If dim R(A) < oo the amplification stays bounded, but might be unacceptably large.
However, if dim R(A) = oo, then lim,_, 0, = 0 holds, so that data errors of a fixed size
(e.g. white noise) can be amplified without bounds. For example, if g° = g + cu,, then
lg® — gll¢ = &, but, due to (2.5)

(eun, un)v
On

£
= — —+ 00 as n — o0.

|A*g — A*gf|lr =
F On

n

This also suffices to show that in case of finite dimensional problems we may formally not
speak about ill-posed problems since the error always stays bounded. However, the error
may be unacceptably large and the finite dimensional equation is usually derived from the
original infinite dimensional problem Af = g. With increasing order of approximation
(with increasing n) the problem of solving Ax = y becomes therefore more and more
ill-posed:

Jim (Ax —y) = (Af —g).

Statistical approach. The considerations so far are primarily based on the determin-
istic approach, the statistical properties of the measurements and the solution were not
given much attention. A different point of view on the same problem is the statistical
approach, which classifies the problem of solving min ||Ax — y¢||2 as nonorthogonal, that
is ATA is not nearly an indentity matrix, Hoerl and Kennard (1970).

Consider the linear regression model y = Ax +¢, where it is assumed that A is m x n,
m > n and of rank n, x is n x 1 and unknown, E{e} = 0, and E{ec” } = 0*I,,. The best
linear unbiased estimate of x is

% = (ATA) ATy
and minimizes the quadratic form
¢(%) = (y — A%)"(y — AR). (2.6)

The matrix A”A is said to be in correlation form, Hoerl and Kennard (1970), and we are
concerned with cases for which it is not nearly a unit matrix. The effects of this condition
on the estimation of x can be demonstrated by considering the error variance-covariance
matrix of X and its distance from the expected value. The first is given by

var(%) = Qx = o?(ATA) ™.
Let the distance from x to % be [, then:

P=x-x)T(%-x) (2.7)



2.3. Examples of ill-posed problems 11

and
E{I*} = o*trace(ATA)™! (2.8)

or equivalently from (2.7) and (2.8)
E{x"%x} = xTx + o’trace(ATA)™". (2.9)
When the error £ is normally distributed, then
var(l?) = 20*trace(ATA) 2.

These properties show the uncertainty in X when A”A moves from a unit matrix to an
ill-conditioned one, if we look at the spectral decomposition of ATA. Let the ordering of
the eigenvalues be as usual (that is, decreasing, cf. Appendix B), then the average value
of the squared distance from X to x is given by

E{?} = azzn;%

i=1 "'t

and the variance when the error has a normal distribution is given by
2 i 1
var(l‘) = 20 Z v
i=l "™

compare Hoerl and Kennard (1970). Lower bounds for the average and the variance are
02/ X, and 202 respectively. Hence, if ATA has small eigenvalues, the distance from %
to x tends to be large. The probability that X is close to x is therefore small.

2.3 Examples of ill-posed problems

To illustrate the above we shall look at some examples. Many more examples can be found
in the textbooks of Tikhonov and Arsenin (1977); Louis (1989); Wing (1991); Anger et al.
(1993); Groetsch (1993); Engl et al. (1996).

Density or mass anomaly. To geodesists perhaps the most famous inverse problem is
that of determining the Earth’s mass distribution from the exterior gravitational potential.
As Stokes theorem states this is impossible (Rummel, 1992, p. 2.22): “a function V
harmonic outside ¥ is uniquely determined by its values on the boundary. On the other
hand, however, there are infinitely many mass distributions, which have the given V" as
exterior potential.” Hence, the lack of uniqueness makes this an ill-posed problem. See
also Parker (1994). ®

Backwards heat equation. (From Groetsch (1993).)
Consider a bar of length 7 with heat flow in the z-direction. The temperature u(z, )
satisfies the partial differential equation

du 9%u

a='ﬁ, O<o<m.
Mh
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a(x) /\ t=1

f(x) t=0

Figure 2.1: Temperature distribution betwcen 0 and 7 att = 0 and t = 1. The temperature
at both ends is kept zero.

Assume the boundary and initial conditions
u(0,t) = u(r,t) =0, u(z,0) = f(z)

hold, i.e. the temperature at the ends is kept zero and the initial temperature distribution
is some function f(z), 0 < # < 7. The time interval ¢ of the function u is bounded by
zero and one: 0 < t < 1. More generally the upper bound is T, see (Kress, 1989, p.
222-223).

The method of separation of variables leads to

oo
u(z )= >, ane "t sinnz (2.10)

n=1

with coefficients 5
p— ;[0 £(y) sin nydy. (2.11)

Let g(z) = u(z, 1), see Figure 2.1. Substituting (2.11) into (2.10) and interchanging the
summation and integration one arrives at

g@) = [ K(z,y)fw)dy (212)

with o o
K(z,9) = = ¥ e~ sin nz sin ny
n=1
compare Kress (1989); Groetsch (1993).

The inverse problem is to determine the initial temperature distribution f(x) that
gives rise to g(z). Since the initial temperature distribution f is highly diffused at the
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later time ¢ = 1, recovering this detailed information from measurements of g will be
extremely difficult. Specifically, high frequencies (large n) are severely damped by the
very small factor e, Groetsch (1993).

Suppose f and g satisfy (2.12). Let £ > 0 (small) and N > 0 (large) and let fy(y) =
N sin ky. The perturbation fy is arbitrarily large (C-metric)

max_|N sinky| = |N|.
yE[O.«]! yl = |N|
The perturbation in g becomes

gn(z) = fn K(z,y)fn(y)dy
2 ol = —pl 2 i
= ;Nfo Lg; [e sin n sin ny] sin ky] dy

2

= =NY [e_"2 sin nx fﬂ [sin ny sin ky] dy] . (2.13)
x = 0

The integral in (2.13) is zero for n # k. If n = k then gy becomes
gn(z) = Ne ™ sinkz

which amplitude is

lgn(z)| = Ne ¥ [/Dw sin k:cd:z:r.

For large k& the amplitude is arbitrarily small:

T 2
lgn(z)] = lim Ne [[ sin kmd:r]
k=00 0
= N lim e * lfﬂ sin kJ:d:c'
k=00 0
w
< Nklim f sinkzdz| < .
—ec0 |Jo

since the limit approaches zero (Riemann-Lebesgue lemma). Hence, a large disturbance
in the solution f can be accounted for by a small disturbance in the measurements g.
This is therefore an ill-posed problem. ®

This may not be a geodetic example, but it is a nice one and it resembles downward
continuation which is treated next.

Downward continuation. The determination of the gravity potential at the earth’s
surface from the potential at satellite altitude is an ill-posed problem. Assume that
one has a sphere at height h above the earth’s surface where the potential is observed
continuously.
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The gravity potential expressed in spherical harmonics at r = R + h is?
o0 n+l n
Vilp: Apirp) = M ) (E) >~ (Com c0SMAP + S sin mAp) Pom (cos 0p) .
R n=0 TP m=0
(2.14)
The potential at the earth’s surface equals (2.14) with 7p = R. The coefficients Cy,,,, and
Snm are, Rummel (1992)

o . [ V(6. 30, B) cosmAqPam (cos ) dor,
47 og
(2.15)
_ 1 _ _
Som == [ V(00,00 R)sinmAqPum (co5 o) dog.

Inserting (2.15) into (2.14), interchanging summation and integration and using the ad-
dition theorem, Rummel (1992)

n

(2n+1)P, (cos Wpg) = Y Pum (c080p) Pom (cosfg) cosm (Ap — Ag)

m=0
yields
V(P) = % [ K(P-Q)V(@Q)dog (2.16)
where - i
K(P-Q) =§ (g) (2n +1)P, (cos(P — Q) . (2.17)

Analogous to the previous example high frequencies are damped by the factor (R/rp)"".

Consider a disturbance Vy(Q) = NPy (cosfg)sink)g. Inserting this in (2.16) and
rewriting (2.17) in its extended form to separate P and ) parts, interchanging summation
and integration and finally taking all Ag terms together, one obtains:

N =2 R n+l n
VN(P) = En:ﬂ (;) mz—u Pﬂm CGF f an CGQ)Pkk(CgQ) X
2 27
x (cm)\p fo cmAgskAgdAg + smAp fo smAst,\QdAQ) sBodfg

with the abbreviations ¢ = cos and s = sin. The first integral over A always equals
zero, the second equals w for m = k and 0 for m # k. As long as n < k there are no
contributions since m runs from 0 to n. Hence

N &= R n+1 _ T _ _
Vw(P)=7 % (;) Pai(cos 8p) [D P (c0s 0) Pex (cos ) sin Boddg.
n=k

Because of the orthogonality of the Legendre functions the integral equals 4 if n = k£ and
zero if n # k. Therefore Vjy(P) can be written as:

k+1
Va(P)= N (g) Pox(cos0p) (2.18)

2The functions Py, are fully normalized associated Legendre functions of the first kind and dimen-
sionless. They make the orthogonality relationship fairly simple, see e.g. Heiskanen and Moritz (1967);
Rummel (1992).
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which amplitude is

[Va(P)| = N (g)w |Pr(cos 0))

Since i
||Pkk(33)[|iz = [—1 Pi(z)dz =4

the amplitude of Py is bounded (which we already used to arrive at (2.18)). Thus
lim |[Vy(P)| < ¢,
k—too

whereas
max &Npkk (cos ) sin k)\‘

can be made arbitrarily large by choosing N large. L

Laplace equation. (From Tikhonov and Arsenin (1977) and Kress (1989).)
The initial value or Cauchy problem for the two-dimensional Laplace equation consists
of finding a solution of the equation Au(z,y) = 0 from the initial data:

u(.,0) =0, ;—yu(‘, 0)=f(z), —co<z<oco
where f(z) is a given continuous function and u a harmonic function. Let the data be
fi(2) = k™ 'sinkz, 2 € R
for k € IN, then one obtains the solution
E i i

ug(z,y) = 2 Sin kzsinh ky, k> 0.
Let fo(x) = 0 with solution ug(z,y) = 0. The difference in the initial data is

i, ) = max [fu(a) — fo(2)] = 7

which can be made arbitrarily small by taking k sufficiently large. However, for any fixed
y > 0, the difference between the solutions

d(ug,ug) = mg.XIUk(I‘y)—“o(Iay”

I

max kl_z sin kz sinh ky| = % sinh ky
can be made arbitrarily large for sufficiently large k: sinh ky = (e¥ —e~*¥)/2 behaves like
k¥ for large k, which goes faster to infinity than k=2 goes to zero.

This is somewhat familiar in physical geodesy: the solution of Au = 0 expressed in
spherical harmonics has either 7 or r~("*1) as upward continuation term. The additional
constraint of vanishing potential at infinity turns down the first possibility, which leaves
us with a properly posed problem. ®
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R_
n l N i
P ———
0‘ L 2

0 21

log(error)

Figure 2.3: Logarithmic plot of e/(P — Py). The coordinates of Py are (1/4w,7/4w),
€ = 0.01 and the coordinates of P vary from 0 — 27 and 0 — 7 with step size 0.05.

Polar gap. (See also Tikhonov and Arsenin (1977))

Consider the mapping A : E — R or A : [0,7] x [0,27] — [0, 7 — ] x [0,2n] with
0 < # < m, compare Figure 2.2. The mapping is from E(arth) to a smaller region R.
This means that the function is measured not on the entire region but in a limited part.
Think for example of a satellite in a non-polar orbit, an inclination i # 90 degrees gives
two polar gaps of size # = |90 — 1.

Take a point Py on E but not on R with distance ¥ to R. On the total region E the
function f (P) is defined, where the function depends on the location P. Another function
is f(P) = fi(P) +¢/(P — By). These two functions differ by £/(P — P,), which on R does
not exceed €/¥. The ratio e/¥, hence the difference between the two functions, on R
can be made arbitrarily small by choosing a sufficiently small e. However, the difference
£,(P) — fi(P) = ¢/(P — P,) is unbounded on the region E as a whole, see Figure 2.3. It
is therefore an ill-posed problem. ®



¥ FITE TF NV B TOU SIS VW T S S S—" U i 4 el Li

2.4. Summary 17

2.4 Summary

It is inherent to integral equations of the first kind that the determination of the unknown
function f from the data g is ill-posed. The direct problem, the determination of g from
f, is continuous if the operator A is compact and bounded. However, the immediate
consequence is that the inverse operator is not compact and bounded: the solution does
not continuously depend on the data, the inverse problem is unstable.

This becomes especially clear when examining the spectral decomposition of the in-
verse operator A*. For high frequencies the singular values become smaller and smaller,
which means that their inverses become larger and larger. Therefore, any error at high
frequencies is greatly amplified and tends to infinity if n, the frequency, goes to infinity.

The examples of ill-posed problems show that we are indeed dealing with physical
meaningful problems. Furthermore, it becomes clear that a large variety of ill-posed
problems exists. Although examples of ill-posed problems have been given whose cause
is lack of uniqueness or stability, the emphasis in the remainder of this report is only on
stability.
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METHODS OF REGULARIZATION

3.1 Introduction

Several methods exist to compute stable solutions of inverse problems. In this Chapter
the methods more or less familiar in geodesy are discussed:

e Tikhonov-Phillips regularization

e biased estimation

e collocation

e truncated singular value decomposition (TSVD)

e iteration

An example of the application of Tikhonov-Phillips regularization can be found in Rummel
et al. (1979), biased estimation e.g. in Xu (1992a). The principal reference for collocation
is Moritz (1980). Lerch et al. (1993) apply TSVD and Wenzel (1985) and Schuh (1996)
apply iteration to compute a (high degree) gravity field solution.

The principle of each method is explained and the distance between the true and
approximate solution, which is measured in the mean square norm, is derived. We distin-
guish two groups of regularization methods, the direct and the iteration methods. This
classification is not as strict as it may seem since the computation of a direct solution in-
volves iteration as well. The computation of the so-called regularization parameter causes
the iteration, compare Chapter 4. However, an approximate solution computed with an
iteration method can be expressed as the previous solution with some additional terms,
Section 3.7.

The differences and similarities of the methods are discussed. Especially it is shown
that biased estimation and Tikhonov-Phillips regularization are equivalent for the most
simple case. Both methods are very similar to collocation looking at the formulas, however
the underlying line of thought is different.
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Requirements a regularization method should fulfil

Suppose perfect, continuous measurements g are available. Then one would like that the
solution f is such that Af = g holds. The generalized inverse A" provides such a solution.
Unfortunately, this solution is unstable as was shown in the preceding Chapter.

Therefore, in presence of measurement errors, the generalized inverse can not be used
as such, regularization is necessary. This regularization in general looks like

Algt=f¢

with
lim Al = A*
a—0

and if € = 0 then @ — 0, hence & = a(e). With these two requirements it follows that
exact data give the exact solution. This can be formalized by the following definition
given by Kress (1989).

Definition. The choice of the regularization parameter o = a(c) depending on the error
level € for a regularization scheme A7, a > 0 is called regular if for all g € R(A) and all
g° € G with ||g® — g|| < € there holds

Al 8" = Atg, e 0.

o

In the sequel it is assumed that the linear operator A is injective. This is not a

principle loss of generality since uniqueness for a linear equation can always be achieved
by a suitable modification of the solution space F', Kress (1989).

Regularization scheme in spectral form. We have seen in the preceding Chapter,
Eq. (2.5), that the ill-posedness of an equation of the first kind with compact operator
stems from the behaviour of the singular values o, — 0,n — oco. An obvious idea
is to filter out the influence of the factor 1/0,. To this end, consider the filter & :
(0,00) x (0, ||Al|] = IR which is defined as a bounded function satisfying the conditions:

1. For each o > 0 there exists a positive constant c(a) such that
18(e,0)]| < e(@)o (3.1)
for all 0 < o < [|A]].

2. There holds
limé(a,0) =1 (3.2)

for all 0 < o < ||A4]|.

Then the operator A} : G — F,a > 0, defined by

Atg= Zé‘(aan)( S
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for all g € G, describes a regularization scheme with
A1l < e(e).

Thus, A is a bounded linear operator with bound ¢, Kress (1989). It is not allowed
to use any arbitrary filter since conditions (3.1) and (3.2) have to be satisfied. For all
regularization methods in this Chapter the filter is derived.

3.2 Tikhonov-Phillips regularization

Tikhonov-Phillips regularization was developed independently in the early sixties by (of
course) Tikhonov (1963b, 1963a) and Phillips (1962) and is also called Tikhonov regular-
ization (TR) for short.

In geodetic literature Tikhonov regularization has been studied with emphasis on the
connection with collocation, e.g. Rummel et al. (1979). However, the regularization
error is mostly neglected. Tikhonov regularization does not necessarily give an unbiased
answer, whereas collocation does.

3.2.1 Principle of the method
Regularization with signal constraint

Consider the integral equation of the first kind

(40)(@) = [ K(z )y = ga)s, a sz <b

The kernel K(z,y) is continuous and integrable. As shown earlier this is an ill-posed
integral equation, in the sense that a small change or error in g may cause a large change
in the solution f. Imposing an additional condition on f provides a stable solution:

If]l¥ <e< o0

where ¢ is a constant. This additional condition is also called the constraint or the penalty
term. Instead of minimizing

J(f) = ||Af — gliZ
the functional

Jo(f) = || Af — gll + lIf|1% (3-3)

has to be minimized, where « is the positive Lagrange multiplier. Whenever a minimiza-
tion problem has the above appearance (3.3) it is said to be in standard form. Equation
(3.3) is a short-hand notation of

W@ = [ (40 - @) d+a [ e ds

b [ b 2 b
f ([ K(:c,y]f(y)dy—g(x)) dx—}—a/ f(z)%dz.
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The minimizer f, of (3.3) is given by the unique solution of the equation
(A4 +aDf, = A'g

or
f,=(A"A+al)" 'A%, (3.4)
and depends continuously on g, where A* is the adjoint of A. The operator A*A + al
(for o > 0) is bijective, and the inverse is bounded. As a — 0, f, — A*g, Nashed (1976),
where A is the generalized inverse of A. Note that the above equation is an integral
equation of the second kind and therefore well-posed, Groetsch (1984); Kress (1989),
which is equivalent to the continuous dependence of f, on g. Hence, an interpretation is
that the original ill-posed integral equation of the first kind is replaced by a nearby well-
posed integral equation, Tikhonov and Arsenin (1977); Nashed (1976); Groetsch (1993).
The above can be summarized by the following theorem which is proven in, for exam-
ple, Kress (1989).

Theorem (Continuity and uniqueness of the regularized solution). Let A: F —
G be a bounded linear operator with F' and G Hilbert spaces, and let & > 0. Then for
each g € G there exists a unique f, € F such that

A8, — gli% + aliull3 = inf {1AF — gl + a3},
The minimizer f, is given by the unique solution of the equation
af, + A’Af, = Ag

and depends continuously on g. ®

Spectral decomposition. Since the operator A is compact it has a singular system
{va,un;0,}. The regularized solution reads

o0 o0 £
On e (g% uy,)
_ 2 Yo S R ;
= E o O:(g , U ) Vi r?:l = v (3.5)

n=1

A comparison with (2.5) shows the stabilization: the errors are not propagated with o'
but with bounded factors o, /(02 + ), which is a filter 4,:

o?

O= n_ 3.6
" olta (36)

For a specific n the regularized solution is written as

fon =0afo+0a2 (3.7)
Tn
where f, is the exact solution from exact data, see (2.5), and &, represents the data errors.
This, for one thing, shows that an optimal a should be as small as possible to obtain a
solution close to A*g (6, — 1), the first term in (3.7). However, a should be as large as
possible to reduce the influence of the data error on the solution (6, — 0), represented
by the second term. More is said in the next Chapter about choosing a regularization
parameter.
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General Tikhonov regularization

First order regularization. In his original paper on integral equations of the first kind
Tikhonov (1963b) proposed to damp out highly oscillating parts (which are manifestations
of the instability) in the approximate solution by including the first derivative into the
penalty term:

fﬂb ((Af)(z) — g(z))* dz + oz[: (co(x)f(x)E = c;(:c)f’(;.g)2) dx (3.8)

where ¢;,i = 0, 1 are strictly positive functions, that is ¢g(z) > 0 and ¢;(z) > 0. Therefore,
the functional
Ja(f) = | Af — gl|& + |Ifl[7 (3.9)

has to be minimized, where A is a compact operator from a real Hilbert space F into a
real Hilbert space G, and is also called first order Tikhonov regularization. The minimizer
f, of (3.9) can be shown to be unique, compare Tikhonov (1963b); Groetsch (1984); Kress
(1989).

The norm ||.||: is associated with Sebolev spaces, which are defined as follows, Kress
(1989); Martensen and Ritter (1997).

Definition (Sobolev space). Let 0 < p < co. The space HP[0,2n] of all functions
f € L?]0,2n] with the property

oo

3 (1 +n?P|an]? < 0 (3.10)
for the Fourier coefficients a, of f is called a Sobolev space. ®
The Fourier coefficients of f are
1 2m .
= — f : —m:z:d 3
= 5o fu (z)e y
and the Fourier series of f is o
Z anein:'
n=—0o0

From (3.10) one sees that the Sobolev spaces HP[0,2n] are subspaces of L[0,27]. A
function f can only be an element of H?[0,27] when the Fourier coefficients a, decay
quickly enough as |n| — co. Note that H°[0,27] coincides with L?[0,27]. Furthermore,
note that the interval [0, 27] is taken for convenience, the generalization to the interval
[a, b] is straight forward.

Higher order regularization. An immediate generalization of first order TR is to
consider the constraint

b2 dfi(z)\?
aP) = aj:l gci(x) (W) dz, pe IN

where ¢;(z) € C'[a,b] are given positive functions, Tikhonov (1963a); Groetsch (1984).
The condition
QQ[P) S c

can be interpreted as a smoothing condition because the norm of the function and of a
selected number of its derivatives must be bounded, Schwarz (1979).
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Regularization with seminorm

The above regularization techniques all constrain the derivatives in the HP-norm. Phillips
(1962) suggested to penalize only by the L%-norm of the derivative, that is, to minimize
Jo(f) = || Af — g|[& + oIf"[|7 (3.11)

which differs from general Tikhonov regularization in that the regularization term is a
seminorm rather than a norm. Also, general TR, in contrast to (3.11), always contains
a term which tends to minimize the mean of the approximate solution, which may be
undesirable, Groetsch (1984).

Equation (3.11) may not have a unique solution if N(A) contains a nonzero linear
function f; as Af = Af; and f” = f’. Phillips (1962) minimized a discrete version
of (3.11) and removed the nonuniqueness by imposing zero boundary conditions on the
approximate solution.

Generally, one obtains a regularized solution by minimizing the functional
Jo(f) = ||Af — glI + || Lf||%, f € D(L), (3.12)
with L a differential operator. If N(4) N N(L) = {0} then the minimizer f, of (3.12) is
unique and satisfies
A'Af, + al'Lf, = A'g (3.13)

see (Groetsch, 1984, Ch. 3) and (Engl et al, 1996, Ch. 8). Note that in the finite
dimensional space often A is assumed to have full rank, rank(A) = n. Hence, N(A) = {0}
and therefore N(A) N N(L) = {0}.

We may rewrite (3.13) as

(A'A—al)f+a(L'L+I)f = A'g.
As L°L + I has a symmetric compact inverse B, Groetsch (1984), this is equivalent to
B(A’A — ol)f + of = BA'g

which is a Fredholm equation of the second kind with a stable solution.

It is rather straightforward to show that
Xa = (ATA+aL"L)'ATy

_ X(sz 0)
0 i=p+1

using the GSVD of (A, L), Hansen (1990), cf. Appendlx B. Here D, is a diagonal matrix
with elements

2
Gi=—— i=1...,p. 3.14
R I P (3.14)
Alternatively, this filter can be written as
2 /(n2 2
_JR/(E+a), i=1,...,p
5:_{0-5’ i=p+1,...,n (315)

with solution

Zé"y

i=l
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3.2.2 Mean square error
Regularization error

Because the generalized inverse of (2.2)
f=A'g

is not a continuous operator such a solution is unstable. Replacing this inverse by a
continuous approximate solution

fo=Alg

is called regularization (under the condition lima—0 A} = A*). This regularization, how-
ever, introduces a reqularization error. Obviously the data are not free of errors and we
have a data error as well. The difference between the solution f from the error free data
g and the regularized solution £ from erroneous data g© is:

f-f=Al(g"—g) +(Ar - A")g

where AY = (A*A + aL’L)"*A*. The first term on the right hand side is called the data
error, the second the regularization error, Louis (1989). Later on it is shown that the
latter term equals the bias as studied in Xu (1992a, 1992b).

Finite dimensional case. Suppose one has a number of measurements y with weight
matrix P and the parameters to be determined x, have a signal weight matrix C. This
is nothing but changing (or describing more properly) the metric of the spaces one works
with. Minimizing

To(x) = || Ax = y |7 + alx|IZ
gives

Xo = (ATPA + aC)~ ' ATPy. (3.16)

The total error for the finite dimensional case is
Xt —x = AZ(y" —y) + (A - AY)y (3.17)

ar
8x = (ATPA + aC) ' ATPe + ((ATPA + aC)™" — (ATPA)™") A"Py.

The expectation yields

E{dx} = Ax = 0+ ((ATPA+0aC)™" — (ATPA)™") ATPAx
(ATPA 4+ oC) Y (ATPA + aC — aC)x — Ix

—(ATPA 4+ aC)'aCx # 0. (3.18)

Il

Il

Hence, the expectation of the total error (and the regularization error) is not zero. Equa-
tion (3.18) is needed in the discussion on biased estimation.
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Error propagation

By means of the total error, which is the sum of the data error and the regularization
error, we wish to assess the quality of the regularization methods. It is always possible
through proper transformations to consider the standard form, compare Chapter 4 and
Section B.1.3. Hence, the total error is derived for this case only. Unless stated otherwise,
it is assumed from here on that the measurement errors are normally distributed with
equal variance, £ ~ N(0,0%]) or P = 072] and also C = I, yielding
Xo = (ATA+ /1) 'ATy

with o' = ao?. We will write « instead of o' in the sequel.

Recall the difference between the approximate and true solution (3.17), where the first

term on the right-hand side is the data error and the second the regularization error. In
spectral form the difference is

ox = i‘sﬁ‘(‘YE_—_mVi + i((jﬁ = I)M\q (3.19)

EO’Q-FQ‘{y “Y,llz)anzgi +Q(x Vz)“':

=1

with filter §; defined in (3.6).

Equation (3.19) is of course not very useful in practical computations since the dif-
ference between y© and the exact observation y is involved. Instead we will look at the
mean square error (MSE) which is defined as the sum of the trace of the propagated error
and the squared bias:

MSE = trace(Q,) + Ax” Ax.

The MSE is the expectation of the squared distance between the true solution x and its
estimate x,, compare next Section.

Error propagation applied to (3.4) in finite dimensions, assuming that Q, = 0?1, leads
to

o*(ATA + aI) P ATA(ATA + al)~!

A(VEWVT + aVVT) VsV T (VEZVT 4 aVVT)-!

o2V (22 + ad)'2%(2? + al) VT

or Q; = o?V(A+ al)"'A(A + aI)~'VT where A contains the eigenvalues of ATA. The
trace of this matrix is

Qs

trace(Q;) = o? Z

< (M +a)? + r:u)2
see Xu and Rummel (1994a); Bouman (1993). The bias term can be shown to be
2 2
A= Y E TV
s 2 (X +a)?
Thus, the MSE is
MSE = Z T e (3.20)
B (A +a = (Mi+0)? ’

= 2)‘1' + (xsvf)?
) FY

i=1
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compare with (3.19). This is still not a very practical equation since x is needed. Using x,
instead of x, one can estimate the MSE, although the bias is underestimated, Xu (1992b).

3.3 Biased estimation

The idea is to add an arbitrary positive-definite matrix to the system of normal equa-
tions. This matrix is chosen such that the total error, bias and noise, is minimal. Biased
estimation as studied by Xu(1992a,1992b) is usually called ridge regression, for example
Vinod and Ullah (1981). Both terms are used here.

It is shown here that TR and ordinary biased estimation (BE) are equivalent, although
they originate from different research fields. Consequently, the underlying ideas are dif-
ferent. The point of departure for TR is the integral equation of the first kind and its
approximate solution by a nearby well-posed integral equation. As we will see in Chapter
4 the regularization parameter is chosen such that an a priori noise or signal bound is
not violated, or chosen such that there is a certain compromise between data error and
regularization error. On the other hand BE directly starts with the normal matrix ATA.
If this matrix has small eigenvalues then the least-squares solution may fail and one tries
to get closer to the ‘true’ solution x at the expense of some bias. It is tried to minimize
the mean square error.

Trying to minimize this error then leads to generalized biased estimation. Multiple
regularization parameters are introduced instead of only one. These parameters are arbi-
trary as long as they produce the smallest error, compare Chapter 4.

3.3.1 Ordinary ridge regression
Principle of the method
Let the unstable least-squares solution of E{y} = Ax be
% = (ATA) Ay
One obtains a stable solution with
Xo = (ATA 4+ al)' ATy (3.21)

where o > 0. This method (3.21) is called biased estimation or ridge regression, see also
Golub and van Loan (1996). Comparing equation (3.21) with (3.4) ones sees that the first
is the finite dimensional version of the latter.

Introducing the weight matrix for the observations P, equation (3.21) becomes

Xo = (ATPA + o) ' A™Py. (3.22)

Taking the difference between the expectation of the biased estimator, E{x,}, and the
exact solution, x, gives the magnitude of the bias, Vinod and Ullah (1981); Xu (1992b)

Ax = —(ATPA + al)'alx (3.23)

which resembles the regularization error (3.18).
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Again, let P = 0~2I. Then the spectral decompositions of

A vzvT
ATA = v2VT = VAVT

yield for (3.22)
X = V(A + o) 'AYV2UTy
since VT = V-1 or
Ai
A +a

n T
= z&,-Mv,-, §; = (cf. 3.6).
i=1

xN*

Some further properties of the ridge estimator. Hoerl and Kennard (1970) derive
some interesting properties of the biased estimator (3.21). Left multiplication of x, with
(ATA)"1(ATA + al) gives the least-squares estimate % and therefore

xa = (I+a(4%4)™") "% (3.24)

= Dx
assuming that E{ec”} = o2I. The eigenvalues of D are §; = A;/(\; + a) where ); are the

eigenvalues of ATA. Of course d; is again equal to (3.6).
The length of the biased estimator x, for & > 0 is shorter than the length of %:

xTx, < %T%
which follows readily from (3.24), or

X %q < A a:‘cT‘k, a>0. (3.25)

From (3.25) and (3.24) it is seen that D = I for o = 0 and that D approaches 0 as
a — 0.

Let x; be any estimate of the vector x. Then the residual sum of squares can be
written as

¢ = (y—Ax,)T(y - Ax,)
(y — A%)"(y — A%) + (x, — X)TATA(x, — %)
¢m:’n =+ ¢(xs) = ¢(5—() + ¢‘U

Il

Il

see also (2.6). Contours of constant ¢ are the surfaces of the hyperellipsoids centered at
X. The value of ¢ is the minimum value plus the value of the quadratic form (x, — %),
Hoerl and Kennard (1970). The biased estimate will therefore give a larger residual sum
of squares than the least-squares estimate. However, the worse the conditioning of ATA,
the more X can be expected to be too long, Section 2.2.3, and the further one can move
from % without a large increase in the residual sum of squares. In view of (2.9) it seems
reasonable that if one moves away from the point where the sum of squares is minimal,
the movement should be in the direction which will shorten the length of the regression
vector, and this is exactly what x, does as shown by Hoerl and Kennard (1970).
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The problem of minimizing x!x, subject to
(xs — %)TATA(x, — %) = o (3.26)
is equivalent to
J =xFx, + a7 H(x, — %)TATA(x, — %)T — ¢o) = min.
Then

aJ

o = 2Xst a Y (2(ATA)x, — 2(ATA)%) =0

or
X, =Xo = (ATA+ al)'ATy

where « is chosen such that (3.26) is satisfied. In practice it is of course easier to choose
an a > 0 and then compute ¢;. The above derivation shows that for a fixed ¢ a single
value of x; is chosen with minimum length.

Mean square error

Although the biased estimate gives a sum of squares that is larger than that of the least-
squares estimate, its distance from x is smaller than the distance of %X from x. The
distance from x, to x as expressed by E{l*(k)} is defined as the mean square error.
Straightforward application of the expectation operator and (3.24) gives

E{(xa e x)T(xa = x)}

E{(x - x)TD"D(x — x)} + (Dx — x)T(Dx — x)

otrace(ATA)"'D'D + x"(D - )T(D - I)x

= o? (trace(ATA + al)™! — trace(ATA + af)‘za) +a?xT(ATA + o) 2x

E{*(k)}

Il

") T( AT —2
Z ™ + )z-l-ax (A'A+al)"x (3.27)

which equals (3.20). The first term on the right-hand side of (3.27) is the sum of the
variances of the parameter estimates, see Section 3.2.2. The second term is the squared
distance from Dx to x. Since it equals zero when a = 0 it can be considered the square of
the bias. As ¢ increases the sum of variances decreases and the bias increases: the first is
a monotonic decreasing function of o, while the second is monotonic increasing, compare
Figure 3.1. It can be shown that it is always possible to choose an o > 0 such that the
mean square error is smaller than that of the least-squares estimate, Hoerl and Kennard
(1970).

3.3.2 Generalized ridge regression
Principle of the method

Instead of using one ridge parameter ¢, we could introduce more parameters in order to
reduce the total error (see Section 4.3.2):

x, = V(A +A)TIAV2UTy (3.28)
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Mean square error funclions
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Figure 3.1: Ezample of the mean square error, the eigenvalues X; are 1/i, n = 100,
0? =102 and (x,v;) = 1.

where A is a diagonal matrix with positive elements oy, ---,a, to be determined. The
corresponding filter is

: i = Aif (M + ). (3.29)
Generalized biased estimation (GBE) can also be written in terms of minimizing the sum
of noise, and some additional constraint on the signal. Rewrite (3.28) as

V(Z2+A)'2UTy
(VEVT + VAVT) VU Ty
(ATA+ M) 'ATy.
In general M is a full and positive definite matrix. Therefore, the generalized ridge
regression solution minimizes
lAx = y|% + 1Lx]l3, M = L"L.

However, L can no longer be identified as a differential operator. The elements of A
are arbitrary (as long as they produce the least error) and L could be a combination of
operators. Hence, we can not directly compare generalized ridge regression and Tikhonov
regularization. Further discussion of similarities and differences can be found in Section
3.8.

Xg

Mean square error

Again the total error, that is the difference between the estimated and true function,
should be described by summing the bias and the noise. The propagated error is, Xu and
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Rummel (1994a):
Q= V(A+A) AN+ AV,

The bias term is
AxAXT = V(A + A)TAVTxxTVA(A + A)~'VT,

Now the mean square error matrix (MSEM) is Q. +AxAxT. In this case the MSE, which
is the trace of the MSEM, is:

MSE = trace(Q,) + trace(AxAx")
tracc(QI) + AxTAx (3.30)

Il

(x,v;)?

Z(A +a,)2 Z(,\ + o)t

3.4 Least-squares collocation

3.4.1 Principle of the method

In geodesy least-squares collocation is the technique that gives the best approximation
of any linear functional of the disturbing potential at any place on or above the earth’s
surface, given a set of observations being linear functionals of the disturbance potential.
Best means that any other method would on the average give a larger least-squares differ-
ence with the (unknown) true functional. There seems to be therefore no need to consider
other (regularization) methods. However, l.s. collocation only deserves the label ‘best’
in case of unbiasedness assumptions. The ideas of collocation will now be elaborated in
more detail, compare for example Moritz (1980) for a complete treatment.

Error free data

Let the disturbing potential T' be

T=V-U
with V the earth’s gravitational potential and U the reference potential, for example that
of a reference ellipsoid. Suppose observations y are given which are linear functionals
of the disturbance potential T from which one wants to estimate unknowns x, linear
functionals of T as well. The linear relation between y and x is y = Ax. The condition
of minimum error leads to the solution

x = CrCrly (3.31)

where C;; are signal covariance matrices between i and j. These covariances give the
relation between values at different locations. The signal covariances are related as

Ciy = CexAT
G = AGA"
see for example Moritz (1980).
A condition the signals x and y must fulfil is that their average M over the whole

sphere is zero:

M{x} = M{y} =0.
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Data with observation errors

Instead of error free observations, consider data y* = y +&£. The signal and the noise are
assumed to be uncorrelated and

Gy =i l= P!

which gives
Cy‘y‘ — ny I UZI.

The noise-equivalent of (3.31) then becomes
X* = Cpy(Cyy + 0°I) 7 'y* (3.32)

which is the fundamental formula for least-squares collocation with noise.
The collocation equation (3.32) is related to TR as follows, Rummel et al. (1979):

Xt = CupAT(ACLAT + 021)'y*
= (0 24TA+C) 1o 24Ty
= (ATA+o%C ) tATy .
The latter minimizes
Jo=1(x) = [|Ax = y I + |32
When « = 1, Tikhonov regularization and least-squares collocation are therefore equal,
compare equation (3.16), C = C_!. The spectral decomposition of the filter therefore is

. (3.33)

when Cp, = 1.

3.4.2 Committed error

The least-squares collocation solution is equivalent to the least-squares solution of

WG (o7 ) e

with yp zero observations for all unknowns x and C;. their variance matrix. The least-
squares solution of (3.34) yields the l.s. collocation solution and is unbiased under the
assumption that x is expected to be zero. The error variance matrix of x simply is

Q. = (07244 +C)™
which follows from error propagation. The trace of @, is
T 1
t ) =Y ————

race(Qe) = 2 7T 1

i=1

(3.35)

again when Cp, = I.
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3.5 Truncated singular value decomposition

3.5.1 Principle of the method

Let A € IR™*" be a rectangular matrix with m > n. The SVD of A is
A=UzVT =3 wov!
i=1

where U = (uy,...,u,) and V = (vy,...,v,) are matrices with orthonormal columns,
UTU = VTV = I,, and where ¥ = diag(oy,...,0,) with o; the singular values, see (B.8).
The condition number of A is equal to the ratio oy /oy,.

The truncated singular value decomposition (TSVD) is obtained by approximating A
by Ak

k
A = Zuicr,;v?, k< n.
i=]
The smallest singular values are left out improving the condition number, i.e. making it
smaller.
The TSVD solution is given by

or

with filter §; defined as

é:_:{l fori=1,...,k (3.36)

0 fori=k+1,...,n °

This is therefore an ideal lowpass filter, Oppenheim et al. (1983). Despite its name, the
ideal lowpass filter is not optimal, since it does not produce the smallest error, Rummel
(1997).

Using the SVD one obtains the solution x of min || Ax—y/||, with smallest norm. Hence,
the TSVD solves the problem

min ||Agx — y||2 subject to min [|x]|.

For an application in geodesy cf. Lerch et al. (1993).

3.5.2 Mean square error
The difference between the regularized and true parameters is
Al —y)+ (AL - A%y

E Ay -y Ny
;(y U?f» >v1-+ 3 (y.lu)v‘_'

i=k+1 i

Xj—X
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The data error stays bounded because the large values 07", i = k +1,...,n are left out.
One may have the impression that the regularization error is unbounded, however, the
last term on the right-hand side equals Y1, ., (x, v;)v;.

Comparing (3.19) with (3.20) the MSE for TSVD must be

2 mn
ME = Y24+ % (x,vi) (3.37)
i=1 % =kt1
n 26_
=3 %-2—'+(1 — 6;)(x, vi)?

with filter §; defined in (3.36), see also Xu (1997).

3.6 Generalizations of TSVD

The SVD minimizes ||x||, subject to min ||[Ax — y||2, whereas truncated SVD is subject
to min [|Axx — y||2. A generalization of the latter method is obviously

min || Lx||, subject to min [[4xx — y|2

and this leads to truncated GSVD.

Both TSVD and TGSVD use filter factors which become either zero or one. A further
generalization is to introduce more smooth filter factors and this leads to damped SVD
and damped GSVD.

3.6.1 Truncated GSVD
Recall that the GSVD of the matrix pair (4, L) is

0

AZU(U I

) X L=vV(M 0)x! (3.38)

with 0 = n — p. It is now easy to show that the regularized generalized inverse A7
associated with the minimization problem min || Ax — y||; + a||Lx||; becomes

D 0 ztoo
+ _ o P =17/T r T
AG_X( x Io)( A ID)U = X,DEUT + XU

where the filter matrix D = diag(é;) € IRP*? has elements

2

Vi
;= 3.39
T +a 28
and U = (U, U,), X = (X,, X,) where U, and X, have p columns. The truncated GSVD
solution xy is then obtained by setting & diagonal elements of D, corresponding to the k
largest singular values, equal to one and the others equal to zero. Thus, x; = A}y with

= 0

A:EX( 0 I

) UT = X, 5007 + X,U7
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with matrix £ defined by
Tf = diag(0,...,0,0, ¢ 41r- 105 )

or BF = DyX! with Dy = diag(0,...,0, 1, g41,- -, 1p). The above definition was first
given in Hansen (1989). In terms of filter factors this is of course

5s={0 fori=1,...,p—k (3.40)

1 fori=p—k+1,...,p

The regularized solution x; is

n
X = 26—x1+ > (ufy)x
'—p+1
P
Y. u E X ik Z u y)x

i=p—k+1 Ti i=p+1

with filter factors §; as defined in (3.40). A remark on notation: be aware that x; is
the i-th column of X, whereas x; is the TGSVD solution with truncation index k. The
second term on the right-hand side is the component that lies in the null space of L,
Hansen (1997). A slightly different notation of the regularized solution is

Xp = Zé (yaul) X;
i=1 gi
with

1 fori=p—Fk+1,....,p . (3.41)

0 fori=1,...,p—k
o, fori=p+1,...,n

3.6.2 Damped SVD and GSVD
Principle of the method

Instead of the filter factors zero and one as in TSVD and TGSVD, one can also introduce
more smooth filter factors §; defined as

5§=

(for L=1,) and &;= (for L # I,). (3.42)

i
g; + \/C_l’ g; + \/_111
These two methods are known as damped SVD and damped GSVD respectively, Hansen
(1997). The latter equation in (3.42) can also be written as

o Vi
6; = 7——’. T (3.43)

since 4 = 0;/u;. Note that these filter factors decay slower than the Tikhonov filter
factors and therefore introduce less filtering.
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Mean square error

The difference between the approximate DSVD solution and true solution is

1
x;_x‘_zgt_]_\/—(y —Y,u V, Ea!_i_\/—xvi}!

1
The total error therefore is

n 2 A2
MSE = E o° + a(x,v;)

2 it Jo) o) (3.44)

3.7 Iteration methods

Several iteration methods exist to solve the normal equation
A*Af = A'g.

The idea is to make as many iteration steps as necessary to extract the low order com-

ponents and to stop before the solution becomes oscillatory due to magnification of data

errors. The number of iterations can thus be considered as the regularization parameter.
The following two iteration methods are considered:

e Landweber iteration
e conjugate gradients

The first method is relatively simple and reveals the basic ideas of iteration. The conjugate
gradient method is a non-linear method and has been applied by Schuh (1996) to compute
a low degree gravity field model.

The combination of for example TR and conjugate gradients is also feasible, that is,
to solve (A*A +al)f = A*g iteratively, but this is not discussed here, compare Engl et al.
(1996); Engl (1997).

3.7.1 Landweber iteration
Error free data

The most straightforward iteration method is that of Landweber. The idea is to rewrite
the equation A*Af = A*g as
f=f+(A"g— A"Af)

which suggests the iterative method
fipr = fi + (A'g — A" Afy). (3.45)

As starting value we may take f, = 0, see e.g. Engl et al. (1996). To guarantee convergence
(3.45) is rewritten as

foan = £ + B(A'g — A" Afy) (3.46)
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where 3 is the relaxation parameter. A condition for # can be found by considering the
error in the approximation ey (we use Groetsch (1993)):

e, =f. —f.
From A*Af = A*g and (3.46), it follows that
er = (I — A" A)eg
and therefore
er = (I — BA" A)re,. (3.47)

The nonzero eigenvalues of A*A are ||A]|*> = A\; > Ay > - - - with corresponding eigenvectors
{v;}. The system {v;} is a complete orthonormal system for N(A*A)* = N(A)*, and,
since e = —f € N(A)*, ey can be expanded in terms of the eigenvectors {v;}. Then
from (3.47)

o0

llexlle = 3°(1 = BA;)* (e, v3)*.

i=l1
If 0 < B <2/A then
[1- ﬁ)\;i <1

for all j and, by Bessel’s inequality,
(= +]
> I{eo, v;)|* < lleollg-
ot
Since |1 — B);/* — 0 as k — oo, for each j, we see that [|eg||& — 0, that is, fy — A*g.

Data with observation errors

Consider errors in the observations g° satisfying

lg — g°llc < e.

Approximations now are
fi,, = fi + B(A'g" — AAR). (3.48)

The parameter k plays the role of a regularization parameter. This means that there is
some final value k = k(z) with the property that, if the iteration is terminated at step
k(e), then

fie) > Atgase — 0.

Or in other words for smaller and smaller &, k becomes larger and larger, without giving
an unstable solution. To see this, define the “stability error”

hence from (3.46) and (3.48) we deduce

di,, = (I - BA*A)d; + A" (g° —g), d;=0.
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Since 3 is chosen such that ||I — BA*A|| < 1, we have

ldk1ille < lldille + BllAlle,

hence
ldillF < kB Alle.
Therefore
£ — A*gllr < |Ifi — Agllr + 15 — fill<
< |fe — A'gllr + O(ke).

Because it was shown above that fi — A*g, a sufficient condition for regularity of ff is

that the iteration number k = k(e) satisfies ke — 0 as € — 0. For example if k = ¢~1/2,
then ||ff — A*gllr = O(/).

The filtering effect of the iteration. Landweber iteration can also be written in
terms of filter factors. Rewrite recursion (3.48) as

Il

pA'g + (I — BA* A,
= b+ Gf;

£

with b = fA*g and G =1 — fA*A. If f; = 0 the first few iterations are

f[ = b
f, = Gfi+b=Gb+b
f; = GL+b=G’b+Gb+b.

Hence
k=1
fi = Y G'b
j=0
(I-G*(I-G)'b

where the second equality is obtained by multiplying E" } G7 with I — G which gives
I — G*. Rewriting G as

G = (I — BA*A) = V(I — BZ)V*
and using the fact that V=! = V* one has
f = V(I-(-B82)%)z'Ug
_ i(l_( _ ))<g‘u")vﬂ

n=1

o0
= Z (Sk‘ﬂ g‘ un) Vn
n=1

On
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with dx, = 1 — (1 — Bo?)*. For comparison with conjugate gradients the filter d; is

rewritten as
k

Okn=1- H(] - Ba2). (3.49)
j=1

The effect of the filter becomes clear when considering an example. Let 3 = o7?, that is
the inverse of the largest eigenvalue. Then for small k the filter value is approximately
one for the large singular values since o2 = 1. For increasing n the filter factor becomes
zero since o2 =~ 0. For large k, in contrast, the filter factors are approximately one for
all n since the filter then is: limy_e 1 — ¥ = 1, with 0 < v < 1. Hence, the number of
iterations plays the role of the regularization parameter o = k~.

Mean square error

The difference between the true solution x and the approximate solution xj, is
X—Xp = Aﬂf—y%HA+ My

i=1 Ti
n

= Z (1 —-(1- E)k) {y* - s “'1 4 Z — fo?) <Y‘:1i)vt_-

i=l 1
The propagated error and the bias therefore are

n 2(52-
trace(Q;) = > 7 ;"

iz1 Oi

and
AxTAx =Y (1 — 8ki)%(x, vi)?

i=1

respectively with o2 the variance of unit weight. Hence, the MSE is

i 25
MSE =% |

i=1 f

+ (1= 6ka) (%, vi)?| . (3.50)

3.7.2 Conjugate gradients (CG)

More generally, iteration methods, such as Landweber iteration, can be written as
i1 =i + M~'(b — Nf) (3.51)

where b = A*g, N = A*A. In case of Landweber iteration M = ~'I. Other choices for
M are M = D (Gauss-Jacobi), M = D— L (Gauss-Seidel) and M = 8-'D—L (Successive
over-relaxation), compare Strang (1986); Golub and van Loan (1996); Van Kan and Segal
(1993). Here A*A = D — L — LT, with D diagonal and L strict lower triangular. The
term ry = b — Nfi in (3.51) is called the k-th residual and one has r;y = —Ne;.
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The first few iterations (3.51) are

h = 6
f] fU‘f‘M'lrg

£ = fi+ MY (b- Nfy— NMr,)
— fu -+ 2M_11‘g — M_INM_11‘0.
Hence
fi € fo +span{M 'ro, (M'N)M'rg,...,(MIN)* 1My}
The space

K (N, o) = span{rg, Nro,..., N*"'r}
is called the Krylov subspace. For the above iteration methods, therefore, f, € f5 +
Ki(M~'N, M~xy).
The idea of CG

Let M =TI and fy = 0, so rp = b. Then the iterates are elements of the Krylov space
f, € I(;,_.(N, o).

The CG method also has its iterates in this Krylov space and tries to minimize the distance
between the k-th iterate and the true solution, one way or the other. The best one could
achieve is to solve the minimization problem

min ||h—fl||r
heK(N,ro)

where f is the solution of Nf = b and h is an element of the iteration space. Since this
is not possible, we are iterating towards f, another strategy is required. It turns out that

by defining the norm
[[V]la = /{v,A*Av),

min ||h—f]|4
he Ky (N.ro)

the problem

is solvable and leads to the CG-method, as is shown below.

Derivation

We start with the method of steepest descent and arrive at the conjugate gradient method
via A-conjugate search directions. The material in this section is based on Golub and van
Loan (1996); Strang (1986); Press et al. (1992); Schuh (1996); Hansen (1997).

Steepest descent. Minimizing the function
1
J(x) = 5 TNx —xTb (3.52)

where b € IR" and N € IR™*" is symmetric positive definite, is achieved by setting
x = N~'b, Golub and van Loan (1996). Thus, minimizing J and solving Nx = b (or
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ATAx = ATy) are equivalent problems (note that we have switched to finite dimensions,
this is not essential).

At a current point x; the function J decreases most rapidly in the direction of the
negative gradient: —V.J(x;) = b — Nxi. This is the steepest descent since V.J(z) gives
the direction of fastest increase of J. If the residual

I‘k=b—ka

is nonzero, then a positive 3 exists such that J(xx + fri) < J(xx). Minimizing
. 1
Ja(xk + Bre) = J(xx) — Brire + EﬁerNrk

gives B = riry/ri Nry.

It can be shown that the method of steepest descent always converges, Golub and
van Loan (1996). Unfortunately, the rate of convergence may be very slow since it is
governed by the ratio (A} — Ay)/(A1 + An) which is very close to 1 for ill-posed problems.
Geometrically this means that the level curves of J are very elongated hyperellipsoids and
minimizing J leads to travelling back and forth across the valley rather than down the
valley to the lowest point, Strang (1986); Golub and van Loan (1996). This is visualized
in Figure 3.2, where the curved lines are contours, J is constant. Perpendicular to the
contour lines is the direction of steepest descent.

Figure 3.2: Entering a narrow valley.

A-conjugate search directions. The disadvantage of the method of steepest descent
can be avoided by successive minimization of J along a set of directions {pi, pa, ...} not
necessarily corresponding to the residuals {r,ry,...}. A new solution x; is found by
taking information of the shape of the space into account, that is a new search direction
Px is chosen such that it is N-conjugate or perpendicular to the previous search directions:

Pk, Np;) =0 Vj#k

or px € span{Npy,..., Npr_1}+. In most textbooks this is called A-conjugate because
A is the symmetric positive definite matrix. A-conjugate is applicable here as well:

(Pe: Npj) = (px, A"Ap;)
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(Apks Ap.?)
(Pk, pj)A-

Combining steepest descent and A-conjugacy. The new approximate solution vec-
tor

X; = Xk-1 + Bk P

one obtains by choosing the vector py that is A-conjugate to py,...,pr_ and closest to
Tr—1.

Pt

Tt

Figure 3.3: Conjugate gradients (from Schuh (1996)).

It is the conjugate diameter in the plane spanned by ri_, and px_;. The latter is
tangent to the ellipse J(xx_,) = const., and the residual vector ri_,, Figure 3.3:

Pk = Tg—1 + VxPk-1

Schuh (1996). The factor v of the linear combination is determined by the conjugate
condition and yields

1Tkt
V= o

Ti_oTk-2
In Golub and van Loan (1996) it is shown that, using the properties of and the relations
between p; and ry_,, the conjugate gradient algorithm is as follows:

Algorithm (Conjugate gradients).

Xg=0:>r{)=b

k=0

while ry # 0
k=k+1
ifk=1
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P1=TIp

else
Ve = Th_1Tk— 1/rh_otr-a (= |ITk- 1I3/1Irk—2113)
Pk = Tk—1 T TkPr-1

end

.Bk'—rk 1Fk- 1/PkNPk (= lIre- U3/ lpkll%)
Xp = Xg—1+ .kak
T = g1 + B Nps

end

The algorithm as such is not directly applicable since we need to find a proper stopping
value k such that the approximate solution is not overwhelmed by oscillations due to the
instability.

Filter factors

It can be shown that the iterates x§ of the conjugate gradient iteration minimize the
residual in the corresponding Krylov subspace:

ly — Ax| = min{|ly* — Ax|| | x € Ki(A"(y* - Ax), ATA)}.

Consequently, CG requires less iterations than for example the Landweber method, Engl
et al. (1996). The k-th approximation can be related to the initial values as

X =Xpg— Pk..1(ATA)I'|]

where Pi_, € [I;_; is a polynomial of degree k — 1 which depends on y, Louis (1989).
The CG method is therefore nonlinear.
Hansen (1997) gives the filter factors for the CG method as

Ski=1—Feloi), i=1,..4n

where Py is the Ritz polynomial:
k g2 _ g2
k
Pk(a) — H ‘ng
i=1 kg
with 67 ; the Ritz values which are the k eigenvalues of ATA = N restricted to the Krylov
subspace K (N,rg). For small k the Ritz values are approximations to some of the largest
eigenvalues and the filter therefore equals one. The filter becomes zero for the smaller
eigenvalues because the eigenvalues are negligible with respect to the Ritz values. For
increasing k more and more smaller eigenvalues are being approximated resulting in a
solution that includes also higher frequencies. A regularized solution one obtains by
taking k not too large.
The similarities and differences of the CG and Landweber filter factors are more pro-
nounced when the CG filter is written as
k
Ski(os) =1—-[[(1 - 6207), i=1,...,n. (3.53)
j=1
Hansen (1997) states that (3.53) should not be used as such since it is extremely sensitive
to rounding errors.
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Mean square error

Since the CG method is nonlinear, no simple error propagation exists.

Preconditioned conjugate gradients (PCG)

Although CG has better convergence properties than Landweber iteration, the method
only works well on matrices that are either well conditioned or have just a few distinct
eigenvalues, Golub and van Loan (1996). The idea behind PCG is to apply CG to the
transformed system
Nx=b

where N = C-!NC~! is well-conditioned, X = Cx, b = C~'b = C~'ATy, and C is a
symmetric positive definite. Golub and van Loan (1996) discuss several preconditioners,
and Schuh (1996) applies CG for gravity field determination.

3.8 Comparison of regularization methods

The regularization methods considered in this report are Tikhonov regularization, (gen-
eralized) biased estimation, collocation, truncated (generalized) singular value decom-
position, damped (generalized) singular value decomposition, Landweber iteration and
conjugate gradients. All these methods minimize

|Ax — y|l2
with constraint
alLx|2 < ¢
for the direct methods and
x € K,

for the iteration methods. All regularized solutions can be written as a filtered generalized
inverse x = Aly:

X = Zéf—(y’—wvf (for L=1,) or x= Zé,— (y":i)xf (for L # I,)

i=1 i i=1 i

with filter factors 6; summarized in Tables 3.1 and 3.2. Note that the filter equation with
v; should be taken for GBE as well, although L # I,. Furthermore, note that the filter
for Landweber iteration could also be written as

i
Ok = B Zl(l —BAY =1-(1- 8N~
Jj=0

Tikhonov regularization, biased estimation and collocation appear to be equal to a
large extent. The differences are: 1) the least-squares collocation solution is unbiased,
assuming that the unknowns to be solved for have zero expectation; 2) the ‘a priori’
information is always a unit matrix in case of biased estimation, no special structure of
the solution space, like Kaula’s rule in satellite geodesy, is assumed; 3) no regularization
parameter needs to be determined using least-squares collocation although sometimes
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Table 3.1: Filter factors for reqularization methods with parameter .

Method Filter 6, Eq. | Remarks
TR Ai (3:6) | L=1,

A +a

73"3'2: - (3.39) | L # I, gsv®
BE A,-): a (36) | L=1,
GBE Ai)-:ozl (3.29) | L#1I,, Lis?
collocation /\;):- 3 (333) | L=1,
DSVD % (342) | L=1,
DGSVD | - _:’" G (3.43) | L # I, gsv

8gsv = generalized singular values

Table 3.2: Filter factors for reqularization methods with parameter k.

Method Filter oy Eq. | Remarks
1 fori=1,...,k
TSVD (3.36) | L=1,
0 fori=k+1,...,n
0 fori=1,...,p—k
TGSVD 1 fori=p—k+1,...,p (3.41) | L # I, gsv
g fori=p+1,...,n
E
Landweber | 1— ][(1—8\) (3.49) | none
j=1
%
CG 1- I -6:2x%) (3.53) | none
i=1
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implicit such a parameter is involved. Schwintzer (1990) for example gives an algorithm
to determine the a posteriori variance of unit weight 6%; 4) Tikhonov regularization explicit
allows to include constraints on derivatives of the signal.

The main difference between all regularization methods is the filter, which results in
different mean square errors, Table 3.3. Since GBE is designed to give the minimum
mean square error this might be a very good choice for many problems. However, it is
not possible to constrain derivatives of the signal which may be desirable. Furthermore,
the method does not give good solutions when parts of the long wavelengths of the signal
correspond to small singular values, Bouman and Koop (1997).

For all regularization methods it holds that the regularized solutions have good sta-
bility when «a is large or k is small. The solutions fit the data well when « is small or £ is
large. In the next Chapter several methods are discussed that try to find a compromise
between data fit and stability.

—



Table 3.3: The errors of several reqularization methods.

Method | trace(Q.) AxT Ax MSE Eq.
n 02/\i n 2<X Vz>2 n 2)\1' + 052<X Vi>2
TR/BE FHRTE G 3.20
/ 12::1 (AN + a)? ; /\ + a)? g (M +)? .
LAY " a?(x, vl)2 " o2\ + a2{x, v;)?
GBE g a0 Y 3.30
;()\ + a;)? ; Ai + ;)2 ; (/\ + a;)? (B
llocation | 3° o 3 o (3.34)
coliocartio. = .
= i1 /\, + 0'2 =i /\1 02
ko2 i Lo 51
TSVD® > — 3 (x,v)? > (1 = &) (x, v;)? (3.37)
i=1 /\' i=k+1 i=1 )\l
& a? tax, ;) ™ 0?4+ a(x, v;)?
DSVD i 3.44)
S aP | S AP |5 (Ut e (
n 262 n 262
Landweber | ) O}\ k Z (1—6e)%(x,vi)* | D [ (1 — )2 (x,v,-)Q] (3.50)
i=1 M i=1 i=1

Filter ¢; is defined in (3.36).

spoyjew uoryeziren3al jo uosrredwo)) ‘8¢

Ly
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4|

SOME COMPUTATIONAL ASPECTS
OF REGULARIZATION METHODS

4.1 Introduction

In the preceding Chapter several regularization methods were discussed as well as their
mean square error for fixed @ or @;. It was shown that the regularization methods all
try to minimize the residual norm ||Ay — x|| together with the norm of (derivatives of)
the signal ||Lx||. In this Chapter we deal with the problem of computing (an) optimal
regularization parameter(s). Furthermore it is much easier to treat regularization in
standard form, minimize:

Ja(x) = |Ax = y i3 + el|x||3

as is shown by Eldén (1977). Here we discuss the transformation to standard form for
direct and iterative methods. Finally it is sometimes possible to define additional side
constraints on x, for example when parameters or their sum have to be positive.

4.2 Transformation to standard form

It turns out to be a good idea to distinguish between direct and iteration methods when
considering the transformation to standard form, Hansen (1997). First, the transforma-
tion for the direct methods is discussed in some detail and then the transformation for
iteration methods is summarized.

4.2.1 Direct methods

Consider the problem

rréig IIx|lz, B = {x|||Ax — y||lw is minimum}
X
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where ||.||, and ||.||w are the seminorms
Il =x"LTLx, |lyll}y = y"W Wy
for some matrices L and W. The solution
x = (WA)*Wy (4.1)

is unique if N(WA) N N(L) = {0} or equivalently (WA)"WA + LTL is positive definite.
Since WTW = P is the weight matrix of the observations which is positive definite, WA
has full column rank n. Hence, N(WA) = {0} and the solution is unique. Equation (4.1)
is nothing but the weighted least-squares solution, compare Appendix B. Eldén (1982)
treats the more general case, WA does not have full column rank.

We may therefore conclude that the weight matrix for the observations poses no ad-
ditional problems and we can further concentrate on the seminorm L.

As Hansen (1997) argues it is simpler to treat problems in standard form because
only one matrix, A, is involved instead of two (A, L). Hence, one would like to have a
numerically stable transformation method to rewrite

min | Ax — |3 + o] Lx[}

min [| A% — ¥[[3 + o|[[3. (4.2)

When L is square and invertible, the transformation is simply A = AL™',§ = v, the
back-transformation becomes x, = L™'%,.
However, when L is the discrete approximation, in the space domain, of some derivative

operator it is not square and invertible. Typical examples are L; € IR™"U*" and L, €
B[n—mxn:

1 -1 -1 2 -1
I =1 0 -1 2 =l O
L1= 3 L2=
0 1 -1 0 - & 4
\ (I | \ g B =i

These matrices are approximations of the first and second derivative operators on a uni-
form net, Hansen (1989).

Now the transformation involves two QR factorizations. Let 0 = n — p and ¢ =
m — (n— p). First compute the QR factorization of LT

LT=KR:(K K ) By (4.3)
P o ’
0
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where K is an orthogonal matrix and R is upper triangular, compare Appendix B. Since
L has full rank p, its generalized inverse is L* = K,R;". Moreover, the columns of K,
form an orthonormal basis for the null space of L, Hansen (1997). For L, and L, one has

N(L;) = span{(1,1,...,1)T}, N(L;)=span{(1,1,...,1)7,(L,2,.. )T}

Secondly, compute the QR factorization of AK, € [R™*°

T,
AK,=HT = ( H, H, ) : (4.4)
0

Then the transformed quantities are given by

A = H,::'"AL+ = HE‘AK,,R;T
y = Hqu,
Solving (4.2) gives X,, which is related to x, as
Xo = L% + K, H (y — AL %,) (4.5)
see Hansen (1989, 1997).

Relation of TGSVD with TSVD and the transformation to standard form

One would expect that the SVD of the transformed problem in standard form and the
GSVD of the original problem in non-standard form are connected one way or the other.
This turns out to be true. The proof of the relations in this Section are given in Hansen
(1989).

Let the SVD of the transformed matrix be A = USVT and the GSVD as in (3.38).
Then ) B

U=H]U,E, £=ETM™'E, V=VE

where E = antidiag(1,...,1) is the p x p exchange matrix and H, is as in (4.4). Further,
let X, denote the TSVD of (4.2)

% = Aty, A =Vdiag(e7',...,5;%,0,...,0)07.

Inserting this solution in (4.5) gives the desired one. ;
In the case of Tikhonov regularization the transformed solution X, is

a7

=2
= A A1+ — 1718 o.i =177
%o = A}, At = Vd1ag( = a) 51T,
Again, inserting X, in (4.5) gives the proper solution.
When L is well-conditioned, one can compute the GSVD of (A, L) stably from the
SVD of A without performing the complicated GSVD computation:

_ MWTL
U=(Up U,,)=(H,,UE UD), W=Vi A=
HTA
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where the singular values of A and the generalized singular values of (A, L) are related as

- Op—i+1

Fi = Yp—ig1 = ———.
Hp—i+1

With

i 1 :
c*'“-:L ;= =1, (4.6)

» M
Vi +1 7 +1

the matrices £ and M of the GSVD can be computed. The equalities (4.6) follow from
o+ u? =1, Vi, Hansen (1989).

4.2.2 TIteration methods

Define the A-weighted generalized inverse of L as follows

le
L=X VT,

0

Also, define the vector

n

Xp = Z uyx;

i=p+1
which is the part of x that lies in the null space of L, Hansen (1997). Then the standard
form quantities A and ¥ are defined as
A=AL}, §=y - Axq
and the transformation back to the general-form setting is
x = Lix + xo.

Using the above relations and the fact that the k iterate belongs to the Krylov space K,
Hansen (1997) shows that

k-1 P
xi =Y ci (LE(LE)TATA) LE(LE)TATy + %o

i=1

with ¢; constants.

4.3 Determination of the regularization parameter(s)

All regularization methods involve one or more regularization parameter(s) to be deter-
mined. Several methods to choose a single parameter are discussed as well as one method
to determine multiple parameters in case of generalized biased estimation. The relation
of the different parameter choice rules with the (minimum) mean square error is treated
also.
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4.3.1 One regularization parameter
The methods to determine a single regularization parameter discussed here are

e quasi-solutions, Ivanov (1962),

e discrepancy principle, Morozov (1984),

e L-curve, Hansen (1992),

e generalized cross validation (GCV), Wahba (1990),
e quasi-optimality, Morozov (1984).

These methods can be divided into two groups, the a posteriori methods and the heuristic
methods. The first two parameter choice rules belong to the first group and the last three
choice rules to the second. It can be shown for the a posteriori methods that e goes to
zero as £ goes to zero, whereas this formally is not the case for the heuristic methods,
Engl et al. (1996); Engl (1997).

The parameter choice rules are given here with emphasis on Tikhonov regularization.
The application of these rules to other regularization methods is given in Section 4.3.3.

A posteriori methods

Quasi-solutions. The method of quasi-solutions is an a posteriori method for the choice
of the regularization parameter a: given a perturbed g¢ of g € G, choose a such that

off + AAFS = A'g" (4.7)

satisfies ||f5||r = ¢, where c is an a priori bound on the norm of the exact solution, Kress
(1989). The method of quasi-solutions is derived here for Tikhonov regularization, the
application to other regularizations is given in Section 4.3.3.
Numerically the regularization parameter can be obtained by Newton’s method for
solving
Z(0) = IE|a - & = 0.

Subsequent «'s are related as

e Z(an)
CGpy1 = Qp Z’(&”)
see Press et al. (1992). The derivative of Z is given by
, dfz .
Z'(a) = 22,8
since [1£5]2 = (£5, £2), and
dff,
2 = _(A'A+al) i 4.8

as can be derived from (4.7).
Provided that ||A*g||r < ¢, one has the estimate

ac < ||Alle

which may serve as a starting value for the iteration to find the desired o for which
lf2 |l = ¢ holds, Kress (1989).
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Discrepancy principle. The discrepancy principle is also an a posteriori method to
find the regularization parameter: given a perturbed g of g € G with a known error level
llg® — glle < e < ||g|le, choose a such that ||Af; — g°||¢c =«.

The regularization parameter can be obtained by solving

Z(a) = ||AfS ~ |3 — € = 0
with Newton’s method. Rewriting the above norm as, using (4.7),

llg* — Af:I1Z

(g° — Af5, g° — Af)
(g° — Af5,g°) — (A'(g° — A, £5)
Igell% — (£, A°g%) — all€2

one obtains
Z(a) = ||g°ll% — (£5, A’g") — alIf5||7 — €2
ang dfe dfe
/] - _{ o * 5\ fz 2 —9 o pe
2(0) = —(52, A8 - 211} — 20(52,£5)

where the derivative df,, /da is given by (4.8).
Provided that ||g*||¢ > € (SNR > 1), one has the estimate

allglle —€) < [|All%

which may serve as starting value for the iteration (until ||Af; — g°||g = &), see Kress
(1989); Groetsch (1984).

The discrepancy principle is widely used, Louis (1989), for example, exclusively applies
the discrepancy principle as parameter choice rule. It has to be mentioned that often the
criterion ||Af; — g°||¢ < Re, with R > 1 is used.

The method of quasi-solutions and the discrepancy principle are related as follows, Kress
(1989):

e For given ¢ > 0 minimize the defect ||Af — g||¢ subject to the constraint that the
norm is bounded by |/f||r < e.

e For given £ > 0 minimize the norm ||f||r subject to the constraint that the defect
is bounded by ||Af — g||¢ < e.

Heuristic methods

A disadvantage of the above two methods is the necessity of a priori bounds on either
the signal or the measurement error. Dealing with gravity field determination of the
earth, some signal models exist such as Kaula's rule, Kaula (1966) or Tscherning-Rapp,
Tscherning and Rapp (1974). However, models are always approximate and the power
of the models differs from one model to another, e.g. Rapp (1972); Jekeli (1978); Rapp
(1979). Consequently, for quasi-solutions the regularization parameter may be too large
or too small, resulting in a too smooth or too rough solution.
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The information on the noise level may also be unreliable. Typically, the worst-case
bound will be a severe overestimation, while the standard deviation might underestimate
the true error, Engl et al. (1996).

Therefore, it is necessary to consider alternative a posteriori parameter choice rules
that avoid knowledge of the noise level or the signal energy, and to determine a regulariza-
tion parameter on the basis of the actual performance of the regularization method. Ex-
amples are the L-curve, GCV and the quasi-optimality criterion. Strictly speaking these
heuristic parameter choice rules cannot provide a convergent regularization method, i.e.
a = ale) and lim._,o AF = A, Engl et al. (1996). In practice, however, these methods
may work well.

L-curve. The L-curve is a plot, for all valid regularization parameters, of the (semi)norm
|LxE |2 of the regularized solution versus the corresponding residual norm [|Ax% — y*||a-
For discrete ill-posed problems it turns out that the L-curve, when plotted in log-log scale,
has an L-shaped appearance with a distinct corner separating the vertical and horizontal
parts of the curve, Hansen (1997), see Figure 4.1. Originally the use of the L-curve was
suggested by Lawson and Hanson (1974).

3

'\ less filtering, o. small

log Il Lxll,

K more filtering, o large
------------- “ﬁﬁ

v

log Il A - Yl
Figure 4.1: The L-curve in log-log scale (from Hansen (1997)).

This behaviour can be explained by considering the two error components, that is the
perturbation error £ and the regularization error Ax. The vertical part of the L-curve
corresponds to solutions where ||Lx ||z is very sensitive to changes in the regularization
parameter because the perturbation error £ dominates x¢, and because £ does not satisfy
the discrete Picard condition, Hansen (1997). Stated otherwise, the vertical part corre-
sponds to smaller . The emphasis of minimizing J(«) is on || Ax5 —y*||, allowing || Lx5 |2
to become large. The horizontal part of the L-curve corresponds to solutions where the
residual norm || AxE, — y¢||2 is most sensitive to the regularization parameter because x;, is
dominated by the regularization error, as long as y satisfies the discrete Picard condition

(ibid).
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The exact location of the corner can be found by maximum curvature. For a continuous
regularization parameter « one computes the curvature of the curve

(€(a), n(e))

where £(a) = log || AxS, —y°||2 and n(a) = log ||x¢ ||2, and finds the point of maximum cur-
vature. When the regularization parameter is discrete, e.g. TSVD, one can approximate
the discrete L-curve in log-log scale by a 2D spline and compute the point with maximum
curvature on the spline. The corner of the L-curve is defined as the point closest to the
corner of the spline curve, Hansen (1997).

An alternative for locating the corner of the L-curve is to consider the point C =
(é(e),n(x)) where the L-curve is concave and the tangent at C has slope -1. The
concave condition is necessary, because the slope may also be -1 near the endpoints of
the curve, compare Figure 4.1. It turns out that point C is a corner of the L-curve if and
only if the function

¥(@) = [xall2/lA%G — ¥°ll2

has a local minimum at o = a,, Reginska (1996); Engl et al. (1996).
Although the L-curve method seems to work well in a number of applications, it still

lacks a sound mathematical foundation, see (Engl et al, 1996, Section 4.5) and Vogel
(1996).

Generalized cross validation. The idea of GCV is that if an arbitrary element y; of
y is left out, then the corresponding regularized solution should predict this observation
well. Moreover, the choice of the regularization parameter should be independent of
an orthogonal transformation of y, Wahba (1990); Hansen (1997). This leads to the
minimization of:

|| Axg — y°I13

I(@) = Ferace(l,n = AAD))Z

(4.9)

The denominator can be expressed in terms of filter factors:

P
trace(l, — AAY)=m— (n—p) — Z‘Sﬁ

i=1

with the filter defined in (3.14), see Hansen (1997).

The range of the operator, R(A), has finite dimension, since the foundation of gen-
eralized cross-validation originates from statistical considerations and depends on the
assumption that the data perturbation is discrete white noise, Engl et al. (1996):

E{y -y} =0and E{(y - y*)(y —¥°)"} = o’L.

This implies that E{|ly — y||2} = mo?, hence ¢ = \/mo.

The assumption of white noise is indeed essential as Hansen and O’Leary (1993) show.
In case of coloured noise no minimum is found with the GCV method whereas the L-curve
works well.
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Quasi-optimality. The third heuristic parameter choice rule we discuss is the quasi-
optimality method, Morozov (1984); Engl et al. (1996); Hansen (1997). This rule also
tries to compromise between the data error and the regularization error by minimizing
the change in the regularized solution with respect to c. The idea is that if a is too small,
f, is dominated by the data error which now is sensitive to small changes in a. On the
other hand, if « is too large, f, is dominated by the regularization error which now is
sensitive to small changes in a. The optimal « is obtained when both errors are about
equal. Hence, the L-curve and quasi-optimality are alike.

Let us follow the line of Morozov (1984) to derive the quasi-optimality equations. Let
f,, be the solution of the problem of minimizing

Ja(£,£) = || Af — gllg; + olIf — %ol (4.10)

where usually we have f; = 0. Since 0 < o < co the minimizer f,, is also called a family
of solutions, specifically the primary family. As a second step consider the minimization
of the same functional (4.10) for fy = £,,:

Jolf £a) = | Af — g|lé+a1|f_fm||$?- (4.11)

The solutions of (4.11) are denoted f,, and are called two-fold regularized families, Moro-
zov (1984).
This two-fold regularized family can be expressed in terms of the primary family:

f,, = (A"A+al) Y (A'g+afy) =1,
f., = (A"A+al) ' (A'g+afy,) = (A"A+ al) Y (A'g + afy + a(f,, — f))
= £, —a(A"A+al) (o — 1)
df
= f, - 4.12
a (4.12)
The equality
dfa = (A*A+al)  (f — )
da 0 a
can be checked by straightforward calculation.
The next step is to choose a mesh in the parameter a, that is, a;,7 = 0,1,..., N in

a neighbourhood of the optimal a. Two consecutive a;’s are almost equal and therefore
ajt1 = Ty, 7~ 1, ¥ j (and 7 > 1). The derivative of f, with respect to a can now be
approximated by

e fa—fra_ fa — oo,
o a—TQ 1—71
which gives for (4.12)

f b= g+l
fm‘j(l = T) = fﬂmi 55 fr'=||J'+l
l—17

fﬂz o

foy 41 — fa, J
1—-7 '
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The above formula shows that the elements of the two-fold regularized family can be
approximately computed using the elements of the initial family.
Intuitively, it seems reasonable to choose a value j = j, for which

s ~ Bl (4.13)
is minimized, which should correspond to balancing the data error and the regularization

error. The value oy, is called the quasi-optimal value of the regularization parameter.
Minimizing the distance (4.13) means minimizing «o||df,/de|| or in finite dimensions

5 2y 1/2
o], - (£ (s0-02))

evaluated at the (generalized) singular values, Hansen (1997). Note that dx,/do in spec-
tral form simply is dé;/do, compare equations (3.5) and (3.6):

o

de

dod; _ A _ Al At o=

QE N _(/\,-+cu)2__)t,-+a Ai +a
S8

Initial value of a

For the a posteriori parameter choice rules initial values were already given. Press et al.
(1992) suggest to firstly use

o trace(ATA)
~ trace(L"L)

which tends to make the two parts of the minimization have comparable weights.

Relation between the parameter choice rules and the mean square error

It is demonstrated in for example Golub et al. (1979); Wahba (1990) that the GCV
criterion is expected to give a regularization parameter that results in a MSE close to
the minimum MSE. Wahba (1990) remarks that the discrepancy principle does not give a
minimum MSE but is likely to give too smooth solutions. Kitagawa (1987) showed that
the a which minimizes c|dx,/da|| seeks to minimize the mean square error, compare also
Hansen (1992). The relation of the L-curve with the (minimum) MSE is not well solved,
although often it gives too smooth solutions, Xu (1997). We expect that the corner of the
L-curve is related to the MSE as follows. The horizontal and vertical part correspond to a
large change in data error and regularization error respectively. The corner of the L-curve
is defined as the point where the change in both errors is about equal. Translated to the
quantities trace(Q,) and Ax”T Ax this means that one seeks a such that the derivative of
these two components with respect to « is equal but with opposite sign, and this o does
not necessarily lead to a minimum MSE. The L-curve therefore is not expected to give
the minimum MSE beforehand, but might be close to it.
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4.3.2 Multiple regularization parameters

The GBE solution involves the determination of multiple regularization parameters. Hoerl
and Kennard (1970) show that, starting from the L.s. solution, one can iterate towards a
set of a;’s with minimum MSE. Later, Hemmerle (1975) found an explicit expression for
the set of optimal regularization parameters with respect to the least-squares solution.

Minimum MSE. The set of ¢; with minimum MSE is obtained by differentiating the
MSE with respect to «; (see for example Xu and Rummel (1994a)):
OMSE _ 2)i(ai{x,v;)? — ¢*)
doy; N ()\; = Ct,')a '

The minimum is obtained for a; = 0 /(x, v;)?. With this the MSE now becomes

2

Inm PIJSE Z m

=1

The above equation is not very useful for practical purposes since the z; that appear
are unknown. Having gravity field determination in mind one could for example use
approximate coefficients from an existing gravity model such as OSU91A, Rapp et al.
(1991), instead of the true coefficients x. Iteration gives updated a;’s until the change in
the a's is considered to be small enough.

Hoerl and Kennard (1970) suggest to use the least-squares solution as initial value for

the iteration:
62

Qi = 55—
1,0 <x,V{>2

where 6% and % are least-squares values. However, it may occur in practice that because
of numerical instability it is impossible to compute a least-squares solution. Otherwise,
one can start the iteration from any (stable) BE solution. The first part on the right-
hand side of (3.30) is a continuous, monotonically decreasing function of ay, as, ..., oy,
whereas the second part on the right-hand side is continuous, monotonically increasing
with respect to a;, Xu and Rummel (1994a). The choice of the initial MSE solution is
therefore unimportant.

4.3.3 Explicit application to the regularization methods

The application of the parameter choice rules to the regularization methods is rather
straightforward but some additional remarks are necessary. The five parameter choice
rules were given above for Tikhonov regularization and can be directly applied to ordinary
biased estimation, Applying collocation, no parameter choice has to be made since o = 1.
However, Schwintzer (1990) does give an algorithm to determine o in the framework of
collocation. Schwintzer’s idea is as follows. In a least-squares context we have

E{e"Pé} =m—n (4.14)

with & = y — A% the vector of estimated residuals, X the least-squares estimate, P the
weight matrix of the observations y, m the number of observations and n the number
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of unknowns, m > n. Generally, equation (4.14) does not hold when instead of & the
residuals e, = y — Ax, are used. The correct o now is assumed to be that o for which

T _
e, Peg=m-—-n

is true. See also Bouman (1993) for further discussion.

One difficulty associated with the application of the parameter choice rules to TSVD
and the iteration methods is that some of the choice rules are defined for a continuous
parameter only. As we will see hereafter this problem can be solved.

TSVD

First an a priori method is considered. Suppose that A*y € R(ATA) and that ||y —y®||» <
£. The truncation level k is chosen such that

2 2
Ok S € <0y

that is, the smallest singular values are above the level of the error variance. For larger
k the singular values are below the measurement noise and reveal no signal information.
Hence £ plays the role of the regularization parameter, k = k(¢). The difference between
the regularized solution and the exact solution is ||x§ — ATy||s = O(\/2), where y are the
error free observations, Groetsch (1993).

Obviously this is an a priori method when the error level and the singular values can
be calculated in advance. If € is estimated from the actual measurements it becomes
an a posteriori method, the measurements then play no further role in determining the
regularization parameter, however.

The method of quasi-solutions can be formulated as: minimize || Axx; — y|| subject to
the constraint ||xi|| < ¢. Louis (1989) gives the application of the discrepancy principle
to TSVD. Suppose that the measurement signal is above the noise. Subtract from the
total power in the observed signal the most dominant contributions as given by the largest
singular values and singular vectors u;. At a certain moment the remaining power becomes
less than the noise, the SVD should be truncated. In formulas this is: suppose

lly“ll- > Re

then subtract from ||y®||3 the term

<ys! ui)?
until a number < (Re)? is found. The corresponding index i = k gives the a posteriori
parameter choice

o= ale,y") = o;.

The computation of the corner of the L-curve by maximum curvature is somewhat prob-
lematic since the curve is not continuous for k. Hansen and O’Leary (1993) propose to fit
a cubic spline through the discrete point set and use this continuous spline. It is probably
easier to use 1(a) because no derivatives are involved.

The generalized cross validation method causes no difficulties and equation (4.9) may
be directly minimized for k.
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The quasi-optimality method is not defined for a discrete regularization parameter.
However, with some approximations one can use this method for T(G)SVD as well. Let
= oy and use the approximation

dXa| || AXkl2
do 2 lek|
to obtain
dXa (v, ux)
da ||, ~ |ok — k-]

Hansen (1997) further introduces the approximation |Acy| & ox—; which is valid when
Ok-1 > 0. If the constraint is a differential operator, L # I, then in the above formula
the singular values have to be replaced by generalized singular values.

DSVD

The damped singular value decomposition is a continuous function of & and the parameter
choice rules can be applied almost in the same manner as with TR.

Iteration methods

If the discrepancy principle is used to determine the regularization parameter, then the
iteration should be terminated when the defect

|Afg — g°llc < Re

for the first time. Since the defect is monotonically decreasing this is a proper a posteriori
parameter choice Louis (1989).

As far as the other choice rules are concerned, the remarks made in the section about
TSVD are valid here too, except for quasi-solutions which cannot be applied here.

4.3.4 Approximation of some parameter choice rules

So far the discussion of parameter choice rules fully relied on the SVD. In some applications
however, it might be virtually impossible to compute the SVD of A since the dimensions of
A are large. In gravity field determination of the Earth, the Moon etc. by satellite tracking
the number of unknowns is typically of the order 103, while the number of observations
is 108. Furthermore, usually the design matrix nor the observations are accessible but
the inverted matrix (ATA + aK)™! is, as well as the solution x£,. If one wishes to assess
the quality of these gravity models or wants to compute a regularization parameter not
on the basis of trial-and-error, which is common practice, then one can approximate the
observations and some of the parameter choice rules as described hereafter.

Suppose the solution x% and the error covariance matrix (ATA + aK)™" are available.
Although this error description is based on assumptions of unbiasedness, the variances of
x¢, as described by (ATA+ aK)~! may serve as a first approximation. Take x¢, as ‘ground
truth’, that is x = x§, and consider the observations

ye = Ax®
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with x® = x + e, where e is O(0;') and o; are the singular values. Then the regularized
solution reads

™

x = (ATA+oaK)'ATy

(ATA 4 aK) ™' ATAx®
showing that y and A are not needed explicitly. The singular values could be obtained by
computing the eigenvalues of ATA which requires little computation time compared to a

SVD but the results can be unreliable. Note that y® € R(A) which is not true in general
for observations y*, and the least-squares solution is

% = (ATA)—IATye
(ATA) 1 ATAx®

x®.

Il

In theory the Ls. solution should therefore exactly be X = x®. In practice, however, this

is not true since the inverse of ATA is numerically unstable and cannot be computed.

Moreover, x¢ has errors behaving like the inverse of the singular values amplify noise.
Since we assume we do not have y* and A, the norm

I Axg — ¥°[l2 (4.15)

needed for several parameter choice rules, cannot be computed. Because of our choice of
y¢, we can approximate (4.15) by

llAxg — ¥°ll2 1AGxG = x)l2

[[Alllxe — x|
VARG = x[l3

and ), is the largest eigenvalue of ATA which can easily be obtained with the power
method, Kreyszig (1988).

IA

4.4 Regularization with additional side constraint

In addition to the usual problem of minimizing .J,(x) it is possible to define a (linear)
side constraint of the form
Cx>s

where C is an [ X n matrix and s a known [ vector. When for instance x; is a physical
parameter that should be positive then for C a diagonal matrix, C;; = 1 and s; = 0, that
is, z; > 0. Think for example of the light intensity of a pixel in a picture or of the distance
between two points. The problem of minimizing J(x), the least-squares problem, with
linear inequality constraint and a computation algorithm is treated by Lawson and Hanson
(1974). Hemmerle and Brantle (1978) discuss GBE with linear inequality constraint, while
(Engl et al., 1996, Section 5.4) characterize the solution as an element of a convex set.
An application in geodesy might be gradiometric analysis. It is well known that the
observation of solely the elements of the gravity gradient tensor results in badly deter-
mined low order gravitational potential coefficients (coefficients of a spherical harmonic
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expansion of the potential), Van Gelderen and Koop (1997). This problem might partially
be overcome by fixing the sign of the coefficients. One could for example adopt the sign
of an existing gravitational potential model when the SNR of a specific coefficient of this
model is larger than some threshold.

4.5 Summary

The implementation of the regularization methods for actual computations becomes eas-
ier when it is possible to consider one standard form. This is possible indeed and the
transformation to standard form is especially simple for norms weighted with a positive
definite matrix, like the error variance matrix of the observations. With some additional
effort semi-positive definite matrices, like the matrix corresponding to a seminorm, can
be handled as well.

Several methods exist to determine (an) optimal regularization parameter(s). Some
of those are directly linked to the minimum mean square error whereas others are not ex-
pected to give a minimum mean square error. The explicit application of these parameter
choice rules to the regularization methods is rather straightforward although some of the
parameter choice rules are defined for continuous methods only.

The major part of this report is devoted to the mathematics of the inverse problems
but sometimes it is possible to include additional side constraints on the solution based on
the physics of the corresponding problem. Whenever such a situation occurs it is probably
wise to use these side constraints.



64 4. SOME COMPUTATIONAL ASPECTS OF REGULARIZATION METHODS




5 |

EXAMPLE: AIRBORNE
GRAVIMETRY

5.1 Introduction

In the two preceding Chapters several regularization methods were discussed, as well
as different methods to choose the regularization parameter(s). It was shown that all
regularization methods are in fact low pass filters, and that the filters make the difference
between methods. Consequently, the regularized solution and the corresponding mean
square error differ from one method to another.

These theoretical comparisons in this Chapter are exampled with airborne gravimetry,
that is, scalar gravity is measured at some height h above the earth’s surface, for instance
in an airplane. A gradiometric example can be found in Bouman and Koop (1998). Also
Xu and Rummel (1994b) compare several biased estimators using gradiometric observ-
ables. )

The outline of the current Chapter is as follows. First, the measurements themselves
are discussed as well as their relation with gravity at the earth’s surface. Secondly, the
Tikhonov regularization method is examined in detail for several parameter choice rules.
Then the results for the SVD methods are summarized, since they resemble each other to
a grcat extent.

5.2 Measurement setup and spectral relation

5.2.1 Planar approximation and Fourier series

Consider gravity measurements (magnitude only) at height h above the earth’s surface, for
example measurements collected in a flying airplane. Then the relation between gravity
anomalies at the earth’s surface and at height h is given by the convolution equation

Agh(I!T L] h‘) = P(I‘ 1 ?h') * Agll'(:":a y)
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where
1 h

Plz,y.h) = 27 (22 + 2 + h?)3/2

is the Poisson kernel in planar approximation, Hirsch (1996). In the example discussed
here the observations lie on a single line, hence y = 0, which is equivalent to the assump-
tion that Ag is constant perpendicular to the measurement line (cross-track), Haagmans
(1988).

The Fourier series coefficients of Ag are

FlAgt=ax = % Y Ag(z)e ¥, k=0,...,N-1
z=<N>
1 .
= Ag(z)e**, k=0,...,N—1
V.2

where w is the fundamental frequency, hence Ag is assumed to be periodic with period
N. The relation between the spectra at h = 0 and h = h is, Haagmans (1988)

ax(Agn) = e Flhay(Agy) (5.1)

or
ar(Ago) = eFI"ay (Agy). (5.2)

5.2.2 Measurement synthesis

The ground truth we use is derived from 2% or 256 ship measurements in the Indonesian
waters. In total three different profiles are used and the end of the profiles are matched
with each other so no ‘jumps’ occur. To achieve periodicity, the values at the beginning
and the end of the profile are forced towards zero. The mean is -1.136 mGal, other
numbers of interest are listed in Table 5.1. The average spacing between subsequent
observations is 1 km, therefore the total length of the profile is approximately 255 km.
Figure 5.1 displays the profile.

Table 5.1: Minimum, mazimum and rms of gravity anomalies in mGal.

mean | min | max | rms
Agp | -1.136 | -76.5 | 139.6 | 57.8
Agy | -1.136 | -71.5 | 105.9 | 52.3

The true gravity anomalies at height h are computed as follows. First, the Fourier
series of Agy is computed. With (5.1) the Fourier coefficients of Agy are obtained and
the inverse Fourier transform of these coefficients gives Agy,. The mean of Agy, is -1.136
mGal, the other numbers are listed in Table 5.1 also. To these true anomalies random
generated noise is added. The noise has zero mean and a standard deviation of 2.5 mGal.
Both the true and noisy observations at height h are displayed in Figure 5.2. The height
h = 2000 m.
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gravity at height 0
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Figure 5.1: Gravity anomalies along profile at ground level.

Because the rms difference between true and noisy anomalies is 2.3 mGal (computed)
and the rms of the total signal at 2000 m is 52.3 mGal, the best approximation one can
expect at ground level is (inverse SNR)

2.3

—— x 100% = 4.4%

52.3
accurate with respect to rms(Agg). As is shown in Figure 5.3 the least-squares solution
certainly does not provide a reasonable answer. The rms difference between the ls.
solution and the true data with respect to the rms of the true solution is 617%.

5.3 Solution with Tikhonov regularization

As we have seen in the previous Section, regularization is obviously necessary because
least-squares fails: we are dealing with an ill-posed problem. But how is the least-squares
solution computed? Actually, it is the exact inverse of the algorithm sketched above.
Thus, compute the Fourier series of Agj, compute the Fourier coefficients at h = 0
through application of the downward continuation factor e*“/* and finally the solution is
obtained by inverse Fourier. The observation equation is

E{y}=Ax

with least-squares solution

x = (ATA) ATy
where x and y are the Fourier coefficients at h = 0 and h = h respectively and A is a
diagonal matrix with elements e~*lh,
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gravity at height h
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Figure 5.2: Gravity anomalies along profile at 2000 m.

Tikhonov regularization is therefore applied in the frequency domain. Three examples
will be discussed, that is, regularization with zeroth, first and second derivative constraint.

Regularization with signal constraint

The regularization matrix is an identity matrix, Figures 5.4 - 5.8 show the different reg-
ularized solutions. The only difference between the Figures is the determination of the
regularization parameter. Shown are the true solution together with the regularized solu-
tion as well as their differences. Table 5.2 summarizes these differences in terms of relative
norm. The closer a certain percentage is to 4.4%, the better the parameter choice rule
performs. Also shown are the various regularization parameters c.

From the Figures and the Table one can conclude that four of the parameter choice
rules give approximately the same result (quasi-solution, discrepancy principle, general-
ized cross validation and quasi-optimality). The regularized solution is acceptable and
no further improvement is likely to occur. The L-curve method underestimates c. The
regularized solution is a factor of two worse with regard to the other solutions. However,
the solution is an order of magnitude better than the least-squares solution (Table 5.2).

A difficulty associated with the discrepancy principle and the quasi-solution method
is how to choose R|l¢|| and R||x|| properly. For the current example it holds

256 1/2
llell = (Z 2.3"’) ~ 37 mGal
=1

and
Il = ||Ag]| & 924 mGal.
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Figure 5.3: Least-squares solution derived from noisy observations.

A priori there is not much information about the norm of the signal, whereas the norm
of the error is known approximately. Assume that the signal norm is known with some
accuracy, even then it is not clear beforehand how to choose R. In the examples above we
found that the values of R as given in Table 5.2 yield the best approximation. However,
this is only possible when the true solution is known, which usually is not the case. Hence,
one has to decide on basis of previous experience, comparison with other solutions or for
example visual inspection of solution plots, whether a certain R is acceptable or not. Since
these are all subjective methods, we shall not use them in the remainder of this report.

Regularization with first derivative constraint

The regularization with a derivative constraint requires of course the computation of the
derivative of the signal. So far only the derivative in the space domain was discussed, but
now we need the derivative in the frequency domain since the Fourier coefficients are the
estimated signal. Here we use the derivative with respect to the height variable, which is

Bak

Oh
Hence, the regularization matrix L7 L has diagonal elements k%|w|®. One slight inconve-
nience now is that this matrix does not have the proper dimension because k starts at
0, the GSVD cannot be computed with the standard procedure. A way out of trouble is
to give the corresponding zero element of LT L a small positive value (small with respect
to the same element of ATA). We tested values of 1072,107" and 107° and compared
the values for the regularization parameter determined with GCV, the L-curve and quasi-
optimality. For all three methods the variation in « stays below 7%, which we considered
to be satisfactory enough.

= —k|w|ak.
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Tikhonov regularization, signal constraint
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Figure 5.4: Solution determined with Tikhonov regularization and quasi-solution as pa-
rameter choice rule (signal constraint).

The results of Tikhonov regularization with first derivative constraint are summarized
in Table 5.2. All three heuristic methods perform well and apparently the result is not
very sensitive with respect to .

Regularization with second derivative constraint

The second derivative in the frequency domain corresponds to diagonal elements k*|w|*
of LTL. Again, the three small values replaced the zero diagonal element and now the
solutions were the same. The results of Table 5.2 show that the L-curve and GCV
perform equally well. The quasi-optimality method did not found a solution, the curve
(@, ||adx, /de||) is monotonically decreasing. So, the stopping value is arbitrary but larger
values would give solutions more and more equal to a straight line. It therefore makes no
sense to seek for larger o's.

5.4 Summary of the SVD solutions

TSVD

The truncated (generalized) singular value decomposition works well in all cases except
for the signal constraint/L-curve method, and the second derivative/quasi-optimality
method, which give too rough and too smooth solutions respectively. Also here tests
with L(1,1) = 107!,10~2 and 10~ gave similar k’s.



Table 5.2: Results for the regularization methods.

Method | Choice rule Signal First derivative Second derivative | Remark
work | 188 = Asoll | | 128 = Agoll | ] 1885 — Aol
[ Agoll | Agoll | Agoll
quasi-sol. 0.197 | 7.6% +° - - - 2 R=1038
discrepancy 0.181 | 7.6% + - - - - R=135
Tikhonov | L-curve 0.047 | 234% + 0.485 | 4.3% + 1.032 | 41% + -
GCV 0.093 | 11.6% = 0.281 5.3% + 0.351 5.5% + -
quasi-opt. 0.147 | 9.0% + 0.998 | 5.7%  + +10% [ 80.9% 1 -
L-curve 64 | 22.0% &+ 22 49%  + 16 6.7%  + -
T(G)SVD | GCV 36 | 9.0% + 36 | 9.0% + 36 | 9.0% + -
quasi-opt. 19 57%  + 19 57%  + 2 77.0% 1 -
L-curve 0.006 | 211% + 0.260 8.3% + 1.302 5.0% + =
D(G)SVD | GCV 0.006 | 211% 1 0.107 | 14.7% i 0.305 6.3% + .
quasi-opt. 0.203 | 23.8% + 103 | 97.6% 0 +10% | 73.5% il -

2The symbol + denotes a correct solution, % is an ‘about right’ solution (percentage between 10 and 25), 1 is a too smooth solution (« too large) and |

indicates that the solution is too rough (a too small).

suonnjos (JAS Y2 jo Arewring ‘g°¢

I
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Tikhonov regularization, signal constraint
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Figure 5.5: Solution determined with Tikhonov regularization and the discrepancy princi-
ple as parameter choice rule (signal constraint).

DSVD

The damped (generalized) singular value solutions are not satisfactory in general. They
become better, however, for higher derivative constraints. One explanation is that the
DSVD introduces less filtering with respect to TR and that in this case the signal con-
straint is not enough. Constraints on the first and second derivative yield smoother
solutions compensating for the weaker filtering.

Conclusions

The regularization of airborne gravimetric data with first derivative constraint gives the
best solutions, followed closely by the second derivative solutions. The signal constraint
does not give many good solutions (using the heuristic choice rules) nor does the DSVD
method. Tikhonov regularization and TSVD perform equally well, while TR is maybe
slightly better.

The quasi-optimality method gives smoother solutions than the L-curve and GCV
method in general. Often the regularization parameter is too large (or k is too small).
In many cases the L-curve gives somewhat better results than GCV but the L-curve
underestimates & more frequently. We do not recommend to use the a posteriori parameter
choice rules because some arbitrary scale factor R has to be chosen which may be difficult
in practice.

The most important conclusion probably is that one should not rely on one single
regularization method or parameter choice rule but to use several parameter choice rules,
different constraints and regularization methods instead. A comparison of the different
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Figure 5.6: Solution determined with Tikhonov regularization and the L-curve as param-
eter choice rule (signal constraint).

solutions may give an idea of those solutions that are definitely too smooth or too rough.
Eliminating these leaves us with ‘acceptable’ solutions.

It has to be stressed that the results in this Chapter are just one example. It illustrates
that differences do exist between regularization methods and parameter choice rules. How-
ever, in other circumstances (other inverse problems) the above conclusions may not be
valid. Also, we did not show results for all regularization methods. It is therefore not
legitimate to draw any far-reaching conclusions from the above example.
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Figure 5.7: Solution determined with Tikhonov regularization and generalized cross vali-

dation as parameter choice rule (signal constraint).
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Figure 5.8: Solution determined with Tikhonov regularization and quasi-

parameter choice rule (signal constraint).

optimality as
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CONCLUSIONS AND
RECOMMENDATIONS

Many relations in geodesy and other (earth) sciences can be formulated as Fredholm
integral equations of the first kind with a compact operator. The compactness of the
operator has the advantage that the integral may be approximated by a finite sum without
giving a large discretization error. This is reflected by the fact that the singular values (the
spectral representation of the operator) tend to zero for better and better approximations.
Consequently, the inverse of this operator, which is associated with inverse problems,
becomes unstable. The inverse of the singular values tends to infinity, amplifying noise
arbitrarily much.

The solution of inverse problems, therefore, requires some sort of stabilization or regu-
larization. The regularization methods in this report all can be written as a least-squares
solution with a filter damping out the high frequencies. The specific form of the filter is
distinct from one method to another. Translated to the space domain the regularization
corresponds to constraints on the size of (derivatives of) the signal.

The quality of the solution obtained by regularization should not only take into ac-
count the data error but the regularization error or bias as well. The expectation of the
regularized solution is no longer the ‘true’ solution because of the filtering. A sufficient
measure for the quality description seems to be the mean square error which is the sum
of the data error and the bias. This mean square error can be derived for all regulariza-
tion methods except for conjugate gradients which is a nonlinear method. We have only
given the mean square error for regularization with signal constraint but constraints on
derivatives of the signal are of interest as well. The mean square error of these solutions
can be obtained by straightforward error propagation or by first transforming the original
problem to the standard form (with signal constraint).

A disadvantage of these equations is that the computation of the mean square error
involves the true unknowns, which is not feasible of course. The mean square error could be
approximated by using the regularized unknowns instead of the true unknowns, although
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this may lead to too optimistic estimates of the mean square error, see for example Xu
(1992a). We did not compare the exact differences of Chapter 5 with those implied by
the formulas in Chapter 3. Further research concerning this comparison is of interest.

All regularization methods require the determination of a regularization parameter
which is responsible for the balance between bias and data error. A number of param-
eter choice rules exists and they can be divided in the a posteriori and the heuristic
rules. Although the first group has the theoretical advantage that the regularized solu-
tion converges to the ‘true’ solution for decreasing measurement error, they require some
(arbitrary) scaling factor on the norm of the solution or the measurement error which are
assumed to be known. We therefore prefer the heuristic parameter choice since they do
not have this disadvantage. One should always be aware, however, that the solution one
obtains is subjective, even when a heuristic parameter choice rule is used (since regularized
solutions which are considered ‘too smooth’ or ‘too rough’ will not be accepted).

Although the regularization methods are not expected to give the same mean square
error and although the heuristic parameter choice rules are not expected to give the same
regularization parameter, it is shown that for an airborne gravimetric example several
regularization methods and choice rules yield valuable solutions. It is therefore recom-
mended not to rely on one regularization method and parameter choice rule but to use
several of them in order to compare solutions.
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INTRODUCTION TO FUNCTIONAL
ANALYSIS

Some background on functional analysis may be necessary for reading this report. Inverse
problems involve finding unknown functions, inverse mapping etc. This Appendix should
make the report more self contained and easier to read for those not too familiar with
functional analysis. Geodetic references concerning functional analysis are Meissl (1975,
1976); Tscherning (1978, 1986). Here Kreyszig (1989) is the prime source, but we want
to mention Akhiezer and Glazman (1981) and Groetsch (1980) as well.

In the first part definitions of spaces and properties are given with special attention
to operators and finite dimension. In the second part the spectral theory of operators
is discussed, especially with respect to compact operators. The latter are more simple
to deal with. Fortunately the operators usually are compact in geodetic applications,
Rummel et al. (1979).

Since Kreyszig (1989) is the main reference, his notation is used in Appendix A. It
differs from adopted notation elsewhere in this report, but this should cause no difficulties.

A.1 Spaces, definitions and properties

Chapters one to three of Kreyszig (1989) are summarized here. The line followed runs
from abstract to more concrete. Proofs are omitted, cf. Kreyszig (1989); Groetsch (1980);
Akhiezer and Glazman (1981).

A.1.1 Metric space

Consider the abstract set X, the nature of the elements is left unspecified. They could for
example be real numbers or functionals. A distance function on X is defined as follows:
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Definition (Metric space, metric). A metric space is a pair (X, d), where X is a set
and d is a metric on X, that is, a function defined on X x X (the set of all ordered pairs
of elements of X, i.e. an order can be assigned) such that ¥ z,y,z € X

de R, 0<d< o0
d(z,y)=0 & z=y
d(z,y) = d(y,z)

d(z,y) < d(z,2) +d(z,9)

The last property is the triangle inequality, d(z,y) is called the distance from z toy. ®

Examples of metric spaces

Euclidean space IR". The n-dimensional Euclidean space IR" is obtained by taking
the set of all ordered n-tuples of real numbers written

= (‘fls"':‘{n): y={"h:---ﬂ?n)

and the Euclidean metric defined by

d(Iv y) = \/(&l - 7-’1)2 +.ot (fn - nn)?-

Function space C|a,b]. The set X is the set of all real-valued functions z,y, ... which
are functions of an independent real variable t and are defined and continuous on a given
closed interval [a, b]. The metric defined by

d(z,y) = Joax |l2(¢) — y(t)]

where max denotes the maximum and |.| the absolute value, leads to the metric space
Cla, b]. Note that a function becomes a point in a large space.

Continuous mapping and closure

Definition (Continuous mapping). Let X = (X,d) and ¥ = (Y, d) be metric spaces.
A mapping T : X — Y is said to be continuous at a point zo € X if for every £ > 0 there
is a § > 0 such that

d(Tz,Txzo) < e for all z satisfying d(zo,z) < 4.

T is said to be continuous if it is continuous at every point of X. ®

Closure. Let M be a subset of a metric space X. Then a point zp of X (which may or
may not be a point of M) is called an accumulation point of M if every e-neighborhood
of zy contains at least one point y € M distinct from zy. The set consisting of the points
of M and the accumulation points of M is called the closure of M and is denoted by M,
compare also Figure A.1.
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=l

Figure A.1: Half open set M and its closure M.

Definition (Dense set, separable space). A subset M of a metric space X is said
to be dense in X if

aM = x\’
X is said to be separable if it has a countable subset which is dense in X. L]

For example the real line IR is separable since the set @ of all rational numbers is
countable and is dense in IR.

Convergence, Cauchy sequence and completeness

An important property a metric space may have is that of completeness. This means that
every Cauchy sequence in a space has a limit which is an element of that space, i.e. every
Cauchy sequence converges.

Letinition (Convergence of a sequence, limit). A sequence (z,) in a metric space
X = (X,d) is said to converge if there is an = € X such that

lim d(zn,7) =0
z is called the limit of z,, and we write
A, % =2

or T, — T, T, convergesto T. ®

Definition (Cauchy sequence, completeness). A sequence (z,) in a metric space
X = (X,d) is said to be Cauchy if for every € > 0 there is an N = N(g) such that

d(zmp,x,) < e for every m,n > N.

The space X is said to be complete if every Cauchy sequence in X converges, that is, has
a limit which is an element of X. L

For example the real line IR is complete. An example of an incomplete metric space
is X = (0,1] with metric d(z,y) = |z — y|, and the sequence z,, where z, = 1/n and
n =1,2,.... This is a Cauchy sequence, but it does not converge since the point 0 to which
it wants to converge is not a point of X. Another example is the space @ of all rational
numbers also with metric d(z,y) = |z —y|. The sequences (2.7,2.71,2.718,2.7182,...) and
(3.1,3.14,3.141, 3.1415, . . .) want to converge to e and 7 respectively but this is impossible
since these two numbers are not elements of Q.
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Theorem (Complete subspace). A subspace M of a complete metric space X is in
itself complete if and only if the set M is closed in X.

A.1.2 Normed space

A normed space is a vector space with a metric defined by a norm. Therefore, first a
vector space has to be defined.

Definition (vector space). A wvector space over a field K is a nonempty set X of ele-
ments z,7, ... (called vectors) together with vector addition and multiplication of vectors
by scalars, that is, by elements of K. ®
Here we take ' = IR, the real numbers.
Vector addition is a mapping X x X — X, whereas multiplication by scalars is a
mapping K x X — X. For example

T+y

Z = ar

where z,y,z € X and a € IR a scalar.

A subspace of a vector space X is a nonempty subset ¥ of X such that forall y;, 2 € Y
and all scalars a, § we have ay; + Gy € Y. Hence Y itself is a vector space. A special
subspace of X is the improper subspace Y = X. Every other subspace of X(# {0}) is
called proper.

A linear combination of vectors z,,. ..,z of a vector space X is an expression of the
form

01Ty + @aTa + ... F Ty

where the coefficients e, ..., a;, are any scalars.

Definition (Linear independence, linear dependence). Linear independence and

dependence of a given set M of vectors zy,...,z, (r > 0) in a vector space X are defined
by means of

Ty + T + ...+ oz, =0 (A.1)
where ay,...,a, are scalars. If the only r-tuple of scalars for which (A.1) holds is oy =

.= a, =0, the set M is said to be linearly independent, else M is linearly dependent.
<]

Definition (Finite and infinite dimensional vector spaces). A vector space X
is said to be finite dimensional if there is a positive integer n such that X contains a
linearly independent set of n vectors whereas any set of n + 1 or more vectors of X is
linearly dependent. n is called the dimension of X, written n = dim X. If X is not finite
dimensional, it is said to be infinite dimensional. ®

If dim X = n, a linearly independent n-tuple of vectors of X is called a basis for
X. If {e1,...,e,} is a basis for X, every z € X has a unique representation as a linear
combination of the basis vectors:

T =8 + ...+ ane,.
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Definition (Normed space, Banach space). A normed space X is a vector space
with a norm defined on it. A Banach space is a complete normed space (complete in the
metric defined by the norm). Here a norm on a vector space X is a real-valued function
on X whose value at z € X is denoted by

[l]
and which has the properties
=zl = 0 (A-2)
Iz =0 & z=0 (A.3)
llaz| = lafllz| (A4)
le+yll < llzll+ llyll- (A.5)

Here z and y are arbitrary vectors in X and o is any scalar.
A norm on X defines a metric d on X which is given by

d(z,y) = ||z -yl

and is called the metric defined by the norm. @
A seminorm on a vector space X is a mapping p : X — IR satisfying (A.2), (A.4),
(A 5). For (A.3) only the relation from right to left is valid. When the converse is also
true, then p is a norm.
An example of a complete normed space (Banach space) is the Euclidean space IR"

with norm defined by
" 1/2
llzll = (ZEE) =& +...+&
J=1

Thus the norm can be associated with the length of a vector here.
A sequence (z,) in a normed space X is convergent if X contains an z such that

lim [z, —z|| = 0.

Then we write £, — z and call z the limit of (z,). A sequence (z,) in a normed space X
is Cauchy if for every € > 0 there is an N such that

|zm — znl| <& for all m,n > N.

Let (zx) be a sequence in a normed space X. The sequence (sy) of partial sums is
Sp = I +I2+...+.’L’n

where n=1,2,.... If (s,) is convergent, s, — s, then the infinite series

o0
&= Zfﬂk
k=1

is said to be convergent, s is called the sum. If ||z|| + ||z2| + . .. converges, this series is
said to be absolutely convergent.
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If a normed space X contains a sequence (e, ) with the property that for every z € X
there is a unique sequence of scalars (a,) such that

[z = (e + ...+ apen)|| = 0 asn— oo

then (e,) is called a (Schauder) basis for X. The expansion of z with respect to (e,) is

oo
z=)Y ape.
k=1

The above implies that only a separable space X can have a basis and a normed space X
which possesses a spanning countable sequence is called separable, Meissl (1976). Also a
basis is complete in X (since it is the basis of a Banach space), Akhiezer and Glazman
(1981).

Linear operators

In functional analysis metric spaces are considered, and mappings of these spaces. In the
case of vector spaces and normed spaces a mapping is called an operator.

Definition (Linear operator). A linear operator T is an operator such that

(i) the domain D(T) of T is a vector space and the range R(T) lies in a vector space
over the same field,

(ii) for all z,y € D(T) and any scalar a,

T(z+y) Tz +Ty
T(az) = oTx

®
The null space of T is the set of all z € D(T) such that Tz = 0, denoted as N(T).

Theorem (Range and null space). Let T be a linear operator. Then:
(i) The range R(T) is a vector space.
(ii) If dim D(T) = n < oo, then dim R(T) < n.
(iii) The null space N(T') is a vector space.

Theorem (Inverse operator). Let X,Y be vector spaces and T : D(T) — Y be a
linear operator with domain D(T') C X and range R(T) C Y. Then:

(i) The inverse T~': R(T) — D(T) exists if and only if

Ter=0=z=0.
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(ii) If T-! exists, it is a linear operator.
(iit) If dim D(T) = n < oo and T~! exists, then dim R(T) = dim D(T).
L]

This means that the inverse of a linear operator exists if and only if the null space of
the operator consists of the zero vector only.

Definition (Bounded linear operator). Let X and Y be normed spaces and T :
D(T) = Y a linear operator, where D(T") C X. The operator T is said to be bounded if
there is a real number ¢ such that for all z € D(T),

ITz]| < cljz]|- (A.6)

@

In (A.6) the norms are on Y and X respectively. Formula (A.6) shows that a bounded
linear operator maps bounded sets in D(T") onto bounded sets in ¥. The smallest number

¢ for which ||Tz|| < ¢||z|| is true for all z out of the domain of T, is called the norm of T

and denoted by ||T|:

T
I7l = sup 1225 40
zen(r) ||zl

If a normed space X is finite dimensional, then every linear operator on X is bounded.

Theorem (Continuity and boundedness). Let T': D(T) — Y be a linear operator,

where D(T) € X and X,Y are normed spaces. Then T is continuous if and only if T is

bounded. ]
Thus, for a linear operator continuity and boundedness become equivalent concepts.

A linear functional is an operator whose range lies on the real line R (or in the complex
plane C).

A.1.3 Inner product space

Definition (inner product space, Hilbert space). An inner product space is a vector
space X with an inner product defined on X. A Hilbert space is a complete inner product
space. Here, an inner product on X is a mapping of X x X into the scalar field K of X;
that is, with every pair of vectors = and y there is an associated scalar which is written

(z,9)
and is called the inner product of = and y, such that for all vectors z,y, z and scalars o
Z+y,2) = (&,2)+({y,2) (A7)
(az,y) = afz,y) (A.8)
(z,y) = (¥ (A.9)
(z,z) > 0 (A.10)
(z,z) = 0 & z=0

!Let E be a nonempty subset of JR. A number a € IR is called the supremum of E, written sup E, if
(i) @ is an upper bound of E; (ii) if b < a then b is not an upper bound of E.
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An inner product on X defines a norm on X given by

llzll = /{2, 2)

and a metric on X given by
d(z,y) =z -yl = /(z -y, —y)
]

Hence, inner product spaces are normed spaces, and Hilbert spaces are Banach spaces.
A concept that can be defined in inner product spaces is that of orthogonality of functions.

Definition (Orthogonality). An element z of an inner product space X is said to be
orthogonal to an element y € X if

(z,y)=0
z and y are orthogonal, z L y. The zero vector is orthogonal to all z € X. L]

An inner product and the corresponding norm satisfy the Schwarz inequality

[{z, )] < llzllllyll

where the equality sign holds if and only if {z,y} is a linearly dependent set, and the
triangle inequality
llz +yll < llll + llyl

where the equality sign holds if and only if y = 0 or z = cy (c > 0).
The orthogonal complement of a Hilbert space H is

Yi={zeHlz 1Y},

which is the set of all vectors orthogonal to Y. For every z € H there is a y € Y such
that z=y+ 2, 2z € Z =Y. yis called the orthogonal projection of z on Y.

Definition (compact). A metric space X is said to be compact if every sequence in
X has a convergent subsequence. (Remember that inner product and normed spaces are
metric spaces, therefore, this definition is valid for these spaces as well.) ®

Akhiezer and Glazman (1981) proof the following theorem which is a criterion for
(strong) compactness.

Theorem. Let X be a separable space, and let (e,),n = 1,...,00 be an orthonormal
basis in X. Let M be a bounded set of elements z from X, and suppose that, for any
€ > 0, there is a natural number n = n(e) such that for any z € M,

n
T = Z(% ei)e;
i=1

Then the set M is compact. ®

The key in the proof is that M is bounded, and therefore one can pick out from an
arbitrary sequence (z,) C M a weakly convergent subsequence, Akhiezer and Glazman
(1981). We think that the practical relevance is that a bounded element, gravitational
potential for example, can be approximated by a finite series, a truncated spherical har-
monics series for example.

< E.
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Corollary (Maximum and minimum). A continuous mapping T of a compact subset
M of a metric space X into IR, T : M — IR, assumes a maximum and a minimum at
some points of M. ®

Definition (Hilbert-adjoint operator). Let T': H; — H, be a bounded linear oper-
ator, where H, and H; are Hilbert spaces. Then the Hilbert-adjoint operator T* of T is
the operator

T*IHQ—}H|

such that for all x € H, and y € H,,

(Tz,y) = (z, T"y).

If T is self-adjoint, that is T = T*, and also H, = Hy, then (T'z,y) = (z, Ty).

Let T' be a continuous linear operator from a Hilbert space H, into a Hilbert space Hs.
Recall that the range, R(T'), and null space, N(T'), of a linear operator with domain D(T')
are defined by R(T) = {Tz|z € D(T)} and N(T) = {x € D(T)|Tz = 0} respectively.
Then the following Theorem holds.

Theorem. If T : H, — H, is a continuous linear operator, then R(T)* = N(T*) and
N(T)* = R(T*). Since T = T** we also have R(T*)* = N(T) and N(T*)* = R(T). @

A.2 Spectral theory of linear operators in normed
spaces

The spectral representation of the operator T gives a great deal of clarity and insight.
We begin with finite dimensional vector spaces, which is much simpler than the spectral
theory of operators in infinite dimensional spaces. These operators are not considered in
general, only compact linear operators are discussed. Their properties closely resemble
those of operators on finite dimensional spaces. Finally, we look at bounded self-adjoint
linear operators. These operators can be associated with the normal matrix T*T.

The subsequent Sections summarize Chapters 7, 8 and 9 of Kreyszig (1989) respec-
tively. Compare also (Akhiezer and Glazman, 1981, Ch. 5), (Groetsch, 1980, Ch. 4) for
example. Again, proofs are omitted in general. Since the spectral decomposition is an
important tool it is elaborated in detail in Appendix B.

A.2.1 Finite dimensional normed spaces

For a given n x n matrix A eigenvalues and eigenvectors are defined in terms of the
equation

Az = Az (A.11)

as follows.
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Definition (Eigenvalues, eigenvectors, eigenspaces, spectrum). An eigenvalue
of a square matrix A is a number A such that (A.11) has a solution x # 0. This z is called
an eigenvector of A corresponding to that eigenvalue A. The eigenvectors corresponding
to that eigenvalue A and the zero vector form a vector subspace of X which is called
eigenspace of A corresponding to that eigenvalue A\. The o(A) of all eigenvalues of A is
called the spectrum of A. ®

Theorem (Eigenvalues of a matrix). The eigenvalues of an n-rowed square matrix
A are given by the solutions of the characteristic equation

det (A—AI)=0

of A. A has at least one eigenvalue and at most n different eigenvalues. ®

Theorem (Eigenvalues of an operator). All matrices representing a given linear
operator T : X — X on a finite dimensional normed space X relative to various bases for
X have the same eigenvalues. °

Therefore, one can speak of the (unique) spectrum ete. of the linear operator T

Remark: If X is infinite dimensional, then T" may have spectral values which are not
eigenvalues, cf. (Kreyszig, 1989, Ch. 7).

A.2.2 Compact linear operators on normed spaces

Compact linear operators play a central role in the theory of integral equations. Their
properties closely resemble those of operators on finite dimensional spaces.

Definition (compact linear operator) Let X and Y be normed spaces. An operator
T: X — Y is called a compact linear operatorif T is linear and if for every bounded subset
M of X the image T(M) is relatively compact, that is, the closure T'(M) is compact. @

It is not required that T is continuous. However, compact linear operators are always
continuous and are therefore also called completely continuous linear operators, Groetsch
(1980).

Lemma (Continuity). Let X and Y be normed spaces. Then every compact linear
operator T : X — Y is bounded, hence continuous. Preof. If T : X — Y is compact and
B is the closed unit ball in X, then T'(B) is compact and therefore bounded. Therefore
there is an M > 0 such that ||y|| < M for all y € T(B). It follows that ||Tz| < M for
[[z]| €1, that is, ||T]| < M. ®

Theorem (Adjoint operator). Let T: X — Y be a linear operator. If T' is compact,
so is its adjoint operator T* : Y — X; here X and Y are Hilbert spaces. ®
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Theorem (Eigenvalues, null space and range). Let T : X — X be a compact
linear operator on a normed space X. Then:

1. the set of eigenvalues is countable, and the only possible point of accumulation is
A=0,

2. for every A # 0 the null space N(T}) of Ty — Al is finite dimensional,

3. for every A # 0 the range of Ty, — AJ is closed.

A.2.3 Bounded self-adjoint linear operators

Let T : H — H be a bounded linear operator on a complex Hilbert space H. T is said to
be self-adjoint if T = T* or
(Tz,y) = (z,Ty).

All the eigenvalues of T" (if they exist) are real. Eigenvectors corresponding to (numeri-
cally) different eigenvalues of T are orthogonal.

A compact seif-adjoint operator T # 0 has at least one eigenvector x corresponding to
a non-zero eigenvalue A, Akhiezer and Glazman (1981). Further properties of bounded
self-adjoint linear operators, not directly relevant to this work, can be found in (Akhiezer
and Glazman, 1981, Ch. 6) and (Kreyszig, 1989, Ch. 9).
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CONVENTIONS AND SPECTRAL
DECOMPOSITION

In this Appendix the adopted conventions are explained. Furthermore, the spectral de-
composition of compact operators between Hilbert spaces is given, which is an important
tool.

B.1 Adopted conventions

B.1.1 Finite and infinite dimension

A clear distinction should be made between finite dimensional spaces and infinite dimen-
sional spaces. The first are related to real world observations and solved parameters,
while the latter have to do with ‘experiments of thought’ and theoretical foundation of
methods.

The basic relation to be studied is

g = Af (B.1)

where A : F' — G, F and G are Hilbert spaces, f € F, g € G (in Appendix A some results
from functional analysis are given). The operator or mapping A is assumed to be linear
and compact (and therefore bounded), and relates the measurement g to the unknown f.
Equation (B.1) is a short hand notation of the integral equation of the first kind

b
g@) = [ K(z,f)dy, a<z<b

where K'(z,y) is the kernel of the integral operator A. The intervals, where the functions
g and f are defined, are equal, which can always be realized by appropriate scaling, Wing
(1991).
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When the number of parameters to be determined and the data are finite, one is
restricted to finite dimensional spaces. Instead of (B.1)

y = Ax (B.2)

is written. Now A is a matrix of dimension m x n, where the number of observations m
is always larger than or equal to the number of unknowns n: m > n. This is not strictly
necessary but avoids underdetermination as long as A has full column rank, rank(A4) = n,
cf. Lanczos (1961).

The functions f and g as well as the vectors x and y are assumed to be real.

B.1.2 Measurement errors, norm and generalized inverse

Relations (B.1) and (B.2) only hold when the data are exact, that is there are no mea-
surement errors (note that the models are assumed to be free of errors). Of course in
reality these errors can not be avoided. Measurement errors are denoted with &:

g8 = Af+e=g+e
y* = Ax+e=y+e

where ||g — g°llc = llell¢ < € and [ly — y°|l2 = [le]l> < & and the norms
b 1/2
([ wras)

. 1/2
=1

These norms are called L?[a,b] and [>-norm respectively or 2-norm for short.
The measurements have the property

Elg’} = g
E{y’} = vy.

The superscript € is frequently dropped since it will be clear from the context whether
error-free data or not are considered.

Because of the errors, g and y may not be in the range of A and no solution would
exist (the redundant system is not compatible). Then, it seems natural to minimize the
distance

llglle

[1yl2

IAf - glle

or
[Ax — yll2

instead. Minimization with the 2-norm(s) gives the least-squares solution. Minimizing
J(x) = || Ax - yli3 (B.3)

results in
x = (ATA)'ATy.
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It can be shown that the same solution is obtained by the generalized inverse of A, A"
x=A'y. (B.4)

As long as A is a regular matrix, i.e. rank(A) = n, the solution is unique, Lanczos (1961).
When A is not regular, i.e. rank(A4) < n, then (B.4) gives the minimum solution with the
smallest norm itself, that is ||x|| < [|x;||2 where x; is any other solution of (B.3).

The generalized inverse exists for the continuous case as well.

B.1.3 Weighted norm

When the errors in the measurements are described by a variance-covariance matrix, it is
better to compute a weighted least-squares solution as follows:

x = (ATPA)'ATPy

where P is the weight matrix of the observations. The corresponding weighted norm can
be written as
y 2
[[Ax =yl

Since P is positive definite its Choleski decomposition is
P=w"Ww

with W an upper triangular matrix. The transformations
Ay, =WA

and

yu=Wy
lead to the minimization problem
J(x) = || Aux — yull3
with solution
x = (ATA, ATy, (B.5)
or
X =AYu

and (B.5) equals the weighted least-squares solution. One can therefore conclude that P
causes no additional problems, see also Section 4.2.

B.2 Introduction to spectral decomposition

An important tool when dealing with inverse problems is the spectral decomposition of
the operator. A spectrum gives clear insight in the behaviour of the operator for different
frequencies and further illuminates the ill-posedness of the problem at hand. The main
references here are Lanczos (1961); Groetsch (1980); Kreyszig (1989), compare also Nashed
(1976); Golub and van Loan (1996); Louis (1989); Groetsch (1993); Engl et al. (1996).
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Definition (eigenvalues, spectrum). Let T : F' — G be a compact, symmetric (or
self-adjoint, 7 = T*) and semi-positive definite ((Tf,f) > 0V f € F) linear operator.
Then T has a finite or countably infinite number of eigenvalues A,; in the latter case
An — 0 as n — oo (the only possible point of accumulation is zero which follows from
the compactness of the operator, e.g. (Kreyszig, 1989, Sec. 8.3)). The eigenvalues can be
arranged in a sequence converging to zero

M2l mesB A2 0 (B.6)
with corresponding (nonzero) orthonormal eigenvectors wy, Wa, -+, Wy, - =
Tw, = ApWh.

The set of eigenvectors {wy, : A, # 0} is a Schauder basis for R(T).!

The set o(T") of numbers A for which the operator 7' — Al has no bounded inverse is
called the spectrum of T. In the case of a compact, symmetric, semi-positive definite op-
erator the spectrum is real, nonempty and every nonzero member of ¢(7T') is an eigenvalue
of T. The corresponding eigenspace N (T — AI) is finite dimensional. ®

The norm of T is equal to the spectral radius:
IT]| = max{: X € o(T)} = Ar.

For every f € F' we may write

Tf = 3 Alf, Wa) Wi

n=1

Definition (singular values, singular system). Now consider the compact operators
A:F— G, A'A: F — F and AA* : G — G. The latter two are self-adjoint and have
the same nonnegative eigenvalues, similar to the operator 7" from above. The spectra of
both operators are the same g(A*A) = o(AA*).

Denote the eigenvectors of A*A as v,,, and the eigenvectors of AA* as u,. The eigen-
values, equal for both operators, are )., the ordering is as in (B.6). Let o, = /A, and
u, = o, 'Av,. Then

Av, = o u,
and
A'u, = o, vy,

The numbers ¢, are called the singular values for the operator A, the system {v,, u,; o5}
is called a singular system for A. °®

Note that sometimes the singular values are defined as 1/v/A,.

From the last two equations above it follows that v, and u, are indeed eigenvectors of
A*A and AA* respectively. The eigenvectors v, are a complete orthonormal system or
basis for

R(A*) = R(A*A) = N(A)*

LA basis is complete and R(T) might not be complete. Thus the completion of R(T) is needed.
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and u, are a complete orthonormal system for
R(A) = R(AA*) = N(A*)* (B.7)

with N(A)* the space perpendicular to the null-space of A.

If, and only if, A has a finite-dimensional range, A has only finitely many singular
values. If A is an integral operator with infinitely many singular values, they accumulate
(only) at 0

lim o, =0

n—oo
as was the case for the eigenvalues. If there are finitely many singular values the kernel
of the integral operator is degenerate.

Again equivalent to the norm of T" we can write

Al = oy

where, obviously, o, is the largest singular value.

Theorem (Picard condition). The representation

Af = i on(f, va)u, (B.8)

n=1

of the operator A is called a singular value decomposition (SVD). The equation of the first
kind Af = g has a solution if g € R(A) and

> 0.2 l(g, ua)[* < oo (B.9)
n=l1

This is called the Picard condition. ®

The Picard condition is a ‘smoothness condition’ for the right-hand side g. Since g € R(A)
one can write g = Y., g,U,, see equation (B.7). Because 0,2 — oo for n — oo the
coefficients g, of ¥, 0,292 have to decay fast enough with respect to the singular values

in order to fulfil (B.9). The solution

is not unique since any solution f; = f + h where h € N(A4) is also a solution of Af =g.
For a degenerate or finite dimensional operator the sums become finite.

Singular value decomposition with finite dimensions. Let A € R™*", with m >
n. The singular value decomposition of A is then A = USVT (Figure B.1).

The matrices U and V are orthogonal, which means UTU = UUT = I, and VTV =
VVT = I, respectively. Since the last m — n rows of T only contain zeros, the last m —n
columns of U could be cancelled. This is called the thin singular value decomposition,
Golub and van Loan (1996). The resulting smaller matrix U becomes semi-orthogonal,
UTU = I,,UUT # I, compare also Lanczos (1961). The range of A is spanned by
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A U b v’

mxn mxm mxn nxn
{mxn) fnxn)

Figure B.1: Singular value decomposition, the thin singular value decomposition is denoted
by the dashed lines.

the first n columns of U, provided that all singular values are non-zero. The domain
of A is spanned by the columns of V. Therefore, the large singular values denote the
combination of unknowns z; that is well represented by a combination of measurements
y;- In contrast, the small singular values reveal which linear combination of unknowns
are hardly recoverable from the measurements.

Generalized singular value decomposition

For later use it is necessary to define the generalized singular value decomposition (GSVD).
Here Hansen (1997) and Golub and van Loan (1996) are followed, compare also Hansen
(1989). Firstly, the generalized eigenvalues for a pair of symmetric (positive definite)
matrices (S, T') are defined, after which the generalized singular values are discussed.

Generalized eigenvalues. Given a symmetric matrix S € R™™ and a symmetric
positive definite matrix T' € IR"*". The symmetric-definite generalized eigenvalue problem
is to find a nonzero vector x and a scalar A such that Sx = AT'x, )\ is a generalized
eigenvalue Golub and van Loan (1996). The set of generalized eigenvalues A(S,T) is
determined by

A(S,T) = {Aldet(S — AT) = 0}.

Remark: The prove of the existence of the generalized eigenvalue decomposition involves
the condition that the (weighted) sum of the matrices S and 7' must be non-negative
definite (= positive semi-definite). When at least one of these matrices is positive definite
this condition is fulfilled. Here we are concerned with matrices ATA and LTL of which the
first is assumed to be positive definite (it has full column rank). More on the mathematical
background can be found in (Golub and van Loan, 1996, Sec. 8.7).

Generalized singular values. The GSVD of the matrix pair (A, L) is a generalization
of the SVD of A in the sense that the generalized singular values of (A, L) are the square
roots of the generalized eigenvalues of the matrix pair (A7A, LTL), Hansen (1997). Thus,
going from generalized eigenvalues to generalized singular values resembles the step from
eigenvalues to singular values.
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Let A € IR™™ and L € IRP*™ with m > n > p. Then the GSVD is a decomposition
of A and L in the form

Y | [ —
A=U pAn—p ‘X—l‘ L:V( M Opxn—p )X"I

On—-pxp Iﬂ—p

where U € R™", V € RP*? and UTU = I,,, VTV = I,. X € IR"™*" is nonsingular, and
¥ and M are p x p diagonal matrices with elements:

0<o£...20, £ 1, 1>2m=...2pu>0
which are normalized such that
ST + M™ =1,
Then the generalized singular values ~y; of (A, L) are defined as
=0, i=1...,p

and they appear in non-decreasing order (opposite to the singular value ordering for
historical reasons, Hansen (1997)).
The first p columns of X = (xi,...,X,) satisfy

WATA; = 2L Lx;, i=1,...,p

hence ATAx; = y2LTLx;. Thus, the x; are called the generalized singular vectors of the
pair (4,L). For p < n the matrix L € IR"*" always has a nontrivial null-space N(L),
Hansen (1997). The last n — p columns x; of X satisfy

I¥=0, i=p+1l,...,n

and they are therefore basis vectors for the null-space N(L).

Relation with SVD. Only when L is the indentity matrix I,, the matrices U, ¥ and
V in the GSVD of (A, L) are identical to U, £ and V of the SVD, except for the ordering
of the singular values and vectors, since p =n, X~' = M~'VT and A = USM~'V'. In
general there is no connection between the singular values and vectors of SVD and GSVD.
However, when L is well-conditioned (has a ‘small’ condition number, the smallest possible
number is one) it can be shown that the matrix X is also well-conditioned, Hansen (1997).
The diagonal matrix ¥ displays therefore, the ill-conditioning of A.

Discrete Picard condition. Hansen (1990) introduces the Picard condition for finite
dimension. The unperturbed y in a discrete ill-posed problem with regularization matrix
L satisfies the discrete Picard condition if the Fourier coefficients |ul'y| on the average
decay faster than the generalized singular values 7.2 A visual inspection of a plot of the

2The (discrete) Picard condition is usually not satisfied because the spectrum of the measurement
errors, or perturbation of y, does not decrease fast enough. Hence, the least-squares solution, which
involves o, ‘blows up’. The idea of regularization then might be to impose a constraint on the unknown
signal: ||Lx||> has to be finite, where L is the regularization matrix. See Chapters 2 and 3 for further

details.
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A : Q R

mxn mxm mxn
{mxn) {nxn)

Figure B.2: QR factorization, the thin factorization is denoted by the dashed lines.

Fourier coefficients |u]y| and the generalized singular values 7; could reveal the faster
decay. Alternatively, one may define the ratio

itg 1/(2g+1)
piE-?’i_l(H 'uTY|) y 1=q¢+1,...,mn—gq
q

j=i—

which is the moving geometric mean, with ¢ a small integer, Hansen (1990). This ratio
should decay monotonically to zero.

QR factorization

Although the QR factorization is not a spectral decomposition we need to mention it
briefly, since it is used in the transformation to standard form, Chapter 4. The QR
factorization of an m-by-n matrix A is given by

A=QR

where @ € IR™ ™ is orthogonal and R € IR™ " is upper triangular. If A has full column
rank then the first n columns of @ form an orthonormal basis for R(A). Also in this case
a thin version exists, Golub and van Loan (1996); Strang (1988). See Figure B.2 for a
visualization of the QR factorization.

B.3 Summary

The subject of this study are integral equations of the first kind, represented by a linear,
compact operator A mapping a function f from a Hilbert space F to a function g from
a Hilbert space G, as well as their discrete counterparts 4, x and y, where A is a matrix
and x and y are vectors. The model, A, is assumed to be exact. The measurements y*
and g°, however, are not exact, leading to the (weighted) least-squares minimization of
the error. It can be shown that the generalized inverse A* of A gives the same solution.

A generalized singular value decomposition exists of the matrix pair (A, L), which can
be derived from the generalized eigenvalue problem of the symmetric (positive definite)
matrix pair (S, T). If L is the identity matrix then the usual singular value decomposition
is obtained, which in turn can be derived from the eigenvalue problem of the symmetric
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semi-positive definite matrix (or operator) T. The singular values, together with the
eigenvectors, completely describe the operator 4. The singular values form the spectrum
or, in other words, they are the coefficients with respect to the basis (the eigenvectors).
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